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12.2 Introduction
- - -

We consider
pairs ( Mn , Tn)

where In → nan is K - theory class .

We form the generating series

2- = § six cnn.vn) .

Examples to keep in mind :

II Mn = In
,
Vn = O ca) ←

national

function

2- = E g
"

XCP? Glad = ÷→.

-

rational
If Mn = Ra

,
Un = Gcn)

£ function

z = E g
"

y CE: Ginn = ⇐at ,

'

Note the symmetry
-

X (pm .
Glad = X ( ipa, Gcn)) .

A more interesting example

f Ahn = X
E"? X smooth projective surface

we could take Un = G
s
b-t better Un = &

Cn]
y e k (x) :

)

x
"]

= p , ( g.
*
x - O ) where 2- ↳ x

"'

x X
2-

% ↳
[n)
x x



Question : Compute K - theoretic invariants of × ?
-
- -

Some examples
- -

- - rational
-
<

'I 2- g
"

xcxcn? acn's = xca) . 2-
( l -g)

X Cox)

[ tellings-d - Gottschee - Lehn]
.

f
national

④ E5 xcxa? Min's =L ) .
EI
( c -g)

×

[Danila
, Scala

,

A-toes fold]
, ok x = 1

.

also she a = -1
.

If I g
"

X ( x
G? def a")

.

= Verlander series

I
← rational

when ok 2=0
,
the answer is
-

(I-2)
X Caleta,

Answer known rk a = In [ tellings-d - Gottschee - Lehn]
.

Answer conjectured for rk 4 = I2
,
I 3 [Marian - O -

Pandharipande]

This is based on a conjectural Segre /Ver linde correspondence

[ Johnson , Marian - O - Pandharipande , Gottschee - Kool]



Segre - Verlander correspondence
-
- - - -

- -

+ Hail's = E g
"

Xfxcn? data " )
.

Set''" = E g
" / scam ,

×
Cn]

+i. lb Hdb
V
•

←- -s Su
a

s

)
after an explicit change of variables ,

d- for pairs ( x , I )

related explicitly .

- .

for rank a =3
,
this gives the conjecture

\

Hlb Xcdetd) X Cox) c. Ca) -Kx
.

k×Z
Vy = Ay - Az - Az - AL

,

Ai are algebraic . functions
.



127 Higher rank sheaves
-

- -
- -
- -

We wish to generalize .

Two possible directions :

I replace X
G]
by moduli Ahn of higher rank sheaves

replace X
G]

by a more general Quot scheme .

Results for moduli of sheaves
- - -

- -

II X rational surface
, say

X =TsZ

Mn = M (rk = 2
,
C
,
= 0

, Ca = n)
.

P2

co → rk w = o
,

C
, Cw) = K H , X (v - W ) =D

.

- Mn , determinant line bundle
.

①
w = dot Rp , ( U -

g
*
w)?

I
universal sheaf U → Mn X X

.

Conjecture ( GE ttsche)
- -

Ek (g)[ g
"

X ( Mn
.

⑤
w
) = -

fi- g)
( k£2 )

- verified for k E M & several other cases
.



117 Virtual K - theoretic invariants
- - - -

'

--

C-onjeoh-efGEtts.de - Kool - Williams )

X simply connected , pg> o

X
" ""
( Mn

,

④
w ) → 21 - pg + K2

f
Seberg - Witten invariant .

c
. T .

- fswias - f÷y"
rank 2

, g
I

no strictly semis tables

2 = (Ca (w) - K)
Z

a-
× + X Cox)

.

p= ( Ex - a) ( crews - k!



131 Quot schemes over surfaces
-
- -

- - -

Ix N
, 13 , n . The Quot scheme Quote ( o" . pm) .

o → S → a
"

④ ①
×
→ Q → o

✓k Q = 0
,

C
,
( Q) =p , X (Q) = n .

EIaznpte N = 1
, Quoted

, p.m) E X
'm]
x Hilbp
! 1
points curves

when S = Iz C - c)→ G× for 2- Exam? CE Hilbp .

Feat ( Marian - O - Pandharipande)

Quote, Ca" . p.m)
admits a 2 - K-m perfect obstruction theory .

{
rank o

.

Ext' ( s
,
Q) = Ext ( Q

, 5×012×5=0

× dim = X ( s , Q) = Nn +13?

Iaat ' ( O - Pandharipande , Schultheis ) If pg=o , the

virtual fundamental class exists even if she Q >o
.



(

Results cotnmolognf
, ,
!→+g .!T"" Quot) .

I [ g
"

e
":( Quote, Can . p.ms) [ o - Pandharipande]n

En g
" X

'

( Quot . Can:p .us) [ him]

-

hug descendant series
.

Ix d
. - - - de

,

kn . - - - she

§ g
" J -

act? not) chemo.
"?

. - cheque
"?

[ Quotes:p .ms]
""

[ Johnson - O - Panotharipande ]

Injecting these are given by national functions .

Known cases

- - - -

III ITI Tut when p=o COP
,
2
,
TOP]

NL III - for pg > o Cop
,
L]

II - for pg = o . N = n [ TOP]
.



HI Virtual K - theory
- -
- -

S scheme with 2 - term perfect obstruction theory .

Gg"
"
virtual structure sheaf .

X
"
'

Ts
. W) = X ( s , W ⑦ Of" )

.

E-rxazp.IE S smooth
,
Obs = obstruction bundle

Oji = A
.

- a
Obs
"

Notation A+ W = E tk ARW .

k

when S = →
En]

7

Obs = Ext
' ( 12,62) = Ext ( 02,02)

/

= Ext' ( 62,02×015×5
[n]
't

= Kx

⇒ Oji; = E c -ask if Kin'
k

⇒ x
""
( x
"? - ) are related to X (x

k? - ) .



Rationality in K - theory
# # ÷ -

Ix x E K (x) . Define Q universal

f Luotreat

a = p ? ( 2*2 . Q ) where xx Quot

Ip . ¥
-

Quot x
for tr - - - de , kn - - - ke define

7-
x.up

= Eg" X
"

Quot

.ca?p.ns.akk.mxo..-xoakeaea3Ionjeetu=Zx,n.,pis given by a rational function .

Results
- -

Theorem a conjecture is true for pg > o .

-
- - .

Theorem B
- - -

When N = I s pg > o ,
the shifted series

IP -
"
×

z has pole only at 2=1 of order I 2 Ck, t . - - + ke) .

theorems II pg = o ,
the series

Z = [ g
'

x'
'

'

r

( Quot
,
2C") is a national function

'I N = I ,
X simply connected

Tl N = 2
,
ok Q - 7

, 13=0



Examples
- - -

[ g
"

x
":( Quote, can. p.sn) , a

"'
)

.

I

Exempt p - o

Example
- - -

X → a elliptic , 13 fiber class

Isenberg- Watten invariants

Eixample X minimal general type , pg > o . . 13 = K×

2-
a . . . 2-

n,
solve Z

N
- g ( z - n)

"
=o

.



ISI Segre - Ve-Inde correspondence & symmetry
- p
- --

Recall

SI'" = Egm f sea
"'s

.

×
Cn) ) non - virtual'

vattilb = E gn x Cx
"? defacing

.

geometry

{
Hilb

← - -→ ✓["
'b

for certain pairs (a.I )
↳
change of variables .

Virtual Segre - Verlander correspondence
'

-

-
- - -

s
.

= Egil scams
.

[ Quot.ca?p.nDvir .

v.in
V
iv.a = Eg

"

X
"" ( Quote, Ca" . pins , data )

.

n

Theorem D
-

✓ sir rin

Sa
, ,
( C - a)

"

g) = Yu
, , (g) when

i

.

S

II 13=0 , any N

④ N = '
, pg >o , any P

TL x - e minimal elliptic , 13 supported on fibers



I

§g=metz

the-IE Tor
p - o , let a , I such that

rk a = -
,
rk I

= hi
, %¥ . Kx = %sg . Kx

the Segre series has the r
- N symmetry

Sm
. .
( C - ish's) = Sr,g ( C -i5g)

.

↳ r
.Crank) ↳

N . Crank)

This symmetry also holds for the Verhnde series .

I



162 C- section localization
- - -

Recall 6×5 = [ c. ii. akk×c→

Question what is G"
't
for Quot

,
Canon) . 13=0

?

Assume C Cs X smooth canonical curve
,
Te Ng .

I
C

theta characteristic
.

i : Quotacan , n) - Quote Canon)

virtual normal bundle

Nri
= z

*
T"iQuot× -T Quote

.

Theorem F G ""
= C-Dn i* Dm where- - -

Quote, Catton)

II Dn is a square root of det N
"? and also

Dn =p
# det TG] where

p : Quote Cam
,
n) → ok]

Q -- support of Q .

When he =i this can be checked directly .



HI 8 - fold equivalence
- -

- -

Using theorems D
,
E
,
F we match 8 Segre (Verlrnde invariants

over surfaces Cucrtually) & curves .

{eg= Ve- finale
-1hm D

.

- -

mi

f Quote, ( a'
''
I
,

acn]# Quot Ce
"

)
,
data
")

frm ~ Segre (Verlander +on

c
. →

s o
l K Thon D

E
E

Quote ( e
"
) , a
"'
# Quote (a" ) , Get a Drey is

ur µ , Seg- lverhnde , ¥ !je t s ft
g

d

g
E

W p v r

Ee .ie/au.+;ic...;.ga,s§÷a. car , **
as

Iron SegreNe-landed-
'

.

Thurs h

Quote (Gns ,
I
'"
I

Quote ( e 'T
,
data ⑦ In

Segrelverhnde

c as × smooth canonical curve



two et n

.

If C is a smooth projective curve ,

d = L ? I = L
"

,
2→ a line bundle

X ( Quota can .ms . (dat L"' ) ⑦ Dn) =

= X ( Quote coins , (dat La
'

)
⑦ "

⑦ Dn)

where Dn is the pullback of def T → c
GT

i

-

theta characteristic
.

Question What is the geometric meaning of this symmetry ?
- - -

re


