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Abstract

The goal of this dissertation consists in producing a suitable framework for the calculus of
variations associated with the Yang-Mills functional beyond the critical dimension four.
We focus primarily on principal SU(2)-bundles over the five dimensional unit ball B®.
In this case, the usual direct variational method together with the classical compactness
results by K. Uhlenbeck do not yield the existence of minimizers for the Yang-Mills func-
tional. As in the theory of harmonic maps from B? into S?, we may however expect
that minimizers do exist in the class of “singular bundles”, defined as the closure of weak
curvatures with a finite number of topological point singularities. The class of “singular
bundles” then consists of possibly almost everywhere singular principal SU(2)-bundles
over B® with bounded L2-curvatures.

To determine the closure of weak curvatures with isolated singularities, we first inves-
tigate the simpler Abelian case given by principal U(1)-bundles over B3. With the help of
a cubic decomposition of B3, we show that the closure consists of generalized curvatures
with integer-valued integral over all spheres in B3. The proof greatly relies on the gauge
invariance of the curvature in an Abelian gauge theory.

The results obtained in the Abelian case enable us to study the closure of curvatures
with point singularities in the non-Abelian setting consisting of principal SU(2)-bundles
over B® and to define a suitable class of “singular bundles”. This class given by the trace
of the tensor product of generalized curvatures incorporates the change in curvature under
gauge transformations in non-Abelian gauge theories.

The second part of the dissertation is devoted to one-dimensional currents associated
with the aforementioned weak singular curvatures. These currents enable us to investigate
whether the singular set of singular curvatures can be connected. In particular, we show
that to the currents associated with the curvatures of “singular bundles” there exists a
minimal one-dimensional rectifiable current — known as a minimal connection — which
completes the initial current to one without boundary.






Zusammenfassung

Die vorliegende Dissertation hat zur Aufgabe, einen geeigneten Rahmen fiir die Variation-
srechnung mit dem Yang-Mills Funktional in Dimensionen grofler als die kritische Dimen-
sion vier zu schaffen. Exemplarisch werden dazu Prinzipalbiindel mit Strukturgruppe
SU(2) iiber dem fiinfdimensionalen Einheitsball B® betrachtet, fiir welche die direkte
Methode der Variationsrechnung zusammen mit den klassischen Kompaktheitsresultaten
von K. Uhlenbeck keine Existenz von Minimierenden des Yang-Mills Funktionals liefert.
Die Analogie zur Theorie der harmonischen Abbildungen von B3 nach S? legt es nahe,
die Existenz von Minimierenden in der Klasse von “singularen Biindeln” bestimmt durch
den Abschlufl von schwachen Kriimmungen mit einer endlichen Anzahl von topologischen
Punktsingularitaten zu erwarten. Die Klasse von “singularen Biindeln” besteht dann aus
moglicherweise fast iiberall singularen SU (2)-Prinzipalbiindeln {iber B> mit beschriankten
L2-Kriimmungen.

Zur Bestimmung des Ablschlusses von schwachen Kriimmungen mit isolierten Sin-
gularitéten soll zunéchst der vereinfachte Abelsche Fall von U(1)-Prinzipalbtindeln iiber
B3 untersucht werden. Mittels einer kubischen Zerlegung von B? 1afit sich dann ein
Resultat fiir den Abschlufl beweisen. Genauer besteht dieser Abschlu aus verallge-
meinerten Kriimmungen mit ganzzahligem Integral iiber alle Sphiren in B3. Die fiir
Abelsche Eichtheorin charakteristische geometrische Eigenschaft der Eichinvarianz von
Kriimmungen unter Eichtransformationen ist fiir den Beweis von grofler Bedeutung.

Aus den Erkenntnissen des Abelschen Falls lassen sich dann sowohl der schwache
Abschluss von Kriimmungen mit Punktsingularitdten fiir den nicht Abelschen Fall von
SU(2)-Prinzipalbiindeln iiber B® als auch eine geeignete Klasse von “singuldren Biindeln”
ableiten. Diese Klasse gegeben iiber die Spur des Tensorprodukts von verallgemeinerten
Kriimmungen beriicksichtigt die Kriitmmungsanderungen bei Umeichung nicht Abelscher
Eichtheorien.

In einem zweiten Teil der Dissertation werden zu den vorher eingefiithrten schwachen
singularen Kriimmungen des Abelschen und nicht Abelschen Falls eindimensionale Strome
definiert, anhand welcher sich die Singularitdtenmenge der Kriitmmungen auf ihre Verbind-
barkeit untersuchen lasst. Insbesondere wird gezeigt, dass fiir die Strome assoziiert zu den
Kriimmungen von “singularen Biindeln” ein eindimensionaler minimaler rektifizierbarer
Strom — der sogenannte minimale Zusammenhang — existiert, welcher den Ausgangsstrom
zu einem randlosen Strom vervollstandigt.






Résumé

Le but de cette these est de donner un cadre convenable pour le calcul variationnel de
la fonctionnelle de Yang-Mills en dimension supérieure a la dimension critique quatre.
Nous concentrons notre étude sur les fibrés principaux avec groupe de structure SU(2)
sur la boule-unité B® en dimension cing, pour lesquels la méthode variationnelle directe
combinée aux résultats classiques de compacité de K. Uhlenbeck ne fournit pas ’existence
de minimiseurs pour la fonctionnelle de Yang-Mills. Pareillement au cas des applications
harmoniques sur B? & valeur dans S?, on peut cependant s’attendre & ce qu’il existe
des minimiseurs dans la classe des “fibrés singuliers” déterminée par la fermeture des
courbures faibles avec un nombre fini de points singuliers topologiques. La classe des
“fibrés singuliers” contient alors des fibrés principaux SU(2) sur B® peut-étre singuliers
presque partout avec des L?-courbures bornées.

Afin de déterminer la fermeture des courbures faibles avec des singularitées isolées,
nous étudions d’abord le cas Abélian, plus simple, des fibrés principaux avec groupe
de structure U(1) sur la boule-unité B3?. A laide d’une décomposition cubique, nous
démontrons que la fermeture est constituée de courbures généralisées avec une intégrale
entiere sur toutes les sphéres dans B2. La preuve repose sur l'invariance des courbures
sous transformations de jauge, characteristique a la théorie Abélienne.

Les résultats obtenus dans le cas Abélien nous permettent d’étudier la fermeture des
courbures avec des singularitées isolées dans le cas non-Abélien consistant en un fibré
principal SU(2) sur B® et de définir une classe convenable de “fibrés singuliers”. Cette
classe, qui fait intervenir des traces du produit tensoriel de courbures généralisées, prend
en compte le comportement des courbures sous transformations de jauge quand le groupe
de structure est non-Abélien.

Dans la seconde partie de la these, nous définissons des courants un-dimensionels
associés aux courbures singulieres dans les cas Abélien et non-Abélien. Ces courants per-
mettent d’étudier I’ensemble singulier des courbures sur sa connectivité. Nous démontrons
en particulier qu’aux courants associés aux courbures des “fibrés singuliers” il correspond
un courant un-dimensionel rectifiable — appelé connection minimale — qui complete le
courant initial en un courant sans bord.
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Chapter 1

Introduction

The goal of this dissertation consists in producing a suitable framework for the calculus of
variations associated with the Yang-Mills functional beyond the critical dimension four.
In particular, we investigate the framework for which we expect to obtain existence of
minimizers. The aim of this introduction is not only to present the main results in this
direction, but also to motivate the used strategy. We refer at several places to the next
chapter which is devoted to additional background material.

Calculus of Variations

Let m : P — M be a principal G-bundle over a compact n-dimensional Riemannian
manifold M with Riemannian metric g. The structure group G of P is assumed to be
a compact Lie group with Lie algebra g. We denote by A(P) the space of connections
on P. For any connection A let F'(A) € Q?(M,Ad(P)) denote the curvature of A. The
Yang-Mills functional is then defined as

YM(A) = / |F(A)|*dvol,,

where dvol, denotes the canonical volume form on M. The norm of F'(A) is induced by
the Killing form on g and the Riemannian metric on M. Details can be found in Section
2.1.

As a first step, we look for a smooth connection which minimizes the Yang-Mills
functional Y M among all smooth connections in A, (P). In other words, we ask if the
following infimum is attained:

_ : 2
mP) = nt /M [F(A)[2 dvol,. (1.1)

The most natural approach in order to show the existence of a minimizer consists in
applying the direct method in the calculus of variations. We take a minimizing sequence,
i.e., a sequence (Ag)gen of smooth connections in A (P) such that Y M(Ax) — m(P)
for k — oo, which we hope will converge to a minimizer in A (P). The curvatures F'(Ay)
associated to the minimizing sequence obviously have a uniform L2-bound. This bound,
however, gives no compactness result for the minimizing sequence in the C'*°-topology.
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Hence, the direct method in the calculus of variations applied to A..(P) does not imply
the existence of a minimizer in this class.

It is instructive to get familiar with the problem of existence of minimizers for the Yang-
Mills functional in the conformal four-dimensional case first. Results on the existence of
minimizers in four dimensions are based on the so-called Coulomb or Uhlenbeck gauge
introduced by K. Uhlenbeck, [46]. Let A € Ap12(P) be a Wh2%-Sobolev connection on
a smooth principal G-bundle P € P% (M) over a four-dimensional compact Riemannian
manifold M (see Section 2.2 for the notation) and let U C M open be trivializing for
P. Then, under the assumption of small L?-energy for the curvature F(A) of A, we
can find a local gauge transformation ooouoms € W22(U, G) such that the Coulomb gauge
Acoutomb = TCoutoms(A) satisfies dy Acouiomsy = 0 and || Acouioms||wr2wy < Cun || F(A)|| 2w)-
For more details the reader should read Section 2.4. As already announced in [46], the
local Coulomb gauge transformations o¢ouems for smooth connections are also smooth. —
In this thesis, we will rewrite this statement in a slightly different way and establish the
regularity result using Hodge decomposition and Lorentz space techniques.

Applying the direct method in the calculus of variations, we take a minimizing sequence
of connections for the Yang-Mills functional Y M in four dimensions. Since the estimate
| Acoutoms||wiz@y < Cun || F(A)| 2y implies the “coercivity” of Y M, the Coulomb gauge
is the key point in order to get weak compactness for the minimizing sequence. Thus
the direct method yields a limiting object which can be characterized as “WW2-Sobolev
connection on some W?22-Sobolev bundle”. Using the regularity results for Yang-Mills
connections (see K. Uhlenbeck [46], [47] and the explanations in Section 2.4) we then
conclude the existence of a minimizer in the class Ap12(P). As a consequence, the
“singular bundles” Ayp1.2(P) — consisting of Sobolev connections on smooth bundles —
give a suitable framework for the calculus of variations in four dimensions.

In contrast to the previous four-dimensional case, finding a notion of “singular bun-
dles” for the Yang-Mills functional in dimensions greater than four is much more involved
and is one of the main aims of this thesis. As a model case, from now on we consider
principal SU(2)-bundles over the five-dimensional unit ball B°. Note that the triviality
of P implies that any smooth connection A € A, (P) is a globally well-defined element
in QL (B® su(2)) and furthermore, that F(A) = dA+ A A A globally on B®.

As in the four-dimensional case, the most natural way to enlarge A, (P) for obtaining
existence of minimizers is to consider the class Ay1.2(P) of W?-Sobolev connections on
some trivial smooth principal SU(2)-bundle P € PEOU@)(BS) (again see Section 2.2 for
notation). Note that for the L%-curvature we have F'(A) = dA + A A A globally on B®.
Although the Yang-Mills functional Y M is still well-defined for Ay1.2(P) the infimum
is not attained in this class. This is because the crucial theorem by K. Uhlenbeck for
the existence of a Coulomb gauge does not apply to L2-curvatures in five dimensions and
hence the Yang-Mills functional is not “coercive”. Therefore the class Ayp1.2(P) does not
give the right framework for the calculus of variations for the Yang-Mills in five dimensions
and we have to look for a suitable replacement.

Harmonic Maps

In order to get a better understanding of our strategy to obtain a setting in which minimiz-
ers for the Yang-Mills functional in B® exist, we briefly review some results for harmonic



maps (see Section 2.3 for more details). For maps u : B> — S? there exists a minimizer
for the Dirichlet functional which is also smooth. This conformal two-dimensional case
for harmonic maps corresponds to the four-dimensional case for the Yang-Mills problem.
Recall that in both cases we obtain existence and smoothness of minimizers. Since we are
interested in the calculus of variations for the Yang-Mills functional in five dimensions,
we have to investigate the three-dimensional harmonic map analogue. Let u : B> — S?
and the Dirichlet energy functional E(u) given by

Bu) = / duf2ds
B3

It is well-known that the infimum of F is attained in the Sobolev space Wh?(B?, S?).
From H. Brezis, [2] and R. Schoen, K. Uhlenbeck, [41] we then deduce that the minimizer

ug is smooth except at a finite number of points ai,...,ay € B? with Brouwer degree
given by
1
deg(ug, a;) = — L5530, (Usw 0.
g(uo, a;) = /BB;"E(ai) 053 (a;) (UoWs2) 7#

In other words, minimizers for the Dirichlet functional in three dimensions have isolated
topological singularities and hence belongs to R“?(B?,S?), the space of W!2-Sobolev
maps being smooth except at a finite number of points with topological degrees.

In fact, even more is true: A density result by F. Bethuel [8], [9] says that the space
RY2(B3,5?) is dense in W12(B3 5?). Therefore the strong W'%-closure of R"?(B3,S5?)
equals the Sobolev space W12(B3,S5?). As a consequence the closure of RY?(B3 5?%)
gives a suitable class for the existence of minimizers for the Dirichlet functional in three
dimensions. It is precisely this scenario we want to mimic for defining “singular bundles”
below.

Bundles with Defects

We begin by defining the Yang-Mills analogue of R?(B3,S?), in other words of harmonic
maps with defects. In five dimensions, we expect for the minimum of the Yang-Mills
functional — as in the case of harmonic maps from B? into S? — to have isolated topological
singularities. A point a € B® represents a topological singularity if

1

@ oB3a) LgBé(a)Tr(F A F) 7é 0 s (12)

for small enough radii 7 > 0. In words, the second Chern number CQ(LEBE(Q)P) of the
restricted principal SU(2)-bundle ¢ s, P over OB3(a) does not vanish and is hence non-
trivial. As a consequence, there is no global representation F' = dA + A A A for some
A € Qy12(B°,5u(2)). Note that this would be required for any connection in the class
Aw1.2(P) introduced before which is yet another reason why the latter is not the right
class to work with.

In order to define weak connections with topological singularities first consider smooth
boundary data given by a smooth principal SU(2)-bundle ¢ over S* with connection
b € Ay(q). Then there exists an extension to a smooth principal SU(2)-bundle over B®
with smooth connection A € A, (P) such that t5,A = b if and only if c3(q) = 0 (see
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T. Isobe [25], Lemma 3.4). A vanishing second Chern number on the boundary hence
gives no topological obstruction for smoothness in the interior. This is similar to the
existence of a smooth extension for maps from B? into S? with vanishing Brouwer degree
on the boundary as described in Section 2.3. From the above observations, we conclude
that the space

Aoy (B?) = {A € Ax(P) : P e P (B%) and tjuA =0}, (1.3)

is not empty. For the class of connections allowing topological singularities, we recall
that there is no global interpretation of a connection as su(2)-valued one-form. With

smoothness except at a finite number of points ay,...,ay € B°, we then define
App(B°) = {A € A(P) : PeP(B\{ai,...,an}),
| F(A)||lz2(s) < 00 and tguA=b}. (1.4)

Note that in this class the singular set of the bundles itself can also vary.

Under the assumption that the second Chern number vanishes on the boundary, the
existing smooth extension is however not necessarily minimizing for the Yang-Mills energy.
Indeed, it is shown in T. Kessel and T. Riviere, [27] that we can find a smooth principal
SU(2)-bundle g over S* with connection b € A (q) and c3(q) = 0 such that

inf |F(A)|*dx < inf |F(A)] . (1.5)
A€AR(B5) /g5 A€A b(B5) JB5

Such a gap phenomenon which we also encounter in the context of harmonic maps (see
Section 2.3) confirms the necessity of working with singular bundles.
Analogously to A (B?) we define the following class of smooth su(2)-valued two-forms
on B5:
FooB®) = {F €03, (B%su(2)) : 3 Ae QL (B su(2)
st. FZdA+AANA and dTe(F A F) :o}.
(1.6)

By F £ dA+ A A A we mean equality up to gauge transformations o. More precisely,
there exists a gauge transformation o :_B5 — SU(2) such that 0 7'Fo = dA+ AA A for
A e Ql (B% su(2)). Elements in Foo(B®) can be interpreted as curvatures of connections
in A (B®). Moreover, analogously to Ax(B®) we define

./TR(BE’) = {F = {E}iEI < Qiz(BE),EU(Q)) : 3 ay,...,an € B5 st

"LYdA+ ANA locally smooth on B®\ {ay,...,an},
dTr(F A F) = 8r? (Zdé )dxl/\.../\d:v5 in D’}.
(1.7)

For weak curvatures in F(B?%) there exist hence locally on B®\{ay,...,ay} a gauge trans-
formation o and a smooth su(2)-valued one-form A such that o 'Fo = dA+ AN A is



locally smooth. Connections in Ag(B®) give rise to curvatures belonging to Fr(B®). Note
that the integers di, ..., dy € Z in (1.7) denote the second Chern numbers c3(¢5ps (4, P)
around the finite number of topological singularities a,,...,ay € B°. Roughly speak-
ing we have that d Tr(F A F') detects the topological singularities of the bundle. The
condition d Tr(F' A F') = 0 in the sense of distributions is necessary and sufficient for
the approximability in some L2-sense of Fr(B®) by smooth curvatures in F.,(B®) (see
T. Isobe, [25]). This is very similar to the case of harmonic maps u : B> — S2. In fact, a
map u € R¥?(B3,5?) has an approximation by smooth maps in C*(B3, S?) if and only if
dD(u) = d(u*wg2) = 0 in the sense of distributions. This characterization of the smooth
approximability goes back to F. Bethuel, [7] and the reader should again read Section 2.3
for more details.

Abelian Singular Bundles

The analogue to R'?(B3,5?) in the case of the Yang-Mills functional is the space Fr(B®)
of singular connections with isolated point singularities. Motivated by the fact that for
harmonic maps the minimizer belongs to the closure of RY?(B3,5?%), it is natural to expect
a minimizer for the Yang-Mills functional to be in the closure of Fr(B®). However, so
far this closure is not known. In other words, the analogue to Sobolev maps W'?(B3, 5?%)
consisting of “singular bundles” which can be singular everywhere has not been determined
yet. Hence, in order to get a framework for the existence of minimizers for Y M, we have
in a first step to give a precise definition of “singular bundles” or of the closure of Fr(B%).

First we consider a simplified version of this problem. Let P be a principal U(1)-
bundle over B3. Owing to the Abelian Lie group U(1), we call this Abelian gauge theory
the “Abelian case”. Note that in the Abelian case the curvature F'(A) of a connection
A € A(P) has the representation F(A) = dA and is hence a linear function of the
connection. A topological singularity a € B? in the Abelian case has non-vanishing first
Chern number )

— L F, 1.8
ot 9B3(a) 0B3(a) ( )

for radii » > 0 small enough. In analogy to Fgr(B®), we define the following class of
globally defined real-valued two-forms on B3:

Fr(B*) = {F €O (B%) : Fay,...,ax € B st. F e (BS\LNJC%) :
=1
F'% dA on B3\ {a1,...,an},
dF = 2 <i diéai> dz' A dz? A da® in D/} .
- (1.9)

In the Abelian case the topological singularities are detected by dF. Though the under-
lying principal U(1)-bundle for the class Fr(B?) may have topological singularities and is
thus not trivial, the curvatures are globally well-defined two-forms on B? (see Section 2.1).
This gauge invariance of the curvature makes the Abelian case much simpler to handle. —
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Note that curvatures in the Abelian case can be seen as a kind of natural generalization of
the “D-field” u*wg2 used for the study of harmonic maps u : B> — S%. For more details
on the link between curvatures and maps we refer to T. Kessel and T. Riviere, [27] (see
also the article by M.S. Narasimhan and S. Ramanan, [34]).

As a consequence of the simplified geometry in the Abelian case, it makes sense to
define the closure of Fr(B?) as the global L'-closure. The first main result of this disser-
tation describes completely the closure of Fr(B?).

k—o00

Theorem 1.1. Assume that there exists a sequence (Fy)gen in Fr(B?) such that Fy, —
F in L' for some F € Q3,(B?). Then, we have that F belongs to

1
fZ(BS) = {FG 9%1(33) . 2—/ LZB;’(:E)FGZ’
T JoBi ()
for Yz € B® and a.e 0 < r < dist(x, 833)} : (1.10)

Conversely, assuming that F' € Fz(B?), we can find a sequence (F},)ren in Fr(B?) such
that
F,—F L' (k— o).

This then leads to the definition of “singular bundles” in the Abelian case or, more
precisely, to the definition of everywhere singular principal U(1)-bundles over B® with
bounded L!-curvatures.

Definition 1.1 (L'-curvature of a singular U(1)-bundle). An L'-curvature of a

singular principal U(1)-bundle over B is a measurable real-valued two-form F on B®
such that the following holds:

(1) The two-form F has bounded L'-norm, i.e.,

/]ﬂfx<+m. (1.11)
B3

(ii) For every x € B® and for almost every 0 < r < dist(x,dB?) we have
1

— : FeZ. 1.12

27 Jos LoB3(x) ( )
The proof of Theorem 1.1 is based on a decomposition of B? into little cubes of side

length ¢ > 0. This is a technique we also encounter in Section 2.3 for the density of

RY(B3,5?%) in W2(B3,5%). The main steps of the proof can then be summarized as
follows:

a) Choice of the cubic decomposition: We take the average of the given F e Fz(B?)
and choose the grid in such a way that difference of F' and its average I’ vanishes
on the boundary in the limit ¢ — 0.

b) Good and bad cubes: The first Chern number on the boundary of the good cubes
vanishes. The bad cubes are the remaining ones whose volume vanishes in the limit
e — 0.



¢) Smoothing on the boundary: On the two-dimensional boundary of the cubic de-
composition we are in the critical case and can hence approximate F' by smooth
curvatures applying the density result in Corollary 1.7 below.

d) Gauge fizing: On the boundary of the good cubes we pass to a “linear Coulomb
gauge”. It is important to mention that since we are dealing with a Abelian gauge
theory, the curvature remains unchanged under gauge transformations.

e) Extensions: On the good cubes we take a harmonic and on the bad cubes a radial
extension in order to define the approximating sequence in Fr(B?). The bad cubes
give rise to the topological singularities.

f) Passing to the limit: On the good cubes, the approximating sequence tends for
e — 0 to the constant F. This is a consequence of the choice d) for the gauge
and of a) saying that F is close to the constant F' on the boundary of the cubic
decomposition. So the fact of being closed to a constant can be transfered from
the boundary to the interior of the good cubes, if we choose the correct gauge for
the harmonic extension. Once we have shown that the approximating sequence
converges to F', we apply Lebesgue’s theorem in order to conclude the convergence
to F' as desired.

On the bad cubes, using the properties of radial extensions, there exists a uniform
bound for the approximating sequence. Thus, we can apply dominated convergence
implying together with the vanishing volume that the approximating sequence van-
ishes in the limit € — 0 on the bad cubes.

Non-Abelian Singular Bundles

We now come back to the initial non-Abelian case of principal SU(2)-bundles over B® and
try to adapt Theorem 1.1 to this case. A direct translation of F7z(B?) to the non-Abelian
case leads to

Fz(B°) = {F € Q7,(B° su(2)) : Lops I is a curvature form on OB (z)

1
and — Lygs TL(FANF) € Z,
872 Joma(a) 9B (x)

for Vo € B® and a.e 0 <71 < dist(a:,(?BE’)} :
(1.13)

On the other hand, we can avoid in the non-Abelian case the problem of only locally
defined curvatures — and also the problem of smooth curvatures up to gauge transforma-
tions (see (1.7)) — by considering the gauge invariant quantity Tr(F A F') being a globally
well-defined real-valued integrable four-form on B®. Moreover, for F' € Fr(B®) we have
that Tr(F A F) is globally smooth on B® except at a finite of points. This leads us to the
next main theorem.
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Theorem 1.2. Let F' € Fz(B®). Then there exists a sequence (Fy)ren in Fr(B®) such
that the following weak convergence holds:

/ Tr(Fe AF) Aw =X | To(FAF)Aw, Vw € Q¢o(B?). (1.14)
B5 B5

As a direct consequence, we obtain that
dTr(Fy AN Fy) — dTe(FAF) in D (k — 00). (1.15)

This shows that the topology of the principal bundles given by d Tr(F' A F) is approxima-
tively preserved. Though the topology is normally not preserved under weak convergence
— see Section 2.3 for the weak convergence of harmonic maps with topology d(u*wgz) — we
still refer to Theorem 1.2 as the weak density result. Note that the strategy for the proof
of this result is almost a copy of the main steps for Theorem 1.1. Only step d) — passing
to the Coulomb gauge on the boundary of the cubic decomposition — is not needed.
Theorem 1.2 is a first step for the determination of the closure of Fr(B®). However,
this result is still unsatisfactory, since we are rather interested in some strong closure
than in the weak closure of Fr(B®) in order to define the notion of non-Abelian “singular
bundle”. For the strong closure, it turns out that — as in the Abelian case — we have to
pass to the Coulomb gauge on the boundary of the good cubes in the cubic decomposition
whose existence in four-dimensions follows from K. Uhlenbeck’s theorem (see [46]). Since
the curvature is not gauge invariant under the Coulomb gauge transformations, we would
obtain a kind of L?-convergence “up to gauge transformations”. Thus, we cannot work
with curvatures and the standard L2-topology in order to obtain the strong closure of
Fr(B®). The problem of gauge invariance in the weak density result was solved by
considering the wedge product Tr(F A F). We are however not able to characterize
uniquely with this wedge product the curvature. Passing to the tensor product Tr(F & F),
we finally end up with an object which fulfills simultaneously the requirements of gauge
invariance and characterization of the curvature — modulo the adjoint action of SU(2).

Lemma 1.3. Let F' and G be two elements in Q3,(S* su(2)). Then there exists a map
o€ L>(8* SU(2)) such that F = 0~ 'Go if and only if

Tr(FeF)=Tr(G®G). (1.16)
Note that for Q = Tr(F ® F) : B> — A\*(T'B%) ® A\*(T'B%) we observe that
||F||L2(B5) < ”Q||L1(B5) = [|Tr(F ® F)HLl(Bs). (1.17)

As outcome of the above considerations we suggest a definition for “singular bundles”
in the non-Abelian case — or, more precisely — for everywhere singular principal SU(2)-
bundles over B’ with bounded L?-curvature.

Definition 1.2 (L?-curvature of a singular SU(2)-bundle). An L*-curvature of a
singular principal SU(2)-bundle over B® is defined as an element Q0 in L* (B5, /\2(TB5) ®
/\2(TB5)) with the following properties:

(i) There exists F € Q7,(B®,s5u(2)) such that Q@ = Tr(F @ F).



(1i) For everyx € B® and a.e. 0 < r < dist(x, 0B®) there exists a curvature f of a W2-
connection on a smooth principal SU(2)-bundle over OB?(x) such that Lops() St =

Tr(f® f).

The class of L*-curvatures of singular principal SU(2)-bundles over B® is denoted by
Feo(B5).

We mention that a su(2)-valued two-form F as in Definition 1.2 for an L?-curvature
for a singular principal SU(2)-bundle belongs in particular to Fz(B?), since condition (ii)

implies that
1 *
@ oB3(0) LBB;S(:E)TI.(F VAN F) S Z,
for every x € B® and almost every 0 < r < dist(z, 9B®). For the strong closure of Fr(B®)
we then have to solve the following open problem:

Open Problem 1. Let Q) € Fg(B®). Does there exist a sequence (Fy)ren in Fr(B®) such
that

Tr(F,®F,) —Q  in L' ? (1.18)

Remark 1.1.  a) Note that in (1.18) we consider on the space of singular principal
SU(2)-bundles with bounded L?-curvature a metric given by

S(FI,F)= | |Tr(Fi®@ F) - Tr(FRe R)|ds. (1.19)
B5

b) Denoting the alternated Q by 0 € L* (/\4(TB5)) = Q7,(B®), the weak density result
(1.14) can be rewritten as

/ Tr(Fk/\Fk)/\wk_>—o>o QAw, Vw € Qpo(B?). (1.20)
B5

B5
Hence it can be interpreted as consequence of the strong convergence (1.18).

There is another alternative definition for non-Abelian “singular bundles” given in
T. Kessel and T. Riviere, [27].

Definition 1.3 (L*-curvature of a singular SU(2)-bundle). A representative of an
L*-curvature of a singular principal SU(2)-bundle over B® is a su(2)-valued measurable
two-form F on B® such that the following holds:

(i) The two-form F has bounded L*-norm, i.e.,

/|mw%<+m. (1.21)
B5

(ii) For every x € B® and a.e. 0 < r < dist(x,0B®) there exists a curvature f of a Wh?-
connection on a smooth principal SU(2)-bundle over 0B2(z) such that LopsE =1
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An L?-curvature of a singular principal SU(2)-bundle over B® is an equivalence class [F]
in the space of two-forms F € Qp2(B° su(2)) satisfying (i) and (ii) for the equivalence
relation given by the adjoint action of measurable maps o € L=(B® SU(2)).

As a consequence of Lemma 1.3, we obtain that Definition 1.2 and 1.3 are equivalent.
Together with Definition 1.3 we can adjust the topology on the space of L?-curvatures of
singular principal SU(2)-bundles using the metric given by (see T. Kessel and T. Riviere,
[27])

1/2
d([F], [Fy]) = GELW(%U@) ( /B 5 |Fy — o' Fyo? d%) : (1.22)

We will show that the two metrics d and 0 induce the same topology (see Proposition 1.5
below).

Next let ¢ be a smooth curvature for some smooth trivial principal SU(2)-bundle g over
S4. For this boundary data we denote by Fg,(B®) the space of curvatures in Fr(B®)
whose restriction to 9B is gauge equivalent to ¢. Moreover, we denote by Fg ,(B°)
the closure of Fp,(B®) for the topology induced by the metric § (see (1.19)). As final
outcome of our investigations on a suitable framework for the existence of minimizers for
the Yang-Mills functional in five dimensions, we arrive at the following open problem:

Open Problem 2. [s the infimum of the Yang-Mills functional in five dimensions

inf / |F|*d°x (1.23)
B5

FeFg,o(B?)
attained in Fg ,(B®)?

In a next step, the question of regularity has to be answered. It is well-known that for
maps from B? into S? there is a partial regularity result of R. Schoen and K. Uhlenbeck,
[41] saying that minimizers — which belong a priori only to W1?(B3 S?) — are smooth
except at a finite number of points. It is an open problem if such partial regularity result
also holds for minimizers in Fg ,(B®).

Open Problem 3. Do we have some partial reqularity result for minimizers in Fg ,(B°)?
In particular, do they belong to Fr,(B°)?

Three Different Metrics in Four Dimensions

For a better understanding of our results on non-Abelian “singular bundles” — and in
particular of Open Problem 1 — we have to take a closer look on W'2-connections with
small curvatures on some trivial principal SU(2)-bundle over S*. First, we will show the
following proposition saying that Coulomb gauges with curvatures in the small L?-energy
regime are unique up to a constant gauge transformation oy:

Proposition 1.4. Let A € Ay1.2(S*) with ||F(A)||12s5) < € < dun and let 0couoms €
W?22(8% G) denote the gauge transformation such that Acouoms = Coutoms(A) satisfies

d*ACoulomb = 07 HACoulomb||W1»2(S4) < CUh ”F(A)||L2(S4) . (124)
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Moreover, assume that there exists another gauge transformation ol 0 € W32(S4, G)
such that Booulomb = ¢ouoms(A) Satisfies

d*BCoulomb =0, HBCoulombHWL?(S‘*) < C’Uh ||F(A)||L2(S4) . (125)

Then, for sufficiently small € > 0, the Coulomb gauge is unique up to a constant gauge
transformation oq, i.e., we have that J()_lACoulomeO = Bcoulomb-

The next proposition plays an important role for the analysis of the non-Abelian case.

Proposition 1.5. Let A, B € Ayn1.2(S*) with ||F(A)||12(s4), | F(B)| 1251y < € < dun and
denote by Acoulomb, Bcouoms the corresponding Coulomb gauges. Moreover, let d, & and ~y
be three different metrics given by

(1)

1/2
. _ 2
d(F(A), F(B)) _UELm(lngU(Q))< S4\F(A) — o 'F(B)o| d%) : (1.26)

(i)
§(F(A),F(B)) = /S ITr(F(A) ® F(A)) — Tr(F(B) ® F(B))|d'z, (1.27)

(iii)
’}/(F(A), F(B)) = inf HACoulomb - UalBCOulombUO“W1»2(S4) . (128)
00€SU(2)
Then we have that d and § induce the same topology, whereas d and v do not induce the
same topology.

Remark 1.2.  a) The definition of the third metric 7 is motivated by Proposition 1.4.

b) The fact that the metrics d and § do not induce the same topology than - is the
main difficulty in order to solve Open Problem 1.

c) Lemma 1.3 which was already used for the definition of L?-curvatures of singular
SU(2)-bundles is also crucial for the proof of the first statement in the previous
Proposition 1.5.

Density Results in Critical Dimensions

In the proofs of the above theorems we made use of some density results in critical dimen-
sions for gauge field theories which we now describe. Let P be a principal G-bundle over
an n-dimensional compact Riemannian manifold M. Starting with LP-bounded curva-
tures, we get from the geometry that the corresponding Sobolev connections and Sobolev
bundles have to be at least in Ayp1.,(P) and P§.,(P) respectively (see Section 2.2). It
is then natural to ask if there exists a smooth approximation for W?2®-Sobolev bundles.
The non-linear constraint for the smooth approximation comes from the cocycle condi-
tion gijgji = ga, where the transition functions g = {g;;}: jer belong to W2?(U; N U;, G)
with U = {U, };e; an open covering of M. This non-linear constraint causes no problems
in the case p > n/2 due to the Sobolev embedding W?? — CY. It turns out that the
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density result still holds in the critical case p = n/2. A similar situation occurs in the
context of maps between manifolds, where the smooth approximability can also be ex-
tended to critical dimensions in the sense of Sobolev embeddings as shown by R. Schoen
and K. Uhlenbeck [39], [40].

The smooth approximation for connections can be shown with the help of a simple
formula taking into consideration the non-linear constraint in terms of the compatibility
condition for connections.

Proposition 1.6. Let p > n/2 and A = {A;}icr a Whr-Sobolev connection on Py, €
PE(M). Then, there exists a sequence (AF)ren of smooth connections on Py, such that

Lim | A¥ — Allwrww,y =0, (1.29)
for every i € I.

As a direct consequence, we obtain the smooth approximability of curvatures.

Corollary 1.7. Let A = {Ai}icr € Awro(Puy) and let F(A) be its curvature. Assume
also that there exists a sequence (AF)ren of smooth connections such that

Jim IAF = Aillwrow, =0, (1.30)

for every i € I. Then, for the sequence of smooth curvatures (F(Ak))keN associated to
A% we have that
lim [|F(4) — Fi(4) ) = 0. (1.31)

for every i € I.

Connecting Singularities

In a second part of the present dissertation, we want to solve the problem of connecting
the singularities of the previously defined various analytic classes of weak curvatures for
the Abelian and non-Abelian case. In other words, we answer the question of existence
of a minimal connection. The notion of minimal connection first appeared in H. Brezis,
J.-M. Coron and E. H. Lieb, [2] for harmonic maps from B? into S? and was then extended
to the context of Cartesian currents by M. Giaquinta, G. Modica and J. Soucek, [17]. The
reader should read the preliminaries to Section 6 for more details.

We start again with the Abelian case. For F' € Q2 ,(B?), we define the one-dimensional
current Tr € Dy (B?) given by

Tr(w) i/B?)F/\w, Vw € DY(B?). (1.32)

:27'('

In the case of Foo(B?) = {F € Q3,(B?) : dF = 0} representing smooth curvatures on
B? and Fg(B?) the boundary of Tr — which we will denote by Sp — reads as Sp = 0



13

and Sp = — ZZN:1 d; [ai], respectively. Then we introduce the following class of curvature
currents on B?:

Curv(B?) = {T eDy(B¥) : I FpeQ(B?) and 3 Ly € Ry(BY)

st. T'=Tp. + Ly, 0T =0 on B?’},
(1.33)

where R!(B?) denotes one-dimensional integer multiplicity (i.m.) rectifiable currents on
B3. Tt is not difficult to check that the currents Tr for F belonging to F..(B?) and
Fr(B?) are elements of Curv(B?).

Consider now an open set B> 5> B3 and smooth boundary data ¢ on B*\ B? with
vanishing integral on 9B?. Then, we define F' € F, RW(B?’) as element in Fr(B?) extended
by ¢ on B?’\B?’ and its minimal connection Ly as one-dimensional i.m. rectifiable current
supported in B? of minimal mass whose boundary satisfies 0Ly = —Sp. Moreover,
we denote the mass M(Lp) of Lrp by L(F) and refer to it as the length of a minimal
connection. Following closely the approach of M. Giaquinta, G. Modica and J. Soucek,
[17] we use some results on minimal currents in order to obtain the formula

1
L(F)=— sup / FAdE— typs(F &) » . (1.34)
2T epi R B3 aB3
141 %0 <1

The right-hand side can be seen as definition for the length of a minimal connection for
elements in the strong L!-closure of .7-"37@(33). Owing to the strong density Theorem
1.1, we denote the L'-closure of Fr,(B?) by Fz.,(B?) and we will show that F,(B?) N
Frn(B?) # 0 with n some other smooth boundary data implies ¢ = 7 (see Proposition
6.7). The next main theorem of the present dissertation says that the singularities of
elements in F,(B?) can also be connected by an i.m. rectifiable current.

Theorem 1.8. Let F € Fy,(B?). Then, there exists Ly € Ry(B*) with sptLy C B®
such that OLr = —Sp. In other words, we have

T =Tg+ Ly € Curv,(B?).

Moreover, the one-dimensional i.m. rectifiable current Ly can be chosen in such a way
that

M(Lr) = L(F),

where L(F') denotes the length of a minimal connection for F.

Now, we transfer the previous results to the non-Abelian case. To F' € Q2,(B®, su(2))

we associate the four-form = Tr(F A F) belonging to Q1.(B%) and define then the
one-dimensional current Ty, € D;(B®) given by

1 A 1
TQ(W):@/BSQ/\MZ@ BsTr(F/\F)/\w, Yw € DH(B®). (1.35)
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As in the Abelian case, it is not difficult to check that for F.,(B°) and Fr(B®) the current
T¢, belongs to the following class of curvature currents on BP:
Curv(B®) = {T eDy(B% : 3Qr€Q (B and 3 Ly € Ry(B?)
st. T=Ty, + Ly, 0T =0 on B},
(1.36)

The length of a minimal connection for F' € Fp,(B®) has the formula

1 A A
L(F) = -— sup / QN dE — Lyps (2€)
8T eps B aB5

14|50 <1

_ sup {/ Te(F A F)NdE —
B5

82 ¢.p5 g3
(11 5% <1

- s (Tr(F A F)g)} ., (1.37)

which also gives a definition for the length of a minimal connection L(2) of elements §2
in Fy ,(B®) with appropriate boundary conditions ¢ such that the integral of Tr(p A ¢)
on B3 vanishes. Note that as in the Abelian case we have Fg ,(B®) N Fg,(B°) # 0 with
n some other smooth boundary data implies ¢ = . The last formula (1.37) for Fg,(B®)
already appeared in T. Isobe, [25] as a natural generalization of the length L(u) of a
minimal connection for u € R"?(B3, 5?) without using the language of minimal currents.
Proceeding as in the Abelian case, we can show that singularities of Fg ,(B®) can also be
connected by an i.m. rectifiable current.

Theorem 1.9. Let () € ]:®7¢(B5) with Q the associated alternated four-form. Then, there
exists Ly € Ry(B®) with spt Ly C B® such that 0Ly = —Sq. In other words, we have

T =Ty + Ly € Curvy(B°).

Moreover, the one-dimensional i.m. rectifiable current Ly can be chosen in such a way
that
M(Lr) = L(),

where L(§) denotes the length of a minimal connection for §).

Next, note that the problem of minimizing the Yang-Mills functional in five dimensions
with fixed singularities was solved by T. Isobe, [25]. More precisely, let ¢ be a smooth
SU(2)-bundle over S* with vanishing second Chern number ¢3(q) = 0 and curvature .
Then, the minimal Yang-Mills energy in the class

N
E={F € Fryp(B®) : dTx(F AF)=8r" <Z diéai> dz' A...Adz” in D'}
i=1

with prescribed singularities is given by 872 L(F'), where L(F') denotes the minimal con-
nection of F. Following the strategy of F. Bethuel, H. Brezis and J.-M. Coron, [6] for
harmonic maps v : B> — S? explained in Section 2.3, we then introduce the relaxed
Yang-Mills functional.
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Open Problem 4. Is the infimum of the relazed Yang-Mills functional given by

YMa(F)= | |F|*dx+ 87" L(Q),
B5
or, equivalently,

YMrel<F) = ’FP d533 + min 871'2 M(LT> ,
B5

attained in the class Fg ,(B°)?

(1.38)

(1.39)
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Introduction




Chapter 2

Background Material

2.1 Concepts from Differential Geometry

We present the basic concepts from differential geometry on which the theory of gauge
fields is based. For simplicity, in this section we assume that all objects are smooth.
Several aspects are explained in more detail including references to the literature in Ap-
pendices B and C.

Let m: P — M be a principal G-bundle over a compact n-dimensional Riemannian
manifold M. The structure group G of P is assumed to be a compact Lie group with
Lie algebra g. Given an open covering U = {U;};,c; of M and trivializations (m, ;) :
7Y U;) — U; x G for the principal G-bundle P, we can define transition functions
gij - Uy NU; — @ satistying the cocycle condition g;;g5 = gy on U; NU; NU; # (. The
open covering U and the family of transition functions g = {g;;}: jer uniquely determine
the principal G-bundle P. In the following, we will hence sometimes use the notation Py,
for P being an element in the space P(M) of all principal G-bundle over M.

We associate the adjoint bundle P x 44g to P — denoted by Ad(P) —with Ad : Gxg —
g the adjoint action of the Lie group G on the Lie algebra g. Differential s-forms on M
with values in the adjoint bundle Ad(P) are sections of A*(T'M) ® Ad(P) for which we
will use the notation Q°(M, Ad(P)). The space of connections on P is then defined by

AP)={w=wo+A : Ac Q' (M AdA(P))}, (2.1)

where wy is a fixed reference connection. Given a trivialization, we can also think of
elements in A(P) as family A = {A;}ier of g-valued one-forms A; on U; satisfying the
compatibility condition

Aj = g;l Az gij + g;ldgm on UZ M Uj . (22)
Hence we can write
A(P) = {A ={A}icr : A € QY Uy, g) st. (2.2) holds}.

A connection on P induces a covariant derivative V4 on sections of the associated
vector bundle Ad(P). Together with the Levi-Civita connection on M this covariant
derivative extends to a covariant derivative V4 on differential forms taking their values
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in Ad(P). The exterior covariant derivative D4 on Q%(M, Ad(P)) is then the completely
anti-symmetric part of V4 (see Appendix C for details).

The exterior covariant derivative of a connection in A(P) then defines its curvature F’
being a two-form on M with values in Ad(P). The curvature can also be interpreted as
family F' = {F;}ics of g-valued two-forms F; on U; satisfying the compatibility condition

Moreover, we have the local representation

The group of gauge transformation G(P) consists of bundle automorphisms on P.
Gauge transformations can be identified with sections of the associated automorphism
bundle P x.G — denoted by Aut(P)- with ¢ : G x G — G the conjugate action of
the Lie group G on itself. In a trivialization o € G(P) is represented by local gauge
transformations o, : U; — G satistying g;; = o, L gij0; on U; N U;. This shows that the
transition functions remain unchanged under gauge transformations. Locally, a gauge
transformation acts on a connection A € A(P) by

0i(A) = o, Aoy + o7 Moy (2.5)

and on its curvature by
F(o(A)) =07 'Fi(A)o; . (2.6)
Also note that a single local gauge transformation can be seen as a change of trivialization.
Two principal G-bundles P,Q € PY(M) are said to be equivalent or isomorphic to
each other if there exists a bundle isomorphism A : P — @, i.e., a G-equivariant map
inducing the identity on M. In terms of transition functions this translates to the existence
of maps p; : U; — G such that

hij = Pi gij ,0;1 on Uz N Uj s (27)

where {gi;}ijer and {h;;}i.er are transition functions of P and () respectively over the
same covering {U, };,c; of M. Note that different trivializations of the same principal G-
bundle satisfy (2.7). For the following two cases the equivalence classes are characterized
by integers:

a) Principal U(1)-bundles P over the unit two-sphere S* C R? with curvature F are

classified by the integer
1
((P) =~ / F. (2.8)
52

2

called first Chern number of P. Note that the integrand is gauge invariant and
belongs to the first Chern class.

b) Principal SU(2)-bundles P over the unit four-sphere S* C R® with curvature F' are
classified by the integer

e (P) L/S4 Te(F A F), (2.9)

T 82

called second Chern number of P. Note that the integrand is again gauge invariant
but belongs to the second Chern class.
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For these results and a very readable introduction to characteristic classes we refer to
G.L. Naber [32], Chapter 6, and in particular to Theorem 6.4.2 therein.

On Q*(M,Ad(P)), there exists an adjoint action invariant pointwise scalar product
(-,+) induced by the Riemannian metric g on M and the Killing form on the Lie algebra
g. Using this scalar product, we then define the Yang-Mills energy functional Y M :
A(P) — R by

YM(A) = / |F(A)|* dvol, (2.10)

where dvol, is the volume form on M. Note that the Yang-Mills functional is gauge
invariant, i.e., Y M (c(A)) =Y M(A) for 0 € G(P). The critical points of the Yang-Mills
functional are called Yang-Mills connections. They satisfy a partial differential equation
given by the Euler-Lagrange equation

DyF(A) =0,

where D7 denotes the formally adjoint operator to the exterior covariant derivative D4
with respect to the scalar product mentioned above.

2.2 Weak Formulation of Gauge Field Theories

In this section, we describe the weak Sobolev formulation for gauge field theories. From
previous considerations, we already know that various geometrical objects occur in the
theory of gauge fields. Therefore care must be taken when defining their corresponding
Sobolev analogue. In particular, the Sobolev space of bundle-valued differential forms has
to be well defined. The reader is referred to Appendix C and references therein for more
details.

First, we introduce the notion of Sobolev principal bundles. For this purpose, from
now on we assume that the compact Lie group G is a matrix Lie group and we can
therefore regard G as subset of R™*! = R™. As in the case of maps between manifolds
(see Section 2.3 below), the Sobolev space of maps g : U C M — G is given by

W*P(U,G) = {g € W**(U,R™) : g(z) € G for ae. €U} . (2.11)

For kp > dim M = n the Sobolev embedding says that elements in W*?(U, G) are even
continuous. Hence we easily obtain that the pointwise multiplication and inversion are
well-defined and continuous in W*?(U, G). Making use of the compactness of G, it can
be shown that this remains true for 1 < kp < n.

Lemma 2.1. Let 1 < p < oo. Then the pointwise multiplication and inversion are
well-defined and continuous in the Sobolev space W*P(U, G).

Generalized transition functions in the Sobolev space (2.11) lead to Sobolev principal
bundles. Note that the next definition only makes sense because of Lemma 2.1.

Definition 2.1. Let M be an n-dimensional Riemannian manifold with open covering
U = {Ui}icr and G a matriz Lie group. Moreover, let g = {gij}ijer be a family of
G-valued functions each defined on U; N U; # 0 such that the following holds:
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(i) For everyi,j € I, we have that g;; € W*P(U; N U;, G).
(ii) For a.e. p € U;NU;NUy # 0, the cocycle condition g;;(p)gix(p) = gir(p) is satisfied.

This open covering U and family of functions g then define a W*P-Sobolev principal G-
bundle over M. It is denoted by Py, and we write PV?,,W(M) for the set of all W*P-Sobolev
principal G-bundles over M.

Next, we explain how to define Sobolev gauge transformations. As sections of Aut(P),
not only are they locally maps with values in the Lie group G, but also characterized by
gluing conditions. For Sobolev gauge transformations we therefore have on the one hand
to keep the global characteristics and on the other hand to require the associated local
gauge transformations to be Sobolev maps. More precisely, we define

ng:,p(P) = {O’ S Q(P) T 0; € Wk’p(Ui,]Rm)
and o(z) € G for a.e. z € M} . (2.12)

Note that a single local Sobolev gauge transformation can simply be seen as element of
WHrP(U, G) for some U C M.

With the help of the covariant derivative V4 and the scalar product (-,-) introduced
in Section 2.1, we can define the Sobolev spaces Q7. ,(M, Ad(P)) whose elements o are
Ad(P)-valued s-forms with finite Sobolev norm given by

k 1/p k
el = (Z/MIVixalp dv%) = (Z ||V?404||’£p>
i=0 i=0

Here V', denotes the i-th covariant derivative. Together with (2.1) we can then define

1/p

Awrs(P) ={w=wo+ A : A€ Uy, (M,Ad(P))}, (2.13)

the Sobolev space of connections on P. From now on we will only consider LP-curvatures,
i.e. the case k = 1, since (2.4) indicates that the connection has one more derivative than
the curvature. From (2.2) we then get that the relevant Sobolev principal bundles have
two derivatives and hence belongs to P, (M). Due to (2.5) gauge transformations are
of the same W?%P-Sobolev type.

The interpretation of a connection as a family of locally defined g-valued one-forms sat-
isfying the compatibility condition (2.2) leads to another equivalent definition of Sobolev
spaces of connections.

Definition 2.2. Let Py, € PS.,(M). A W'P-Sobolev connection on Py, is then defined
as a family A = {A;}icr of g-valued one-forms on U; such that the following holds:

(i) For everyi € I, we have that A; € WP N L?**(U;, T*U; ® g).
i) The compatibility condition A; = g;-* A; gi; + ;5 dgs; is satisfied a.e. on U; N U,;.
J 1) J 1) J J

The space of W'P-Sobolev connections on Py, is denoted by Aw1.(Pyg).
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Note that the Riemannian metric and the Levi-Civita connection on M are used in

order to define the Sobolev space WhP(U;, T*U; ® g) = Q1 (Us, g). The integrability
condition A; € WP N L?(U;, T*U; ® g) in the previous definition together with Holder’s

inequality ensures the LP-boundedness of the curvature

I Fillce < (| dA||ze + || Ai A As| e
< NdAslle + 1 Aill7ee < JAsllwrs + 1|43l 32 - (2.14)

Moreover, if we assume that p > n/2 then the Sobolev embedding W'# < L2 implies
that the first condition in Definition 2.2 can be relaxed to A; € W'P(U,, T*U; ® g), since
we then have

1Fillze < 1Aillwor + Al 22 < [Asllwrs + C 1Al s - (2.15)
Estimate (2.14) gives a sense to the next definition.

Definition 2.3. Let A = {A;}ic; € Aw1o(Pyy). The LP-Sobolev curvature associated to
A is the family F(A) = {F;(A)}ier of g-valued two-forms on U; defined by

Note that as a direct consequence we have Fj(A) = gi;! F;(A) g;; almost everywhere
on U; NUj. In Definition 2.3 we encountered a first formulation of weak curvatures.

2.3 Review of Harmonic Map Theory

Our strategy for producing a suitable framework for the calculus of variations associated
with the Yang-Mills functional beyond the critical dimension four, is strongly based on
the one used for similar problems occurring in harmonic map theory. — Harmonic maps
u: M — N between two Riemannian manifolds M and N have been a vast field
of research in mathematics for the last decades. Analytic methods used for harmonic
maps can in part be transfered to gauge field theories. Although many of the results
summarized in this section hold in a more general context, we shall only be concerned
with those aspects of harmonic map theory which can be used as motivation for solving
our initial problem. We will hence focus our attention on harmonic maps u : B> — S2.
For a better understanding of the strategies used in this thesis some ideas of proofs are
also added. — A detailed overview of results in harmonic map theory and the techniques
involved in proving them can be found in H. Brezis, [4], F. Hélein and J.C. Wood, [23].

We consider maps u : B" — S§™, where B" is the unit ball in R” and S™ the unit
sphere in R™*!. Both are equipped with the metric induced by the standard Euclidean
metric. The Dirichlet energy functional is defined by

E(u):/ |dul|? d™x

with the usual norm on vector-valued one-forms. The critical points of the Dirichlet func-
tional are called harmonic maps. They satisfy a system of non-linear partial differential
equations given by the Euler-Lagrange equation

A+ u|dul* =0, (2.16)
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where A denotes the Laplace operator.
We will see that for given smooth boundary data ¢ : 0B™ — S™, the Sobolev space

W;’Q(B”,Sm) = {u c Wh3(B",R™*) . w=¢ on 0B",
u(z) € S™ for a.e. x € B"}

allows the application of the Dirichlet principle also called the direct method in the cal-
culus of variations.

Before proceeding in this direction, we want to focus our attention on some density
results for Sobolev maps. For the linear problem of weakly harmonic functions, the
well-known approximability of Sobolev functions by smooth functions using standard
mollification techniques plays a crucial role. In the present non-linear context, it hence
seems natural to study whether such an approximation result still holds. It turns out
that this depends on the dimension n of the domain B™. For n = 1 the density of smooth
maps O (B!, S™) in W12(B', S™) for the strong W2-topology follows directly from the
Sobolev embedding theorem. As shown in R. Schoen and K. Uhlenbeck [39], [40] the
density of smooth maps can also be extended to the critical case n = 2. However, in the
case of n > 2 the radial projection map ug(z) = x/|z| gives an example for a map in
W12(B3,5?) which can not be strongly approximated by smooth maps C*(B3,5?%). We
will come back later to the smooth approximability of W12(B3, S?).

Using the direct method in the calculus of variations, we now look for a minimizer of
the Dirichlet functional. Equivalently, we ask whether the following infimum is attained:

m = inf / |dul* d"z . (2.17)
) n

ueWpy?(Bn,sm

Two-dimensional Case

We first treat the case n = 2 with maps from B? into S?. Note that in the sense of
Sobolev embeddings we are in the critical dimension and that because of the previously
mentioned density result, in (2.17) we can also take the infimum over C°(B?,5?). Con-
sider a minimizing sequence (ug)ren in W3?(B?, S%) such that E(uy) — m for k — oo.
Weak compactness then gives a limiting W2-Sobolev map u.. It is not difficult to
check that us, even belongs to W1?(B?,S?). Using the properties of weakly convergent
sequences and the lower semicontinuity of the L?-norm, we deduce that us is a mini-
mizer, i.e., m = F(uy). For an indepth discussion of the direct method in the calculus
of variations we refer to Chapter I of the textbook by M. Struwe, [44]. As minimizer
U satisfies the harmonic map equation (2.16) in a weak sense. The classical regularity
result of C.B. Morrey (see M. Giaquinta, G. Modica and J. Soucek [17], Section 3.2.2 for
an exposition of the original proof) for weakly harmonic maps in the critical dimension
then implies the smoothness of u.,. Thus problem (2.17) has a smooth solution in two
dimensions.

When topology comes into play in the sense that we want to find a harmonic repre-
sentant in a prescribed homotopy class the situation becomes more involved. First recall
that in the case of smooth maps from S? into S?, we have that f,g € C>(S?, 5?) are
homotopy equivalent f ~ g or in the same homotopy class if and only if deg(f) = deg(g).
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Here deg(f) denotes the Brouwer degree of f given by

1

deg(f) = E o f*u.)sz s (218)

where f*wg: denotes the pull-back by f of the canonical volume form wg2 on S?. The
degree of a Sobolev map in W12(S2, 5?) can then be defined by the degree of W2-close
smooth maps which exists because of the strong density of smooth maps as explained
before. Using a gluing technique this leads to a definition of the homotopy class for
maps in W)*(B? 5%). One makes the following important observation: The weakly
convergent minimizing subsequence for (2.17) does not preserve the homotopy class. Thus
the infimum in the class of maps in W;’Q(Bz, S?) with prescribed homotopy class is not
achieved. This failure of compactness can be illustrated with the so-called “bubbling of
spheres” as discovered by J. Sacks and K. Uhlenbeck, [37].

Three-dimensional Case

We now consider the three dimensional case with maps from B? into S?. Recall that the
radial projection ug is an example of a map belonging to W12(B3, S?) which can not be
approximated by smooth maps (see R. Schoen and K. Uhlenbeck, [40]). The following
theorem says that the singularities of u. are somehow generic:

Theorem 2.2 ([8],[9],[10]). Let

RY2(B3,52) = {u e WY(B%,8%) : 3 ai,....an € B® such that

ue C™ <B3\Cjai,52>}

be the subset of Wh2-Sobolev maps which are smooth except at a finite number of points.
Then, for every u € WY2(B3,S8?), there erists a sequence (ug)ren in RY2(B3,5%) such
that

U — U in Wh2. (2.19)

For this density result we refer to F. Bethuel and X. Zeng [10], Theorem 4, F. Bethuel
[8], Theorem 2 and especially to F. Bethuel [9], Proposition 1. The idea of the proof
is to divide B? into small cubes of side length ¢ > 0. In this cubic decomposition one
identifies the “good” cubes as those with small Dirichlet energy and the “bad” cubes as
the remaining ones with large energy. In order to construct an approximating sequence
in RM(B3,5?), one chooses a harmonic extension of the given map in W'%(B3 5?%) on
the good cubes and extend it radially on the bad cubes. Considering the good and bad
cubes separately one can show that in the limit ¢ — 0 this sequence converges to the
given map. In fact, for the convergence on the good cubes one uses Poincaré’s inequality
since the L2-norm on the boundary of the cubes can be controlled by a particular choice
of the cubic decomposition. By a simple counting argument the volume of the bad cubes
tends to zero in the limit € — 0 and hence dominated convergence applies.

The question of approximability of W2( B3, S?) thus relies on approximating R'?(B3, 5?)
by smooth maps. We associate to u € R"*(B?, 5?) the so-called “D-field” defined by the
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integrable one-form D(u) = u*wg2 on B? whose exterior derivative reads in the distribu-
tional sense as

N
dD(u) = <47T Z d; 5%) dz' Ndz® Ndz® in D' (2.20)
i=1

Here ¢,, denotes the Dirac measure at a; € B? and the integers d; = deg(u,a;) denote
the Brouwer degree of u restricted to any small sphere S?(a;) centered at a;. Roughly
speaking dD(u) detects the locations and the degrees of the topological singularities
of u € RY(B3,5?). Using (2.20), there is a simple proof of the non-approximability
of the radial projection ug. For an argument by contradiction assume that (vy)gen in
C>(B3,8%) converges in W2 to ug. It follows that D(vy) — D(ug) in the L'-norm
and hence dD(v;) — dD(ug) weakly in the sense of distributions. This is not possible,
since dD(vy,) = 0 for all k and dD(ue) = 4wdodx' A dx?® A dx®. This observation gives
one direction in Theorem 1 of F. Bethuel, [7] characterizing the smooth approximability
of Wt2-maps.

Theorem 2.3 ([7]). Let u € W'*(B? S?). Then there evists a sequence (Vg)gen in
C>(B3,5?) such that v, — u in W2 if and only if

dD(u) = d(u*wg2) = 0. (2.21)

The main steps for the other direction in the theorem are the following: In a first
step, due to Theorem 2.2 one can take an approximating sequence in RM (B3 S?) for
the given W12-Sobolev map with dD(u) = 0. In a second step, one considers a so-
called “dipole” defined by a map w : U — S? on some open domain U of B? such
that w € C*°(U \ {ay,a_},S?) with deg(w,ay) = 1 and deg(w,a_) = —1 for the pair
of singularities a,,a_ € U. Modification of w inside a small tubular neighborhood of
the line segment [ay,a_] joining the two singularities in order to obtain a smooth map,
induces a bounded extra cost in W'?-norm. More precisely, the bound is given by the
length 87ja; — a_| of the dipole. In a third step, the singularities of the R'*-maps in the
approximating sequence are splitted into several dipoles. Each of these can be removed
by the modification just described without loosing control of the W'2-norm. The control
is given explicitly by summing the length of the dipoles. This quantity will later be called
“length of a minimal connection”. Further explanations are given in Chapter 6 below.
The length L(u) of a minimal connection for the given v € W?(B3, S?) vanishes, since
dD(u) = 0 by assumption. Finally, one concludes the proof using the continuity of the
length of minimal connections and the fact that for smooth maps the length of a minimal
connection 1s zero.

In contrast to the strong convergence, as a by-product of the previous theorem, one
obtains that there is no restriction on the weak approximability of W12(B3, S5?) by smooth
maps (see F. Bethuel [7], Theorem 3 and F. Bethuel, H. Brezis and J.-M. Coron [6],
Theorem 2).

Theorem 2.4 ([6],[7]). Let u: B® — S? be any W'?-Sobolev map. Then there exists
a sequence (vy)ren in C®(B3,S?) such that

Vg — U weakly in WhH?
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Now we come back to the calculus of variations for the Dirichlet functional in dimension
n = 3. First of all, it is important to mention that the direct method in the calculus of
variations gives — as in the two-dimensional case — the existence of a minimizer in the
class W1?(B?, S%). However, this does not yield a smooth solution of (2.17) in the three-
dimensional case, because we only have a partial regularity result for minimizing weakly
harmonic maps (see R. Schoen and K. Uhlenbeck, [41]).

Next, we consider a simpler problem than (2.17) in the sense that the minimizer can
only have a finite number of singularities. More precisely, we want to determine the
minimal Dirichlet energy m in the class

& = {ue R}(B’ 5%) : deg(u,a;) = d; and ¢(x) = const}, (2.22)

where the locations ai,...,ay € B? and the degrees d;,...,dy € Z of the topological
singularities are prescribed. It turns out that m = 8m L, where L is the length of a
minimal connection for the prescribed topological singularities in &. For a proof of this
result we refer to H. Brezis, J.-M. Coron and E. H. Lieb, [2]. Note that the assumption of
a constant map ¢ on the boundary implies that deg(u|sps) = deg(p) = 0 or equivalently
that SV, d; = 0. Under this assumption the length of a minimal connection L(u) for
u € R;*(B?,S%) can be calculated by the formula (see Section 6.1 below)

L(u) = L sup { D(u) Ad§ — thgs(D(u) f)} : (2.23)
o it o
Loo<1

The right-hand side of the last equation makes sense for arbitrary maps v € W;Q(B?’, S?)
and hence can be seen as extension of L(u) on W)*(B?, S?) with deg(¢) = 0.

Returning to the problem (2.17) there are cases for which the minimizer of the Dirichlet
functional can be calculated explicitly (see H. Brezis, J.-M. Coron and E. H. Lieb [2],
Theorem 7.1).

Theorem 2.5 ([2]). The unique minimizer of the Dirichlet functional in the class
& ={ueW(B*S% : pa)=ux}
is given by the radial projection us = x/|x|.

A direct computation yields F(ug) = 87. Next one shows that F(u) > 8 for every u €
W}2(B%,5%) with ¢(x) = z. Using the regularity result of R. Schoen and K. Uhlenbeck,
[41] for minimizing weakly harmonic maps saying that such maps are smooth except
at a finite number of points, it suffices to test F(u) > 8 in the class R;’2(B3752).
Alternatively, we can also use the density result in Theorem 2.2. Different approaches
for the rest of the proof including uniqueness are presented in H. Brezis [3], Section II.1.
More generally, using the partial regularity result of R. Schoen and K. Uhlenbeck, [41]
the following characterization of minimizers holds (see H. Brezis [3], Theorem 6):

Theorem 2.6 ([3]). Let ug : B®> — S? be a minimizer for the Dirichlet functional E(u)
with any boundary data o : OB3 — S?. Then all singularities of uy have non-vanishing
degree. More precisely, assuming that ug € C'* (B3 \ {ai,... ,aN}), we have that

1

deg(ug, a;) = - /3133( )Lng(ai)(ugwsz) #0. (2.24)
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What happens if we now assume smooth boundary data ¢ : 9B% — S? satisfying
deg(p) = 0?7 Do we then get the existence of a smooth solution to problem (2.17) in three
dimensions? Vanishing degree means that we do not impose topological obstructions
to the regularity, since ¢ can be extended smoothly inside B3. However, such smooth
extensions are not minimizing and in fact, introducing singularities can lower the energy.
More precisely, it can be shown that there exist smooth boundary data ¢ : 9B3 — S?
with deg(y) = 0 such that

min /\du|2d3a:< inf /|dv|2d3x. (2.25)
B3 B3

ueW,?(B3,52) veC(B3,52)
This is the so-called gap phenomenon first observed by R. Hardt and F.-H. Lin, [20] being
in agreement with the density result in Theorem 2.3.

Exploiting the fact that C3°(B?,S?) is weakly dense in W)?(B?, S?), we define the
relaxed energy E,. on Wé’z(BS, S?) by

Erel(u) :1nf{l1m1nf/ |dvk|2d3x . (Uk)kEN in C;C)(B?’,SQ) with
B3

k—o0

v = u  weakly in W1’2} . (2.26)

It is shown in F. Bethuel, H. Brezis and J.-M. Coron, [6] that for the relaxed energy in
the case of deg(yp) = 0 we have

Era(u) = E(u) +87L(u) , (2.27)

where L(u) is the length of a minimal connection associated to u € W}?*(B?, S%) given by
the formula (2.23). From (2.27) we deduce the following properties for the relaxed energy:

a) We have that inf, o2 ps go) Era(u) = inf,cox(ps s2) E(v). Note that due to the
lower semicontinuity of E,o on W12(B3,5?%) the minimum on the left-hand side of
the last equation is achieved.

b) For every u € W}?*(B?, S?%) we obviously have E,¢(u) > E(u). Equality holds if
u e CP(B? 5?), since then L(u) = 0.

We return to the existence of a smooth harmonic extension to a given smooth map
¢ : OB> — S? with deg(p) = 0. One strategy for solving this problem might be to
minimize E,q over W2?(B?,5%). Then the energy gap in (2.25) coming from introducing
singularities is canceled by adding an extra cost in energy given by the length of a minimal
connection. However, this is only a heuristic argument, since at the moment there are no
regularity results for minimizers of the relaxed energy known to us.

2.4 Weak Compactness and Coulomb Gauge

This section is a first encounter with the analytic and topological aspects of gauge fields.
In particular, we discuss classical results for the calculus of variations associated with the
Yang-Mills functional in four dimensions. The important question of weak compactness
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was answered by K. Uhlenbeck by choosing a good gauge — called Coulomb or Uhlenbeck
gauge — which makes the Yang-Mills functional “coercive”. Note that the method of
passing to the Coulomb gauge is very common for gauge theories and will also play a
crucial role in this thesis.

The fundamental compactness result by K. Uhlenbeck [46], Lemma 3.5 and Theorem
3.6 is a key point for understanding the analytic and topological aspects of gauge fields.
An entire book was written on this subject by K. Wehrheim, [49].

Theorem 2.7 (Weak Compactness, [46]). Let P € PS (M) with M an n-dimensional
compact Riemannian manifold and (A¥)ren a sequence of smooth connections in Ay (P).
Moreover, we assume that ||F(A*)||1» is uniformly bounded for p > n/2. Then, we can
choose an open covering {U,}ie; of M and trivializations of P — or, in other words, local
smooth gauge transformations oF : U; — G — such that for the transition functions gfj :
U:NU; — G and the gauge transformed connections of(A*) = (oF)"* AFo¥ + (oF) " dok
the following holds:

(i) There exists a family g = {g{S}ijer of functions in W2P(U; NU;, G) satisfying the
cocycle condition such that for a subsequence

gfj — gy weakly in W*?(U; N U;, G). (2.28)

(1) There exists A = {AX}ier a WHP-Sobolev connection on the W*P-Sobolev bundle
Py g such that for a subsequence

oF (AR — A weakly in WHP(U;, T*U; @ @) . (2.29)

For the proof one chooses a finite open covering {U; };c; in such a way that on every
U; the LP-norm of the curvatures F(A*) is small independently of k. This is possible
because of the uniform bound on the curvatures and since p > n/2 by assumption. Then
one locally passes to a particular gauge called Coulomb gauge or also Uhlenbeck gauge
following K. Uhlenbeck [46], Theorem 2.1. For a motivation of such “gauge fixing” we
refer to S.K. Donaldson and P.B. Kronheimer [11], Chapter 2.3.

Theorem 2.8 (Coulomb Gauge, [46]). Let P € PS (M) and a connection A €
Aw1o(P) for p > n/2. Then, there exist constants 0 < oy, < 1 and Cyy, such that if the
L™2-norm of the curvature F in a trivializing open set U C M of P is bounded by 6y, i.e.,
|l Lrr20ry < Oun, we can find a local gauge transformation ocouoms € W2P(U, G) mak-
g the connection A locally gauge equivalent to the so-called Coulomb gauge Acouwiomp =
OCoutomb(A) which satisfies

d*ACoulomb = 07 (230)

and
| Acoutoms||lwir@y < Cun || Fll ey - (2.31)

Remark 2.1. The Coulomb gauge estimate (2.31) has to be compared with (2.15).

In the Coulomb gauge one obtains a W!?-bound on the connections from the bound
on the curvatures. Using weak compactness, one hence gets a limiting connection and
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(2.29). Exploiting (2.2), one deduces a W?P-bound on the transition functions from the
bound on the connections. The weak convergence (2.28) is again a consequence of weak
compactness. — These are the main steps in the proof of Theorem 2.7.

So far we can only characterize the limiting objects from the compactness result as
W1P-Sobolev connection on some W2P-Sobolev bundle. The compact Sobolev embedding
W?2P — (C° which holds due to the assumption p > n/2 implies that the weak convergence
in (2.28) can be replaced by strong convergence in the C%-norm. From Proposition 3.2 in
[46], we then deduce the existence of continuous maps pf : V; — G such that

g =plgy ()" on UinUy,
for k sufficiently large, where {V;};c; denotes a refinement of the covering {U; };c; of M.
It follows from (2.7) that the initial bundle P and the limiting bundle Py 4 — which in
the following we will simply denote by P> — are topologically equivalent.

If in dimension n = 3 we consider in dimension n = 3 a sequence of W12-Sobolev
connections with uniformly bounded Yang-Mills L?-energy then Theorem 2.7 applies. In
dimension n = 4 the Yang-Mills energy is given by the critical exponent p = n/2 and
hence weak compactness fails. However, as shown in S. Sedlacek [42], Theorem 3.1, there
exists a singular set S consisting of a finite number of points ay,...,ay such that weak
compactness still holds on the smaller set M \ S. This follows from the fact that one can
find an open covering {U; };c; on which one can locally pass into Coulomb gauge only for
M\ S.

Another result on the limiting behavior of sequences of connections (see T. Riviere [36],
Theorem IV.1) says that under strong convergence of connections in the W'™/2-norm and
the additional assumption of connections locally being in Coulomb gauge, the topology
of the underlying principal G-bundle remains unchanged.

Existence of Minimizers

With the help of the previous weak compactness results, we now want to solve the problem
of existence of minimizers arising in the calculus of variations for the Yang-Mills functional.
Given a smooth principal G-bundle P over M, we ask if the following infimum is attained:

m(P) = _ inf / |F(A)? dvol, . (2.32)
AeAx(P)

First, we treat the case n = 3. Applying the weak compactness Theorem 2.7 to
a minimizing sequence (AF) ey in Ay (P) with Y M(A¥) — m(P) for k — oo, we
deduce the existence of a limiting W?2-Sobolev principal G-bundle P> with preserved
topology and a connection A® € Ay12(P>). From the weak convergence (2.29), we
obtain that F(c%(A*)) — F(A%) weakly in L?, where a standard estimate similar to
(2.14) is used. Note that the global gauge transformations (%) are obtained by gluing the
local gauge transformations in Theorem 2.7 together in a suitable way (see K. Uhlenbeck
[46], Theorem 3.6). Hence the weak lower semicontinuity of the L?-norm and gauge
invariance of the Yang-Mills energy imply that

k—oo

YM(AOO)—/ |F(A®)|*dvol, < liminf/ |F (o*(A))|* dvol,
M

= hmlnf/ |F(A*)|? dvol, = m(P).
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Moreover, the W!2-Sobolev connection A is a weak solution of the Yang-Mills equation
D4F(A) =0 in D,

meaning that (F(A), D4¢) = 0 for every ¢ € QL (M,Ad(P)). The smoothness of the
weak Yang-Mills connection A can then be deduced, since the Coulomb gauge condition
(2.30) is also preserved under weak limits. This elliptic regularity result can be found in
K. Uhlenbeck [46], Corollary 1.4. Thus A* satisfying Y M (A>) = m(P) is a solution of
problem (2.32) in three dimensions.

We now focus on the four-dimensional case investigated in detail by S. Sedlacek, [42].
The minimizing sequence of connections for the Yang-Mills functional converges weakly —
as seen before — on M except for the singular set S containing a finite number of points.
The limiting W*'2-Sobolev connection A* on some W?22-Sobolev principal G-bundle P>
over M\ S is shown to be a weak Yang-Mills connection on M \ S. Applying the previous
elliptic regularity result, which still holds in the critical case p = n/2, we obtain that A>
is smooth. The theorem on the removability of singularities in Yang-Mills connections
(see K. Uhlenbeck [47], Theorem 4.1) then implies that A> and P> extend to a smooth
Yang-Mills connection A on an extended smooth principal G-bundle P over M. It is
important to notice that the initial smooth principal G-bundle P and P are in general
not topologically equivalent or in other words isomorphic to each other. This is similar to
the two-dimensional case for harmonic maps where the homotopy class is not preserved
under weak convergence (see Section 2.3). For a more detailed discussion including the
“bubbling phenomenon” the reader is refered to B. Lawson [29], Section V. However, as
shown in S. Sedlacek [42], Theorem 5.5, a certain topological invariant is preserved under
weak convergence. In the case of G = U(m) this invariant coincides with the first Chern
class of P. Thus, we obtain the existence of a minimizer for (2.32) in the case n = 4 if
we allow the initial principal G-bundle P to vary within a class of principal G-bundles
determined by this given fixed topological invariant. — Previous ideas led A. Marini,
[30] to a solution of the Dirichlet and Neumann boundary value problem for Yang-Mills
connections using again the direct method in the calculus of variations.

In order to avoid the difficulty of a possibly new limiting principal G-bundle in four
dimensions, in the special case of G = SU(2) it is possible to minimize the Yang-Mills
functional in a class of connections on generalized principal G-bundles. These are roughly
speaking obtained as weak limit of their second Chern class (see T. Isobe, [25]). Recall
that in four dimensions principal SU(2)-bundles are isomorphic if and only if their second
Chern number coincides.
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Chapter 3

Analysis of Wh2-connections in Four
Dimensions

3.1 Density Results in Critical Dimensions

Let M be a n-dimensional compact Riemannian manifold and G a compact Lie group
with Lie algebra g. A smooth principal G-bundle P over M is then defined in terms of
a bundle atlas as described in Definition B.1. The bundle atlas then leads to smooth
transition functions g¢;; : U; N U; — G where U = {U, };e; denotes an open covering of
M (see (B.2)). Transition functions satisfy the cocycle condition

9ij9ik = Yik ; on U;NU; NU. (3.1)

From Proposition B.1 we know that it is conversely sufficient to construct a smooth
principal G-bundle in PE (M) if transition functions g = {g;; }ijer and an open covering U
are given. This characterization of smooth principal bundles by their transition functions
turns out to be suitable in order define weak Sobolev bundles. We just require a family
of maps g = {gi;}ijer with ¢;; : U;NU; — G to be in some Sobolev space and to satisfy
the cocycle condition (3.1). From these generalized transition functions we then get weak

Sobolev principal G-bundles P$,, (M) of Definition 2.1.

The aim is now to find some smooth approximation of Py, € P§.,(M) by smooth
principal G-bundles in PS (M). The difficulty comes from the fact we can not only take
the mollification of the transition functions g of P4, but also have to ensure that the
mollification of g satisfies the cocycle condition (3.1). Only in this case the mollification
defines smooth approximating principal bundles. The non-linear constraint (3.1) is easy to
handle under the hypothesis p > n/2, since W%P-Sobolev maps embedds continuously in
the space of continous maps (see for example R. Schoen and K. Uhlenbeck, [39]). Though

the smooth approximability becomes much more involved, it still holds in the critical case
p=n/2.
Proposition 3.1. Let Py, € P§,(M) with p > n/2. Then, there exists a sequence

(f]fj)keN of smooth transition functions defining smooth principal G-bundles Py g, for
every k € N, such that

kh—>Holo ngk] - ginWZ’p(UiﬂUj) = 07 (32)

for every i,j € 1.
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We now sketch how to deal with the non-linear constraint in the critical case p = n/2.
— Let ¢; € W?P(U;, G) be such that g;; = goigoj_l on U; NU; (see (B.2)). Then we define
gi = 1" x g € C(U;, G), (3.3)
where (n¥)ren denotes a mollifying sequence. We already know that (see R. Schoen and
K. Uhlenbeck, [39])
Jim (|37 = @illwaw,) = 0. (3-4)
Now, let (g{g)keN be the sequence of smooth maps defined by gfj = @f(@?)_l on U; N U;.
Using Lemma 2.1 and (3.4), we observe that

1355 = gisllworwirwy = 125(E) " = eie; lw2ewinu,)

(& = ) ()" lwawwio,)

+H90i((95§)71 - 903‘_1) HW?JJ(UmUj)

Cllei = pillwerwiny + 155) 7" = &5 lwaswinwy » (35)

IA

IN

and hence the convergence in the limit & — oo. It remains to show that §* = {g}ijes
for every k € N satisfy the cocylce condition (3.1). A straightforward computation yields

G505 = (2r(@5) (@) ™) = @) = gir - (3.6)

Combining (3.5) with (3.6) we end up with an approximating sequence of smooth transi-
tion functions.

In a next step, we investigate what happens with the topology of the bundles by an

approximating procedure. Consider Py, € Py, (M) with a smooth approximation Py g
such that

kh—{go ||§i€] - ginWQ’P(UiﬂUj) - 07 (37)

for every i,j € I. In the case of p > n/2, we deduce from (3.7) that the transition
functions g and g* are also C%close. Thus, thanks to K. Uhlenbeck [46], Proposition 3.2,
there exists continuous maps p¥ : V; — G such that

gzkj = pf Gij (pf)_l on Uz N Uj s (38)

for k sufficiently large, where {V;};,c; denotes a refinement of the covering {U;};e; of
M. Hence, using the characterization (2.7) for equivalent bundles, the approximating
procedure leave the topology unchanged for p > n/2.

The Definition 2.2 of W'P-Sobolev connections on Py, € P.,(M) is based on a
geometrical result given in Proposition B.4. For p > n/2 recall that A = {A;},c; belongs
to Ay (Pyy,) if each A; is a W'P-Sobolev g-valued one-form on U; and if the compatibility
condition

A; = gigl A, gi; + gl-;ldgij on U;NU;. (3.9)
holds.

For the existence of a smooth approximation for A € Ay1.,(Py,) in the case p > n/2,
we can assume the smoothness of the underlying bundle Py . This is a consequence of
Proposition 3.1. The non-linear constraint (3.9) to be satisfied by the smooth approxima-
tion can then be handled by a simple formula (see (3.13) below). We give the following
proof for the smooth approximability of connections in Proposition 1.6:
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Proof. Let A = {A;}ier € Aw10(Pyy) be a connection on a smooth principal G-bundle
Py g4 over M. We define

A =nf % A € C®(UL T U @g) (3.10)

for every i € I, where (n¥)ien is a mollifying sequence. The following convergence is a
standard result:

Jim |AF — Ajllwio@w,) = 0. (3.11)

Next, we denote by {6;};,c; the partition of unity subordinate to the open covering
U = {U;}ier- It is well-known that by definition

ZQZ- =1 on M. (3.12)
iel
For every ¢ € I and k € N, we then define a smooth g-valued one-form flf on U; by
j#iel
or, with g;; = e equivalently,
jel

Setting ; = 0 on U; \ U; NUj, for every j € I, we get that Af is well-defined on U;. Note
also that the smoothness of flf follows directly from (3.10) and the smoothness of the
transition functions g;; € C*(U; NU;, G) for Py,.

In order for A¥ = {A¥},c; to be an element in A, (Py,), we have to show that the
compatibility condition (3.9) holds. — For this purpose, we compute on U; N U;

92 Algu+ gy gy = 9ullga + gudga
(3.14)
= G (Z 0; (954595 + gz‘jdgji)) i + Giidgi
jel

= Z 0; (gli gz‘jA?gjz' git + g 9i;dg;i gil) + gudgs
jeI

= Z 0 (Qlefgjl) + Z 0, (9i5dgji gi) + gudgi ,
jel jel
(3.15)
where the cocylce condition (see (3.1))
91i9i5 = 9ij

with j € I such that U, NU; NU; # 0, is used several times. The inverse of the last
equation has the following differential:

dgiiga + g5idga = dgji .



34 Analysis of W'2-connections in Four Dimensions

Multiplication by ¢;; then leads to
91549591 = 9134951 — Gudgar ,

where the cocycle condition (3.1) is used again. After inserting this into the second term
on the right-hand side of (3.15), we arrive at

gﬁlgﬁgiz + g7 dgy = Z 0, (gle;?gjl)

jel
+ Z 0;(9idg — gidga) + guidgi
jel
= > 0;(95A%95)
jel
+ Z 0;(gi5dgz) — <Z 9j> 9iidga + Gudga
jel jel
= D 0i(aA5gn) + Y 0;(9dgy)
jel jel

the last equality being a consequence of (3.12). Together with the defining equation (3.14),
we thus end up with

A} =g Afga + gy'dga on UyNU;, (3.16)

which is exactly the compatibility condition (3.9).
In a next step, we establish the convergence

for the sequence (AF)pey defined by (3.13). — For this purpose, we first observe that
]}1_{1010 ng_ilAfgji + gj_ildgji — Aillwrr o) = 0. (3.18)
In order to see this, we compute
g5 AL gji + g5 dgji — Asllwrwwinu,)
= ng_ilAfgji + gj_ildgji - (gj_ilAjgji + gﬂldgji) lwr@inu;)
95" AS g5 — 95 A gjillwrewino,)
ng_il(Af - Aj)gjz'HWLp(UimUj) = HA§ - A]’HWLP(UMUJ-) )

where we used the compatibility condition (3.9) for A and that the scalar product on the
Lie algebra g is invariant by the adjoint action of the Lie group G. The convergence (3.11)
then yields (3.18).
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Now, we can estimate

Ak _ Ak A
145 = Adlwiowy = [AE =D,
jel
< 0:(AF = A) i,

—1 gk -1
T Z 16; (9:" Ag5i + 95 dgsi — Ai)“wlm(muj)
jAiel
< AY = Aillwow,
+ Z ng_ilAfgji + gj_ildgji - Az’HWLp(UmUj) .
jAiel
Together with (3.11) and (3.18) the desired convergence (3.17) then follows. O

We are interested in transfering the previous smooth approximation of connections
to the corresponding weak curvatures, since they will be the main concern of the next
chapters. So we assume (A*),ey to be a smooth approximation for A € Ay1.,(M), i.e.,

lim | A5 — Aillwiew,) =0, (3.19)

for every ¢ € I. Then, for the corresponding LP-curvatures we proof Corollary 1.7 saying
that .
T [|F(A%) — F(A) oo = 0. (3.20)

for every i € I.

Proof. Recalling Definition 2.3, we have that

IF(A) = (Do = [|(dAF + AF A AF) = (dA + A A A || sy
ik L
< (4t = Al gy + ICEA A = (A A |-
(3.21)
for every i € I. As a direct consequence of the assumption (3.19), we observe that
ll_{% Hd;lf - dAiHLp(Ui) =0, (3'22)

for every i € I. For the second term on the right-hand side of (3.21), the continuity of
the multiplication L% ® L?’ — LP together with the Sobolev embedding WP « L% —
which holds due to the assumption p > n/2 — imply that

Jim [|(AF A AF) = (A A 4| ) = 0, (3.23)

for every ¢ € I. More precisely, this can be deduced from (3.19) and the following
straightforward estimate (compare with (2.15)):

ICAT A AD) = (A A Aoy = ICAT = A A Ail gy + 14T A (AT = A |
< CAF = All 2o 1 Asll 200
+C N Af | zarn AT — Al sy
C|AY = Aillwrowy | Asllwre
+C | AF lwiawo | AF = Asllwsw, -
From (3.22) and (3.23) the convergence (3.20) follows easily. O

IN
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3.2 Uniqueness and Regularity of the Coulomb Gauge

In this section, we will investigate in more details the uniqueness and the regularity of the
Coulomb gauge introduced in Theorem 2.8. For this purpose, since the Coulomb gauge
is a local result, we can consider the particular case of some trivial principal G-bundle.
For later use, we restrict moreover our investigations to the four dimensional case n = 4
of trivial principal G-bundles over the unit ball B%. Note that principal G-bundles over
B* are trivial, because B* is contractible (see D. Husemoller [24], Corollary 8.3 and 10.3).
In the following, we will denote the space of connections on some trivial bundle over B*
simply by A(B*). Recall that they have a global representation as g-valued one-forms on
B,

Before continueing with the Coulomb gauge, we want to specify the definition for
Sobolev maps into G. We have already defined in Section 2.2 the Sobolev space W2?(B*, G)
for a compact Lie group G. Regarding G as subset of R™ we recall that ¢ belongs to
L?(B*,G) if and only if || € LP(B* R™) with the standard norm | - | on R™. Moreover,
note that in order to compute the LP-norm of do we can choose a Riemannian metric on
G which is G-invariant. In particular, we hence have that

||O'_1d0'||Lp(B4) = ||d0'||Lp(B4) . (324)

This equality will be used later several times.
In the above described setting, we reformulate Theorem 2.8 in the following way:

Theorem 3.2 (Coulomb Gauge). Let P be a trivial principal G-bundle over B* and
A a WY2-Sobolev connection on P with L?-curvature F = dA + AN A. Then, there exist
constants 0 < 0y, < 1 and Cyy, such that if the L?-norm of the curvature F is bounded
by 5Uh; z'.e.,

1/2
||F||L2(B4) = (/ |F(:L‘)|2d4x) < oun ,
B4

we can find a gauge transformation ocouomy € W>*(B*, G) making A gauge equivalent to
the so-called Coulomb gauge Acouiomb = Ocouomp(A) which satisfies

d*ACoulomb = 07 (325)

and
| Acoutoms|lwi2(s4) < Cun || F 2B - (3.26)

In the small L?-energy regime for the curvature the Coulomb gauge turns out to be
unique. This is the content of the next proposition which for simplicity we formulate for
some trivial principal G-bundle over S*.

Proposition 3.3. Let A € Ay1.2(S*) with ||F(A)|12s5) < € < dun and let ocouoms €
W22(S4, Q) denote the gauge transformation such that Acowoms = Ocouoms(A) satisfies

d*ACoulomb = 07 HACoulomb||W1»2(S4) < C'Uh ”F(A)||L2(S4) . (327)

Moreover, assume that there exists another gauge transformation o, 0. € W32(S*, G)
such that Booulomb = T¢ouoms(A) Satisfies

d*BCoulomb = 07 HBCoulombHWlﬂ(S‘*) < C’Uh ||F(A)||L2(S4) . (328)
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Then, for sufficiently small ¢ > 0, the Coulomb gauge is unique up to a constant gauge
transformation oq, i.e., we have that U()_lACoulombaO = Booulomb-

Proof. We observe that
/ —1 _ / -1
O coulomb? Coulomb (ACoulomb) = Ocoulomb9 Coulomb (UCoulomb (A) )
_ / —
- JCoulomb<A) - BCoulomb .

This implies that
U_IACoulombU + U_lda - BCoulomb ) (329)

i - —1 .
for the gauge transformation o := 0¢,u10mbTcoutoms- L1US, for the uniqueness of Acouioms

and Beouioms Up to a constant gauge transformation, we have to show that do = 0.
Using (3.29) together with the G-invariant metric (3.24) on G, the L*-norm of do can
be bounded by

HdJHL‘l(S‘l) = HO’ildO'HLAL(SAL)

S ||BCoulomb||L4(S4) + ”O-_IACoulombO-||L4(S4)

| Booutomb | 1 (s1) + | Acoutoms || a(s) -
The continuous Sobolev embedding W'? < L* in four dimensions implies
ldo||Laisty < C||Beoutomsllwr2(s4) + C || Acoutoms || w2(s4) -
From the assumptions (3.27) and (3.28), we then obtain
ldo || a1y < 2CCun [[F(A)|| 1251 < Ce. (3.30)

In a next step, we compute

d*<0_1d0) = d* (BCoulomb - O-_IACoulombO-)
(328) _d* (ailACoulombU) . (331)
Using (3.27), we have
d* (O-ilACoulombO-) = dail : (ACoulombU) + O.ild* (ACoulombU)

= da_l ) (ACoulombU) + 0_1 (dO’ ’ ACoulomb + d*ACoulombU)
dg_l : (ACoulombU) + U_ldU : ACoulomb
= o'do'il : AC’oulomb + Uﬁlda : AC’oulomb . (332)

In this computation we make no difference between the one-form Acouoms and its asso-
ciated vector field so that, for example, we meam by do - Acouoms the differential of o
applied to the vector field Acouioms. Inserting (3.32) into (3.31), we then arrive at

d*(O'_ldO') = —O'dO'_1 . Acoulgmb — 0'_1d0' . ACoulomb . (333)
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Taking the L?-norm in (3.33), it follows from (3.24) and Holder’s inequality

Hd*(aild(j)HLZ(S‘l) S Ho-do'il ' AC’oulombHLQ(S‘l)

—|—||0_1d0 - Acoutomsl| L2 (s4)

IN

lodo ™| as9) || Acoutoms| L (s)

+|lo~ do|| asa)l| Acoutoms| a(s)

= |ldo™ | zagst | Acoutoms | La(sty

+|do || 1 sy | Acoutombl| L1(s1) - (3.34)

Since the inversion satisfies ||do ™| 1a(say < C'||do||1(s3), we deduce from (3.34) that
Hd*(U_ldU) ||L2(S4) S C ||dO—HL4(S4) ||AC'oulombHL4(S4) . (335)

In a next step, we note that the first de Rham cohomology group H'(S*,d) vanishes
(see M. Nakahara, [33]). Using Hodge decomposition theory, we hence obtain the following
Poincaré type inequality:

||J_1d(7||w1,2(54) <C (||d*(0_1d0)||L2(54) + ||d(0_1d0)||L2(54)) . (3.36)

For more details the reader is refered to G. Schwarz [38], especially Lemma 2.4.10. In-
serting (3.35) and the estimate

Hd(O’ildO')HLQ(SAL) = HdO’il/\dO'HLQ(SAL)
< ldo | pasnlldo|| pagsay < C ||d0||%4(s4)

into (3.36), we conclude
HO’*1d0'HW1,2(S4) S C ”dUHL‘l(S‘l)HACoulomb”L“(S‘l) + C Hda”%4(54) .

Using again the continuous Sobolev embedding W12 — L* in four dimensions, we then
arrive at

_ (3.24) _ _
C 1HdUHL4(S4) = C 1HO’ 1d0’HL4(S4)

S C ||d0||L4(S4) ||ACoulomb||L4(S4) —f- C ||d0'||2L4(54) . (337)

Because of || Acoutoms||ri(s1) < CllAcoutoms|lwi2(sty < Ce as a direct consequence of the
assumption (3.27) and because of (3.30), we can rewrite (3.37) as

Hd0||L4(S4) S Cé‘ ||dUHL4(S4) .
For sufficiently small £ > 0 this estimate only holds if do = 0. n

The next result turns out to be very useful for Section 5.3. It says that once we are
dealing with a smooth connection, we can put this connection in Coulomb gauge via a
smooth gauge transformation. Tough this regularity result was already known before
(see K. Uhlenbeck, [46] and S. Sedlacek, [42]), we will prove it using a different strategy.
More precisely, the continuity of the Coulomb gauge transformation will be obtained from
Hodge decomposition and Lorentz space techniques, and we then conclude the smoothness
from standard elliptic theory.
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Proposition 3.4. Let A € AW1;2(B4). Assume that there exists a gauge transforma-
tion & € W*2*(B* Q) such that A = 6(A) is smooth and another gauge transformation
O Coulomb € W2’2(B4, G) such that AC’oulomb == UCoulomb(A) gwen b?/

-1 -1
ACoulomb = UcoulombAUCoulomb + UcoulomdeCoulomb
1s in Coulomb gauge. Then, we have that Acouiomsy 1S also smooth.

Proof. Observe that

O-Coulomba-_l(A) - O-C’oulomba-_l(&(A)) = O-C’oulomba-_la-(A)
= UCoulomb(A) = ACoulomb . (338)

Since A is by assumption smooth, the smoothness of the Coulomb gauge Acouioms thus
follows from the smoothness of the map ocouomsd * : B* — G. Hence, we have to show
that 0 = ocouwemyo * € C°(B*,G). — Note that combining the assumptions on & and
OCoutomp With Lemma 2.1 it follows directly that o € WQ’Q(B4, G).

In a first step, we decompose the g-valued one-form o~'do using the Hodge decompo-
sition theorem as

oo = da+d.3, (3.39)

where the g-valued function « satisfies d,a = 0 and the g-valued two-form [ satisfies
dB = 0. Note that for the Hodge decomposition (3.39) we also used that the first de
Rham cohomology group H'(B*, d) vanishes (see G.L. Naber [32], Corollary 5.2.5).

Denoting by A = dd, + d.d the Laplace-de Rham operator, we conclude from (3.39)
and d,a = 0 that A« is given by

Aa = dd.oa+ d.do
= d.(07'do —d.3) = d.(0c7 do). (3.40)

From the defining equation (3.25) for Coulomb gauges and (3.38), we deduce that
d(07 Ao + o7 do) =0,

and hence ~
d.(c7'do) = —d,. (01 Ao). (3.41)

Inserting this into (3.40), we then arrive at
Aa = —d, (07 Ao). (3.42)

Since A is smooth by assumption and o € W?2(B*, G), we obtain due to Lemma 2.1 that
o 'Ac € W*?(B*, T*B* ® g). Thus, the right-hand side of (3.42) belongs to W12 and it
follows that

do € W**(BY T*"B*®g¢) . (3.43)

The Sobolev embedding theorem in four dimensions implies that W22 — W4 is a
continuous embedding, since

4 4
2—=—>1—-—.
2~ 4
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Moreover, as a consequence of the same theorem in the critical case, we obtain that
Wht — L[4 for 4 < ¢ < oo. Combining the last two embeddings with (3.43) leads to
da € LY(BY T*B* ® g), for 4 < ¢ < oo. In particular, we have that

da € L°(B,T*B*®yg). (3.44)

At this stage, we use Lorentz spaces L"9 . For an introduction to these spaces we refer
to W.P. Ziemer [50], Section 1.8. Using the boundedness of B* we obtain the inclusion
L° = LG ¢ L™ (see F. Hélein [22], Chapitre 3.3). Together with (3.44) we hence end
up with

da € L4V(BY T*B* @ g). (3.45)

Using again (3.39) and also dff = 0, we compute

Apf = dd.f+d.dp
= d(oc7'do —da) =d(c" do) =do t Ndo. (3.46)

Obviously, both forms on the right-hand side belong to W2, In four dimensions, this
space embeds into the Lorentz space L*?). For the results on Lorentz spaces used in
this proof we refer to T. Riviere, [25] and references therein. The multiplication L*? ®
L*?2 — LY of Lorentz spaces applied to the right-hand side of (3.46) then shows that
AB e L&Y (B* \*(TB*) ® g). This implies that

d.pe LB T"B*®yg). (3.47)
Next, we insert (3.45) and (3.47) into (3.39) in order to get that
o ldo e LYY(B, T*B* @ g).

Due to the G-invariant metric on GG and in particular (3.24), we also get that do belongs
to L1, From this we then deduce the continuity of o. Thus, we have

o c C'(BY,G)NnW?**(B* Q). (3.48)

We denote by U C B* the open subset on which o is C%-close to some element & € G.
Then, there exists V € C°(U, g) N W??(U, g) being small in the C°-norm such that

o=aexpV, (3.49)
where exp : ¢ — G denotes the exponential map. Hence, we have

o lde = (GexpV)'d(G expV)
= exp(—V)a 'ad(expV) = exp(—V)d(exp V). (3.50)

Moreover, we already know that d,(c~'do) is an element of W2 (see (3.41)). This implies
that

d.(exp(—=V)d(expV)) = d.(07'do) = Z (Z gj;i) E; (3.51)
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belongs to W2, In the last equation the C-valued functions f* on U are in W22, for
1 <i<I, and {E;};—1. . denotes a basis of g. Recall that the Lie algebra g is assumed
to be m-dimensional.

More precisely, for all p € U, we can rewrite the right-hand side of (3.50) as
exp(—V(p ))dexpv p) “@Vp. Then, we define the endomorphisms B(p,V) : g — g by

-----

B(p,V) = exp(—V(p))deXpV(p) . (3.52)

Since V is continuous and since the exponential map is a diffeomorphism from a neigh-
borhoood of 0 € g into a neighboorhood of e € G, we conclude that the assertion
p — B(p,V) is continuous with respect to the operator norm. Thus, recalling that
dexp, = idy and that V is close to 0, it follows that B(p, V') is close to the identity id,.

In a next step, for all p € U, we define the m x m-matrices B;;(p, V') as the matrix
representations of the endomorphisms B(V, p). Moreover, we write the map V' : U — g as
V =3"" V'E; with C-valued functions V* on U, for 1 < i < m. Their weak derivatives
are given by dV' = i 1 g‘r/z dx®.
leads to

For the endomorphisms B(p, V) acting on dV,, this

Bp.V)-dv, = 3 (ZBﬁ(p, (Z g‘;}: )) E'

_ (Bixp, v>%<p> dxk) o (3.53)

where the Einstein summation convention is used in the second line. Applying the co-
differential, we then obtain

d*(exp(—V( ))dexpy dv) - d*(B(p,V)~dV)
= Zax ( (P, )2‘;:@)) E'.

Inserting this into (3.51), the continuous function V' thus satisfies the following system of
partial differential equations in divergence form:

Z ; ( i (P, )ZZ (p)) => g;:; (p), (3.54)

for 1 < i < m, where the right-hand side belongs to W12,
One can check that (3.54) defines a non-linear elliptic system. Applying the regularity
theory for such systems (see for example M. Giaquinta, [15]) we then deduce that

Ve olU,g)NnW>*(U,g). (3.55)

Finally, the smoothness of V' follows from an elliptic bootstrapping argument. This con-
cludes the proof of the proposition. ]
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3.3 Study of Three Different Metrics for L?-curvatures
on S*

In this section, we study three different metrics for W12-connections with associated
small L2-curvatures on some trivial principal SU(2)-bundle over S*. The definitions of
the metrics are motivated by Proposition 3.3 as well as by our later investigations on a
strong density result for the non-Abelian case. The next proposition will be helpful for a
better understanding of the difficulties occuring in the analysis of the non-Abelian case
(see Section 5.3).

Proposition 3.5. Let A, B € Ay1.2(S*) with ||F(A)||12(s4), | F(B)| 12(51) < € < dun and
denote by Acoulomb, Bcouoms the corresponding Coulomb gauges. Moreover, let d, 6 and ~
be three different metrics given by

(i)

1/2
d(F(A),F(B)) :aeLoof?f,SU(g))( S4\F(A) —0_1F(B)a|2d4x> : (3.56)

(ii)
§(F(A),F(B)) = /S |Tr(F(A) @ F(A)) — Tr(F(B) ® F(B))|d'z, (3.57)

(i)
’y(F(A), F(B)) == inf ) HACoulomb - O—O_lBCoulombO—OHleQ(S4) . (358)

o0€SU(2

Then we have that d and § induce the same topology, whereas 6 and v do not induce the
same topology.

Proof. First, we show that d and ¢ are topologically equivalent metrics. — Let (Fj)ren be
a sequence of su(2)-valued two-forms on S* such that

1/2
lim d(Fy, F) = lim inf </ |, — 0_1F0|2d4x) =0. (3.59)
k—o0 k—o0 geL>°(54,5U(2)) g4
Then, we have to show that

lim 6(F}, F) = lim | |Tr(Fy®Fy) - Tr(F@F)|d'z =0. (3.60)
S4

k—o0 k—o0

For doing this, we want to apply dominated convergence. — From the hypothesis (3.59)
we directly obtain the existence of o such that

k—o0

lim / |Fy, — 0}, ' Foy)* d'z = 0. (3.61)
S4
Using this and the inverse triangular inequality

/]|Fk|2—|F|2|d4x:/ \|Fk|2_|a,;lpak\2}d4xg/ Fo— o' Fou? d'a,
S4 S4 S4
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we see that pointwise almost everywhere |F,|? is bounded independently of k by an inte-

grable function. From the pointwise estimate

|Tr(Ff, @ Fy)(z) — Tr(F @ F) ()] |Tr(Fr @ Fi) (z)|+|Tx (F & F) (2)]

<
< ClR@)F +CIF@),

we then deduce that ’Tr(F Q@ Fp) —Tr(F®F )| is pointwise almost everywhere bounded
independently of k£ by an integrable function.
In a next step, note that as a consequence of (3.61) we have that

lim |Fy(z) — o}, ' (z) F (z)oy ()| = 0. (3.62)

k—o0
for almost every z € S*. Since
Tr(F @ F)(z) = Te(F @ F)(z) = Tr(F,® Fy)(z) — Tr(o}, ' Fop @ 0 ' Foy,) (2)
= Tr((Fk — a,;lFak) ® (Fy, — aglFak))(x)

+Tr (0}, ' Foyp @ (Fy, — 0y ' Fog) (2)
+Tr((Fy — 0 ' Foy,) ® oy, ' Fog) (),

it follows using (3.62) that

kh_)rgo‘Tr(Fk ® Fy,)(z) — Tr(F @ F)(z)| = 0.

Thus, we can apply dominated convergence in order to obtain (3.60).
For the converse, we let (F})ren be a sequence of su(2)-valued two-forms on S* such
that

lim §(Fp, F) = lim ITr(Fx @ Fy) = Te(F@ F)|d'z =0, (3.63)
— 00 — 00 S4
and show — using again dominated convergence — that
1/2
lim d(Fk, F) = lim inf < |F}, — 0 'Fol? d4x> =0. (3.64)
k—o00 k—o0 oL (54,5U(2)) \ J g4

From the pointwise estimate

Jdnf|Fi(@) =0 Fal” < @) + [F@)
< |Te(F @ B (@)|+|F )] (3.65)

and the assumption (3.63) it follows that the left-hand side of (3.65) is pointwise almost
everywhere bounded independently of k£ by an integrable function.
In a next step, note that as a consequence of (3.63) we have that

lim |Tr(Fj @ Fy)(z) — Tr(F® F)(z)| =0, (3.66)

k—oo

for almost every z € S*. This implies that there exists a subsequence (F}, ) ey — depending
on x — such that Fj/(x) g F(z). Comparing this with (3.66), we obtain that Tr(F ®
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F)(x) =Tr (F ® F) (z). Hence, using Lemma 3.7 at the end of this section, there exists
o € SU(2) such that F(x) = 0~ 'F(z)o. We have thus shown that for almost every x € S*
there exists a subsequence (Fj)gen such that

li inf |Fo(z)— o \F 0. 3.67
k/li%oaegnU(2)| wlz)—o (x)g‘ ( )

We claim that this convergence holds for all subsequences and hence

lim inf |F.(z)— o 'F 0. 3.68
kl—{goaelan(z)| He)—o CE)J’ (3.68)

If this would not be the case, there would exist a subsequence (Fi/)geny and € > 0 such
that
. -1 2
/ — > .
UeglUf(Q)|Fk (z) =o' F(z)o|” > ¢, (3.69)

for all £ € N. Using again (3.66) and Lemma 3.7, we can extract as before a subsequence
of (Fy)wen satisfying Fyr(z) — o 'F(z)o. This contradicts (3.69) and hence (3.68)
holds. Finally, we can apply dominated convergence in order to obtain as desired

lim inf |F, — o 'Fo|*d'r = lim inf |Fy — o 'Fol*d*z = 0.
k—oo Jga 0€SU(2) k—oo ceL>(54,5U(2)) J g4

This establishes that d and § are topologically equivalent metrics.
As a direct consequence of the next Theorem 3.6, we obtain that the two metrics §
and v do not induce the same topology. Hence, the proposition is shown. O

Theorem 3.6. There exists a sequence (Ag)gen € Awr2(B*) of connections with an
associated sequence (Acoulombk)ken 0f connections in Coulomb gauge such that

keN

converges strongly in the L'-norm for k — oo, but the sequence (Acouombk)ken Of con-
nections does not converge strongly in the Wh2-norm.

Proof. We construct an example for which the statement of the theorem holds. — In
canonical coordinates of B* we define for every k € N

Ag(z) = Qg(xy) dza (3.71)

where the su(2)-valued function @ is given by

Qr(zy) = /931 exp(—ks o) o1 exp(ksoy) ds (3.72)
0

0 -1 i 0 0
i CR) S V) R S )

with
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a basis for su(2). We can rewrite (3.72) more explicitly as

o [ B0 D )
_ /0 (cos(Qk‘s) (g) _()1)+sin(2ks) (S OZ)) ds

_ % ((1) _01) _ (%}f”) _ 1) (S Oi) L (3.73)

A direct calculation shows that Ay is in Coulomb gauge. Indeed, we have *A(x) =
Qk(z1) dxy A dxg A dxy and hence d, Ay (z) = — *x d * Ag(x) = 0.

In a next step, we let ¢ > 0 and ¢ € C>°(B*) such that ¢ = 1 on Bf/z. Then, we
define

Af(z) = e d(x) Qp(xy) das . (3.74)
Note that A5 coincides with A, on B} /o up to a factor of €. Moreover, we have that
F(Ai) () = dAL(z)+ AL(z) N AL(z) = dAS(x)
= edo(x) AN Qr(xr) dry + € d(x) dQr(z1) A dxy

BT ¢ dp(x) A Qulr) drs

efik:pl 0 0 -1 eikzl 0
+e ¢($) < 0 eik;m) (1 0 > < 0 e—ikml) dﬂfl VAN d,TQ .
(3.75)

It is not difficult to check that Q) converges to zero in L? for k — oo. Defining P :
B* — SU(2) by Py(r) = exp(—kz; 09), we thus obtain from (3.75) that

1 - eik:.z‘l O R 6—ik‘:1}1 O
converges to € ¢(x)oy dry A dxy in L? for k — oo. This then implies that

Tr(F(Ay) ® F(A)) — —&°¢*(x) doy A dxy @ day A ds

and hence the example constructed in (3.74) has the desired convergence property (3.70).

Now we apply Uhlenbeck’s Theorem 3.2 to Aj, for sufficiently small ¢ in order to get
a sequence (AZ,,iomp 1) ken of Coulomb gauges. For an argument by contradiction we now
assume that

AGoutombr — Aso strongly in Wl’Q(Bf/Q) ) (3.76)
Since A} and Ag,,,mp s are gauge equivalent, there exists a gauge transformation

gr € W*2(B* SU(2)) such that
Ai = gk_l A%oulomb,k gk + gk_ldgk ’ (377)

for every k € N. This together with the invariant metric (3.24) leads to

ldgell oy = Nlgg ' dgell L
< A sy + gt ACoutombk k|l L1(B)
= ||Ai||L4(B4) + ‘|A€C'0ulomb,k||L4(B4) :
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The continuous Sobolev embedding W2 < L* in four dimensions implies
ldgllzsy) < CllAkllwr 2 + CllAZouiomp w2z -
From (3.74) and the W'?-norm estimate (3.26) for Coulomb gauges we then conclude
gz < . (379

Next, we decompose the su(2)-valued one-form gk_ldgk using the Hodge decomposition
theorem as

where the su(2)-valued function « satisfies d.a = 0 and the su(2)-valued two-form g3
satisfies d = 0. A straightforward computation for k,! € N then yields

ld(d.Bx) — d(d.G)l> = ld(g;  dgi) — d(g; " dgi)| 1>

= ||dgi' Adgr — dg; ' A dagi| e
(g, — dg; ") A dgi — dg; " A (dgi — dgg)|| 2
ldg, " — dg; | alldgell o + | dg; | alldgr — dgel| 1a
Ce ||dgr, — dail| 4,

<
<

where we used (3.78) for last inequality. Again owing to the continuous Sobolev embedding
W2 < L* in four dimensions, it then follows

ld(d.Br) — d(d.) ||z < Ce ||dgr, — dgi||w.2 - (3.80)
This then leads to
ldgr, — dgi|lwr2 < C(||di(day) — di(day)|| 2 + ||d(deBk) — d(d. ()| 2)
< C|\du(gy, 'dgr) — di(g;  dgr)|| 2 + Ce ||dgr — dgi|lw.2 -

(3.81)
On the other hand, we deduce from (3.77) and d.Aj, = 0 on B}, that

d*(glzldgk) = _d*(glgl AEC’oulomb,k gk) on Bil/Q : (382)

Hence, the left-hand side of (3.82) converges in L?-norm, since the right-hand side con-
verges by the convergence assumption (3.76). Using this fact for the first term on the
right-hand side of (3.81), we conclude that for sufficiently small ¢ > 0 the sequence
(dgk)ren is a Cauchy sequence for the W2 norm and hence converges. Inserting this
converges in (3.77) then implies that the sequence (Af)reny converges strongly in the
W'2-norm on B} /2 But such a strong convergence is not possible as can be seen from the
definition (3.74) of A5 (see also (3.73)). Thus, the strong convergence assumption (3.76)
for the sequence (Ag,,1omp 1 )ken of Coulomb gauges gives a contradiction and the theorem
is shown. ]

Lemma 3.7. Let F' and G be two elements in Q3,(S* su(2)). Then there exists a map
o€ L>(8*, SU(2)) such that F = 0~ 'Go if and only if

TF®F) =TH(G®G). (3.83)
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Proof. We first consider the case of F' and G being alternated su(2)-valued two-forms on

E]‘ = F(6i7 €j) and Gij = G(@Z‘, 6]‘) s

for i = 1,...,4, being matrices in su(2). Since F,G € A\*(R*) ® su(2), we observe that
F; = G; = 0 and also that

Fij = _Fji and Gij = _sz (384)
Moreover, the assumption now reads as
Tr(Eijl> = TI'(Giijl) y (385)

for every 7,7, k,l=1,...,6.
Next, we define the four-form 2 = Tr(F ® F) on R* with components

Qij = Tr(F ® F) (i, e, €k, €1)
Tr(F (e, e5)F (e, e)) = Te(FyFu) (3.86)
for 7,7, k,l =1,...,6. By definition, we have that
Qijrr = Qaij
and together with (3.84) it follows that
Qijir = —Qjin and Qi = — Qi - (3.87)
In particular, we note that
Qiji; = Tr(F) = Te(F7) = Qjiji - (3.88)

Consider now the Pauli matrices {0y, 09,03} as defined in Appendix A. It is not
difficult to check that

ol =1 and 0003 = —0304 =10, (3.89)

where {«, 3,7} is an even permutation of {1,2,3}. Since the Pauli matrices are a basis
for su(2), every matrix A € su(2) can be written as

A=daloy+d’oy+ddos=1d-7.

This implies that A is uniquely determined by the vector @ = (a!,a? a®) € R3. With
another matrix B = b- & € su(2) it follows by a straightforward calculation from (3.89)
that

- -

AB = (a-b)l+i(a@anbd)-o.

Taking the trace and noting that the Pauli matrices have vanishing trace, we obtain

Tr(AB) =2a-b. (3.90)
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As described before, we can now uniquely associated vectors @;; € R* and l;ij € R?
to the matrices Fj; € su(2) and G;; € su(2), respectively. From (3.84), we observe that
d@;; = —dj;; and b;; = —bj;. Combining (3.88) with (3.90), we deduce that

@) = laul>  and (bl = (Bl (3.91)
for every i,7 = 1,...,6. Moreover, exploiting the assumption (3.85), it follows again from
(3.90) that

|aij|2 = |bz‘j|2 and Eij . CTkl = b,‘j . bkl . (392)

In summary, we end up with two families {a,;} and {Z;,J} of 12 vectors in R? such that
the following holds:

a) The vectors in both families have the same scalar products (see (3.92)).

- —

b) The two vectors d;;, d;; in the first family and the two vectors b;;, bj; in the second
family have all the same length (see (3.91) and (3.92)).

In a next step, we can relabel without loss of generality the two families of vectors

a) We have that {@, dy, ds3} and {51, 62, 53} are two basis with same orientation for R3.

b) Applying the Gram-Schmidt process we can orthonormalize {d@;, ds, @3} and {I;l, 52, 53}
without changing (3.92).

Then, it is well-known that there exists a rotation R € SO(3) such that

Ri; =b; fori=1,2,3. (3.93)
Next, we claim that the same rotation R satisfies
Ri; =b;, fori=4,...,12. (3.94)

In order to see this, we use the representations
i; = i(aj ca@)a and b= (bjb) b,
for j=4,...,12. A straiig:hltforward computation then yli:ds
Rd; = ZS:@‘ @) Ra; "2 23:@' ) b 2 23:(53' bi) bi = b,

i=1 =1 i=1

<

showing the claim (3.94).

So far we have thus shown that there exists a rotation R € SO(3) such that Rd;; = I;”
In terms of matrices this translates to the existence of a transformation o € SU(2) such
that

E;=0"'Gyjo, (3.95)

for every 7,7 = 1,...,4. For more details the reader should consult G.L. Naber [31],
Appendix. — From (3.95) it is not difficult to conclude the statement of the lemma for
F,G € Q%,(5% su(2)).

For the converse, we only mention that the invariance of the trace under cyclic per-
mutations directly gives the result. O]



Chapter 4

The Abelian Case

As explained in the introduction, we are interested in finding a closure of the space
Fr(B%) of weak curvatures for principal SU(2)-bundles over B® with a finite number of
topological singularities. For this purpose, we first consider the simplified Abelian case of
principal U(1)-bundles over B3. The aim of this chapter is then to give a rigorous proof of
Theorem 1.1 characterizing the closure of weak curvatures with topological singularities
in the Abelian case.

Let us first explain how the Abelian case can be naturally constructed from Section
2.3. — One of the fundamental objects in the investigations on W12-Sobolev maps u :
B* — 57 is the D-field D(u) = uw*ws2 € Q7,(B?%). Recall that its integration over
small spheres indicates the topological character of the singularities of the maps. As a
generalization, consider now arbitrary integrable two-forms on B? denoted by F which
have — in contrast to the D-field — not necessarily the structure of a pull-back. The
integration of such two-forms F' over spheres gets a topological sense if we interpret them
as curvature forms of some principal U(1)-bundle over B*. In order to see this recall from
Section 2.1 that there is a one-to-one correspondence between the topological classification
of principal U(1)-bundles over S? and their first Chern number defined by integration of
the curvature. The interpretation of F' as curvature yields also dF' = 0 in the smooth
case. This is in analogy with dD(u) = 0 for smooth u. Note also that in the Abelian
U(1)-case curvatures are simply ordinary real-valued two-forms.

4.1 Weak Curvatures in the Abelian Case

In this section, we introduce classes of weak curvatures for the Abelian case with very
similar properties to the three classes C(B?, S?), R"2(B3, 5?) and W'2?(B3, 5?) of maps
from B? into S? (see Section 2.3).

We denote by F,(B?) the class of smooth closed differential two-forms on B3, i.e.,

Foo(B?) ={F e Q2 (B%) : dF =0}. (4.1)

From Poincaré’s lemma, we obtain that F' € F.,(B?) is also exact. More precisely, there
exists A € QL (B?) such that F' = dA. An element in F,,(B?) can hence be seen as the
curvature of some smooth principal U(1)-bundle over B* (see Example B.1). Note that
since B? is contractible and paracompact or, equivalently, since there exists a global cross
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section, this bundle must be trivial. Proofs are given, for example, in D. Husemoller [24],
Corollary 8.3 and 10.3. Using dF = 0 and Stokes’ theorem, we obtain

1
(e P) = 7 /52 e F =0, (4.2)

showing that the first Chern number of the restricted principal U(1)-bundle ¢, P over S?
vanishes which is equivalent to the triviality of 1%, P.

Next, let ai,...,ay denote a finite number of points in B® and let di,...,dy € Z.
Then, we introduce the following class of differential two-forms on B3:

N
Fr(B?) = {F e (B* : Jay,...,ay € B*st. FeQ (B?’\Uai> ,
i=1
F'% dA locally on B*\{ay,...,an},

N
dF = 2r (Z diéai> dz' A dx® A dz® in D’} :

i=1

(4.3)
For F € Fr(B?), we claim that
1

— o FET, 4.4

27 Josie) LoB3(x) (4.4)

where z is an arbitrary point in B* and 0 < r < dist(z, 9B?). In order to show the claim,
we can assume without loss of generality that F' € Fr(B?) is such that F' € Q2 (B3\ {0})
and dF = 27y dx' A dz? Adx® in the sense of distributions. Then, we take a test function
¢. € C>(B3) with

where 0 < r < 1. By definition of the derivative in the sense of distributions, we have

(dF.¢.) = —(F,dé.) = — /B FAde.,

and hence, using the assumption on dF’,

276.(0) = — /B F A ds.. (4.5)

From the choice of the test function and Stokes’ theorem which can be applied since F is
smooth on B3\ B3 _ it follows that

r—e’

/F/\dqﬁe = / L*(F¢€)—/ dF ¢.
B O(BIBY_.,) B\B

T—€ r—e€

-/ c(Fo) =~ [ o(Fa). (4.6)
a(B3\B3_) oB3

T—E€ T—E€
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Here, we used also that d(F¢.) = dF ¢. + F A d¢. Inserting (4.6) into (4.5), we find

2m0.0)= [ 0 (Fo).

Thus, in the limit € — 0, we obtain

1

l=—
21 Jops

LBB?’F?

showing the claim.

An element in F' € Fr(B?) has an geometrical interpretation, if we consider a smooth
principal U(1)-bundle Py, over B3\ Ufil a; with globally defined smooth curvature form
F given by F' = dA; on U;, where A = {A,},c; € Ax(Py,) denotes a smooth connection

on Py . The assumption dF = 27 (ZZ]\LI diéai> dz' A dz* A dx® in (1.9) implies that

* 1 *
AGimsiPia) = gz [ thmsiaP = (4.7

fori =1,...,N. In words, we have that the first Chern numbers of the principal U(1)-
bundles over small spheres around the singularities a4, . .., ay of the principal U(1)-bundle
Py 4 over B3 \ Ufil a; are prescribed by the integers dy, ..., dy. We will later denote them
by ¢1(Pug,a;), for i =1,..., N.

The next proposition shows that the property (4.4) passes to the limit in the case of
L'-convergence.

Proposition 4.1. Let (Fy)ren be a sequence in Fr(B3). Assume that F, — F in L'
(k — o0) for some F € Q2,(B?), i.e.,

lim [ |Fu(z) — F(z)|d®x =0.
B3

k—oo

Then, for every x € B3 and a.e. 0 < r < dist(x, 0B?), we have that

OB3(x)

Proof. Let x € B? and 7 = dist(z, 9B%). By assumption, we have that

lim |Fy(z) — F(z)|d*xr =0. (4.8)

F=0) B3 (@)

On the other hand, we obtain from Fubini’s theorem that

/B%) Fy(z) — F()|d*z = /(Oﬂ (/8B§(a:) |Fi(z) —F(a:)|d2x) dr

0,7 /o83 () 0B} (x)

v
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Next, we set

fr(r) :/ Lng(x)Fk and f(r) :/ Lng(m)F.
OB3 () dB3(x)

Note that fx(r) € Z by assumption. Thus (4.8) implies that
| 18- foldr—0  F ),
(0,7]

From this L'-convergence we deduce that, for a.e. r € (0,7,

felr) — f(r) (k= o0).

Since the sequence (fy(r))
Hence, we have shown that

reN of integers converges, the limit must also be an integer.

]

Motivated by the previous proposition, we introduce the following third class of dif-
ferential two-forms on B3:

1 *
fZ<B3) e {F c 9%1(33) : % /833(1,) L(’?B?(a})F S ZJ
for Vo € B® and a.e 0 < r < dist(x, 833)} . (4.9)

We give some explanations and a geometrical interpretation for Fz(B?). From the assump-
tions in (4.9), it can be deduced that ¢}y, F" is a curvature for a principal U(1)-bundle
over dB3(z) (see R. Bott and L.W. Tu, [1]). This means the following: For all z € B? and
a.e. 0 <r < dist(z,0B?), there exists some principal U(1)-bundle Py, € Pvlf,gli(an(x))
and a connection form a = {a; },er € Aw1.1(Py,) whose globally defined curvature is given
by LBBQ(I)F . More precisely, we have that

Lot = da; on U;. (4.10)

As in the last equation, we will denote from now on in the thesis the geometric quan-
tities of the gauge field theories with capital letters whereas quantities on the “boundary”
will be denoted by small letters.

At this place, we mention that considering W?%!-Sobolev bundles — or also W?2!-
Sobolev gauge transformations — in the three-dimensional Abelian case shows that we
are dealing with a gauge theory in a non-critical higher dimensional setting (compare
with Section 3.1).
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4.2 Strong Density Result in the Abelian Case

This section is devoted to the proof of Theorem 1.1 in the introduction. The first part
of this theorem was already shown in Proposition 4.1. So it remains to show the second
part, namely that every element in Fz(B?) can be strongly approximated in L' by weak
curvatures in Fr(B?). For this purpose, following F. Bethuel, [9], we first introduce
the concept of a cubic decomposition. Then we apply the results of Section 3.1 on the
boundary of the cubic decomposition.

4.2.1 Cubic Decomposition and Smoothing

For ¢ > 0 and a € [0,¢]?, we divide B* into open cubes {C? , e of side length ¢ centered
at the points a’ € a + eZ3. In the following, we will write C., and dC., for the sets
vajl C?, and Uf\fl dC! ,, respectively, where N, denotes the number of cubes with side

length ¢ obtained by the cubic decomposition of B3. — The next lemma states how this
cubic decomposition can be chosen.

Lemma 4.2. Let F' € QF,(B®) and define the piecewise constant two-form F., on B* by
F.,= Fg’a on C! ., where F'  denotes the average of F' in the cube C’;a. Then, for every

g,a’

e > 0, there exists a. € [0,5]:é such that

lime || — 'Flallroc...) =0, (4.11)

where IFE@E is defined as the “left” trace of Fg,a on 0C. 5_, and also

C _
I F 2000 < - IF||lprmsy + |1 F — "Frallzioc..a,) - (4.12)

Proof. Let {ey,es,e3} be the canonical basis of R? and write a = (ay,as,a3). For j =
1,...,3, we then denote by 0 ?a] the subset of 0C., consisting of those hyperplanes
orthogonal to e; and passing through the points ((aj +¢e/2)+e Z) e; € B%. Hence, we get

£,a;

3
0C., = | Jocs, . (4.13)
j=1

By definition of the piecewise constant two-form F., € Q2 (B?), it is not difficult to

check that
/ | (z)| Pz < / |F(z)| d*x,
Ci Ci

£,a £,a

for every i = 1,..., N. and a € [0,¢]®. Summation and Fubini’s theorem then lead to
15 / .. | lpgya(l')‘ d2ZE S ”FHLl(B?’)a
ot
for j =1,...,3. Because of (4.13) this gives

_ 3
/ [ Foa(@) @2 < S| Fllaan). (4.14)
8Ce,a €
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Next, we claim that, for every k > 0, there exists a* € [0, €]?, for each € > 0, such that

. (4.15)

| =

limsupe ||F — lFs,a';HLl(@CE ) S
e—0 e

In order to prove the claim, we first take by density a smooth two-form G € Q2 (B?)

satisfying
1

3.2k
By Fubini’s theorem, we then deduce, for every ¢ > 0, the existence of a? € [0,¢] such
that

| F = Gl[z1s3) < (4.16)

[ 1P@) =G| = /O (/80% |F(@) = G(a)] d%) da,

> 5/ |F(z) —G(:E)|d2x, (4.17)
0C i
for all j = 1,...,3. Hence, denoting a* = (a}, ak, a%), it follows that

3
(4.13) 3
HF - GHLl(aC&alg) = E /8063‘ ‘F(Jﬁ) - G(Jﬁ)’ dQ.Z' S g “F - GHLl(B3) .
j=1 e,a?

Using (4.16), we obtain
1

) S 5o
2ke
Since the operation of taking the average on each cube in the decomposition is linear,

we conclude from (4.14) that

[ GHD(BCg@g (4.18)

|| lé&a’g _ ZF&@’;HLl(aC&alg) = || l(G — F)a,a’gHLl(aCsyazg)
3 (4.16) 1
< —-||F-@G L — 4.19
< 2P =Gl 2 = (.19

Next, we observe from the triangular inequality that

ellF = Feaslloe, o < IF = Gluee, ) +eIG = 'Goullroc,

+e || lée,a’g - lFa,a’gHLl(acs’alg)
1

1 _
— 4+ ||G —_ lGe,a’gHLl(aCE,a;g) + % ,

2k

where the estimates (4.18) and (4.19) are also used. By the smoothness assumption on
GG, we then arrive at

Y

| =

limsupe ||F — lFs,a’;”Ll(f)CE,ag) =

e—0

showing the claim (4.15).



4.2 Strong Density Result in the Abelian Case 55

In a next step, we can pass by a standard diagonal argument from (4.15) to (4.11).
More precisely, due to (4.15), for every k > 0, it is possible to choose ¢ > 0 sufficiently

small such that 5
€ HF - f—:a’“HLl oC, k) k}

for all 0 < & < ;. Moreover, we can assume that dzy1; < dz. Thus, defining a. = af in
the case of € € [0j41, ), we end up with (4.11).

It remains to show that (4.12) holds. For this purpose, the triangular inequality and
(4.14) give the bound

1Flloc. oy < I1F = '"Fea

L1(0Ce.a.) +H 'Foallmoc. .

< |F- F8,&e||L1(8Cg,a5)+g||F||L1(B3)a

concluding the proof of the lemma. O

Good and Bad Cubes in the Cubic Decomposition

In a next step, we consider F' € Fz(B?) and divide the cubes {C a}]\fl of the cubic
decomposition into "good” and "bad” ones. More precisely, we say that a cube C? in

{Ci )Y is a good cube if
/8 |, e F =0, (4.20)

The bad cubes Obl are the remaining ones, i.e.,

0 " Gon F €L, (4.21)

Hence, we can write

Ne
Uct. chl U
=1

where N. = N¢ + N! with NY and N? the number of good, respectively, bad cubes in
B?. In the following, the sets |15 ng and UZ , Cli, will be denoted by C?¢, and C?

a g,a’
respectively. — Though we take spheres in the deﬁnmg equation (4.9) of Fz(B?), we choose
a cubic decomposition of B? in order to make the presentation simpler. The construction
of a decomposition into spheres for maps W??(B® S?) is described in B. Hardt and

T. Riviere, [21].

Lemma 4.3. Let F € Fz(B?). Then, for every e > 0, there exists a. € [0,¢]* such that
the volume of the bad cubes vanishes in the limit € — 0, i.e.,

lim 4u(C25.) =0,

where |1 denotes the Lebesgue measure.
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Proof. For F € Fz(B?), we observe that

/ toot, F
acti, e

for all bad cubes. Choosing a. € [0,¢]® as in Lemma 4.2, we then obtain the following
estimate:

1<

< / F(2)|d (4.22)
acti,

~
vVE
&

8. _
- |F|lise) + |F = "Feallioc...) I1Fll 21 0ce 00

(4.22) N©b

Nb

1 - 2 Ns

- :/w Falds > 5.
i=1

€,ag

(4.23)
For the volume of the bad cubes C?; , we hence deduce
423 (O _
W) = Ne < ~ IFllz o) e+ |IF ~ "Fallroc.a) €
= ClFlpey e+ 1F = Feallooc..) €
Because of (4.11) the right-hand side vanishes in the limit ¢ — 0. O

Smoothing on the Boundary of the Cubic Decomposition

The following considerations will be used in Section 4.2.2 for the smoothing on the bound-
ary of the cubic decomposition. — In the Abelian case we are dealing with W12-Sobolev
U(1)-bundles. They are critical in two-dimensions and hence the density results of Sec-
tion 3.1 apply. For completeness, we now give a precise formulation of these results in the
Abelian case.

Let M be a two-dimensional compact Riemannian manifold and PV({,(Q(M ) the space

of W?!-Sobolev principal U(1)-bundles over M. Connections A € Ay1.1(Py,) on Py, €

PU(l)

21 (M) are characterized by the Abelian compatibility condition (see Example B.1)

The next smooth approximation result for connections in the Abelian case is a particular
case of Proposition 1.6.

Proposition 4.4. Let Py, € PLY(M) and A = {A;}ier a Wht-Sobolev connection on
the smooth principal U(1)-bundle Py . Then, there exists a sequence (A%)e~o of smooth
connections on Py, such that

lim IAS = Ajllwraqw,) =0, (4.25)

for every i € I.
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The L'-Sobolev curvature associated to AAy1.1(Py ) is defined as the family F(A) =
{F;(A)}ier of two-forms on U; given by

Recall also that the curvature form is globally defined on M as explained in Example
B.1. As a direct consequence of Proposition 4.4, there is also a smooth approximation for
L'-curvatures in the two dimensions.

Corollary 4.5. Let A = {A;}icr € Awra(Puy) and let F(A) be its curvature. Assume
also that there exists a sequence (A®).so of smooth connections such that lim. . [|AF —

Aillwraw,) =0, for every i € I. Then, for the sequence of smooth curvatures (F(Aa))oo

associated to A%, we have that
tim | (%) — Fi(4) 13y = 0. (4.27)

for every i € I.

4.2.2 Proof of the Strong Density Result
Now, we are ready to give a proof of the following density result announced before:

Theorem 4.6. Let F' € Fz(B3). Then there exists a sequence (Fy)pen in Fr(B3) such
that
F,—F inL' (k— o0).

Proof. We divide B? into open cubes {Ci.. N in such a way that Lemma 4.2 and 4.3
hold for F' € Fz(B?). By abuse of notation we will simply denote by C., for every € > 0,
the chosen cubic decomposition.

Mollification on the Boundary of the Cubic Decomposition.

Now, we fix some ¢ > 0. We already know that F € Fz(B?) is a curvature on the
boundary 0C. = Uf\]jl OC! of the cubic decomposition. Denote by a. = {a.;}icr) the
connection on some FPy_, € PV({,(QIE (0C.) whose curvature form is given by the restriction
of F to the boundary of the cubic decomposition C.. Applying Proposition 4.4, we deduce

the existence of a smooth connection a* = {df,i}ie 1(e) on Py 4. such that

~ 1
||al§,i - as,iHlel(UE,i) < 70 (4.28)

for every i € I(g). For the associated smooth curvature f(a%) = {fi(a¥)}icr(e), it follows
from (4.28) that (see also Corollary 4.5)

~ ) C
1£i@@f) — i, Fllow..,) < T

for every i € I(g). After summation over i € I(¢) and choosing 1/k — in function of € > 0
— small enough, we can achieve that the globally well-defined curvature f(a¥) satisfy

1f(ak) = Fllioc, <e. (4.29)
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Repeating this construction for every e > 0, we can show as a consequence of (4.29)
that there exists a sequence (f.).~o of smooth curvatures on dC. such that

lim Ife = Fllzioc.) = 0. (4.30)

Density on the Good Cubes.

We first show the L'-convergence on the good cubes CY, i.e.,
|[Fo(z) — F(z)|d’z — 0 (£ —0), (4.31)
c?

for a sequence (F9).~¢ in Fr(CY). It will turn out that — on the good cubes — (F9).5 is
actually a sequence in F,(CY).

First step: For a fized good cube CZ°, we consider the constant two-form 2 defined
by the average of F in CY°. Since FY is constant, we can easily find an one-form AZ°
such that e i

{ ZAjgm _ OFE on CZ. (4.32)

The restriction of AZ° to 9CZ will be denoted by aZ®. It satisfies dal® = 1} F:" and
d.al® =

As a consequence of the defining equation (4.20) of the good cubes, the principal
U(1)-bundle over its boundary for which ¢}, F represents a curvature is trivial. Thus, the
smooth approximation ( f5)5>0 in the L'-norm of ¢} F has the form f. = da?° on 809”’
Next, we apply a smooth gauge transformation o = e~*X to a2, where y denotes some
smooth real-valued function on ACY, and impose that dggulom&a = o(al®) satisfies

~3i
d anulombe =0.
More precisely, for the function y, we want to solve
d,o(al) = dal —id.dxy =0,

or, equivalently,
d.dy = —idal" .

For the existence result we refer to S.K. Donaldson and P.B. Kronheimer [11], Section
2.3, and also to G. Schwarz [38], Section 3.2, for more details. It is very important to
mention that daZ® = daggulombs, since the curvatures remain unchanged under a gauge
transformation in the U(1)-case (see Example B.1). We have thus shown that there exists

a Abelian Coulomb gauge aggulmb,a € QL (0CZ) such that

daCoulomb €
4,

* Coulomb e

g on dCY° (4.33)

Next., we denote by A2 the smooth harmonic extension of dggulomM on the fixed good
cube CY° satisfying

AAT — on (Yo

i i9 : 4.34
{ LECA?ZO o a!ggulombg? Lgc(d*Agzo) =0 on 80520 . ( )
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Then, we define the one-form
Agio _ Agio . Agio

. gi - gi gi .
whose restriction az° to the boundary equals aégulomba az°. We deduce easily from

(4.32) — (4.34) that

{ AAZY =0 on CZ0
9ig _ ~Gig —Yig * Gig\ __ Gig
[’80‘4 aCoulombe Qe ", Lac(d*Af ) =0 on an )
and that B -
dalo = f.— 5 F0 ;
oct e Gig
{ da¥ — on 0C:" .

Thus, we can apply Lemma 4.7 to A%, in order to get

||dAgzo || — ||dAgzo _ Aglo ||L1(0910

< Ce|fe — o Fle

L(co)

Ll(acsg"LO) ) (435)

where the constant C' is independent of € > 0.

Second step: Now, we pass from one fixed good cube to the union C?¢ = Ufl CY% of
good cubes and define the piecewise smooth one-form AZ on CY¢ by

Al = A% on C7. (4.36)
Similarly, the piecewise constant two-form F¥ on C? is obtained. Then, we compute
1dAL — Fll 102y < I1dAZ = F2 |02 + I1F2 = Fll ez - (4.37)

For the first term on the right-hand side of (4.37), we have

|1dAL = Fe\lpicey = [1dAL = dAL i ce)
Nq
— Z ||dAgZ dAgl ) ng) .

Applying the estimate (4.35) to each good cube C¥%, we then conclude that

N¢
1442 = Flluseny < Ce Y I = tooFE ez
=1
= 2C€(Hfs - lFf”Ll(acg) +1f- - "Fel 1 oce)) -

where 'F9, respectively "F9 denote the “left”, respectively “right” trace of F9 on 9CY.
Inserting this estimate into (4.37), we arrive at

|dA? — Fl ey < QCf(Hfa — 'FY| pocey + I1Fs = "l racs))
FEFE = Fllzacg) - (4.38)
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Third Step: We take the limit ¢ — 0 in (4.38). For the first term on the right-hand
side, it follows from the choice (4.11) of the cubic decomposition — which holds for both
the ”left” and the "right” trace — and from (4.30) that

liE%QCs(Hfg - lFfHLl(acg) +If - "FE| pacs))
lim 2 Ce (|1 = Fllzaacey + IF = F2llocs

+er - FHLl(acg) + || F — rFfHLl(ang)) =0.

IN

Because of Lebesgue’s theorem, the second term on the right-hand side of (4.38) goes also
to zero in the limit ¢ — 0. Thus, we end up with

lim |dA? — F||11(0e) = 0. (4.39)

For every £ > 0, we then define

F9 = dA9. (4.40)
The resulting sequence (F9).-o hence satisfies the desired L'-convergence (4.31) on the
good cubes. We emphasize that — in contrast to A9 — the two-form F¥ even has smooth
tangential components on the faces of the cubic decomposition which is a consequence of
the gauge invariance for the curvature in the Abelian U(1)-case. However, note that the
normal components of F¥ are not necessarily smooth on these boundaries.

Forth step: Since F’f is exact on every single good cube, we have that dFEQ =0on CY%,
for every ¢ > 0 and i = 1,..., N9. We next show that the closeness dF¥ = 0 also holds
on the union C¥ of the good cubes.

For this purpose, we consider now two neighboring good cubes C% and CZ with
common boundary dC¢*7 and we claim that dEF9 = 0 is still true on the union C¥ U C¥’.
In order to establish the claim, we deduce from Stokes’ theorem that

0:/ d(Fg¢):/ dF§¢+/ F9ndg,
clivcd! clivcd! clivcd!
for every ¢ € Cg°(C% U CZ). This can be rewritten as
/ dF9 ¢ = — / F9 A do
cfiucd cliucd
= —/ dﬁgmdgf)—/ dA% N dg.
cdi c

Using again Stokes’ theorem for both terms on the right-hand side and taking care about
the orientation on the common boundary dC?", we arrive at

/ . . dﬁg(b = —/ ‘ Lgcsgi (dA*gl(Zﬁ) — / . Lgcgj (dfzi'g]gb)
cfiucd acdi oc? TTF

= — /ac‘”*j Lgcgi (Fgl¢) + /acgm' L:;ng <F£]¢) =0,

showing the claim. — This completes the proof of the density on the good cubes except
for the smoothness of the normal components (see Lemma 4.8).
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Density on the Bad Cubes.

We now show the L!-convergence on the bad cubes C?, i.e.,
Cb|Ff(m) - F(x)‘ dBr—0 (e —0), (4.41)
for a sequence (F?).~q in Fr(C?). — The triangular inequality gives
/Cg’Ff(x) — F(z)| d®*z < /Cg|F€b(:r;)‘ d*x + Cg‘F(x)| . (4.42)

As a consequence of Lemma 4.3 and dominated convergence, the second term on the
right-hand side vanishes in the limit ¢ — 0. Hence, for the density result on the bad
cubes it remains to show that the first term on the right-hand side of (4.42) satisfies

/ ‘ng(x)’ Pz — 0 (e—0). (4.43)
ct

We thus have to construct a sequence (F?).~q in Fr(C?) such that (4.43) holds.
For every bad cube C%, we assume that (see (4.21))

1
27 oo toonF = db (4.44)
where 0 # d% € Z. This implies that the principal U(1)-bundles over the boundaries of the
bad cubes are not trivial. However, the smooth approximation (4.30) for the restriction
of F' € Fz(B?) to the boundaries of the bad cubes piece together to give a globally well-
defined smooth two-form. On the bad cubes, we can thus take the radial extension of the
smooth approximation.

To be more precise, let 7% denote the radial projection on the boundary of C%. For
some suitably choice of coordinates, this projection is explicitly given by the following
expression:

b; . s b;
7ot — gch
A
€ x—a; ;

T e

- ——=—+a
2 |l = atl

.....

extension

Fh = () on Y (4.45)

where f% denotes the smooth approximation of F' on the boundary dC%. Since the radial
projection 7% has only one point singularity at a’, we deduce that F? is smooth on all of
CP except at the point a'. Moreover, using (4.44), a straightforward computation yields

dFY = 2w d26, do' Ndx* Adz® in D' (4.46)
On the union C? = vaz’gl CP of bad cubes, we define the two-form F° by

F'=F"%  on C%. (4.47)
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Because of the gauge invariance for the curvature in the U(1)-case and due to (4.46), we
obtain that F? belongs to Fr(C?) except for the smoothness of the normal components
on the boundaries of the cubic decomposition. — For simplicity, we will work from now
on with F itself instead of its smooth approximation on the boundary.

In a next step, we have to check if the sequence (F?).-q in Fr(C?) just constructed
satisfies (4.43). For this purpose, we compute

/C R ()| d < Ce /a @) = ce /8 LP@ (4.48)

K3
£

Here, we used Fubini’s theorem together with the fact that F is radially constant by the
defining equation (4.45). This gives

N?
b 3 _ b; 3
[Jr@lee = 3 [ rw] e

N?
Ce ) /8 . |F(2)| d*z =2 C¢ || F| 1 oce) - (4.49)
i=1 B

IN

From (4.12), we then obtain
[ JF @) 2 < C Pl + Ce|F = 'Plosacs
2

Though the second term on the right-hand side converges to zero in the limit ¢ — 0 (see
(4.11)), we conclude that (4.43) does not hold for (4.47), because of the first term on the
right-hand side. Therefore, we are led to divide the bad cubes C? into smaller cubes.

For 0 < ¢/ < ¢ and ' € [0,€']®, we divide one fixed bad cube Cfio into open cubes
{CZ,’G, }jV:s’l of side length ¢’ centered at the points a/ € a’ +¢’ Z3. The cubic decomposition
of the fixed bad cube can be chosen in such a way that on its boundary dc., the following
estimate holds:

C
1Pl < S IFIL, et - (450
This follows from a Fubini type argument and a particular choice of a., € [0,&']* very
similar to the proof of Lemma 4.2.

For every little cube ¢/,, we now define the radial extension
Fl = () (e, F), (4.51)

€ oc,
€

where Wg, : ci, — 30‘2, denotes the radial projection on the boundary. On the union

Clio — U;V:E’l c!,, we then define the two-form F by

2o =F,  ond,. (4.52)

By the same arguments as before, we see that Feb 0 e ]:R(Cgio).
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Calculating as for (4.48) and (4.49), we obtain

bj
L.

From (4.50), we conclude that

e

In a next step, we repeat the same construction for every bad cube and then define
on C? the two-form F? by

~ b,
2o (z)| Pz < CE || F || 1o -

Ffo(x)‘ dr < C /b_

C.'0

F(x)| d*z. (4.53)

Fb=FY%  on C%. (4.54)

3 3

Using (4.53), we then end up with

/C @l dz<c [ |Fe)d. (4.55)

As a consequence of Lemma 4.3 and dominated convergence, the sequence (Ff)oo in
Fr(C?) defined by (4.54) satisfies (4.43). Hence, the L'-convergence (4.41) on the bad
cubes is established.

Conclusion.

In summary, using (4.40) and (4.54) for the good and bad cubes, respectively, we define

Fo—d i on Cye (4.56)
Flb/k on Cf/k,

for every k € N. We have shown that the resulting sequence (Fj)ren approximates the
given two-form F € Fz(B3) in the L'-norm. Using Lemma 4.8 in order to mollify the
normal components of F} on the boundaries of the cubic decomposition we can replace
each F}, by an element in Fr(B?). This concludes the proof of the theorem. O

The construction of the approximation in the proof of Theorem 4.6 is based on an L!-
estimate for the harmonic extension of the Abelian Coulomb gauge. This is the content
of the next lemma.

Lemma 4.7. Let F' € Q3,(B?) and let C C B* be an open unit cube such that the
restriction 15 F is smooth. Assume also that there exists a smooth one-form a such that

da = 15 F
{ da -0 on 0C' . (4.57)
Moreover, consider the smooth harmonic extension A of a on the cube C given by
AA=0 on C
- ~ 4.58
{ heA=a, th(d,A)=0 on 0C'. (4.58)

Then, the following estimate holds:
”dA“Ll(C) S O ||LBCF||L1(3C) . (459)
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Proof. Let 0 < s < 1. Then, we have that

lallwsr@oy < ClltgeFllrocy » (4.60)

for all p < 2/(1 + s). This follows from (4.57), the characterization of fractional Sobolev
spaces by Bessel potentials and the results on Riesz potentials in E.M. Stein [43], Chapter
V. By the Sobolev embedding theorem

WoP(AC) < Wi-Ye1(50)

is a continuous embedding, if ¢ satisfies the inequalities s > 1 — 1/¢q and

2 1 2
=22 (1-2)-2-1-2,
p q q q

Since p < 2/(1 + s), the last inequality translates to ¢ < 3/2. Choosing s > 1/3 in order
for the other inequality to hold, we have thus shown that there exists an integrability

exponent p > 1 such that B
W*P(0C) — Wl_l/p’p(ﬁc')

is a continuous embedding. Together with (4.60), we then obtain

lallwi-1/5500c) < Cllallweroc) < ClltgeFllLracy - (4.61)

The trace theorem gives the existence of an one-form A on C' with ¢5-A = a and
the(dyA) = 0 such that
[Allwrscy < Cllallwi-imaac, -
Using (4.61), the left hand-side can also be bounded by

[Allwrscy < ClltoeFllzioc) - (4.62)

In a next step, we define )
A=A—A,
where A is the smooth harmonic extension of a defined by the elliptic system (4.58). For

the ellipticity of the boundary value problem (4.58) we refer to G. Schwarz [38], Section
1.6. It is easy to check that

 AA=AA on C
theA=0, 5.(dA)=0 on 0C'.

Since A € Q%/Vl,ﬁ(C') with p > 1, the theory of Calderén-Zygmund can be applied in order

to show the following estimate:
1dA] Ly < ClldA| o) - (4.63)

For more informations on elliptic estimates for the boundary value problem (4.58) the
reader should consult G. Schwarz [38], Lemma 3.4.7. From (4.63) it follows

1dAl oy < 1dA]| Loy + [1dA]| Lo

(4.62)
< (CH Y| dA] oy £ CllgeF L acy -
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Using Holder’s inequality, we end up with
|dA| 1 ey < CHdAHLﬁ(C) < CllegeFllrac) -
]

In order to mollify the normal components of the approximation in the proof of The-
orem 4.6 we need the following lemma:

Lemma 4.8. Let e > 0 be fized and let F. € Q3,(B3) with
Nt
dF. =27 " di6, dz' Ada® Ndo® in D' (4.64)
i=1

as constructed before with the help of a cubic decomposition. Then there exists a sequence

(F.5)s>0 in Fr(B?) such that
Fos— F.  inL' (§—0). (4.65)
Proof. We consider one face S of the boundary dC% of a fixed cube C% in the cubic
decomposition C.. Then we define for S® the neighborhood
Ngo = {z € B® : dist(z,S¥) < e/4}.
Note that a’ ¢ Ngi, for all 1 <4 < N?. From (4.64) we thus deduce the existence of a
Whi-one-form A" such that F. = dA™ on Ni.

Next, we define a function ¢ € C°(Ngio) such that ¢ = Oon {z € Ny : dist(x, S2) >
/8} and ¢ = 1 on {z € Ny, : dist(z,S) < e/16} and write AV = (1 — ¢)AN + ¢ AN,
Now let (nx)ren be a mollifying sequence and we set

AL = (1= 9) AN + (0 AN) 5.
Choosing k sufficiently large there exists fl?] such that

)

M(e)’
where M (e) denotes the finite number of faces in the cubic decomposition C.. Then
we define a two-form FN on B* with I = F. on B*\ N, and FY = dAY on Ng,.
By construction FN is smooth on {z € Ngo : dist(z,S2°) < £/16} — recall also the
smoothness properties of F, — and satisfies dﬁ’gN = 0 on the neighborhood N, of the face
Sio. Moreover, from (4.66) we deduce that

IAY — AN”lel(NSéO) < (4.66)

o
M(e)’

In a next step, we iterate the previous procedure for each of the remaining faces in the
cubic decomposition. More precisely, we take an arbitrary face in the cubic decomposition
and a mollification of F/N on this face. It is important to mention that this mollification
does not change the smoothness of F "N Finally, using (4.67) and the triangular inequality,
we end up with a sequence (F. ;)50 in Fr(B?) — and hence smooth on B3\ Uf\fl al —
which satisfies (4.65). O

I1FYN - Fellpiss) < (4.67)
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Chapter 5

The Non-Abelian Case

This chapter is devoted to the non-Abelian case. In the first section, we present the
various classes of weak curvatures for the non-Abelian case. In particualar, motivated by
Theorem 1.1 in the Abelian case, we will introduce the class Fz(B®). The geometry of the
non-Abelian case causes some difficulties in order to show density results. Especially, we
have to deal with the problems of only locally defined weak curvatures and the effect of
gauge transformations. In a first step, we can solve these problems by considering a weak
notion of convergence and a gauge invariant quantity associated to Fz(B®) (see Section
5.2). In turns out, however, that this class of weak curvature is not suitable to solve our
problem of finding some strong closure of Fr(B5%) as described in the introduction. An
other class of weak curvature namely Fg(B®) will be appropriate for a strong density
result in the non-Abelian case. This will be explained in detail in Section 5.3.

5.1 Weak Curvatures in the Non-Abelian Case

We explain rigorously the different classes of weak curvatures for the non-Abelian case. We
emphasize that the underlying geometry is of fundamental importance for later analytic
considerations.

We start with the simplest class of weak curvatures given by

FulB) = {Fe(Bsu(2) : 3 A€l (B u(2)

st. FZdA+AAA and dTr(F/\F):O}.
(5.1)

For F' € F..(B?) there exist hence a gauge transformation o : B> — SU(2) and a smooth
su(2)-valued one-form A on B® such that c™'Fo = dA + A A A is smooth. Elements in
Foo(B®) can be interpreted as curvature forms of some smooth trivial principal SU(2)-
bundle over B®. More details are given in Example B.2. The equation d Tr(F A F) = 0
is then actually a direct consequence of Bianchi’s identity (B.12). For a direct proof we
refer to M. Nakahara [33], Chapter 10 and for a more general result to G.L. Naber [32],
Theorem 6.3.1. Using d Tr(F A F') = 0 and Stokes’ theorem we obtain

1
CQ(LZMLP) = @ /54 L*S4T1”(F N F) = 0, (52)
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showing that the second Chern number of the restricted principal SU(2)-bundle ¢%, P over
S4 vanishes which is equivalent to the triviality of Lo P

The curvature as su(2)-valued two-form has no global meaning, if we introduce isolated
singularities in the underlying principal SU(2)-bundle over B5. This comes from the fact
that the curvature for a non-trivial principal SU(2)-bundle — like the present bundle
with isolated singularities — is not gauge invariant. Recall that in the Abelian U(1)-
case, however, there exists for non-trivial bundles a well-defined global curvature form for
Fr(B?), since the curvature is a gauge invariant object for U(1) (Section 4.1). So we are
led to define

Fr(B) = {F = {Flier € 9%(B%su(2) : 3 ay,....ay € B® st

o, loc

dA+ A A A locally smooth on B°\ {ay,...,an},

dTr(F A F) = 8 (chsaz) dz' A ... Adz® in D’}.
(5.3)

For weak curvatures in Fr(B®) there exist hence locally on B%\ {ay,...,ay} a gauge
transformation o and a smooth su(2)-valued one-form A such that ™' Fo = dA+ AN A
is locally smooth. In the case of Fg(B®), the fundamental geometrical object consists
in a smooth principal SU(2)-bundle Py, over B®\ Y, a; with U = {U;}ic; an open
covering of B\ |UY, a; and g = {g;}s jes corresponding transition functions. The family
F = {F;}ic; of locally smooth su(2)-valued two-forms on U; with F; = dA; + A; A A;,
where A = {A;}ic; € As(Puy) defines an element of Fr(B®).

The assumption d Tr(F A F) = 8r? (Zf\;l didai) dz' A ... Adz® in (5.3) implies — by
a similar calculation as in Section 4.1 — that

. 1
CQ(LaBé(ai)P) = @ /aBé(al) L8B5( )TI‘(F N F) = d27 (54)
for+ = 1,...,N. In words, we have that the second Chern numbers of the principal
SU(2)-bundles over small spheres around the singularities ay,...,ay of the principal

SU(2)-bundle Py, over B5\ Y, a; are given by the integers di,...,dy. Note that
CQ(LBBE(%)P) is independent of r > 0 small enough as shown in T. Isobe [25], Lemma 2.1.

In a next step, we introduce a third class of weak curvatures for the non-Abelian case
which can be seen as analogue to Fz(B?) in the Abelian case. More precisely, we define

F7(B%) = {F € Q7,(B° su(2)) : Lops(mF' 1s a curvature form on OB (z)
1
and — Lygs TL(FANF) € Z,
87T2 B3 (z) OB5(z) ( )
for Vo € B° and a.e 0 <7 < dist(x,aB5)} .
(5.5)

The geometrical interpretation of the class Fz(B®) is the following: For all z € B® and
ae. 0 < r < dist(z,dB®), there exists some smooth principal SU(2)-bundle Py, €
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PV (B3 (x)) and a connection form a = {a;}ic; € Ao (Py,4) whose curvature form
is given by
L I = da; +a; A a; on Uj. (5.6)

Moreover, the second Chern number characterizing principal SU(2)-bundles over 9B?(x)
up to equivalence is given by the integer

1

L / s TH(F A F) € 7. (5.7)
083 (2)

62(PU79) = 87T

5.2 Weak Density Result in the Non-Abelian Case

In this section, we give a proof of Theorem 1.2 in the introduction. This weak den-
sity result will be obtained employing the technique of a cubic decomposition already
encountered in Section 4.2.1.

Cubic Decomposition with its Good and Bad Cubes

We use the same notations as in Section 4.2.1 for the grid resulting from the cubic de-
composition and show that it can be chosen as described in the next lemma.

Lemma 5.1. Let F' € 3, (B5,51£(2)) and define the piecewise constant two-form F., on
B by F.,=F!, on C!,, where F! , denotes the average of F' in the cube C . Then, for

g,a’

every € > 0, there exists a. € [0,¢€]® such that

lime ||F ~ 'Fog.l0c) = 0. (5.8)

where 'F. 5 is defined as the “left” trace of F., on OC.4_, and also

C _
1F 206200 < — IF 2 + I1F = Feallzzoc...) (5.9)
Proof. The proof is the same as for Lemma 4.2. O]

Consider now F' € Fz(B®) and divide the cubes {C’g,a}fvzsl into "good” and "bad” ones.
More precisely, we say that a cube C%,(8) in {C! }= is a good cube for the parameter
0<o<1if

1/2
* 2
HF”LZ(&%(&)F(/ ez, F@)] d4x> <9, (5.10)
acsi,(5) O

£,a

Since
|Te(F AF)| < |FP, (5.11)

<)
acgi, (8)

as shown in Appendix A, we obtain

0<

Lgcegia(é)F(l’)f dir <1,

/wgi o 20t TEAE)
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and hence, using the definition (5.5) for Fz(B®),

/ e i TH(F A F) = 0. (5.12)
acdi,(5)
The bad cubes C%,(8) for the parameter ¢ are the remaining ones, i.e.,
1
- /6 o et M) €2, (5.13)

As a consequence, for every 0 < § < 1, we can write

N. N (8)
Uct. = U v
i=1

where N. = N9(8) + N2(8) with N2(§) and N(§) the number of good, respectively, bad
cubes for § in B5. In the following, the sets Ufl(a) C%.(6) and U@gvi(a) C?,(6) will be
denoted by C?,(6) and C? (8), respectively. — Moreover, with the choice as in Lemma
5.1 for the cubic decomposition, the volume of the bad cubes tends to zero for every
parameter ) as the decomposition becomes smaller meaning that

liy (€. (3)) = 0. (5.14)

€,ae

for every 0 < § < 1. This is Lemma 4.3 in the Abelian case.

Smoothing on the Boundary of the Cubic Decomposition

The following considerations will be used later in the proof of Theorem 1.2. — In the non-
Abelian case we are dealing with W?22-Sobolev principal SU(2)-bundles. They are critical
in four-dimensions and hence the density results of Section 3.1 apply. For completeness,
we now give a precise formulation of these results in the non-Abelian case.

Let M be a four-dimensional Riemannian manifold and P;,UQ(QQ )(M ) the space of W2-

Sobolev principal SU(2)-bundles over M. For connections A € Ayr2(Pyy) on Py, €

PLY

Proposition 5.2. Let Py, € PEOU@)(M) and A = {A;}icr a W"2-Sobolev connection on
the smooth principal SU(2)-bundle Py ,. Then, there exists a sequence (A®).~q of smooth
connections on Py, such that

(M), we have the following density result:

for everyi € I.

Corollary 5.3. Let A = {A;}ier € Awr12(Pyy) and let F(A) be its curvature. Assume
also that there exists a sequence (A%).so of smooth connections such that lim._g ||A —
Aillwr2@w,) =0, for every i € I. Then, for the sequence of smooth curvatures (F(As))oo
associated to A°, we have that

lim || F(A%) = Fi(A) |2y = 0, (5.16)

for every i € I.
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Weak Density Result

The weak density result in Theorem 1.2 is a first step in order to solve the main problem
of the present dissertation, namely to determine the strong closure of Fr(B®). Instead
of considering the locally defined curvature forms F', we will work with the real-valued
four-form Tr(F A F) which is globally well-defined (see Section 2.1). Moreover, using a
weak notion of convergence, we can avoid the effect of gauge transformations as explained
later in Section 5.3.

We now establish that for every F' € Fz(B®), there exists a sequence (Fy)ren in Fr(B®)
such that the following weak convergence holds:

/ Tr(Fe AF) Aw =X | THFAF)Aw,  Yw € Qbo(BY), (5.17)
B5

B5

This convergence has a global meaning. Note also that as dual pairing of an integrable
four-form with a (compactly supported) continuous one-form it can be interpreted as
weak”-convergence for L', since L' embedds in the Banach space of Radon measures
being the dual of compactly supported continuous functions (see H. Brezis [5], Comments
on Chapter IV). — We now prove (5.17).

Proof. Let F € Fz(B®) and choose a parameter 0 < & < 1. Then we devide B’ into
open cubes {C? Ne in such a way that Lemma 5.1 and (5.14) hold for the parameter 4.
The chosen cubic decomposition will be simply denoted by C. = C?(8) U C%(6), for every
e>0.

Mollification on the Boundary of the Cubic Decomposition.

Let € > 0. From the defining equation (5.5) for Fz(B®), we have that F is a curvature
form on the boundary 0C. U AC? of the cubic decomposition. Denote by a. =
{ac}ici(e) the connection on some PUg,gs € PI?VZ(QQ (0C.) whose curvature form is given by
the restriction of F' to the boundary of the cubic decomposition C.. Applying Proposition

5.2, we deduce the existence of a smooth connection a* = {&’;i}ie I1(e) on Py, 4. such that

~ 1
a%; — acillwrew.,) < E (5.18)

for every i € I(e). Its associated smooth curvature f(a¥) = {fi(a¥)}icre) satisfies, as a
consequence of Corollary 5.3,

1i(@2) = i Fllezw..y < (5.19)

??IQ

for every i € I(e). After summation over i € I(¢) and choosing 1/k — in function of € > 0
— small enough, we can achieve that

Z 1fi(as) — o Fllrew.,) <e. (5.20)

1€l(e)
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Density on the Good Cubes.

In order to establish the weak density result given in Theorem 1.2 on the good cubes, we
will first show the existence of a sequence (F?5).~o in Fr(C?(5)) such that (5.17) holds
up to 9, i.e.,

limsup/ |(Te(F2s A F25) = Te(F AF)) Aw| d°z < C6, (5.21)
C£(9)

e—0

for every w € Qo (B°).
First step: For a fixed good cube CZ0(8), we consider the constant su(2)-valued two-
form F! z ¥ given by the average of F' in Cco (6). Since F j 2 is constant, and hence

* 199 __
/gi tocty =0,
9C:" (9)

there exists a unique dgfg € Q1 (0CZ°(8),5u(2)) such that

glo — % ngo )
{ dacg = toctes on 9CY0(5), (5.22)
d* 875 :0

with the upper bound

Gig ”

||a < C”LacFeg?“ (5.23)

w2502 (5)) L2(9C20 ()

This is a classical Calderén-Zygmund L2-estimate and we refer to G. Schwarz [38], Theo-
rem 3.1.1, for more details. Together with the continuity of the multiplication L*® L* —
L? and the Sobolev embedding W12 < L* in four dimensions, this leads to the following
estimate, which will be useful in the following:

—gzo —gzo =9ip |12
|| 56 Lz(anZO( 8)) < | aeﬁ L4(805i0 (5))
(5.2
9 9i
< C ||asg wi, 2(30910( 8)) < O ||L80F560 LQ(QCgZO )

(5.24)

Moreover, as in the Abelian case, it is not difficult to construct an su(2)-valued one-form
Ag;‘g such that

19:0 19
{ dAe(S Faé on Cglo(a)’

d Ai%g =0
and hence 4
AAg’g =0 on CZ(6) (5.25)
LaoAglg = &?3 ;o helds Agg) =0 on 0CZ*(9). '
Applying Lemma 5.4 to Agjg, we then obtain
||Al|wl,5/2(csgi0 6) = < C ||L80F§%O ||L2 80910 (6)) " (526)
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Together with the continuity of the multiplication L* @ L* — L? and the Sobolev
embedding W15/2 < L% in five dimensions, this leads to the following estimate, which
will be useful in the following:

19i 19i 19i0 112 19i0 112
145 A A liaczoy < 1AG ooy < ClAG s o0 )
190 (5.26) 93
< C ”Ae ,0 W1 5/2(0910 (9)) < C || BCFE ,0 L2(8Cg10 &)

(5.27)

Recall that by assumption ¢} F is a curvature form for some principal SU(2)-bundle
over the boundary of the fixed good cube C2(§). Since (5.12) holds for the good cubes,
the second Chern number of this principal SU(2)-bundle vanishes implying that it is
trivial. Moreover, due to the small energy assumption (5.10) on the boundary of the good
cubes, we can assume that

1/2
910 . — 920 4
1231l 2 oo o = (/acgio(é)} z)[*d ) <9, (5.28)

where f denotes the smooth approximation for ¢} F' constructed before (see (5.20)). It
is anortant to mention that because of the triviality of the underlying principal SU(2)-
bundle, we have the global representation fglo deZg +a Nglo A aglo on ACZ°(5). We then

define the smooth harmonic extension Agg of aglo by

Aflgig =0 on CZ(§)

{ ALY =al s (doAZS) =0 on 9C°(§). (5.29)

Second step: On the fixed good cube C2°(4), we define with (5.25) the “constant”
curvature
U0 = F20 + AT9 N ATS = dATS + AT N ATY (5.30)
and with (5.29) the smooth “harmonic” curvature

Fo = dA” + A% A A% (5.31)

Now, we consider the difference

d°x (5.32)

/ | ’(Tr(ﬁj’go A FT9) - Tr(F/\F)) A&l
()

where @’ .5 denotes the average of the continuous one-form w in CZ2(6). Using the trian-
gular mequahty this difference can be bounded by

/g, ‘(Tr(ﬁj’g) NFL9) — Te(F29 A Fﬁ;())) A& &
' (9)
+ /C o s ‘(Tr(Fjgo A EZ9) = Te(F A F) Wiy | dx. (5.33)
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For the socond term in (5.33), we compute
Te(FYY NFYY) —Te(FAF) = Te((F2Y NEYY) — (FAF))
= Te((FYy — F)A(FYY + F)),

since F g’o ANF=FN F g'o holds due to the commutativity property of the wedge product
(see Appendlx A). ThlS 1mphes that

/ . ‘ (Tr(ﬁfj;) A F20) — Te(F A F) Nl dx
clio () ’ ’
- / _ ‘(Tr((ﬁjgo — F)A(F% + F))) Nl dx
2’ (6) ’ ’
< C/ ‘Tr Yo — F) N (F2 +F))’ . (5.34)
910 5) )

Holder’s inequality then gives the following bound for integral on the right-hand side:

152 — Fll oo | ES2 + F < CNELY = Fll o

L2(c (s))
where the constant C' depends on the L*-norm of F. From the definition (5.30) for the
“constant” curvature and (5.27) together with the triangular inequality, we obtain the
estimate

|E% — F| < % = Pl g + 1425 A A1,

< ||FZy - Fl +C e P23 11

L2 (8)) (2 (8))

r2(c (5)) r2c0 (s))

Inserting this into (5.34), it follows for the second term in (5.33) that

/ | ‘(Tr(ﬁg}“ AELD) = Te(F A F) A&%| da
oo I\ T |
< CIFS — Fll oy + C I F8 1 s gy (5.35)
In order to get an estimate for the first term in (5.33), note that

dQY9 = d(Te(FIP ANFZ9)) =0, (5.36)
and

A = d(Te(F29 A FY9)) =0, (5.37)
where we used Bianchi’s identity (B.12) and the notation Qgg = Tr(F z OA Fg 0, Qgg =

[19i [19i . . —9i . : 4
Tr(FC9 ANFC g)) Moreover, since obviously dw_3 = 0, there exists due to Poincaré’s lemma

a function <;5 s on the fixed good cube such that dgbglg = @glg It is not difficult to check

||<l5gl0 |co < C, where the constant depends on the average of w on CZ2%(§) and on the side
length e of the good cube. Stokes’ theorem then gives

[ @s-0omnatsae = [ @0 naits
C:0(9) HO)
(5.36),(5.37)

[y 4025 — 021628

- / o oo (03 = Q23)els) d'a.
9C:" ()
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Thus, using ||¢?§ |co < C, we obtain for the first term in (5.33) that
i ~9Ji —9i
/Cgio @ ‘ (Qs,g - Qe,g) A we,g

With a standard computation — as in the estimate for the second term in (5.33) — the
integral on the right-hand side can be bounded by

Fr<C [ (0 —QIeM) | d'e. (5.38)
acl' (s) ’

* 19 * 19
leocFls + too ks

x 190 % 19 ) .
ltheFLs — tac ks L2(8C2 (5)) 12(9C2" ()

x 19 * 19
< ClligeFy — ooty

L2900 (8))
From (5.24) and (5.30) together with the triangular inequality, it then follows

e

r9i g
||LECF5,SO - LBCFE-:,SO ||L2(805i0 (5)) < | L2(8C€gi0 (5))
"‘HLaCF - Lgcpsg,?

L2(9C27 (8))

Gig Gig

/\a€5

+||a
[l

L2002 (5))

IN

L2(8C2" (8))
x 19
+HLBCF —tockls

+C |l 2

L2(0C2" (5))

£2(9c2 (5))

Inserting this into (5.38), we deduce for the first term in (5.33) that

L2808 AL e < O — P

L2(8C20 (8))
+C |y F — LBCFQQ,?
+C' ||LaCF530

£2(0C2 (5))
(5.39)

L2(002" (5))

Putting (5.35) and (5.39) together, we end up with the following estimate for (5.32):

/g, ’(ngg — Q)N wg
C:'0(8)

r < C|f 920 — 1y |l 0 ()

+C ||ty F — LBCFEQ;SO
i

+C || 8CFE (50 ||L2(BCQZO( )

+O|FZy = F|

£2(0C2 (8))

co5)) -

With a simple scaling argument and the small energy assumption (5.10) on the boundary
of the good cubes which also holds for Lchz ¥ — as a direct consequence of the choice
(5.8) for the cubic decomposition — we can rewrite the last inequality as

L. I -0y nats
coe)

r < Cellf: gzo — 5l 0CT (5))

+Ce ||ty F — bgcﬁg?
* 790
+Ce6 ||ty FLy L2(8C270 (5))

+C||Fjgo Fl %o (s

L2(9C27 (8))

. (5.40)
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where we used the notation 2 = Tr(F' A F'). Here the constants C' are independent of the
size of the good cubes.

Third step: At this stage, we are ready to pass from one fixed good cube to the
union C?(4) = UNg %) 09 (8) of good cubes. We define the piecewise smooth su(2)-valued
two-form F’g(S on CY9(4) by

Ffy=F%  on C%(0), (5.41)
which — because of its local representation (5.31) — belongs to Fr(C?(9)) (see also (5.36)).

It is important to note that the local curvature forms F? - 5 biece together to give a globally
smooth real-valued four-form

which is a consequence of the gauge invariance of the second Chern class in the non-
Abelian SU(2)-case. Moreover, as in (5.41), we can define the piecewise constant two-form
F?; and piecewise constant one-form @ on C¥(4).

Summation over the good cubes yields

NE(5)

[ N onatdeas ST [ (@ -oinat;

Applying (5.40) to each good cube the right-hand side can be bounded by

.

NZ(9)
Ce Z 1725 = thoF ll 2002 o))

+ 2Ce <||F— Isll2ace @y + I1F — F§5||L2(3Cg(6))>
+ 200 ||F|l 20085y + C HF§{5 — Fllr2c9(s) 5 (5.43)
where ' 75, respectively "F? 5 denote the “left” respectively “right” trace of F¥; on dC¢(9).

Forth Step: In a next step, we take the limit ¢ — 0 in (5.43). — The smooth approxi-
mation f75 of 15, F" on each good cube given by (5.20) satisfies

NE(6)

fim > 1725 = ticFllzgor ) =0

From the choice (5.8) of the cubic decomposition, we deduce that the second term on the
right-hand side of (5.43) converges to zero in the limit ¢ — 0. Moerover, due to (5.9) for
the cubic decomposition, we have that

Ced || Fllz2acz) < €0,

for ¢ — 0. The forth term on the right-hand side of (5.43) also tends to zero, because of
Lebesgue’s theorem. In summary, we arrive at

limsup/ |(§~2§5—Q)/\@55‘d5x <Ce, (5.44)
cze) ’

e—0
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for every w € Qf,(B°), showing (5.21).
Fifth step: Observe that

/ (O, — Q) Aw|dz < / (5 — Q) A (w—&fy)|dx
Cc(s) CZ(5)

+/ (Q; — Q) Anwy|dox.
cLe) ’
From (5.44) and Lebesgue’s theorem, it then follows that

lim sup/ ‘(Qg(; — Q) ANw|dz < Ce, (5.45)
=0 JCE(9)
for every w € Qfo(B°).

A standard diagonal argument finally leads to the weak convergence (5.17) on the good
cubes. More precisely, we let the parameter § now depend on k& € N and set 6y = 1/(ko+k)
with ko > 0 large enough. Then we choose £(k) > 0 in (5.44) sufficiently small such that

- 20
QI - Aw| < .
/c%k)(ak)‘( fna, ~ A < ko + k

Hence, for the diagonal sequence — which we will simply denote by (Qi) keN = (Tr(ﬁ’ A

Fg))keN with (FY)ren a sequence in Fr(CY(8)) — we obtain in the limit & — oo the desired
result

lim
k—oo Cg

(Tr(ﬁ’,g A F9) = Te(F A F)) A w‘ ~0, (5.46)
for all w € QLo (B®).

Density on the Bad Cubes.

In order to establish the density result (5.17) on the bad cubes, we will show the strong
L'-convergence

I Te(F2 AFY) = Te(FAF)| &z — 0 (e —0), (5.47)

ce
for some sequence (F?).~q in Fr(C?), which obviously implies the weak convergence (5.17)
on the bad cubes. The proof for the density on the bad cubes is based on the fact that
the volume of the bad cubes vanishes in the limit ¢ — 0. As mentioned in (5.14), this

holds for every parameter 0 < 6 < 1. Hence, we can omit ¢ for the convergence on the
bad cubes.
The triangular inequality and (5.11) give

|Tr(F€b/\F€b)—Tr(F/\F)| d°r < / }Qg(@‘d%%—/ ‘Q(w)}d%
ct ct ct

< /\F:(x)\Zd%Jr/ |F(a)|* dx
cb cb
(5.48)
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where we used as before the notations Qb = Tr(F° A FP?) and Q = Tr(F A F). As
a consequence of the vanishing volume of the bad cubes (see (5.14)) and dominated
convergence, the second term on the right-hand side tends to zero in the limit ¢ — 0.
Hence, for the density result (5.47), it remains to show that the first term on the right-
hand side of (5.48) satisfies

|F2 (@) &P —0 (e —0), (5.49)
o

We thus have to construct a sequence (F?).-q in Fr(C?) such that (5.49) holds.
For every bad cube C%, we assume that (see (5.13))

1 * b;
52 |, o THEAF) =l (5.50)

where 0 # d% € Z. This implies that the principal SU(2)-bundles over the boundaries of
the bad cubes are not trivial. However, the smooth approximation f° (see (5.20)) for the
restriction of F' € Fz(B®) to the boundaries of the bad cubes piece together to give the
globally well-defined smooth four-form Tr( fsbl A ffl) On the bad cubes, we can thus take
the radial extension of this smooth four-form.

More precisely, we define the radial extension

Qb = (xb)* (Te(f2 A f2)), (5.51)

where 7% denotes — as in the Abelian U(1)-case — the radial projection on the boundary
of C%. Since 7% has only one point singularity at the center a’ of C%, we deduce that Qg’
is smooth on all of C% except at the point a’. Moreover, using (5.50), a straightforward
computation yields

dQ = 87°d% 5, dat A ANda® in D, (5.52)

and we have the representation
Qb = Tr(Fb A FbY, (5.53)

where F’ is a locally defined smooth curvature form for some principal SU(2)-bundle
over C% \ {a'}.
On the union C? = UZV:% CY of bad cubes, we define the four-form Q° by

Q*=Q%  on CY. (5.54)

Because of the gauge invariance in the SU(2)-case, we have that QF € Q4 <C§ \ Uf\fl aé)

and, due to (5.52) and (5.53), we then also get that the corresponding local smooth
curvature form Fsb belongs to Fr(C?). Proceeding step by step as in the proof of the
Abelian case Theorem 4.6 for the bad cubes — but using L?norms instead of L!-norms —
we obtain (5.49) and thus the strong L'-convergence (5.47) on the bad cubes.
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Conclusion.

In summary, using (5.41) and (5.54) for the good respectively bad cubes, we define

Fo—d i on C, (5.55)
Flb/k on C’f/k,

for every k € N. The resulting sequence (Fy)reny approximates weakly in the sense of
(5.17) the given two-form F € Fy(B®). O

Lemma 5.4. Let F € Q2,(B% su(2)) and let C C B® be an open unit cube such that
tho B =da+ a A a is smooth, where the su(2)-valued one-form a satisfies

lallwrz2c) < ClligeFllr2oc) - (5.56)
Moreover, consider the smooth harmonic extension A of a on C given by

AA =0 on C

- ~ 5.57
{ heA=a, th(d.A)=0 on 0C'. (5:57)
Then, the following estimate holds:
1Allwrs2cy < ClloeFllzoo) - (5.58)
Proof. Observe that by the Sobolev embedding theorem in four dimensions
Wh3(90) — W=l (oC)
is a continuous embedding, if 1 > 1 — 1/¢ and if
4 1 4
1—=> (1——) ——:1—§.
2 ) q q
Using (5.56), we then have
lallwi-1/aaacy < C llallwrzooy < ClltaoF llzz2oc) (5.59)

for ¢ < 5/2.
In a next step', we deduce from the trace theorem the existence of an su(2)-valued
one-form A on C with ¢}, A = a and ¢} (d,A) = 0 such that

[Allwray < Cllallwi-1/aac) -
Combining this with (5.59), the left hand-side can also be bounded by
[Allwraicy < ClliaoF llzzoc) » (5.60)

for ¢ < 5/2.

"'We now follow step by step the proof of Lemma 4.7 for the Abelian case.
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Now, we define A = A — A, where A is the smooth harmonic extension of a defined
by the elliptic system (5.57). Obviously, we have

B AA=AA B on C
heA=0 t5o(dA) =0 on 0C'.

According to the theory of Calderén-Zygmund, it then follows for A € Q. (C,su(2))
that )
| Allwraey < CllA[lwrac) - (5.61)

This directly implies, choosing ¢ = 5/2,
[Allwrsrey < NAllwsee + 1 Allwse e

(5.60)
< CH DI Alwone < CllideFl e .

O

5.3 Strong Density Result in the Non-Abelian Case

Recall from the introduction that we want to produce a suitable framework for the ex-
istence of minimizers for the Yang-Mills functional in five dimensions. Motivated by the
results for harmonic maps from B? into S?, we know that the strong closure of Fg(B®)
is the best candidate for the existence of minimizers. In this section, we now investigate
the strong closure of Fr(B?).

A first attempt in order to determine the strong closure of Fx(B?) in the non-Abelian
case is to show that Fr(B®) is strongly dense in Fz(B5) for the L*norm by transfering
directly the ideas of the proof for the Abelian Theorem 4.6 to this non-Abelian setting.
Doing this it turns out that the non-linearities, i.e., quadratic terms of the form A A A in
the curvature, are simple to handle. However, we have to face the following two problems:

a) By definition we know that elements in Fr(B®) are smooth up to gauge transfor-
mations and a finite number of points. Approximating Fz(B®) strongly by weak
curvatures in Fr(B®) gives hence no approximation by smooth objects. There is
always the restriction of smoothness “up to gauge transformations”.

b) Thanks to K. Uhlenbeck’s Theorem 3.2 we can choose the Coulomb gauge on the
boundary of the good cubes in the cubic decomposition. This induces a change
in curvature on the boundary. More precisely, the curvature transforms with the
adjoint action of the Lie group SU(2) under gauge transformations. Recall that in
the Abelian case with the Abelian Lie group U(1) there is no adjoint action. As a
consequence of the change in curvature after Coulomb gauge transformations, the
choice (5.8) of the decomposition is no longer sufficient for convergence. We only
obtain a kind of convergence “modulo gauge transformations”.

Remark 5.1. We mention that the weak density result? of the previous section is a possi-
bility to deal with problem a), since Tr(F' A F') represents a gauge invariant global object.
Moreover, considering only weak convergence, we can exclude problem b).

2We put the calculations making more precise how the strong L?-convergence of Fr(B5) to Fz(B5)
fails in Appendix D.
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From these reflections we get an understanding of how to treat the strong density in
the non-Abelian case and of how to define the notion of non-Abelian “singular bundles”.
Namely, for the latter we have to look for an object which is on the one hand gauge invari-
ant and on the other hand able to characterize the curvature — modulo the adjoint action
of SU(2). The object Tr(F' A F') being gauge invariant encodes not enough information
for characterizing the curvature. This lead us to consider the tensor product Tr(F ® F)
which is still gauge invariant and determines uniquely the curvature — modulo the adjoint
action of SU(2) (see Lemma 3.7). Combining the defining equation (5.5) of Fz(B®) with
the tensor product we end up with the next definition describing “singular bundles” for
the non-Abelian case — or, more precisely — everywhere singular SU(2)-bundles over B>
with bounded L?-curvature.

Definition 5.1 (L?-curvature of a singular SU(2)-bundle). An L*-curvature of a
singular principal SU(2)-bundle over B® is defined as an element Q) in L' (B?, N (TB%) ®

/\Z(TB5)) with the following properties:
a) There exists F' € Q3,(B°,su(2)) such that Q = Tr(F @ F).

b) For everyxz € B® and a.e. 0 < r < dist(x,0B) there exists a curvature f of a Wh?-
connection on smooth principal SU(2)-bundle over OB} (x) such that Lops St =

Tr(f® f).

The class of L*-curvatures of singular principal SU(2)-bundles over B® is denoted by
Feo(B5).

In order to solve the problem of strong density in the non-Abelian case, we then have
to show that for every Q € Fy(B?®) there exists a sequence (Fy)gen in Fr(B®) such that

Tr(F,® F) — Q  in L', (5.62)

This is Open Problem 1 in the introduction. We emphasize again that with the help of the
tensor product there is no longer any kind of convergence “modulo gauge transformation”
and that the approximating sequence (Tr(Fk ® Fk)) ren 18 really smooth except at a finite
number of points. Moreover, note that in (5.62) we consider on the space of singular
SU(2)-bundles with bounded L?-curvatures the metric given by

S(FI,F)= | |Tr(F®@ F) - Tr(Fe )| ds. (5.63)
B5

There is an alternative notion for non-Abelian “singular bundles” given in Definition
1.3 of the introduction. Lemma 3.7 — which obviously also holds on B® — then states
that Definition 5.1 and 1.3 are equivalent. Together with Definition 1.3 we can adjust
the topology on the space of L2-curvatures of singular principal SU(2)-bundles using the
metric given by (see T. Kessel and T. Riviere, [27])

1/2
d([Fl], [FQ]) = UGLOO(iBnSfﬂU(Q)) ( - |F1 — 0'71}7120"2 d513) . (564)

From Proposition 3.5 we then deduce that the two metrics d and § generate equivalent
topologies. Note that the metric § is more explicit and thus simpler to handle.
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Strategy for Solving Open Problem 1

In order to show (5.62), we propose a strategy which resembles the one for the strong
density in the Abelian case. From now on, we require the reader to be familiar with
the notations of the previous chapters. The strategy is then the following: We divide
B® into small open cubes of side-length ¢ > 0. Let good and bad cubes as in Section
5.2 with respect to F € Q3,(B®, su(2)) given by the definition of Q € Fg(B®). On each
good cube of the cubic decomposition we take the average F. of F. Then we define the
piecewise constant four-form Q. = Tr(F, ® F.) and choose the grid in such a way that on
the boundary

lim {45042 — e QellLrocy) = 0. (5.65)

This can be rewritten as
lim | Te(f: ® £2) — Te(fe ®© £2) 3oy = 0. (5.66)
where - F = f. = da. + a. N\ a. and LaC = f. = da. with d,a. = 0. Note that,

using the smooth approximability of Section 3.1, we can assume that ¢}, F' is smooth and,
moreover, that the curvature f. agrees except for the small quadratic term a. A a. with
the curvature fa = da. + a. N a. being already in Coulomb gauge. We are allowed to pass
to the Coulomb gauge acouiombe = Tcouloms(@:) on each boundary of the good cubes due
to the small energy assumption. It is important to mention that owing to Proposition 3.4
the Coulomb gauge acouioms e i still smooth.

Next, for the good cubes we want to show that the fact of “being closed to a constant”
on the boundary for the original curvature — see (5.66) — remains also true for the gauge
transformed curvature. More precisely, this can be formulated in the following way:

Open Problem 5. Assuming that
lim [[Te(f. ® £2) — Te(f: © £2)l3ocn) = 0. (5.67)

with curvatures of small L*-energy, can we conclude on the boundary of the good cubes
that

li_r)%Hf(aCoulomb,s) = daCoulomb,s + ACoulomb,e A ACoulombe — fz—: 9) =07 (568)

In a next step, we take the harmonic extension of ACoulomb,e ON each good cube, which
we will denote by A, with corresponding smooth curvature F. = dA. + A, A A.. Then,
as a consequence of (5.68), we want to establish that

Tr(F.®F.) — Te(F®F) in L'. (5.69)

This is much like in the proof for the Abelian Theorem 4.6, where the fact of “being
closed to a constant” on the boundary of a cube implies “being closed to a constant” i
the interior of a cube by using the harmonic extension. Finally, the strong convergence
(5.62) follows from (5.69), since by Lebesgue’s theorem Tr(F ® F) converges to (2.
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We already encounter in our direct approach to strong convergence in the non-Abelian
case (see Appendix D) the question if the choice of the cubic decomposition also holds for
the gauge transformed quantities. To be more precise, under the assumption (see (5.8))

l{% | fe = fell L2002y = 0, (5.70)

with curvatures of small L?-energy, we want to conclude on the boundary of the good
cubes that

}:ii% 1 (acoutomp,e) — Ji—”p(acg) =0. (5.71)

One first possibility for showing this is to use an estimate as in T. Tao and G. Tian
[45], Section 9. We write the initial gauge a. as the sum of the Coulomb gauge a. and
some perturbation term A\.. Then we have the estimate

1/ (acoutombe) = fellrzocsy < Cllacoutombe — ellwr2ace)
= C|locoutoms(@e + Ac) — Gcllwr2(a02)
< O|(@ + Ae) = @cllwrz@ace) = C [ Acllwrzocs) -
(5.72)

However, it turns out that the right-hand side can not be controlled by (5.71).

In a second approach, we consider an auxilliary problem which is directly related to
Open Problem 5. — For a fixed good cube €Y with boundary 0CY and average f let
(frx)ren be a sequence of small L%-energy curvatures such that

lim || f — fll20c9) = 0. (5.73)
k—o0
In order to show that this remains true for gauge transformed curvatures, i.e.

S (£ (acoutomb k) = fllz2acs) =0, (5.74)

we first choose the Coulomb gauge acouiombr = Ocoutombr(ar). The estimate (3.26) for
Coulomb gauges then gives

| acoutomb.k|lwi2@cey < Cun || frll 2009y < C < 00,

where we used also the convergence assumption (5.73). Due to this uniform boundedness,
it then follows from weak compactness for a subsequence

ACoulomb,k’ — G Weakly in Wl’z . (575)

Note that we have d,a~ = 0, since d.acouiomsrr = 0 passes to the limit. From (5.75), we
deduce that

f(aCoulomb,k’) — f(aoo) Weakly in L2 . (576)

Moreover, in Coulomb gauge the convergence assumption (5.73) reads as

khl?o 1 f (acoutomb,k) — Uéiulomb,kaCoulomb,kHL?(BCQ) =0. (5.77)
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At this stage, we don’t know wether there exists a limiting gauge transformation o, such
that

flac) = 0 foo . (5.78)

Since as seen before f is nearly in Coulomb gauge, we then deduce from the uniqueness of
Coulomb gauges in the small L2-energy regime given in Proposition 3.3 that o, must be
the identity in SU(2). Hence, combining the weak convergence (5.76) with the norm con-
vergence (5.77), we end up with the strong convergence (5.74) for curvatures in Coulomb
gauge.

In terms of the metrics introduced in Section 3.3, we get a better understanding of the

open question (5.78). — Note that the convergence assumption (5.77) can be rewritten
with the help of the metric d as
kli_{god(f(aCoulomb,k)a f) =0. (579)

If this would imply that
kh_{{.lof}/(f(aCmdomb,k); f) =0 ) (580)

where the metric v for the Coulomb gauges is defined in (3.58), then it is not difficult
to check that we could directly deduce the strong convergence (5.74) for curvatures in
Coulomb gauge. However, we have already shown in Proposition 3.5 that d and v do
not induce the same topology. This can thus be seen as the reason for the open question
(5.78). In order to solve (5.78), we then have to find the curvatures f for which the
convergence (5.79) with respect to the metric d also implies the convergence (5.80) with
respect to the metric ~.



Chapter 6

Curvature Currents

In this second part of the thesis, we introduce currents associated to the weak curvatures
of Chapter 4 and Chapter 5. With the help of these currents the problem of connecting
the singularities of the weak curvatures translates to the existence of an i.m. rectifiable
current which completes the initial current to a boundaryless current. Such currents will
be called curvature currents.

The problem of connecting singularities is strongly related to the notion of minimal
connection. So we will give definitions of minimal connections for weak curvatures in the
Abelian as well as in the non-Abelian case. It is again useful to review briefly results in
this direction in the case of maps from B? into S2.

6.1 Preliminaries

We collect results on the minimal connection for maps from B? into S? and on Cartesian
currents. The reader should be familiar with Section 2.3.

Minimal Connection for Maps from B? into S?

The notion of minimal connection first appeared in H. Brezis, J.-M. Coron and E. H. Lieb,
2] for the calculation of the minimum Dirichlet energy of maps from a domain in R? into
S? with prescribed location and topological degree of their point singularities. At the
beginning of this section, we explain the idea of a minimal connection and give a formula
for its length (see also H. Brezis, [3]).

Let H}(B®, S?) denote the class of W'"2-Sobolev maps from B? into S* with given
smooth boundary data ¢ : 9B*> — S?. Given u € H;(BZS,SQ), we introduce a vector

field D(u) on B? defined by
5(u) = (u-ux2 X Uggy U+ Uy X Ugyy U+ Uy xug@). (6.1)

Obviously, we have that D(u) € L'(B3,R?) by Hélder’s inequality. In the special case of
u belonging the the class R;O(BS, S?) of smooth maps except at a finite number of points
ai,...,ay € B3 we have that (see H. Brezis, J.-M. Coron and E. H. Lieb [2], Appendix
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B)

div D(u) = 47TZdeg u,a;) 0y, in D (6.2)

where d,, is the Dirac measure at a; € B3 and deg(u, a;) € Z denotes the Brouwer degree
of u restricted to any small sphere S?(a;) centered at a;, called the degree of u at a;. Note
that roughly speaking the divergence of the vector field ﬁ(u) detects the singularities of
u € RY(B? S?).

Let u € RY(B?, 5%) and assume that

deg(ulgps) = deg(p) = 0. (6.3)

Moreover, we suppose that the degrees deg(u,a;) of u at a; € B?, for i = 1,..., N, are
prescribed and we denote them by d; € Z. The assumption (6.3) then reads as

N

> di=0. (6.4)

=1

Next, we define the total positive degree K of u by

K= Zd Zdl,

d;>0 d;<0

and denote by At = {af,...,ak} the list of singularities with positive degree, each
singularity a; repeated according to their multiplicity d; > 0. Similarly, we write A~ =
{ay,...,ax} for the list of singularities with negative degree. In other words, the map
u € Rf;o(B?’, S?%) can be seen as a smooth map except at the 2K — not necessarily different
— point singularities af,...,a},ay,...,ax having all degree +1. Then the length of a

minimal connection for u is defined by

= min Z lai —a_,. (6.5)

O’ESK

where 0 € Sk is a permutation of {1,..., K}. Note that by a connection for u we mean
a pairing of the points in AT with the points in A~ and the length of this connection
is given by the sum of the distances between the paired points. Clearly, for a minimal
connection the singularities of u are connected in such a way that the sum of distances
between the paired points is minimal.

From H. Brezis, J.-M. Coron and E. H. Lieb [2], Section IV, we know that the length
of a minimal connection can also be expressed as

L(u) = o {Zé -2l i)} - (6.6)
Vellest

We observe that
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Using (6.2) and a standard density argument, we then obtain

> (€~ ¢(a) = 4 [ divBlugd'a. (6.7)
i=1
With Stokes’” theorem, the last equation becomes
= 1 : L[ o-
(e ~ @) = - [ (B w)¢dom - 1= [ Dl -vedz, (o9

where v denotes the unit outward normal to B®. Thus, for u € RY(B?,S?) such that
deg(p) = 0, we end up with the following formula for the length of a minimal connection®:

L(u) = L sup { D(u)-VEdPz — / (ﬁ(u) : 1/)§dA333} : (6.9)
s Ve "

Minimal Connection in Terms of Differential Forms

We construct differential forms with the help of maps from B? into S? and then rewrite the
classical formula (6.9) for the length of a minimal connection in terms of these differential
forms.

Let wg2 € Q2(5?) be the volume two-form on S? given by wgz = ¢, where g2 :
S? — R? is the canonical inclusion and

Q = 1 da® Ada® + vy da® Ada' + 2z dat A de® € Q*(R?).

Then a straightforward computation shows that the pull-back under u € H S},(B?’, S?) of
wgz reads as
wrwge = Dy da® A da® + Dydx® Ada' + Dsdat A da?

where the components Dy, Dy, D3 € L*(B3?) are exactly the components of the vector field

—

D(u) defined in (6.1). This leads to the following notation:
D(u) = u*wg> € Q7. (B?). (6.10)
For the exterior derivative of D(u), we obtain
dD(u) = d(u*wg2) = div D(u) da' Adx? Ada® in D' . (6.11)
We consider the following two particular cases:
a) If u is smooth, the pull-back and the exterior derivation commute implying that

dD(u) = d(u*wgz) = u*(dwg2) = 0. (6.12)

Note that there is a difference in sign compared to the right-hand side of (6.8). However, because of
the linearity in &, the supremum remains unchanged.
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b) If u € RY(B?, 5%), it follows from (6.2) that

N
dD(u) = (47‘(‘ Z deg(u, a;) 5@) dz' A dz* Adz®  in D'(B?). (6.13)
i=1

Next, we express the length of a minimal connection for u € R¥(B?, 5?) with deg(p) =
0 in terms of differential forms. — Together with (6.11) we can rewrite the length of a
minimal connection (6.7) as

_ 1
> (etal) = €a)) = 5= [ DG, (6.14)
i=1 T /B3
where the function ¢ : B> — R satisfies ||d¢||z~ < 1. Stokes’ theorem then gives
- 1

S (e =) = 3= | (D))

i=1

1

47 B3

D(u) A d§ .

Thus, using (6.6), we end up with the following formula for the length of a minimal
connection in terms of differential forms being equivalent to (6.9):

L) =~ sup { D(u) A dé — LgB3<z)<u>g>} | (6.15)
47 Hgéﬁs_ﬁil B3 OB3

Note that the right-hand side of (6.15) is also well-defined for any u € H}(B?, S?) and,
moreover, finite since deg(¢) = 0 by assumption. More precisely, the first term being
clearly finite, the finiteness of the second term follows from

T 4r

1 *
deg () /a s = 0.

Thus, we take (6.15) as definition for L(u) in the case of u € H}(B?, S?).

Cartesian Currents

The study of Dirichlet energy minimizing maps from a domain of R? into S? in the context
of Cartesian currents goes back to M. Giaquinta, G. Modica and J. Soucek. At this place,
we explain how a Cartesian current can be associated to a map from B? into S?. Motivated
by the analysis of the boundary of this Cartesian current, we introduce a particular class
of Cartesian currents and the notion of minimal connection in the language of Cartesian
currents.

Let u : B3> — S? be a smooth map with its graph given by

G, = {(:c,y) eB*xS? 1y :u(x)}
We can associate to u the three-dimensional Cartesian current T, € D3(B? x S?) defined
by
iMM:/w:MMM, i € DY (B x §2). (6.16)

u
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Considering the map

ideu: B2 — B?x 62

T — (x,u(x)),

we have
T (w) = / (idau)w. (6.17)
B3
For the boundary 9T, € Dy(B? x S?) of T,, we have by definition
OT. (1) = Tuldn) = [ (idvawydy, (6.18)
B3

for every n € D?(B? x S?). Using the fact that the pull-back and the exterior derivative
commute and Stokes’ theorem, the last equation becomes

oT.(n) = /B3 d((id > u)*n) = /8B3 (td > u)*n.

Since (id 1 u)*n is a compactly supported two-form on B3, the right hand side vanishes
and hence T}, is boundaryless in B® x S?, i.e.,

OT,.LB*x S*=0. (6.19)

For u € H'(B3,5?) the Cartesian current T, € D3(B? x S?) carried by the graph of
u is defined as before. Its boundary, however, does not vanish in general. For example,
in the particular case of v € R*(B? 5%) being smooth except at a finite number of
singular points ay, ..., ay in B3 with degrees di, ..., dy, we have that (see M. Giaquinta,
G. Modica and J. Soucek [17], Sect. 4.2.1, Proposition 1)

N
OT,LB* x §% = = " diba, x [S°] . (6.20)
=1

From this we conclude that T, can be completed to a boundaryless Cartesian current by
defining
T=T,+Lx[S],

where L is a one-dimensional i.m. rectifiable current on B? such that L = — sz\il d;0q; -

The class cart®!(B3, 5?) of Cartesian currents is defined in M. Giaquinta, G. Modica
and J. Soucek, [16] and [19], and can be characterized (see [17], Sect. 4.2.4, Theorem 1 and
also [19], Sect. 5, Theorem 1) as the class of T' € D3(B? x S?) without boundary in B x 52
for which there exist a unique function ur € H'(B?,5?) and a unique one-dimensional
i.m. rectifiable current L; such that

T =T, + Ly x [57], (6.21)

where T, denotes the current integration over the graph of up. There are the following
two particular types of Cartesian currents belonging to cart®! (B3, 5?%):
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a) For u € C*(B3,5?) the Cartesian current T, is an element of cart®>!(B?,S?), since

(6.19) holds.

b) For u € R>®(B3,S?) the Cartesian current T, can be completed to an element in
cart® (B3, 5?%) as explained before.

There is also a notion of minimal connection in the context of the Cartesian currents
T, € D3(B? x S?). — A minimal connection is defined as one-dimensional i.m. rectifiable
current L of minimal mass with support spt L C B3 such that

OT,.B* x $* = —0L x [S?] . (6.22)

This current is not necessarily unique and the mass M (L) of L permits to recover formula
(6.15) for the length of a minimal connection. To be more precise, it is possible to establish
(6.6) with the help of M (L) and the concept of calibration (see Section 6.2) in a more
elegant way than the original proof of H. Brezis, J.-M. Coron and E. H. Lieb [2], Section
IV. For more details we refer to M. Giaquinta, G. Modica and J. Soucek [17], Sect. 4.2
and [18], Theorem 1.

6.2 Curvature Currents and Minimal Connection in
the Abelian Case

In this section, we consider the Abelian case with its three classes F.o(B?), Fr(B?) and
Fz(B3) of weak curvatures (see Section 4.1). We will follow the methods described in the
previous section.

Curvature Currents

The first aim of this section will be — roughly speaking — to construct “Cartesian currents”
for weak curvatures in the Abelian case. More precisely, starting with two-forms on B?
— instead of maps from B? into S? in the case of Cartesian currents — it is possible to
construct a class of one-dimensional currents on B? with properties being very similar to
the class of Cartesian currents introduced at the end of Section 6.1.

To every given F € Q3%,(B?), we can associate a one-dimensional current Tr € D;(B?)

defined by
1

Tp(w) = —/ FAw, Vw € DY(B?). (6.23)
2T B3
For the boundary 0T € Dy(B?) of T, we have by definition
6.23) 1
OTr(9) = Te(de) 2 — | Fado, (6.24)
T JpB3

for every ¢ € D°(B?) = C>°(B? R). Interpreting the right-hand side of the last equation
as weak derivative of F' and using the notation S for the boundary 0Ty € Dy(B3) of T,
we can rewrite (6.24) as

Sp() i/ FAdqs:—Qi dF ¢. (6.25)
B3

2 T JB3
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We determine Sp explicitly for the following two particular cases:

a) If F € F,(B?), the right-hand side of (6.25) vanishes and hence T is boundaryless,
ie.,

Sp=0. (6.26)

b) If F € Fr(B?), the right-hand side of (6.25) becomes

N N
— /B dF ¢ = —2x /B (Z didai> odPr = —QW;di ola;) .

=1

Thus, we arrive for the boundary of T at

N
Sp(¢) = — Z dib.,(¢), Vo € DUB?),

which can be written as

This shows that Sz € Ro(B?), i.e., in the case of F' € F3(B?) the boundary of T is
an zero-dimensional i.m. rectifiable current. For later use, the following observation
will be important: Since S is given in (6.27) as integration over a finite number
of points with sz\il d; = 0 (this follows from appropriate boundary conditions), we
deduce that Sr bounds an one-dimensional i.m. rectifiable current. More precisely,
there exists L € R{(B?) such that Sp = —JL.

Next, we want to show that for F € Q2,(B?) the Euclidean mass M(Tr) of Tr €
D, (B?) in B? given by

M(Trp)= sup Tp(w)= sup / FAw (6.28)
weD!(B3) weD!(B3) J B3
[wllpee <1 llwllLoe <1

is finite. For this purpose, we compute

M(Tr) =  sup / FAw< sup / |F A w(x)|d*s
weD(B%) J B3 weD(B%) J B3
l[wllLee<1 lwl| oo <1

< / |F(2)|d*z < C < o0, (6.29)
B3

where we used that the two-form F' is integrable by assumption. Since the mass M (1)
of Tr € Dy(B?) in B? given by

M(Tp)= sup Tr(w)= sup / FAw (6.30)
weD' (B?) weD(B3) J B3
floll§% <1 [wl|5% <1
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satisfies — as a direct consequence of [|w||5% < [|w|lLe~ —
M(Tr) < M(TF), (6.31)

it follows that M (TF) is also finite.

In summary, comparing (6.26) with (6.19) and (6.27) with (6.20), we conclude that
the current (6.23) has some analogies with the Cartesian current (6.16). Motivated also
by (6.21), it seems therefore natural to introduce the following class of one-dimensional
currents on B3:

Curv(B*) =T €Dy(B*) : I FprcQi(B® and 3 Ly € Ry(B?
L

st. T=Tp + Ly, T =0 on 33}.
(6.32)

In the following, these currents will be called curvature currents. There are two particular
types of currents belonging to Curv(B?):

a) For F' € F..(B?) the current Tr is an element of Curv(B?), since it already satisfies
OTr = 0.

b) As explained before, we know that for the one-dimensional current T associated to
F € Fr(B?), there exists L € Ri(B?) such that Sp = —dL. Thus the completed
current T' = Tr + L belongs to Curv(B?).

Smooth boundary Data

At this stage, we introduce some smooth boundary data ¢ € Q2 (S?) which additionally
satisfy

/ ¢=0. (6.33)

/ /LaBsF /dF / d(dA) =0,
S2 oB3 B3 BS

we conclude that (6.33) is obviously verified for F' € F,(B?). In the case of F' € Fr(B?),
however, the assumption (6.33) translates to

Since

N
> di=0. (6.34)
=1

Moreover, we set

Foop(B?) ={F € Fu(B?) : thpsF =}, (6.35)

and similarly for Fp ,(B®).
We can also think of ¢ as being the restriction of a smooth two-form — still denoted
by ¢ — defined on some open set B* D> B?. We then define

Curv,(B ={T e Curv(B®) : (T —T,)L.B*\ B* = 0}, (6.36)

where T, is defined as in (6.23) and L denotes the restriction of T — T, € Dy(B?) to
B\ B
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Minimal Connection

In the context of curvature currents, there is a notion of minimal connection. — Starting
from F € Fr(B?), which can be interpreted as an element in Fz(B?) extended by the
smooth boundary data ¢ on B?\ B3, we consider T with boundary Sy € Ro(B?). Then
we define the minimal connection Ly of F' as a one-dimensional i.m. rectifiable current

supported in B? of minimal mass whose boundary satisfies 0Lr = —Sp. In other words,
setting
minteger(‘sF) = inf~ M(L> s (637)
LeER1(B3)

spt LCB3, OL=—Sp

we can write Mipteger(Sr) = M (LF).
In order to give a formula for miyseger(Sr), we first need some preparing results on
minimal currents.

Theorem 6.1. Let S be a zero-dimensional rectifiable current on 33 with sptS C _B3
which is the boundary of an one-dimensional rectifiable current on B? supported in B3.
Then, we have

minteger(‘S) = mreal(‘S) ) (638)
where
Myear(S) = inf_ M(T). (6.39)
TeD1(B3)

sptTCB3, 9T=—5

Proof. From the definitions (6.37) and (6.39), we obtain directly
mreal(s) S minteger(s) . (640)

For the converse inequality, we refer to M. Giaquinta, G. Modica and J. Soucek [17], Sect.
1.3.4, especially Theorem 8 and references therein. — It is important to note that for a
one-dimensional rectifiable current in four dimensions the inequality in (6.40) is strict (see
also R.M. Pakzad, [35]). O

Proposition 6.2. Let S be a zero-dimensional current on B3 with sptS C B3 which is
the boundary of an one-dimensional current on B® supported in B3. Then, we have

Mreat(S) = sup  S(€). (6.41)
&:B3—R3
[[de]|F5e <1

Proof. Let T denote an one-dimensional minimal current on B3 supported in B? which
satisfies 0T = =5, i.e. M(T) = Myeqi(S). From R.M. Pakzad [35], Chap.1, Proposition
2.3, we know that this is equivalent to the existence of an exact one-form d§., — called
calibration — such that M(T) = T(d{.u) (see also Definition 6.1 and Proposition 6.4
below). This implies that

M(T) = T(dfcal) = _S(gcal) )

and taking the supremum
M(T)< sup S().
&:B3—R3
(|| %0 <1
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On the other hand, it is evident from the definition of the mass of a current

M(T)> sup T(d¢)= sup S(§).
&:B3—R3 €:B3R3
lld€lI %0 <1 llde||5% <1

Thus, we arrive at

Mreat(S) = M(T) = sup S(§).
&:B3 RS
[ld€]| 9% <1

]

At this stage, we can combine Theorem 6.1 with Proposition 6.2, in order to obtain a
formula for mjpteger (Sr) being very similar to (6.15). In the following, we will thus refer
to m;(Sr) as the length of a minimal connection for F' € Fg ,(B?) and denote it by L(F).

Proposition 6.3. Let F' € Fr,(B*) and Sp € Ro(B?) the boundary of Tr. Then, we
have

L(F) = Mipteger (SF) = Myear(Srp) = sup i Sr(§). (6.42)
¢:B3 R
[ld€ ]| $% <1

Moreover, the following formula holds for the length of a minimal connection:

1
L(F) =~ sup / Fade— [ opmFol. (6.43)
2m &:B3 R B3 B3
ldgs <1

Proof. Recall from (6.27) that if F € Fr,(B?), then Sp is a zero-dimensional i.m. recti-
fiable current which bounds an one-dimensional i.m. rectifiable current. Thus Theorem
6.1 gives directly the second equality in (6.42). The third equality in (6.42) is a direct
consequence of Proposition 6.2. — For completeness note that the first equality in (6.42)
is just the definition of the length of a minimal connection.

In order to show the formula (6.43) for the length of a minimal connection, we have
using Stokes’ theorem

~[are=—[ o [ Faa,

for every function £ : B> — R. Hence, we obtain from (6.25) that

LF) = sup Se€)=— sup {—/BSng}

£:B3 R 27 epiRw
lld€ | 7o <1 lld€]| %0 <1
1
= 5. SWp {/ FEAdE — LBB3<F§)} ;
T B3-SR B3 B3
lldg]l %0 <1

showing the formula (6.43) for L(F). O
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Note that the right-hand side of (6.43) is also well-defined for any F in the L'-closure
Fr,0(B?) of Fr,(B?) and, moreover, finite since by assumption (see (6.33))

/ LBB?,F:/ p=0.
oB? oB3

Thus, we take (6.43) as definition for L(F) in the case of F' € Fz,(B?). We emphasize that
it is not clear wether L(F') can also be defined by minteger (Sr), since there exists a priori no
i.m. rectifiable current L such that 0L = —Sp. It will turn out that such a definition for
the length of a minimal connection can be extended to the class Fz,(B?) (see Corollary
6.6 below). At the end of this section, we will also show that Fz,(B%) N Fz,(B%) # 0
with 7 some other smooth boundary data implies ¢ = 7.

Calibration and Minimal Connection

Now, we want to study the length of a minimal connection in the context of calibrated
currents.

Definition 6.1. Let L € Ry(B®) such that sptL C B3. The exact measurable one-form
a with ||a||$% < 1 is called a calibration for L in B? if

M(L) = L(«a) . (6.44)
Moreover, we then say that L is calibrated in B3.

There is an interesting connection between calibrated and minimal currents stated in
the next proposition.

Proposition 6.4. Let S be as before and assume that L € Ry(B?) is minimal, i.e.,
M (L) = Minteger(S). Then L is calibrated in B* if and only if Mipseger(S) = Myear(S).

Proof. We already know that L € Ry(B?) is calibrated if and only if m,cq(S) = M (L)
(see R.M. Pakzad [35], Chap.1, Proposition 2.3). This result suffices for the proof of the
proposition.

In addition, we give a direct proof for one direction of the equivalence in the propo-
sition. — Assume that L € Rl(ég) verifying M (L) = Mipteger(S) is calibrated. By
Definition 6.1, there exists a = d€., with ||a||9% < 1 such that M (L) = L(«). This leads
to

M(L) = L(a) = L(dgcal> = aL(gcal) = _S(gcal) . (645)

Now, let T € Dy(B?) with spt T C B? such that 9T = —S. We then have

M(T) Z T<&) = T(dgcal) = _S<Scal) (6é5) M(L> = minteger(s> )

showing by taking the infimum that 1m,.¢q;(S) > Minteger (S). Since the converse inequality
is clear (see (6.40)), we have thus shown that

mmal(S) = mintegeT<S> .
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At this stage, we are ready to recover again a well-known result for the length of a
minimal connection. For this purpose, we consider F' € Fp ,(B?) with Sy € Ro(B?) given
by (see (6.27))

Denote by Lr € Rq( B?’) a minimal connection for F. Since Minteger (Sr) = Myear(Sr)
holds, Proposition 6.4 implies that Ly is calibrated in B3. Thus, there exists d&.,; with
|d€cat]|$% < 1 such that

K

M(LF) = L(dgcal) - _S(gcal) - Z(gcal(a’;r> - écal<a;)) .

=1

Hence, taking the supremum, we have

&:B3 R
[ld€]|Fo0 <1

K
M(Lp) < sup {Z(sw) —§(a;))} :
On the other hand, it is evident from the definition of the mass of a current that

K
M(Lp) 2 sup Lp(d§)= sup {Z(g(aj)—g(a;))}.
£&:B*—R &:B3-R i
l1d€Nl % <1 || d€ ][5 <1

Thus, we end up with the following result for the length L(F) = M(Lp) of a minimal
connection:

L(F) = S‘lelp {Z(ﬁ(af) - f(ai))} : (6.46)
lielem <1\

This was already obtained in (6.6) for the case of maps from B? into S? without using
the language of calibrations.

Example of a Dipole
Consider the dipole F; € Fr(B?) defined by
dFy = 27m(84, — 0 )dx' Adz® Adz® in D' (6.47)

Its boundary then reads as
1
Sr() = 50 dFy¢ = ¢la-) — ¢lay),
T JB3

where ¢ € C°(B3 R). We claim that the minimal connection Ly, € Ry(B?) for the
dipole is given by integration over the segment joining a_ and a, € B3, i.e.,

Lg, =la_,a.]. (6.48)
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First, we observe that
olas) —ola) = [ do= Ly (d) = 0Lr(o),

implying that 0Lg, = —Sp,. Moreover, it is not difficult to check that

(6.46)
L(Fy) =" sup {&(ay) —&(a-)} = [lay —a-||.
£:B3R
lld|l5% <1
Since M(Lp,) = |lay+ — a_||, the claim is proved.
For the dipole, we go a step further. — Choose coordinates on B* such that a, =

(0,0,%) and a_ = (0,0,—%). Then, for every ¢ € C>*(B? R), the following equation

holds:
/ Xla-,a+] d¢ N dxl A d(lf2 - / d¢7
B fa—a+]

where X[a_ 4,] is the characteristic function of the segment [a_, a]. This shows that in this
coordinates the minimal connection Lp, € Ri(B?) defined in (6.48) has the coordinate
representation

Lp,(w) = / Xjo_ay) dz' ANdz® Aw, Vw € DY B?). (6.49)
B3
We then obtain that Sg, + OLp, = 0 translates to

/ Fd/\de—i—/ Xla—,a4] d¢Ad$1 /\d.’[‘2 = 07
B3 B3
or, equivalently,
/ (Fd + Xja_,a4] dzt A dﬁ)/\dqﬁ =0.
BB

Using Stokes’ theorem, we deduce
/ d(Fd + Xla_,a4] dzt A dx2)qb =0,
B3

for all ¢ € C°(B3,R), and hence
d(Fy+ Xja_ay dz' ANdz*)=0 in D'. (6.50)

This shows that for the dipole F; € F3(B?) — which is clearly not exact on B® — we have,
however, that Fy + X[a_a,) dz' A dz? is exact. In other words, the two-form F; completed
bY Xfa_,ay) dz A dz? is exact.
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Closure of the Class of Curvature Currents

At this place, we want to answer the question, if the current associated to an element in
Fz.,(B?) can be completed to a boundaryless current by an i.m. rectifiable current. This
is Theorem 1.8 in the introduction. — The next proposition shows that the class Curvw(B 3)
of curvature currents is closed with respect to L'-convergence of the associated two-forms.
The proof follows M. Giaquinta, G. Modica and J. Soucek [17], Section 4.2.5, Proposition
4.

Theorem 6.5. Let (F))ren be a sequence in vaw(E’S) such that F " R n L1 Then,
there exists Ly € Ry(B®) with spt Ly C B* such that Ly = —Sg. In other words, we
have that

T = Tr + Ly € Curv,(B?).

Proof. Recall that to the given F' € Q%W(B:”) and Fy € Fr,(B?) we can associate one-
dimensional currents Tr and T, on B* with finite mass via (6.23). For w € D'(B%) with

|w[|$% < 1, we then get
/ Fy, /\w—/ FAw
B B3

27 3

1
< — F,—F 3
< 277/133‘ 2 () Aw(z)| d*x

T5 ) — Tr(w)| = —

1
< %/Bs‘Fk—F(:p)Hw(xﬂd?’m
1

< |Fy — F(z)|d*z — 0 (k — 00),
B3

27

where we used that Fj, "% Fin L} by assumption. From this we deduce the convergence

in mass M(Tp, — TF) 2% 0. Since

M*(SFk) = sup SFk(¢) = sup TFk(dd)> < M(TFk)7 (651)
$eC> (B3 R) $eCX (B3 R)
ldo|| $%0 <1 lldol| $% <1

the convergence in mass also gives M*(Sp, —Sr) — 0. Hence, there exists a subsequence

of (Fi)ren for which (without changing the notation)

1

M*<SFk - SFk+1) < ok

(6.52)

We already know that for every Fj, € fR,¢(B3), there exists Ly, € Ri(B®) with
spt Lp, C B? such that the completed current T = Tr, + Lp, belongs to CurV@(B?)).
Moreover, considering the difference Sp, — Sp,,, € Ro(B?), we denote its minimal con-
Fo € R.(B?). This means that the one-dimensional i.m. rectifiable

supported in B? satisfies

nection by Lp,

current Lp, g,

aLFkyFk—Q—l = _(SFk - SFk+1) ) (653)
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and
M<LFk:Fk+1) = mint@ger(SFk - SFk+l) : (6'54)

Then, using Theorem 6.1 and Proposition 6.2, we obtain that

(6.54)

M(LFkaﬂ) - mintegeT(SFk - SFk+1) - mrelll(SFk - SFk+1)
. (6.52) 1
= M*(Sp, _SFk+1) < o (6.55)
In a next step, we consider the current Ly = Lg, — 2\/2701 LF, F.,- Its boundary reads
as
N-1
) (LFO -y LF,C,FM) = OLp, — (0Lpyw +0Lpypy + ..+ Ly, py)
k=0
6.53
( = : _SFO + <<SFO - SFl) Tt (SFNfl - SFN))
= =Sk, . (6.56)

Defining Ly = limy_,« Lx, we deduce from (6.55) that its mass is finite and from (6.56)
together with the assumption Fj, "Z% Fin L' it follows that

8LT = J\lim _SFN == —SF,

with convergence in the weak sense. In summary, we deduce that
o0
Ly =Lo— > Lp.p, (6.57)
k=0
is an i.m. rectifiable current satisfying 0L = —Sp. This proves the proposition. O]

Remark 6.1.  a) Remark that due to the existence of Ly € Ry (B?) such that OL; =
—Sp, for F € O3, W(B?’), the current Sr is in fact summation over an infinite number

of points in B3, i.e.,

i=1

However, for the points the following must hold:
S flaf — a7 |l < M(Ly) < o0
i=1

Recall that Ly € R,(B?) was defined in (6.57).

b) Since Fy "X Fin L by assumption, we deduce that M (T, ) is uniformly bounded
(see (6.29)), i.e., for all k € N, there exists a constant C' > 0 such that
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Since
(6.42)
L(Fy) =" sup Sgp(§) = sup Tg(d§) < M(TF,),
&:B3—R3 &:B3—R3
1€ 5% <1 1€ 5% <1

the sequence (Lp, )ren in Ri(B?) of minimal connections for F}, is also uniformly
bounded and thus converges weakly

to some L € D;(B?). However, there is no uniform bound for M (9Lp, ) = M(SE,),
k € N, which would imply due to the closure theorem for i.m. rectifiable currents
(see H. Federer [12], 4.2.16) that L is in fact an i.m. rectifiable current. — This
would be a direct proof of Theorem 6.5.

Recalling that 7 ,(B?) denotes the L'-closure of Fg ,(B?) we deduce from Theorem
6.5 that elements in Fy,(B%) generate currents which can be completed in such a way
that they become curvature currents. This gives a proof of Theorem 1.8. As a direct
consequence, we obtain the following corollary:

Corollary 6.6. Let I € Fz,(B?). Then, we have that

L(F) = Mipteger (Sr) = Myear(Sr) = sup  Sp(€). (6.58)
f:B3HR3
lld€]| o0 <1

Moreover, the length of a minimal connection is continuous with respect to L*-convergence,
i.e.,

L(F) — L(F)  (k— o). (6.59)

Proof. Because of Theorem 1.8, the proof of (6.42) also apply to F' € Fy ,(B?). Thus
(6.58) is shown.
The continuity of L is then an immediate consequence of (6.58) and the trivial estimate

|L(Fy) = L(F)| = |M*(Sp) — M*(SF)|

where we used also the assumption of L!-convergence. O]

Proposition 6.7. Let F € Fy ,(B*)NFy.,(B?) for smooth boundary data p,n € Q2 (0B?).
Then we have that ¢ = n.

Proof. By assumption there exists a sequence (F},)gen in Fr,(B?) such that
F,— F in L'. (6.60)

We already know that there exists a sequence (Lp, )ren in R1(B?) such that (Tg,+ Lg,) =
Sk, +O0Lg, = 0 in B3. Moreover, Theorem 6.5 implies that F' can also be completed by
an one-dimensional i.m. rectifiable current L such that O(Tp + L) = Sp + 0L = 0 in B3.
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Next, we deduce from (6.60) that T, (w) — Tr(w) for every w € D'(B?), and the proof
of Theorem 6.5 gives Lp, (d¢) — L(d¢) for every ¢ € C>°(B?). Hence, we deduce

Ti (d6) + Li, (d9) — Ti(de) + L(dg)., (6.61)

for every ¢ € C>°(B?). On the other hand, we have by definition that

Ty (d6) + Ly, (d6) = / 0o,

oB3

The convergence (6.61) then yields

To(de) + L(de) = / v (6.62)

oB3

By assumption there exists another sequence (F})gen in Fr,(B?) such that F, — F
in L'. Proceeding as before, we deduce the existence of an one-dimensional i.m. rectifiable
current J such that

Ty (d) + J(d6) = / né. (6.63)

oB3

Since 01 = 0.J, it follows that O(Tr + L) = (Tr + J) in B3. Hence, comparing (6.62)

with (6.63) we arrive at
| wo=[ no.
oB? oB?

for every ¢ € C°(B?), showing that ¢ = 1 as desired. O

6.3 Curvature Currents and Minimal Connection in
the Non-Abelian Case

In this section, we pass from the Abelian to the non-Abelian case by transfering the notion
of curvature currents to the classes of weak curvatures in the non-Abelian case. Since the
arguments and calculations are very similar to the previous Section 6.2, we often only
quote the results.

To every F € Q2,(B®, su(2)) we can associate the four-form Q) = Tr(F A F) belonging
to Q7,(B®) and then a one-dimensional current Ty, € D;(B®) defined by

1 ~ 1
QNw=— [ To(FAF)Aw, Vw € DH(B®). (6.64)

To(w) = —
a(w) 82 Jps 872 Jps

Repeating the computations leading to (6.31), we deduce that its mass M (Ty) is finite.

The boundary Sg, € Do(B?) of T, reads as

1

~ 82

/ Tr(FAF)ANdo = L dTr(FAF)p V¢ € C°(B°,R). (6.65)
B5

87T2 B5

Sa(®)
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As in the Abelian case, we introduce the following class of one-dimensional curvature
currents on B®:

Curv(B?) = {T eD(B%) : 3Qp e (B°) and 3 Ly € Ry(B%)

st. T=Ty, + Ly, 0T =0 on B},
(6.66)

There are two particular types of curvature currents.

a) If F € F.(B®), we obtain that
Se=0. (6.67)
Hence the current T, in the case of F' € F,(B®) belongs to Curv(B?).

b) If F € Fr(B%), we obtain that

N
So ==Y _difa]. (6.68)

i=1
Thus there exists an one-dimensional i.m. rectifiable current Lz such that 0Ly =
—Sg. It follows also that the completed current T' = Ty, + Lt belongs to Curv(B?).

The notion of minimal connection in the non-Abelian case can be defined exactly in
the same way as in the Abelian case with the help of minimal currents. A formula for
the length of a minimal connection for elements of }"R,@(B‘r’) has already appeared in
T. Isobe [25], Theorem 1.6, where the approach of H. Brezis, J.-M. Coron and E. H. Lieb,
[2] without the language of currents is used.

Proposition 6.8. Let F € Frp,(B%) and Sy € Ro(B®) the boundary of Ty. Then, we
have
L(F) = minteger(SQ) = mreal(SQ) = Sup Sﬁ(g) : (669)

&:B5—R3
lld€] 7% <1

Moreover, the following formula holds for the length of a minimal connection:

1
L(F)= 5= sup {/ Te(FAF)NdE— s (Te(F A F)f)} : (6.70)
872 ¢.p5 _ps B5 aB5
[ld€]| 7% <1
Proof. The only difficulty in the proof is two show the second equality in (6.69), namely
that
minteger(SQ> = mreal<SQ) .

But this holds, since the rectifiable current S, is zero-dimensional (see R.M. Pakzad [35],
Section 2.2 and references therein). — The proof of Proposition 6.3 gives the remaining
details. O

In a next step, we want to show that the current 7§, associated to an element in
]—'®,¢(B5) can be completed to a boundaryless current. This is Theorem 1.9 in the intro-
duction. For the proof, we first establish Theorem 6.5 for the non-Abelian case replacing
the strong L!-convergence by the weak convergence in Theorem 1.2. This weak density
result then directly implies Theorem 1.9 and we are done.



Appendix A

Differential Forms and Scalar
Products

In this first appendix, we introduce differential forms on a Riemannian manifold which
play a crucial role in the present thesis, since all results are formulated with the help of
such forms. For the geometry of principal bundles in Appendix B the notion of vector-
valued differential forms is of particular interest. In order to define later in Appendix C
Sobolev spaces, we also need the definition of scalar products for differential forms. For
a more detailed introduction the reader should read the textbooks by S. Kobayashi and
K. Nomizu [28], Chapter I, by G.L. Naber [31], [32] and by G. Walschap [48], Chapter 1.

Alternated Forms

Let E be an n-dimensional real vector space and denote by A’(E) the alternating s-forms
on E. In a basis {¢;};—1__, of E with corresponding dual bases {e}};—; ., of E* = /\I(E)
every « € /\°(E) can uniquely be written as

a:ZaIefl/\.../\eZ, (A1)
I

,,,,,

where ay = afejy,...,e,) and I = {(i1,...,1s) : 1 <i3 <...< iy <n} is an ordered
multi-index. Recall that the wedge product for alternating forms on E is denoted by

A N(E) x NY(E) — AT (F). Note that (A.1) can also be written as
Lo . 1 i
o= y Z Q. ag € /\"'/\eis = ;O‘il...ise A...Ne"

it pris=1
with the usual Einstein summation convention.
Now, let ¢ : E x F — R be a positive definite scalar product on E and define
gij = g(ei,e;), fori,j=1,...,n. For a« € \’(E), we then set
a]l]s — giljl ng]sOé»L is
where (¢") denotes the inverse matrix to (g;;). Moreover, the induced scalar product
(o a s N(E) x N°(E) — R on A*(E) reads as

Lo
(a, B)ps = g% Y By i s (A.2)
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for o, 3 € A°(F). Form the definition of the wedge product we then observe that
(A B\ B) por < (o, a)ps (B, B) gk (A.3)

for « € A*(E) and g € N*(E).

FExample A.1. Consider ' = R™ with the standard scalar product and canonical orthonor-
mal basis. We then have

o

= (el = O ()t = Y, (A4)

for v € A°(R™).

Theorem A.1 ([32]). Let E be an oriented n-dimensional real vector space with scalar
product g and n € N\"(E) the corresponding volume form for E. Then, for 0 < s < n,
there exists a unique isomorphism, the so-called Hodge star operation,

< NE— N\ (E)

such that
Oé/\*ﬁ: <Oé,ﬂ>/\577, (A’S)
for a, 8 € N°(F). In particular, we have

aN\*a = |a

Explicitely, the components of the Hodge dual xa of « € A°(FE) are given by

det (gij) 1.5

Ky Gy = Sl €it.isfogn-s 5

where €;,_i.j,.j._. denotes the Levi-Civita symbol. Note that as a consequence of (A.6)
together with x(xa) = (—1)*(n — s)a, we have that

2 2
In a next step, we generalize the previous results to vector-valued s-forms. — Let V' be
a real m-dimensional vector space with basis { E; }i—1,.,, and denote alternating V-valued

s-forms on E by A°(E,V). We then write o € A°(E,V) as
a=a'Ei+...4+a™E,,,

where o € \*(E), fori=1,...,m.

At this stage for later use, we recall some basic facts on tensor calculus. — The covariant
tensors Tg(E) of degree s on E are defined by s-times the tensor product of the dual E*,
ie, Ty(F) = E*®...® E*. The following is well-known:

a) Alternating s-forms A°(E) on E can be interpreted as alternating covariant tensors
of degree s on F.
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b) The vector space of s-multilinear maps from F X ... x E into V is isomorphic to

T(E)®V.

Both facts then imply the existence of an isomorphism between A*(E, V) and A*(E)®V.
For more details on tensor calculus we refer to S. Kobayashi and K. Nomizu [28], Chapter
[.2.

If we assume that the vector space V also has a scalar product h : V x V — R,
we can define a scalar product (-,-)pa=p : A°(E, V) x A*(E,V) — R on A°(E,V) as
follows: Let o = o' E;, 3 = 37 E; be two elements in \*(E,V), set h;; = h(E;, E;), for
1,7 =1,...,m, and then define

(o, BY s = hij (o, )z (A.8)

For an h-orthonormal basis {E;};=1..n of V, this becomes

.....

(o, B)pen = (@, B pe 4o+ (@™, B (A.9)
In particular, we have
o
Note also that for V-valued s-forms the Hodge star operation
«: N(EV)— N\ BV

is defined componentwise by Theorem A.1 meaning that the Hodge dual of a € \*(E,V)
is given by

3\5+...

Arn = (o oo = o

*xa = x(a'E +...+a"E,)
*x' By + .. 4™ E,, . (A.10)
From now on, we assume that V' is the Lie algebra g of some matrix Lie group GG which
we regard as subset of R™*! = R™. Identifying g with a vector space of (possibly complex)
matrices, the Lie bracket [-,-] : g X g — g is given, for A, B € g, by the following usual

matrix commutator:

(A, B = AB — BA.
The wedge product Apj: A°(E, g) x A"(E,g) — A*T"(E, g) is then defined by

N B=)Y o NG E,Ej, (A.11)

ij=1

for all « = o' E; € N*(E,g) and 8 = P E; € A"(E,g). In particular, we have, for
ac N'(E, g)and v,w € E,

a AL o(v,w) = Z o' Aol (v,w) [E;, B
Z — ai(w)ad (v)) [Ey, B

2 [a(v), a(w)] . (A.12)

=
—_

—_
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For computational purposes, it is convenient to introduce another wedge product on Lie
algebra-valued forms from which A} can be easily obtained. Namely, we simply replace
the Lie bracket in (A.11) by matrix multiplication and denote the wedge product by A.
It is then not difficult to check that

al B=aAB—(-1)*BAa, (A.13)
for o € A\*(E,g) and 5 € A\"(E,g). Moreover, the commutation relations are given by
aNgB=(=1)"BALa and aAfB=(-1)*3Aa. (A.14)
Ezample A.2. Consider the special unitary group (note that AT = AT)
SU(2) ={A € GLy(C) : ATA=AAT=1 and det A = 1}
with its Lie algebra
su(2) = {A € My(C) : AT = —A and Tr(A) = 0}
under matrix commutation. On su(2), we then define the scalar product!
h(A,B) = —2Tr(AB). (A.15)
The basis {F1, s, E3} for su(2) consisting of

E1:—§0'1, E2=—§Uz, E3=—§U3,

0 1 0 — 10
() e ) e )

are the Pauli spin matrices, is h-orthonormal, i.e., h;; = h(E;, E;) = §;5, fori,j =1,...,3.
Now, we claim that for any oriented n-dimensional vector space E with scalar product g
and corresponding volume form 7, the following holds:

~2Tr(ar A #B) = (@, B)pran. (A.16)

where a, 8 € A°(F,su(2)). — In order to show the claim, we first note that a €
N’ (E,su(2)) can be expressed as

1 ia® o?+ial

where

and similarly, since the Hodge dual x3 of 5 € A*(F, su(2)) is defined componentwise (see
(A.10)),

1 ; 3 2 ; 1
*ﬁ - *ﬁl By *ﬁQ Ez + *ﬁs E3 - _5 (— *522*+ﬁi * 51 *ﬁ—jjg?)ﬁ > .

IThis is the so-called Killing form.
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It is not difficult to see that the computation of o A %3 reduces to usual matrix multipli-
cation of the matrices a and x( given above but with the entries multiplied by the wedge
product. Thus, we obtain that

1
Tr(a A*x3) = —§(a1 AxB+a? AxB2+ o A3 .
From (A.5), we then deduce that

Tr(a A %) = —5 (fo, ) + (0%, ) + (0%, )5 ) 0.

Using (A.9) the claim (A.16) follows. — Note that, in particular, we have shown that
—2Tr(a A *a) = |a|3\27h77. (A.17)

Differential Forms

Smooth differential s-forms on an n-dimensional manifold M — which will be denoted by
(M) — assign in a smooth way to every point p € M an s-form on the n-dimensional
vector space T,M. It is well known that elements of °(A/) can be seen as smooth sections
of the exterior s-bundle 7 : A*(TM) — M. In a local chart (U, x) of M, we can write
we N (M) as
w:ZwIdxil/\.../\dxis, (A.18)
I

where w; € C®°(M) is defined by wi(p) = wp( o (p),...,%(p)), for p € M, with

0wy
{83 (p)} a basis for T,,M.
v i=1,...,n
If, in addition, the manifold M is supposed to be oriented and equipped with an
Riemannian metric g, then each tangent space T, M of M gets an orientation and a scalar
product. From this, for each point p € M and 0 < s < n, we obtain a Hodge star

operation

x: N (@M) — N\ (T,M).

Thus, the Hodge dual xw € Q" (M) of w € Q°(M) can be defined pointwise in the
following way:
(*w)p(Xl, o X)) = x(wp) (X, X))

where p € M and X,,..., X, € T,M.

Using pointwise definitions all the previous results for alternated forms still hold in the
setting of differential forms on a manifold. More precisely, if n now denotes the volume
form of M and w,® € Q*(M), we have

WA X0 = (w,w0)n, (A.19)

where

(,) (M) x Q¥ (M) — C™(M) (A.20)
is the pointwise scalar product defined by (A.2). Moreover, we obtain from (A.3) that

(WAD,wA®) < (ww)(ww). (A.21)
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FExample A.3. Let U be an open subset of R" endowed with the standard Euclidean metric
and w € Q°(U). Then the (Euclidean) norm |w| of the differential s-form w on U is defined

by
wf? = (w,w) = Su?, (A.22)
I
or, comparing with (A.4), for each point p € U,

wi(p) = lw(p) s = (Wp),w@)) e = D wilp)?

We conclude this paragraph, by observing that smooth V-valued differential s-forms
on a manifold M for an m-dimensional real vector space V' — denoted by Q°(M, V) — can
be seen as smooth sections of A*(TM)®V. For w € Q%(M, V), we have the representation

w=wE+.. . +w"E,, (A.23)

where w' € Q%(M), for i = 1,...,m, and {E;};—1._m is a basis for V. Doing everything
componentwise all the previous results extends at once to this more general context.

Ezxample A.4. In the setting of Example A.2, the following holds for w, @ € Q°(M, su(2)):
—2Tr(w A *w) = (w,0) 1, (A.24)

where (-, -) now denotes the pointwise scalar product defined by (A.8).

Exterior Derivative and Co-differential

The exterior differentiation d : Q%(M) — Q*t1(M) is given in a local chart by

dw = Z Z % de' Adx™ A ... Adx' (A.25)

where we used the local representation (A.18) for w € Q(M). Denoting smooth vector
fields on M by X (M) with Lie bracket |-, -] we obtain the following coordinate-free char-
acterization for the exterior derivative (see S. Kobayashi and K. Nomizu [28], Proposition
3.11):

s

dw(Xo, X1,...,X,) = Z(—l)id( (Xoy -y Xy, X)) - X,

+ Y (D) (X X)L X, K X X
0<i<5<s

(A.26)

where Xy € X(M) and X,..., X, € X(M). Note that the “hat” over a vector field
means that the latter is omitted. In particular, for w € Q'(M) we have

du)(Xo,Xl) = d(W(X1)> : XO - d(w(XQ)) : X1 - w([Xo,Xl]) . (AQ?)

Now, we give three important properties of the exterior derivative.



109

a) For functions f € Q°(M) on M the exterior derivative coincides with the tangent
map df, i.e., df(X) =df - X for X € X(M).

b) The exterior derivative satisfies the Leibniz-rule
dwA@)=dvANo+ (1) ’wAdo, (A.28)
for w € Q%(M) and @ € Q¥(M).
¢) We have that d(dw) = 0 for all w € Q*(M).
Next, we define the co-differential d, : Q¥(M) — Q71 (M) by
duw = (=1)"CTH 4 d(5w) (A.29)

For a differential one-form w the “divergence” d,w reads in local coordinates as

1 "L 0 ;
dw = \/T@ ; py <\/det(g)w ) : (A.30)

Note that the co-differential has the property d.(d.w) = 0 for all w € Q*(M).

Remark A.1. In the case of vector-valued w € Q°(M, V') the exterior derivative and the
co-differential are defined componentwise. For example, using (A.23) we have

dwo=dw'Ei+...+dw™E,,.
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Appendix B

Connections and Curvatures on
Principal Bundles

In this appendix, we give an overview on connections and curvatures of principal bundles
and introduce the Yang-Mills functional. At the end of this appendix, we then describe
the Abelian and the non-Abelian case of the previous chapters. Because of the focus on
the geometry, we simply assume that all objects are smooth. More informations on the
concepts of differential geometry used in this dissertation can be found in the textbooks
by S. Kobayashi and K. Nomizu [28], Chapter I and II and by G. Walschap [48], Chapter
2 and 4. For a very readable exposition we also refer to R. Friedman and J.W. Morgan,
[14]. A simple approach to the geometry of principal bundles is given in the textbook by
M. Nakahara [33], Chapter 9 and 10. — Instead of principal bundles we can also consider
the equivalent formulation of connections and curvatures on vector bundles for which we
refer to the textbooks by S.K. Donaldson and P.B. Kronheimer [11], Chapter 2 and by
D. Freed and K. Uhlenbeck [13], Chapter 2.

Principal Bundle

Definition B.1. Let P, M be two manifolds and let G be a Lie group acting freely on the
right on P. A principal G-bundle over the base space M with total space P and structure
group G is a submersion w: P — M called the bundle projection, together with a bundle

atlas { (x=2(U;), (m, goi))}ief on P. This means the following:
(i) The family {U;}icr is an open covering of M.

(ii) The map
(m,0:) : 7 N (U;) — U x G

s a diffeomorphism and G-equivariant, i.e.,
(7, 1) (€9) = (7(£), %i(€)g) (B.1)
for & € m=Y(U;) and all g € G.

Moreover, the set of all principal G-bundles over M will be denoted by P%(M) and an
element in PE(M) with total space P by : P — M or simply by P.
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Given a principal G-bundle there exist, for i,j € I with U; N U; # 0, well-defined
transition functions
Gij - UiﬂUj —>G,
given by
9i5 (m(€)) = @i(€)0;(§) 7" (B.2)
It is easy to check that g; = e, where e denotes the identity in G, and that the cocycle
condition

9i;(P)gj(p) = 9a(p) , (B.3)
for all p e U;NU; N U, # 0, is verified. Conversely, we have

Proposition B.1 ([28]). Let {U;}icr be an open covering of a manifold M and G a
Lie group. Moreover, assume that there exists, for all i,j € I with U; NU; # 0, maps
Gij - Uz N Uj — @ such that

9u(p) = 9i;(P)gju(P) , (B.4)
for every p € U; N U; NU, # 0. Then, we can construct a principal G-bundle in PE (M)
whose transition functions are given by g;;.

Associated Bundle

We can associate the so-called adjoint bundle to a principal G-bundle in the following
way: Denote by g the Lie algebra of the Lie group G with left action of G on g given by
the adjoint action Ad : G x g — g. On P x g, we then define the equivalence relation
(&,A) ~ (¢, A") if and only if there exists g € G such that (¢, A") = (g, Ad,—1A). The
quotient space (P x g)/ ~ is denoted by P X 44 g and there is a well-defined map

Tad: P Xagg — M,

6, A] — 7(&).

If (x=*(U), (7, ¢)) is a local chart for the given principal G-bundle 7 : P — M, then
the map

(Tadspaa) : mq(U) — Uxg,
€. 4]+ (n(§), Adye)A) (B.5)

is well-posed and defines a local chart for the adjoint vector bundle 7w : P X 499 — M.
In the following, we will simply denote this bundle by Ad(P).

With the left action of G on itself given by conjugation ¢ : G x G — G, we can
similarly associate to a given principal G-bundle 7 : P — M the fiber bundle =, :
P x.G — M whose local charts are given by

(Tey o) . N (U) — UxG,

C

£, 9] — (7(&), coe)9) - (B.6)

Later this bundle will be called automorphism bundle and denoted by Aut(P).
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Curvature and Connection

Let H be a n-dimensional distribution defining a connection on P € PY(M) with n-
dimensional manifold M. Its corresponding Lie algebra-valued connection one-form on P
is denoted by w € Q!(P,g). Then, by definition, the curvature form Q is given by the
exterior covariant derivative Dyw € Q%(P,g) of w with respect to H. Recall that the
exterior covariant derivative of w with respect to H reads as

Dyw(X1, Xo) = dw(XT, XF), (B.7)

where X1 X € 'H are the horizontal components of the vector fields X, Xy € X(P)
and d denotes the exterior differentiation of Appendix A. Note that the curvature form
Q) is (right) equivariant, i.e., (Ry)*Q = Ad,-1 0, for all g € G, and also horizontal, since
Q(X1, X2) = 0 whenever one of the vector fields X, Xo € X(P) is vertical. This will
be written as Q € Q2,(P,g). The two previous properties of the curvature form imply
that it can be seen as differential two-form F on M with values in the adjoint bundle
Ad(P) or, in other words, as section F of A\*(T'M) ® Ad(P) — M. More precisely, for
X1, X € T¢ P, we define

Frey(dme - Xy, dme - Xo) = [€,Qe(X1, Xo)] € Ad(P). (B.8)

It is not difficult to check that this definition is independent of £ € P and X7, Xs.

Since a connection form w is only equivariant and not horizontal, there is no in-
terpretation as a section of A'(TM) ® Ad(P) — M. However, if we fix a reference
connection form wy, then the difference o := w — wy — which is horizontal — can be re-
garded as section of A'(TM)® Ad(P). Conversely, given a connection wy and « a section
of A'(TM)® Ad(P), then w := wy + a is again a connection form on P. This shows that
the space of connections on P is an affine space given by

A(P) = {w =wy+a: acQ(M, Ad(P))} . (B.9)
Next, we quote two important results.

Theorem B.2 (Cartan’s Structure Equation, [28]). Let w be a connection form on
P e PY(M) and 2 € Q*(P,g) its curvature form. Then, for all X¢,Ye € TeP, we have

Qe(Xe, Ye) = (dw)e (Xe, Ye) + [we(Xe), we(Ye)] (B.10)
where [-,-] : g X g — @ denotes the Lie bracket for g.

Remark B.1. Using (A.12) and then (A.13), Cartan’s structure equation (B.10) can also
be written as

1
Q:dw+§[w,w]:dw+wAw, (B.11)
where the notation [w,w] is used for the wedge product w A j w introduced in (A.11).

Theorem B.3 (Bianchi’s Identity, [28]). Let H be a connection on P € P%(M) with
curvature form 2 € Q*(P,g). Then the exterior covariant derivative of Q with respect to
‘H wvanishes identically on P, i.e., we have

Dy =0. (B.12)
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At this stage, we note that the exterior covariant derivative of an equivariant and
horizontal Lie algebra-valued s-form a € Q%,(P,g) on P is explicitly given by! (see
Theorem C.1 below)

Dy = da + [w, o] . (B.13)

Thus, for the curvature Q € Q2% ,(P, g) we have
Dy =dQ + [w, Q). (B.14)

Note that inserting Cartan’s structure equation (B.11) into (B.14), the proof of Bianchi’s
identity D) = 0 is straightforward.

Local Expressions for the Connection and Curvature Form

To a given connection and curvature form of a principal bundle over M, we now asso-
ciate a family of g-valued forms defined on open subsets of the base space M. — Let
{(=71(Uy), (7, ¢:)) }iel be an atlas for P € PY(M) with corresponding transition func-
tions g;; : U;NU; — G given by (B.2). Moreover, for all i € I, let s; : U; — 7 }(U;) be
the (local) section associated to the local bundle chart (7=1(U;), (7, ¢;)), i.e.,

Si(p) = (7‘(‘, QOi)_l(p? 6) .

Considering two local bundle charts (7=(U;), (m, ¢;)) and (7= '(U;), (7, ¢;)) with U; N
U; # 0, we observe that their associated local sections satisfy

Sj = Si Gij on Uz N Uj . (B15)

Such a change of the local sections will be called local gauge transformations. We may
define a map u : 71 (U; N U;) — 7~ (U; NU;) by

u(s;(p)g) = 5:(p)gis(p)g = 7" (p)g., (B.16)

where s;” = s;¢9;; and g € G. It is not difficult to check that u is a bundle automorphism
of the G-principal bundle #~'(U; N U;) — U; N U;. This shows that a local gauge
transformation induces a (local) bundle automorphism.

Now, we define a g-valued one-form A; on U; by

A =siw. (B.17)

Note that in the physics literature the (local) section s; : U; — 7 !(U;) and the g-valued
one-form A; are often called local gauge, respectively, (local) gauge potential in the local

gauge s;. Similarly, we define

which is often called the (local) field strength. From Cartan’s structure (B.11), we then

directly get
F,=dA;+ A NA;. (B.19)

LObviously, this formula for the covariant derivative does not apply to the connection form (compare
with (B.10)).
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In a local chart (U;, x) for the n-dimensional base manifold M, we can write A; = A, , dz®
and F; = % Fiop dz® ANdz”, where A; o and F o3, for o, 3 =1, ..., n, are g-valued functions
on U;. From (B.19), it then follows

0Aip  OAia
8% 6xﬁ

-Fi,aﬂ - + [Ai,ow A’L,,@] ) (Bzo)

where the partial derivatives are computed componentwise in g.

Compatibility Conditions

For simplicity, we assume from now on that G is a matrix Lie group, for which the adjoint
action reads as
Ady(A) = g Ag™", (B.21)

with g € G and A € g. Gauge potentials must satisfy the compatibility condition
Aj = g;l Az Gij + g;ldgw on (]Z M Uj , (B22)

where dg;; denotes the entrywise differential of the transition function g;; and the products
are matrix products. Conversely, we have

Proposition B.4 ([28]). Let P € PY(M) and {U;}ic; an open covering of M. More-
over, let {A;}ier be a family of g-valued one-forms each defined on U; and satisfying the
compatibility condition (B.22). Then there exists a unique connection form w on P which
gives rise to the family {A;}ier in the above described manner.

Thus a connection on a principal bundle can be seen as family of locally defined
g-valued one-forms satisfying the compatibility condition and we get the following alter-
native definition to (B.9) for the space of connections on P:

The compatibility condition for the local field strengths is given by
F; = ggl Fi gi on U;NUj. (B.24)

~ On the other hand, we already know that the curvature form can be interpreted as
F e Q*(M,Ad(P)) given by (B.8). Consider a local bundle chart (7~(U;), (7, ¢;)) and
note that F; € Q%(U;, g) in (B.18) can alternatively be defined by

E = QOAd,i @] F . <B25)
Then, we compute, using (B.5),

(Fi)w(g)(dﬂ'g . Xl, dﬂ'g . Xg) = SOAd,i (@) Fﬁ(g)(dﬂ'g . Xl, d7T£ . X2)
©adi ([ Qe(X1, X2)])
= (&) Qe(X1, X2) i(€) " (B.26)
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For another bundle chart (7r I (, gpj)) with U; N U; # 0, we then have
( ) )(dﬂ'g Xl,dﬂ'§ Xg)
= 9;(6) Qe(X1, Xa) 5(6) 7"

soy(&)w() (Fi)x(e) (dme - X, dme - Xa) i(§) (€)™
= gw(p) (F; )ﬂ(é (dﬂ{ X1, dme - X2)9U()

which is precisely (B.24).

Gauge Transformations

Let P € PY(M) and G a matrix Lie group. The bundle automorphisms u : P — P, i.e.,
G-equivariant maps inducing the identity on M, define a group G(P) under composition —
the so-called group of gauge transformations. We observe that every gauge transformation
u : P — P can be represented for all £ € P as

u(§) =§o(§), (B.27)

where 0 : P — G is a map that must satisfy
o(€g) =908y, (B.28)
since u is G-equivariant. — For the local expression of a gauge transformation, we now

proceed similarly to the case of the curvature form.
Let s; : Uy — 7 }(U;) denote the (local) section associated to the bundle chart
(7Y (U;), (m, ;). Then, we define the map o; : U; — G by

o;=sloc=00s;. (B.29)
Noting that s;(m(€)) = (€)™, we obtain
op) = (sio)(p)
= oosi(p) =0 (i)
2 i@ 0@ wile) (B.30)

for all p = 7(§) € U;. For another bundle chart (77(U;), (7, ¢;)) with U; N U; # 0, we
then have

oi(p) = 9i(©)o(§) e ()

(&) oilp) @i(§)e;(§) 7
“Loi(p) gi5(p) - (B.31)

The last equation can be rewritten as
9i(p) = 0i(p) gi;(p) o5 (p) - (B.32)

This implies that for a bundle automorphism the tansition functions remain unchanged
(compare with (2.7)).
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On the other hand, the map ¢ : P — G can also be seen as map on M with values

in the automorphism bundle Aut(P). More precisely, we define the map (compare with
(B.8))
a(m(&)) = [&0(8)] € Aut(P). (B.33)
Using the bundle chart (7, (U;), (7, ¢,;)) for the associated automorphism bundle Aut(P)
defined in (B.6), we obtain directly that the map ¢.; 0 : U; — G agrees with (B.29).
Note that (B.27) can now be written locally on U; as follows:

u(si(p)g) = si(p)o(si(p))g = si(p)oi(p)g = s (p)g, (B.34)

where 57" = s;0; and g € G. Comparing with (B.16), this shows that we are dealing with
a local gauge transformation of the form s; o;.

In a next step, we want to determine how connection and curvature forms transform
under a gauge transformation. — Let w € Q'(P, g) be a connection form on P € PY(M).
The action of a gauge transformation v : P — P on w is then defined by u*w, being
again a connection form on P. For X, € T¢ P, we calculate

(w'w) (Xe) = wuge) (dug - Xe)
using (B.27) together with Leibniz’s formula for the differential du and obtain
(w'w) (Xe) = 0(&) " we(Xe) o (&) + (&) doe - X
Applying the pull-back by s; on both sides of the last equation, we then arrive at
s; (u*w) = 0;1 A;o; + 0;1 do; ,

where A; = sjw denotes the gauge potentials introduced in (B.17). In the following, it
will be useful to rewrite the last equation as

0i(A) =0, Ao + o, do; (B.35)

Since the curvature form corresponding to the gauge transformed connection form u*w
is given by u*Q with Q € Q?(P, g) denoting as usual the curvature form for w, we compute
in a similar way, for X, X, € T¢P,

(U*Q)g(X17X2) = Qu(ﬁ)(dué - Xy, dhe - X1)
= 0(&) 1 Qe(X1, X5) 0(€), (B.36)
and thus
si(u*Q) =0, Fo;,
where F; = 572 denotes the field strengths introduced in (B.18). Emphasizing the depen-
dence of the curvature on the connection, we rewrite the last equation as
Fi(a(A)) = 07t Fi(A) o3, (B.37)

From (B.35) and (B.37), it follows that the compatibility conditions (B.22) and (B.24)
can be seen as the effect of a local gauge transformation (B.15). In other words, these
formula can be interpreted equivalently as the effect of a local gauge transformation
on the gauge potentials representing a fized connection form, or as effect of a gauge
transformation on a connection form, viewed in a fized local gauge.
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Yang-Mills Functional

Let M be an n-dimensional oriented manifold with Riemannian metric g and corre-
sponding volume form n € Q"(M). Moreover, let P € PY(M) with connection form
w € Q'(P,g) and corresponding curvature form Q € Q?(P,g). Assume also that on the
Lie algebra g of the matrix Lie group G there exists a scalar product A : g x g — R
which is invariant with respect to the adjoint action, i.e.,

B21)

h(Ady(4), Ady(B)) 2" hig Ag™ g Ag™) = h(A. B). (B.39)

for all A, B €gand g € G.

Recall that to the equivariant and horizontal curvature form €2 we can uniquely as-
sociate by (B.8) a differentiable two-form on M with values in the adjoint bundle Ad(P)
which we will from now on simply denote by F'. Since h is assumed to be invariant with
respect to the adjoint action, the pointwise scalar product (-, -) on °(P, g) introduced in
Appendix A defines — in an obvious way — a pointwise scalar product on Q°(M, Ad(P))
which we will therefore also denote by (-,-). For F' € Q*(M,Ad(P)) and p € M, we thus

get
F[* () = (F.F) () = (' 1), 25 (1)) 2, = 277 0) [
where the notation of Appendix A is used.
At this stage, we are ready to define the Yang-Mills action

/ IF(A (B.39)

for A € A(P). The functional YM : A(P) — R that assigns to each connection A
its Yang-Mills action Y M (A) is called the Yang—Mﬂls functional. We observe that the
Yang-Mills functional is gauge invariant, i.e.,

Y M (0(A)) = Y M(A), (B.40)

for all o € G(P). Indeed, using (B.37) and (B.38), we have

YM(o(A)) = |F A —/ |F(A))*n=YM(A).

Examples of Principal Bundles

Now, we want to illustrate all the geometric objects introduced before by the following
two examples which are related to the Abelian and the non-Abelian case of the previous
chapters.

Example B.1 (Principal U(1)-Bundle). Consider the Abelian matrix Lie group U(1) and
7 : P — M a principal U(1)-bundle. We identify the Lie algebra u(1) with the algebra
Im C of pure imaginary complex numbers with the trivial Lie bracket. From Cartan’s
structure equation (B.10), we then easily deduce that the curvature form Q of any con-
nection form w € Q'(P,u(1)) coincides with its exterior derivative, i.e.,

0 =dw. (B.41)
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Since U(1) is Abelian, the compatibility conditions (B.22) and (B.24) read as
Aj =gt Aigij + 95, dgij = A+ g5 dgi; (B.42)
respectively,
Fy =g, Figy = Fi, (B.43)

on U; NU; # 0. Thus the local field strengths piece together to give a globally defined
u(1)-valued two-form F on M. In the U(1)-case, we deduce also from (B.37) that

F(o(A)) = F(A). (B.44)

This is a pecularity of Abelian gauge fields and generally is not true in the non-Abelian
case. Moreover, note that the transition functions can be written as g;;(p) = e @) for
some real-valued function A on U; N U; # 0. Hence, we have gigl dgi; = et he T A (—iA dA)
implying that (B.42) becomes

Remark B.2. In the case of an open subset U of R™ and the trivial principal U(1)-bundle
m:U xU(1l) — U, we deduce from (B.41) that

F=dA, (B.45)

where A = s*w € Q' (U,u(1)) is now also globally defined on U, for some global section of
the trivial bundle.

Ezample B.2 (Trivial Principal SU(2)-bundle). Consider the trivial principal SU(2)-
bundle 7 : U x SU(2) — U with U an open subset of R™. The right action of SU(2) on
U x SU(2) is given by

£90 = (P, 9)90 = (P 990)

for all € = (p,g) € U x SU(2) and gy € SU(2). The scalar product h on the Lie algebra
su(2) of SU(2) introduced in (A.15) is invariant under the adjoint action. To see this, we
compute

h(Ady(A),Ady(B)) = —2Tr(Ady(A)Ady(B))
= —2Te((gAg ) (9Bg™)
= —2Tr(gABg™')=—2Tr(AB) = h(A, B),

for all A, B € su(2).
There is a natural global section s : U — U x SU(2) given by s(p) = (p,e). Then,
any other global section s” has the form

s7(p) = s(p)o(p) = (p,e)o(p) = (p,o(p)) ,

for some map o : U — SU(2). The section s” also gives rise to a bundle automorphism
u:UxSU(2) — U x SU(2), i.e., a gauge transformation, in the following way:

u(s(p)g) = s°(p)g = s(p)o(p)g = (p,o(p))g = (p,o(p)g) - (B.46)
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Note that this can be interpreted as an equivalent writing of (B.27) in the case of a trivial
bundle (compare also with (B.34)) and hence we identify a gauge transformation with a
map o : U — SU(2).

Because of the triviality of the principal bundle, any connection form w € Ql(U X
SU(2),5u(2)) is uniquely determined by its globally defined gauge potential

A= s'we QNU,su(2)),

which can be written as
A=A,dz",

where A,, for « = 1,...,n, are su(2)-valued functions on U. Due to (B.35), the gauge
potential A transforms under a gauge transformation o as

oc(A)=0"rAoc+o " do. (B.47)

Any curvature form Q € Q? (U x SU(2), 5u(2)) is also uniquely determined by its globally
defined field strength (see (B.10))

F=sQ=dA+ANA, (B.48)

which can be written as ]
F=3 g dz® A da?
where, for o, 3 =1,...,n,

_ 04z 0A,
~ Or,  Oxp

Fup + [Aa, Ag] (B.49)

are su(2)-valued functions on U. From (B.37), we deduce that F' transforms under a
gauge transformation o as

F(o(A) =0c"'F(A)o. (B.50)

Moreover, note that the Yang-Mills action in the case of the trivial principal SU(2)-
bundle reads in terms of the globally defined field strength as

YM(A) = /U

FAP &'
- / (F(A), F(A)) "z
U

A.24)

—2/ Tr(F(A) AxF(A)) . (B.51)
U



Appendix C

Covariant Derivatives and Sobolev
Spaces

In this third appendix, we define Sobolev spaces for the geometrical objects occuring
in Appendix B. For this purpose, we first need the concept of covariant derivative on
associated vector bundles. This concept is well-explained in the textbook of S. Kobayashi
and K. Nomizu [28], Chapter III (see also G.L. Naber [32], Chapter 4). Sobolev spaces of
differential forms are then defined with the help of covariant differentiation. A reference
on this topic is G. Schwarz [38], Chapter 1 (see also K. Wehrheim [49], Appendix).

Vector Bundle Associated to a Principal Bundle

Let m: P — M be a principal G-bundle and let V' be a finite dimensional vector space
on which the Lie group G acts on the left through the representation p(g) : V. — V, for
all g € G. On P x V', we then define the equivalence relation (£, m) ~ (&', m’) if and only
if there exists g € G such that (&', m’) = (£g, p(g7")m). The quotient space (P x V)/ ~
is denoted by £/ = P x,V and there is a well-defined map

g Px,V — M,
&,m] — 7(p).

If (7=*(U), (m,¢)) is a local bundle chart for the given principal G-bundle, then the map

(e, o) 5 (U) — UxV,
[&,;m] — (7(€), p(p(€))m) (C.1)

defines a local bundle chart for the vector bundle 7g : E'= P x,V — M associated to
7w P — M in PE(M).

Ezxample C.1.  a) The adjoint bundle Ad(P) defined at the beginning of Appendix B is
an example for an associated vector bundle.

b) Consider the bundle of linear frames. — A linear frame £ at a point p of an n-
dimensional manifold M is an ordered basis of the tangent space T, M. The set of
all linear frames over all points of M is denoted by L(M). Then, we can construct
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a principal GL, (R)-bundle 7 : L(M) — M over M (see S. Kobayashi and K. No-
mizu, Example 5.2, Chapter I). — To the bundle of linear frames we associate the
tensor bundle 7 : T7 (M) — M of contravariant type r and covariant type s — or
simply of type (r,s). This vector bundle is obtained using the standard action of
GL,(R) on tensors (see S. Kobayashi and K. Nomizu [28], Chapter I, Proposition
2.12).

Tensorial Forms

On principal bundles the tensorial forms play an important role. — Let P € P%(M) and
p a representation of G on a finite dimensional vector space V. A tensorial s-form of type
(p, V) is a V-valued s-form a on P such that

(Rg) v =p(g ") oa,

for all g € G, and
O{(Xl,...,Xs) = 0,

whenever at least one of the vector fields X,..., X, € X(P) is vertical. Tensorial s-
forms of type (p,V) on P are denoted by Q5(P, V). The following is well-known: forms
a € Q5(P,V) can be seen as s-forms on M with values in E'= P x, V given by

O_éﬂ(5)<dﬂ'§ 'Xl,. .. ,dﬂ's . XS) = [5,0&5()(1,. .. ,XS):| c (P Xp V)g, (C2)

where Xy,..., X, € T¢P. In particular, an element s in Qg(P, V), i.e., a function s :
P — V satisfying
s(€9) = plg™")s(8) (C.3)

identifies with a section s : M — FE of the vector bundle 7z : E = P x,V — M
associated to P. — In other words, tensorial s-forms of type (p, V') on P can be interpreted
as sections of A\*(TM)® P x,V — M which we will denote by Q*(M, P x, V).

Example C.2. A curvature form 2 on P is a tensorial two-form of type (Ad,g) on P. To
Qe Q4,(P,g), we can associate F' given by (B.8).

Exterior Covariant Derivative

For tensorial forms we can define an exterior covariant derivative. — Let w be a connection

form on P € PY(M). Recall from Proposition B.4 and (B.23) that w can be identified
with A = {A;}ier € A(P). The exterior covariant derivative

DY Q(P,V) — QPP V) (C.4)

is then defined as
DXy, ..., Xe) =da(X{, ... X)), (C.5)
where X{7,..., X, are the horizontal components of the vector fields Xi,..., X 1 €

X(P). We already encountered this exterior covariant derivative in (B.7).



123

Theorem C.1 ([32]). Let w be a connection one-form on P € P%(M). Then, the
exterior covariant derivative Do of o € Q(P,V) reads as

D = do + wha, (C.6)
where A denotes the wedge product between g-valued and V -valued forms.
Remark C.1. In the particular case of av € Q%,(P, g) we obtain for the exterior covariant

derivative D4a = da + [w, a] (see (B.13)).

Covariant Derivative on Associated Vector Bundles

Next, we explain how a given connection on a principal bundle induces a covariant deriva-
tive for sections on associated vector bundles. — A (local) section 5 : U — 7' (U) of an
associated vector bundle can be written as

5(n(€) = [£.5(9)] . (C.7)

where the V-valued function s on P satisfies (C.3). Then, for X € Ty M, the covariant
derivative V45 of 5 in the direction of X is defined by

Vis(n(€)) = 6. dse - X]. (©8)

where X € T¢P denotes the horizontal lift of X determined by a given connection A on
P € PY(M). Note that the right-hand side of (C.8) is an element of the fiber (P x, V).
Hence, the covariant derivative evaluated at 7(§) € U maps the fiber (P x, V)¢ into itself
with “derivative” properties given in the next proposition.

Proposition C.2 ([28]). Let X,Y € T,M and let s,t be two sections of an associated
vector bundle mg : E — M defined in a neighborhood U of p. Then, for their covariant
derivative, the following holds:

(i) The covariant derivative is linear, i.e.,

Va(s+t) = Vis+ Vit

v1)4(+YS = VI)L‘(S + V¢S )
Vsz - )\V:)A(S,

where A\ is a scalar.
(ii) The covariant derivative satisfies the Leibniz rule
Vi(fs)=fVis+df-Xs,
where f is a V-valued function on U.

For more details on covariant differentiation, especially the covariant derivative along
a curve and with respect to a vector field, we refer to S. Kobayashi and K. Nomizu [28],
Chapter II1.1.
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Covariant Derivative on the Adjoint Bundle

Once we know how to define covariant derivatives of sections on associated vector bundles,
we will investigate them in more details for the two examples given in Example C.1. —
We start with the associated adjoint bundle and compute the covariant derivative defined
in (C.8) more explicitly. For this purpose, let f be a g-valued function of type (Ad, g) on
P. For a vertical vector XV € T; P, we then have

dfe - XV = —[we(XY), £(8)], (C.9)

where w € Q!(P, g) denotes a given connection on P. The last equation is a consequence
of Theorem C.1 and the defining equation (C.5) for the exterior covariant derivative. For
a vector X = XV + X € TP with vertical component X" and horizontal component
X we hence deduce

dfe- X = dfe- XV 4 dfe- X7 = —[we(X), f(©)] + dfe - X7

or, equivalently,
dfe - X" = dfe - X + [we(X), ()] -

This implies together with the definition (C.8) for the covariant derivative V45 of sections
5: M — Ad(P) of the adjoint bundle Ad(P) that

Vs (r(€)) = € dse - X + [we(X), ()] | (C.10)

The last formula for the covariant derivative of sections on the adjoint bundle Ad(P)
can also be obtained in a slightly different way. Namley, let f € Q%,(P, g) with exterior
covariant derivative given by (see Theorem C.1)

DAf = df + [w, f]. (C.11)

Recall that owing to (C.4) we have that D“f belongs to QY,(P,g). Thus, we can use
(C.2) in order to get a one-form on M with values in Ad(P) given by

DAT g (dme - X) = &, D fe(X)) BV &, dfe(X) + [we(X), £(©)]]

The right-hand side then coincides with (C.10).

Covariant Derivative for Differential Forms

Considering the second example in Example C.1 we take the tensor bundle 7 : 77 (M) —
M of type (r, s) which is a vector bundle associated to the principal bundle 7 : L(M) —
M of linear frames. Recall that a tensor field K of type (r, s) is a section of T7 (M ). Hence,
given a linear connection on the bundle of linear frames, we can define a type-preserving
covariant derivative Vx K of K as explained before. For the particular case of functions
f on M it is well known that

Vxf=df X, (C.12)

where df on the right-hand side means the tangent map of f. This and the action on
vector fields X (M) completely determines the covariant derivative V x K (see Proposition
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C.3 below). Note also that covariant differentiation Vx makes sense for a vector X at
a point of M, whereas Lie differentiation Ly requires a vector field X (see S. Kobayashi
and K. Nomizu [28], Chapter 1.3).

The next proposition says how the covariant derivative for differential forms can be
obtained from (C.12) and the covariant derivative of vector fields.

Proposition C.3 ([28]). Let a € Q*(M). Then, we have

s

Vxa(Xy,.. ., X)) =d((X1,.... X,) - X =) a(Xi,...,VxX;,...,X,), (C.13)

i=1
for vector fields X and X,...,Xs € X(M).

Note that the covariant differential Vo of aw € Q°(M) is a tensor field of type (0,s+ 1)
— and not an element of Q*(M) — which is defined as follows:

Va(Xi,..., X, X) =Vx(a(Xy,..., X)) . (C.14)

The next proposition gives a relation between the covariant derivative V for differential
forms and the exterior derivative d defined in Appendix A.

Proposition C.4 ([28]). Let a € Q°*(M) and V a symmetric covariant derivative, i.e.,
VY — VyX = [X,Y], (C.15)

where [X,Y] denotes the Lie-bracket of X,Y € X(M). For the exterior derivative da €
QTY(M) of a we then have
da = A(Va), (C.16)

with A the alternation operation.

For the proof of the previous proposition we insert (C.15) into the formula (C.13)
for the covariant derivative in order to get the characterization (A.26) of the exterior
derivative d.

Remark C.2. Doing everything componentwise the covariant differentiation generalizes to
vector-valued differential forms as defined in Appendic A.

Covariant Derivative for Ad(P)-valued Differential Forms

In a next step, we combine the covariant derivative for sections on the adjoint bundle
Ad(P) with the covariant derivative for differential forms in order get a covariant deriva-
tive for differential forms with values in the bundle Ad(P). More precisely, motivated
by Proposition C.3 and using (C.10), we define for Ad(P)-valued s-forms o on M the
covariant derivative

s

Vie(Xy, .. X)) =Vi(a(X,... X)) =Y a(Xy,..., VxX;,... X,). (C17)

=1
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In the particular case of o € Q'(M, Ad(P)), the previous formula translates to
Via(Xy) = Vi (a(Xy)) — a(VxXi). (C.18)

Now, we show that taking the completely anti-symmetric part of the covariant deriva-
tive V4 we recover the exterior covariant derivative D* defined in (C.4) and (C.5). This
is very similar to Proposition C.4 for usual differential forms. — Applying the alternation
operation A on (C.18), it follows

A(VA) (X1, X) = Vi(a(X)) —a(VxXy)
V%, (a(X)) = a(Vy, X).
Using (C.10) for the covariant derivative of sections on Ad(P), this becomes
A(VA) (X1, X) = d(a(X1)) X + [w(X),a(X1)] — a(VxX1)
—d(a(X)) - X1 — [w(Xy),(X)] — a(Vx, X).
Since (A.27) implies
do( X1, X) = d(a(X)) - X1 — d(a(X1)) - X — a([X1, X]) ,

we then arrive at

A(VAa) (X1, X) = da(X1, X) + [w(X), a(X1)] — [w(X1), e(X)],

where we assumed that the covariant derivative is symmetric. Using the definition of the
wedge product, we can rewrite the last equation as

A(VAa) = da + [w,a]. (C.19)

Comparing this with Theorem C.1 for the exterior covariant derivative of tensorial forms
and recalling the identification (C.2) of sections of A" (TM)®Ad(P) — M with Q' (P, g),
we interprete the left-hand side of (C.19) as exterior covariant derivative D4a = A(V4a)
of a. In summary, we obtain an exterior covariant derivative

D4 Q% (M, Ad(P)) — Q*"(M,Ad(P)). (C.20)

Sobolev Spaces of Differential Forms

In this second part of the appendix, we define Sobolev spaces of differential forms with
the help of the covariant differentiation introduced before. We start again with ordinary
differential forms.

Let M be a compact oriented n-dimensional manifold with Riemannian metric g and
denote smooth sections of the exterior s-bundle 7 : A*(T'M) — M by T'(M, \*(T'M))
which are equipped with a scalar product given by*

() T(M, \ (TM)) xT(M, \ (TM)) — R,
@ — [lasn  ©)

where (-, -) denotes the pointwise scalar product on Q*(M) induced by g (see (A.20)) and
1 the volume form of M.

Instead of compact manifolds, it is also possible to consider compactly supported sections.
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Remark C.3.  a) Because of (A.19), we have, for a, 5 € Q*(M),
(@ = [ tsyn=[ anw. (€22
M M
b) Since d(a A xf) = da A x — a A xd,.3 and using Stokes’ theorem, we deduce that

({(da, B)) = /Mda A3 = /Ma A*d, 3 = ({a,003)) , (C.23)

for « € Q*71(M) and 3 € Q%(M) compactly supported. This shows that d and d,
are formally adjoint operators.

The space L*(M, \*(TM)) is then defined as the completion of I'(M, A*(TM)) with

respect to the following L?-norm:

Joll» s prany = ()= ([ <04oz>77)1/2=( / |a|2n)1/2. (C.21)

For general 1 < p < oo, the LP-norm on I'(M, \*(T'M)) is given by

1/p
ol oy = ([ JaPn) (C.25)

and the space LP(M, \*(T'M)) is then defined as the completion of I'(M, A*(TM)) with
respect to the previous norm. — In the case of p = oo, we define

e R AL (©20

e

Next, we want to introduce Sobolev spaces for differential forms. — The Levi-Civita
connection on the Riemannian manifold M with covariant derivative VM for smooth sec-
tions on the tangent bundle 7 : TM — M induces a covariant derivative for differential
forms on M via Proposition C.3. More precisely, for a € Q°(M) we have

Vxa(Xi,.. ., X)) =d(a(Xy,..., X)) - X = a(Xy,...,V¥X;, ... X)),
i=1

where X and X1,..., X, are vector fields on M. For 1 < p < oo, the WP-Sobolev norm
on I'(M, \*(TM)) is then given by

allP :/ alPn+ / Vi«
1 ey = Jy P+ 2 19

where {E}, ..., E,} is a (local) g-orthonormal basis of TM. The Sobolev space W (M, \*(TM))
is then defined as the completion of I'(M, A*(T'M)) with respect to that norm. For k € N,

the Sobolev spaces W*P (M, \*(T'M)) are defined analogously by taking the k-th covari-

ant derivative.

Remark C.4.  a) Inthe following, we will simply write 25, , (M) for elements of W*? (M, \*(T'M))
and || - [|wkns(ar) for their norms.

", (C.27)

b) Again, the generalization to Sobolev spaces of vector-valued differential forms is
straightforward when considering each component seperately. For the present thesis
the Sobolev spaces W*P (M, A*(T'M) ® g) — or simply Q5. (M, g) — with g the Lie
algebra of a Lie group G play an important role.
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Sobolev Spaces of Ad(P)-valued Differential Forms

Proceeding as in the case of usual differential forms we can now define Sobolev spaces of
Ad(P)-valued differential forms. Elements in Q°(M, Ad(P)) considered as smooth sections
I'(M, N (TM) ® Ad(P)) are equipped with the scalar product

() T(M, \ (TM) ® Ad(P)) x T(M, \ (TM) ® Ad(P))

where (-,-) denotes the pointwise scalar product on Q°(M, Ad(P)) induced by the Rie-
mannian metric g and the adjoint action invariant scalar product on the Lie algebra g
(see (B.38)). We then define the space L*(M, A\*(I'M) ® Ad(P)) as the completion of
I'(M, N (TM) ® Ad(P)) with respect to the following L*-norm:

Joll» e pocramanaey = () = ([ <a,a>77>1/2=( / \alzn)m- (C.20)

The spaces L? (M, \*(TM) ® Ad(P)) for 1 < p < oo are defined similarly.

The covariant derivative V4 (see (C.10)) induced by the connection A on P € PE(M)
together with the covariant derivative VM coming from the Levi-Civita connection yield
a covariant derivative — again denoted by V4 — for Q°(M, Ad(P)) via formula (C.17). For
1 < p < oo, the W'P-Sobolev norm on I'(M, A*(T'M) ® Ad(P)) is then given by

(C.28)

leell?

p p
a Wi (MM EAP / |a] 7)+Z/ |VE al’n (C.30)
This leads to the Sobolev spaces W (M, A*(TM)®Ad(P)) and also to W*? (M, \*(TM)®
Ad(P)) for k € N.

Remark C.5.  a) In the following, we will simply write €25, (M, Ad(P)) for elements
of WhP (M, N*(TM) @ Ad(P)) and || - |[yras(as) for their norms.

b) Recalling that the curvature F' belongs to Q?*(M,Ad(P)) the Yang-Mills action
(B.39) can also be written differently as the following L?-norm:

YM(A) = /M(F(ALF(A)M = ((F(A), F(A))) = IF(A)IZ2 () - (C.31)



Appendix D

First Attempt to a Strong Density
Result in the Non-Abelian Case

The aim of this appendix is to repeat step by step the computations in the proof of
the Abelian Theorem 4.6 for the non-Abelian setting. This enables us to see precisely
how the strong convergence fails and how the analysis becomes more involved under
gauge transformations in the non-Abelian case. — We start exactly as in Section 5.2 and
define the cubic decomposition, good and bad cubes, the average on each good cube etc..
Consider again only one fixed good cube and recall that by definition of F7(B®) we have
that ¢ F is a curvature form for some principal SU(2)-bundle over the boundary of the
fixed good cube C2(4). Since (5.12) holds for the good cubes, the second Chern number
of this principal SU(2)-bundle vanishes implying that it is trivial. Using also the small
energy assumption on the boundary of the good cubes, we can hence apply Uhlenbeck’s
Theorem 3.2 to the smooth approximation of F' € Fz(B®) on the boundary! in order to
deduce the existence of a smooth Coulomb gauge &%gulomb,s, s5- The fact that the Coulomb

gauge &ggulomb,s’ 5 1s still smooth follows from Proposition 3.4. The Coulomb gauge satisfies

~Ji
Al cguiomp,es = 0 (D.1)
and obeys the bound
~9i
Hanulomb,s,éHW1,2(30691'0 (5)) < CUh ”LBC’FHLz(acfio 8)) " (D2)
In a next step, we define the harmonic extension /Iﬁfg of aggummb@ s by
{ o ) Aflgfg =0 . on Cgi:‘(é) (D.3)
LacAes = UCouiombye,s » Lgc(d*Aajg) =0 on 9C:"(4).
and, moreover,
9i 19i 19i
As,g = As,g - As,g )
which satisfies
{ AATY =0 on C2°(6) (D.4)
* i ~G; T _gi * 9i gi .
LacAa,g = anulomb,a,é - %g ) Lac(d*Aa,g) =0 on 9C:"(6) .

'We emphasize that Uhlenbeck’s constant 0 < dyj, < 1 is independent of the chosen cubes, since the
L?-norm on their four-dimensional boundaries is scaling invariant.
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Note that because of (5.23) and (D.2) the boundary term is bounded in the W'2-norm.
Hence, proceeding as in the proof of Lemma 5.4 below, we obtain the following elliptic
estimate from (D.4):

”dAgzO < C ”~9L0 7910

aCoulomb ed 6 1)

’Wl 2(80910 (5)) (D5)

910 6)
Using a similar Poincaré type estimate as in the proof of Proposition 3.3, we have that

~3i —gz
Hanulomb e Qg 2

~ Gig ~9ig )
< Cdaggompes — dazg 200 (5))

~Jig —Yig
+C Hd Acoulomb ,E,0 d*aa,5

W1.2(aC2" (5))

[L2@cto oy
But due to (5.22) and (D.1) the second term on the right-hand side vanishes leading to

laAZs]),

Gig Gig
< C ||daCoulomb,E,6 —da €,0

(D.6)

910 5) LQ(aCQzO (5)) .

Now, the triangular inequality is used, in order to get

—3Gig _
||daC’oulomb £,0 dae 1) ’L2(acglo (8))

IN

Gig ~Jig ~Yig Gig
”da’Coulomb,e 1) + aCoulomb €,0 N aCoulomb €,0 das ) ||L2 80910 (6))
~UJig

~9i
+ H anulomb €,0 A aCoulomb ,0 H[Q(@Cgio (6))

gi 91
|| f(anulomb € 6) LBCF.E 60

~3i ~g7,
+ || anulomb €,0 A aCoulomb € 5||L2(8C’gi0 (6))°? (D7)

IA

£2(0C2 (5))

~gi0 ~gz ~g7,
where f(aCoulomb,e,6> daC’oulombs 5 + aCoulombs 1 A aC’oulombs 0 denotes the curvature as-

sociated to the Coulomb gauge acoulomb,e,a- From the continuity of the multiplication
L*® L* — L? and the Sobolev embedding W12 «— L* in four dimensions, it follows that

1888 s A Gt sl o
Coulomb,e, Coulomb,e,d Lz(aCEZO (6))

IN

~Jig 2
H Coulomb,s,5 ”L“ 8Cgi0 (8))

~ i
S C ||a’Ctgul0mb€ 6||W1 2 acglo 5))

The bound (D.2) for the Coulomb gauge then gives

~g7, ~g7,
||aC'oulomb €,0 N aC’oulomb € 5||L2(6Cglo < ¢ CUh H LaCFHLz 80910 6)°’

or, equivalently, since the small energy assumption (5.10) holds for the fixed good cube

C2°(5),
~Jig ~3Jig
Ha’Coulomb €,0 A aCoulomb € 5||L2(acg’0 < C'o HLBCFHLQ(BCgZO ()

Inserting this and (D.7) into (D.6), we arrive at

Gi _ 19i 1910
||dA OH - ||dA § —dA 5||L2(CQZO(5))

< Clf(ag ) = oo Py

Coulomb €,0

+C0 ||t F ||

£2(c2 (8))

L2(9C2" (8))

L2(9C20 (5))



131

Now, we give an estimate for the wedge product of the harmonic extension of the
Coulomb gauge introduced in (D.3). This can be done by using Lemma 5.4 implying that

|42

) S CllegeFll (D.9)

WLs/2(Cc2 (5) L2(8C20 (8))

Together with the continuity of the multiplication L* @ L* — L? and the Sobolev
embedding W1%/2 < L7 in five dimensions, this leads to

1 9i 19i 19i0 (12 gz
||Ae,g N Ae,g LQ(CEgiO (8)) S || eg (ngo C H sg L5(09z0 (5))
< CNABIR, oacsioy < C b1, oo sy

The fact that we are working on a fixed good cube ensures that (see (5.10))

|AZ5 A AZS

sty < OO lipeF | (D.10)

L2(9C20 (5))

We now rewrite the main estimates (D.8) and (D.10) for the fixed good cube CZ(§),
using a simple scaling argument, in the following way:

|4AZ§ — dAZ;

9i x 19
LZ(C’f’.O () < Ce ||f(anulomb € (5) LaCFs,(SO L2(8Cgi0 (5))
+Ced ||LBCFHL2(BC?O (5))* (Dll)
HAQZO Zlg LQ(CQZU < 055 ”LacF”Lz 80910 (6)) (D12)

where the constants C' are independent of e > 0.
At this stage, we are ready to pass from one fixed good cube to the union CY(9) =

Ufl((s) C%(9) of good cubes and define the piecewise smooth su(2)-valued one-form flg 5
on CY by ) )

Als= A% on C4(9). (D.13)
The “harmonic” curvature )

Fls=dAl s+ A5 N AZs (D.14)

then belongs to Fr(CZ(d)) and it is only smooth up to gauge transformations.
Since [9 * s has been defined after the Coulomb gauge transformations, the strong con-

vergence of Fsg s to F fails. In order to see this, we compute

||d/~1§75 + Ag,é A Ag,s — Fll2coy) < ||d/~1§75 - flg,é A Ag,é — Fo4ll r2c2))
s = Fllzoes sy » (D.15)

where the piecewise constant two-form F 75 on C¢(0) is defined in a obvious way. For the
first term on the right-hand side of (D.15), we have

1dAL s + A2 N AL — F25ll 2 (co0))
< | dAL 5 — dA? | z2cosy) + I1AZ5 A A5l r2cos)

NE(5) NZ(9)
= Z |dALs — dAZs iomay + D 11425 A ALl 12(co oy

=1
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Applying the estimates (D.11) and (D.12) to each good cube C¥% (§) this can be bounded
by

NZ(9)

Ce Z <||f<a%oulomb,€,6) - Lchg%HH(acgi(a)) +9 ||L50F||L2(ac§i(5))>

i=1
Thus, we obtain

1dAZ5 + Als N ALs = Fllz ez

NZ(5)

< Ce Z Hf(d%;oulomb,e,zi) - Lgcpgiaﬂm(acfi ©®) T Ced HFHB(acg(a))
=1
HIEZs = Fllieez)) - (D.16)

Passing to the limit ¢ — 0 the second and the third term on the right-hand side converge
to zero applying the same arguments as for the convergence on the good cubes in Section
5.2. The first term with the gauge transformed curvatures is however not bounded by the
choice (5.8) of the cubic decomposition. — In terms of the metrics introduced in Section
3.3, we are looking for a convergence with respect to the metric v in order to control the
first term on the right-hand side of (D.16). However, this convergence is not a consequence
of the convergence assumption (5.8) with respect to the metric d as shown in Proposition
3.5.
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