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Abstract

This work investigates regularity properties of three different mathematical objects by
establishing blow-up rates for them.

In the first chapter we study calibrated 2-cycles on a Riemannian manifold and show
existence and uniqueness of tangent cones for them. Tangent cones are obtained by con-
sidering radial dilations around a point, called “blow-up”, and existence of a limit for these
dilations is derived from a monotonicity formula. The main part of this chapter is then
devoted to proving that these tangent cones are independent of the subsequence chosen
and a blow-up rate for the radial dilations will yield this result. The key step in obtaining
such a blow-up rate is to observe that such currents are locally essentially J-holomorphic
and thus can be pushed forward by the canonical projection 7 : C™\ {0} — CP™ ! to
yield a calibrated 2-current in CP™ . A general result for such currents on CP™ ! then
allows us integrate by parts which reduces the situation to the boundary of the intersection
of the current with a suitable small ball. Since this is a 1-dimensional cycle we can prove a
Poincaré type inequality on it which enables us to estimate the mass of the dilated current.
From a suitable choice of radii a blow-up rate is then deduced using an iteration argument.

In the second chapter we apply a similar technique to J-holomorphic maps between almost
Kahler manifolds and obtain regularity results for them. First a monotonicity formula
is used to prove an e-regularity result giving an estimate on the size of the singular set.
Then a slicing argument using the map 7 above together with the co-area formula yields
a blow-up rate for radial dilations around each point. From this uniqueness of tangent
maps is deduced.

The third chapter is devoted to proving regularity results for polyharmonic maps in
higher dimensions. We derive their Euler-Lagrange equation and use a sharp Gagliardo-
Nirenberg interpolation inequality proved in the appendix to show regularity of such maps
under certain integrability conditions avoiding the use of moving frames. In view of the
monotonicity formulae for stationary harmonic and biharmonic maps we infer partial re-
gularity in these cases. The same technique is also applied to more general k-th order
elliptic systems with critical growth.






Zusammenfassung

Diese Arbeit untersucht Regularititseigenschaften dreier verschiedener mathematischer
Objekte mittels Konvergenzraten fiir geeignete Skalierungen.

Das erste Kapitel behandelt kalibrierte 2-Zykeln auf Riemannschen Mannigfaltigkeiten,
wofiir Existenz und Eindeutigkeit des Tangentialkegels gezeigt werden. Wird der Zykel
radial um einen fixierten Punkt gestreckt, folgt die Existenz eines Grenzwerts fiir eine Teil-
folge von Radien aus einer Monotonieformel und jeder solche Grenzwert wird als Tangen-
tialkegel bezeichnet. Allerdings ist a priori nicht klar, ob dieser Grenzwert von der Wahl
der Teilfolge abhangt, weshalb der Hauptteil des Kapitels der Beantwortung dieser Frage
gewidmet ist. Der wichtigste Schritt besteht darin, zu zeigen, dass solch ein Zykel beinahe
J-holomorph ist, und daher mittels der kanonischen Projektion 7 : C™\ {0} — CP™*
auf einen kalibrierten 2-Zykel auf CP™ ! abgebildet werden kann. Danach wird ein all-
gemeines Resultat fiir 2-Zykeln auf CP™! verwendet, um eine partielle Integration zu
rechtfertigen, welche dann wiederum erlaubt, das Problem auf den Rand des Schnitts des
urspriinglichen Zykels mit einem kleinen Ball zu reduzieren. Da dieser Schnitt selbst einen
1-dimensionalen Zykel darstellt, kénnen wir darauf eine Poincaré Ungleichung zeigen,
welche wiederum eine Abschatzung fiir die Masse des skalierten Zykels liefert. Eine
geeignete Wahl von Radien erlaubt es dann eine Konvergenzrate gegen die Dichte des
Stromes am fixierten Punkt zu finden, woraus wiederum die Eindeutigkeit des Grenz-
werts folgt.

Im zweiten Kapitel wenden wir dhnliche Techniken auf Regularitatsfragen fiir J-holomor-
phe Abbildungen zwischen beinahe K&hlermannigfaltigkeiten an. Zunachst wird dafiir
eine Monotonieformel bewiesen, welche die Herleitung von partieller Regularitat erlaubt,
woraus eine Abschatzung fiir die Dimension der Singularitatenmenge folgt. Desweiteren
wird, mittels Schnitten durch die bereits oben erwahnte Abbildung 7, eine Konvergen-
zrate der Energie der skalierten Abbildung um jeden Punkt bewiesen. Jene fiihrt dann
zur Existenz einer eindeutigen Tangentialabbildung an jedem Punkt.

Im dritten und letzten Kapitel werden Regularitatsresultate fiir polyharmonische Ab-
bildungen in héheren Dimensionen bewiesen. Ausgehend von deren Euler-Lagrange Glei-
chung wird eine Interpolationsungleichung aus Appendix A verwendet, wodurch der Be-
weis im Wesentlichen mit elementaren Methoden gefiihrt werden kann. Angesichts der
Monotonieformeln fiir stationdr harmonische und biharmonische Abbildungen, folgt in
diesen Fillen sogar partielle Regularitit. Ahnliche Techniken werden danach auch auf
allgemeine elliptische Systeme mit kritischem Wachstum angewandt.
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Chapter 1

Calibrated 2-currents

Abstract

In this chapter we prove uniqueness of tangent cones for calibrated 2-currents. First cali-
brated 2-currents are introduced and an overview of previous results is given. Next we prove
a monotonicity formula and derive first properties from it. The main theorem is obtained
from a projection argument allowing us to deduce a rate of convergence from which unique-
ness of tangent cones immediately follows. Finally, we give an outlook for future research

directions and possible extensions of our techniques.

1.1 Introduction

We begin this chapter by introducing the notion of a calibration on a Riemannian mani-
fold. Although all our arguments later on will be local and hence can be carried out in
Euclidean space, the main motivation for studying calibrations comes from their relevance
in applications in differential geometry, whence the more general setting on manifolds is
used.

Let M be a smooth compact oriented m-dimensional manifold without boundary and let
QF(M) denote the smooth k-forms on M. Let g be a smooth Riemannian metric on M
and denote the resulting volume form on M by voly;. Given a smooth k-form w on M we
call w a calibration if it satisfies

w|r < voly |,

for all k-dimensional subspaces 7 C T,M and all p € M. A smooth k-dimensional
submanifold N is then called calibrated by w if its volume form agrees with w at all
points, i.e.

w|y = voly .

Under the extra assumption on w to be closed, calibrated submanifolds have the important
property of being homologically volume minimising. To see this, simply let N’ be a
manifold in the same homology class as N and compute

Vol(N):/w\N:/ w\N—i—/ w]N:/ w]N—l—/dwg/ volys = vol (N') .
N N N-N/ N s '



2 Calibrated 2-currents

Historically, calibrations were introduced by R. Harvey and B. Lawson in [38] where they
also gave the following important examples from differential geometry.

Let (M?™, J,w) be a Kihler manifold where w is the closed Kéhler form compatible with
the complex structure J (this means that w(-,J-) is a Riemannian metric on M). Then
the 2k-form given by %wk is a calibration and any complex submanifold of M is calibrated
by it. In fact, it suffices to have an almost Kahler manifold structure on M, i.e. one where
the almost complex structure J need not be integrable. As an interesting extension of
this scenario, in case of the complex projective space CP"™ with its standard Kéahler form
wcpr, the smooth parts of (complex) k-dimensional algebraic subvarieties can be seen as
2k-dimensional submanifolds calibrated by fwgpn. The fact that algebraic subvarieties
are homologically area-minimising had already been observed by H. Federer [24], well be-
fore the notion of a calibration was introduced. They serve as a first example to show
that calibrations are of interest even for less regular objects than smooth submanifolds.

On a general closed almost complex manifold (M?™, .J) one can define a k — k-submanifold
by requiring N to satisfy J,(T,N) = T,N for any x € N, i.e. to have almost complex
tangent spaces at all points. Notice that the case of 1 — 1-submanifolds is particularly
interesting, since they arise as perturbations of Jy-holomorphic graphs and are generic
from the existence point of view — see the introduction of [71] by T. Riviere and G. Tian.
If we can find a closed form which is compatible with J, then we are back in the almost
Kahler case above and 1 — 1-submanifolds are homologically mass-minimising. It turns
out that locally one can indeed find a 2-form w which is compatible with J, but in general
this w will not be closed. In real dimensions at most 4, locally the form w can in fact be
constructed to be closed — see the appendix of [70] by T. Riviere and G. Tian. For higher
dimensions R. Bryant [17] constructed an almost complex structure on S® which does
not admit any compatible w even locally. Hence in such a case 1 — 1-submanifolds are
still calibrated by a smooth 2-form w but no longer area-minimising. However, naturally
1 — 1-submanifolds are of geometric interest even in the absence of a symplectic form
which is one of the reasons why later on we will not assume the calibration to be closed.

Another important example of a calibration is connected to Special Lagrangian subman-
ifolds in Almost Calabi-Yau k-folds. An Almost Calabi-Yau k-fold is a 2k-dimensional
Kihler manifold (M?*, J, w) for which there exists a non-vanishing (k,0)-form  (similar
to the holomorphic volume form on Calabi-Yau k-folds) satisfying

<y (D onn
7 3 :

Then there exists a metric g on M such that a real k-dimensional submanifold N is called
Special Lagrangian if it is calibrated by Re {2 — the real part of ). As a special case one
can consider Special Lagrangian cones C' in C* which are calibrated by Re(dz; A. .. Adzy)
and of the form C' = 0 x T (see the book [25] by H. Federer for the notation), where T’
is a Special Legendrian k& — 1-submanifold in the sphere S?*~!. These k — 1-submanifolds
are in turn calibrated by Re (> dz A -+ A zidzi 1 Adzi—1 A -+ - Adzg) and it is important
to note that again this calibration is not a closed form.
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Given a calibration on a manifold it is not at all clear whether corresponding calibrated
submanifolds exist. In the situation of Special Lagrangians mentioned above a lot of effort
is put into constructing actual examples of such submanifolds — see the lecture notes by
D. Joyce [46] for an overview. Omne natural approach to resolve this issue, is to relax
the notion of submanifolds and to prove existence results for less regular objects which
have suitable compactness properties. This extension of smooth submanifolds leads to
the notion of k-dimensional current described below.

For this we let M again be a smooth compact oriented m-dimensional manifold without
boundary and let QF(M) denote the smooth compactly supported k-forms on M. For a
smooth Riemannian metric g on M we define the comass of a k-form w to be

|wlls :=sup  sup  [{w,es A...Aep)|,
zEM eq,....e, €Sz M

where S, M means the unit sphere in T, M with respect to g,. Given a smooth oriented
k-dimensional submanifold of M we can integrate k-forms over it and hence view this
submanifold as a linear functional on QF(M). This feature will be used to extend the
notion of ‘k-dimensional submanifold’ to objects which are no longer necessarily smooth.
A k-dimensional current C' in M is therefore given as a distribution on QF(M), i.e. as
a linear functional on QF(M). The boundary of such a k-current is the (k — 1)-current
defined by 0C(w) := C(dw), where w € Q5 *(M) and we say that a k-current C' is a
k-cycle if 0C' = 0. Using Stokes’ theorem one can see that this notion of boundary indeed
coincides with the usual one for smooth k-dimensional submanifolds.

The comass of k-forms allows us to extend the notion of volume of a submanifold by
defining the mass M (C) of a k-current C' as

M(C) = sup (C,w)| .

weQE (M), |lwll«<1

A k-cycle C' is called a normal cycle if C satisfies M (C') < +00. More generally, a normal
k-current is one where both M (C') and M (0C) are finite.

We call a current an integer multiplicity rectifiable k-current, if C' is a normal k-current
and there are k-Hausdorff measurable subsets A of oriented k-dimensional C'-submanifolds
Nj with N; NN =0, i # j, and a multiplicity © : (2, Nj — Z such that

<aw>—i/w@ AHELN
j=1

We abbreviate integer multiplicity rectifiable k-cycles by calling them integral k-cycles
and, more generally, integral currents are currents for which both C' and 9C' are integer
multiplicity rectifiable currents. As integral currents consist of countably many pieces
of C'-submanifolds they have regularity properties in between smooth submanifolds —
having the mildest — and general normal currents — having the wildest behaviour. In
particular, the mass of an integral current C' is given by M (C) = Z;’il 18| dH*LN;.
The standard references for the terminology introduced above are the books by H. Federer
[25] and by L. Simon [76].



4 Calibrated 2-currents

In the definition of the mass of a k-current we took the supremum over all k-forms
with comass at most 1 which, in general, is difficult to compute. However, we saw that
for submanifolds a calibration played the role of the volume form which we now use to
define calibrated currents.

Definition 1.1 Let w be a smooth k-form on (M, g) with comass equal to 1. Then we
say that a k-current is calibrated by w if for all open subsets U C M we have

(CLU,w)y=M(CLU),
where C'U means the restriction of C' to U.

Having obtained a calibrated cycle the next natural goal is to study its regularity.
One intuitive reason why one can hope for extra regularity from the fact that the cycle
is calibrated is that a calibration limits the possible tangent spaces such a current can
have (albeit only at almost every point). The first step in looking for an improvement in
regularity of these cycles is to analyse their blow-up around points, i.e. to prove whether
such a blow-up exists and if it exists whether it is unique. The blow-up analysis of C'
around a point xg € M is done as follows: consider a dilation of C' around zy which in
normal coordinates near xg is given by the push-forward of the current C' under the map
2220 — here we mean that Z=% C(1) := C(2=22"¢). To analyse the behaviour of these
dilations as r — 0 we need to bound the mass of *=* C'L B(x¢) independently of r
which is done using a monotonicity formula, stating that r=*M(C'_ B,(x)) is increasing
in 7, since M (=2 C'LB1(0)) = r*M(C'L B,(x)). Using this and the fact that C'is a
cycle we apply the compactness theorem of H. Federer and W. Fleming (see [25] 4.2.17)
to deduce that there exists a sequence r,, — 0 and a normal k-current C ,, such that

weakly
T — 2o

CLBl — Ooo,mo .

rn *

It turns out that C 4, is a cone — called a tangent cone to C' at £y — which is calibrated
by wy, (see section 1.3 of this chapter). The main questions related to such a construction
are whether the blow-up limit is unique (i.e. independent of the subsequence of radii given
by the compactness theorem) and whether the dilated currents converge to the limiting
object at a certain rate.

These two questions are in fact related. From the monotonicity formula we know that the
limiting density O(||C||, zo) := lim, o a(k)"lr*M(C'L B,(zy)) exists at all points xq € M
(here (k) means the volume of the k-dimensional unit ball) and that this limiting density
is equal to the mass of any possible tangent cone. B.White [94] showed that a rate of
convergence for a(k)™1r=*M(C'L B,(x¢)) to the limiting density O(||C||,z¢) implies the
uniqueness of the tangent cone to C' at xy — see Theorem 3 in [94] —, i.e. if there exist
constants C7 > 0 and v > 0 such that for all » > 0

M(CL B,(x))
a(k)rk

then the blow-up limit is indeed independent of the subsequence chosen.

—O([[C], o) < Cyr™

The main result of this chapter will make use of this idea. We will deduce the following
theorem:
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Theorem 1.1 Let (M, g) be a closed m-dimensional Riemannian manifold and let w be
a calibrating 2-form which is C? but not necessarily closed. Let xy € M and let C' be an
integer rectifiable 2-cycle calibrated by w. Then there exists a unique tangent cone to C
at xg.

To apply B. White’s result we have to establish a rate of convergence first, to which much
of the remainder of this chapter is devoted. It is instructive to compare our next result
below with Morrey decay rates obtained for harmonic and J-holomorphic maps and refer
to chapter 2 for details.

Theorem 1.2 Let (M, g) be a closed m-dimensional Riemannian manifold and let w be
a calibrating 2-form which is C? but not necessarily closed. Then for any xy € M there
exist o > 0, C; > 0 and v € (0, 1] such that if C' is an integer rectifiable 2-cycle calibrated
by w and if r € (0,ry) we have

M(C'L B, (x))

2

— 0|, o) < Cyr7 .
r

In the following paragraph we briefly sketch the main ideas of the proof of Theorem
1.2. First we prove an almost monotonicity formula in section 1.2. Furthermore we show
that calibrated 2-cycles are essentially calibrated by a constant 2-form and hence almost
holomorphic cycles in some C™. The key observation is that due to the monotonicity
formula the restriction of such cycles to small balls around xo can be pushed forward onto
CP™ ! under the canonical projection m : C™\ {0} — CP™ ', The resulting 2-current
on CP™ ! can then be shown to have small boundary and we prove a general result for
such currents on CP™™! to show that their support cannot fill all of CP™!. We use
this to perform an integration by parts which allows us to reduce to the boundary of the
intersection of C' with the small ball around x,. This intersection yields a 1-dimensional
integral cycle on which a Poincaré inequality can be proved (see also section 1.9 of this
chapter). Hence we are able to estimate the mass of the dilated current viewed as a
function of the dilating radius r in terms of its derivative. From a suitable choice of radii
this is in turn estimated by the mass of the dilated current albeit with a gap proportional
to r around z(. Filling this hole and applying a standard iteration argument we obtain
the theorem.

Although the problem of uniqueness of tangent cones is such a fundamental question
about singularities of area-minimising or calibrated currents only few results have been ob-
tained so far. The main result related to our work is the one by B. White mentioned above
[94]. Following an idea of E. Reifenberg in [65], he deduced uniqueness of tangent cones
for area-minimising 2-cycles using an epiperimetric inequality coming from a comparison
argument — a completely different argument to the one we use in our proof. His result
was extended to arbitrary Riemannian manifolds by S. Chang in the appendix of [19]. The
problem of uniqueness of tangent cones was also studied by W. Allard and F. Almgren in
[4] for 1-dimensional varifolds and in [5] for general area-minimising currents in case one of
the tangent cones has a special structure. For 2-dimensional area-minimising flat chains
modulo 3 in R? and soap-film like minimal surfaces uniqueness results were obtained by
J. Taylor in [88] and [89] respectively. Furthermore, L. Simon [77] obtained, amongst many
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other results, uniqueness of tangent cones in case the tangent cone is of multiplicity 1 with
an isolated singularity at 0 using ODE techniques (this work also established uniqueness
of tangent maps for harmonic maps between Riemannian manifolds which is related to our
results in chapter 2 below). Also he established uniqueness of some cylindrical tangent
cones in [78].

In case M is an almost complex manifold with integrable almost complex structure and
compatible calibrating 2-form, our uniqueness result follows from the much stronger reg-
ularity result by Y.-T.Siu in [80] using methods from several complex variables theory.
Further uniqueness and non-uniqueness results in the realm of complex analytic currents
and their relation to our work will be discussed in detail in section 1.10 of this chapter.
Applications of uniqueness of tangent cones results to the regularity of area-minimising 2-
currents were given by S. Chang [19] who combined B. White’s result [94] with techniques
from F. Almgren’s long regularity paper [6]. He proved that area-minimising 2-cycles are
smooth aside from isolated singular points. Furthermore, T.Riviere and G. Tian in [70]
and [71] showed that calibrated 1 — 1-cycles are smooth aside from finitely many singular
points (see also the paper [86] by C.Taubes). Although their work is in part also based
on B. White’s result they manage to avoid the use of F. Almgren’s monumental work and
therefore give a much more direct proof.

The chapter is organised as follows. In section 1.2 we prove an almost monotonicity
for calibrated 2-cycles. Existence and structure of tangent cones is derived in section 1.3.
Section 1.4 shows that the current can be projected, whereas section 1.5 proves properties
of currents in CP™ . In section 1.6 Theorem 1.2 is proved in a special case which is then
generalised in section 1.7. Section 1.8 deduces Theorem 1.1 from this. Finally, in sections
1.9 and 1.10 we explain possible extensions and future research problems related to our
proof of Theorem 1.2.

Acknowledgement: The work in this chapter is the outcome of joint work with my
advisor Tristan Riviere in [64].

1.2 Monotonicity formula

In this section we will compute a monotonicity formula for general calibrated k-cycles.
Although later on we will only need the situation where the cycle is integer rectifiable
and 2-dimensional, we will state and prove the monotonicity formula in its full generality.
In the special case where w is closed and the cycle C' is integer rectifiable the results
for area-minimising currents apply. Thus from [25] Theorem 5.4.3 (2) we know that C
satisfies a monotonicity formula. In the case where C is a normal cycle calibrated by a
constant calibration, R. Harvey and B. Lawson proved a monotonicity formula depending
only on this first order information (see [38] Theorem 5.7). Based on their proof we will
now deduce an almost monotonicity formula in the general case.

As mentioned in the introduction from now on all arguments will be local and can
therefore be carried out in Euclidean space. For the remainder we therefore assume that
the calibration w is a form on R™ which is at least C? but again not necessarily closed.
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Thus we know that for any point o € R there exists a neighbourhood depending only
on the C*-norm of w such that in this neighbourhood we can write w(z) = wy(x) + w;(z)
with wo(z) = w(z) and ||wi(x)||c2 = O(|x — 0|), i.e. we view the form w as C? pertur-
bation of a constant form.

Proposition 1.3 Let C be a k-dimensional normal cycle in R™. Assume that C is
calibrated by a comass 1 k-form w. Then there exist C; > 0, ro > 0 depending only on
the C?-norm of w such that given xo € R™ for any 0 < s < r < ry we have

e 1 Chr 15 1 (s
T—klM(Cl_BT(xO)) - S—klM(C’I_BS(xO))
a 2
> A —\|da|c, 1.1
/B\B N |x_x0|k2 el @

where C'is represented by [(r,-)d||C|| and ZN(I Ai(2)&i(x) is the decomposition of T(x)
mto a convex sum of calzbmted simple k-vectors.

Proof. Without loss of generality we can assume z( to be 0. Using the setting established
above we write w(z) = wo(z) +wi (x) where wy(x) = w(zp) and ||wi(x)||c2 = O(|x]). Note

that since wy is a constant k-form we know that wg = %d (% _lwo) = %L 2 Wy, where L o
or or

denotes the Lie derivative in the direction of % with r = |z|. Next we take a smooth
cut-off function ¢ : R — R such that ¢(t) =1 for t < 1, ¢(t) =0 for ¢ > 1 and ¢/(¢) <0
Setting y(z) := gzﬁ(%) we obtain a smooth version of the characteristic function of B,(0).

To replace M(C'LB,(0)) define I(p) := [, 7(x)(7,w)d||C| and, furthermore, denote the
tangential part of w by

Using this notation and the fact that C' is a cycle we compute

f() = k[ a@meadiCl+k [ a@)imadc

_ /m <T,7(I)d (%M»dnon + k:/Rm v(@)(r,w)dl|C|
= [ {ra(a@ (5 o)) yaren

- / <T, d%(v(:v))dr Ad (% on> > d||C| + k/ y(@)(r wi)d||C|
A2 sV +k [ o(5) naien

)
Yo-spyaicn+i [ o%) maaict
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Finally, we obtain

KI(p) < wo(L)eyact-o [ (rio(L)e)aicl
(et G)paeren, (o) pae

o / " (p (rwn)d|C]]

Setting J(p) := [gm (T, qb( Jw')d||C|| the above computation can be summarised as
kI(p)  I'(p) J'(p) 1 d . rr ‘
TR T P T T7d_p¢<;>(wl —wy) )d||C]

_ pk"?ﬂ /qu;(;)<7,wl>d\|cu.

Choosing p > 0 is sufficiently small depending only on the C%-norm of w and using the
definition of ¢ we obtain the estimate

_ KkI(p) N I'(p) J’(p)‘ <

pret Pl
<allE cb(p wlaien+ % [ () eldic
< [ o (L) aen+ S /R (L
Cy o “a
— )+ S
_ pfflup)wgdip (;,S{?) | (1.2)

From this estimate we deduce
d (1(p) I(p) 14 d (1(p)
— [ —= C3——= > ——J(p) — Cy—
dp<pk)+3pk_kd (°) Ydp \pFt)

which for p > 0 possibly chosen even smaller becomes

() 2 50 - (55).

This implies that for small enough p > 0 we have

d 603p+03p 1 d
Bl A Ty > -2
(1) 2 ).

Letting ¢ increase to the characteristic function of (—oo,1), we obtain that the above
inequality continues to hold in the sense of distributions, i.e.

d GCSP—I-Cgp ) d/ 1
— | —————M(CLB,(0 > — T,w)d||C
5 (taesm) = 5[ el
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Since 7(x) is calibrated by w(x) for ||C|-a.e. € B,(0), with the help of Lemma 5.11 in
[38] (see also Lemma C.2 in appendix C) we can express the integrand on the right-hand
side above as a positive quantity:

N(z) 912
(r(2),w'(2)) = Z Ai(@)|&i@) A ool

where 7(z) = Zf\;(f ) Ni(2)&(x) and the &;(z) are simple k-vectors calibrated by w(z).
Integration from 0 < s < r < rq finishes the proof of the proposition. [l

If we use the other inequality given by (1.2) virtually the same proof also shows

6017"_07, 6013_08
1 N() o 12

EC/ 7o 22 @G A g dfcl, (13

" B\Buw0) !l’—xo!k; ()| &i(2) or 1C]] (1.3)

which will be used in the proof of Theorem 1.2. Since we will only look at the situation
where the radii become small the perturbation terms will not play a significant role.

1.3 Existence and structure of tangent cones

We now look at some implications of the monotonicity formula for the blow-up be-
haviour of calibrated currents. First of all note that the monotonicity formula im-
plies that r=*M(C'L B,(x)) is almost increasing in r and remains bounded for small
radii. Hence we know that the density O(||C||,z¢) of C' at zy defined by the limit
O(|C|l, o) = lim,_qa(k) r*M(CL B,(x)) exists for all xy € R™. Furthermore,
we dilate the current C' around z( by setting

Crag = (A?C) L Bi(x) ,

where A\;*C means the push-forward of C' by \"*°(x) = *=*¢. The important fact that
M(C,py) = r7*M(C'L B,.(x)) then allows us to conclude that M(C,,,) is uniformly
bounded as r tends to 0. From the cycle condition on C' we get that 0C, ., L By(xp) =0
and hence that N (C,.,,) == M (C4,) + M (0C,. 4, L Bi(x0)) is uniformly bounded in r.
Therefore the compactness theorem of H. Federer and W. Fleming (see [26] or 4.2.17 (1)
in [25]) implies that for any sequence of radii {r, } tending to 0, there exists a subsequence

{ry} such that as n’ — oo
F

Orn/,:co - Coo,a:o )
for some normal k-current Cw, ,,. For reasons that will become apparent later, we call
such a limiting current C 4, a tangent cone to C' at zy, whose existence at any point
xg is a direct consequence of the monotonicity formula. Note that a-priori the limiting
object might very well depend on the sequence of radii chosen and the main part of this
chapter is devoted to showing that this is not the case, i.e. that the blow-up limit is a
unique tangent cone.
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Since we have already obtained existence, the next step is to investigate the structure
of tangent cones. Towards this we now show that tangent cones to a calibrated k-current
are again calibrated k-currents themselves. First note that the lower semi-continuity of
mass under weak convergence implies that

lim M(CLBr(20)) lim M(Cyz) > M(Coo o) - (1.4)

r—0 T’k r—0

For currents calibrated by a k-form w the above inequality can in fact be improved to an
equality. Since by definition of a calibration M (C'L B,(x¢)) = C'L B,(z¢)(w) we have

1
M(Cr,xo) = ECLBT(Q;O)(W) = Crz (rkO‘r’xO)*w) )

i.e. that C,, is calibrated by r*(A»*)*w. Since M(C,,,) < C; < oo and w is in C? we
conclude that as r — 0

|Cr (P (A7) w0 = wo) | < P (A7) w — wyl — 0 .
Therefore we obtain

lim M(C,.py) = lim G, , 4 (wo) = Coo .z (wo) - (1.5)

r—0 n’—oo

Combining this fact with (1.4) we deduce that

M<Coo,xo) < nlgnoo M(Crn/,xo> = CYoo,grso (WO) .
Since wy has comass equal to 1, we also conclude that Cu 4 (wo) < M(Cooz,) and hence
Coozo(wo) = M(Cxozy), 1.6. Cx 4y is calibrated by wy. Note that independent of the
properties of w the constant form wy is always closed, so even though calibrated k-cycles
may not be (homologically) mass-minimising their tangent cones always are.

We continue our discussion of tangent cones by looking at the density of a tangent cone
at the origin. Below we will use the notation ||C|| for the Radon measure associated with
a normal current and the fact that M (C'L B,(x¢)) = ||C||(B(x0)). From the discussion
above we get that

1 1
il Cocmll(Br(0)) = Tim o ||Cr ) o [|(Br(0))

n'—oo T

) 1
= lim —HCH(Brrn/ (w0))

n'/—oo (TT’n/)k

= a(k)O([|IC], o) ,

where a(k) again denotes the volume of the unit ball in R*. Thus we conclude that for
all radii » > 0

| (B 0) = O .0) = O(1Cl0)

i.e. that the density of C' at xy equals the density of Cw, ,, at the origin. We will now use
this identity together with the monotonicity formula to justify the notion of a tangent
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cone. First note that in case a current is calibrated by a constant form the perturbation
terms in the monotonicity formula disappear. In particular, the right-hand side of (1.2)
vanishes so that instead of an inequality we end up with an equality. Continuing the
proof of proposition 1.3 with this identity one can see that in this easier case (1.1) can be
replaced by the simpler monotonicity formula for 0 < s <r

O 1B 0)) = 1o (B4(0))

1 N(z)
- = Ale)
/By-(())\BS(O) ||k ; ’

where as above 7%°(z) = Z;V:(f) Aj(x)&;(x) — alternatively one can use Theorem 5.7 in the

paper by R.Harvey and B. Lawson [38]. The identity for the density above then ensures
the right-hand side in the monotonicity formula to vanish, i.e. that Zjvz(f) )\j(:v)}fj(a:) A
%‘2 = 0 at [[Copll-a-e. . Therefore we get that 7°°(z) A & = 0, ||Cwo 4 -a-e., Which
by the homotopy formula 4.1.9 in [25] (applied to the affine homotopy from A*0 to \"0)
implies that Cy ,, is indeed a cone, i.e. that )\:’OC’OO@O = Coo g, for all r > 0.

2
d[|Coo o]l -

0
&i(x) A g

For the remainder of this section we will go back to the special case where the cali-

bration wy is a constant 2-dimensional form and investigate the support and structure of
a tangent cone calibrated by it. To do this, we first recall the structure theorem for con-
stant 2-forms of unit comass on R™ (see Theorem 7.16 in [38] or Theorem C.3 in appendix
C). For such a 2-form wy we know that there exist coordinates and an almost complex
structure J on a subspace R*" for some n, such that J is compatible with the Euclidean
metric and such that wy is the standard symplectic form for J on R?*". This implies that,
without loss of generality, for any =, € spt ||C|| we can assume that the coordinates are
chosen so that xy = 0, J = Jy and wy is the standard symplectic form on R?>* ¢ R™ for
some n. Therefore, calibrated 2-vectors have to vanish in the R™~?"-direction. Using this
together with the fact that 7°°(z) A & (z) = 0 for ||Cuo g |[-ae. © € R™, we deduce that
the set of 2 € spt [|Coo zo || VR™ 2" has ||C 4, ||-measure 0 (because of the above for these
x, 7(x) A %(m) # 0). Thus the support of ||Cy 4| can be assumed to be contained in
R?" C R™.
Furthermore, since 7°°(z) is calibrated by wg, we know that the approximate tangent
planes are Jo-holomorphic and thus from 7°°(z) A £(z) = 0 we deduce that 7°°(z) A
JoZ(z) = 0. Hence 7°(z) = Z A Jo 2 (2) for ||Coo s |-a-e. @ € R™. The above arguments
immediately give the following proposition:

Proposition 1.4 Let Cw 4, be a tangent cone to C' at xo which is calibrated by the 2-form
wo. Then there are coordinates centred at xo such that for any 2-form 1, Ce (V) is of

the form:
0 0
Coomo (V) = <¢,¢<E N J0§>> ;

where ¢ is a distribution in D'(R™) with support in R** C R™.

From the fact that C ,, is a Jy-holomorphic cone we can deduce more information
on the structure of the distribution ¢ above:
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Proposition 1.5 Let ¢ be the distribution given by Proposition 1.4. Then ¢ is of the

form
)= [ s aro )it

where H : S?"~1 — CP"! is the Hopf fibration and T is a distribution on CP™!
determining ¢.

Proof. From the fact that C ,, is a cone we know that )\Q’TCOO@O = (oo, for any
positive r. Thus ¢ also satisfies (¢, f(t,0)) = (¢, f(rt,0)) and hence as a distribution ¢

is independent of r, i.e. % = 0. From this one immediately deduces that

@ 1(0.0) = [ = SO0

where ¥ is a distribution on S?*"~' C R*" and for fixed ¢t we view f(¢,6) as a function
on S**~1. Using the fact that Cw ., is also Jo-holomorphic we get that (X, f(¢,6)) =
(X, f(t, Jof)) and hence that for any s € [0,27], (X, f(t,0)) = (X, f(¢, € - §)), where by
e’ - we mean the multiplication of each component by e**. Thus X is invariant along the
fibres of the Hopf fibration given as H~'(p) for p € CP""'. Then X defines a distribution
I" on CP"! given by

<r, /H » f(t,é>dH1(é)> - <2, /H o f(t,é)d?—[l(é)>

and the proposition holds. [l

So far the arguments in this section were valid even for normal cycles. If one assumes
that the cycles is integer rectifiable even more can be said about its tangent cones. In
the case of tangent cones to integral area-minimising 2-cycles, F. Morgan [58] proved that
then Cw 4, is a finite union of 2-dimensional disks through (. For J-holomorphic integral
1 — 1-cycles a more direct proof of the analogous result was given by T.Riviere and G.
Tian in section 2 of [71], where in this case the disks are J,,-holomorphic. In Proposition
1.5 this corresponds to the situation where the distribution I on CP" ! is given by a sum
of Dirac masses with (positive) integer weights concentrated at points in cpl.

1.4 Projecting the current onto CP" !

In this section we will discuss the geometric observation which we will use in the proof of
Theorem 1.2. First we illustrate this in the case where the manifold M is 2m-dimensional
and for each point zy € M there are coordinates such that the calibration is the standard
symplectic 2-form wy on R®*™. Thus there exists an almost complex structure J on M
compatible with w. The extension to the general case will be given at the end of section
1.6.

The main tool is the canonical projection of C™ \ {0} onto CP™ ' denoted by 7. Thus,
using homogeneous coordinates on CP™™ ' 7 : C™\ {0} — CP™ ' sends (21, ..., 2n)
to [z1,...,2m]. Note that the push-forward under this map will send any tangent cone
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to C' at 0 to the union of points at which the Dirac masses representing it are concen-
trated. As the outcome of several lemmas we relate the mass of the push-forward under
7 of C'L B,(0) to the monotonicity formula allowing us to conclude that the projection of
C'L B,(0) onto CP™ ! is well-defined and gives a current of small mass. Furthermore, we
also show that the push-forward of 0 [C'L B,.(0)] is controlled by the monotonicity formula
yielding that 7,C'L B,(0) is an integral 2-current on CP™ ' with small flat norm.

Since we will be working with an arbitrary complex structure J on M determined by w
which is also compatible with it, we need to construct a similar projection from (R*™,.J)
onto CP™ ! where this time the pre-images of points in CP™ ! are J-holomorphic sur-
faces rather than holomorphic planes. The construction of this map will follow the con-
struction given by T.Riviere and G. Tian in appendix A of [70] and can be found in our
appendix D.

The first Lemma towards the above mentioned projection result is a general estimate
for norms of wedge-products with J-holomorphic vectors and is a crucial observation used
throughout this chapter.

Lemma 1.6 Let 7 be a simple 2-vector which calibrated by wy on R?*™. There exists a
constant Cy,,, > 0 depending only on the dimension 2m such that for any vector { € R*™
we have )

(7|TA§P§|TA§AJQ§(LMTA§P.
2m

Proof. By Wirtinger’s inequality (see 1.8.2 in [25] by H.Federer) we know that 7 =
& AJE for some € € R?™ of unit length. Since &, and J&; are orthonormal we can extend
them to an ordered orthonormal basis {&;, J&1, &, J&s, ... &, JEm} of R?™. Writing an
arbitrary vector ( = 212:”1 ;& in this basis we get that

2m 2 2m
Zaﬂ'/\fl :Z‘QIP .
=1 =3

Next we compute |7 A ¢ A J¢|. Writing ¢ = > 0" (agk—18k-1 + abox) and J( =
Z;L(Gm—&m — ag e 1) we obtain

2
T AP =

2m
Zalfl NJELNE
1=3

ITACANJIC = |G ANJT&E A [ Z (agk—1a2-1&2k-1 N Eor —
k=1
—(agk—1a9)&2%-1 N €1 + (a2ra2-1)Eak N Eo1 — (1.6)

—(@2k2)Eor N §2z—1]

2m
< Cop Z CLZZ& NJE NG N
3<i<k
2m
< Com i) = Com|m A G
3=l
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For the remaining estimate first note that |7 A ¢|* can be bounded by Ca,, Y277 |ay|* and
thus it remains to bound this by |7 A ( A J¢|?. From the identity in equation 1.6 one
can see that 7 A ¢ A JC contains all terms of the form (ay_1)%Ea_1 A Eop — (a9)?Eoy A Eory
when 3 < [ < m and no other terms contain these combinations of & A &. Therefore
Com|T A C A JC|? is larger or equal than $°2" |a;|*, which completes the argument. [

In the next Lemma we combine the above result with the monotonicity formula from
Proposition 1.3 to estimate the mass of 7.[C'L B, \ Bs(x¢)] for small enough radii.

Lemma 1.7 Let C be as in the main theorem. Then there exist constants C; > 0 and
ro > 0 such that for any 0 < s <r <rg and xqg € M we have

M(C'L B, (xp)) B M (C'L B(xo))

2

M(r.[CL B, \ By(x0)]) < C,

r 52

Proof. Without loss of generality we can assume that the coordinates are centred at z
and chosen so that wy is the standard symplectic form on R®*™. Let ry > 0 be chosen
so that the monotonicity formula is valid for balls of radius less than ry > 0. Since the
estimates in Lemma 1.6 are invariant under isometries we can apply the Lemma to ( = %
at each point in B, \ B,(0) and deduce that

0

2
(@) A 5| dIC]

1 / 1
Com B,\Bs(0) |z [?

< / L
= JeaB.(0) |7]?

1
< Oy, / W
B,\Bs(0)

Combining this with the monotonicity formula we obtain that

/ L T(:U)/\ﬁ/\ngdHCH
B,\B.(0) 7] or

or

0 0

T(z) A 9

2
d .
| dc]

2 2

r S

< 0, [MOLBO) _MCLB)

Z
|z

() \jr@) =

and the proof of the lemma is completed. O

Since 7 is only a small perturbation of H o % we deduce that

T(z) A 9 A Jo2

We remark that as a direct consequence of this lemma and the monotonicity formula,
since r2M(C'L B,(x¢)) is almost increasing in 7, we get that

lim lim M (7, [C'L B, \ Bs(z9)]) =0 . (1.7)

r—0s—0

This already shows that the push-forward of C'L B, (0) under 7 is well-defined and has
small mass. The next step is to prove that for certain radii we will also be able to control
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the mass of the push-forward of 9[C'L B,(0)].

To do this, we note that it will suffice to prove Theorem 1.2 for radii of the form r = 21J
where j € N. From the previous Lemma combined with (1.1) and (1.3) we know that
a rate of convergence for r—?M(C'L B,(zg)) is equivalent to a rate of convergence for

M (7. [C'L B, (x0)]) since

M(CL By (z0)) 70(||C|, o)

s Tl
— T
By (z0) |z — o2

S M(m.CL B(xg)) .

M(m.C'L By (20))

AN

2
—\ d
| dlc|

12

To prove a rate of convergence for M (m.C'L B.(zo)) to 0 we want to find a constant
0 € (0,1) independent of j such that for all j

( [CLB o (x())D < oM (m [CLBé(JEO)]) , (1.8)

since then the result follows by a standard iteration argument.
We begin by partitioning the set of indices into two subset as follows:

a={ien v (m [ouny @)]) < g0 (m [ormy @] )}

B {ieN s 0 (m [OLB Ly (aw)]) > 50 (. [ormy )]}

Note that for 7 € A estimate 1.8 holds true with § = 5. Thus it remains to show 1.8 when
j € B. To do this we will work on ‘good slices’ of C and we will define these and prove
their existence in the next Lemma.

Lemma 1.8 Given 0 < r < rq, there exists py € [g,r] such that the following hold:
1. M(<Ca | ) ‘>IOU>) < Cipo ,
2. faB (o) |V7r|c|2d(C'| |, po) < fBT\BT(IO \Vrlc|?d||C]| ,

3. M(m.O[CL By (xo)]) < G ][ s, |7 A 21 (€119} dp

(N1

where (C,| - |, p) denotes the slice current of C' at the radius p (see [25] chapter 4.3 for
the definition). For such po the slice (C,|- |, po) will be called a ‘good slice’.

Proof. For the first estimate, from 4.2.1 in [25] by H. Federer and the almost monotonicity
formula we know that there exists a constant C; > 0 such that

~Y

"1 2 2
| SMUCI-Lodp S TMCLB,\By) S SM(CLB)

T
S C1§7
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i.e. that -
]{ MU )dp < Cr

For the second one, set ¢(r) := [\ 5, (o) |V7lc]*d||C]| to obtain
2

o Tl Pd(C - | 0V < ——b(r) = 1 |
/;¢<r> /BBM'V el (C. | ) < 5700)

For the last estimate we denote the orienting vector for 7.0[C'L B,| by t and apply lemma
1.6 with 7 = % A J% and ( =t at each point. Therefore,

2

0 0 -~ 0 0 0 0
‘t/\EAJE = t/\EAJE"'Jt/\EAJE‘
N 0 0
= t/\Jt/\E/\JE
0 0
2
= T/\E
As in the proof of lemma 1.7 we use this to compute
M(r.0[CL B,(z0)]) < c/ a2 a2 a1 0
T pr = 1 9B, |I| 87“ 87“ ) P

1 0
<ol =lrallac 1.
< af gilragaeta

Now as for the previous case, set 1(r) := ][ [faBp ﬁ |7 A 2| d(C, ] |,p>} dp to get that

»

T%M(W*E)[CLBp(xo)])dp <c.

To get a radius py € [%,r] which works in all three situations, simply add the three

average integrals together to obtain that there is py with
1

T 9 1
%M(@\ |, po)) + M/QB;JO(JJO [Vrle|"d(C, | -], po) + WM(W*a[CLBpO(xo)D <Cy.

This establishes the assertions of the Lemma. O

r
2

In the next Lemma we will use estimate 3. in the previous Lemma 1.8 to bound
M(m.0[C'LB,,]) in case j € B.

Lemma 1.9 There exists Cy > 0 such that if j € B and p; € [2]%, 2%] denotes a good
slice from Lemma 1.8. Then

M(m.d]CLB,,)) < C\[M(m.CLB,)]? .
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Proof. In estimate 3. in Lemma 1.8 we first apply Cauchy-Schwarz to the inner integral

to obtain
aello< ([ o
=\ s, [P

/ 1
OB, |$|

Next we apply Cauchy-Schwarz to the average integral

AR

s—ﬁTM@Hm>

r

2

dwum)ww»m»

2

A9
T or

A9
T or

N[

T/\2
or

d(C; ] - \,ﬂ>] dp

5 |2 3
TN\ —

or

L

D=

p

Laptt)])
J«fM d&(/émw <’¢MO3

For the first integral we use the monotonicity formula like in the proof of the first estimate

of Lemma 1.8 to obtain
e
()}

Since the second integral is bounded by [M(m.[C'L B, \ B%(:vo)ﬁ we can combine these
to get

IN

T

N[

M(r,d[CLB,]) < Ci[M(m.[CLB, \ B:])]z .

By assumption r = 2% with j € B so that the defining property of B gives M (7, [C'L B ]) <
27
2M (7, 0[C'_B - ]). Applying first this to the above estimate and then the monotonicity
27

formula to the resulting inequality (using that 5+ < p;) we get

N

IN

M (w0 [CLB,,]) Cy [M (m. [CLB,\ B;])]
Cu[M (r. [CLBy)))?

Cy [M (m. [CLB,,))]F

IN

IN

which is exactly what we wanted to show and the Lemma holds true. 0

1.5 Calibrated 2-currents on CP" !

The aim of this section is to show that the projected currents 7, [C’l_Bpj] for j € B
will not cover all of CP™ ! which will be needed later on to integrate by parts. More
precisely, given a small constant 1 > 0 we will prove that there exists a radius € > 0 and
a region A, C CP™ ! such that the current T, [CLBPJ L A, will have mass less than
nM(m. [CLB,,]). This will be deduced from a general Lemma for j-holomorphic integral
2-currents 7' in CP™ " with small flat norm which we will then apply to T = m,[C'L B, ].
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Lemma 1.10 Given a constant Cy > 0 and n > 0 small, there exist 6 > 0 and € > 0 with
the following properties:
For any j-holomorphic integral 2-current T' € IQ(CPm_l) satisfying:

1. M(T)+ M(OT) <9,
9. M(OT) < CM(T)}
there exists a tubular neighbourhood A, C CP™ ! of width € such that
M(TLA,)

2

<nM(T) , (1.9)
€

where the core of the tube A, consists of a CP™? inside CP™ ' i.e. a complex (m —2)-
dimensional hyperplane in CP™ 1.

Proof. We will argue by contradiction. If the Lemma is false, then there are n > 0 and
C7 > 0 such that for any 6 > 0 and any ¢ > 0 there exists 7" with the above properties,
but for which for all tubes A, ¢ CP™ ™,

M(TLA,)

€2

>nM(T) . (1.10)

We will use the above assertion on 7' to derive a lower bound for ¢ which will be given
purely in terms of n, C and ¢, thus in particular independent of T'. However, since we
are free to choose § as small as we wish this will lead to a contradiction.

To get this estimate we begin by letting N denote the total space of the smooth fibre
bundle of anchored CP™ 2 in CP™!. By this we mean that A is made up of pairs of
the form (z, F), where # € CP™ ! and E € G(m — 1,m), the Grassmanian of complex
(m —1)-planes in C™. Any such complex hyperplane can be projected down onto CP™*
and its projection is diffeomorphic to a CP™ 2. Thus a point p € N consists of a point
z € CP™ ! and a plane E containing z. By construction N is compact and we let p
denote the volume measure induced by the standard metric on C™ so that u(N) < oc.
Furthermore, to each point p € A and for any € > 0 there exists an open tube A.(p),
which is the open tube with core given by p and width e.

Next we partition N into two sets P, and P, where we have

Pri=A{p €N [ M((T, | |p, 5,)) = 0 for some s, € [e,2e]} . (L11)

where | - |, denotes the distance function from the core of the tube given by p. The other
set is then P, := N\ P;.

We will now analyse P, and P, independently. If p € P;, we know that there exists
sp € [€,2¢] so that

M(O[TL Ay, (p)] — (OT)L Ay, (p)) = M((T, [ - |p,8p)) =0,

ie. O[TL A, (p)] = (0T) A, (p) and hence by restricting T to A, (p) we do not introduce
any extra boundary. Since 7' is calibrated by wgpm-1 we can apply the isoperimetric
inequality 4.2.10 in [25] by H. Federer to T' A, (p) to get

N

M(TL A, (p)2 < CiM(I[TL A, (p)))

= O1M((9T)L A, (p)) .
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Combining this with the assumption that the lemma is false (1.10), we deduce

enM(T) M(T'e Ad(p))
M(TL A, (p))
CyM((OT) L Ay, (p))?

CyM((OT) L Ase(p))? |

IN AN IN A

e. eI/ M(T) < CLM((OT)L Ase(p)) .

We now derive an estimate for u(P;) by integrating the above over all of Py

p(Prey/n/ M(T) < Cy : M((OT) L Aze(p)) dpu(p) -

Analysing the right-hand side of this expression, we have

M((OT) L Ase(p)) diu(p) < /( . /  Xan AT (0 E)

Py

and since there exists F(x,y) such that xa 25 (Y) = Xa.(y,E@y)(®), We get that the
above is less than or equal to

Lo xaes@dioT ()
EcG(m—1,m) JzeCP™ ! JycoT

which we estimate by interchanging the order of integration and using the fact that
w(Ac(p)) < Cie? independent of p

/] [ Xan(@du@dn(B)OTI) < CeMET)
yedT J EEG(m—1,m) J2cCP™ 1
Hence the estimate on p(P) is

(P )ey/m/M(T) < C1e2M(OT) < Cye?\/M(T)
since by assumption we can estimate M (9T') by /M (T"). This implies that

so that from the fact that 47 < p(N) < oo we deduce the estimate for p(Pz),

1
wP) = u(N) = u(Pr) 2 3 (1.12)
when € is chosen to be sufficiently small. It is important to observe that any dependence
on T and ¢ has disappeared. Furthermore, this estimate readily implies that P, ¢ N
cannot be empty.

It remains to investigate M (T As(p)) + M ((0T)L Ase(p)) for p € Py and we will prove
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that at least one of these two terms has to have a lower bound away from 0. Precisely, we
will prove that there exists C'; > 0 so that the following estimate for this quantity holds

2

M(TL As(p)) + M((OT) L Ase(p)) > cfz . (1.13)

To see this, first observe that by definition of P, we know that M ((T',|-|,,s)) > 0 for any
€ [e,2¢]. Thus for any interval (py, p2) C [€, 2¢] we have

M(TLA,, ,,(p (/ MT,|-|,,s))dL" >0,

where we use the notation A,, ,,(p) := A,, \ 4,,(p) for the annular tube with core p.
We will now slice the annular tube A.s.(p) by the distance function to the core, | - |,, to
get regions with and without boundary and derive estimate (1.13) from an estimate on
the measure of them. Precisely, we partition the interval [e, 2¢] into the set

Q1 := {5 S [67 26] ’ M(<8Ta | ) ‘p>$>) > 1} )
and @y := [¢,2¢] \ Q1 so that
Q2 = {5 € [E’ 26] | M(<8T> | ’ ’p,8>) = O} )

since (0T, |- |, s) is a O-dimensional integer rectifiable current. Next we take ()§ to be an

open set containing @y so that £'(Q{\ Q1) < 155, say. If £'(Qf) > § we are done, since
then
M((OT) Ase(p)) = M(OT,| - [p,5)) dL(s)
s€Q1
2
€ € € _ €
> > = > >
z M) =5 - 5212 1

since € is assumed to be small.
Thus we can assume £(Qf) < §, so that since Q5 is open, Qf # [¢, 2¢] and hence Q3 is
defined by Q5 := [e,2¢] \ Q5 so that it has £1(Q5) > £ and M((T,] - |,,s)) = 0 for any
s € Q5.
Writing ()5 as union of maximal disjoint intervals I; = (a;,b;) we note that for each
gy TL Aqg,p,(p) is a cycle in A, (p) and hence satisfies a monotonicity formula. Since
T e IZ(CPm ') this means that for each « € Aq;p;(p) Nspt ||T'|| we have O(||T|, ) > 1
Hence

M(TL Ag,p,(p)) = Crvol(Ag, p,(p)) -

Therefore we conclude that

M(TLA(p)) > ZM T Agp,(p))

2

2 O3 vollde () 2 CRLNQ5) >
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which concludes the proof of estimate (1.13).

Combining this estimate with (1.12) bounding p(P,) from below we finally deduce the
desired estimate on

d > M(T)+ M(oT)
> Cy M(T'L Ase(p)) + M((T) L Azc) dpu(p)

pEP2
2 2

> Cl%M(Pz) > Cl% :

Since this estimate is independent of 7', it has to hold for all 4 € (0, %) However, for e
sufficiently small but fixed, § cannot be chosen arbitrarily small, which gives the desired
contradiction. 0

In the above lemma the tube A, € CP™ ! was chosen in such a way that cpm! \ A,

satisfies H2(CP™ '\ A.) = 0. This allows us to construct a 1-form ay on CP™ "\ A,
such that wepm-1 = day there. More precisely, we have the following Lemma:

Lemma 1.11 Given € > 0 and a tube A, C CP™ ! as above, there is a smooth 1-form
a such that:

1. wgpm—1 =day on CP™ 1\ A, ,
2. a4=0 on A% )

Furthermore, there is a constant Cy > 0 independent of A, such that ||wepm-1 — daa||, <
Clﬁ% and ||aall < Cy.

Proof. Given the tube A, let ¢, be a cut-off function which is 1 on CP™ !\ A%, 0 on
Ag and decreasing in A¢ s, with [|Vy,¢c|| = 0 and [[Vyoe|| < &, where V¢, means the
derivative in the direction of the core and V,¢. the derivatives perpendicular to the core.
Then we have that ¢.wepm-1 is a closed form on CP™ '\ A, which is topologically trivial,
whence there exists a form a4 with dasy = ¢pwepm-1. We extend ay to A. by extending
the coefficient functions o radially to the core by ¢.a%4. By an abuse of notation we
still denote the extended form by a4 and we immediately see that as = 0 on A¢ and

lw — daall« < C1]|Vode|| < &, which establishes the Lemma. O

For later applications of this lemma it is important to note that the estimates given
are independent of the specific tube 4. € CP™ ! chosen and we will therefore be free to
choose A, according to Lemma 1.10.

1.6 Rate of convergence

As mentioned in section 1.4 we will deduce the rate for M (m.[C'L B,(x¢)]) from a rate for

| wucpnaledicl
Br'($0)
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where from now on wepm-1 denotes the standard symplectic 2-form which is compatible
with the Fubini-Study metric on (CP™ 1, 7).

First note that, from the monotonicity formula and Lemma 1.7, for all 0 < r < rg

/ L FeopnaledC] = m[OUB o)) en-)
r{Z0

M(m.[CL By (2o)]) |wepm-l+
o {M(CLBTO(:UO))

7“02

IN

<

—71O(||C]], x0) | < +00 .

Furthermore, since the map 7 is .J-jg-holomorphic and C' is J holomorphic, we know that
pointwise ||C||-a.e. we have |V7|c|*(z) = m*wepm-1|c(x), i.e. that for all 0 < r < ry we
have

/ Vrled|C] :/ T wapralod|Cll < Gy < +oo
BT(CCO) r(Z0

For the proof of the estimate assume that, using the notation from section 1.4, r = 2%

for j € B and let p; € [, r] be the corresponding radius given in Lemma 1.8. The same
lemma also implies that for any k € N there exists as sequence of radii s, € [27% 27F+1]
such that M (7.0[CLBy,]) — 0 as k — oo. Together with Lemma 1.7 for any r we can
therefore find sq sufficiently small such that

M (m,[CL By (20)]) + M (m.0[C'L By (0)]) < M(m.[CL B, \ By (x,)]) - (1.14)

The main estimate will follow provided we can prove that there exists a constant C; > 0
such that

[ wadpdicl<c [ [waleldicl (115
Bg\BSO(SCo

BT\B%(wo)

for then the estimate on M (7,[C'L By, (z0)]) in (1.14) implies

J

Hence we obtain

Vrlol*d|Cl < (Cr + 1)/ [Vrlcd||C]) -

BT\B%(»’CO)

(o)

T
2

Ci+1
Vrleld||C| < / Vrlcl*d||C
/Bg(m' POl < Gy [ 9TePalcl

from which we deduce (1.8) with 6 = gii; From this the desired rate of convergence will

follow completing the proof of Theorem 1.2.
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To prove the remaining estimate (1.15) first note that

/ VrleldIC] < / VrlePdlC|
B%\BSO (w0) Bpj\BSO (w0)
By, \Bsq (20)

_ / 7 (da)d|C|
BP]' \Bso (o)

+/ T (wapm-1 — daa)d|C] . (1.16)
Bﬂj\Bso(xo)

where Ae € CP™ ! will be the tube given by Lemma 1.10 for some 1 > 0 to be determined
later. Using this Lemma and Lemma 1.11 the second term on the right-hand side can be
estimated by 7 [, .\ [V7lc|*d||C]|.

For the first term note that since 7 is smooth on B, \ By, (%)

/ (dan)d|Cl| = / d(r*a)d||C]|
Bpj\Bso(CCO) Bpj\BSO(xO)
_ / T aad(C,] - |, p;)
aBPj(xO)

—/ T aad(C,| -], so).
0By (z0)

By our choice of sy the second term is bounded by

/ T aad(C,| -, 50) < llaalls M(m.(C, -], 50))
0B (z0)

< CyM(m,CLB,\ Bs()) . (1.17)

Hence it remains to estimate faBpj (z0) T ad(C,| - |, pj) which we will do by a Poincaré-
type inequality on 0B, (o).

Note that, since 0B, () is an integral 1-cycle, we can apply the decomposition theorem
for integral 1-cycles, Theorem 4.2.25 in [25]. We therefore write (C, |-|, p;) as (C,|-], p;) =
Y2, T; where each T; is an indecomposable 1-cycle and M ((C,| - |, p;)) = > oy M(T;).
Furthermore, for each i € N there exists f; : R — R?" with Lip(f;) < 1 such that
T; = fi.][0, M(T;)]]. Having done this the desired estimate for faBpj (o) T aad(C, ||, pj)

will follow from estimates for

mraad|| Ty -
T;
Since « is a 1-form on CP™!' and we can work on CP™ '\ A, we can write «a in co-
ordinates on CP™ ! so that (7*a, 7;), where 7; denotes the oriented tangent vector to T,

is of the form
2m—2

(m*a(e), 7i(2)) = ) an(m(@)){dys, dr(@)T) .

k=1



24 Calibrated 2-currents

Since each of the Tj is closed, integrating the above expression is unchanged when oy, (7(z))
is replaced by ax(m(x)) — Ck, where the C} are arbitrary constants. Applying Cauchy-
Schwarz to the resulting integral, we obtain

d||T;| (=)

T;

/Tfﬂ*o"mdﬂ < Z/_)Oék(ﬂx))—m‘ IV

'“ (/T oo _m‘gdllﬂw))%

([

where we have chosen the constants C} equal to m which denotes the average of
ag(m) on T;. We estimate the first term on the right-hand side of this expression using a
Poincaré-type inequality on T;, where it is important to note that because of Lip(f;) <1
we can take the constants in the estimate equal to 1 independent of 7. This implies

([ fostm o) < [ (Vo (min*dI

From the fact that the oy are smooth we deduce that sz‘ |Vag(m)|r, |2d||T;|| is bounded by
C1 [y, V7| Pd|| T;]|, where Ci is again a constant independent of 7;. Thus, combining the
above steps with the fact that M(7;) < M((C,| - |, p;)), we can sum over all ¢ to obtain
the important inequality

™

T;

Qduﬂn(x)f |

T;

[ wadc ) < aZM(m( / |V7T|Ti|2d||Tz‘||) -
9By, (x0) i—0 T;

3
(/ |V7r|Ti|2dTi)
T;

CM((C. ||, py)) / Vrlo2d(C. |- |, py)

8Bpj (o)

IN

Together with Lemma 1.8 we get that

[ manledCl Lo < MG o) [ VAPl L)
0By, (x0) 0By, (x0)
1
< | ValePalcl . (L9
J v Br(20)\Bj (z0)

Combining estimates (1.16), (1.17) and (1.18) we obtain

J

VrlePd]C]] < ¢ /

BT\B% (zo)

VrlePdICl + 1 / VrlePdlC] -

(z0) Br(z0)

r
2
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Since we assumed 7 to be smaller than 1, we can subtract nfBT(xo) |V7|c|?d||C]| from
2

both sides resulting in the estimate

C
| wmctaicl < g2 [ valoPdel
By (x0) n Br\By (o)

Filling the hole by adding ﬁ times the left-hand side of the above, we get that there
is a constant C; > 0 (now also depending on 1 > 0) such that

Vrlo2d|C]| < / Vrlo2d|C]) -
/Bg (x0) Cr+1 /5@

From this a standard iteration argument (see the book by M. Giaquinta [28] for details)
proves Theorem 1.2 in case the calibration w is compatible with an almost complex struc-
ture J on M?™.

1.7 Perturbation argument

The next step is to extend the result to the general case which, since our proof is very
robust, will follow from a perturbation argument. Hence from now on we are in the
situation where the manifold is of arbitrary dimension m and the calibrating 2-form
may not be closed. Fixing zo € spt||C|| € M we want to find a similar projection to
7 before. We can assume that we have chosen coordinates so that wy = w(z) is the
standard symplectic form on R?*" C R™ (see section 1.3). Furthermore, we can assume
to be working in a small ball B, (0) so that on this ball we have ||w(z) — wyl/cz = O(|z])
and the almost monotonicity formula holds true. Since wq is the standard symplectic
2-form on R?", it is compatible with the standard complex structure .J,. Therefore, as
before we have the natural projection 7 : C" \ {0} — CP"!, where we make the usual
identification C" = (R*", J;). We will now extend this to a new projection 7 on all of
R™ = R?" x R™ 2" by defining

7. R xR™\ {0} x R™" " — CP"!

(2, y) — 7(z) .

We now aim at showing that the proof of Theorem 1.2 can still be carried out using
this new projection instead of m. The first step in this direction is the Lemma below
where we analyse the structure of the simple vectors defining C' which are calibrated by
w near 0.

Lemma 1.12 Let z € spt ||C|| such that 7(x) exists and is calibrated by w(z) = wo+w1(z),
with wy as above. Then we can write T(x) as 1o(z)+11(x) so that ||1o(z)|| = 1, wo(To(2)) =

L and ||7i(2)]| = O(|z[?).

Proof. From the fact that w(x) calibrates 7(z) and w(x) = wy + wi(x) we deduce that
wo(7(x)) = 1+ O(|xz]). Hence 7 is not perpendicular to R** C R™. To construct
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a simple 2-vector 7y close to 7 we first orthogonally project 7(z) onto R* C R™ to
obtain a simple 2-vector 7(x). Then we get that wy(7(x)) = 1+ O(]z|) and that therefore

|7(z)—7(z)]| = O<|x|é> . Setting 7(z) := ﬁ from Lemma 6.13 in the paper by R. Harvey
and B. Lawson (see Lemma C.4 in appendix C) we know that there exists a unitary basis
e1, Joe1, - - -, en, Joen of R* such that 7(z) = e; A (Jopeycosf + ey sinf) for some angle
0 € [0,27]. Then the 2-vector 7o(z) := e; A Jpey is of mass 1 and calibrated by wy.

Thus it remains to show that ||7(x) — 7| = O |93|%> To see this note that it suffices to

estimate [|7(z) — 70]|*> = || ||7]le2 — Joe1||?. From the construction of 7 we already know
that wo(7(z)) = 1 + O(|x]), therefore deduce || ||7|les — Joe1]|> = O(|x|) and the proof of
the Lemma is completed. U

Next we will show that if dilated sufficiently far, the current will avoid a conical region
near {0} x R™ 2" i.e. where the map 7 is not defined. Precisely, we have the following
Lemma:

Lemma 1.13 Let R*® ¢ R™, C and w be as above. Then there exists a radius g > 0
such that for all radit 0 < r < rg and any smooth compactly supported 2-form 1 €

A (B1(0) \ {z € B,(0) : dist (z, R*") < L|z|})
Cr,0(¢) =0.

Proof. We argue by contradiction. If the Lemma is false, there exist sequences of radii
r, — 0 and smooth 2-forms 1, € A*(B1(0)) such that C,_ , converges to some tangent
cone Cy o and

spt, C E°,

with £ := {z € B;(0) : dist (z,R™) < }|z|}, yet for all n € N
Crn,O(@Z)n) 7é 0.

Then there exist z,, € E¢ with lim, o M(C,,,) # 0 and from the monotonicity formula

we get that
T 1
o (Crinao 2y (527)) 2 557

Tn

Taking a subsequence so that 72 — 2o (with zo € E°) we have

M(Crfa ol Bs (o)) >

Sl

Since we also have
C’rn‘l‘n|70 L B% (xoo) ((Tn|$n|)2)\rn|mn|7o*w — Wo) ‘

< M(Cr a0 By (0:0)) | (ralan A7 g | — 0,

o0

we conclude that we would get

1
Ot By () (w0) > o7
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This contradicts the fact from Proposition 1.5 and the remark following it, namely that
Cooo is the union of wy-calibrated disks which are supported in R?" and thus in E.
Therefore the Lemma holds true. O

The proof is an adaptation of the proof of (II1.3) in Lemma III.1 in the paper by T. Riviére
and G.Tian [71] where they arrived at a much stronger conclusion using the additional
fact that the tangent cones are unique which at this point is clearly unavailable for us.

Since the dilated current C,, o is a 2-cycle calibrated by 73 (\"?)" w which equals wy
at the origin, without loss of generality we can assume that the radius ry given by Lemma
1.13 is in fact equal to 1 for otherwise we replace C' by C,, . Consequently, the ||C||-
measure of E° in the proof above equals 0. The next step in the proof is to combine
Lemmas 1.6, 1.12 and 1.13 to obtain an analogous version of (1.7) for 7 instead of .
From Lemmas 1.6 and 1.12 we obtain that point-wise ||C||-a.e. for ry sufficiently small

(Ag) = 0 (A

o <61 A (Joey cosf + ey sin b)), /\27r>

1 0 0 : 0 0
& W|:|COSQ| 61/\J061/\§/\J05':|:|SII1€| QIAEAJ()@_’FH
1 o | \ 0
= —|x’2 [7‘0/\5 ﬂ:Cl|$|§ 7—0/\5‘] : (119)

To show (1.7) for # we first estimate the last term of (1.19) by Ci|#|2. For the resulting
term we have that for 0 < s < r < ry (with ry the radius given by the almost monotonicity
formula)

o) |22 52 s o

/B\B Lo < MCLBO) 4 (i>2M(C’|_BTO(O))'

Consequently, iterating this for s € [r/2, ]

1 N
/ ) £ 3 (5)
BB (0) |7]2 =
1
S Ol i 1 -
1—272

Since the right-hand side is independent of n € N we can take the limit n — oo and
obtain the estimate

1
[ i<t
NOREZE

|z

This allows us to deduce

VMEIeBABOD = [ (n g diCl

1 d|?
/ 1 d|C] + Curt .
B, \B(0) ||

I

7'0/\—

or
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Thus, to prove (1.7) for 7 it suffices to show this for [, ©) # |0 A& 2 d||C||. However,
essentially the same argument relates this term to the almost monotonicity formula leading

to
M(CLB,(0)) M(CLBs(0))

~

N[

M (7. [CLB,.\ Bs(0)]) £ Cir = =
therefore proving (1.7) for 7.

In fact, we can prove even more. Going back to the second term on the right-hand side
of (1.19) we note that Cauchy-Schwarz’ inequality and an argument analogous to the one
above shows

1 ) 1 9 |? : 1 3
[ lmag|aen < ([ slwag] acn) ([ )
B,(0) |2 or -0) 17| or B,.(0) |7
1 | :
< ¢ L Aonllaen) ot
< ( Lo BB ] ||) '
Combining this with (1.19) we obtain
viroeso) = ([ Llon 2] ae
Ty r = — |7 N
B (0) |z ]2 T or
LC / Ll 2P o) o (1.20)
"\ Us |22 % ar ' '
and analogously for wepn-1
TN R Y . A W
i b sept = B,0) 17 0% or
9

7'0/\

2 3
d|yC||> rz . (1.21)

1
o L
B (0) |z

We also have the following version of Lemma 1.8 with exactly the same proof:

ar

Lemma 1.14 Given 0 < r < rg, there exists py € [g,r] such that the following hold:

1. M{C,| -1, p0)) < Cipo ,

2 Joppgwo) (T AdTNACC, |1, p0) < 55 J i, oy (T A2TNACL

% MGEACUBu(eo)) < Cof [fon, &rlron &1 (C1-|.)] do

2
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Before we come to the version of Lemma 1.9 we again restrict to radii of the form r = &

27"
Again we partition the set of indices into two subsets:

A {j eN o (m ouBy o)) < 2v (v [y 0]

2J+1
1 2 % 1 %
or — d||C <(C -1000-(.—) ,
</Bll<0> [of? H H) 1 2 }
2J+

B = {jeN : M(fr* [CLB,#(%Q}) >%M (ﬁ* [CI—Bé(IEO)D

27 +1
1 Ak : 1\2
d — d -1 | — .
" </B () |7 HCH) 7 1o <2J“)
27 +1

A9
70 or

T()/\—

or

As before, the aim of the remainder of this section will be to prove the existence of a
constant @ € (0,1) for an analogous version of estimate (1.8) for j € B. To see why this
leads to a rate of convergence first note that for j € A either estimate (1.8) holds true
with 6 = £ or (1.20) implies that M(ﬁ*[CLB#(O)]) < Ci5r. Thus for any j € N we
have

C,0%2-i+F for some k € [1,7 — 1]

¢’ M (7.[C'L B1(0)]) otherwise

1 Y
S CYl <2_j) )

where we choose v so small that § < 277. Thus it remains to work with j € B which
means that from (1.20) we can assume
2
die H) :

1 1
M@ |/CLB 1+ (0))=C |1+ —= —
(7 lCL B O 1( 1000) (/B o 7P
2JF1
Lemma 1.15 There exists C; > 0 such that if j € B and p; € [ L 1} denotes a good

27+
27+17 27
slice from Lemma 1.14. Then

MricLB 0D < {

9
or

7'0/\

With this we immediately have the result of Lemma 1.9 for 7

M(#0[CLB,]) < Cy [M(7CLB,]" .

We now have all the necessary ingredients to formulate the adapted version of Lemma
1.5.

Lemma 1.16 Given a constant Cy > 0 and n > 0 small, there exist 6 > 0 and ¢ > 0 with
the following properties:
Let T € I,(CP"™ ™) be an integral 2-current satisfying

1. T is almost calibrated by wepn-1, i.e. M(TLU) = (1+ 13=) (TLU,wepn-1) for all
UccCcpt
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2. M(T)+ M(dT) < 6,
3. M(9T) < CL[M(T)]z .

Then there exists a tubular neighbourhood A. C CP™™! of width € with core consisting of
a CP" > C CP""! such that
M(TLA,)

5 <nM(T) .

€
The only effect on the proof comes in the step where the isoperimetric inequality is
applied. However, suppose that T is as above and that (T L A.) = (0T)L A, for some
tube A. C CP"'. Then there exists an integral 2-current R € I,(CP"™') such that
OR = O(TLA,) with M(R)z < C{M(d(T'_A,)). Since R is homologous to TL A, i.c.
there exists an integral 3-current S € Is(CP" ') such that 9S = T A, — R, we have

M(TLAE) S Cl <T|_A€, OJCPn—1> — Ol <T|_AE - R7wCP"—1> + Cl<R,wCPn—1>
< 01 <S, dwcpn71> + ClM(R) = ClM(R)

showing that M(TLA)z < C{M(O(TLA,)). Other than that the argument can be
carried over word for word.
Furthermore, since all the relevant Lemmas are still valid for 7, the proof of the rate of
convergence in section 1.6 is not affected by the small perturbation. Hence the proof of
Theorem 1.2 is completed.

1.8 Uniqueness of tangent cones

Although the passage from Theorem 1.2 to Theorem 1.1 had already been shown by

B. White in [94] we will include his proof for the sake of completeness. The proof is

directly taken from part (b) of Theorem 3 in [94].

As before we will assume that the coordinates are chosen so that in these coordinates zg

is identified with 0. Let F : R™ — S™ ! be the radial projection on R™ sending x to

ra7- 1f we can show that for 0 <'s <r the quantity M(F.[CL B, \ Bs(0)]) tends to 0 as
rst s and then r tend to 0, i.e.

liH(l) lin%M (F.[CLB,\ Bs(0)]) =0, (1.22)
then uniqueness of tangent cones will follow immediately — compare this with esti-

mate (1.7) for the projection under 7. To see this, first consider two sequences {p;}
and {p;} so that \°[C'L B, (0)]LB1(0) and N+°[C'L B, (0)]LB1(0) converge in the
F-norm (see 4.1.24 in [25] for the definition) to tangent cones Cy o and 000,0 respec-
tively. As an immediate consequence we also have that ON°[C'L B, (0)] B;(0) and
ONHO[C'L B;,(0)] L B1(0) converge in the F-norm to 0Cs ¢ and OCx o respectively. By
the structure of tangent cones result in Lemma 1.5 we know that the two tangent cones
are equal provided we can show that 0C o = 86’0070 in the F-norm. We will do this by
proving that ON°[C'L B, (0)]L B;(0) — ON°[C'L B;,(0)]L By (0) converges to 0. Since
for almost all 0 < s < r we have

OF. [CL B, \ Bs(0)] = 0N [CL B,(0)] — 9A° [CL B,(0)] ,
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the definition of the F-norm implies that
ONO[CL B, (0] By(0) — IN[OL B, (0)]L Bi(0) < M(F. [CL By, \ B (0)) .
which from (1.22) we know tends to 0.

Therefore it remains to prove (1.22). Using first the definitions, Schwarz’ inequality, and
the monotonicity formula for all 0 < s < r < ry we compute

vElesso) = [ <T<x>,/\F<x>>ducu
/ 1
Br\Bs(0) ||

(o)A g dlcl]
([
BA\Bs(0) 2]

2 3
dncn>
1 3
- ( / —Qducu)
B\Bs(0) ||

A @(ch,mf () (w>

r 72

AN

0

From Theorem 1.2 we can bound the first term on the right-hand side above by Cyr3
whilst the last one is taken care of by the monotonicity formula. Therefore, if we only
consider /2 < s < r, we obtain the estimate

[N/

Iterating this when s = 5% for n € N we have

M (F.[CLB,\ Bz (0)]) = 5 M (F [CLBé \ B, (O)D
1=0
n—1 5
< 2a(3)
= Oy - 22

Since the right-hand side of this estimate is independent of n, we can immediately deduce
estimate (1.22) which we wanted to show. Thus we proved that Theorem 1.1 is a direct
consequence of Theorem 1.2.

1.9 Outlook I: Poincaré inequalities

In the following two sections we look at possible extensions of the above techniques. As a
first attempt one would like to extend the proof to higher dimensional currents. In other
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words, let C' be an integral k-cycle in R which is calibrated by a smooth closed k-form
w — for simplicity we restrict ourselves to the case of a smooth calibration on R™. In
particular, to illustrate the ideas consider the case where C' is calibrated by w = %w{f on
R?™, where wy is again the standard symplectic form on R?™. The monotonicity formula

for such a 2k-cycle is given by

M(CLB,(x9)) M(CLBy()) g/ !
a(2k)r2 a(2k)sk BA\B(ao) [2]**

2
A2 a0

or

As in the special case when k = 1 we can relate this to the mass of m,C'L B, \ Bs(xo)

which is calibrated by %wépm_l again since 7 is Jy — jo-holomorphic. We have

M(CL By (o)) M(CL B,(x0))

a(2k)r2k a(2k)s?k 7

12

M (m.C'L B, \ Bs()) = (CL B, \ Bs(0), m™*wespm—1)

showing that as before M (m.C'L B,(x¢)) is well-defined and converges to 0 as r — 0.
Therefore, one of the main ingredients of our proof is still valid in this higher dimensional
setting relating a rate of convergence for C' to a rate of convergence for M (m.C'L B, (xo)).
Our proof in the special case when k£ = 1 above can be summarised in two main steps:

Step 1 (Integration by parts): Lemmas 1.5-1.11 allowed us to integrate by parts.
More precisely, we could show the existence of a (2k—1)-form a on CP™ ! with |Va| < C)
(component-wise in a fixed finite atlas) such that

1
[ amekedicl = [ dwadie].
By (zo) ™ By (zo)

Step 2 (Poincaré inequality): The other main estimate in section 1.6 is the Poincaré-

type inequality we proved on (C|| - |,r) which in this more general case would ask for

existence of a constant (' such that, when & denotes the average of o« on each connected

component of (C,| - |,r),

[ la-aptac -l < comoien B ([ vaptae )
OB, (x0) P

By (xo)

Combining these estimates as in section 1.6 together with a variant of Lemma 1.8 we
would be able to deduce a rate of convergence as before.

Generalising this even further we suggest the following three open problems leading
to a blow-up rate for k-cycles which are calibrated by certain smooth k-forms w of unit
comass.

Open Problem 1.1 (Geometric structure of calibrations) For a smooth calibrat-
ing k-form w on R™ and xy € R™, denote the space of oriented k-planes through x which
are calibrated by w(x) by G, (w). Furthermore, denote the union of the Gy, (w) by G(w).
For which calibrations w do there exist projections m from R™\{xo} onto a smooth closed
manifold N of dimension n < m such that for some closed calibrating k-form © on N

1. |Vr(z)| 2 —— for allz € R™,

|x—x0|
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2. (1, m0) 2 L [T A %|2 forallT e Gw) 7

|z—x0|*

Open Problem 1.2 (Integration by parts) Using the same notation as above, does
there ezist a constant Cy such that for any calibrated k-cycle there exists a smooth (k—1)-
form o on N with |Va| < Cy and

T, 70) d||C|| = T, d(m"a)) d||C|| 7
/Br(m)< ) d||C / (r,d(x*a)) d|C|

By (zo)

Open Problem 1.3 (Poincaré-type inequality) Does there exist a constant Cy such
that for any (k — 1)-form « above we have, when & denotes the average of a on each
connected component of C'L By, \ B, (xy),

[ ja-ataiel<corcuuty- ([ valagen)
BZT'\Br(wo) BZT'\Br(wo)

Assuming these steps we now show that a slight modification of the approach in
section 1.6 will give a rate of convergence. To see this, first consider a cut-off function
¢ : (0,00) — [0, 1] such that ¢(p) =1 for p <, ¢(p) = 0 for p > 2r and ¢(p) < 0 with
&' (p)] < 01%. With this and the properties of ¢ we compute

[avatdiel < [ vafods - s dc]
Br(z0) Bar(z0)

- [ wos(z-nbdic].
Bar(x0)
Integrating by parts we deduce

/ 5 ¢z — o)) d|C| =/ r*da §()x — wo)) d|C
BQT(LI:()) BQr(mo)
:/ dra §(|a — xo]) d|[C
BQr(mO)

_ / T a A de(|z — zol) d||C|
BQT‘\BT($0)

which we can estimate using the properties of ¢ and Holder’s inequality

r

1 *
([ ja-aracr)
" \J Bar\By(x0)

k—1

k
- ( / rw\kducn)
BQT\BT‘(xO)

Then the Poincaré-type inequality on C'L By, \ B, (x¢) yields

E 1 . g
([ a-akaen) scduconaent ([ vardcl)
B2, \Br(z0) r Bar\Br(0)

1
_ / randd(e - w)dIC] < Cit / o —a [VaLdlc|
Ba,\Br(z0) Bar\Br(z0)

IN
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which together with the fact that |Va| < Cy, M(C) < €y < oo and the monotonicity
formula applied to M (C'L Ba,.(z¢)) gives

1
L/ \VﬂkwMstz—-@/ !VﬂkﬂKW:=03/ waltdjcy .
Br(z0) r Ba,\Br(z0)

By \Br(z0)

Filling the hole, a rate of convergence for M (m.C'L B,(x()) would follow as before.

Of these three problems, finding a Poincaré-type inequality seems to be the most
difficult one and is in fact an interesting question in its own right. One possible attempt
in this direction is to embed the problem into the context of analysis on metric spaces.
To do this, first consider the support spt ||C]| of the integral k-cycle C' in R™ which is
calibrated by a smooth k-form w. This is a compact subset of R™ which we will consider
as metric space with the distance function d inherited from the usual distance function
on R™ and the triple (spt ||C||,d, ||C||) forms a metric measure space. Furthermore, from
the fact that M(C) < C} < oo, the fact that the density of ||C|| is at least 1 almost
everywhere and the monotonicity formula, for all 2y € spt ||C]| and all » > 0 we have

IC1(Baan) < Cralhy2's* < Cra(iyzr IENECI) — 012815 wo))

Therefore ||C|| satisfies the doubling property at all zy € spt||C]|. Having shown this
doubling property we can extend the Open problem 1.3 to a Poincaré inequality for the
restriction of arbitrary smooth functions on an open subset of spt ||C/|.

Open Problem 1.4 For an integral current C' as before let U C R™ be a bounded open
subset containing spt |C|| and let f € C}(U). Does there exist a constant Cy > 0 depend-
ing only on k, m and the mass of C such that for all zo € spt||C]|, all 7 > 0 and any
1 < p < oo (and thus in particular for p = k), when f denotes the average of f on each
connected component of C'L B, (xy),

/’ U—HWMWSQW/ vpdic]
By (zo) By (zo)

For 1 < p < k such an inequality seems to be a direct consequence of the monotonicity
formula together with the lower density bound and was proved by J. Michael and L. Simon
in [56] (see also chapter 18 in the book [76] by L. Simon). However, in the cases of p > k
more information on spt ||C]| is needed and such an inequality is not known to us, although
the question of Poincaré inequalities on doubling metric measure spaces has been studied
intensely. As introduction to this subject we recommend the book by L. Ambrosio and
P. Tilli [7] for a general overview and the book by J. Heinonen [39] for the geometric issues
involved in finding such an inequality. These and in particular the relevance of existence of
large families of curves together with good estimates are discussed further in the lecture
notes by G.David and S.Semmes [21] and the paper by S.Semmes [75]. The book by
P. Hajlasz and P.Koskela [34] (see also their paper [35]) specialises on the relationship
between Poincaré and Sobolev inequalities on doubling metric measure spaces and also
serves as a very good starting point for delving deeper into the subject.
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1.10 Owutlook II: Normal currents

Another possible extension would be to reduce the regularity assumptions on the cur-
rent. As we showed in section 1.2, the monotonicity formula for calibrated cycles is still
valid for merely normal currents, dropping the assumptions that the support spt ||C]| is
a k-rectifiable set and that the density is almost everywhere at least 1. Apart from the
monotonicity formula leading to the existence of tangent cones, with Lemma 1.7 another
main ingredient of our approach to a rate of convergence and uniqueness of tangent cones
remains available. However, as we will explain below, there is no hope that Lemmas 1.5
and the Poincaré inequality can both be extended to this case, since in the setting of
complex analysis of several complex variables non-uniqueness results were obtained.

For the setting in the theory of several complex variables, we consider C™ with the
closed (1,1)-form w = %Z;”Zl dze A dzZ, € A" (C™) which is the same as the standard
symplectic 2-form on R?™ we used before. We then define the (p,p)-currents, denoted
DPP(C™), to be the continuous linear functionals on the compactly supported (m —
p,m — p)-forms ATP"7P(C™) and define a (p,p)-current T’ to be real if T = T, i.e.
if (T,¢) = (T,%) for all » € AI"P™7P(C™). It is important to be aware that these
currents correspond to real 2m — 2p-currents as defined at the beginning of this chapter,
i.e. that a (p,p)-current means a real codimension 2p-current in R?™. Furthermore, a

: D —p,0
real (p, p)-current is called positive in case for all n € A7 (C™),

Z‘P(Pfl)/2<T7n A 77) >0 .

The notion of a closed real (p, p)-current remains the same, i.e. 97 = 0. One can then im-
mediately check that for any subset U C C™, T'LU is calibrated by the closed (p, p)-form
given by Z%wp which implies that a monotonicity formula holds for T". Historically, positive
(p, p)-currents were introduced by P.Lelong as an outcome of his study of plurisubhar-
monic functions (an extension of the usual subharmonic functions) in [50]. He also proved
the monotonicity formula in this case leading to the notion of ‘Lelong numbers’ which, in
geometric measure theory terms, are precisely the densities of the measure ||T|| associated
with 7. For an introduction to the study of positive (p, p)-cycles and their connection
with plurisubharmonic functions we refer to the book by P. Lelong [51], whereas applica-
tions of such currents to complex analysis are discussed in chapter 3 of the book [31] by
P. Griffiths and J. Harris.

Since in this setting tangent cones exist and are calibrated by [%!wp it is a natural question
to ask for their uniqueness. Furthermore, since at a point where the 2-density of ||7|
equals 0 any tangent cone has to have mass equal to 0, the only problems could arise at
points of positive 2-density. In [37], R.Harvey had conjectured that uniqueness should
hold at all points in the support of T', which was answered negatively by C. Kiselman in
[47]. There he constructed a counter-example by reducing to plurisubharmonic functions
and showing the existence of a plurisubharmonic function with at least two functions tan-
gent to it. In fact, he could prove a much stronger result, in that he precisely described
which subsets M of PSH(C™), denoting the set of plurisubharmonic functions on C™, can
be obtained as the set of tangent cones of some plurisubharmonic functions. In particular,
he proved that M is closed and connected in the topology induced by L; (C™) and gave

loc
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examples of plurisubharmonic functions admitting a whole curve of tangent functions in
PSH(C™). Further results in this direction were obtained by M. Blel, J.-P. Demailly and
M. Mouzali in [14] as well as by M. Blel in [12] and [13].

Recall that the original goal was to obtain regularity results and in particular estimates
on the size of the singular sets of calibrated currents. Despite the fact that tangent cones
of (p,p)-currents are not unique, Y.-T.Siu could prove a strong regularity result in [80)]
completely avoiding the use of tangent cones (non-uniqueness had not been known at the
time). Given a closed positive (p, p)-current 7" on an open subset {2 C C™ and a positive
number ¢ > 0, denote the set of points where the 2p-density of ||T'|| (the Lelong number)
is at least ¢ by E. C €. Then Y.-T.Siu showed that E. is an analytic subvariety of
(complex) codimension at least p in €.

Using this last result as a guideline, we would like to end this section by showing that
a similar result on almost complex manifolds could have interesting applications. In their
paper [70], T. Riviere and G. Tian proved that the singular set of a weakly approximable
J-holomorphic map u : (M*,.J) — CP" from a 4-dimensional almost complex manifold
into CP" consists of isolated points (see chapter 2 for the precise definitions). There they
showed local existence of a 2-form w on B* € M* which is compatible with J and of
comass 1. Defining a (1, 1)-current C' on B* by (C, 1)) := [, u*wepr A9 for ¢ € No(BY),
they showed that this C' is a finite mass 2-cycle calibrated by w.
From now on we divert from their approach. Since the map u is weakly and stationary
harmonic (see chapter 2 sections 2.2 and 2.3 or chapter 3 section 3.1 for details), it sat-
isfies a monotonicity formula and the ey-regularity theorem shows that u is smooth aside
from a singular set singu := {z € B*|0,(r) > ¢ > 0} which has 2-Hausdorff measure
equal to 0. The density of u at each point is the same as the density of C' so that the
singular set sing u corresponds precisely to the set E, in the above paragraph. Supposing
one can show an analogous version of the theorem by Y.-T.Siu in this case, we would
conclude that the singular set of u were a smoothly immersed J-holomorphic curve. Since
the 2-Hausdorff measure of sing u vanishes, it would follow that the singular set contains
only finitely many isolated points in B*.
This would give an alternative approach to the problem studied by T. Riviere and G. Tian
in [70], but could also be applicable in other contexts where the singular set is a calibrated
2-current such as anti self-dual instantons on 6-dimensional manifolds (see the survey pa-
per by G. Tian [87]) etc.

This suggests to study the following open problem:

Open Problem 1.5 Let C' be a normal 2-cycle in R™ which is calibrated by a smooth
2-form w on R™ with comass 1. For any ¢ > 0 consider the closed subset E. := {x €
R”|O(|C|,z) > ¢}. Can E. be identified with a smoothly immersed 2-dimensional
submanifold of R™ ?

Naturally there are many higher dimensional extensions of this question, but finding a
positive answer would already be extremely interesting even in the case when w is a
symplectic 2-form on R?, since to some extend this could serve as the model situation.



Chapter 2

J-holomorphic maps

Abstract

The aim of this chapter is to prove regularity results for J-holomorphic maps from an
almost complex manifold into a tamed symplectic manifold. First we derive a second order
elliptic equation and a monotonicity formula for them. Next we prove an e-regularity result
for J-holomorphic maps avoiding the use of moving frames. Under further topological
assumptions on the target, using a slicing argument we then prove a rate of convergence for
them and uniqueness of tangent maps is deduced. Finally, we outline how this assumption

may be removed for the general case.

2.1 Introduction

In this chapter we obtain regularity results for weakly J-holomorphic maps between man-
ifolds and begin by describing the geometric setting. Let (M, Jyr) and (N, Jy) be closed
(compact without boundary) almost complex manifolds, where M has dimension 2m. We
consider N to be given an almost Hermitian structure (N, Jy, h) and to be isometrically
embedded in R?" for some n. Furthermore, we assume that on N there exists a closed
2-form wy such that w'!' > 0 and such that there is C; > 1 with

CHUX WY |n < Jwn(X,Y)] < Ci|Xn|Ya

for all y € N and all X,Y € T, N. This means that we assume the target manifold to
be a tamed symplectic manifold. In addition, let g be a smooth metric on M such that
g(+, Jy+) defines a 2-form wy; on M which need not be closed. For simplicity, one can
always think of M and N as being closed almost Kahler manifolds

We can then define the following Sobolev space of maps from M into N by

WY2(M,N) = {u € WF?(M,R*") | u(x) € N for a.e. z € M} .

A map u € Wh2(M, N) is called J-holomorphic between M and N if it preserves their
almost complex structures, i.e.

dug (Jy(2)X) = Iy (u(x))duy(X) for a.e. z € M and all X € T, M |
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which is a non-linear first order equation for the map u. In addition, we will assume that
the map u is locally approximable on M which means that for any ball B C M there
exists u, € C°°(M, N) such that u,, — u strongly in W?(B, N). Consequently, any such
map in particular satisfies

diu*wy) =0

in the sense of distributions (see the paper [36] by F.Hang and F.Lin for details).
Throughout this chapter we will assume our J-holomorphic maps to be locally approx-
imable, although it is not clear whether such an assumption is really necessary, as it is
conjectured that all weakly J-holomorphic maps are locally approximable.

Since for m > 2 the canonical projection 7 : By C C™ — CP™ ! is in fact a locally ap-
proximable .J-holomorphic map which is in W2(B;, CP™ '), having a singularity at the
origin, it is clear that we cannot expect J-holomorphic maps to be everywhere smooth.
The aim is therefore to describe the singular set of these maps which is defined as

singu := M\ {z € M |ue C®(B,N) for some ball B C M containing =} .
It is conjectured that the singular set of J-holomorphic maps satisfies
H> A (singu) < oo .

As a first result in this direction, in [70] T. Riviere and G. Tian showed this to be true in
case M is an almost complex manifold of real dimension 4 and the target is an algebraic
variety in some CP”. Following their work and the paper [54] by F.Lin, C.-Y. Wang in
[92] obtained, under additional assumptions, that H*"?(singu) = 0. The aim of the first
part of this chapter is to give a more direct proof of this last fact in the general setting
above.

The theorems we want to prove for .J-holomorphic maps are of a local nature, so we restrict
ourselves to the case where M is a smooth bounded open subset € of R?>™. However, it is
important to note that we do not assume the almost complex structure to be the standard
one. For a map u € W'?(Q, N) and a ball of radius r > 0 centred at xy € ©, denoted by
B,(x), we define the rescaled Dirichlet energy E(u,r, o) of u on B,(z¢) to be

1
E(u,r, xq) := 7”2’”—_2/3 ( )|Vu|2d:v :
r(Z0

The first result we obtain is an e-regularity theorem which we state as follows:

Theorem 2.1 Let (N, Jy,wn) be a closed, tamed symplectic manifold, isometrically em-
bedded in R*, and let  C R*™ be a smooth bounded open domain. Let v € WH2(Q2, N)
be a locally approximable J-holomorphic map. Then there exists € > 0 depending only on
Q and (N, Jy,wy) but independent of u, such that for each point xo € Q0 for which there
exists some r > 0 with

E(u,r,zg) <e

we have

u € C®(Be(2), N) .

r
4
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The proof of Theorem 2.1 is similar to the proof of the analogous theorem for stationary
harmonic map and one can to some extend view this result as a consequence of the second
order properties of .J-holomorphic maps. For a discussion of the regularity theory of
(stationary) harmonic maps we refer the reader to the introduction of chapter 3. We
first derive two second order elliptic equations for u. The first one is shown to imply
that there exists a function f € Hl(Bs% (x0)) (the Hardy space on B:% (x0)) such that

Au = f, where A is an invertible perturbation of the usual Laplace operator A — this
is obtained without the use of moving frames (see chapter 3 for further references). The
second equation is used to prove an almost monotonicity formula for the rescaled Dirichlet
energy. Combining these two facts with the well-known duality of Hardy space and BMO
(see for instance the book [81] by E. Stein for details) we deduce a Morrey decay rate for
E(u,r,z0), from which the result follows by an iteration and bootstrapping argument.
As an immediate consequence of this Theorem and the almost monotonicity formula, we
obtain the following

Corollary 2.2 Let (N, Jy,wy) and u € WY(Q, N) be as in Theorem 2.1. Then u is
smooth outside a closed singular set singu with H*™2(singu) = 0.

For our next result we need an extra assumption on the topology of N. Let Hy(N)
denote the second homology group of N. A homology class B € Hy(N) is called spherical
if it is in the image of the Hurewicz homomorphism H : my(N) — Hy(N). From now
on we assume that N does not have any spherical homology classes which in particular
implies that N does not support any pseudo-holomorphic sphere, i.e. a non-constant
smooth J-holomorphic map ¢ : (S%,j) — (I, JJy). We would like to point out that
this assumption seems to be technical and in general unnecessary and refer the reader to
section 2.8 for a possible bypass.

The proof of Theorem 2.1 above produces a (Morrey) decay rate for E(u,r, zq) provided
xo ¢ singu. From the (almost) monotonicity formula for E(u,r, z9) we deduce that at all
points zy € €2 the density of u at z( exists which is defined by

Ou(zg) := 71”1_I)% E(u,r, o) .
Thus, the e-regularity theorem immediately implies that singu = {z € Q|0,(z) # 0},
so that the above decay rate shows how fast E(u,r, xg) decays to the density at xo —
provided zy ¢ singu. It would of course be interesting to understand what happens
at points in the singular set, i.e. when xy € singu. Under the additional topological
assumption that there are no pseudo-holomorphic spheres in N, we were able to obtain
such a rate of convergence even at singular points of w.

Theorem 2.3 Let (N, Jy,wn) be a closed, tamed symplectic manifold, isometrically em-
bedded in R* and assume that there are no pseudo-holomorphic spheres in N. Further-
more, let  C R*™ be a smooth bounded open domain. Let u € WH2(Q, N) be a locally
approximable J-holomorphic map. Then there exist ro > 0, v € (0,1) and C > 0 all
independent of u such that for any xo € 0 and any 0 <r <

1

,r=2m—2

/ |Vul? de — 0, (zy) < Cr7 .
Br($0)
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The main idea of the proof is to use the projection 7 : C™\ {0} — CP™ ! already used
in the previous chapter. The monotonicity formula together with the co-area formula
shows that for almost every p € CP™ ! the restriction of u to 7~!(p) is a J-holomorphic
map with finite energy. Since N does not support pseudo-holomorphic spheres, these
maps satisfy a common decay rate which upon integration over all planes p € CP™!
yields the desired rate of convergence.

Naturally, this result should be compared with Theorem 1.2 in the previous chapter
and in fact has similar consequences. For a locally approximable J-holomorphic map
u(z), for any point xy € Q and for any radius 0 < r < 1y we define the rescaled
map U, () = u(xg + rz). The monotonicity formula for E(u,r, z,) then implies
[tz llwiz < E(u,1,20) < oo, i.e. that the Sobolev norm is bounded independent of
r > 0, so that for any sequence r; — 0 there is a subsequence r; such that u, ., con-
verges weakly in W'2(Q, N). Following an argument similar to the one in the paper [52]
by J.Li and G. Tian for stationary harmonic maps, one can deduce existence of tangent
maps. However, since there are no pseudo-holomorphic spheres in N we can apply The-
orem D in [92] by C. Wang, which is an adaptation of Theorem D in [54] by F.Lin, to
conclude that the above weak convergence is actually a strong one. Having obtained a
tangent map it is then natural to investigate its dependence on the subsequence chosen,
i.e. whether the tangent map is unique, and the next Theorem gives a positive answer to
this question.

Theorem 2.4 Let Q, N and u be as in Theorem 2.3. Then at all points o € ) the
tangent map to u is unique. In particular,

ling u(zo + rax)

exists strongly in WH2(Q, N).

In the context of energy minimising harmonic maps, the questions of rates of convergence
and uniqueness of tangent maps were studied before . In the paper [77] L. Simon gave
positive answers to both questions in case the tangent map has an isolated singularity at 0
and the target manifold is real-analytic. B. White actually showed that the latter assump-
tion is crucial by producing a counterexample in [95] when the target manifold is merely
smooth. Furthermore, rates of convergence were studied by D. Adams and L. Simon in
[3] and by R. Gulliver and B. White in [33], showing that a rate of convergence does not
always hold for stationary harmonic maps.

The chapter is organised as follows. In section 2.2 we derive a second order elliptic
equation for J-holomorphic maps which is followed by a proof of an almost monotonicity
formula in section 2.3. The necessary Morrey decay estimates are proved in section 2.4
and the proof of Theorem 2.1 is completed in section 2.5. Section 2.6 is devoted to the
proof of Theorem 2.3 and the proof of Theorem 2.4 is given in section 2.7. In the final
section 2.8 we explain a possible extension of Theorem 2.3 as a future research problem.

Acknowledgement: The results in sections 2.6 and 2.7 of this chapter are the outcome
of joint work with my advisor Tristan Riviere [64].
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2.2 J-holomorphic maps

In this section we will show that J-holomorphic maps satisfy a strictly elliptic second
order equation. We will assume that the target manifold N is given a Hermitian metric
(which is always possible) and then is isometrically embedded in R*" for some n € N.
Using this isometric embedding we can push-forward the almost complex structure on
N to an almost complex structure Jy on TN C TR?". For y € N C R*, Jy(y) can
be extended to a map Jy(y) acting on all of T, R?" by setting Jy(y)v := Jy(y)v; where
v € TyR* and v; € TN is chosen so that v = vy + vy with vy € T, N+ (see the paper [92)]
by C.-Y.Wang for details of this construction). Note that this map Jy is not an almost

complex structure anymore (since J» N2 # —Id), but the map wu satisfies the equation
dug (Jo(z)v) = Jy(u(z))dug (v)

for almost every z €  and all v € R?>™.

Since our result is local we can in fact assume that the domain is a ball By, (0) C € for
some ry > 0. Furthermore, through a change of coordinates we can arrange for Jg(0) to
coincide with the standard complex structure Jy on R?*™ yet we do not assume that Jq
to be Jy on all of By, (0).

We also need the following definition of Hardy space on € (see the book [81] by E. Stein
as a reference):

Definition 2.1 Given an open subset Q C R*™, define H'(Q) to be the set of restrictions
of functions in H'(R*™) (the usual Hardy space on R*™) to Q. The norm for a function
f € HY(Q) is defined as the infimum of the norm of all possible extensions f € H'(R?*™)

of f.
Using the above setting we will prove the following Lemma:

Lemma 2.5 Let u € W'?(By,,, N) be a J-holomorphic map. Then in the above setting
we have that there exists f € H'(Bsr, (0), R*™) so that on Bar, (0)
2 2

Au = f,
where A is a strictly elliptic, invertible second order operator on Bay,(0).
Proof. At x € By, we choose an orthonormal frame {8%1, cee %, aszH . am‘zm } such
that for 1 < 7 < m we have a = Jo-2 9z . Since u is a J-holomorphic map it satisfies

du$(JQ( ) ) = Jn(u(x))du, (a%j)
and hence by construction of the coordinates
dug ([Jo(z) — Jg]%) + du, (—Bxirm) = fN(u(x))dux(%) .
Writing this expression in the above coordinates yields

2m
u® oub

_ b a
Z} 8xkajk< 8xj+m 2; ﬁaxj
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where we set ajx(x) := ([Jo(z) — Jo))jx and bag(u(x)) == (Jn(u(x)))as. Similarly we get

2m 2n
ou® ou® ou’
S aGmk(T) — 75— = ) b(u(z))ag :
1 3xk &Ej ; axj+m
Taking one more distributional derivative of these expressions with respect to ﬁ and

% respectively we can show that

2m e u 2n uﬁ
A S Ml e L

OTjim \ £ O jm

and

o [ gue ou® SN ous
s (3 e 7)< 32 | ke 52

0 auﬂ]

+o(u(@))ap — o
J JTm

To justify this computation, we need to show that for the distributional derivative in the
Zj+m-direction we have

I P N Ob(u())as OUP o ol
D bu(e))as - = ; +u@)ap g5

8xj+m 8xj+m 8xj

(and an analogous identity for the z;-direction). Note that this would be immediate
if the b(u(z))as were smooth coefficients. For b(u(z)) in the present context, this can
be seen as a map from the domain Bs,,(0) into the space of 2n x 2n-matrices which
we identify with R**. This map is the composition of the maps u € W2(By,,(0), N)
and Jy which is at least C2(N,R*") on the compact set N, and hence b(u(z)) lies in
W'2(Bay,, (0), R**). Furthermore, since R*" is a linear space, b(u(z)) can be strongly
approximated in W12(Bj,, (0), R*"") by smooth maps b;(u(z)) € C®(By,,(0),R*). As
mentioned above for each b, (u(x)) the identity is direct and since we have strong conver-
gence we can pass to the limit on both sides to obtain it for b(u(x)) as well, which implies
that the above equations hold true in the sense of distributions.

Since distributional derivatives commute, we can now subtract and sum over j, which
then yields

ZZ (b)) 2~ D ua)s) | 2)
j=1 =1 J+n J J Jj+m
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where we define Au by

Au = i{ 0 (i(ajk(x)Jramm)k)g—Z)

j O jem \ 1
0 [ u®
+8_:r;j ( ;(—a(ﬂm)k(@ + 5jk)a—xk>} .

From this definition of A we see that it coincides with A at x = 0, since a;;(0) = 0, and

in fact that A is arbitrarily close to A on all of By, provided ry is chosen small enough.

Assuming 7o > 0 to be small, A is therefore strictly elliptic and invertible.

The fact that the right hand side of equation (2.1) is in Hardy space now follows from the

work [20] by %f Cgifmagf, fa’.—L. Lions, Y. Meyer and S. Semmes since it is made up of sums
g g

of the form {z-7% — 2~ 7%} for some f,g € W"?(By,,), i.e. has a Jacobian structure.[]

2.3 Monotonicity formula

The aim of this section is to derive another second order equation for J-holomorphic maps
and to deduce an almost monotonicity formula for E(u,r, x) from it, provided that r is
smaller than some fixed ry independent of u. We will continue to use the setting of the
previous section and begin by showing that a locally approximable J-holomorphic map is
almost a critical point of the Dirichlet energy D(u) := [, Barg (0) |Vu|? dz for perturbations

in the domain By, (0). Given an arbitrary smooth 1-parameter family of diffeomorphisms
of Ba,,(0), denoted by ¥, for t € (—¢,€), we want to compute %}tZOD(u o ¥,). First note
that one can easily verify the following alternative expression for the energy:

1
D(u):i/B|Vu—|—JNoVuoJ0|2dx+/B<JNoVu,Vqu0>dx,

To simplify the notation we write u; := u o ¥, for the perturbation of u. Note that for
any map u; in the second term above we can use (Jy o Vuy, Vug o Jy) = (wo, ujwy), where
wy is the symplectic structure on the target. For smooth perturbations of the domain,
we claim that the second term in the above expression satisfies

d

dt

/ (wo, ujwy) dx =0 .
t=0 B2'r0 (0)

To see this note that on By, (0) there exists a smooth 1-form ¢ such that d¢ = wy and that
wjwy = Viu*wy. As u is locally approximable, i.e. in particular d(u*wy) = u*dwy = 0,
we deduce that d(ujwy) = Vid(u*wy) = 0. Using Stoke’s theorem and the fact that u;
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has compact support in Ba,,(0) we get the claim from

/ (wo, yjwy) dx = / (do, ujwy) dz
BQTO (0) BQTO (0)

= C'/ d(p Awi™?) ANufwy do
Bary (0)

= C/ d(p ANwg™? Aufwy) da
Bay (0)
= 0.

Thus it remains to compute the derivative for the first term. We will show that since Jg
is close to Jy in By, (0), u is close to being Jo-holomorphic. Note that

Vu+ JyoVuoJy=Vu+ JyoVuoJg+ JyoVuo (Jg—Jp)

so that for wu;, using the fact that Jy is compatible with A, the metric on N, this means
that

/ Vu, + Jy o Vug o JolPde = / \Vu, + Jy o Vuy o Jo|? do (2.2)
Bary (0) Bayy (0)
+ 2/ (Vug, Jy oVug o (Jog — Jo))yde  (2.3)
Bayy (0)
+ / (Vugo (Jo+ J),Vug o (Jo — Jp)) dz(2.4)
Bayg (0)

For the first term on the right-hand side (2.2) note that since u is J-holomorphic we have

|Vut-JyoVuo o dz = 0 pointwise a.e. in By, (0), i.e. that [ © |Vu+JyoVuo Jy|* =
0

0. Furthermore,

/ ]Vut+JNoVutoJQ|2dx2/ |Vu+ JyoVuo Jo|*dr =0,
Bary (0)

B2T0 (0)

which implies that

d
— / |V, + Jy o Vug o Jo|?*dr =0 .
dt|,_y JB,.,(0)

For the remaining terms (2.3) and (2.4) we work in local coordinates. Since any 1-
parameter group W, is generated by a vector field £ having compact support in By, (0),
we can write ug(z) = u(z+t&). Writing (Jo—Jo)(z) = [an](z) and Iy (u(z)) = [bas](u(z))
as before, we get the following expression for the derivative of the term in (2.3):

a B
/ (Vs Iy 0 Vg o (Jo — Jo)) do = / (= dive) 2 O lbse] da
t=0 J B2r, (0) Oz, Ox;

[
BQ’I‘Q(D) 8@3 61’[/ 85(]1

d

dt

[ari][bga) dz
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where we sum over repeated indices. For the last term (2.4) we write (Jo + Jo)(x) =
([ar](x) + 2[0x1]), where [0x;] denotes the matrix for Jy in the standard coordinates on
By, (0). A direct computation shows that

d

/ (Vs 0 (Jo + Jo), Vg o (Jo — Jo)) da
dt|,—o J vy (0)

. ou® ou® )
— /BQTO(O)(_ div f) 8$k;/ 8[El/ [ak/l]([al,k] —+ 2[5l’k]) dr

5l// )
? /B2 axk/ @aj‘l,, @xl, [ak,l]([a’l’k] + 2[5l’k]) dx

Combining the above steps we arrive at the following equation for u, which is valid for all

5 € CSO(BQTO(O)> RZm):

8u Ou \') 0¢
29 (0) 55 i J i
1 ou® ou’ g
= —— —_— bgal0ii —— d
2 /32 0(0) Ozy Oy [akl][ 7 ] jalfi ’

ou® ouP ol
‘|‘/ [am][b/ga] § dx
Bay

axk Ox; ox;
1 ou® du® ~ g
-3 /BZTO(O) D2 O lar]([avr] + 2[(5l/k]>5ija_xi dx

ou® ou® .o
+/32 o Oy O [art])([air] + 2[0a ])a% dr . (2.5)

Note that this equation is very similar to the equation one obtains for stationary harmonic
maps where the right-hand side vanishes identically, whereas in our case the right-hand
side is O(r)||Vul|2,. It is clear that for small enough radii (depending only on the C?2-
norm of Jg) the second order operator involved is again only a small perturbation of the
Laplacian, and hence elliptic.

We now use this equation (2.5) by testing it with a special test function £ to prove an
almost monotonicity formula for E(u,r, zq). Precisely, we have the following Proposition,
where from now on we use the notation R = |z — x¢| for the distance between = and x,
and % for the derivative of u in the direction of R.

Proposition 2.6 Let u: By, (0) — N be a locally approximable J-holomorphic map in
W'2(By,,(0), N). Provided ro > 0 was chosen sufficiently small, there exists a constant
C' > 0 independent of u such that for all xy € Ba,,(0) and all 0 < s < r < 1o with
B,.(x¢) C Bay,(0)

Cr

e"" —r e“s — s ou |
ﬁ/ |Vu|2 dr — ﬁ/ ]Vu]Z dx > 2/ R272m |~
rem— §<m—

By (z) Bs(z) B, \Bs(zo)

dz .
or| “*
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Proof. The proof will follow the proof for stationary harmonic maps given in the book
[79] by L. Simon. Given zy € By,,(0) define py to be a radius such that B, (x¢) C Bay,(0).
We use the fact that if [ a;> 85 =0 for all £ € C°(B,,(x¢)), then for a.e. p € (0,py) we

have fB (z0) Y Bz ax faB (o) arf Using this, we test the above equation (2.5) for u with
¢ defined by &/ (z) = 27 — 2}, (so that gi = 0;;) which yields the following identity for u:

(2 — 2m)p1_2m/B . |Vul? dz + p2_2m/ |Vu|? dv
p(Zo

OB,

= p1-2m/ A(x)\Vu\de—pz_zm/ B(a:)|Vu]2dx+2/ R272m
B, (z0) 0By (xo) OBp(x0)

Here fB A(z)|Vul? dz and faB B(x)|Vul|* dx denote terms which can be bounded
by Cp f B, (z0) ]VuP dz and Cp [, B, (z0) \Vu\z dx respectively. This leads to the inequalities

d 1
- ﬁ/ |Vu|2 dr — 2/ R2 2m dx
dp \ P> JB,(20) B,
1 2 1 2
P I B, (xo) P J 9B, (x0)

1 d
<O [ wrweel (i [ k) es)
P B, (z0) dp By (x0)

Using this estimate we conclude that

d Ce d 1 C'eCp
_<—Sm2/ |W|2dx) = e (m/ IWIZdaf) +%/ Vul? dz
dp \ p B, (x0) dp B, (z0) P Bp(zo)

d d 1
Z 2— / R2 2m au dr | + — (ﬂ/ |VU|2dl‘) y
dp \ JB,(z0) dp \ p*™ B, (x0)

OR
and integration from s to r yields the desired result. 0

ou |?

R dz .

ou |?
OR

Remark 2.1 From equation (2.6) in the proof of the monotonicity formula we also get
the estimate
p2m—2
ou |?

d 1
dp \ p*"2 JB,(w0)
+2/ R?*72m
9B, (x0) oR

1 1
< C—/ |Vul? d:l:—i—Cp‘—(—/ ]Vu]Qd:U)’
P> 2 ) B, (20) dp \ P> JB,(w0)

+2 / g 28]
8Bp($0)

OR
Therefore for p so small that % < 1—Cp we obtain

d 1 1
N (ﬂ/ |Vu|2 d%) S Cﬂ/ |VU|2 dx + C/ R2 2m
dp \ p*™ B, (20) P J B, (o) 8B, (z0)

1 1
< C’—/ |Vu|2dx+02—_3/ |Vul? dx
By(x0) P~ Jon,

dx

dx .

ou |?

d
or|
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i.e. that
2

Ou dz .

OR

d [ e ©r
- (m/ ’VU|2dl'> <C R*m
dp \ p B, (o) OB, (o)

Integrating this inequality from s to r yields the useful estimate

2

de . (2.7)

—Cr —C's

0
—im2/ Vul? dz — ‘;H/ IVul? dz < 0/ Rr2-2m| 2t
r By (z0) s Bs(x0) By \Bs (o)

oR

2.4 Morrey decay estimates

We will deduce Theorem 2.1 from the following Morrey decay estimate (compare this with
the proof of Theorem 3.1 in chapter 3):

Proposition 2.7 Let u € W2(By, (0), N) be a locally approzimable J-holomorphic map
as above. There are constants € > 0 and 7 € (0,1) such that for all points xo € B, (0) for
which there exists some r > 0 with B,.(x) C B,,(0),

E(U,T, .1'0) <e€

mmplies
E(u,7r,x0) < 2E(u,r, z0) . (2.8)

Proof. Since each component of  lies in W?(By,,(0)) and satisfies
Au=f

for some f € H!(Bax (0)), elliptic regularity theory shows that u € W2!(B,,(0)).
2 —
Then for any r > 0 with B, (z) C B,,(0) the Dirichlet problem

v=u on JdB,(xg)

{AU =0 in B,(zo)

has a unique solution v € W(B,(x)), which we will call the almost harmonic extension
of w on B,(x). Like in the case of harmonic extensions, for such a solution we have a
decay estimate from the book [28] by M. Giaquinta for all 0 < p <r

/ |Vo|? dx < C<£>n/ |Vo|* do + sz(r)/ Vol* ,dx |
By(x) v/ B, Bo(2)

where w(r) is the modulus of continuity of A on B,(xy). From the previous sections we
know that by choosing r sufficiently small we can make Cw?(r) as small as we wish.
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First we deduce that for p < 3

/ |Vul*dz < C/ |VU|2da7—I—C/ IV (u—v)|* dz
By (z0) By (o) Bp (o)

< C(%)"/B IVol? dz + Cw? (f)/B Vol? de

3 (z0) 2 5 (o)
+C/ IV (u — v)|* dx
By (x0)
< C((f)an(r)) /Br(xo)Wu]de
+C<1+<§)n+w2(r)>/3 V(- o) da

3 (z0)

for different constants C.

Next we apply the Hardy-BMO duality (see the book [81] by E. Stein for details) together

with the Calderon-Zygmund inequality in the special case where Au € H'(B,(x)) to
obtain

/ Vul*dr < C <B>n+w2(7“)>/ |Vul? dx
B, (z0) r By (w0)

P\" -
<1 + (;) + w2(r)> [u— U]BMO(Bg(xo))”A(“ — V) ||l21(B; (20))

T
2

+ <1 + (g)n +w2(7“)> [u — U]BMO(Bg(mo))/ IVul? dz |

By (zo)

since v is an almost harmonic extension. We will show that [u — v]gamoB, (@) < € in a
2
separate lemma below. However, once this is established the above inequalities show that

1 2 Py 1 2
— |Vu|*dz < C’(—) — |Vul|* dx
P J By (xo) T/ T J B, (30)

n—2 ]
+C’w2(r)<f> — / |Vul? dx
P r By(z0)

n—2
—|—C’6(1+w2(7’))<£> 1/ IVul? da
BT(CUO)

rn—2

py?_L :
+C€<r) g /Br(zo) |Vul|*dx . (2.9)

It remains to show how the constants 7 > 0 and ¢ > 0 have to be chosen in order to
finish the proof of the proposition. First we want 7 := £ to be so that \/65 < %, ie. set

7 equal to 1/4v/C. Next assume that r, was chosen so small that w?(r) < TZ: for all

0 < r < ro. We finish the proof, apart from the remaining estimate on [u — v]Bro(B; (20)),
2

by choosing € > 0 so small that the following inequalities are both satisfied: € < #j%))
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and € < SC’ ——. To complete the proof insert 7 and € in estimate (2.9) to deduce the desired
estimate (2.8). O

Before we can prove the remaining estimate on the BM O-norm we need the Lemma
below (compare this with Lemma II1.6 in [55] by Y. Meyer and T. Riviere):

Lemma 2.8 Let 5o > 0 and let u € W' (Bas, (o)) with Au € H(Bag,(20)). There
exists a constant C' > 0 independent of u such that

1 1 -
sup — 1/ \Vuldz < C sup — (Bs(2))
By (x)CBsg(z0) S Bg(z) Bs(x)CBasg (z0) S

1
+C—/ |Vul|dx .
(230)n_1 Basg (o)

Proof. Let By(z) C Bag, (o) and let p < s. We consider the almost harmonic extension
v € W2! solving

Av =0 in B,(z)
v=u on JdBy(zx),

which as before implies that for all 0 < p <'s

/ |Vl dx < C(B)n/ |Vo|dx + C’w(s)/ |Vl dx .
By () 57 JBu() s(@)

Setting w = u — v we have

w=0  on dBy(x) .

Then we use Poincaré’s inequality and the Calderon-Zygmund inequality to deduce

/ \Vw|dz < C’sp/ |V2w| dx
Bs(z) Bs(x)
< Cs/ |Aw| dz
Bs(z)

= C’s/ |Au| dz .
B (z)

Combining the above estimates we derive for u

/BM Vuldz < (( )" Wl )/ (I)\Vv|dx+CLp(x)|ledx
< (( >n+ )/ (x)|Vu|dx—|—C'/Bs(m) |Vw|dx
< ((2) +ul )/ (x)\Vu\dx—i—C’s/s(x) A dz .

To simplify the notation we set T'(p) = p'™" [, (| Vuldz and the above inequality
becomes

7(5) < ¢(2)T(s) + cw(s)G)”_lSnl_l /Bs(m) V| dz + c(%)”_lsnl_Q /Bs(x) \Au| dz

{ Aw = Au in B,()

_|_

E

+
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Choosing 7 := £ so that C1 < % we have

T(TS) S Snfl sn72

1
T(s)+C’w(8) / |Vu|de + C / |Au|dx .
Bs(z) Bs(x)

log s

o J , iterate the above identity between s = 1 and s = 7°
g T

To obtain the result we set ¢ = {

and note that provided sy > 0 was chosen sufficiently small the term involving w(s) can
be absorbed in the left-hand side. O

Now we are in a position to prove the desired BM O-estimate to complete the proof
of Proposition 2.7.

Lemma 2.9 Let u be a locally approximable J-holomorphic map satisfying the assump-
tions of proposition 2.7, and let v be its almost harmonic extension on B,.(xq). Then we
have

Proof. Since v is the almost harmonic extension of u on B, (), setting w = u — v we
have

Aw = Au in B, (z)
w=0  on dB,(xg) ,

and that w € W?!(B,(xy)) so that we can apply Lemma 2.8 to w with 2s = r. This,
together with Poincaré’s inequality, gives

1
[w]BMO(Bg(xO)) < sup n_1/ |Vw| d
By (z)CBx (o) P B,(z)

1 _
< C sup — / |Aw| dz
By(2)CByr(z0) P By ()

1
+C—— / |\Vw|dx
r By (x0)

1
< C sup n_2/ (Vul? dx
By (z)CBx (z0) Y B, (z)
1
+C—/ \Vw|dx
2r)"t J B, (w0)

because of the equations for v and w.
The last term on the right hand side is estimated using Poincaré’s inequality and the
Calderon-Zygmund inequality which yields

1

C 1/ \Vw|dx < C 2/ |Aw| da
(A e ™ JBr(ao)
1

< C n_2/ IVul? dv
r Br(z0)
Ce .

IN
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To finish the proof note that, provided ry > 0 is chosen sufficiently small, for all 0 < r < rg
and for all z € B (xo) C By, () we have B,(x) C B, () C Bay,(2o). From this and the
monotonicity formula for u we deduce that for all 0 < p < r < ry

E(u,p,x) < E(u,r,z) < E(u,ro,z) < CE(u,2rg, x¢) .
Since we can assume € to be less than 1, this implies

(W] BMO(B: (w0)) < Ce€

T
2

and the desired estimate for u — v is proved. l

2.5 e-regularity

We will now show how Theorem 2.1 can be deduced from Proposition 2.7 and also give
a proof of Corollary 2.2. To apply Proposition 2.7 to Theorem 2.1 first assume that
xo € By, (x0) such that for some 0 < r < rq

€

E(u,r, x0) < Com 2

where C' > 0 is the constant coming from the almost monotonicity formula, and in
particular, the Proposition can be applied at zy5. Given any point y € B: (rg) we have

B;(y) C Br(w) and thus E (u, 5, y) < 2" 2E(u,r,20). The monotonicity formula then
implies that for all 0 < p < 7

Blu,p.y) € OB (u,5,y) < C2" 2 B(ur.a) < e

by our definition of  and the Proposition can therefore also be applied at any y € B: (x0).
Fixing 0 < p < % there exists ¢ € N such that 7712 < p < 7L and set v := % >0

so that (%)Z < (7%)". Therefore, iterating estimate (2.8) in Proposition 2.7 we obtain

E(u,p,y) < 7°7°"E <ufgy)
3\° r
2—2m
1) B (w30v)
; ( 4) wly
r2-2m (7”‘)7 C’22m_2E(u, T, To)

Cp".

IN

IA A

Since this holds true for all B,(y) C B,(xy) we can use Morrey’s Dirichlet growth theo-
rem (see for instance Theorem 3.5.2 in the book [28] by M. Giaquinta for a reference) to
conclude that u is in the Holder space u € CO’%(B% (20)). From an elliptic bootstrapping
argument we deduce that u is in fact smooth in Br (zo) proving Theorem 2.1.

The proof of Corollary 2.2 now follows from Corollary 3.2.3 in the book [96] by
W. Ziemer by defining

singu := {x € Ba,,(0) | lir% E(u,r,x) > 0}
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so that H*"2?(singu) = 0 as Vu is in L?(By,,(0)). Since singu is the complement of the
set of points xy € Ba,,(0) for which Proposition 2.7 applies for some radius 0 < r < r
and by the above argument the latter set is open, we deduce that singu is a closed subset
of By,,(0) proving the Corollary.

2.6 Rate of convergence

In this section we prove Theorem 2.3. The argument will be based on slicing by pre-images
of the map 7 : R?™ \ {0} — CP™ ! constructed in appendix D which we already used
for the proof of Theorem 1.2. Recall that the argument is local so that we can assume to
work in the case where the domain is Bs,,(0) C R?*™ equipped with an arbitrary complex
structure J. Fix xy € Ba,,(0) and let r > 0 be sufficiently small so that B,(xg) C Bay,(0)
and the monotonicity formula given by Proposition 2.6 applies. Taking the limit as s — 0
we deduce that for all such radii » > 0 we have

ou |? eCr
/ R — | dr < C—_/ (Vul?dr — 0,(z0) < 0o . (2.10)
By (x0) OR 72 ) B (o)
Through a change of coordinates we can always assume that in the new coordinates
the point xy becomes the origin and the complex structure J is the standard complex
structure there, i.e. that J(0) = Jy. Furthermore, J satisfies ||J(r) — Jo||cz = O(r) on
all of B,.(0). Using these two facts we now slice by J-holomorphic curves passing through
zo = 0 parametrised by points in CP™!. The curves are given as the intersection of pre-
images 7~ !(p) for p € CP™ ! with B,(0) and in fact form a singular foliation of B,.(0)

(see appendix D). It is important to note that the tangent plane to each J-holomorphic
curve 71 (p) is spanned by two vectors X and JX, where near the origin X is only a

small perturbation of %. More precisely, we have that any tangent plane is spanned by
a vector X for which we have
0 0
X=—+40
or " g
i.e. for a map u we get that
ou ou
- X=—+40 .
v X =55 T,

The aim is to show that for almost every p € CP™ ! the restriction of u to 7 (p) is a
J-holomorphic curve in (N, Jy). To see this we will first use the monotonicity formula to
show that for the J-holomorphic map u

/ R*™|y- X|*dr < oo . (2.11)
r(0)

Note that from the properties of X we get the estimate

/ / RZ*leu-X]2 doB,dp < / / [R22m
0 JoB,(0) 0 J9B,(0)
/ 9-om| Ou
= R il
B (0)

ou

2
By, + CR?’Qm\Vu\Q] doB,dp

2
de +C R*7*™|Vu|*dx .

B-(0)

OR
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Because of bound (2.10), the bound on the first term follows directly from the monotonic-
ity formula, whence it remains to bound the second one. This can be done through and
integration by parts and applying the monotonicity formula to each term:

/ pPm / \Vu|>doB,dp =
0 9B, (0)

= {p3_2m |Vu|2dl} + (2m — 3)/ P2 | Vulr do dp
0

By
CT|: SUp —5— 2/ |Vu|2dx}

0<p<1 P

— lim (p{ sup / |Vu\2dx]) < 00 .
p—0 0<p<1 ,0

One of the properties of m : B.(0) \ {0} — CP™ ! is that the norm of its gradient
satisfies O(%) More precisely, there is a constant C' > 0 such that

IN

C-0Cr S R2m_2|J2m_2ﬂ'| S C+ Cr s

where Js,,, o7 denotes the (2m —2)-Jacobian of 7, and consequently, 1 < % < 140(r).
Therefore we can apply the co-area formula to the slicing by 7 to obtain

RQ 2m X 2
/ / B X do, dp = / R*™™|y - X2 dx < 00 ,
cpm1! L(p)NB,(0) U2m 27| +(0)

which is what we wanted to show since by Fubini’s theorem it follows that for almost
every p € CP™ ! we have

/ lu- X|?do, < C/ B X do, < oo . (2.12)
7= 1(p)NB:(0) 7=1(p)NB,(0) |J2m—277‘

Since the metric h on the target is tamed by the target complex structure Jy, we have
that |u- JX|* = |Jy o Vu(X)|? = |Vu(X)|? and hence from the above argument we also
deduce that for almost every p € CP™!

/ lu- JX|*do, < oo . (2.13)
71 (p)NB(0)

Next we want to show how (2.12) and (2.13) imply that fwfl(p)mBr(O)

almost every p € CP™ 1. To see this first note that as X and JX span the tangent space
to 7 (p)

|Vul|*do, < oo for

VU‘F—l(p) = (Vu : X)X + (Vu : JX)JX
from which we conclude that

|U'X|2< |2§2+C7"

. 2
<57 u- X]| (2.14)

Vul,-
74| u| L(p)

for some constant C' > 0. Therefore we obtain that for r small enough | __, ()NBa( |Vu\2 do,

is bounded by some constant times the integrals in the X and JX directions Wthh in turn
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are bounded by estimates (2.12) and (2.13). Hence we have shown that for almost every
p € CP™ ! the restriction u|,-1(,) is a J-holomorphic map in W"(x~*(p) N B,(0), N).
Since (7~ *(p), J) is a Riemann surface for each p € CP™ !, we get that U|z—1(p is smooth.
Furthermore, as the target NV does not admit any pseudo- holomorphlc spheres, there exists
§ € (0,1), independent of u, such that for almost every p € CP™*

/ |Vul® do, < (5/ |Vu|*do, . (2.15)
7 1(p)NBr(0) 7= 1(p)NBz2,(0)

Together with equation (2.14) this gives the following estimate
1

- XPdo, < / Yl do,
/frl(mer(m 2=Cr Jerpns.(o0)
5

|Vul? do
2—-Cr / 1(p)N\Bay (0) P
2+ Cr

J / lu- X|*do, ,
2 - CT )OBQ’I‘(O) 8

where we can assume to have taken r > 0 so small that 0 := 8 gfg: < 1. Integrating both

<

<

sides over CP™ ! we then obtain

/ / |u X|*do,dp < 6 / lu- X|?do, dp . (2.16)
cpm! p)NB; (0 cpP~ 1 Jr—1(p)nBa2,(0)

Applying the co-area formula again we obtain the estimate
[ XPlaoarlde = [ / e XPdoydp
B.(0) cpm—! (P)NB-(0

< 6/ / ]u X|?do, dp
cpm! p)NBar (0
Ba,-(0)
Provided r > 0 was chosen sufficiently small, estimate (2.17) gives
/ R2_2m|u-X|2dx<5/ R**y - X2 dx .
B,(0) Ba,(0)

An iteration argument then implies that there exist C' > 0 and v € (0,1) such that, for
r > 0 sufficiently small,

/ R*72My - X 2 do < Cir7 .
»(0)

From this we will deduce a rate of convergence for [, B.( R2 am| Ju | dx. Note that from
X = + O(r ) we deduce

R2-2m _“
/B7-<0) OR

dr < / R*2™|y - X|*dr < Or" + C’/ R Vul|* dv
B (0

1
< Cr"+Cr sup —— 2/ |Vul|® dv
Bp(0)

0<p<l P
< C(1+ ||VUH%2(BQTO(0)))T7 =Cr7,



2.7 Uniqueness of tangent maps 55

where we used the monotonicity formula for the last estimate.
To finish the proof we will use the remark after the proof of the monotonicity formula.
From estimate (2.7) we get that

2
dr < Cr7

—Cr

%/ |VU|2d{L‘ - @u(l‘o) S C/ R2_2m
By (z0)

Br(zo)

ou

OR

which for 7 small enough so that 2" < 2 becomes

eCT

sz—Q

/ \Vul? de — €270, (xy) < 2077 .
By (z0)

Combining these estimates we get

eCr —

T2m—2

/ Vul?dr —O,(z0) < 2007 + (7 1), (x)
By (zo)

CrY + C||Vull iz, o))"
Cr?,

which completes the proof of Theorem 2.3.

2.7 Uniqueness of tangent maps

In this section we show how Theorem 2.3 implies the uniqueness of tangent maps at all
xg € M. If xy ¢ singu, then for all sequences of radii r; — 0 we have that E(u,r;, zo) —
0 as i — oo. Furthermore, also ||ty 4,|lw12 — 0, showing that 0 is the only tangent
map regardless of our choice of sequence of radii.

Now fix g € M, possibly in singu, and without loss of generality we can assume that we
have chosen coordinates so that o = 0. From the proof of Theorem 2.3 we know that
there are constants C' > 0 and v > 0 such that

2

de < Cr”

/ R2—2m %
By (z0) (?R
where we absorbed the term (1 + HVUH%Q(BZTO (0))> in the constant C. Setting u,o(z) :=

u(rz) we note that [, R2_2m‘% *do = 5,0 RQ_QT”|%|2 dz. Thus

/ R272m
B1(0)

From this we deduce that for any 0 < ¢ < 7 sufficiently small we get

aur,O

2
< v
R de < Cr

! 5Uro
”uT,U — Ug0 ||L2(S2m71) S / a—’ dr
o Tl p2(s2m-1)
T 2 1 - 1
([ ()
o 87" L2(S2m71) o

< Ort,
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where the fact that [7 7’1_%H% !iQ(SZm,l

If we now take a subsequence o; — 0 as j — oo such that u,, ¢ converges to some tangent
map e, o weakly in W52 but strongly in L?(S?™~1), then by the triangle inequality and
the above estimates for any other sequence 7; — 0 we have u,, o — U strongly in
L?(5?™1). Hence u,, o converges weakly t0 s o in Wh? and therefore uq is the unique
tangent map. Consequently, Theorem 2.4 is proved.

)dr < C follows from an integration by parts.

2.8 Outlook

In the statement of Theorems 2.3 and 2.4, the restriction on the topology of the target
manifold not to admit any pseudo-holomorphic spheres seems artificial. In fact, these
Theorems are conjectured to hold true in general. The only step where we used this
assumption in the proof was for deriving a common decay rate for the restriction of u
to almost every J-holomorphic curve 7=!(p). More precisely, it would suffice to derive

a uniform bound for the energy of u|.-1()np, ) independent of u and p. Define a map
f:CP™ ! — R by setting

f(p) ::/ ]Vu|2dap
7~ (p)NB-(0)

which by estimate (2.14) lies in L'(CP™!). It would be important to know further
regularity properties of f and more specifically, if f is subharmonic on CP™™'. If that
were true, f would satisfy a Harnack inequality on CP™ ! implying an L*®-bound on f
only in terms of its L'-norm. Since the latter can be made arbitrarily small by taking
r > 0 to be sufficiently small, the Harnack estimate on f, i.e. the energy of u|,-1(,)ns,(0),
would imply that the e-regularity Theorem 2.1 could be applied on almost every slice
7~ Y(p) N B,(0) independent of p. The proof of Theorem 2.3 could then be carried out as
before, which is why we suggest the following open problem:

Open Problem 2.1 Let f : CP™! — R be defined as above. Is it true that f is
subharmonic on CP™ ' and satisfies a Harnack inequality ?

The method used in the proof of Theorem 2.3 might have applications for obtaining
rates of convergence even in other areas such as anti self-dual instanton (Yang-Mills)
equations and, more generally, whenever there is a suitable slice function reducing the
problem to a dimension where regularity results are already known.



Chapter 3

Polyharmonic maps

Abstract

In this chapter we investigate regularity questions for polyharmonic maps. Starting from
the analysis of the structure of the Euler-Lagrange equation we use a new sharp Gagliardo-
Nirenberg interpolation inequality to obtain regularity results for polyharmonic maps. The

same technique is then applied to general k-th order elliptic systems with critical growth.

3.1 Introduction

We begin this chapter with a brief overview of the development of the regularity theory for
both harmonic and biharmonic maps. Given a closed (domain) manifold M of dimension
m and a closed (target) manifold N of dimension n we can assume N to be embedded
in RY for some N € N sufficiently large using Nash’s embedding theorem in [61]. For
k€ N and 1 < p < oo we then define the Sobolev spaces of maps from M into N by

W P(M,N) := {u e W (M,R") : u(z) € N for ae. z € M}

with the topology induced from the linear Sobolev space W (M, RY).
The Dirichlet energy of a map v € WH2(M, N) is defined by

D(u) = /M Vul? dz

and we will consider three kinds of critical points of this functional on W'?(M, N). The
critical points in W12(M, N) for compactly supported variations in the target manifold N
are called weakly harmonic maps (compare with Definition 3.1 below). If u € W2(M, N)
is weakly harmonic and in addition a critical point for compactly supported variations in
the domain manifold M we call u a stationary harmonic map — again compare with Def-
inition 3.2 below. When u € W?(M, N) satisfies D(u) < D(v) whenever compared with
veE WW2(M,N) withu—v € WOLQ(M, N), we say that u is (Dirichlet) energy minimising.
Again we refer to the discussion following the analogous definition for polyharmonic maps
(Definition 3.3) later on in this section.
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The study of the regularity properties of these critical points has been an ongoing
search for several decades. Since energy minimising harmonic maps are in some sense
the mildest the first regularity results were obtained for them. In 1948, C.B. Morrey [59]
showed smoothness for every energy minimising harmonic map u € W42(M, N) provided
the dimension of the target manifold M was equal to m = 2. Afterwards the regularity
problem remained open for a long time until (still for the case when m = 2) M. Griiter [32]
proved smoothness of conformal weakly harmonic maps followed by an extension to sta-
tionary harmonic maps by R.Schoen [72]. Finally, F. Hélein in [40], [41] and [42] showed
that every weakly harmonic map in the case m = 2 is smooth.

For higher dimensional domain manifolds the situation is more complicated as the promi-
nent example of the radial projection from B? into S? shows. This is a weakly harmonic
map with an isolated singularity at the origin. The first results in the case of m > 3 were
obtained by R.Schoen and K. Uhlenbeck [73]. They showed that if u € W'3(M, N) is
energy minimising, then u is smooth except for a closed singular set S C M of Hausdorff
dimension dimy(S) < m — 3. For the case m = 3 they could strengthen the result to
S consisting only of finitely many points. Later on H. Brezis, J.-M. Coron and E. Lieb
[16] proved that the above mentioned radial projection is actually an energy minimising
map thus showing the optimality of the result by R.Schoen and K. Uhlenbeck [73]. For a
different proof of the minimality of the radial projection valid also in higher dimensions
see F. Lin [53].

Using observations made by F.Hélein in [40], L.C.Evans [23] could show partial reg-
ularity for stationary harmonic maps into spheres, which means smoothness of such a
u € WE2(M, SN) except for a closed singular set S with H™ 2(S) = 0 — note the dif-
ference to the case of energy minimisers. This was later generalised by F. Bethuel [11] to
include arbitrary target manifolds. The optimality of this result is still unknown.

For weakly harmonic maps in dimensions m > 3 there is no hope for analogous results
since T. Riviere [66] proved existence of everywhere discontinuous weakly harmonic maps
from B3 into S2.

For a detailed overview of many of the results mentioned above and the techniques involved
in proving them we refer the reader to the books by L. Simon [79] for energy minimising
maps and by F. Hélein [43] for weakly and stationary harmonic maps. One reason for the
intensity of the study of the regularity of harmonic maps is the fact that they are one of
the simplest (geometric) variational problems where many of the so interesting features,
later on also discovered in other settings, appeared for the first time. Indeed, similar
phenomena show up for Yang-Mills connections, Ginzburg-Landau vortices, Willmore
surfaces and many other important problems in a wide range from differential geometry
to theoretical physics and applied mathematics. Another possible extension is to consider
critical points for energies involving higher derivatives of the maps, which leads to the
study of biharmonic and even polyharmonic maps.

For biharmonic maps we consider critical points of the Hessian energy of a map u €
W22(M, N) defined by

Blu) = /M |Aul?dz |

As for harmonic maps we assign the notions weakly biharmonic, stationary biharmonic
and energy minimising btharmonic map to the corresponding critical points of B — again
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see Definitions 3.1-3.3 for precise statements.

Following the path set out for harmonic maps S.-Y.A.Chang, L.. Wang and P. Yang
in [18] began their study of (extrinsic) weakly biharmonic maps. For weakly biharmonic
maps into the sphere they could show smoothness for m < 4 and prove partial regular-
ity for stationary biharmonic maps when m > 5, i.e. that u € W?2(M, N) is smooth
except for a singular set S of Hausdorff measure H™4(S) = 0. C.-Y. Wang later gener-
alised these results for arbitrary target manifolds in [90] and [91]. For a different proof of
smoothness of weakly biharmonic maps see also the papers by P. Strzelecki [84] and more
recently T. Lamm and T. Riviere [49] — see also the following paragraphs.

As motivation for the approach set out for polyharmonic maps below we would like to
focus on some of the aspects common to both the regularity theory for harmonic but also
for biharmonic maps. One common feature is the fact that all the improvements were
made after observing small gains in regularity coming from the algebraic structure of the
quantities involved. For instance, when we consider harmonic maps into spheres S™ the
harmonic map equation becomes

Au = u|Vul?, (3.1)

where the right-hand side is a-priori only in L!. This prevents the direct use of standard
regularity estimates from harmonic analysis since the Laplace operator is not invertible
there. However, J. Shatah discovered the conservation law

+(u'Vu! —w!'Vu') =0 foralll1<i,j<m

for weakly harmonic u € Wh2(M,S™). Later on, based on observations by H. Wente
(93], F.Hélein [42] used this to prove that the Laplace operator is actually invertible
on the right-hand side of (3.1) with the result that u is continuous. By the results
of S.Hildebrandt and K.-O. Widman [44], O. Ladyzhenskaya and N. Ural’tseva [48] and
C.B. Morrey [59] u is therefore smooth. See also the book by F.Hélein [43] for details.
In the case of target manifolds without symmetry, another important tool for proving
(partial) regularity for harmonic and biharmonic maps is the technique of moving frames.
This was introduced for harmonic maps in two dimensions by F. Hélein [42] and later on
applied to stationary harmonic maps by F.Bethuel [11]. For an application to (station-
ary) biharmonic maps see C.-Y. Wang in [90] and [91].

Only very recently, in [67], T.Riviere succeeded to rephrase the harmonic map system
as a conservation law when m = 2, allowing him (amongst other results) to give a di-
rect proof of regularity of weakly harmonic maps in two dimensions avoiding the use of
moving frames. Prompted by [69], where T.Riviere and M. Struwe developed a related
gauge-theoretic approach to prove partial regularity in higher dimensions. Moreover, this
new approach allows the authors to reduce Hélein’s C°-assumption on the target mani-
fold to C?, which seems to be the natural assumption in order to ensure that the second
fundamental form is well defined. Finally, T.Lamm and T.Riviere in [49] could show
smoothness for weakly biharmonic maps in four dimensions avoiding moving frames, and
M. Struwe [82] proves partial regularity for stationary biharmonic maps in higher dimen-
sions again via gauge theory.
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Strengthening the natural hypotheses for the regularity of a stationary biharmonic map
u slightly, by assuming some higher integrability of the leading order derivative, we show
here similar partial regularity results for biharmonic maps without using moving frames.
Our method is not restricted to this fourth order problem and provides regularity results
for polyharmonic maps. Therefore, we now switch to the more general setting of polyhar-
monic maps below.

More precisely, for k € N and u € W¥2(Q, N), we consider the k-harmonic energy
functional

E(u) = / |VFu|? do .
0

Define the BMO space and the Morrey spaces MP* for the domain  as

B,.CR™

BMO(Q) :=={ue L'(Q): [Wlprrow@) = sup {rm/ |u — Up,no|dr} < oo}
B.NQ
and

MPNQ) = {u € LP(Q) : [ufl ey = sup {1 / P de} < oo} |
BN

B,.CR™
where up, ::][ udx.
T

Definition 3.1 A map u € W*%(Q, N) is called weakly k-harmonic if u is a critical point
of the k-harmonic energy functional with respect to compactly supported variations on N,

that is, if for all £ € C°(Q,RY) we have

d

pr E(r(u+t£)) =0,

t=0

where m denotes the nearest point projection onto N.

Definition 3.2 A weakly k-harmonic map in W*2(Q, N) is called stationary k-harmonic
if, in addition, u is a critical point of the k-harmonic energy E(-) with respect to compactly
supported variations on the domain manifold, i.e. if

d

pr E(uo(id+1t£)) =0 forall ¢ € C3°(2,R™) (3.2)

t=0

where 1d denotes the identity map.

Remark 3.1 (Stationary) 1-harmonic maps are (stationary) harmonic maps. Observing
that |V?ul|* and |Aul?® only differ by a divergence term, we conclude that the (stationary)
2-harmonic maps are precisely the (stationary) biharmonic maps.

Definition 3.3 A map u € W*2(Q, N) is called k-energy minimising if for all v €
Wh2(Q, N) with u — v € WF2(Q, N)

E(u) < E(v) .
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Our main result then reads

Theorem 3.1 Forp > 1 and 2kp < m, letu € Wk (Q, N) be weakly k-harmonic. There
exists € > 0, such that for each point xo € ) for which there exists some ro > 0 with

n <
> IV W%k ey S €

we have
u € C*(Br(x), N) -

Remark 3.2 For 2kp > m, Sobolev’s embedding theorem implies that every map u in
Wk2p(Q, N) is Hélder-continuous. Smoothness then follows at once from elliptic boot-
strapping arguments.

In view of the monotonicity formulae for stationary harmonic and biharmonic maps, the
condition on the Morrey estimate is, in these cases, satisfied almost everywhere. More
precisely, we deduce the following

Corollary 3.2 For k € {1,2} and p > 1, let u € WH?(Q, N) be stationary k-harmonic.
Then, u is smooth outside a closed set S with H™~**(S) = 0.

Conceivably, a monotonicity formula allowing to guarantee the Morrey norm condition in
Theorem 3.1 will also hold for &k > 3.

The proof of Theorem 3.1 is based on Morrey decay estimates for the rescaled polyhar-
monic energy. We apply an interpolation inequality by Y.Meyer and T.Riviere in [55]
and by P. Strzelecki in [84] (see also our appendix A) in order to bound the W*2P-norm
by the BMO- and W?2¥P-norms.

The idea of proving e-regularity results using improved interpolation inequalities first ap-
peared in the paper [55] by Y.Meyer and T.Riviere in the context of Yang-Mills fields
and was also used in the paper [68] by T. Riviere and P. Strzelecki for more general elliptic
systems.

Of course, the critical case p = 1 would be the natural exponent for the present problem.
Moreover, for k = 1 and k = 2, Corollary 3.2 directly follows from F. Bethuel [11] respec-
tively C.-Y. Wang [91] and Poincaré’s inequality. However, our proof is more direct and
avoids the moving frame technique.

We want to remark that polyharmonic maps have already been studied by A.Gastel in
[27], where he considered the polyharmonic map heat flow in the critical dimension.

For another application of the techniques used to prove Theorem 3.1 we consider
slightly different 2k-th order elliptic systems. This time we are interested in nonlinear
elliptic systems of the type

Afy = Q(z,u,..., Vi), (3.3)
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where k£ > 2 and the nonlinearity in () satisfies
k—1
Qu,..., V) < O [WiulT
j=1
for some constant C' > 0 independent of u but without further assumptions on the struc-
ture of Q. We will consider solutions of (3.3) which are a priori in W*2NL>(Q, N). Then
we have the following result

Theorem 3.3 Let u € W*2(Q2, N) be weak solution to equation (3.3). There exists € > 0
independent of u, such that for each point xo € Q for which there exists some ro > 0 with

k
K <
Z [v u]M%’%(BTO(zO)) > €,
pn=1
we have
u € C*(Br(x), N) -

This result was recently conjectured by P. Strzelecki and A. Zatorska-Goldstein in [85],
where they obtained this result for £ = 2. The above system is of interest as from the
outset the right hand side again is in L' but has at first no higher integrability. Because of
the much simpler structure of the non-linearity when compared with the one for polyhar-
monic maps, this time we are in fact able to derive higher integrability of the right-hand
side of (3.3) from a reverse Holder’s inequality — see Lemma 3.12. In the proof of this
inequality again the sharp Gagliardo-Nirenberg inequality has to be used.

The chapter is organised as follows. Section 3.2 gives the Euler-Lagrange equation for
polyharmonic maps. In 3.3 we prove the Morrey decay estimates. In 3.4 we deduce The-
orem 3.1 and in 3.5, we conclude Corollary 3.2. Finally, a proof of Theorem 3.3 is given
in section 3.6.

A proof of the sharp Gagliardo-Nirenberg inequality is given in appendix A.

Acknowledgement: Sections 3.2-3.5 are based on the joint work with Gilles Angelsberg
in [9].

3.2 Euler-Lagrange equation for polyharmonic maps

In this section we derive the geometric form of the Euler-Lagrange equation for weakly
polyharmonic maps and analyse its structure. We consider, for 9 > 0 sufficiently small,
the tubular neighbourhood V; of N in RY and the smooth nearest point projection Iy :
Vs — N. For p € N, P(p) := VII(p) is the orthonormal projection onto the tangent
space T,N. The orthonormal projection onto the normal space will be denoted by P*.
Recall that P 4+ P+ = id. Then, we have

Lemma 3.4 (Euler-Lagrange) If u € Wk2(Q, N) is weakly k-harmonic, then it satis-

fies
P(u)(A*u) =0 (3.4)

in the sense of distributions.
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Proof. For £ € C5°(Q, RY), we compute

0 = / V(L o (u + 1)) de
0JQ

d
dt|,_
= 2 /Q VEuVF(P(u)(€)) dx .

O

Remark 3.3 For a weakly polyharmonic map u in C*°(Q, N) N W*2(Q, N) and £ €
Cee (L RY), with £(z) parallel to Ty N for all z € Q, we have P(u)(§) = £. The proof
of Lemma 3.4 then shows that

Afu L T,N

in the sense of distributions.

In order to formulate the following lemma, we introduce the I-divergence V. as follows.
We define VM .4 :=V - w and VO . ¢ := V- (V(l_l) u) for [ > 2.

Lemma 3.5 If u € W"*(Q, N) is weakly k-harmonic, then there exist f and g; with

Afy = f+ Z v Agj (3.5)
Ji1>0
1<2j+i<k
where
k
Ifl < CZ H |VHEu|™e with ZM%\,M = 2k for every A € A\,
A€A p=0 w
k
lg| < C’Z H |VHEu| e with Z,u%w =2k — (2] +1) for every N € A,
n

A€eA p=0

with A consisting of finitely many indices and vy, > 0 for every A € A and 0 < p < k.

Remark 3.4 Note that the representations in Lemma 3.5 are not unique. See for example
Remark 3.5.

Proof. We observe that
AF(a-b) = Z k. A"V - ATV

tjq
0<4,5,q<k
i+j+q=k

k o . . . k o k _ . . .
where ¢}, are positive integers. In particular, we have iy = cg,o = 1. Combining this

with equation (3.4) shows that u satisfies
0 = Pu)(Aru)
= AFYP(u)(Aw)) — > FIAIYI(P(u)) ATV

tjq
0<i,5,g<k—1
i+j+q=k—1

(’i,j,q);ﬁ(o,k’—l,o)
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in the sense of distributions. Let A(-)(+,-) denote the second fundamental form of N in
RY and use the property P(u)(Au) = Au+ A(u)(Vu, Vu) to derive
Aky = Z B AVUP(u)) ATV — A A(u) (Vu, Vi) (3.6)
0,4
i+j+q=k—1
(4,3,9)#(0,k—1,0)

First we consider the case when k is even and analyse the Euler-Lagrange equation (3.6)
term by term. It suffices to show that every term in (3.6) can be written in the desired
form.

For i,q such that i + % = £, we have that ;' A"V?(P(u)) ATV is of the form f. Here
we used the fact that

B
VPP (u)| < CZ H |VHu ™0 with Z/W/\,u = forevery f<kand e A. (3.7)

AeA p=0 m

Indeed, the chain rule gives V(P(u)) = VP(u)Vu and V?*(P(u)) = V2P(u)VuVu +
V P(u)V*u. We infer estimate (3.7) by iterating this computation and taking the smooth-
ness of the nearest point projection into account.

For i, q such that i + 1 > %, we compute

A'VI(P(u)) ATV 9y
—V- (Ai—lvq+l(P(u))Aj+lvqu) — Af-lyatt (P(u))Aj+lvq+lu

and/or

A'VI(P(u)) ATV
=V - (A'VIHPu)ATTIVI) — ATV (P(u) ATV

Iterating these computations, we get with estimate (3.7) that cf;, ' A'V4(P(u)) AT Viy
is of the form )
f+ Z v . Al i
3,1>0
1<25+1<k
whenever i + 1 > g The terms for i,q such that i + 1 < g
Moreover, we have

are estimated similarly.

k
Akil(A(u) (VU/’ VU)) = v ’ A7g717 with T = § —1 )

completing the case when k is even.
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For k odd we distinguish between the three cases i+ = %, i+4 > % and i+ < %,

and proceed similarly to the case when £ is even. Moreover, we get

- [ f for k=1
A" (A(u)(Vu, Vu)) = { A7gy9, with v = % for K > 3 odd .

This completes the proof.

Remark 3.5 Observe that harmonic maps (k = 1) satisfy
Au = —A(u)(Vu, Vu) in D' .

Thus, the harmonic map equation is of the form Au = f with
f=—Au)(Vu,Vu) < C|Vul*.

Weakly biharmonic maps (k = 2) satisfy

A*u = AP(u)Au+2VP(u)AVu — A(A(u)(Vu, Vu))
= —AP(u)Au+ V- (2VP(u)Au — V(A(u)(Vu,Vu))) in D",

i.e. the biharmonic map equation is of the form A*u = f + V - gy with
f=—-AP(u)Au < C|V2ul?

and

go1 = 2V P(u)Au — V(A(u)(Vu, Vu)) < C|V2u||Vu| .

However, we could also write the biharmonic map equation as
A*u = —APu)Au+V - (2VP(u)Au) + A(—A(uw)(Vu, Vu)) in D/,
i.e. it is also of the form A?u = f + V - go1 + Agyo with
f=—-AP(u)Au < C|V2u|*,

go1 = 2V P(u)Au < C|V?u||Vu|

and

g0 = —A(w)(Vu, Vu) < C|Vul? .

This illustrates the non-uniqueness of the representation mentioned in Remark 3.4.

3.3 Morrey decay estimates

We will deduce Theorem 3.1 from the following
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Proposition 3.6 For p > 1, let u € W*2?P(Q, N) be weakly k-harmonic. There exist
e >0 and T € (0,1) such that for each point yo € 2 for which there ezists a radius o > 0

with i
> v <e,
— Bro(yo))
pn=1
we have
(T7)?kP= mZ/ \V“u! W de < 7"2]“1” mZ/ |V“u\% dx | (3.8)
T?" 33[)) r(Z’O

for all xy € By (yo), 0 < 4r < dist(xy, 0By, (yo))-

Proof. We consider the k-harmonic extension v of u, defined as the unique solution to
the following Dirichlet problem:
{ AFy =0 in B,(x)
o) o
ol = ol on 8Br(x0) 3
for 0 < [ < k — 1, where v denotes the unit normal vector to dB,(z). According to
Lemma B.4, we have

/ vl de < Z/ V|52 da (3.9)
Bp(xo) r $0

and 1 < p < k. Tt follows that

2k
/ \VHu|» dx
Bp(xo)

<CZ/

B,(x0)

for 0 < p <

=3

1]~

pn=1

V“v\#dw+CZ/ |VH(u — )| 5 dw

p(zo

p m 2kp
< ;) Z/( |V“v|udm+02/ VE(u — )| da
p=1" Bz (@o)
PN™ . 2k
<c(?) Z/(Olv“ul~dm+02/ VA (u— o)+ de . (3.10)
p=1 "2l

In view of Lemma 3.5, we introduce the auxiliary maps uy and u,, for all 5,1 > 0 such
that 1 <25 + [ < k as the solutions to the Dirichlet problems

Aky, = f with u; —u € Wy (B,(z0)) ,
Aby, = VO . Agy with u,, € Wy™(B,(z)) ,

where f and gj; satisfy (3.5). Observe that the uniqueness of the Dirichlet problem implies

u=us+ Z Ug,, - (3.11)

J,1=>0
1<2j+i<k
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Moreover, uy — v € Wy (B,(x0)) satisfies

AF(up—v) = f.
Lemma 3.5, Holder’s inequality and Nirenberg’s interpolation inequality (A.1) give

k
¢SS Iveur

I fllze (B, @) <

A€A p=0 LP(By(z0))
< CZ H ||V“U’|72kp
AeAu 0 (Br(zo))
Tau(1=5) el
< O TS Il o
AEA p=0
< Cllullfyrens, @y < °
and
k
loallirnwoy < €D TLIV ul
AEA p=0 L3 (Br(x0))
< CZ H ||VHU||72kp
)\EAM 0 B (Br(z0))
(1-£) ek
< CZHII 1225, (hayy HUHW“?’(B (20))
AEA p=0
< Ol %7%(&(%)) <00, (3.12)
where o 2k — (2 + 1)
p =
& d 1<p; =" " ~9.
R V) K

Thus, Corollary B.2 and Lemma B.7 imply that
wp—v € W (B,(ay)), uy, € WD (B, (a)) |

and
IV (ug =)o ooy < Clflle(B. o) -
IV g, s, woy < Clgillera s, wo - (3.13)
We remark that the only place where we need p > 1 is to ensure the first estimate for
Ur — 0.
We have

|V (uy— v)] i dz+C Z / |V’~‘ugﬂ|% dx

r (1‘0

(zo

r
4 4,1>0
1<2j+1<k

/ ]Vﬂ(u—v)]%ﬂp dx < C’/
Bﬁ(azo) B

(3.14)
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for 1 < i < k. We apply the Gagliardo-Nirenberg interpolation inequality (A.2), Lemma
B.3, estimates (3.13) and Lemma 3.5 to obtain

1— o
IVF(ur = 0)l| 2 < Cluy = vlgaiom, @y 1tr = vl s

(B3 (x0)) (z0))

]

r
4
i

1_7
< Cluy - U]BA/?IE)(BT(%)) ||V2 (uy — U)”Lp (B (x0))

1—
S C [U/f U]BMO(BT (z0)) “fHLP (Br(z0))

ZH |V u |“/M

XEA p=0

< Cluy— UBMB(BT (z0))

LP(Br(x0))

with Zu wyry, = 2k for every A € A. Next we use Holder’s inequality and Young’s
inequality to deduce

k
Svars| < SIvars
AEA =0 Lp(Br(lvo)) AeA p=0 H Br(-IO))
2k
< O [VMu|” ,
Z L5 (B (ao))

where we remark that ZH L 55 =1 and the L*™-norm of u enters into the constant C'.

Combining the above estimates we obtain

2k

~ ka QL
[ 19— ¥ o < Clag — el b
Br (.ro)

IS

(0 Z/ \V“ul% dx . (3.15)
r $O)

B,

For the second term in (3.14), as before, the Gagliardo-Nirenberg interpolation inequality
(A.2) gives

~ 1 ~9[ ~9'l
HV“ugﬂ HL%(BE (20)) S C [UQJZ}B]\;OJ(BT (z0)) H g]l’ 5‘/2]1@7(2j+l),rﬂ (Bﬁ(ffo)) ) (316)
where
1 k
- <)== <1
2 ST ok (2 + 1) = <

for all 5,1 > 0 such that 1 < 2j 4+ [ < k. Furthermore, we again apply Lemma B.3 with
p=2k—(2j+1), estimates (3.13), Lemma 3.5, Holder’s inequality and Young’s inequality
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to get
g llyos-croms, @y S IV g s, oy
< Cllgnllri (s, o)
kl le
< C|D T Ivrulm
ACA =0 LY (B (z0))
< CSTTIv e,
/\eAu 0 L7 0p (By(z0))
< CZ H ||VMUH72kp
AeAu 0 Br(z0))
kn]l
< 0N Vi , 3.17
< Z IVl (3.17)
where ok~ (2j 4 1)
— (27 + _
M= = 05"
Combining (3.16) and (3.17) gives
1 ,uel 2kp 2kp
/B ( )]V“ugl| # da <C [“gﬂ BMO(JBr (z0)) Z/ [VFul " da . (3.18)
r (xo T -730
Thus, we conclude with (3.14), (3.15) and (3.18) that
/ Vi — o) 5 do (3.19)
z (z0)
(1-4&) 2 1-£0;,) 22 2kp
<C ([Uf - U]BMék(Bg(zo)) + Z [ugjl]BMg(JBE(ZO)) Z 5 |VFu[ " dx
gl p=1" Br(z0)
From Lemma 3.8 below we infer
(1- 4 )2k 1 fp) 2k
[ug U]BM(Z)IC(B%::L(J:O)) + Z [UQJZ]BM?)(;;I(;O)) < O (3.20)

for some 3 > 0, all 1 < i < k and all j,1 > 0 such that 1 < 25+ < k. Then we can
combine this with inequalities (3.10) and (3.19) into

mz /. e (G G E mz [, v

B,(z0)
We conclude the proof of this proposition by setting 7 := £ equal to (20)*%1,7 and choosing
¢ > 0 sufficiently small so that Ce’r2kr—m < %. dJ

Now it remains to show (3.20). In a first step, we prove the subsequent lemma.
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Lemma 3.7 There exists a constant C' > 1 such that
ZV“U % <C ZV“U% 2km2/ |V“u,|%dx.
= 9t *(Bp(z0)) = M2 (B, (20)) (o) 9it
(3.21)

Proof. For By(x) C By,(20), we consider the k-harmonic extension vy of u,, on B,(z),
where ug, is set to zero outside B,(2q). Then wj 1= uy, — v € Wy (B,(z)) satisfies

Afwy =0 Algy
where §;i := Xp,(z0)951- Analogously to (3.12) we conclude that wj, € W2 =2t (B (),
and similarly to (3.17) we get

knjy

lwitlly2x-cssvmi g, 0y < CZHV“UH iy

Here and henceforth in the proof of Lemma 3.7, we set p = 1. Observe that the second
estimate in (3.13) is still valid in this case.
Applying the Gagliardo-Nirenberg inequality (A.2) and the preceding estimate gives

2k 2j+1)
2k( (25

/ ‘V)\U)jl‘% de < C [wﬂ]BMg(éi f)”” Z / |VFwj |9 dx
BS(CL‘) s

k
< Clualpoa o > [, e e

for 1 < A < k. As vy is the k-harmonic extension of Ug,y, We obtain with Holder’s
inequality, Poincaré’s inequality and Lemma B.6

2%k
2k _
[wjl]BMO(B%(:v)) < SUP( : {]{B lwji — Wi dm}

BCBs (x
< C [ijl]w 2(By (x))
2%
< C[Vuy, ]y, 228y @) F +C Vil *(Bs (@)
< C [VUQJJ]MM + C (Z/ Vi, z| " d:v) - (3:23)

Arguing with the help of Poincaré’s inequality and (3.12) we show that
s llwe2(s, oy < ClIV g, llr2m,won < Cllgillzm, oy < Cllullwra(s, @) < Ce <1,

provided € > 0 is sufficiently small. Using this we can omit the exponent p in the last
term of (3.23) and estimate

k
2%
[wjl]BMO(B (z)) Z V”“gﬂ % (g () (3.24)
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Combining estimates (3.22) and (3.24) with Young’s inequality yields

B k (3—w=7) & .
i uzl ° =

Mf]_ S(‘T)
k k 2kC(\)
< O [Pug ]ty HCO)Y IV g (3.25)
et (Bs(a)) st L (Bs(x)

with 4 > 0 and C(A\) > 1 for 1 < 2j +1, A < k. With a rescaling argument this gives

k k
2k m—
/ |Vrw| > de < Cs™ 2Fy 5 V“ugﬂ 2% +C(7) E /
s (x) — M (Bs(x)) —1 JBs(x)
1 pu=1 p=1

(3.26)
where the constants are now independent of s and A\. Here we also used the fact that
| VHu HL# (Bas (20 < 1for 1 < pu < k, provided € > 0 is sufficiently small. Combining

4r

estimate (3.26) with Lemma B.4, we estimate for 0 < p < § as in (3.10)

Z/ Vg, | de < i Z/ Vg, | d:v+02/ V| s da
B,(x) i B

s Cﬂ

p 2k
s Z/ |V“ugl|u dx + C(y Z/ |VHu|w dx

k

2k
m
M

IN

(3.27)

Tk,Qk

+Csm 4 .
S 7;[ ol s,

The proof of the lemma is completed by the following iteration argument. To simplify

notation, we define T'(p) := p?—™ ZZ=1 pr(x) \V“ugﬂ]% dx so that the above estimate
becomes

) < ()" 1)+ ot () MZ/ vl dr

2k—m k 2k
+07< ) Z V“ugﬂ H—’f 2k
pn=1

Next we choose 7 := £ sufficiently small such that C72* < I, which implies
1 2k—m 2k— : 2%
T(rs) < §T(s) + C(y)T" s mZ |VHu|w dx
p=1 s(x)

+Cryr2hm Z [V“ugﬂ] 1\2%’2" ) (3.28)
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Now we consider B,(z) C Ba.(zo). There exists i € N (simply set ¢ = [log Z/log7])
with 79+12r < ¢ < 7%2r and note that therefore (7:27)2F=™" < g2k=m < (7H)y)2k=m),
We estimate

k
T(o) = o—%*mz /B V¥, | de
i (2k—m) 2k
< (v D2r) Z/ |v“ugﬂ|u dz
12'r

< OT(t'2r) . (3.29)

Furthermore, estimate (3.28) gives

. 1 ,
T(r'2r) < 3 T(r7'2r) + C(y) (r2r)*F ™ 71 Ck= m>z/ ywu\fdx

T’ 127"

2k

+Cv7'2k_m Z [V“ugﬂ} "ok

p=1 M (B i-1,(2))

1 2k
2T( 19r) + C(y) T2 mz (V] ™ o

M5 (Byp(20))

IN

k 2k
—l—C'yT%_mZ [Viug, ] -

p=1

2k ok

M (B (w0))

where in the last term we used the fact that u,, is supported in B, (z¢) allowing us to
reduce to the Morrey norm on B, (z). Setting

S = Oy)r mz il

2k

k
+ Cyr2h—m Z [V“ugﬂ} "ok

(Bar(z0)) 1 M #"(Br(z0))

the above becomes

T(r2r) < =T (t7'2r) + S(r)

N | —

which after iteration yields

T(r'2r) < T(2r)+ Z 2175

Combining this with (3.29) gives

k

2k 2
T(0) < CONY V", - mz [,

=1 Mk (Bar(z0)) -(20)

2k

k
+Cry Z [Vuugﬂ] AZ% ok

— 2 (By(ao))
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The desired result now follows by taking the supremum over all such balls B,(x), and
choosing v > 0 sufficiently small to absorb the last term on the right-hand side. 0

Now we are able to complete the proof of Proposition 3.6 with the following

Lemma 3.8 We have

B
[Uf U]BMO(BT(IO +Z ugﬂ BMO(Bg (0)) < Ce
75l

for some 3 >0 and all 3,1 > 0 such that 1 <25 +1 < k.

Proof. Similarly to (3.22) and (3.25) we estimate

A 2k 2k 2%
/Br(mo) |V ugﬂ| » dx < C’y [UQJI}BMO(BT (z0)) Z ||Vﬂu|| 2k N (330)

By (xo

for 1 < A < k and every v > 0. Lemma 3.7, estimate (3.30) and Poincaré’s inequality
give

2k 2%k 2k
[VUQJJ M2k, Qk(Bm(aro)) S C’y [ugﬂ:| BMO(B,(x0)) + C’(/y) Z [vuu] M 2k g

k
2k M
< C¥v [ugjl}BMO(Rm) + 0(7) Z [V“u] H 2k o

2k

k
S 07 [vugjl}MQk,Zk(Br(xo)) + C(’Y) Z [V“u] " 2,@7%(

Bar(z0))

which for v > 0 sufficiently small implies

2k

k
2k m
Kol m
[vugjl] M2k:2k (B, (z0)) E V u 2k o

M (B ()

Applying Holder’s inequality and Poincaré’s inequality together with the above estimate
we infer

2% 2%
[ugjl}BMO(BE (z0)) <= C [Vugﬂ}Mz’“ 2k(Br(w0))
k
< C [VHu]
#z::l ** (Bar(x0))
< O

for some § > 0. From (3.11), we deduce

wr = Vlpnom, e = CY fug, BMO(Br(xo))_'_C[u_U]BMO(B oy - (3:31)

7,0>0

r
4
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Holder’s inequality and Poincaré’s inequality imply
2% 2k
[u— U]BMO(B;I(a:O)) < CV(u— v)]MQaQ(Br(xo))
2%
< C ([VU]MQvQ(B%( 0)) [VU]MH(BT(IO))> : (3.32)

As v is the k-harmonic extension of u, Lemma B.6 and Hélder’s inequality yield

2k 2k
Vileag oy + VU2 o) < CZ (V" 320, o
< 1, 12k
> C;[v u]M%’%(Bgr(xo))
< O (3.33)
for some # > 0. Estimate (3.20) now follows from (3.31)-(3.33). This completes the
proof. O

3.4 Proof of Theorem 3.1

Theorem 3.1 now follows from Proposition 3.6 (compare with section 2.5 in chapter 2).
Consider zg € Bra(yo). An iteration of estimate (3.8) implies

i 2kp—m k
TTo M 3 2kp m /
. d < E Pyl i d

(3.34)
_ log3—log4
g210g’rg >0

for all 7. For 0 < p < 22, choose 7« € N such that AR
and observe that (§)Z < (7%)". Thus, inequality (3.34) implies

- Fig 2kp—m k

P

p*r- mE j/ Vil de < e (—40) / V| da
(20)

B, (z0) T

2kp—m 2k
o (2) (—) [ v
T ul # X
4 4 ; Bry (20)
2kp—m k
< <TTO) P— “/Z/ V’“‘u] W dr
4 Bro(yO)

p=1

2k m— k
< (7’7’0 P ’Yz/ V“M% dz | p”
BTO yO)

< Cp’

IA

for all B,(x9) C B (yo). Hence from Morrey’s Dirichlet growth theorem, Theorem 3.5.2 in

[60] by C.B. Morrey, we conclude that u € C%% ina neighbourhood of 35. The smoothness
of u near y, follows now from elliptic bootstrapping arguments. This completes the proof
of Theorem 3.1.
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3.5 The harmonic and biharmonic cases

Here we give a derivation of Corollary 3.2. For stationary harmonic maps, i.e. k = 1,
Corollary 3.2 follows from Theorem 3.1 and the monotonicity formula below.

Proposition 3.9 (Monotonicity formula [63]) For u € WY2(By, N) stationary har-
monic and 0 < p < r <1, we have

prm |Vul* dz < 7"2_’"/ |Vu|? dz . (3.35)
By

By

Indeed, consider u € W12P(Q, R") stationary harmonic and define the set
S = {a:o €Q: lir%sup T2pm/ |Vul? dx > 7”} :
r— B (zo)

with v > 0 small. By Corollary 3.2.3 in the book by W. Ziemer [96] we have H™~?P(S) = 0.
Applying Hélder’s inequality, we get that for any yo € Q\ S, there exists R > 0 such that

RQ_m/ |Vul?dx < C <R2”_m/ |Vul? dx) "< .
Br(yo) Br(yo)

Hence, the monotonicity formula (3.35) implies for zy € B %(yo) that

pzm/ |Vul?dr < CRQm/ |Vul? dx
By (z0) Bg(zo)

C |Vul? dx
Br(yo)
< Cyy.

IN

Fix v:= #, where € is given by Theorem 3.1, and the claim follows.

For stationary biharmonic maps, i.e. £k = 2, we replace Proposition 3.9 by Theorem 3.10
below which was proved in [8] by G. Angelsberg.

Theorem 3.10 (Monotonicity formula) For K > 0 and u € W??(Bg, N) (extrinsi-
cally) stationary biharmonic, it holds for a.e. 0 < p <r < %

| Aur dr — ,04_m/ |Aul*dr =P+ R,
By BP

where

. i, )2 _ iy, \2
P = 4/ <(u3 +£féw) i (m 2)511' ;) ) dr
B/ \B, || ||

. iy )2 Vul?
R = 2/ —Mﬂf’;m(xfj_)l ol jf|_3 do
9B,\0B, |z |m E4 |z]
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We observe that Nirenberg’s interpolation inequality (A.1) implies that Vu € L*(Q), and
define

S = {xo €N: lirr(l)sup T4p_m/ (|V2u* + |Vul?) dx > np}
r— By (zo

with 7 > 0 small. By Corollary 3.2.3 in the book by W.Ziemer [96] we now have
H™P(S) = 0. For any yo € 2\ S, there exists R > 0 such that

e <|w|4+|v2u|>2da:so(34p—m / (|VU|4P+|V2u|2p)dw)P<n.
Br(yo) Br(yo)

We have the following proposition by C.-Y. Wang in [91] and also M. Struwe in [82].

Proposition 3.11 Let u € W%?(By, N) be stationary biharmonic and 0 < R < 1. There
exists € > 0 and py > 0 sufficiently small such that if

R4—m/ (Vul* + [V2ul) de < e,
Br

we have
[VU]M‘M(B,)O) + [V2U]M2’4(Bﬂo) < (Ce.

Thus the monotonicity formula implies the existence of py > 0 and €, > 0 such that if
R [ o (IVu[* +[V?ul?) do < € < &, we have

p4m/ (IVul* + |V2uf2) dz < Cs?
By (z0)

for all B,(z0) C By, (yo). Fix € := min(,€) > 0 and 1 :=€ > 0, where € > 0 is given by

Theorem 3.1. This completes the proof of Corollary 3.2.

3.6 Applications to 2k-th order elliptic systems

The aim of this section is to use the results from section 3.3 to prove Theorem 3.3. From
the assumptions on the right-hand side of the equation we deduce that we have a structure
similar to the one of the Euler-Lagrange equation for polyharmonic maps in Lemma 3.5
where this time the terms involving g; vanish. Therefore we would be able to apply our
results from section 3.3 except for the lack of a priori higher integrability. In contrast to
the case of polyharmonic maps, where such higher integrability had to be assumed, this
time we will show a reverse Holder inequality and deduce this higher regularity from it.
More precisely, we have the following Lemma

Lemma 3.12 Let u € WP2(Q,RY) N L>®(Q) be a solution of equation 3.5. Then there
exists € > 0, C' > 0 and s > 0 depending only on the dimensions and ||ul|z=q) such that

if u satisfies
k

H <
2V Wy o <€

p=1



3.6 Applications to 2k-th order elliptic systems 77

for some ry > 0, then

k 2(1+S) 141—78 k
][ (Z |vuu|ii> dz | < CZ][ V| d (3.36)
B, n=1 B

le 2r
for all balls B, C By, CC By,(x0).

In the course of the proof of this Lemma we will make use of the following Lemma
by F.Gehring, M. Giaquinta and G.Modica stated in the book by M. Giaquinta [28] as
Proposition V.1.1.

Lemma 3.13 Let Q C R™ be a bounded open subset and let g € LY () with 1 < p < o0
be a monnegative function. There exists a constant kg > 0 depending only on m and p
with the following property: if for every ball B, with By, CC £ we have

p
][gpd$§b(][ gd:r) —1—/<;][ gf dx
T B47' B4,,»

for some b > 1 and 0 < k < Kq, then there exists sg > 0 depending also on b > 1 so that
g€ L; (Q) forall1 < s < sy and

loc
][ g dr < C’(][ gpda:)p .
T By

We are now in position to prove Lemma 3.12.

Proof. The proof is in some way similar to the proof of Lemma 3.2 in the paper by
P. Strzelecki and A.Zatorska-Goldstein [85]. We begin by constructing a suitable test
function for equation (3.3). Fixing a ball By, CC Q we can assume it to be centred at
0 € R™. Take a cut-off function n € C§°(By,) satisfying 0 < n < 1,7 =1 on B, and
|Vin| < 2. We will construct the test function ¢ := n* (u — P (2"7')) where P (z"7!) is
a suitable polynomial of order k£ —1 in the entries of x with constant coefficients depending
on u. The top coefficient pi_; of P (zk’l) is defined to be py_1 := V¥*upg, , which as
before denotes the average, so that V¥ (u — P (¢"71)) = VFu — Vkug, . The remaining
coefficients are determined recursively by py_; 1= VF~iup, — VFIP (z+1) — P(zk7),
so that this time V¥~ (u — P (¢571)) = V¥ Iu—V*k-ug, +VFIP (ah-1) — P (ah7), —
P (2"=1) = P(2*77). The reason for this choice of coefficients is that it ensured the averages
over By, of all derivatives of ©u — P (xk_l) to vanish, which will be of use later on.
Testing equation (3.3) with the v constructed above we obtain

/ VFuV*y de = / VQ(z,u, Vu,. .., V") dx (3.37)
Q Q

for which we will estimate right- and left-hand side separately. For the left-hand one we
immediately compute that it equals

k
[, [t vt - p )|
Bay

Jj=1
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which using the properties of n we bound by

k
/ n*|VEul? dz + Z le/ VAl [V* (u— P (2*71)) | da . (3.38)
Bay ]:1 Ba,

Next we set p := +1, 2 + 2 =1 and estimate for each j the appropriate term in (3.38)

applying Holder’s, Pomcare s (j — 1-times) and Sobolev’s inequalities

r”_j][ VEul [V* (u— P (")) | da
Bz

<y (][ |VEuP dx) ’ (][ ‘Vk_j (u—P(2"1)) ‘q d:p) !
BZr BZr
< Cor! (][ |VEulP dx) ’ (][ V! (u— P (2*71)) |q dx) ’
BQ,« BQT‘
<Cr" (][ |VEulP dx) ’ (][ V¥ (u— P (z"71)) |q* dx) " : (3.39)
BQT BQr

where ¢* := n”—fq = p. Thus with the properties of P (xk_l)we summarise the above

inequalities into

|VEulP d:c) " (3.40)

r”j][ |V¥ul ‘Vk*j (u - P (xk’l))‘ doe < Cr™ (][
Bar

Bay

Therefore together with (3.38) for the left-hand side of (3.37) this yields

n+1

/ VEuVry de > \VEul? do — Cr™ <][ |V’“u|ﬂ%b1 d$) o (3.41)
Q By BZT

Next we will bound the right-hand side of (3.37) using the sharp Gagliardo-Nirenberg
inequality. First we get

VQ(z,u, Vu, ...,V ) de C (||ullze +¢€) Z/ |V“u!2k dx

B27‘

k

=l (/B 9% = P G i [, )

p=1

From Theorem A.2 we estimate
2k —71
[ v a=p @) de < Cllu= Pt o,
Cllu=P (o, [ Vol (342
2r

Cez/ ‘Vku‘z dx , (3.43)
By,

u—P (") ||W2’€,2(BQT)

IN

IN
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provided € > 0 was chosen sufficiently small. Thus, combining the above estimates for
the right-hand side of (3.37) we get

2k
I

k
|Vku’2 dzr + C’Zr” ‘WBQT

p=1

VQ(z,u, Vu,. .., V" u)de < 062/

BQT BQ

n+1
n

k
< 062/ |Vku’2 dx + Cr" ( Z ]V“u&#l dx) (3.44)
Ba, B

2r ,u:1

Putting both estimates for (3.37) and (3.42) together we have

k k
][Z|V“u]2:da: < C ][ (Zwﬂuﬁf)
BT/.LZI B2r #:1

which, provided € > 0 is chosen possibly even smaller, implies that we can apply Lemma
2k
3.13 with g = Zﬁzl |VFu|» and p = 2 to obtain the desired reverse Holder inequality.[]

n+1

o k
dx +O€2][ Z|V“u|% dx
B

2r /»‘:1

n
n+1

Having obtained higher integrability, the proof of Proposition 3.6 together with section
3.5 shows Theorem 3.3.
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Appendix A

Sharp (Gagliardo-Nirenberg
interpolation inequalities

In this section we prove the sharp Gagliardo-Nirenberg interpolation inequality used in
the proofs of Theorems 3.1 and 3.3. The following interpolation inequality was proved by
L. Nirenberg in [62].

Theorem A.1 (Gagliardo-Nirenberg inequality) For k € N and 1 < q,r < oo, let
u € DE(R™) N LYR™). Then, for 0 < j < k, we have

IVl umy < ClIV Ul gy 1l (A1)
where . . L
PRSI DY
P m room
for all .
J
< ag<1
P

The constant C' is independent of u.

Remark A.1 For a bounded domain 2 with smooth boundary, the result remains true if
we add to the right-hand side of (A.1) the term Cllul|paq) for any ¢ > 0. The constants
then also depend on the domain.

1

In particular, we infer from Theorem A.1 that for a = 5 and ¢ = oo

197 ul 20y < CIV ey ] e my
where

p m 2r 2m

However, for our purposes to prove partial regularity for polyharmonic maps in section
3.3, this is insufficient as the L*°-norm of v cannot be made small. Therefore we need
to improve the preceding inequality, where the L*°-norm is substituted by the BMO-
seminorm. Such an inequality was mentioned in [2] by D. Adams and M. Frazier. Later
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it was proved in [55] by Y. Meyer and T. Riviere for the case j =1, k =2 and p = 4 and,
using different tools, in [84] by P. Strzelecki in the general case. For another proof using
symmetrization we refer to the paper by J. Martin and M. Milman [57]. Here we state and
prove the general case using the techniques of Y. Meyer and T.Riviere in [55], showing
that their method can actually be extended to cover all situations.

Theorem A.2 (Gagliardo-Nirenberg type inequality) Let Q be a bounded domain
with smooth boundary. Assume that u € W*"(Q) for some r > 1 and 1 < j < k, with
J,k € N. Ifu e BMO(Q), then Viu € LP(Q) for p := %7“ and

IV7ulze < C [u]gato llullfye - (A2)
where 6 := %, for some constant C = C'(k, j,r).

The proof of this Theorem will be done in three steps. First, using Besov spaces,
we will prove the Theorem in case j = 1 and £ = 2 on R". Next, we use a Whitney
decomposition to extend this to arbitrary domains €2 with smooth boundary, still in the
case j = 1, k = 2. Finally, a double induction argument as in [84] by P. Strzelecki shows
the general result.

Step 1.
The proof will show an even sharper inequality and uses the fact that derivatives of
BMO-functions are in the homogeneous Besov maximal space B> (see the book [1] by

R. Adams and J. Fournier for details). Therefore we will first prove the following theorem
on R".

Theorem A.3 Let f € BZV°(R™) N WH(R™). Then there is a constant C depending
only on n and q such that

11220 < ClLAll gz IV £z -

Proof. From the Littlewood-Paley decomposition of f (see again the book [1] by R. Adams
and J. Fournier for details) we know that

(3 1a,6)°

J

[fllz2e < C

L24g

Therefore we estimate

i < (Siautr)'as

e/ | ;;|Ajf|2|Ajff|2)2dx

CIAIY,.m /R (Zzgzmj,ﬂg)zdx
i

Ity [ (E218,1P) da

AN o IV 15

IN

IN

IN

IN
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which proves the Theorem. O

Applying this in the case where f = Vu, with u as in Theorem A.2, we immediately
deduce inequality (A.2) for R™ when j = 1 and k = 2. In fact only the L™-norm of V?u
is needed on the right-hand side.

Step 2.
To apply the previous result we need the following definition:

Definition A.1 Given an open (not necessarily bounded) subset 2 C R", define B1>(Q)
to be the set of restrictions of functions in BZM°(R™) to Q. The norm for a func-

tion [ € Bgol’oo(ﬂ) 1s defined as the infimum of the norm of all possible extensions
f € BZ<R") of f.

In case j = 1 and k£ = 2, the interpolation inequality follows from the next Theorem
which is a consequence of Theorem A.3.

Theorem A.4 Let Q) C R™ be either a convexr bounded open and reqular subset of R™ or
a half-space R, = {(x1,...,2,) : x, > 0}. There is a constant C' depending only on
and q such that for any f € Wh(Q) N B (), we have

1f = mafllizu0) < CQ DIV Fllza@ll fll ooy »
where mqf is the average of f on €.

Proof. We first prove the Theorem for the half space R from which the result for gen-
eral domains will follow using a partition of unity together with the results for R" and R} .

Consider a decomposition of R’} by Whitney cubes H;:ll [p;27% (pj+1)27"x[277,279F1].
Call these cubes @, their centres zg and dg = 27 their sizes. Let ¢ be a smooth func-

tion with support in @y = [—2,2]" equal to 1 on the cube %@0 = [-1,1]". Setting
Po(z) = (b(z;gQ) we obtain that 1 = Y7, ¢q on R". Similarly, given 6 € C§°(5Q0)

T—TQ )
dq :

In the proof we will need the following Lemma about Besov spaces (see the book [1] by
R. Adams and J. Fournier for details):

Lemma A.5 The Banach space BL"°(R™) is a module over the Schwartz space S(R")
for n > 1. More precisely, if we denote the norm on BZV®(R™) by || - ||+, for any
g € S(R") there exists Cy such that for any R > 0 the following holds

bz <.

Using the above decomposition we write any f € Wl’q(Rﬁi) as f = vy + vy, where

verifying fRn 6 = 1 we consider g = dé”@(

Ug = Z’YQ‘?Q
Q

V1 = Z(f - 7Q)¢Q s
Q

with v = fRn fbodx. Then we have the following Proposition for v;:
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Proposition A.6 Using the above notation we have

HU1||W17<1 < HfHWl,q

and

3 /Q 1 = 0lIVeoltdz < CIV f|2, .
Q

1 — 1 from Poincaré’s inequality we deduce that
P n

Proof. Choosing p so that % —

(/Q|f—%glpdw); < C(/lefl"dx); .

Here we modified the standard Poincaré inequality which involves the average mgqf. This
modification follows from Poincaré’s inequality since

1
P 1
(/QmQ—me) — Img - 10llQl

and

1 1 v
mo — 0l < g [ 1) = maldo < (g [ 1f = mapas)”
© Al g ¢ QI Jo ¢
Thus we deduce that

/ 1~ oltde < Cdg/ V| de
Q Q

which implies the result. 0]

From this Proposition we deduce that v; € W'4(R") and hence that v, € Wh4(R")
also.
Setting F := (f — vg)¢q, we apply Theorem A.3 to Fy to obtain

1Fol75, < CIVFoll%llFol? -

From the above Proposition it follows that ), [|[VFg[|7, < C|[Vf||7,. The other term
can be estimated by

1ol < [l foell« + [vqllldqll-

where |yp| in turn is estimated by

el < IIfllvdg" -

The estimate is completed applying Lemma A.5 to || f¢g|. since functions with compact
support are in S(R"). Hence

o124, < CIIVFI9IF1I9 -
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The aim of the rest of the proof is to establish the same inequality for v;. Note that

@) < 3 ho@)lals)
Il
< 3o

<

The remaining inequality will follow from the next Lemma:

Lemma A.7 Let f be a function from R} into C with

and

then we have

| fllz2e < C(q)vVmM .

Proof. Let us first consider the one dimensional case where we write ¢ for z,,. We have

q

)2q 1 00
m%ﬁ+/ RIET

BT

m

00 (
/ f2d < /”
0 0

m\ 3¢-1 1 m\ —4
< (37)7, s, AP gt ()
o]

Y

M

The first hypothesis implies that

() i

and
)| < M|t —t|"s < meT M7 |

)
From this it follows that on [0, (%)mfl]
flloe < 2mis A

which completes the proof of the lemma in the one dimensional case. In higher dimensions
we integrate the one dimensional inequality in 2’ = (21, ..., x,) and the lemma follows.[]

Therefore we have proved the remaining inequality for vy, i.e. that

lorll2, < CUVEIL AN -
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Combining the estimates for v; and v, we obtain the desired estimate for f on R’.

For a regular bounded domain in R” and f € W4(Q) N BL>°(Q) we use a partition
of unity and diffeomorphisms to reduce the problem to the case of the whole R™ or R';.[J

Step 3.

Having obtained the result in case 7 = 1 and k = 2 we now prove the general case from
a double induction argument following [84] by P. Strzelecki. We work on R™ first. Note
that from the remark at the end of step 1, we have

1 1

IVullz2emny < C [U]JQBMO(R”) ||V2“”1§p(Rn) ,
which, assuming the conditions of Theorem A.2 on j, k, r, and 6, we will show to imply
IV9ul| oy < C Tl garomn IV ullf @ - (A.3)

The general case of a smooth bounded domain €2 then follows by an extension argument.
Assume estimate (A.3) to hold for fixed 1 < j < k and all » > 1. For the first induction

step we will show that it continues to hold for k + 1, so we let r > 1, define s := (4w

(k+l)

and set p := . The induction hypothesis yields

IVl

_ A
LsRr) < C[U]BJO(RH)’|vk“||EP(R")

and from the usual Gagliardo-Nirenberg inequality, estimate (A.1), applied to Viu we
derive

IV ull zoqreny < CIVIUl o IV Ul )

where 0= kk;il Combining the last two estimates and cancelling a suitable power of

sy we deduce (A.3) for k + 1.
For the second induction step, again using (A.1), we have for r > 1 and m + 1 < k fixed

IV ]| oy < ClV o IV Eull oy

where this time s := %, p 1= T and 0 = J Estimating the term involving || V7ul| L« gn)

by invoking the induction hypothesis

; 1-1 %
IV7ul| s gy < O[“]BﬁO(Rn)||vku||fr(Rn)

inequality (A.3) again follows from combining these estimates since (1-6)(1— )y =1-14
and (1 —0)% + 6 = 21, Thus the induction argument is completed and Theorem A2
holds.



Appendix B

Linear Estimates for polyharmonic
equations

Singular Integral Operators

We recall the following singular integral theorem (Theorem I1.3.2) in the book [81] by
E. Stein.

Theorem B.1 Let K : R™ — R be a measurable function such that

K (z)| < Clx|™™ for |x| >0, (B.1)
[ K@) - K@)ds <C for ly] >0 (B.2)
|z|>2[y]
and
/ K(x)de =0 for all0 < Ry < Ry < 0 . (B.3)
R1<‘:E|<R2

Fore>0,1<p<ooand f € L»(R™), we set
Tef(x) = g’ fle—y)K(y)dy .
y|>e

Then, we have

1Tl < ClIflle

where C' is independent of € and f. Moreover, there exists T f € LP(R™) such that
T.f—Tf in LP,

as € — 0, for all f € LP(R™).

For m > 2k + 1, the fundamental solution of A*¥ on R™ is

Tp(z—y) =clz —y[

ie.
AFTy(z — y) = 8(z — y) for z,y € R™ .

The kernel K := V2T, verifies the hypotheses of Theorem B.1. Thus, we conclude
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Corollary B.2 Let f € [P(Q), 1 < p < oo, K = V*Ty and u = Tf. Then, u €
W2r(Q),
Afu = f a.e.

and
IV*ul| o) < Clf] Lo

where C depends only on n and p.

Remark B.1 Corollary B.2 also follows from the proof of Theorem 9.9 in [30] by D. Gilbarg
and N. Trudinger. The arguments can be carried over line by line to the case of general

k.

Furthermore, we have

Lemma B.3 For1 < p < oo, p € NN (k,2k] and u € WHP(Q) NWFP(Q), there exists a
constant C' (independent of u) such that

||l wur) < CHA%UHLP(Q) for u even,

and
1
[ul|wur@) < CI|VA T ullo) for p odd.

Proof. We follow the scheme of Lemma 9.17 in [30] by D. Gilbarg and N. Trudinger. We
consider the case p even. If Lemma B.3 is not true, there exists {u;},e;ny € WHP(Q2) N
WP (Q) satistying

[wllwery = 1 and [|AZ o) — 0,

as [ — oo. After passing to a subsequence, we may assume the existence of u € WHP(Q2)N
Wé“’p(Q) such that [|u|lwurr@) =1 and

w — uin WHP(Q) |

as | — 0o. Since

/gvaul dx%/gvaudx
Q Q

for all || < g and g € L7-1(£2), we must have

/gAgudx =0
Q

for all g € Lp%l(Q) Thus, A2u = 0 and u = 0 by the uniqueness assertion, contradicting
the condition ||u||lwur) = 1. For p odd, the proof is similar. O
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Decay Lemmas

Here we prove the following decay lemmas used in the proofs of partial regularity.

Lemma B.4 Let u € WH*(Q) be a weakly k-harmonic function with ||ul|wr.o) < 1. For
g € Q, 0 < p <r <dist(xg,dN) and 2 < p < 0o we have

mZ/

By (z0)

|Vlu| dx < Cr~ mZ/ |Vlu]% dx

(zo)

where C' 1s independent of u and p.

Proof. Due to the Weyl Lemma we know that w is smooth. Moreover, we have the
following Cacciopoli type estimate. For all B C 2 and for all v € N, it holds

[ullwrasg) < COv B)l[ullwrr2ay) - (B4)

2

To see this choose n € C§°(Bg) satisfying 0 <n <1,n=1on Bz. For P = nftlu, we
obtain with

VFuV*y) de = 0

Bgr

that

/ VR da
Br

_ _22 k:-‘,—l vk vk O, dr
—/ Vnk+lvk_1uvkudx
Br

_ 22/ Va—i—l k+1 Vk: a +va( k+1)vk+1_aU)Vk_1’LLdl'

1
- v?nk+1|vk—lu|2 dl’

2 /B,
Z/ |Veul? dw .

a<k—1

IN

Thus we have shown estimate (B.4) for v = k. For v > k + 1, we observe that Vu is
k-harmonic. Repeating the preceding argument for Vu we deduce the case v = k+ 1 and
by iteration we conclude (B.4) for all 7.
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Now let p < . Applying equation (B.4) to V'u (which is k-harmonic) and Sobolev

embedding theorem, we infer with s sufficiently large

pm/ |Vlu|%d:c < C sup ]Vlu]%(:c)
Bp(»"UO)

x€B,(x0)

kp
CONIV' ullypeap

IN

)

k—1 L2
C(r)(Z/ |V oul? da:)
a=l r
k—1

< O (/T\Vau\de)g

a=l

(S}

VAN

Using the fact that ||u||yxs) <1 this can be estimated by

C(r)g (/ |V°‘u|2dw)§§

from which by Jensen’s inequality we deduce that

k—1
,o_m/ |Vlu|kTp dx < C(r) Z |V“u|%p dx .
BP(EO)

a=l Br

m

To get the desired we apply a rescaling argument showing that C(r) = Cr~™ and sum
over all 1 <[ <k. O

Lemma B.5 Let u € W*2(Q) be a weakly k-harmonic function. For o € Q, 0 < p <
r < dist(zg, Q) and 2 < p < 0o we have

p_m/ |VEulP do < C’r_m/ |VFulP de |
Bp(a:()) BT(IO)

where C' is independent of u and p.

Proof. We begin by observing that we can add any polynomial of order £ — 1 to a k-
harmonic function and still obtain a k-harmonic function. Therefore the estimate in (B.4)
remains valid if one subtracts the average of u on By from u, i.e. together with Poincaré’s
inequality we get

/ \VEu|? da
5

k—1
1 1
C— N NLY CE:—/ veul? d
R2 /BR|“ ()| A + £ Rai=a) BR' ul” dz

k—1
1
S C —_/ ‘VQUPdSC .
2 7 J,

IA
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For Vu we define the polynomial py(z) = > ., xi(()miuBR(Io) where we note that Vp, =

WBR(:CO). Since the previous inequality still remains valid for u — p; we apply Poincaré’s
inequality again which yields

k—1

1 — 1
VFul|? dx < C—/ Vu—Vug, 2d:c+0£ —/ Veul|? dx
/Bg ‘ ’ R2(k—1) BR| Br( 0)’ a:2 R2(k—a) BR| ’
k—1 1
< C —/ Veul? dzx .
; R2(k=e) Br ’ ‘

[terating this procedure for V¢ for 2 < a < k — 1 in the same way we note that (B.4) can
actually be sharpened to only involve the term with V¥~ on the right-hand side. Thus
we deduce a better Cacciopoli-type inequality for V*u

1

9035, < O

y<C

r IV ull e,
2

and iterating again as in the previous lemma

IV ullwray) < CO RV ullaay - (B.5)

To deduce the decay estimate we proceed similarly to the above proof. Letting p < 5 we
apply Sobolev embedding, inequality (B.5) and Jensen’s inequality (noting that p > 2)
to get

xE€B,(20)

p_m/ VFulPde < C sup |VFulP(2)
Bp(fBO)

< OO ullyngs,)
b
2

< C(r)( |Vku|2dx)

By
< o) / VEul? dr
By

The same scaling argument as before shows that C'(r) = Cr~" and the lemma is proved.[

Lemma B.6 Forr > 0 we consider u € Wk’z(Br) and its k-harmonic extension on B,,
1.e. v solves the Dirichlet problem

Aky =0
u—veWy*(B,) .

We have
k
Z [vuv]?\/[mu(B

5
p=1

k
SO IV da
p=1"B
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Proof. Observe that v satisfies the Cacciopoli type estimate (B.4). Forall p < %, x € B:
and s > 0 sufficiently large, Sobolev embedding theorem and the Cacciopoli type estimate

imply

p_m/ |ViuPde < C sup |VFo|?
By(z)

xE€B,(x)

gc/

|V 0| da
(2)

T
4

It follows that

k
p2“_m/ |Vio2de < C’Z |V |? da (B.6)
By (x) =0 Y Br

k
< CZ(/B ]VAuFd:c—Ir/B \v*(v—u)ﬁdx) |
A=0 r r

Applying Poincaré’s inequality yields

VMo —u)Pde <C | |VFv—u)fde . (B.7)

B, B,

As v is k-harmonic, we have

VEuVF(u —v)dr =0,

B
le.
IVF|? do < / |VFu|? do . (B.8)
B, By
Combining (B.6) - (B.8) completes the proof. O

Divergence form
This section is devoted to the proof of the following lemma.

Lemma B.7 Consider a ball B C R™, g € L"(B), k> 1 and 5,1 > 0 with 1 <2[+j < k.
There exists a unique weak solution u € We*(B,RN) of

Afy =V . Alg

satisfying
V2@t Dy sy < Cllgllr sy

forl <r < oo.
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The proof is based on results in the book [30] by D. Gilbarg and N.Trudinger and the
books [28] and [29] by M. Giaquinta. In a first step we prove existence of a unique solution.

Lemma B.8 Consider a ball B C R™ and g € L*(B). Then there exists a unique weak
solution u € W,*(B,RN) of
Ary =V . Alg

for 3,1 >0 with 1 <20+ j < k.

Proof. This follows from a direct application of the Lax-Milgram theorem. On the space
Wy?(B,RN) we define the functional F(v) = [, gV Alvdx for v € W*(B,RY). Then
by Holder’s inequality this functional is bounded on W{"*(B,RY). Also note that the
bilinear form defined by L(u,v) = [, V*FuV*v dz is again bounded by Hélder’s inequality
but also coercive since

1
L(usu) = [[V¥ullZa) = Fllula g,

by Poincaré’s inequality. Thus we apply the Lax-Milgram theorem (see for instance
Theorem 5.8 in [30]) to deduce existence of a unique weak solution. O

In a second step, using the method of difference quotient, we show

Lemma B.9 Consider a ball B C R™ and g € L*(B). If u € WJ*(B,RY) is a weak
solution of
AFy=vO . Alg

for 3,1 >0 with 1 <214 5 < k, then
= WQk:—(?j—l—l),Q(B’RN) ]

Proof. We define (Alu) (z) := 1(u(z + he,) — u(z)) for 1 < v < m. Choose the test
function Ay with ¢ € Wi2(B,RN). Tt follows that

(—1)" / gVIN ATy de = / VEuVrPA M de = / VEuA, "V d
B B B
= / AU dr = / VEAMN Y dr . (B.9)
B B
Now we choose ¢ = n**1Ahy for arbitrary n € C5°(B) with 0 < n < 1. We compute
k
/ VEAM N Y de = / T VEAr|? da + C’Z/ Ve (Y VEAr VR ARy da
B B /B
k
— / T VEAL U de 4+ C ) / VeV ALV T ALy de
B /B

k
+C Z / Vet (gt YT ARy VR ALy d (B.10)
a=1 B
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where —oo < ¢; < oo for 1 < i < 3. Moreover, we define 7, ,(z) := n(x + he,). We
estimate

(—1) / AN de < [ g VA AT AR de
B

= [ g VA (L AT (ALu) + A (") Afu) | da

14

< [ gnt L VIAT (A (AL))| da
B
2j+1

S / gl Ve VAR AR ARy da
a=1

2j+

+Z/ gl VoA g | VE T Ay | da (B.11)
a=0 B

Combining (B.9)-(B.11) with Young’s inequality for some € > 0 to be chosen later gives
(using also that 0 < n(x) < 1 and that |[Vn*1|2 < C(|Vn|)n*th)

k—1
1 .
/ nYVEAL 2 de < = / Mt VA AL de 4+ C ) / (VA | da
B 2J)p " o /sptn

25+l

+CZ/ |V AT A |2 da 4 C/ g° dzx
sptnn,. B

a=1

+C’e/ 0" VEA M| dr (B.12)
B

where we can therefore absorb the last term in the left-hand side provided € > 0 is chosen
sufficiently small. For h > 0 sufficiently small, we infer that the second and the third
term on the right-hand side are uniformly bounded. For example, applying Lemma 8.2.1
in the book [45] by J. Jost to V®u, we estimate

/ |VeEA"My|? do < / APy dr < / Vet de < C
spty spty B

for0<a<k-—1.
If 25 +14+1 < k, we similarly show that the first term on the right-hand side is uniformly
bounded. Otherwise 2j 4141 = k, and we again apply Lemma 8.2.1 in [45] twice (noting
that the presence of a cut-off function does not affect the proof) to obtain

5 [T A de < 5 [ Al d

2J)p ™ 2J)p ™
Using the continuity of  and choosing h > 0, € > 0 sufficiently small we can absorb the
terms involving nl,jf;1|A}VLVku|2 in the left-hand side of (B.12). Combining the above steps
shows that from (B.12) we can deduce

/ VAR dz < C .
{z€B:n(z)=1}
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Now we observe that for all Q@ CC B there exists n € C§°(B) such that 0 < n < 1 and
n =1 on 2. We conclude

/ VEAM? de < C
Q

for all @ CC B. Hence, from Lemma 8.2.2 in [45] we infer that u € W**12(B). The
existence of higher derivatives now follows by induction which completes the proof. [

Thus, we look at solutions u € W2*~Z+0.2(B RN) 0 Wy"*(B, RN) satisfying
(1) / V2R QD 72 ) d = / gV AT dx (B.13)
B B

for every test function ¢ € WA (B, RN).
Set T'(g) := V#*~(2+)y, Lemma B.10 below states that 7" is a continuous linear operator

T:L*B) — L*B),

respectively

T : L®(B) — BMO(B) .

Thus, Stampacchia’s interpolation theorem (see Theorem 4.6 in [29]) then implies that
T : LY(B) — L4(B) is also continuous for 2 < ¢ < 0.

For 1 < ¢ < 2 we deduce continuity from a duality argument as follows. Let f € L9,
g € LP with % + % = 1, where by density we can assume that f,g € C5°(B). Thus

noting that then the fundamental solution of AFu = V¥ . Aig is given by ug(x) =
-1t [, V;A;Fk(x —y)g(y)dy we compute

[ an@atarde = [ VO @)g(a) da

_ ( 1)2k—(2j+l)/ ( )V2k_(2j+l)g($) dr

— )= 23+IC'//VZA7Fk T — )f(y)dyVik_@jH)g(x)da:
= (0*@e [ VAT = ) )V ga) dady
— C/Bf(y)/BVik (25+0) V;A;Fk(x—y)g(x) dxdy

= C /B f(y) /B V=i GLAIT (2 — y)g(x) dudy

= ¢ [ 1@ [ VLA - g)glo) dody

B B

e /B £ () V2= C+Dy () dy

e / f(2)(Tg)(x) de

< Clflleal Tyl o -
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Since ¢’ > 2 we can apply the above continuity result to g to obtain

/B (T)g < Cllf gl

After taking the supremum over all ||g||,+ = 1 by the dual characterisation of the norm
this enables us to conclude that

ITfllza < C|fllza

for ¢ > 1. The proof of Lemma B.7 is thus complete.

It remains to show

Lemma B.10 Consider a ball BC R™, g€ L*(B), k> 1 and 5,1 >0 with 1 < 2]+ j <
k. Ifue WJ*(B,RYN) is a weak solution of

Ary=vW. Alg

then g € LiX(B) implies that V*=y € L22(B) for 0 < A < m+ 2, where L)(B) :=

loc loc

{u e L? (B): [u] 21 3y = SUPR, () B p~ pr(IBO) U — g, (z0) | dv < oo} is the Campanato

loc e

space.

Proof. The proof is similar to the one of Theorem 3.3 in the book [29] by M. Giaquinta.
Set o« = 2k — (25 + ). Consider B,(z9) C B and let v be the a-harmonic extension of
u on B,(xg), i.e. w:=1u—v € W*(B,(z0)) and A% = 0 on B, (). From Poincaré’s
inequality and the application of Lemma B.5 we can estimate

/ IV = Vg (| dz < C’p2/ IVetiy|? do
By(x0) Bp(xo)

< op (E)m/ IVetiy[? do
r B (x0)

T
2

p m+2 )
= C (‘) / (V% — Vg, (4| dz . (B.14)
r By (z0)

for p < £. On the other hand, w satisfies (B.13) and ¢ = V22 y ¢ W2 is an
admissible test function. Thus we estimate
/ Vew|*dr = (—1)'“/ (g —§BT(IO))VZAjwdx
By (zo) By (zo)

1 _ 1 .
o 1o Tnealdety [ 9P,
Br(x()) BT(Q?O)

IN

ie.
/ [Vewl?dz < C 19 = s, (00 * dz < Clg]7nzyr” - (B.15)
By (o) B (o)
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Combining (B.14) and (B.15) yields

/ |V“u — Vaqu(xo)|2 dx
BP(IO)

< / Ve — V%Bp(mo)|2 dx + / |V&w — Vapr(x0)|2 dx
Bp(xo)

BP(QCO)
PN\ o,  Ta- 2 o, 12
<C VU — Voup, (oo)|* dx + C |Vew|® dx
r Br (o) Br(w0)
,

m—+2 __
<C (B> / [V = Voup, (o) [* dx + Clg]7on 57" -
BT-(J:())

The conclusion now follows as in the proof of Theorem II1.2.2 in [28] by M. Giaquinta. Fi-
nally, we apply Lemma I11.2.1, Theorem III1.1.2 and Theorem II1.1.3 in [28] to conclude.O
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Appendix C

Structure results for calibrated
currents

In this section we recall some structure theorems and other results proved in the funda-
mental paper [38] by R. Harvey and B. Lawson on calibrated geometries. The first one is
a result on the structure of calibrated k-vectors.

Lemma C.1 (Lemma 7.1 in [38]) Let w be a constant coefficient k-form on R™ with

comass equal to 1. Then for any unit k-vector T with w(T) = 1 there are N unit simple
k-vectors & with w(&;) = 1 and real numbers 0 < \; < 1 with Zf\il N, = 1 such that

N
=1

The structure Theorem below was used in the proof of the monotonicity formula in
section 1.2.

Theorem C.2 (Theorem 5.11 in [38]) Let 7 = S.iv A& be the decomposition from
Lemma C.1 for a unit k-vector which is calibrated by a constant form w. Then

N
(1,w") = Z i
i=1

For the perturbation argument in section 1.7 we used the following two results:

2

0
@AE

Theorem C.3 (Theorem 7.16 in [38]) Let w be a constant coefficient 2-form on R™
with comass equal to 1. Then there exists a subspace R*™ C R™ of even dimension, a
complex structure J on R* such that w = dx; A Jdxi + - - - + dx, A Jdz,. In particular,
any simple vector calibrated by w is a J-holomorphic 2-vector in R*".

Lemma C.4 (Lemma 6.13 in [38]) Let & be a unit simple k-vector in R*" equipped
with a complex structure J. Then there exist coordinates x1, Jx1, ..., 2y, JT, on R* and
angles

0<0, <0, < <1<, 1 <0, <7,

b
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such that

0 0 0 0 0 0
- 7 cosh - —<inf il i g
£ o A (Jaxl cos 0] + ot sin 1) A 9ra A (J8x3 cos By + Ay sin 02) Ao A

0 0 0
A Al J cos 0y, + sin )
Oxo_1 ( O0xak_1 g Oxay, k)




Appendix D

Constructing the projection

The existence of the map 7 immediately follows from the Lemma below (compare with
Lemma A.2 in the appendix of [70] by T.Riviere and G. Tian). From now on we denote
by D? the disk of radius 7 > 0 in R? and by B?™~2 the ball of radius r > 0 in R*™2.

Lemma D.1 Given € > 0 there exists o > 0 such that for any almost complex structure
J on D% x BY"? verifying

1. J(O):Jo,
2. | = Jollotw < forl>3,0<v <1,

and for any p € CP™ ! such that p = [py, ..., pm| with |p;| < |p1| for all 1 <i < m, there
exists an embedded J-holomorphic disk D, in (R®*™,J) such that

1. D, = {(z1,...,2m) € B>, Jo)|(21,..,2m) = (21,hy(21)) for 21 € D3} | where

h, : D? — B3™? is smooth ,

hy(21) — (g—zlf;—mz )‘

3. Ton =Pp.

<€

— )

Cl,u

Furthermore, given any w = (wy, ..., w,,) € D? x B2\ {(0,...,0)} with |w;| < % for
all 1 < i < m, there exists a unique p € CP™ " with |p;| < |p1| for all 1 < i < m such
that w € D,,.

Proof. The proof will follow from constructing a suitable perturbation of the Jy-holomorphic
disk defined by p. In fact, given w = (wy,...,w,) € D? x By ? and p as above, we
denote the Jyp-holomorphic disk defined by p passing through w by

Dg)m ={(21,...,2m) € (R*, J0)| (21,...,2m) = (21, h?u’p(zl)) for 2, € D3},

where the map defining this disk, namely A,  : D3 — B3™? is given by A, (z1) =
(Z—?(zl —wi) +wa, ... B2 (2 —wr) + wm>. In other words, we first write DJ) , as graph

HS, of hY,, over D3 and now look for a small perturbation of the form H,,(z) :=

(=1 +u(zl);h2],p(zl) + A(z1)) with p: D3 — D% and A : D3 — B3™ . The aim is to
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turn H,, into a J-holomorphic curve in D3 x B3™2 ie. we require H,, to solve for
71 =2+ 1y

OH,, . OH OH - OH
—P — J(H, s R e J — Jo)(H, s
ay ( ,p> ax t 833' + ( 0)( ,p) 833'
or, since HSW is Jyp-holomorphic, written alternatively as
OTwp -~ OH, . 0T,
2P —i(J — Jy)(H,y P (T — Jo)(Hyp) —2E D.1
T = () = o) (Ha) 2 (0 = o) () 5 (D.1)

where I:Iw,p = H}, ,+ Ty To solve equation (D.1) for T, , first note that the following is
a well-posed elliptic problem from C%(D?) into C'*1¥(D?)
{ S —F in D}

ulpp2 € span{e " |k € N} . (D2)

Provided |[J = Joll o1 (pg p2m—2) is sufficiently small, we can apply (D.2) to solving (D.1)

by a fixed point argument in C*(D?) and C'**(D?). Furthermore, the solution T,
obtained this way satisfies ||, p[|ci+.v(p2) < C(a) with C(a) — 0 as @ — 0 and there
are estimates ’

for the derivatives along the variables w, p defining Hgvp. Since the fact that T}, , is small
in C'*1 implies the same for the perturbation i, defining the shifting of 21 by pu(z1) as
((z1) := 21 + p(z1) we denote the composition with Hy,, by Hyp := Hyp o (' so that

H,»(21) = (21, hup(21)) for some smooth function h,,, : D? — B{™ 2.

dwiop < C(a) (D.3)

Cl+1—i—j,u(D%)

Before we can use izwm to finally define h,, we need the following map which we will
see is a perturbation of the identity

U: B 2x CP™! — B ?x CP™!
- OH,,, .
((w27' . awm)ac.Z) = (hw,Q? [ B (C 1(0)>]> Y

where as before %(C_l(())) denotes the point in CP™ ! defined by 2w (¢71(0)).

0z1 0z1

Since ]:vaq and ¢ are small perturbations of Hg’q and respectively the identity, the map
¥ can indeed be written as ¥ = id + K, where from (D.1) K satisfies ||V K[| c1. pam—2) <
C(a). Since we can choose o > 0 sufficiently small, ¥ becomes a local diffeomorphism
from B2 x U, where U € CP™ ! is the open subset defined by our condition on p.
Using the implicit function theorem there exist smooth functions w, : B{"* — B} ?
and g, : CP™"! — CP"! such that on B ? x U we have ¥(w,,q,) = (0,p).

Having obtained this, we can finally define the map h,(2;) := izwpvqp (z1) leading to the
definition

D, ={(z1,...,2m) € (RQm, Jo) | (21, -y 2m) = (21, hp(21)) for 2 € D%} )



103

By construction, D, is a J-holomorphic disk passing through the origin since ]:pr a ©

¢Y(0) = H,, 4,(w,) = (0,...,0). Furthermore, since H, 1. 18 J-holomorphic and J(0) =

OHuwy qp
0z1

of the first assertions of the Lemma.

Jo, we also deduce that p = [ (¢7(0))| coincides with TyD,, completing the proof

To prove the last assertion, let w = (wy,...,w,) be a point with |w;| < ‘“’—2” for all
i. We need to show that there is a unique p € U ¢ CP™! such that w € D,. In other
words, we look for a unique p € U ¢ CP™ ! such that w = (w;, hy-1(0,p)(w1)), where we

will abbreviate ilq;—l(mp) by fzp. As above, we will use a perturbation argument to prove
this. Define a map

d,:U — CP™!

p — [w, ilp<w1)] )
which we claim to be a small perturbation of the identity independent of w where

d: U — U

p — [wi, A, (w)]

Using coordinates on U given by ¢ : U — C™ 1 é(p) = ¢([p1, ..., Pm]) = (ﬂ o p—m),

p1’ ’ p1
we thus have to verify that for a sufficiently small but independent of w,

0 [ hy(wn) _ ho p(w1)
0¢; w1 wn

Defining r,, := h, — h} , and noting that r,(0) = h,(0) — A3 ,(0) = 0 with the same for the
first derivative, we therefore estimate

‘ 1 [0ry(w) 87’p ory
uv<<1>w—zd>uoogHw—l( aln) O )H H ot

where the last estimate follows from estimate (D.3). Consequently, for « sufficiently
small ¥,, is a diffeomorphism onto its image which is close to U. We then define
Pw = U, ([wy,...,wy]) and the disk D, defined by it is the unique disk containing
w. Therefore the Lemma is proved. 0

<e€.

)00

|7 . .

[e.9]



104 Constructing the projection




Bibliography

[1]
2]

3]

[10]

[11]

[12]

[13]

R.A. Adams and J.F. Fournier. Sobolev Spaces. 2nd edition Elsevier Science (2003)

D.R. Adams and M. Frazier. Composition operators on potential spaces. Proc. Amer.
Math. Soc. 114 (1992), no. 1, 155-165

D. Adams and L. Simon. Rates of asymptotic convergence near isolated singularities
of geometric extrema. Indiana Univ. Math. J. (2) 37 (1992), 225-254

W. Allard and F. Almgren. The structure of stationary one dimensional varifolds with
positive density. Invent. Math. (2) 34 (1976), 83-97

W. Allard and F. Almgren. On the radial behavior of minimal surfaces and the unique-
ness of their tangent cones. Ann. Math. (2) 113 (1981), 215-265

F. Almgren. Almgren’s big regularity paper. edited by J.Taylor and V.Scheffer,
World Scientific Monograph Series in Mathematics 1, World Scientific (2000)

L. Ambrosio and P. Tilli. Topics on analysis in metric spaces. Oxford Lecture Series
in Mathematics and its Applications 25 (2004)

G. Angelsberg. A monotonicity formula for stationary biharmonic maps. Math.Z. 252
(2006), 287-293

G. Angelsberg and D.Pumberger. A regularity result for polyharmonic maps with
higher integrability. preprint (2007).

N. Aronszajn. A Unique Continuation Theorem for Solutions of Elliptic Partial Dif-
ferential Equations or Inequalities. J. Math. pures et appl. 36 (1957), 235-249

F. Bethuel. On the singular set of stationary harmonic maps. Manuscripta Math. 78
(1993), 417-443

M. Blel. Céne tangent a un courant positif fermé de type (1,1). C. R. Acad. Sci.
Paris, Série I 309 (1989), 543-546

M. Blel. Sur le cone tangent a un courant positif fermé. J. Math. Pures Appl. 72
(1993), 517-536

M. Blel, J.-P. Demailly and M. Mouzali. Sur I'existence du cone tangent a un courant
positif fermé. Arkiv for Math. (2) 28 (1990), 231-248



106 BIBLIOGRAPHY

[15] H.Brezis. Analyse fonctionelle Masson, (1983)

[16] H. Brezis, J.-M. Coron and E. Lieb. Harmonic maps with defects. Comm. Math. Phys.
107 (1986), 649-705

[17] R.Bryant. Submanifolds and special structures on the octonians. J. Diff. Geom. 17
(1982), 182-232

[18] S.-Y.A.Chang, L.Wang and P.Yang. A regularity theory for biharmonic maps.
Comm. Pure Appl. Math. 52, No. 9 (1999), 1113-1137

[19] S.Chang. Two-dimensional area minimizing integral currents are classical minimal
surfaces. J. Amer. Math. Soc. (4) 1 (1999), 699-778

[20] R.Coifman, P.L.Lions, Y.Meyer and S.Semmes Compensated compactness and
Hardy spaces. J. Math. Pures. Appl. 72 (1993), 247-286

[21] G.David and S.Semmes Strong A. weights, Sobolev inequalities and quasi-
conformal mappings. in Analysis and Partial Differential Equations Lecture Notes
in Pure and Applied Mathematics 122 Marcel Dekker (1990), 101-111

[22] P.De Bartolomeis and G.Tian Stability of complex vector bundles. J. Diff. Geom.
43 (1996), 231-275

[23] L.C.Evans. Partial regularity for stationary harmonic maps into the sphere. Arch.
Rational Mech. Anal. 116 (1991), 101-113

[24] H.Federer. Some theorems on integral currents. Trans. Am. Math. Soc. 117 (1965),
43-67

[25] H.Federer. Geometric measure theory. Springer Verlag, (1969)

[26] H.Federer and W.Fleming. Normal and integral currents. Ann. Math. 72 (1960),
458-520

[27] A. Gastel. The extrinsic polyharmonic map heat flow in the critical dimension. Adv.
Geom. 6 (2006), 501-521

[28] M. Giaquinta. Multiple integrals in the calculus of variations and nonlinear elliptic
systems. Annals of Mathematics Studies vol. 105, Princeton University Press, (1983)

[29] M. Giaquinta. Introduction to Regularity Theory for Nonlinear Elliptic Systems. Lec-
tures in Mathematics ETH Ziirich (1993)

[30] D.Gilbarg and N.S. Trudinger. Elliptic Partial Differential Equations of Second Or-
der. Springer Verlag, (1998)

[31] P.Griffiths and J. Harris. Principles of algebraic geometry. Wiley, (1978)

[32] M. Griiter. Regularity of weak H-surfaces. J. reine angew. Math. 329 (1981), 1-15



BIBLIOGRAPHY 107

[33]

[34]
[35]

[36]

[37]

[41]

[42]

[43]

R. Gulliver and B. White. The rate of convergence of a harmonic map at a singular
point. Math. Ann. (4) 283 (1989), 539-549

P. Hajlasz and P. Koskela. Sobolev met Poincaré. Mem. Amer. Math. Soc. 145 (2000)

P.Hajlasz and P.Koskela. Sobolev meets Poincaré. C. R. Acad. Sci. Paris Sér. A
Math. 320 (1995), 1211-1215

F.Hang and F.Lin. Topology of Sobolev mappings. Math. Res. Lett. (3) 8 (2001),
321-330

R. Harvey. Holomorphic chains and their boundaries. in Several complex variables
(Proc. Sympos. Pure Math., Vol. XXX, Part 1, Williams Coll., Williamstown, Mass.,
1975) Amer. Math. Soc. (1977), 309-382

R.Harvey and B. Lawson. Calibrated geometries. Acta. Math. 148 (1982), 47-157

J. Heinonen. Lectures on analysis on metric spaces. Universitext, Springer Verlag,
(2001)

F.Hélein. Régularité des applications faiblement harmoniques entre une surface et
une sphére. C.R. Acad. Sci. Paris 311 (1990), 519-524

F. Hélein. Régularité des applications faiblement harmoniques entre une surface et
une variété riemannienne. C.R. Acad. Sci. Paris 312 (1991), 591-596

F. Hélein. Regularity of weakly harmonic maps from a surface into a manifold with
symmetries. Manuscripta Math. 70 (1991), 203-218

F. Hélein. Harmonic maps, conservation laws and moving frames. (2nd edition), Cam-
bridge University Press, (2002)

S. Hildebrandt and K.-O.Widman. Some regularity results for quasilinear elliptic
systems of second order. Math. Z. 142 (1975), 67-86

J. Jost. Partielle Differentialgleichungen. Springer Verlag Berlin Heidelberg (1998)
D. Joyce. Lectures on Calabi-Yau and Special Lagrangian geometry. preprint (2001)

C. Kiselman. Tangents of plurisubharmonic functions. in International Symposium in
Memory of Hua Loo Keng, Vol. II Springer Verlag (1991), 157-167

O. Ladyzhenskaya and N. Ural’tseva. Linear and quasilinear elliptic equations. Aca-
demic Press, New York-London (1968)

T.Lamm and T. Riviere. Conservation laws for fourth order systems in four dimen-
sions. Comm. P.D.E. (2) 33 (2008), 245-262

P. Lelong. Fonctions plurisousharmoniques; mesures de Radon associées. Applications
aux fonctions analytiques. in Colloque sur les fonctions de plusieurs variables, tenu
a Bruxelles, Masson, Paris (1953), 21-40



108

BIBLIOGRAPHY

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

P. Lelong. Plurisubharmonic functions and positive differential forms. Gordon and
Breach (1969)

J.Li and G. Tian A blow-up formula for stationary harmonic maps. Inter. Math. Res.
Not. 14 (1998), 735-755

F.Lin. Une remarque sur I'application x/|z|. C.R. Acad. Sci. Paris Sér. I Math. 305
(1987), 529-531

F.Lin. Gradient estimates and blow-up analysis for stationary harmonic maps. Ann.
Math. (3) 149 (1999), 785-829

Y. Meyer and T. Riviere. A partial regularity result for a class of stationary yang-mills
fields. Revista Mat. Iberoamericana, 19 (1) (2003), 195-219

J.Michael and L. Simon. Sobolev and mean-value inequalities on generalized sub-
manifolds of R". Comm. Pure Appl. Math. 26 (1973), 361-379

J.Martin and M. Milman. Sharp Gagliardo-Nirenberg inequalities via symmetriza-
tion. Math. Res. Lett. (1) 14 (2007), 49-62

F' Morgan On the singular structure of two-dimensional area-minimizing surfaces in
R™. Math. Ann. (1) 261 (1982), 101-110

C.B.Morrey Jr. The problem of Plateau on a Riemannian manifold. Ann. Math. 49
(1948), 807-951

C.B. Morrey Jr. Multiple integrals in the calculus of variations. Springer Verlag, Hei-
delberg, New York (1966)

J.Nash. The imbedding problem for Riemannian manifolds. Ann. Math. (2) 63
(1956), 20-63

L. Nirenberg. On elliptic partial differential equations. Ann. Scuola Norm. Sup. Pisa
(3) 13 (1959), 115-162

P. Price. A monotonicity formula for Yang-Mills fields. Manuscripta Math. 43 (1983),
131-166

D. Pumberger and T. Riviere. Uniqueness of tangent cones for calibrated 2-currents.
in preparation (2008)

E. Reifenberg. An epiperimetric inequality related to the analyticity of minimal sur-
faces. Ann. Math. 80 (1964), 1-14

T. Riviere. Everywhere discontinuous harmonic maps into spheres. Acta Math. 175
(1995), 197-226

T. Riviere. Conservation laws for conformally invariant variational problems. Invent.
Math. 168, (2007), 1-22



BIBLIOGRAPHY 109

[68]

[69]

[70]

[71]

[72]

[81]

[82]

[33]

T. Riviere and P. Strzelecki. A sharp Gagliardo-Nirnberg type estimate and applica-
tions to the regularity of elliptic systems. Comm. P.D.E 30 (2005), 589-604

T. Riviere and M. Struwe. Partial regularity for harmonic maps, and related problems.
Comm. Pure and Applied Math. (4) 61 (2008), 451-463

T. Riviere and G. Tian. The singular set of J-holomorphic maps into algebraic vari-
eties. J. Reine Angew. Math. 570 (2004), 47-87

T. Riviere and G. Tian. The singular set of 1 — 1 integral currents. to appear in Ann.
Math. (2007)

R. Schoen. Analytic aspects of the harmonic map problem. Seminar on Nonlinear Par-
tial Differential Equations (S.S. Chern editor), MSRI Publications, vol. 2, Springer-
Verlag, New York (1984)

R.Schoen and K. Uhlenbeck. A regularity theory for harmonic maps. J. Differential
Geometry 17 (1982), 307-335

R. Schoen and K. Uhlenbeck. Boundary regularity and miscellaneous results on har-
monic maps. J. Diff. Geom. 18 (1983), 253-268

S.Semmes. Finding curves on general spaces through quantitative topology, with
applications to Sobolev and Poincaré inequalities. Selecta Math. 2 (1996), 155-295

L. Simon. Lectures on geometric measure theory. Proceedings of the Centre for Math-
ematical Analysis, Australian National University, 3 (1983)

L. Simon. Asymptotics for a class of nonlinear evolution equations, with applications
to geometric problems. Ann. Math. (3) 118 (1983), 525-571

L. Simon. Uniqueness of some cylindrical tangent cones. Comm. Anal. Geom. (1) 2
(1994), 1-33

L. Simon. Theorems on regularity and singularity of energy minimizing maps. Lec-
tures in Mathematics ETH Ziirich (1996)

Y.-T.Siu. Analyticity of sets associated to Lelong-numbers and the extension of
closed positive currents. Inv. Math. 27 (1974), 53-156

E. Stein. Singular integrals and differentiability properties of functions. Princeton
University Press, Princeton, New Jersey. (1970)

M. Struwe. Partial regularity for biharmonic maps, revisited. preprint (2007)

P. Strzelecki. On biharmonic maps and their generalizations. Calc. Var. 18 (2003),
401-432

P. Strzelecki. Gagliardo-Nirenberg inequalities with a BMO term. Bull. London Math.
Soc. 38, (2006), 294-300



110

BIBLIOGRAPHY

[85]

[36]

[87]

[88]

[89]

[90]

[91]

[92]

93]

[94]

[95]

[96]

P. Strzelecki and A. Zatorska-Goldstein. On a nonlinear fourth order elliptic system
with critical growth in first order derivatives. preprint (2007)

C.Taubes. SW = Gr: from the Seiberg-Witten equations to pseudo-holomorphic
curves. First Int. Press Lect. Ser. 2, (2000), 1-97

G. Tian. Elliptic Yang-Mills equation. Proc. Natl. Acad. Sci. USA (24) 99, (2002),
15281-15286

J. Taylor. Regularity of the singular sets of two-dimensional area-minimizing flat
chains modulo 3 in R?. Invent. Math. 22, (1973), 119-159

J. Taylor. The structure of singularities in soap-bubble-like and soap-film-like minimal
surfaces. Ann. Math. 103, (1976), 489-539

C.Wang. Biharmonic maps from R?* into a Riemannian manifold. Math. 7. 247
(2004), 65-87

C. Wang. Stationary biharmonic maps from R™ into a Riemannian manifold. Comm.
Pure Appl. Math. 57, (2004), 419-444

C. Wang. Regularity and Blow-Up Analysis for J-Holomorphic Maps. Comm. Cont.
Math. 5 (2003), 671-704

H.C. Wente. An existence theorem for surfaces of constant mean curvature. J. Math.
Anal. Appl. 26 (1969), 318-344

B. White. Tangent cones to two-dimensional area-minimizing integral currents are
unique. Duke Math. J. (1) 50 (1983), 143-160

B. White. Nonunique tangent maps at isolated singularities of harmonic maps. Bull.
Amer. Math. Soc. (1) 26 (1992), 125-129

W.P. Ziemer. Weakly differentiable functions. Springer Verlag New York, NY (1989)



Acknowledgements

I want to express my gratitude to my supervisor Tristan Riviere for the constant support
during the last years. I have benefited much from the many valuable discussions and his
original ideas. I appreciate his deep knowledge and profound mathematical intuition and
his advice enabled me to accomplish my thesis. Moreover, I want to thank my co-examiner
Tom Ilmanen for stimulating discussions.

I thank Tristan Riviere and Gilles Angelsberg for the collaborations that lead to important
parts of this thesis. In particular, I would like to thank Gilles for his careful proof-reading
of several parts of this work. Let me also mention the Swiss National Science Foundation
that partially funded the research carried out in this thesis.

Furthermore, I owe many thanks to my friends in- and outside ETH for giving me addi-
tional energy through the sometimes necessary distractions from work. The many hours
spent on the bike together with Thiemo were an absolutely crucial resource of strength -
both physically and mentally.

Last but not least, I thank my whole family for their constant support and encourage-
ment. It goes without saying that none of this could have been accomplished without the
love and support of my wife Anna - thank you for that!



112 Acknowledgements




Curriculum Vitae

Personal data

Name . David Pumberger
Date of birth : July 20, 1979
Place of birth : Vienna, Austria

Citizenship . Austria
Civil Status : married
Education

since August 2003

Oct 1998 - Jul 2002

Sep 1990 - June 1997

Sep 1985 - June 1990

Doctoral Studies in Mathematics under the
supervision of Prof. T.Riviére,
ETH Ziirich, Switzerland

Diploma Studies in Mathematics
University of Warwick, United Kingdom

GRG III, Hagenmiillergasse, Vienna, Austria

Primary School, Kleistgasse, Vienna, Austria

Professional Experience

since October 2002

Oct 2001 - Sep 2002

Teaching assistant, Department of Mathematics,
ETH Ziirich, Switzerland

Tutor, Department of Mathematics,
University of Warwick, United Kingdom



