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Abstract. The center-of-mass system for many bodies in R® admits a natu-
ral action of the rotation group SO(3). According to the orbit types for the
SO(3) action, the center-of-mass system M is stratified into strata. A quan-
tum Hamiltonian system and a classical Lagrangian system are defined on
L?(M) and on T'(M), respectively. These systems are also stratified accord-
ing to the stratification of M, and then reduced by the rotational symmetry,
respectively.

1. Introduction

Consider a smooth manifold M on which acts a compact Lie group G. According
to the orbit types of the group action, the manifold is stratified into different strata.
Mechanics will be set up on each stratum and then reduced by symmetry. We apply
this idea, taking M and G as the center-of-mass system for N bodies and the ro-
tation group SO(3), respectively. The center-of-mass system M will be stratified
into M = M U M; U M, where M and M are the set of non-singular config-
urations or non-linear molecules, and the set of collinear configurations or linear
molecules, respectively, and M) is a singleton which denotes the simultaneous col-
lision configuration. We have no need to discuss mechanics on My. A quantum
Hamiltonian system is defined on L2(M), and stratified into those on L?(M) and
L?(M3), which are reduced to quantum systems on vector bundles over M /SO(3)
and M7/SO(3), respectively. A classical Lagrangian system is defined on 7'(M),
and stratified into those on T(M) and T'(M), which are reduced to classical sys-
tems on vector bundles over M /SO(3) and M; /SO(3), respectively.
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2. The Center-of-mass System

Letx;, j = 1,..., N, be position vectors of particles in R? and m,; the masses of
particles. The center-of-mass system is defined to be

N
M={z=(x1,...,zNn); x; € R3, ijg;j = 0}.

j=1
Let
F, =span{x1,..., N}
Then M is broken up into four parts,
3
M=) M, M, :={zeM; dimF, =k}
k=0

The rotation group SO(3) acts on M in the natural manner,
x— gxr = (gx1,...,9TN).
According to the dimensionality of Fy, the orbits O, are classified into three types
SO(3) forxz € MyU Ms
O, =<5 for x € M
| {0} for 2 € M.

We call the configuration x € My U M3 non-singular and x € My U M; singular,
respectively. With respect to the orbit types, M is stratified into

M = My U M, UM, M := M, U Ms.
The SO(3) action defines an equivalence relation on M. The orbit space M /SO(3)

is called a shape space, the space of shapes of configurations. The projection map
M — M/SO(3) is also stratified into

(M — M/SO(3)

4 M, — M;/S0(3)

| My — My/50(3) = {0}
among which the principal stratum M is made into an S O(3) bundle.
The Jacobi vectors are defined by the formulae

r; = + i1 — ;Zﬂliﬂ?i y My = ZmZ
i=1

By My J =1

Then, the center-of-mass system M can be viewed as the set of the Jacobi vectors

M=2={(r,...,ry_1); 7 €R?, j=1,...,N—1}.
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3. Fourier Analysis of Wave Functions

Before discussing the group action on wave functions, we make a brief review of
Fourier analysis [2]. We introduce the Euler angles through g = e?f(es)gfF(e2)
e¥F(e3) where R(e},) are defined through R(ej)a = ej, x a. Let (D, H%) be
unitary irreducible representations for SO(3), E =0,1,2,..., where 1 is the rep-
resentation space with an orthonormal bas1s et |m| <. We denote by D¢, (g)
the matrix elements of D* with respect to e’ , and by du(g) = sinfdfde dzp the
invariant volume element on SO(3).

For f € L?(M), the function f(gx) can be expanded into the Fourier series,
oo
=Y D Dunl9)(Prpf)(x)
=0 |ml,|n|<¢

where the Fourier coefficients are defined by

(Pin)@) = 2 [ Dln(W) () du(h),

If we define the map E, : L?(M) — H*® L?(M) by

ELf = *Z C®PLLf
|ﬂ|S€

one can check that E¢, satisfies the equivariance condition

(Enf)(g2) = DY9)(Ep, [)(2).

4. Non-singular Configurations, Quantum Theory

Let 7 : M — M /SO(3) be the SO(3) fiber bundle. The tangent space to M can
be splitted into a direct sum

T.(M) =V, & H,
where V,, and V- are defined by
V= Tp(O), Hy:=V}>

respectively, with respect to the metric
N-1
= Z d'[’j . d'I"j.
j=1

This decomposition of T’ (M ) defines a connection on M. In a dual manner, the
connection is defined as follows: Through the inertia tensor A, : R® — R defined
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by
N-1 '
'U):ZTJ'X(’UXTJ')’ x:(rla"'aer—l)a reM
j=1
the connection form is defined to be

N-1
wgy =R AQIerxdrj .
j=1

We now consider the kinetic energy integral, from which the Laplacian is derived
through integration by part

i af 1 -
2/ Zarj arj §/MfAde’

where dV denotes the standard volume element on M. We wish to put the Lapla-
cian in terms of local coordinates. Let o : U — M be a local section, where U
is an open subset of M. Then we can put z € =~ *(U) in the form z = go(q),
g € U. We denote the local coordinates of ¢ by (¢®). By making intensive use of
the connection form, we can break up the Laplacian A into

rot Z AabK Kb
A = Arot + Avip, %?[_15

2= 32 7 () (0 (55))

where K, and (8_“> denote the infinitesimal rotation and the infinitesimal vi-
q

bration, which are defined, respectively, as follows:

d iR(e.
Kazage (e )Jq |t:0’

oo ((5) ) =0 = ((5) ) =3
go(q) aqa - * aqa _aqa'

The other quantities used to express A, and A, are defined as follows:
o\" o\"
=4 ((57) (5p) ) A= st 1)
(@) = (aap)™"s  (A”) = (Aa)™" pla) = \/det‘(Aab) det(aqg).

Operating the equivariant {‘-valued function

(EmS)(90(0)) = D(9)(Epf)(o(a))
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with (9/0¢™)* results in

(%>*Dé(9)(Eﬁ2f)(0(Q)) DY) V(B S (o)
q

where V, is the operator given by

Va = I ® +i Z A% (q)[JO]

[iﬁf)] denoting the representation matrices for so(3), and AZ%(g) being given

through
3 3N-6

Wo(q) = Z Z Aa dq R(ea)

a=1 a=1

In the same manner, we can obtain the reduced Laplacian [1],
v, N Aab[j\(é)] [ﬂé)]
,0( q Z ( ﬂ ) % a b

which acts on cross sections of M x 50(3) H*, a complex vector bundle over

M/SO(3).

5. Collinear Configurations, Quantum Theory

In this section, we take up M7, the space of collinear configurations. The tangent
space to M7 can be decomposed also into a direct sum,

T:(My) =V & HY
where Vz(l) and Hél) are defined by
ViD= 1200, HY = (V)

respectively, with respect to the induced metric ds?|5z, on M;. The inertia tensor
A, is singular at x € M;. In fact, for

= (Gus,...,(n—1u3) € M;

one has ker A, = span{ugs}, where u, := ge,, a = 1,2, 3, is the moving frame.
However, one can define

(A(zl))_l :span{ui,us} — span{uy, us}

and further a (singular) connection form

wll) = ((A(l) Z T X drj) .
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Now we are going to express the kinetic operator for collinear configurations in
terms of local coordinates. For z = gog(¢) with 0p(¢) = ((1es,...,(n_1€3), the
induced metric on M is given by

N-1 Nl
ds?® = 3" ¢2(de? +sin? 0dg?) + > d¢Z.
i=1 =

The kinetic energy integral is then put in the form

2
1 — 1 1 g 1)
BN (m(C) (‘aa ) v

where dV (") is the volume element formed from ds*("), and dsp; (¢) = ;3/:—11 Cj?.
Integration by part provides the Laplacian

o _ 1 1 o ( i)
AT LN 2 96 (9%

L jof
sin? 6 |0¢

2 N-1
)< %
j=1

af
o¢;

where

A= L a(sin98>+ Lo
~ sinf 96 00 sin” 6 042"

Since '€3)54(¢) = 0(¢), the equivariance condition

(BrS)(0(Q)) = DU )(EL, f)(o0(C))

implies that

(BL ) (go0(q)) = Var > € © YVin(ges) (P f)(o0(q))

In|<¢

where Y}, denote the spherical harmonics on S2, being related with the D-func-
tions by

Yén(ge?)) =

Operating (EX, f)(goo(q)) with A(Y), one obtains the reduced Laplacian [1],

1 oo d 00+ 1)
(@ 2 3G (pl“)a_cj) ~ al0)

Jj=1

A(l) red _

which acts on cross sections of M1 X go(3) H*, a direct sum of complex line bundles
over M;/SO(3).
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6. Non-singular Configurations, Classical Theory

In this section, we treat non-singular configurations in Lagrangian mechanics. Let
o : U — M be a local section. Then one has z = go(q), ¢ € U. We now
take (g, g) as local coordinates in 7=(U), and (g, 4, g, §) as local coordinates in
T(x=1(U)), respectively. In view of wy,(g) = (g™ dg+w,(y))g ™", we introduce
an so(3)-valued variable

O=¢+) Aa(g)d”

where

§= g—lg’ Aa(‘]) = Z Ag(Q)R(ea)'

Then, we may take (g, ¢, g, 1) as local coordinates in (7~ (U)).

By the variational principle, we can show that the Euler-Lagrange equations for
L(q, 4, g,1I) are given by

d /0L\ 8L /oL oL
Sl il Iy (el N (G J Gt s § (0 N
dt(@q’a> 9q” <8H’zﬂ: “5q> <an’[’ ]>
1/ 0L [8LN\T
_Z = _(Z= A,
2<g dg <89> 9 >
d oL [OL oL 1 oL  [OL\T
-] sl (- (B)
a1 ol [an’} %:[an’ ﬂ}q +2(g a9 \ag) ¢

where

(A, B) := trace(AT B)
0Ag  OA,

50 5 " o0

- [AQ’A,B]'

The K3 € so(3) are the components of the curvature form.

If L is rotationally invariant, one has a reduced Lagrangian L*(q, ¢, II) defined on
T(M)/SO(3) = T(M/SO@3)) & G

where G = M x so(3)G and G = s0(3). For force-free non-singular configurations,
L is rotationally invariant, and expressed as

1 1
L' =53 api®d’ + (1L RAR™'II)
OL,,B
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where R : R?® — s0(3)and A = A
to and are put in the vector form,

d . B .y . 0
—g° 60| = . s . —
E Qg (dtq + 4%5 {75} G7q ) gﬂ AT - Kopd” + 7 (8(]0‘ Aa> (Am)

B

o(q)- The Euler-Lagrange equations then reduce

d
E(AW) =Am xmw™— ZAW x Azg®
B

where

Il = R(mw), Ag=R(A3), Kaug= R(Kkag).
Note here that 9/0q¢™ — A, denotes the covariant derivation acting on local sections
in é . One can further show that the total angular momentum is conserved, i.e.

oL

-1 -1

— = gAm.

R (g B ) gAT

7. Collinear Configurations, Classical Theory

In view of z = ((1ges,...,(n—19€3) € My with g = e%esefe  we take local

coordinates (¢, ¢,w,w) for T(M;) with w := ges. On the variational principle,
we can show that the Euler-Lagrange equations are given by

oL _d(on)
o dt\d¢, )

oL d /0L
P(a_u_5<a_u>>_0

where P is the projection operator given by

P=1—-uu’.

Since it = g€es with &€ = g~1g, we can take (¢, {, u, £e3) as local coordinates. If
L is rotationally invariant, one has a reduced Lagrangian L*({,(, £e3) defined on
T(My)/SO3) =2 T(M,/SO3)a V
where V' is a vector bundle over M;/SO(3). For force-free collinear configura-

tions, L is rotationally invariant, and expressed as
L 1 : 1
L" = §Z(Ca)2 + §P1(C)|9 x es]?
(a3

where

pi(Q) =D (Ca)? €= R(9).

«
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The Euler-Lagrange equations then reduce to

d .
ECO( = Ca|Q(Q)|2
(00 x €5) = ~QE x ()2 x e3)

where () is the projection operator given by

Q:=1—ezel.

We can show again that the total angular momentum is also conserved, i.e.

gr(0)Q().
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