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Abstract. Letk ¼ ðk1; : : : ; knÞbe a sequence ofn integers. For an increasingmonotone graphpropertyP
we say that a base graph G ¼ ð½n�; EÞ is k-resilient with respect to P if for every subgraph H ⊆ G such that
dH ðiÞ ≤ ki for every 1 ≤ i ≤ n the graphG −H possesses P. This notion naturally extends the idea of the local
resilienceofgraphsrecently initiatedbySudakovandVu. Inthispaperwestudythek-resilienceofa typicalgraph
from Gðn; pÞ with respect to the Hamiltonicity property, where we let p range over all values for which the base
graph is expected to be Hamiltonian. Considering this generalized approach to the notion of resilience our main
result implies several corollarieswhich improve on thebest knownboundsofHamiltonicity relatedquestions.For
one, it implies that for every positive ε > 0 and large enough values ofK , if p > K ln n

n , thenwith high probability
the local resilience ofGðn; pÞwith respect tobeingHamiltonian is at least ð1− εÞnp∕ 3, improvingon theprevious
bound for this range of p. Another implication is a result on optimal packing of edge-disjointHamilton cycles in a
randomgraph.We prove that if p ≤ 1.02 ln n

n , thenwith high probability a graphG sampled fromGðn; pÞ contains
bδðGÞ

2 c edge-disjoint Hamilton cycles, extending the previous range of p for which this was known to hold.
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1. Introduction. A Hamilton cycle in a graph is a simple cycle that traverses all
vertices of the graph. The study of whether a graph contains a Hamilton cycle, or the
Hamiltonicity graph property, became one of the main themes of graph theory from the
very beginning. Deciding whether a graph is Hamiltonian was one of the first problems
that were proved to be NP-COMPLETE, giving some insight on the elusiveness of this pro-
blem. Although the computational problem of determining in “reasonable” time whether
a graph is Hamiltonian seems hopeless, the road does not need to stop there, as there are
many other natural and interesting questions about this property. For one, given a pre-
scribed number of edges m, are most graphs on n vertices with m edges Hamiltonian?
Hence, the study of Hamiltonicity of random graphs seems like a natural approach to
pursue along the path to understanding this intricate property.

Fixingm and selecting uniformly at random a graph on n vertices withm edges was
indeed the original random graph model introduced by Erdős and Rényi, but the most
widely studied random graph model is the binomial random graph, Gðn; pÞ. In this model
we start with n vertices, labeled, say, by 1; : : : ; n, and select a graph on these n vertices
by going over all ðn2Þ pairs of vertices, deciding independently with probability p for a
pair to be an edge. The product probability space nature gives this model a greater
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appeal than the original one, but they are indeed very much related and, in a sense,
equivalent (see monographs [7] and [16] for a thorough introduction to the subject
of random graphs). We note that we will sometimes abuse the notation and use
Gðn; pÞ to denote both the distribution on the graphs just described and a random sam-
ple from this distribution; which of the two should be clear from the context.

We denote by HAM the graph property of having a Hamilton cycle. One of the
cornerstone results in the theory of random graphs is that of Bollobás [6] and of Komlós
and Szemerédi [18], who proved that if G ∼ Gðn; pÞ for p ≥ ln nþln ln nþωð1Þ

n (where ωð1Þ is
any function tending to infinity with the number of vertices, n), then with high prob-
ability (w.h.p.)1 G ∈ HAM. It is fairly easy to show (see, e.g., [7, Chapter 3]) that if
p ≤ ln nþln ln n−ωð1Þ

n , then w.h.p. G contains at least one vertex of degree smaller than 2
(and hence is not Hamiltonian). This idea not only gives a very precise range of p for
which the typical graph from Gðn; pÞ is Hamiltonian, but it also suggests that the bottle-
neck for HAM (at least for small values of p) stems from the vertices of low degree.

1.1. Types of resilience. Let P be a monotone increasing graph property (i.e., a
family of graphs on the same vertex set that is closed under the addition of edges and
isomorphism). Counting the minimal number of edges one needs to remove from a base
graph G in order to obtain a graph not in P may, arguably, seem like one of the most
natural questions to consider. Indeed, this notion, which is now commonly denoted by
the global resilience ofG with respect to P (or the edit distance ofG with respect to P̄) is
one of the fundamental questions in extremal combinatorics. This field can be traced
back to the celebrated theorem of Turán [24] which states (in this terminology)
that the complete graph Kn on n vertices has global resilience n

2 ðnr − 1Þ (assuming r
divides n) with respect to containing a copy of Krþ1.

For some graph properties of a global nature, such asHAM or being connected, the
removal of all edges incident to a vertex of minimum degree is enough to destroy them,
hence supplying a trivial upper bound on the global resilience of any graph with respect
to these properties. For such properties the notion of global resilience does not seem to
convey what one would expect from such a distance measure. One would like to gain
some control of the number of edges incident to a single vertex that can be removed. To
pursue this approach, for a given base graphG ¼ ð½n�; EÞ one would like to gain a better
understanding of the possible degree sequences of subgraphs H of G for which the graph
G −H possesses the property P.

Let a ¼ ða1; : : : ; anÞ and b ¼ ðb1; : : : ; bnÞ be two sequences of n numbers. We write
a ≤ b if ai ≤ bi for every 1 ≤ i ≤ n. Given a graph G on vertex set [n], we denote its
degree sequence by dG ¼ ðdGð1Þ; : : : ; dGðnÞÞ.

DEFINITION 1.1. Let G ¼ ð½n�; EÞ be a graph. Given a sequence k ¼ ðk1; : : : ; knÞ and
a monotone increasing graph property P, we say that G is k-resilient with respect to the
property P if for every subgraph H ⊆ G such that dH ≤ k, we have G − H ∈ P.

It was Sudakov and Vu [23] who initiated the systematic study of such a notion,
albeit stated a little differently. In their original work the object of study was the
minimum value of the maximum degree of a non-k-resilient sequence. They coined this
parameter as the local resilience of a graph with respect to P. We will use the following
notation to denote this parameter:

rlðG;PÞ ¼ minfr∶∃H ⊆ G such thatΔðHÞ ¼ randG \ H ∈= Pg:

1In this paper, we say that a sequence of eventsAn in a random graph model occurs w.h.p. if the probability
of An tends to 1 as the number of vertices n tends to infinity.
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So, for local resilience, there is a uniform constraint on the number of deletions of edges
incident to a single vertex. Although not explicitly, the study of local resilience lies in the
heart of previous results in classical graph theory. In fact, one of the cornerstone results
in the study of HAM is the classical theorem of Dirac (see, e.g., [12,
Theorem 10.1.1]), which states (in this terminology) that Kn has local resilience n∕ 2
with respect to HAM. As has already been pointed out in [23], there seems to be a
duality between the global or local nature of the graph property at hand and the type
of resilience that is more natural to consider. More specifically, global resilience seems to
be a more appropriate notion for studying local properties (e.g., containing a copy of
Kk), whereas for global properties (e.g., being Hamiltonian), the study of local resilience
appears to be more natural.

This study of resilience has gained popularity, and in a relatively short period of
time quite a few research papers have studied this and related distance notions
[23, [14], [11], [19], [3], [2], [5], [9], [20], [15], [4]. This evolving body of research explored
the resilience with respect to many graph properties, where the base graph of focus was
mainly the binomial random graph Gðn; pÞ and graphs from families of pseudorandom
graphs. In one of the subsequent papers of Dellamonica et al. [11], a more refined version
of local resilience was considered. Consider a graph G with degree sequence d. The
authors of [11] defined the local resilience of G with respect to P as the maximal value
of 0 ≤ α ≤ 1 for which a graphG is (αd)-resilient with respect toP. This notion is a little
more robust than the original definition of local resilience as it can also deal with degree
sequences of irregular graphs. The term k-resilience is a further generalization on the
same theme. The main motivation for studying this more general notion is that it allows
us to give a unified approach to several problems, as will be exposed.

1.2. Previous work. One of the first local resilience problems Sudakov andVu [23]
considered was the local resilience problem of Gðn; pÞ with respect to HAM. They pro-
vided both an upper bound and a lower bound for this parameter for almost the whole
range of p. First, note that by the threshold probability for minimum degree 2, the local
resilience parameter becomes interesting only forp ≥ ln nþln ln nþωð1Þ

n (as for lower values of
p, it is by definition equal to zero for non-Hamiltonian graphs, which w.h.p. is the case in
this range). As an upper bound they proved that for every 0 ≤ p ≤ 1 w.h.p.

rlðGðn; pÞ;HAMÞ ≤ np

2
ð1þ oð1ÞÞ.ð1:1Þ

Maybe more importantly, the lower bound they proved states that for every δ, ε > 0, if
p ≥ ln2þδ n

n , then w.h.p. rlðGðn; pÞ;HAMÞ ≥ np
2 ð1− εÞ, which essentially settles the pro-

blem for this range ofp.Note that in fact this canbeviewed as a far reaching generalization
of Dirac’s theorem. Frieze and Krivelevich in [14] studied this problem for the range of p
“shortly after” Gðn; pÞ becomes Hamiltonian w.h.p., but the lower bound they obtained in
this range is weaker. They proved that there exist absolute constants α, C > 0 such that
for every p ≥ C ln n

n w.h.p. rlðGðn; pÞ;HAMÞ ≥ αnp. Recently, the authors in [5] im-
proved on the above by showing that for every ε > 0 there exists an absolute constant
C > 0 such that if p ≥ C ln n

n , then w.h.p. rlðGðn; pÞ;HAMÞ ≥ np
6 ð1− εÞ. It is

plausible that w.h.p. rlðGðn; pÞ;HAMÞ ¼ np
2 ð1� oð1ÞÞ as soon as p ≫ log n

n , but the
above-mentioned results still leave a gap to fill. In this work we make some progress
on this front, but, alas, we are unable to close the gap completely.

A related question is the number of edge-disjoint Hamilton cycles one can have in a
graph. Nash–Williams [21] asserted that Dirac’s sufficient condition for a Hamilton
cycle in fact guarantees at least b 5n

224c edge-disjoint Hamilton cycles. Quite recently,
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Christofides et al. [10], answering one of Nash–Williams’ original conjectures asympto-
tically, proved that minimum degree ð12 þ oð1ÞÞn is sufficient for the existence of bn8c
edge-disjoint Hamilton cycles in a graph. When considering random graphs, the current
knowledge about the packing of edge-disjoint Hamilton cycles is even more satisfactory.

Bollobás and Frieze [8] showed that for every fixed r, if p ≥ ln nþð2r−1Þ ln ln nþωð1Þ
n , the

minimal p for which δðGðn; pÞÞ ≥ 2r, one can typically find r edge-disjoint Hamilton
cycles in Gðn; pÞ. Kim and Wormald [17] established a similar result for random
d-regular graphs (for fixed d), proving that such graphs typically contain bd2c edge-
disjoint Hamilton cycles. The previous statements are of course the best possible but
invite the natural question of what happens when the minimum degree is allowed to
grow with n. Denote byHδ the property of a graphG to contain bδðGÞ ∕ 2c-edge-disjoint
Hamilton cycles. Frieze and Krivelevich in [14], extending [8], showed that if

p ≤ ð1þoð1ÞÞ ln n
n , then w.h.p. Gðn; pÞ ∈ Hδ. In [13] Frieze and Krivelevich conjectured that

this property is in fact typical for the whole range of p.
CONJECTURE 1.2 (Frieze and Krivelevich [13]). For every 0 ≤ pðnÞ ≤ 1, w.h.p.

Gðn; pÞ has the Hδ property.
In this paper, we are able to extend the range of p for which Conjecture 1.2 holds,

but we cannot resolve the conjecture completely.

1.3. Our results. As previously mentioned, in this work we explore the notion of
k-resilience of random graphs with respect to HAM. To state our main result we need
the following notation. Let G ¼ ð½n�; EÞ be a graph. For every positive t we denote by
Dt ¼ DtðGÞ ¼ fv ∈ ½n�∶dGðvÞ < tg the subset of vertices of degree less than t. Denote by
d ¼ ðd1; : : : ; dnÞ the degree sequence of G. For every constant ε > 0 and t > 0 we define
the (not necessarily integral) sequence ~dðt; εÞ ¼ ð ~d1; : : : ; ~dnÞ as follows:

1. ~dv ¼ dv − 2 for every v ∈ DtðGÞ;
2. ~dv ¼ dvð13 − εÞ for every v ∈ V 1 ¼ V \ DtðGÞ.

THEOREM 1. For every ε > 0 and p ≥ ln nþln ln nþωð1Þ
n , w.h.p. G ¼ ð½n�; EÞ∼ Gðn; pÞ

with degree sequence d is ~dð np100 ; εÞ-resilient with respect to HAM.
Note that Theorem 1 essentially covers the whole range of relevant values of p.

Moreover, if p is such that there exists some ε > 0 for which w.h.p. δðGðn; pÞÞ−
2 ≤ np

100 ð13 − εÞ, then the result gives an exact local resilience for this range. On the
one hand, every graph G satisfies rlðG;HAMÞ ≤ δðGÞ− 1, as in order to leave the
graph Hamiltonian after the deletion of edges, all degrees in the resulting graph must
be at least 2. On the other hand, Theorem 1 guarantees that in this range of p if
G ∼ Gðn; pÞ, then w.h.p. removing any subgraph H ⊆ G of maximum degree ΔðHÞ ≤
δðGÞ− 2 leaves a Hamiltonian graph.

THEOREM 2. If ln nþln ln nþωð1Þ
n ≤ p ≤ 1.02 ln n

n and G ∼ Gðn; pÞ, then w.h.p.
rlðG;HAMÞ ¼ δðGÞ− 1.

Proof. As was previously mentioned, in light of Theorem 1, it is enough to prove
that for the given range of p w.h.p. δðGðn; pÞÞ− 2 ≤ np

100 ð13 − εÞ for some ε > 0. We use a
basic result in the theory of random graphs due to Bollobás (see, e.g., [7, Chapter 3]),
which asserts that if ðn−1

k Þpkð1− pÞn−1−k ¼ ωð1nÞ, then w.h.p. δðGðn; pÞÞ ≤ k. Note that
if k is such that w.h.p. δðGðn; pÞÞ ≤ k, then this is also true for every p 0 ≤ p due to
monotonicity. Setting k ¼ ln n

300 , it suffices to prove that for p ¼ 1.02 ln n
n−k , w.h.p.

δðGðn; pÞÞ ≤ k ≤ np
100 ð13 − 1

160Þ þ 2, which follows from
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�
n− 1

k

�
pkð1− pÞn−1−k ≥ ð1− oð1ÞÞ

�
eðn− kÞp

k

�
k

· e−ðn−kÞp

≥ ð1− oð1ÞÞn1þln 306
300 · n−1.02

¼ ω

�
1

n

�
:

This completes the proof of the theorem. ▯
Comparing Theorem 2 with the upper bound from (1.1), we see that the local re-

silience drops from being equal to one less than the minimal degree in the beginning of
the range to being equal to less than roughly half of it as p grows. This is due to the
fact that when p is small enough the appearances of vertices whose degree is much
smaller than the average degree create a bottleneck for HAM (and many other graph
properties).

Not all is lost when p becomes larger. Our main result implies that taking p to be
large enough such that w.h.p. there are no vertices of degree less than np

100, the removal of
almost one third of the incident edges at every vertex from a typical random graph will
leave a graph that is Hamiltonian. Again, using straightforward calculations, which we
omit, the following result is readily established.

THEOREM 3. For every ε > 0 there exists a constant C ¼ CðεÞ > 0 such that if
p ≥ C ln n

n , then w.h.p.

rlðGðn; pÞ;HAMÞ ≥ np

3
ð1− εÞ:

Note that Theorem 3 in fact improves on the best known results of [5] for the local
resilience of Gðn; pÞ with respect to HAM in this range of p.

Lastly we show how from Theorem 2 one can obtain the existence of an optimal
packing of Hamilton cycles in a typical random graph.

THEOREM 4. For every p ≤ 1.02 ln n
n , w.h.p. Gðn; pÞ has the property Hδ.

Proof. First note that in light of the result of Frieze and Krivelevich [14], we may
assume that p ≥ ð1þ oð1ÞÞ ln n

n . We claim that in the range ð1þ oð1ÞÞ ln n
n ≤ p ≤ 1.02 ln n

n
w.h.p. one can sequentially remove a Hamilton cycle from a typical graph G ∼ Gðn; pÞ
for bδðGÞ∕ 2c− 1 rounds, leaving the graph Hamiltonian. Indeed, assume that the as-
sertion of Theorem 2 holds; then the removal of 0 ≤ i ≤ bδðGÞ∕ 2c− 1 edge-disjoint
Hamilton cycles from G is a removal of a 2i-regular subgraph from G, and therefore
Theorem 2 asserts that the resulting graph must be Hamiltonian. The removal of
the last Hamilton cycle concludes the proof. ▯

Although the improvement of Theorem 4 relative to the previous best known bound
on p of Frieze and Krivelevich [14] may seem quite insignificant, it should be stressed
that the method used in [14] cannot be made to work for p ¼ ð1þ εÞ ln n

n for any fixed
ε > 0, so the improvement presented here is of a more qualitative nature. Alas, the
methods presented here also cannot be extended much further, as the degree sequence
of the random graph becomes more balanced, causing D np

100
to be the empty set. So,

Conjecture 1.2 remains open.

1.4. Organization. The rest of the paper is organized as follows. We start with
section 2, where we state all the needed preliminaries that are used throughout the
proofs of our results. Section 3 is devoted to showing why a graph with pseudorandom
properties is in fact k-resilient toHAM, and section 4 is dedicated to proving that all of
the random-like properties needed in the previous section appear w.h.p. in Gðn; pÞ.
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Section 5 is devoted to the proof of the main result of this paper—namely, Theorem 1—
and we conclude the paper with some final remarks and open questions in section 6

2. Preliminaries. In this section we provide the necessary background informa-
tion needed in the course of the proofs of the main results of this paper.

2.1. Notation. Given a graph G ¼ ðV;EÞ, the neighborhood NGðU Þ of a subset
U ⊆ V of vertices is the set of vertices defined by NGðUÞ ¼ fv ∈= U∶∃u ∈
U:fv; ug ∈ Eg, and the degree of a vertex v is dGðvÞ ¼ jNGðfvgÞj. We denote by
EGðUÞ the set of edges of G that have both endpoints in U , and by eGðUÞ we denote
its cardinality. Similarly, for two disjoint subsets of vertices U and W , EGðU;W Þ de-
notes the set of edges with an endpoint in U and the other inW , and eGðU;W Þ denotes
its cardinality. We will sometimes refer to eGðfug;W Þ by dGðu;W Þ. We use the usual
notation of ΔðGÞ and δðGÞ to denote the respective maximum and minimum degrees in
G. We say that H is a spanning subgraph of G (or simply a subgraph, as all the sub-
graphs we consider will be spanning) and write H ⊆ G if the graph H ¼ ðV;FÞ has the
same vertex set as G and its edge set satisfies F ⊆ E. We will denote by lðGÞ the length
of a longest path in G.

Let R < n be positive integers and f∶½R� → Rþ. We say that a graphG ¼ ðV;EÞ on
n vertices is an ðR; fÞ-expander if every U ⊆ V of cardinality jU j ≤ R satisfies
jNGðUÞj ≥ f ðjU jÞ · jU j. When f is a constant function equal to some β > 0, we say that
G is an ðR;βÞ-expander. When a function f∶A → Rþ satisfies fðaÞ ≥ c for any a ∈ A,
where c ≥ 0 is a constant, we simply write f ≥ c.

Remark 2.1. Note that if G ¼ ðV;EÞ is an ðR; fÞ-expander, then every H ¼ ðV;FÞ
for F ⊇ E is also an ðR; f Þ-expander.

The main research interest of this paper is the asymptotic behavior of some proper-
ties of graphs, when the graph is sampled from some probability measure G over a set of
graphs on the same vertex set [n], and the number of vertices, n, grows to infinity. There-
fore, from now on and throughout the rest of this work, when needed we will always
assume n to be large enough. We use the usual asymptotic notation. For two functions
of n, f ðnÞ and gðnÞ, we denote f ¼ OðgÞ if there exists a constant C > 0 such that
f ðnÞ ≤ C · gðnÞ for large enough values of n, f ¼ oðgÞ or f ≪ g if f ∕ g → 0 as n goes
to infinity, f ¼ ΩðgÞ if g ¼ Oðf Þ, and f ¼ ΘðgÞ if both f ¼ OðgÞ and g ¼ Oðf Þ.

Throughout the paper we will need to employ bounds on large deviations of random
variables. We will mostly use the following well-known bound on the lower and the
upper tails of the binomial distribution due to Chernoff (see, e.g., [1, Appendix A]).

THEOREM 2.2 (Chernoff bounds). Let X ∼Binðn; pÞ; then for every α > 0
1. Pr½X > ð1þ αÞnp� < expð−npðð1þ αÞ lnð1þ αÞ− αÞÞ;
2. Pr½X < ð1− αÞnp� < expð− α2np

2 Þ.
It will sometimes be more convenient to use the following bound on the upper tail of

the binomial distribution.
LEMMA 2.3. If X ∼Binðn; pÞ and k ≫ np, then Pr½X ≥ k� ≤ ðnkÞpk ≤ ðenp∕ kÞk.
Lastly, we stress that throughout this paper we may omit floor and ceiling values

when these are not crucial to avoid cumbersome exposition.

3. From pseudorandomness to Hamiltonicity. This section will provide all
the necessary steps to show why a graph that possesses some random-like properties
must be Hamiltonian. First, we show that a pseudorandom graph must contain an
expander subgraph (Lemma 3.2). We will also insist this expander subgraph is quite
sparse in relation to the original graph, where the sparsity requirement on the expander
subgraph will play a major role in the proof of Theorem 1. As a second step we show how
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the expansion of small sets of vertices is a combinatorial property that is quite resource-
ful toward proving Hamiltonicity, where the main tool used to achieve this is the
celebrated Pósa rotation-extension technique (Lemma 3.6).

3.1. From pseudorandomness to expansion. We start by defining a family of
graphs with desired pseudorandom properties.

DEFINITION 3.1. We say that a graphG1 ¼ ðV 1; E1Þ on n1 vertices is ðn1; d;βÞ-quasi-
random if it satisfies the following properties:
(P0) δðG1Þ ≥ d

150;
(P1) every U ⊆ V 1 of cardinality jU j < n0.11

1 ln n1 satisfies eG1
ðUÞ ≤ d0.13jU j;

(P2) every U ⊆ V 1 of cardinality jU j < 12βn1 satisfies eG1
ðUÞ ≤ 50βdjU j;

(P3) every two disjoint subsets U;Z ⊆ V 1, where jU j ¼ βn1 and jZ j ¼ ð13 − 27βÞn1,
satisfy eG1

ðU; ZÞ ≥ n1 ln ln n1.
The goal will be to find subgraphs of ðn1; d;βÞ-quasi-random graphs that satisfy

certain expansion properties. To define this family of subgraphs we introduce the fol-
lowing “expansion” function. Given an integer n1, we let fβ∶½βn1� → Rþ denote the func-
tion defined by
(Q1) fβðtÞ ¼ ðln n1Þ0.8 for every integer 1 ≤ t < n0.1

1 ;
(Q2) fβðtÞ ¼ 11 for every integer n0.1

1 ≤ t < βn1;
(Q3) fβðβn1Þ ¼ 2ð1þ39βÞ

3β .
The following lemma guarantees that every ðn1; d;βÞ-quasi-random graph contains a
sparse ðβn1; fβÞ-expander subgraph.

LEMMA 3.2. For every constant 0 < β < 1
15·104, there exists an integer n0 ¼ n0ðβÞ >

0 such that if G1 is an ðn1; d;βÞ-quasi-random graph for some n1 ≥ n0 and d ≥ ln n1,
then G1 contains a ðβn1; fβÞ-expander subgraph Γ satisfying eðΓÞ ≤ 106βeðG1Þ.

Proof. Pick every edge of G1 ¼ ðV 1; E1Þ to be an edge of Γ with probability γ ¼
15 · 104β independently of all other choices. Our goal is to prove that Γ is an
ðβn1; fβÞ-expander with positive probability.

First, we analyze the minimum degree of Γ. The degree of every vertex v ∈ V 1 in Γ is
binomially distributed, dΓðvÞ∼ BinðdG1

ðvÞ; γÞ, with median at least bγδðG1Þc. There-
fore Pr½dΓðvÞ ≥ bγδðG1Þc� ≥ 1 ∕ 2. We choose n1 to be large enough so that
bγδðG1Þc ≥ γd

200; then by property P0 and the fact that the degrees in Γ of every two
vertices are positively correlated, we have that

Pr

�
δðΓÞ ≥ γd

200

�
≥ Pr½∀v ∈ V 1:dΓðvÞ ≥ bγδðG1Þc�

≥
Y
v∈V 1

Pr½dΓðvÞ ≥ bγδðG1Þc�

≥ 2−n1 ;

using the FKG inequality (see, e.g., [1, Chapter 6]).
Under the assumption that δðΓÞ ≥ γd

200, we show that Γ must satisfy Q1—namely
that everyU ⊆V 1 of cardinality jU j<n0.1

1 satisfies jNΓðUÞj ≥ jU jðln n1Þ0.8. LetU ⊆ V 1

be some subset of cardinality jU j < n0.1
1 , and assume that jNΓðUÞj < jU jðln n1Þ0.8.

Denote by W ¼ U ∪ NΓðUÞ; then by our assumption jW j < jU jð1þ ðln n1Þ0.8Þ ≤
jU jðln n1Þ0.81 ≪ n0.11

1 ln n1. PropertyP0 ofG1 implies both eΓðUÞ ≤ eG1
ðUÞ ≤ d0.13jU j

and eΓðW Þ ≤ eG1
ðW Þ ≤ d0.13jW j < jU jd0.13ðln n1Þ0.81. On the other hand, eΓðW Þ ≥

δðΓÞ · jU j− eΓðUÞ ≥ γd
200 · jU j− eG1

ðUÞ > jU jd0.13ðγðln n1Þ0.87
200 − 1Þ > jU jd0.13ðln n1Þ0.81,

which is a contradiction.
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Property Q2 of Γ will follow the exact same lines, again under the assumption that
δðΓÞ ≥ γd

200. LetU ⊆ V 1 be some subset of cardinality n0.1
1 ≤ jU j < βn1, and assume that

jNΓðUÞj < 11jU j. Denote by W ¼ U ∪ NΓðU Þ; then by our assumption jW j < 12jU j <
12βn1. Property P2 of G1 implies both eΓðUÞ ≤ eG1

ðUÞ ≤ 50βdjU j and eΓðW Þ ≤
eG1

ðW Þ ≤ 50βdjW j < 600βdjU j. On the other hand, eΓðW Þ ≥ δðΓÞ · jU j− eΓðUÞ ≥
γd
200 · jU j− eG1

ðUÞ ≥ 750βdjU j− 50βdjU j > 600βdjU j, which is a contradiction.
We proceed to show that Γ satisfies the bound on its number of edges and property

Q3 with probability greater than 1− 2−n1 . This will imply that there exists a subgraph
Γ as stated by the lemma with positive probability. Consider the number of edges in Γ.
Clearly, eðΓÞ∼ BinðeðG1Þ; γÞ and by property P0 we have eðG1Þ ≥ n1δðG1Þ

2 ≥
n1d
300 ≥

n1 ln n1

300 . Using Lemma 2.3, it follows that

Pr½eðΓÞ > 106βeðG1Þ� ≤
�
e · eðG1Þ · γ
106βeðG1Þ

�
106βeðG1Þ ¼ oð2−n1Þ:

Fix a subset U ⊆ V of cardinality jU j ¼ βn1. Assume that for every subset of ver-
tices Z ⊆ V 1 of cardinality jZ j ¼ ð13 − 27βÞn1 and disjoint from U , we have that
eΓðU; ZÞ > 0; then jNΓðUÞj ≥ ð23 þ 26βÞn1 ¼ 2ð1þ39βÞ

3β jU j. Therefore, in order to prove
that Γ satisfies Q3 with the required probability, we prove that eΓðU; ZÞ > 0 for every
pair of disjoint subsets of vertices U , Z ⊆ V 1 of cardinality jU j ¼ βn1, and
jZ j ¼ ð13 − 27βÞn1 with probability at least 1− 2−n1 . By property P3 it follows that
eG1

ðU; ZÞ > n1 ln ln n1, and therefore eΓðU; ZÞ is stochastically dominated by
Binðn1 ln ln n1; γÞ. This implies that

Pr½eΓðU; ZÞ ¼ 0� < ð1− γÞn1 ln ln n1 < expð−γn1 ln ln n1Þ:

Now, by going over all possible pairs of subsetsU and Z , as there are at most 4n1 of those,
we have that the probability that Γ does not satisfy property Q3 is at most
expð−γn1 ln ln n1Þ · 4n1 ¼ oð2−n1Þ, which completes the proof. ▯

3.2. From expansion to Hamiltonicity: Pósa’s rotation-extension
technique. In order to describe the relevant connection between Hamiltonicity and
expanders, we require the notion of boosters.

DEFINITION 3.3. For every graph G we say that a nonedge fu; vg ∈= EðGÞ is a booster
with respect to G if G þ fu; vg is Hamiltonian or lðG þ fu; vgÞ > lðGÞ. For any vertex
v ∈ V we denote by

BGðvÞ ¼ fw ∈= NGðvÞ ∪ fvg∶fv;wg is a boosterg:ð3:1Þ

The following simple lemma describes a sufficient condition for a graphG to be such
that deleting the edges of some subgraph H ⊆ G leaves a Hamiltonian graph. Note that
a crucial point in the lemma is the existence of another graph that acts as a “backbone”
by providing enough boosters.

LEMMA 3.4. Let G ¼ ðV;EÞ be a graph and let H ⊆ G be some subgraph of it. If
there exists a subgraph Γ ⊆ G −H such that for every E  0 ⊆ EðG − H − ΓÞ of
cardinality jE  0j ≤ n there exists a vertex v ∈ V (which may depend on E  0) satisfying
jNG−ðΓþE  0ÞðvÞ ∩ BΓþE  0 ðvÞj > dH ðvÞ, then G −H is Hamiltonian.

Proof. Assume Γ ⊆ G − H is as required by the lemma; then we prove there exists
an edge set F ⊆ EðG − H − ΓÞ such that the graph Γþ F must be Hamiltonian, which
in turn implies that G − H is Hamiltonian. Start with F0 ¼ ∅. Assume that Fi is a
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subset of 0 ≤ i ≤ n edges of EðG − H − ΓÞ. If the graph Γi ¼ Γþ Fi ⊆ G − H is
Hamiltonian, we are done. Otherwise, by the assumption of the lemma, there exists
a vertex vi ∈ V such that jNG−Γi

ðviÞ ∩ BΓi
ðviÞj > dH ðviÞ, and hence there exists at least

one neighbor of vi in G, which we denote by wi, such that the pair fvi; wig is still an
edge inG −H and is a booster with respect to Γi (hence not an edge of Γi). It follows that
the graph Γi þ fvi; wig is Hamiltonian or lðΓi þ fvi; wigÞ > lðΓiÞ. Finally, set
Fiþ1 ¼ Fi ∪ ffvi; wigg. Note that there must exist an integer i0 ≤ n such that Γi0 is
Hamiltonian, as the length of a path cannot exceed n− 1. ▯

We now describe and apply a crucial technical tool, originally developed by Pósa
[22], which lies in the foundation of many Hamiltonicity results of random and pseudor-
andom graphs. This technique, which has come to be known as Pósa’s rotation-
extension, relies on the following basic operation on a longest path in a graph. We
use the following two definitions.

DEFINITION 3.5. Let G ¼ ðV;EÞ be a graph, and let P ¼ ðv0; v1; : : : ; vlÞ be a longest
path inG. If fvi; vlg ∈ E for some 0 ≤ i ≤ l− 2, then an elementary rotation of P along
fvi; vlg is the construction of a new longest path P  0 ¼ P − fvi; viþ1g þ fvi; vlg ¼
ðv0; v1; : : : ; vi; vl; vl−1; : : : ; viþ1Þ. We say that the edge fvi; viþ1g is broken by this
rotation.

Given a fixed β > 0 and integer n, we define a family L ¼ Lðn;βÞ of graphs with
vertex set V ¼ ½n� to which these elementary rotations will be applied. The graphs in L
all entail some pseudorandom properties. Now, a graph G ¼ ðV;EÞ ∈ Lðn;βÞ if its ver-
tex set can be partitioned as V ¼ V 1 ∪ D such that
(L1) jDj ≤ n0.09;
(L2) dðu;V 1Þ ≥ 2 for every u ∈ D;
(L3) there is no path in G of length at most 2 ln n

3 ln ln n with both (possibly identical)
endpoints in D;

(L4) G1 ¼ G½V 1� is a ðβn1; fβÞ-expander on n1 ¼ jV 1j vertices.
Using elementary rotations we proceed to show that any G ∈ Lðn;βÞ must be
Hamiltonian or that the subset of vertices with “large” BGðvÞ must also be large.
Our proof uses ideas similar to those found in [5].

LEMMA 3.6. For every fixed β > 0 there exists an integer n0ðβÞ ¼ n0 > 0 such that
if n ≥ n0, then every graph G ¼ ðV;EÞ ∈ Lðn;βÞ is Hamiltonian or must satisfy
jfv ∈ V 1∶jBGðvÞj ≥ n∕ 3þ βngj ≥ n∕ 3þ βn.

Remark 3.7. We remark that property L4 implicitly implies an upper bound on β

for Lðn;βÞ to be nonempty. Indeed 2ð1þ39βÞ
3 ≤ 1− β must hold, which implies β ≤ 1

81.
Proof. First, we claim that under the assumptions on G, it must be connected. In

order to prove this, we begin by showing thatG1 is connected. Indeed, assume otherwise
and let W ⊆ V 1 be a connected component of cardinality jW j ≤ n1 ∕ 2. Properties Q1,
Q2, and Q3 imply that every subset of at most βn1 vertices has a nonempty neighbor
set; hence we can further assume that jW j > βn1. Let W  0 ⊆ W be of cardinality βn1;
then jNGðW  0Þj > 2n1 ∕ 3 > n1 ∕ 2 by propertyQ3 and hence cannot be contained inW , a
contradiction. Property L2 guarantees that every vertex in D is connected to some ver-
tex in V 1, so adding the vertices of D to the graph G1 leaves the graph connected.

Take a longest path P ¼ ðv0; : : : ; vlÞ in G. By the assumption on G we can clearly
assume that l ≥ 3. Since P is a longest path, NGðv0Þ ∪ NGðvlÞ ⊆ P. We first claim that
we can choose such a path P with both of its endpoints in V 1. So, assume that at least
one of the endpoints of P, v0, and vl is in D. If v0 and vl are neighbors, then G must
contain a cycle of length lðGÞ. This implies that G is Hamiltonian, as otherwise
lðGÞ < n, and since G is connected, there is an edge emitting out of this cycle, creating
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a path of length lðGÞ þ 1 in G, which is a contradiction. We can thus assume vl and v0
are not neighbors. Assume without loss of generality (w.l.o.g.) that vl ∈ D; then by
property L2 the vertex vl must have a neighbor other than vl−1. As all the neighbors
of vl must lie on P, we denote this neighbor by vi, where 1 ≤ i ≤ l− 2. Performing an
elementary rotation of P along fvi; vlg results in the path P  0 ¼ ðv0; v1; : : : ;
vi; vl; vl−1 : : : ; viþ1Þ with viþ1 as an endpoint. By Property L2 of D, the vertex
viþ1 ∈= D, since it is at distance at most 2 from vl ∈ D. Denote the resulting longest path
which terminates at viþ1 by P  0. If v0 ∈ D as well, then we can also perform a rotation on
P  0 keeping viþ1 fixed. Note that in order to do so we can assume v0 and viþ1 are non-
neighbors, as otherwise our graph is Hamiltonian as previously claimed. We can thus
assume that our initial longest path P has indeed two endpoints in V 1.

We set with foresight r0 ¼ ln n1

7 ln ln n1
, and r to be the minimal integer for which

βn1 ≤ 2r−r0 · Tr0 < 2βn1, where T ¼ ln0.7n1. For every 0 ≤ i ≤ r we will find a set
Si ⊆ V 1 that is composed of (not necessarily all) endpoints of longest paths inG obtained
byperforminga series of i elementary rotations starting fromPwhile keeping the endpoint
v0 fixed suchthat for everyj < i in thejthrotationthenon-v0 endpoint lies inSj ⊆ V 1.We
construct this sequence of sets fSigri¼0 as follows. We start with S0 ¼ fvlg (which, by
our assumption, is not in D). For every i > 0, let Ui ¼ fvk ∈ NGðSiÞ∶vk−1; vk;
vkþ1 ∈=

S
i
j¼0 Sjg. Let vk ∈ Ui, and x ∈ Si be such that fx; vkg ∈ E, and denote by Q the

longest path from v0 to x obtained from P by i elementary rotations leaving v0 fixed.
By the definition of Ui, none of the vertices vk−1, vk, vkþ1 is an endpoint of one of the
sequence of longest paths starting from P and yielding Q; hence both edges fvk−1; vkg
and fvk; vkþ1g were not broken and are therefore present in Q. Rotating Q along the
edge fx; vkg will make one of the vertices fvk−1; vkþ1g an endpoint in the resulting
path. Assume w.l.o.g. that it is vk−1, and hence add it to the set S  0

iþ1. Note that
the vertex vk−1 can also be added to the set S  0

iþ1 if the vertex vk−2 is in Ui; therefore

jS  0
iþ1j ≥

1

2
jUij ≥

1

2

�
jNGðSiÞj− 3

Xi
j¼0

jSjj
�
:ð3:2Þ

Having defined the set S  0
iþ1 for every i, we proceed to demonstrate how the set Siþ1 is

chosen as an appropriate subset of S  0
iþ1. This is done according to the value of i. First,

for 0 ≤ i < r0 the set Si is chosen to be of cardinality Ti, where we prove we can do so
inductively. Clearly, our assumption on S0 proves that the base of the induction holds.
Assuming we can choose the subsets Sj ⊆ S  0

j for all j ≤ i < r0 − 1, we prove we can
choose a subset Siþ1 ⊆ S  0

iþ1 ∩ V 1. We have by our induction hypothesis that jSij ¼
Ti < Tr0 ≤ n0.1

1 ; hence for every i < r0 property Q1 implies jNGðSiÞj ≥ Tiþ1.1, and
therefore by (3.2)

jS  0
iþ1j ≥

1

2

�
Tiþ1.1 − 3

�
Tiþ1 − 1

T − 1

��
> Tiþ1 þ 1.

Every vertex in S  0
iþ1 is at distance at most 2i from vl; therefore, every two vertices in

S  0
iþ1 are at distance at most 4i < 4r0 ≤

4 ln n1

7 ln ln n <
2 ln n

3 ln ln n from each other. Property L2
implies there can be at most one vertex from D in this set. Removing this vertex if it
exists, we can set Siþ1 to be any subset of S  0

iþ1 of T
iþ1 vertices from V 1. In particular

jSr0 j ¼ Tr0 ≫ n0.09 ≥ jDj. Next, for r0 ≤ i < r we will construct the sets Si to be of
cardinality R · 2i−r0 ≫ jDj, where R ¼ Tr0 . Properties Q1 and Q2 imply jNGðSiÞj ≥
11 · jSij ≥ 10jSij þ 2jDj, and therefore by (3.2),
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jS  0
iþ1j ≥

1

2

 
10 · R · 2i−r0 þ 2jDj− 3

 Xr0−1

j¼0

Ti þ
Xi
j¼r0

R · 2j−r0

!!

≥ jDj þ 5R · 2i−r0 −
3

2
ðTr0 þ Rð2iþ1−r0 − 1ÞÞ

¼ jDj þ R · 2i−r0þ1:

We can therefore set Siþ1 to be any subset of S  0
iþ1 ∩ V 1 of cardinality R · 2i−r0 . For

the sake of convenience, we replace Sr by some arbitrary subset of it of cardinality βn1

and denote this new set by Sr. Finally, we construct similarly the set S  0
rþ1. By prop-

erty Q3 we have jNGðSrÞj ≥ ð1þ 39βÞ2n1 ∕ 3. Just as in the previous cases, by (3.2),

jS  0
rþ1j ≥

1

2

 
2n1

3
ð1þ 39βÞ− 3

 Xr0−1

j¼0

Ti þ
Xr
j¼r0

R · 2j−r0

!!

≥ n1

�
1

3
þ 13β

�
−

3

2
Tr0 −

3

2
R · 2r−r0þ1

≥ n1

�
1

3
þ 13β

�
− oðn1Þ− 6βn1

>
n1

3
þ 6βn1 >

n

3
þ βn:

Assume S  0
rþ1 ∩ NGðv0Þ ≠ ∅; then clearly G must contain a cycle of length lðGÞ.

Assume that G is not Hamiltonian, i.e., that lðGÞ < n. As G is connected, there is
an edge emitting out of this cycle, creating a path of length lðGÞ þ 1 in G, which is
a contradiction; hence G must be Hamiltonian in this case. On the other hand, if
S  0
rþ1 ∩ NGðv0Þ ¼ ∅, then S  0

rþ1 ⊆ BGðv0Þ. Now take any endpoint u0 in S  0
rþ1 and take

a longest path P  0 starting from u0 (which must exist since all vertices of S  0
rþ1 are end-

points of longest paths starting in v0) and repeat the same argument, while rotating P  0

and keeping u0 fixed. This way we obtain the desired set jBGðu0Þj of n∕ 3þ βn endpoints
for every u0 ∈ S  0

rþ1, thus completing the proof. ▯

4. Structural properties of G�n;p�. We start with a very simple claim regarding
the number of edges in the binomial random graph model Gðn; pÞ.

Claim 4.1. For every p ≥ ln n
n , w.h.p. n2p

4 ≤ eðGðn; pÞÞ ≤ n2p.
Proof. This is a simple application of Theorem 2.2. Clearly, eðGÞ∼ Binððn2Þ; pÞ; then

Pr½eðGÞ>n2p�<Pr½eðGÞ≥ 2 n
2 · p�≤ expð− ðn−1Þ ln n

6 Þ ¼ oð1Þ. Similarly, Pr½eðGÞ < n2p
4 � ≤

Pr½eðGÞ < 0.51 n
2 p� ≤ exp ð0.492ðn−1Þ ln n

4 Þ ¼ oð1Þ. ▯
The following is (a special case of) a well-known property of the binomial random

graph model. Specifically, this addresses the problem of finding the threshold probability
for a random graph distributed according to Gðn; pÞ to have minimum degree at least 2
(see, e.g., [7]).

THEOREM 4.2. Let hðnÞ ¼ ωð1Þ be any function that grows arbitrarily slowly with n;
then

1. if p ≥ ln nþln ln nþhðnÞ
n , then w.h.p. δðGðn; pÞÞ ≥ 2;

2. if p ≤ ln nþln ln n−hðnÞ
n , then w.h.p. δðGðn; pÞÞ < 2.

Recall that given a graph G we defined the set DtðGÞ ¼ fv ∈ V∶dGðvÞ < tg. We
prove some structural properties of the set DtðGÞ, where G is sampled from the random
graph model Gðn; pÞ.

Claim 4.3. For every p ≥ ln n
n and integer t ≤ np

100, w.h.p. jDtðGðn; pÞÞj ≤ n0.09.
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Proof. Let G ∼ Gðn; pÞ; then setting t0 ¼ np
100, we can bound the probability that a

vertex is in DtðGÞ as follows.

Pr½dGðvÞ < t� ≤ Pr½Binðn− 1; pÞ < t0�

≤
Xt0−1

i¼0

�
n− 1

i

�
pið1− pÞn−1−i

≤ t0 ·
�
n− 1

t0

�
pt0ð1− pÞn−1−t0

≤ t0 ·
�
eðn− 1Þp

t0

�
t0
e−pðn−1−t0Þ

≤ exp

�
−npþ pþ np2

100
þ np

100
ð1þ ln 100Þ þ ln

np

100

�
< e−0.92np

≤ n−0.92:

This implies that E½DtðGðn; pÞÞ� ≤ n0.08, and the claim follows from Markov’s
inequality. ▯

Claim 4.4. For every p ≥ ln n
n and integer t ≤ np

100, w.h.pG ∼ Gðn; pÞ does not contain
a nonempty path of length at most 2 ln n

3 ln ln n such that both of its (possibly identical) end-
points lie in DtðGÞ.

Proof. Setting t0 ¼ np
100, we prove the claim for two distinct endpoints inDt0ðGÞ, and

for paths of length r, where 2 ≤ r ≤ 2 ln n
3 ln ln n. The other cases (i.e., identical endpoints or

r ¼ 1) are similar and a little simpler. Fix two vertices u, w ∈ V ðGÞ and let P ¼ ðu ¼
v0; : : : ; vr ¼ wÞ be a sequence of vertices of V ðGÞ, where 2 ≤ r ≤ 2 ln n

3 ln ln n. Denote by AP

the event fvi; viþ1g ∈ EðGÞ for every 0 ≤ i ≤ r − 1, and by Bu;w the event that both u
and w are elements of Dt0ðGÞ. Clearly, Pr½AP � ¼ pr; then

Pr½Bu;w ∧ AP � ¼ pr · Pr ½Bu;wjAP �:
LetXu;w denote the random variable that counts the number of edges inG incident with
u or w, disregarding the pairs fu; v1g, fvr−1; wg, and fu;wg. We can therefore bound
Pr ½Bu;wjAP � ≤ Pr½Xu;w < 2t0 − 2� and as Xu;w ∼ Binð2n− 6; pÞ, it follows that

Pr½Xu;w < 2t0 − 2� ≤
X2t0−2

i¼0

�
2n− 6

i

�
pið1− pÞ2n−6−i

≤
np

50

�
2n− 6

2t0 − 2

�
p2t0−2ð1− pÞ2n−4−2t0

≤
np

50
·
�
eð2n− 6Þp
2t0 − 2

�
2t0
e−pð2n−4−2t0Þ

≤ exp

�
−2npþ p

�
4þ np

50

�
þ np

50
ð2þ ln 100Þ þ ln

np

50

�
< e−1.8np:

Fixing the two endpoints u, w, the number of such sequences is at most

ðr − 1Þ!
� n

r − 1

�
≤ nr−1. Applying a union bound argument over all such pairs of vertices
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and possible sequences connecting them, we conclude that the probability that there
exists a path in G of length r ≤ 2 ln n

3 ln ln n, connecting two vertices of DtðGÞ, is at most

X2 ln n
3 ln ln n

r¼1

�
n

2

�
· nr−1 · pr · e−1.8np ≤

X2 ln n
3 ln ln n

r¼1

nrþ1

2
·
lnr n

nr · n−1.8

≤
ln n

3 ln ln n
· n−0.8 · ðln nÞ 2 ln n

3 ln ln n

¼ oð1Þ;

where the first inequality follows by noting that the expression on the left-hand side
decreases as p grows; hence we can replace p by ln n

n . This completes the proof of the
claim. ▯

Given a graph G and some t > 0 (which may depend on n and p), we denote by
G1ðtÞ ¼ G1 ¼ ðV 1; E1Þ the graph G1 ¼ G½V \ DtðGÞ� and by n1 its number of vertices;
i.e., jV 1j ¼ jV \ DtðGÞj ¼ n1. The following lemma, which contains the main technical
result of this section, implies that if p ≥ ln n

n , then the removal of the vertices of low
degree from a typical graph G sampled from Gðn; pÞ leaves a graph G1 which is robust
in the following sense: The deletion of almost a third of the edges at each vertex of G1

leaves a graph with some strong pseudorandom properties.
LEMMA 4.5. For every fixed ε > 0, there exists a small enough constant β0 ¼

β0ðεÞ > 0 such that for every 0 < β ≤ β0, p ≥ ln n
n , and t ¼ np

100, if G ∼ Gðn; pÞ, then
w.h.p. for any subgraph H 1 ⊆ G1ðtÞ ¼ G1 such that dH 1

≤ ð13 − εÞdG, the graph
G1 − H 1 is ðn1; np;βÞ-quasi-random.

Proof. First, by Claim 4.4 we can assume that in G every vertex of V 1 has at most
one neighbor in DtðGÞ; hence for every v ∈ V 1 we have dG1

ðvÞ ≥ dGðvÞ− 1, and there-
fore δðG1Þ ≥ t− 1. It follows that δðG1 − H 1Þ > ð23 þ εÞδðG1Þ > 2t

3 ¼ np
150. Second, using

Claim 4.3 we can, and will, assume that n1 ≥ n− n0.09 ¼ nð1− oð1ÞÞ. The rest of the
properties, and hence the proof of the lemma, will be a simple consequence from the
following series of claims. We stress that throughout we will not compute β explicitly,
but we will assume it is small enough as a function of ε for the arguments to go through.

Claim 4.6. W.h.p. for every U ⊆ V of cardinality jU j ≤ n0.11 ln n, it holds that
eG1−H 1

ðUÞ ≤ eGðUÞ ≤ ðnpÞ3∕ 25jU j.
Proof. Fixing such a subset of vertices U of cardinality u ≤ n0.11 ln n, we have that

eGðUÞ∼ Binððu2Þ; pÞ and since eðu2Þp ≤ uðnpÞ3 ∕ 25 · n−1∕ 200 we have by Lemma 2.3 that

Pr½eGðUÞ > ðnpÞ3∕ 25u� <
�

eðu2Þp
ðnpÞ3 ∕ 25u

�ðnpÞ3 ∕ 25u
≤ exp

�
−
ðnpÞ3 ∕ 25 · u · ln n

200

�

≤ exp

�
−
ðln nÞ1.12 · u

200

�
:

To upper bound the probability of the existence of a subset of vertices for which the
assertion of the claim does not hold, we apply the union bound over all possible sets
U of cardinality u ≤ n0.11 ln n:

Xn0.11 ln n

u¼1

�
n

u

�
exp

�
−
ðln nÞ1.12 · u

200

�
≤

Xn0.11 ln n

u¼1

exp

�
u ·
�
ln

en

u
−

ðln nÞ1.12
200

��

≤ n0.11 ln n · exp ð−ðln nÞ1.1Þ ¼ oð1Þ: ▯
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Claim 4.7. W.h.p. every U ⊆ V of cardinality jU j ≤ 12βn satisfies eG1−H 1
ðUÞ ≤

eGðU Þ ≤ 50βnpjU j.
Proof. Very similarly to the proof of Claim 4.6, we fix a subset of vertices U of

cardinality 1 ≤ u ≤ 12βn; then noting that eGðUÞ∼ Binððu2Þ; pÞ, and since ðu2Þp ≤
50βnpu, we have by Lemma 2.3 that

Pr½eGðU Þ > 50βnpu� <
�

e u
2 p

50βnpu

�
50βnpu

≤ exp

�
−50βnpu ln

100βn

eu

�
:

To upper bound the probability of the existence of a subset of vertices for which the
assertion of the claim does not hold, we apply the union bound over all possible sets
U of cardinality 1 ≤ u ≤ 12βn:

X12βn
u¼1

�
n

u

�
exp

�
−50βnpu ln

100βn

eu

�

≤
X12βn
u¼1

exp

�
u ·
�
ln

en

u
− 50βnp ln

100βn

eu

��

≤
X12βn
u¼1

exp

�
u · ln

en

u
· ð1− 50β ln nÞ− 50β ln n ln β

�

¼oð1Þ: ▯

Claim 4.8. W.h.p. every two disjoint subsets U , Z ⊆ V 1, where jU j ¼ βn1 and
jZ j ¼ n1ð13 − 27βÞ satisfy eG1−H 1

ðU; ZÞ ≥ n1 ln ln n1.
Proof. Fix two such disjoint subsets of vertices U , Z ⊆ V 1 of the required cardin-

alities and note that

eG1−H 1
ðU; ZÞ ¼ eG1

ðU; ZÞ− eH 1
ðU; ZÞ

≥ eGðU; ZÞ−
X
v∈U

dH 1
ðvÞ

≥ eGðU; ZÞ−
�
1

3
− ε

�X
v∈U

dGðvÞ:

As eGðU; ZÞ∼ BinðjU j · jZ j; pÞ, we can apply Theorem 2.2 item 2 and get that

Pr½eGðU; ZÞ <
�
1

3
− 28β

�
n1 · jU j · p� ≤ e−Θðn2

1pÞ ¼ oð4−n1Þ;

where the hidden constants in the exponent above are functions of β alone. Next, we
prove that the random variable XðGÞ ¼Pv∈UdGðvÞ is very likely not to deviate much
from its expectation. To achieve this we resort to the Azuma–Hoeffding inequality for
martingales of bounded variance (see, e.g., [1, Theorem 7.4.3]). Note that for any two
graphs on the vertex set V that differ by a single edge, their value of X can change by at
most 2, andE½XðGÞ� ¼ jU jðn− 1Þp < ð1þ oð1ÞÞjU jn1p. In order to divulge the value of
X one only needs to expose the pairs of vertices that have at least one endpoint in U .
This implies that the total variance of the martingale is at most βn2

1pð1− pÞ, and hence

Pr½XðGÞ > ð1þ βÞjU jn1p� ≤ e−Θðn2
1pÞ ¼ oð4−n1Þ;
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where the hidden constants in the exponent above are, again, functions of β alone.
Recalling that β can be made small enough with respect to ε and that jU jn1p ≫
n1 ln ln n1, we have that�

1

3
− 28β

�
>

�
1

3
− ε

�
ð1þ βÞ þ n1 ln ln n1

jU jn1p
;

and hence Pr½eG1−H 1
ðU; ZÞ < n1 ln ln n1� ¼ oð4−n1Þ. By applying the union bound over

all pairs of subsets of vertices U and Z , the proof of the claim in completed. ▯
Recalling Definition 3.1 completes the proof of the lemma. ▯
We can now present the main result of this section which based on the above is

readily established. In what follows let G ¼ ðV;EÞ, with vertex set V ¼ ½n�, be sampled
from Gðn; pÞ and let t ¼ np

100. We recall that for every ε > 0 if d ¼ ðd1; : : : ; dnÞ is
the degree sequence of G, then ~dðt; εÞ ¼ ð ~d1; : : : ; ~dnÞ is the sequence defined by
~dv ¼ dv − 2 for every v ∈ DtðGÞ and ~dv ¼ dvð1 ∕ 3− εÞ for every V 1 ¼ V \ DtðGÞ.

COROLLARY 4.9. For every fixed ε > 0, there exists a small enough constant
β0 ¼ β0ðεÞ > 0 such that for every 0 < β ≤ β0 and p ≥ ln nþln ln nþωð1Þ

n , the following
holds. W.h.p. every subgraph H ⊆ G of degree sequence dH ≤ ~dðt; εÞ is such that the
graph G − H contains a subgraph Γ0 ∈ Lðn;βÞ that spans at most 2 · 106βn2p edges.
Moreover, adding to Γ0 any subset of edges E0 ⊆ E results in a graph in Lðn;βÞ and
the partition V ¼ DtðGÞ ∪ V 1 guarantees that Γ0 þ E0 is in Lðn;βÞ.

Proof. Fix ε > 0, let β0 be as guaranteed by Lemma 4.5, let 0 < β ≤ β0, and set
t ¼ np

100. Fix a subgraph H ⊆ G with degree sequence dH ≤ ~dðt; εÞ, denote by
G1 ¼ G1ðtÞ ¼ ðV 1; E1Þ, let H 1 ¼ H ½V 1�, and set n1 ¼ jV 1j. We can assume that G
satisfies the following properties:

1. δðG − HÞ ≥ 2 (Theorem 4.2).
2. jDtðGÞj ≤ n0.09 (Claim 4.3).
3. There is no path of length at most 2 ln n

3 ln ln n with both (possibly identical) end-
points in jDtðGÞj (Claim 4.4).

4. G1 − H 1 contains a ðβn1; fβÞ-expander spanning subgraph Γ with at most
106βn2p edges (Lemmas 4.5 and 3.2, where Claim 4.1 can be used to bound
the number of edges in eðG1Þ).

To get the graph Γ0, we add to the graph Γ the set of vertices D ¼ DtðGÞ with all of its
incident edges from G −H . Note that Γ0 ∈ Lðn;βÞ (using the partition V ¼ V 1 ∪ D)
and that eðΓ0Þ ¼ eðΓÞ þ eG−H ðD;V 1Þ ≤ 106βn2pþ t · n0.1 < 2 · 106βn2p as claimed.

Consider any subset of edges E0 ⊆ EðGÞ. As the vertices of D form an independent
set, all edges of E0 that are not in Γ0 must have at least one endpoint inV 1. The addition
cannot create a path of length at most 2 ln n

3 ln ln n between endpoints in D since no such path
exists in G. The addition of any edge from EGðD;V 1Þ to Γ0 can only increase the degree
of every vertex from D, and, finally, the addition of any edge from EGðV 1Þ to Γ0 clearly
leaves the induced subgraph on V 1 as a ðβn1; fβÞ-expander (as this is a monotone in-
creasing graph property), and therefore the same partition of the vertex setV ¼ V 1 ∪ D
also implies that Γ0 þ E0 ∈ Lðn;βÞ. ▯

5. Proof of Theorem 1. We can now provide the full proof of the main result of
this paper—namely, the proof of Theorem 1. The road we take to achieve this is to show
that given a typical graph G sampled from Gðn; pÞ, no matter how H ⊆ G is chosen
(given that it satisfies the conditions on its degree sequence), not only will the graph
G −H contain a sparse expander subgraph Γ, it will also have as edges enough boosters
with respect to Γ as to transform it into a Hamiltonian graph.
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Proof of Theorem 1. Fix ε > 0, set β ¼ βðεÞ to be a sufficiently small constant
such that the assertion of Corollary 4.9 holds, and let G ∼ Gðn; pÞ be with degree se-
quence d. If G does not satisfy the conclusion of Corollary 4.9, we say that G is
corrupted and denote by AG this event of probability oð1Þ.

Assume, then, that G is not corrupted and not ~d ¼ ~dð np100 ; εÞ-resilient toHAM; i.e.,
there exists a subgraph H 0 with degree sequence dH ≤ ~d for which G − H 0 is not
Hamiltonian. Corollary 4.9 implies that G − H 0 contains a subgraph Γ0 ∈ Lðn;βÞ that
spans at most 2 · 106βn2p edges, and moreover, adding to it any subset of edges from
E1 ⊆ EðGÞ results in a graph Γ0 þ E1 ∈ Lðn;βÞ. Lemma 3.4 implies that there must
exist a set E0 ⊆ EðG − H − Γ0Þ ⊆ EðGÞ of at most n edges for which jNG−ðΓ0þE0ÞðvÞ ∩
BΓ0þE0

ðvÞj ≤ ~dv for every vertex v ∈ V . As jE0j ≪ eðΓ0Þ from the above, we conclude
that Γ2 ¼ Γ0 þ E0 ∈ L 0ðn;βÞ ¼ fΓ ∈ Lðn;βÞ∶jEðΓÞj ≤ 107βn2pg.

Corollary 4.9 guarantees that V ¼ V 1 ∪ DtðGÞ is a partition of the vertex set for
which Γ2 satisfies the properties of Lðn;βÞ. Lemma 3.6 implies that the set A ¼
fv ∈ V 1∶jBΓ2

ðvÞj ≥ nð1 ∕ 3þ βÞg must satisfy jAj ≥ nð1 ∕ 3þ βÞ. Let A0 ⊆ A be a sub-
set of cardinality jA0j ¼ n

3.
So, in fact, for noncorruptedG we will resort to bounding the event that there exists

a graph Γ2 ∈ L 0 that is contained in G for which jNG−Γ2
ðvÞ ∩ BΓ2

ðvÞj ≤ ~dv ¼ ð13 − εÞdv
for every vertex v ∈ A0. One should note that from the independence of the appearance
of edges in the Gðn; pÞ model, given some Γ2 ∈ L 0, the events ½Γ2 ⊆ G� and ½jNG−Γ2

ðvÞ ∩
BΓ2

ðvÞj ≤ ~dv� are independent as they stem from the appearance of disjoint sets of edges,
i.e., eðΓ2Þ and ðV2 Þ \ eðΓ2Þ, respectively. Putting it all together yields that the probability
that G is not ~d-resilient to HAM is upper bounded by

Pr½AG � þ Pr ½∃Γ2 ∈ L 0:ðΓ2 ⊆ GÞ ∧ ð∀v ∈ V:jNG−Γ2
ðvÞ ∩ BΓ2

ðvÞj ≤ ~dvÞjĀG �

≤oð1Þ þ 1

Pr½ĀG�
X
Γ2∈L 0

Pr½Γ2 ⊆ G� · Pr½∀v ∈ V:jNG−Γ2
ðvÞ ∩ BΓ2

ðvÞj ≤ ~dv�

≤oð1Þ þ ð1þ oð1ÞÞ
X
Γ2∈L 0

peðΓ2Þ×

Pr

"X
v∈A0

jNG−Γ2
ðvÞ ∩ BΓ2

ðvÞj ≤
�
1

3
− ε

�
ð2eGðA0Þ þ eGðA0; V \ A0ÞÞ

#
:ð5:1Þ

Taking into account that we are using a union bound argument by summing over all
graphs Γ2 ∈ L 0 (and there may be an exponential number of those), it is left to show that
every summand in the above expression is exponentially small. We define the following
random variable (which depends on the choice of Γ2). Let

X ¼ XðGÞ ¼
X
v∈A0

jNG−Γ2
ðvÞ ∩ BΓ2

ðvÞj;

whose expectation satisfies

E½X � ¼
X
v∈A0

E½jNG−Γ2
ðvÞ ∩ BΓ2

ðvÞj� ¼ p ·
X
v∈A0

E½jBΓ2
ðvÞj� ≥ n2p

9
:

Note that for any two graphs on the vertex set V that differ by a single edge, their
value of X can change by at most 2 (1 for every endpoint of the edge); hence
we can apply the Azuma–Hoeffding inequality for martingales of bounded variance
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(see, e.g., [1, Theorem 7.4.3]) to prove that X is concentrated around its expectation. In
the process of “exposing” the edges of the graph, it suffices to expose only the pairs with
an endpoint in A0 which are nonedges of Γ2. This implies that the total variance of the
martingale is upper bounded by n2

3 pð1− pÞ, and hence

Pr

�
XðGÞ ≤ n2p

9
ð1− εÞ

�
≤ exp ð−Θðε2n2pÞÞ:ð5:2Þ

On the other hand, by a standard application of Theorem 2.2 (the Chernoff bound), it
follows that

Pr

�
∃U ⊆ V:jU j ¼ n

3
∧ 2eðU Þ þ eðU;V \ UÞ > n2p

3
ð1þ εÞ

�
¼ exp ð−Θðε2n2pÞÞ:

ð5:3Þ

Using the fact that n2p
9 ð1− εÞ ≥ n2p

3 ð13 − εÞð1þ εÞ, it follows from (5.2) and (5.3) that

Pr

�
X ≤

�
1

3
− ε

�
ð2eGðA0Þ þ eGðA0; V \ A0ÞÞ

�
≤ exp ð−Θðε2n2pÞÞ:

Returning to our upper bound on the probability that G is not ~d-resilient to HAM, we
set μ ¼ 107β. Plugging in the above in (5.1), the probability is upper bounded by

oð1Þ þ ð1þ oð1ÞÞ
Xμn2p

m¼1

0
@
�
n
2

�
m

1
A · pm · expð−Θðε2n2pÞÞ

≤ oð1Þ þ ð1þ oð1ÞÞ
Xμn2p

m¼1

�
en2p

2m

�
m

· expð−Θðε2n2pÞÞ

≤ oð1Þ þ exp

�
Θ
�
μn2p ln

1

μ

�
− Θðε2n2pÞ

�
¼ oð1Þ;

where the transition from the first to the second inequality follows from the fact that
ðen2p

m Þm is increasing withm for the given range, and that β (and μ) can be chosen small
enough with respect to ε. This completes the proof of the theorem. ▯

6. Concluding remarks and further research directions. This work is yet
another building block in the recently initiated research area of resilience of graph prop-
erties. The generalized approach allowed us to tackle in a uniform way two different
problems regarding Hamiltonicity. The main motivation for studying resilience of
the type considered in this work is the ability to have refined control over vertices
of small degree that create the main obstacle for Hamiltonicity when p is in the low
end of the range. As p grows, the degree sequence of the graph becomes more and more
balanced, so this approach does not seem to be suitable (or even necessary) for larger
values of p. Although in this work some progress has been made on the two fronts (the
local resilience of random graphs with respect to HAM and optimal packing of
Hamilton cycles in random graphs), there are still gaps to fill in order to settle the
two main questions considered in this paper, and we believe new ideas will be needed
to resolve them completely.
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