Q-CURVATURE FLOW ON S*

ANDREA MALCHIODI AND MICHAEL STRUWE

1. INTRODUCTION

Let M be a closed four-manifold (compact without boundary) with metric g.
If Ricy denotes the Ricci Tensor of (M,g) and Ry the scalar curvature, the Q-
curvature Q4 of M is defined by the expression

1 .
(1) Qg = =15 (AgRy — R + 3| Ricy|*) .
(The above definition is not universally adopted and in other texts may differ by a

factor 2.)

Similar to the Gauss curvature on a surface, the Q-curvature on a four-manifold
is related to a conformally invariant operator and its integral gives information on
the topology of the manifold.

Indeed, if 3 is a closed surface with metric gy and Gauss curvature Ky, given
a conformal metric ¢ = e?*gy on X, the Laplace-Beltrami operator transforms
according to the rule

(2) A= Ag = 672wA0,

where Ag = Ayy. Throughout, we use the analysts’ sign convention (so that A is
negative definite). The Gauss equation

(3) —Aw + Ko = K e**.

then relates the Gauss curvature K, of the metric g to the curvature Ky of go and
implies the invariance of the total scalar curvature integral

/Kgd,“g:/ngdeUgo :/Kod,ugo
py b b

under conformal changes of the metric; in fact, by the Gauss-Bonnet formula

(4) / K, dyiy = 27x(5),

the total scalar curvature is already determined by the topology of the surface.

In complete analogy with (3), as shown by Branson-Orsted [7], in four space
dimensions the Q-curvature of a metric g = e2"gy is related to the Q-curvature Qg
of the background metric gg via the equation

() Pyyw +2Qo = 2Qqe™,

Date: November 14, 2005.



2 ANDREA MALCHIODI AND MICHAEL STRUWE

where Py, is the Paneitz operator in the metric go, introduced in [32]. For any
given g the operator P, acts on a smooth function ¢ on M via

(©) Po(e) = Al — div (G Ryg ~ 2Ricy ).

Similar to (2), the Paneitz operator is conformally invariant in the sense that

(7) Py =P,

for any conformal metric g = e?“gq. Finally, if we denote as W the Weyl tensor of
M, then, similar to (4) there holds

Q [ (@8 duy = arn

see [5]. In particular, on a locally conformally flat manifold where W = 0 we obtain
the exact analogue of (4).

As in the two-dimensional case of equation (3), in the context of equation (5)
it is natural to ask for a solution to the wuniformization problem, that is, to ask
whether on a given 4-manifold (M, go) there exists a conformal metric of constant
Q-curvature. On the other hand, given a smooth function f on M, one may ask
whether there exists a conformal metric having f as its Q-curvature. In the case
of (3) for conformal metrics on S?, this is the famous Nirenberg’s problem, studied,
for instance, in [13], [14], [15], [30], [37].

A partial affirmative answer to the first question is given by Chang-Yang [16]
under the condition ky = f v Qoduo < 872 and assuming that P, is a positive
operator whose kernel only consists of the constant functions. In view of a result of
Gursky [25] the latter hypothesis is satisfied whenever kg > 0 and provided (M, go)
is of positive Yamabe type; see also [17], Theorem 3.1 and the Remarks following.
The same result was later rederived by Brendle [8] via a flow approach, again
in the “subcritical” case when ko < 872, which by Gursky’s work [25] precisely
rules out the case when (M, gg) is conformal to the standard sphere. In fact,
/. g1 Qgaaditgy, = 872, and blow-up phenomena may occur. The result of Chang-
Yang has been extended recently by Djadli-Malchiodi [21] to the case in which P,
has no kernel and kg is not a positive integer multiple of 872. Again, the last
condition is used to rule out blow-up phenomena, see [29].

As for the analogue of Nirenberg’s problem on S, since Qggs =3, by (5) this is
equivalent to finding a solution u of the equation

(9) Pgs4u+6:2fe4u
for a given function f on S*, where Py, = AZS . — 244_,. The problem is varia-

tional; solutions can be characterized as critical points of the functional

(10) Ef(u) = ]{34 (uPy,u+4Q  ,u) dug,, — 3log <]€4 fe4“dugs4>

on H?(S*), where-f, wdpg,, denotes the average of any function ¢ on S4. How-
ever, as is common in geometric problems, this functional fails to satisfy standard
compactness conditions like the Palais-Smale condition.

Furthermore, the Gauss-Bonnet-Chern formula (8) and identities of Kazdan-
Warner [26] type impose obstructions to the existence of solutions of (9). In fact,
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since the Weyl tensor vanishes for any metric conformal to gg«, equation (8) takes
the form

(11) [, @y = 57°

and there cannot be a solution of (9) when f < 0. Moreover, upon integrating by
parts as in [16], p. 205, one obtains the identity

(12) / (VQg, Vai)g , dug =0, 1<i<5,
§4

where (z;);=1_. 5 are the restrictions of the coordinate functions of R® to S%. It
follows that no function of the form f = ¢ o x;, where % is monotone on [—1, 1],
can be the Q-curvature of a conformal metric g on S*. Thus the study of (9) is
rather delicate.

Recently, Wei-Xu, [38] (see also [9]), by combining blow-up analysis and degree
theory, proved the following result which is the counterpart of results obtained by
Chang-Yang [15] and Chang-Liu [13] for equation (3). A similar statement is given
in [2] for the scalar curvature problem on S3.

Theorem 1.1. Suppose f : S* — R is positive with only non-degenerate critical
points with Morse indices ind(f,p) and such that A, , f(p) # 0 at any such point
p. In addition, assume that

(13) > (—1)mdthe) 2 1,

Vi(p)=0,Ag, f(p)<0

Then there exists a solution of (9).

The aim of this paper is to analyze equation (9) by means of the Q-curvature flow
and to extend the results of Brendle [8] for this flow to the critical case when (M, go)
is conformal to the standard sphere. Our approach will be similar to the treatment
of the two-dimensional Hamilton-Ricci flow in [36] and the flow approach to Niren-
berg’s problem developed in [37]. In particular, in Theorem 4.1 we again shall
see the fundamental role that the Kazdan-Warner identity (12) plays in preventing
blow-up and in proving exponential convergence of the flow when f = const.. A
similar result was independently obtained by Brendle [11] by a different method.

On the other hand, for a prescribed curvature function f # const. we argue by
contradiction, and show, thereby closely following [37], that whenever (9) does not
admit a solution then, as t — oo, conformal metrics evolving under the Q-curvature
flow concentrate in a nearly spherical shape around points p(t) € S%, t > 0, whose
motion follows a pseudo-gradient flow for f. A detailed analysis, moreover, shows
that the flow (p(t)):~0 converges to a critical point p of f where A, _, f(p) < 0, which
is the reason why only such critical points contribute in Theorem 1.1. Theorem
1.1 then may be deduced from Morse theory; in fact, Theorem 1.1 is a special case
of the following result, which has counterparts in [34] and in [28] for the scalar
curvature problem on S™.

Theorem 1.2. Suppose f : S* — R is positive with only non-degenerate critical
points with Morse indices ind(f,p) and such that Ay, f(p) # 0 at any such point
p. Let

(14) m; = #{p € SV f(p) =0,y f(p) <0,ind(f,p) =4 —i}.
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Then, if there is no solution with coefficients k; > 0 to the system of equations
(15) m():l"'ko,mi:ki_l"'ki,1Si§4,k420,

there exists a solution of (9).

Observe that in contrast to the usual applications of Morse theory we will be
dealing with a flow that increases (rather than decreases) the value of f; therefore
the index of a critical point p of f (counting the number of negative eigenvalues of
the Hessian) has to be substituted by its complement ¢ = 4 —ind(f, p) = ind(—f, p).
Obviously, this distinction is of no consequence for the statement of Theorem 1.1.

The problem of prescribed @Q-curvature has been studied also in dimensions
greater than four by Brendle [8], still in the “subcritical” case. For the “criti-
cal” case of prescribed Q-curvature on S™, in [22] and [23] via a finite-dimensional
reduction and blow-up analysis certain perturbative results are obtained in any
dimension, and non-perturbative results in dimensions 5 and 6. Similar to Bren-
dle’s work [8], it should not be difficult to extend the present flow approach to
higher-dimensions and - possibly - further improve these results.

The analogue of the uniformization problem for scalar curvature in dimensions
greater than 2 is the Yamabe problem. In [35] and, finally, [10] convergence of
the Yamabe flow is established for arbitrary initial data in dimensions 3, 4 and
5, thereby heavily relying on the positive mass theorem of general relativity; see
also [24]. It should be of considerable interest to obtain analogous results for the
Q-curvature flow in dimensions greater than four, as well.

Acknowledgement. Most of this work was carried out when the first author
visited ETH in Ziirich. He is very grateful to the institution for the kind hospitality.
He has also been supported by M.U.R.S.T. under the national project “Variational
methods and nonlinear differential equations”.

2. THE FLOW

Let gg4 be the standard metric on S%. Any conformal metric g can be written as
g = e*gga for some smooth function u on S*. Let f € C°°(S*) be a given positive
function. For go = e?“0gga satisfying

8
(16) 001(54,90) :/ dig, :/ dugs4 = gﬂ—?a
S4 S4

we define an evolution of conformal metrics g(t), ¢ > 0, whose @Q-curvatures ap-
proximate (a positive constant multiple of) the prescribed curvature function f.

To define the flow, let g(t) be given by g(t) = e**®ggs, where u solves the
equation

du

(17) ut:E:af_Qa
with initial data w(0) = uo. Here @ = Qg4 denotes the Q-curvature of g = g(t),
given by

1
(18) Q= 56_4H(Pgs4u +6) onS*,
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and « is chosen in such a way that

(19) a/s4fdu:[94Qdu:8w2

for all t > 0, where dy = dpy = e*"dp,_,. Lemma 6.2 in [36] may easily be adapted
to this setting to show, together with the work of Brendle [8], that the initial value
problem (17), (19) has a unique, global, smooth solution on an arbitrary closed
4-manifold; see Lemma 3.8 below.

In view of (19) we have

G (L) =1 [ win=1[ (af - @au=0,

and the initial normalization (16) implies the identity
8 o

(20) vol (S*, g) = dp = 37
S4

for all t > 0.

Moreover, the functional E¢ is non-increasing along the flow defined by (17),

(19). Indeed, let
_ 3
i it = g [ v

denote the mean value of u, etc., and let

E(u) = ][S4 (ngS4u+4QgS4u) dpg., = ]£4(|Au|52754 + 2|Vu|354 +12u)dpg,

E¢(u) = E(u) — 3log <]é ) fe4“dugs4> :

Lemma 2.1. Let u be a smooth solution of (16) - (19). Then one has
d

EEf(u) = —4]{;4 lof — Q|*du < 0.

Proof. Using (17) - (19), we obtain
d
EEf(u) = 2][ (Pygat +2Qqg . Jur dpg , — 12][ fue du/][ fdu
54 54 54
1 @-afudi=-1{ Jaf - QPdn.
54 54
O
Recall the following analogue of Onofri’s [31] inequality, due to Beckner [3]. The

present interpretation appears as formula (4.1”) in the work of Chang-Yang [16],
who also give an instructive new proof of Beckner’s inequality.

Proposition 2.2. For any u € H?(S*) there holds

1
log (][ e4“d,ugs4> < §E(u)
S4
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Thus, for a metric which satisfies (20), we have the uniform lower bound
Ey(u) > —3log(max f)

and Lemma 2.1 implies the estimate

@) [ [ laf @ dudt < 3By (uo) + 3logmax 1) < o

In particular, for a suitable sequence t; — oo with corresponding metrics g; = g(¢;),
we obtain

(22) [ 1@ at P duy —0 (=)
s
Therefore, if g; converges to a metric g, with Q-curvature Qo, then Qoo = o f.

In particular, we encounter this situation when f = const.; see Section 4.

On the other hand, if g; does not converge along any sequence t; — oo, we
observe a concentration behavior similar to [37], whose precise analysis in Section
5 will lead us to the proof of Theorem 1.2.

Notation: All norms we use are taken with respect to the standard spherical
metric gg4, unless otherwise specified. For brevity in the following we let Ags =
Ay, ete. The letter C represents a generic constant which may vary from line to
line (and also within the same line), occasionally numbered for clarity.

3. ASYMPTOTICS

In this section we describe the asymptotic behavior of the solution w(t) of (17)
and the corresponding metric ¢g(¢) when t — co.

3.1. Normalized flow. Similarly to [14], Proposition 2.2, or [36], p. 260 f. for
the case of S2, given a smooth family of metrics t — g(t) = e>*() ggs there exists a
smooth family of conformal diffeomorphisms ¢t — ® = &(¢): S* — S%, normalized
with respect to rotations of S%, so that, letting h = ®*g, we have

(23) / x dpp, = 0 for all ¢.
S4

Here the points of S* are identified with their image in R® through the standard
immersion. We can write h as h = e?Ygg4, where

1
(24) v=uo®+ 1 log(det(d®)).
By conformal invariance there holds
(25) E(v) = E(u);
see for instance [38], Lemma 2.2. Moreover by (24) we have
(26) vol(S*,h) = / ePdpgs = / eMdugs = vol(S*,g) for all t > 0.
54 54

Therefore, if wu(t) solves (17), (19) with initial data satisfying (16), from (20),
Lemma 2.1, and Proposition 2.2 we deduce the uniform energy bounds

(27) 0< B() = B(u) = E(u) + 3log (]é f du> < Ep(ug) + 3log (n}q%x f)
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for uw and v.

The bounds on v can be improved by using the following result of Wei-Xu [38],
Theorem 2.6, which extends a previous theorem of Aubin [1] to higher dimensions.
A similar result was obtained by Brendle [9], Proposition 2.2; Brendle’s result,
however, requires the a-priori bound [9], Lemma 2.1, which is not available here.

Proposition 3.1. There exists a constants a < 1/3 such that for every v € H?(S%)
with corresponding metric h = e?*gga satisfying (23) there holds

log (][ e4”d,u54> < a][ vPgav dpga + 4][ v djiga.
54 54 54

Consequently, the normalized family (v(t));~o is bounded in H?(S%).

Lemma 3.2. For a smooth solution u of (17), (19), (20) and the corresponding
normalized flow there holds

(28) sup [[v()l|zr2(s4) < C-
Moreover, for any o € R we have

(29) Sup/ e dpgs < C(0).
S4

t
The bounds in (28) and (29) depend only on E(v).

Proof. From Proposition 3.1 we obtain

(30) a][ vPgav djiga —1—4][ vdpgs > 0.
54 54
Hence, similar to [14], Corollary 2.2, we can estimate
1 1
(§ —a) (|Agsv]* +2|Vo|%) duse = (§ - a,)][ vPgav djigs
S4 §4
1
(31) <§’UPS4U + 41}) dpgs — (a][ vPgav djgs + 4][ v du54)
54 54
1
=3P

Moreover, from Jensen’s inequality and (26) it follows that

40 = ][ 4v dugs < log <][ et du54> =0,
g4 g4

whereas from (30) we get

C< <a][ vPgavdpugs + 4][ Udusz;) =aE(v) + (4 — 12a)7.
54 54

Hence from (27) we conclude

(32) o] < C.

Finally, from (31), (32) and Poincaré’s inequality it follows that
[vllz2(s4) < llv =l|L2(s4) + [0l L2(s9) < Cl[Vvl[p2(s4) + C < C.

This implies (28). Finally, (29) is a consequence of Proposition 2.2, applied to the
function ov, and (28). a
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From (24) one finds
1
(33) v =uo®+ Ze_4vdiv54 (e,

where ¢ = (d®)"142. We can bound ¢ in terms of u, as follows.

Differentiating (23) with respect to t and using (33), we find

d
= — :4
o= () =1

(34) = 4/ zug o ® dpp + / rdivgs (£e*) duga
sS4 S4

:4/ xutoq)duh—/ & duy,.
g4 S4

Let G = M6b™(4) denote the finite-dimensional Lie group of oriented conformal
diffeomorphisms of S*. We identify an element ¢ € T;3G with the vector field
L@ (t)]4—o on 5, where ®(t) = exp,4(t) is the family of conformal diffeomorphisms
generated by £&. We then define the map

X:TidGagH/ Eduy, € RO,
54

By reasoning as in [14], Appendix, or [36], p. 260, one finds that for all metrics h
which are uniformly equivalent to gga, X has full rank. Moreover, X is invertible
with bounded inverse on the subspace generating normalized conformal diffeomor-
phisms. In particular, from (34) we obtain the uniform estimate

(3) el <€ [ luoaf dun=C [ Jor - QP du

As explained in [36], p. 260, the constant C' in (35) is uniform for all normalized
metrics h satisfying (29) with uniform constants C' = C(o) for |o| = 2 . By Lemma
3.2 and (27) this, in particular, is the case for all metrics h arising from smooth
solutions u of (17), (19), (20) satisfying a uniform bound Ejf(ug) < fo for some
Bo € R.

3.2. Global existence. From Lemma 2.1 and (35) we obtain the following esti-
mate, which is similar to [36], Lemma 6.2, or [37], Lemma 3.3.

Lemma 3.3. For any T > 0 and any smooth solution u of (16) - (19) there holds

4 sup lu(t)| dpg,, < sup / 6‘4“(t)|dugs4 < 0.
0<t<T J g4 0<t<T J g1

Proof. The argument is completely analogous to the proof of [37], Lemma 3.3.
O

Combining Lemma 3.3 with (27), we obtain a locally uniform bound for u(t) in
H?. Global existence of the flow then follows as in the work of Brendle [8].
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3.3. Curvature evolution. We now derive the evolution equations for the Q-
curvature and the L2-norm of the flow speed. From (17) and (18) we obtain

d 1d
Qt = d—? = 55 (6_4H(P54U+ZQS4))

1 1
= —4wQ+ 3Pu = —4Q(af — Q) + 5 P(af ~ Q)
where P = P, = e~ *“Pga. Differentiating (19) in time, we find
(37) o [ fdn=1a [ (@=apfin

Hence (36) also yields

4 ( / |Q—af|2du) = [ (2@ an(@ - auf) - 4Q - aiu

(36)

69 == [ @-apPQ-andui+s [ QQ-afids
4 [ (@-apdu-tx(ai/a),
S4

where

[ @-anr@-andu= [ (8@ apP+27Q-af)) dus:
S4 S4

3.4. Curvature decay. In this subsection we prove that the decay in (22) is indeed
uniform as ¢t — oo.

Lemma 3.4. For a smooth solution u of (16) - (19) there holds

/ |Q — af? du — 0 as t — oo.
S2

Proof. Let v(t) be the normalized flow introduced in Section 3.1, and let h =
e?Vggs. Also denote as ® = ®(¢) the Mébius transformations on S* such that
h = ®*g. Note that Q) = Q40 P. We also let fo = fod.

By the geometric invariance of the Paneitz operator, from (38) we derive
d
4 (100 = anoPaum) + 1 oy
S4
—— [ (Qu—afa)Pu(@ — afo)din+3 | Qu@n - afodu
S4 S4
(39) 4 [ (@ - afe)du
S4
- /s (1854(Qn — afo)|* +2(V(Qn — afa)[f) dss

+ 8a /s4 fo(Qn — afo)’dun + 4/ (Qn — afe)dun.

S4
Given ¢ > 0, by (22) there exist arbitrarily large numbers ¢y such that

(40) /4|Qh—afq>|2d,uh:/4|Q—af|2du<50 at t = 1.
5 S
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Fix such a number tg and choose t1 > tg such that

(41) sup |Qn — aufaPdpn < 2eo.
to<t<t; JS*

From (19) it follows that

1
42) ey ELURE (][s fdy ) < e

Hence for tg <t < t; we find

Qnll2(st.n) < Q@n — afallr2(s4,n) + | fallL2(s4,n)

< Vmg + VIR s L oy,

mingz f
From (29) we deduce that
Psav+6 = 2Qh64v

is bounded in LP(S*) for any p < 2. Standard elliptic theory then yields that v(t)
is bounded in W4 (S2) for any p < 2 and hence also in L>°(S*). Therefore we may
improve the previous result and conclude that, in fact, v(t) is bounded in H*(S%).
In particular, with a uniform constant C' we have

(43) Clgga < h < Cgga.
and from the Sobolev’s embedding H!(S*) — L*(S%), we obtain
(44)
[ 1s = afoldin < ClIQw— afollzzisnanl|Qn — afollEus
< C|Qn — afallrz(ss,mlQn — afs|[F (50

< ClIQu — afollzzqsen [ V(@ = afa)lbs +1Qu— afsl)ins:

< Coll@n — orfollzz(se ( / IV(Qn — orfo) s dpise + / Qn — af<p|2duh> |
S4 S4

If we now choose g9 > 0 so that 859CZ < 1, from (39) and (44) for to <t < t; we

conclude
d 2
— - d
o </s4 |Qn — afa] uh>

(45)
< (8amax f + 2)/ 1Qn — arfadpn < 01/ |Qn — afe|*dun,
54 54

where C7 = 2 + 24 maxg2 f/ mings f. The same estimate of course, also holds in
the original coordinates for the functions u and f instead of v and fg. Integrating
from tg to t, for any ¢ € [to,t1[ we then obtain

(46) /54 Q —affdu < /54 1Q — af)?dpli=t, + C1/t /54 |Q — af|*dudt.

By (21), the right hand side is smaller than 2eq if ¢ is sufficiently large and satisfies
(40). Then (41) and hence also (46) will be valid for every t > to. Finally, letting
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to — oo suitably, we obtain

limsup/ |Q — af|*du
S4

t—o0
S lim inf </ |Q — ozf|2du|t:t0 + 01 / / |Q - ozf|2d,udt) = 07
to—=00 \ /g4 to JS*
proving the assertion. O

3.5. Concentration-compactness. The next result, which can be proved as in
[8], Proposition 1.4, gives a first characterization of the asymptotic behavior of se-
quences of functions (u;); whose Q-curvatures, given by equation (18), are bounded
in L2(S%, g)).

Lemma 3.5. Let (u;); be a sequence of smooth functions on S* with associated
metrics g, = e*“lggs, | € N. Suppose that vol(S*, g;) = %71’2 and ||Qg,||L2(s%,9,) <
C for some uniform constant C. Then, either a subsequence (u;); is bounded in
H(S%), or for every sequence | — oo we can find a subsequence (relabelled) and

points p1,...,pr € S* such that for every r >0 and any i € {1,...,I} there holds

(47) lim inf / |Q1|dpy > 472,
l—00 Br(p'i)
where = pg,, Q1 = Q. In the latter case a subsequence (u;); converges in

Hioo(S*\{p1}, - {pi})-

As in [37], Lemma 3.5, the previous result may be sharpened considerably if we
assume L2-convergence of the Q-curvatures associated with (u;); to some smooth
limit function Q@ > 0. By Lemma 3.4, this assumption is satisfied by any sequence
(u(t;));, where u(t) solves (17), (19) and where t; — oo as | — oo.

Lemma 3.6. Let (u;) be as in Lemma 3.5. In addition, suppose that we have
[[Qg, — QoollL2(s4,9,) — 0 as I — oo for some smooth positive function Qo on S4.
Also let hy = @} g1 = eV ggs be the associated sequence of normalized metrics as in
Section 3.1. Then, up to selection of a subsequence, either i) u; — uoo in H4(S4),
where goo = €2%=gga has Q-curvature Q, or ii) there exists p € S* such that

8
(48) dpg, — §7r25p as i — oo
weakly in the sense of measures, and
hy — ggs in HY(S*), Qn, — 3 in L*(S%).

In the latter case, ®; converges weakly in H?(S*) to the constant map @, = p.

Proof. We can apply Lemma 3.5. If (u;); is bounded in H*(S%), the metrics g; are
uniformly equivalent to the standard one and Q; — Qu in L2(S*). From elliptic
regularity results and (18), we get convergence u; — oo, gi — oo in H*(S%).

If, on the other hand, concentration occurs in the sense of Lemma 3.5, we now
show that this leads to the behavior described in 7). Choose p; € S*and r; >0

such that
sup / |Qildpu =/ |Qi|dpy = 27,
peS* /By () By, (p1)
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By (47) we have r; — 0; in addition, we may assume that p; — p as | — oo.

Let ®;: S* — 5% be conformal diffeomorphisms mapping the upper hemisphere
5S4 = {z5 > 0} into B,,(p;) and taking the equatorial sphere 9S4 to 0B, ().
Consider the sequence of functions 7; : S* — R defined by

~ 1 ~
(49) ;= u; o P + 1 log(det(d®;)).
Then these functions solve the equation
Pgatiy + 2Qo = 2Qie*™,
where Ql =Q;0 P,.

By the last statement of Lemma 3.5 and our choice of p;,r;, we find that 4; —
oo in HE _(S*\ {S}), where S is the south pole of S%. In addition, there holds
Q1 — Qoo(p) almost everywhere as [ — oo. Using now the map

U(z) (22,1 —z2%), z€R*,

_ 1
1422
and defining

1
Gy =1u; 0¥+ 1 log(det(d¥)),

we obtain a sequence 4; : R* — R converging in H}t (R*) to a function @i, which
solves the equation

(50) Pratico = Abiiing = 2Qoo(p)e*®™  in RY

Moreover, by lower semicontinuity, %, satisfies

(51) / et dy <liminf | e*™ dx = §7r2.
R4 3

l—o0 R4

The solutions of (50)-(51) have been classified in [27] and only the following two
possibilities occur. Either . is of the form

2\ 1 1
2 Aoo:1 — — — ] =0
(52) i 8 T NP 118 (362 (p)>

for some A > 0,9 € R*, or for some a > 0 there holds
(53) —Apalieo () — a as |z| — oc.

By the maximum principle for —Ags and (50), in the latter case we even have
—Apatioo(z) > a everywhere on R%. Following the method in [33], we rule out (53).

In fact, assuming (53), for any fixed number L and sufficiently large | we have
(54) / (= Agsiy) da > “ar?,
B (0:R%) 8

where w3 is the 3-dimensional volume of the standard S3. Scaling back to S* (recall
that the dilation factor is r;), with a uniform constant Cp > 0 we obtain

(55) / (—Agawy) dpgs > Coar? L*,
Brr, (p1;5%)

provided [ > lo(L).
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On the other hand, (—Agau;) satisfies the equation
(56) —Agi(—Agauy) + 2(—Agauy) = 2 (Ql€4ul - QS4) on S%.

If we denote as G(-,-) the Green’s function of the operator (—Ags + 2) on S*, by
the maximum principle we have

(~Asu)(@) <2 || Gle Qe s ()

for almost every o € S*. Since G has the asymptotic growth
1 1
2ws |z — y[?

(57) Gz, y) ~

for |z —y| — 0,

by Fubini’s theorem for any p € S and any r > 0 we find

/ (— Agour) (@) dpss ()
B, (p;S%)

1

W dpsa(y)

<o s [ Qe

BT(ZD?S4)
1
<C [ Qiye™(y) / 5 dusi(z) | dpsa(y)
S4 B, (y;S%) |33‘ - y|
< CT2||Qle4UL||L1(S4,gS4) = Cr?(|Qull 1 (s1,9) < Cr?(|QullL2(59,41)-

In view of the uniform upper bound on ||Q;| z2(s4,4,) implied by our hypotheses,
upon applying the last inequality with p = p; and r = Lr; we then obtain the
estimate

/ (—A54ul)d,us4 < 01Tl2L2
Brr, (p1;5%)

with a uniform constant C, which contradicts (55) when L is sufficiently large.

Hence (52) holds and i, arises from the stereographic projection of S* onto R*,
with

Qoo (p)e* "= dpgs = 87>
R4
From the positivity of Q. we have
(58) Qi < Q1 +2|Q1 — Qo]
Recalling our assumption that
Q1 — QoollL2(5%,9)) — 0,
then with error o(1) — 0 as I — oo for any r > 0 in view of (11) we find

872 = | Quo(p)e'®=dz < Qoo dpu + (1)
R4 B (p)

< [ Q410 - Qu din o) < [ Qudi+of1) =87+ o(1),
Br(p) s4
It follows from (58) that p is the only concentration point of the sequence (g;); and
that
8
(59) dp — 57725;), Qoo (p)dpy — 8776, as | — oo,
proving the assertion (48).
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In addition, it follows that ®; converges almost everywhere to the constant map
P, = p. Since ¥; is a conformal diffeomorphism, we have

[34 (|AS4(I>1|2 + 2|Vq)l|?g4) dugs = C

for all [ € N and some constant C'. Indeed, ®; may be written as the composition
W o ¢; o of the stereographic projection 7 from some point, which we may take to
be the north pole of the sphere, a dilation §; in R* and the map ¥ = 7! introduced
earlier. The previous bound then follows from writing

/4 (|Ags @] +2|Vga®|?) dpugs = / ®; Pga ®;djiga
S S

:/ |AR4(\11051)|2d;v:/ |Apa U2 d2 < oo,
R4 R4

using conformal and dilation invariance.
Hence a subsequence of (®;); converges weakly in H2?(S*) to ®, = p. By (59),

as | — oo we also have

1Qos © 1 = Qoo (P)l|L2(54,1)) = ||Qoc — Qoo (P)l|L2(54,9)) — 0,
and, consequently,

1Qn, — Qoo (P)|L2(5%,n) = ||@n) — Qoo © Pul|L2(54,1,) + 0(1)

= [|Qi — QoolL2(51,4) + 0(1) — 0.

Hence we can apply our previous reasoning to the sequence v; and the corresponding
metrics h;. Since v; satisfies the condition (23), concentration in the sense of (59)
is impossible. Therefore a subsequence v; — Voo, hi — hoo in H4(S4) as | — oo,
where ho, = e*V~ggs has Q-curvature Qoo(p) = 3. Finally, since all metrics h;

satisfy (23), this is true also for hso, which then must coincide with gga. The proof
is complete. |

From Lemmas 3.4 and 3.6 we can get a neat characterization of the asymptotic
behavior of the flow (u(t)) in the case of divergence. For ¢ > 0 let

S:S’(t):][ xdu:][ D dpuy,
54 54

be the center of mass of the metric g(¢). For h near ggs the point S approximately
is given by

p=p(t)= ][ P dpuga.
S4

For convenience, we extend f(p) = f(p/|p|) for p € B1(0;R®), |p| > 1/2.

Lemma 3.7. Suppose the equation Q4 = [ has no solution in the conformal class
of gga. Suppose u(t) solves (16) - (19), and let v(t) be the corresponding normalized
flow. Then, as t — oo, one has v(t) — 0, h(t) = e>*Pggs — gg1 in H*(S*) and
uniformly, and Qpp) — Qs+ = 3 in L?(5*). Furthermore, ||®(t) —p(t)||r2(s4) — 0,
and consequently || f o ®(t) — f(p(t))||L2(s4y — 0, a(t) f(p(t)) — 3.

Proof. Assuming the contrary, for a suitable sequence t; — co we have

tim inf ([[h(t) — gsell e + (1) = p(t)l|z2(50)) > 0.
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By Lemma 3.6, there exists a subsequence ¢; — oo such that u(t;) — ueo, g1 =
2t ggs — goo = €%~ ggs in H*, and a(t;) — a. By Lemma 3.4 then the metric
Qgso has Q-curvature f, contradicting our assumption on f. This proves the first
assertions. Finally, by (19) and Holder’s inequality we have

(60) 3-af@)=a [ (Fod—f@)dm 0  ast— o,
S2
which concludes the proof. O
Now define
(61) Rt = [ Jaf = QR du= [ lafs = Qi duy
and

Ga(t) = /54(Q —af)P(Q—af)dy = /54(Qh —afe)Pr(Qn — afs) dun
(62) — [ (85:Q = anP +2V(@ - anl) duss

— [ (851(@u — o) +29(@1 — afu)l3) duse

Lemma 3.8. With error o(1) — 0 as t — oo we have

%FQ = (14 0(1))Gs+ 24+ 0(1))Fs s t — oo,

Proof. From (39), (44), and Lemma 3.4 we deduce

d
<Gyt 8a folafe — Q)*dun + o(1)(G2 + Fy)
S4

=—(1+0(1))G2+ (Ba+0(1))f(p)F2 + 8« /S4(fq> — fp))(afe — Qn)? dpup.

By Lemma 3.7 we have af(p) — 3. Moreover, from the Sobolev’s embedding
H' — L* and Lemma 3.7, we deduce

o [ (Fo = K@) et = Q) dinl < allfo = F@llzllnfs — Quli

< o(l)llafs — Qullip < o(1)(F2 + Ga),

which proves the assertion. O

4. UNIFORMIZATION: THE CASE f = const

We first turn our attention to the uniformization problem, that is, the case when
f = const. With no loss of generality we may assume that f = Qg+ = 3. The
condition (19) then implies that « = 1 for all ¢ > 0. Our aim is to prove the
following result.

Theorem 4.1. Suppose that go = e?“0gga satisfies (16), and let f = 3. Then the
flow (17), (19) converges exponentially fast to a metric goo = €*“>~gga of constant
Q-curvature Qoo = Qg1 = 3 in the sense that ||[u(t) — uo||gs < Ce™% for some
constants C and § > 0.
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4.1. Spectral decomposition. Let (¢f)icn, be an L?(S*, g)-orthonormal basis of
eigenfunctions for A = A, with eigenvalues \j = 0 < A\ < \J < ..., solving the
equation

—Ap? = N¢?, i eN,.

K2
954

Similarly, we define ¢?,¢; = ¢
M5t i € Ng. Tt is well-known that

with corresponding eigenvalues /\? and \; =

/\0:0</\1=A2=A3:A4:/\5=4</\6=IOS...;

see for instance [4], Proposition C.L.1. Clearly there holds AY = A\! and Lemma 3.7
implies )\? — ;. The eigenfunctions can be chosen in such a way that <pf =¢lo®
and ! — ; smoothly as t — oo, for all i € Ng. Moreover, if we let AY, Al A; =
Afs4 denote the eigenvalues of Py, etc., by the results in [20] one has

(63) AY = (\9)? 42\,
In terms of ¢?, @l the functions af — Q, afs — Qp may be decomposed as
af —Q=>Y B¢!, afe—Qn=> 7'}
i>0 i>0

respectively, with

p = /54(af — Q)] dpg = /54 (afe — Qu)¢l dun =",

By the normalization (19) it follows that 3° = 0. In particular, with error o(1) — 0
as t — oo one finds

(64) G2= SOMIBP = ALY B = (A + 0(1))Fy = (24 + o(1)) Fa.

i>0 i>0

Let z = (z!,...,2%) denote the coordinate functions in RS restricted to S*. Then
we may choose p; = ,/%xi fori=1,...,5. Define also

(65) bi:/ o (afe — Qn)dpn,  i=1,...,5.
G4
By Lemma 3.7, up to the factor (/2% and up to an error of order o(1)|lof —

Q|lL2(s4,49), the two vectors b = (b1,...,b%) and B = (B',..., %) coincide. Also let
B = /5.

872

4.2. Decay of B. For f = Qg4 = 3, we can estimate b!,...,b° via the Kazdan-
Warner identity. Indeed, using (12) together with the relation
(66) —Agaz® =42,

and observing that o = 1, for ¢ = 1,...,5 upon integrating by parts we find that

¥ = [ (@~ Quatdun = [ (@n = Qs)(¥a' Vs .
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From Lemma 3.7 then it follows that with error o(1) — 0 as t — oo

o] = ‘/54(6% — Qg )(Va', Vv)ga dpy,
< CER)Y?[|o(t)]|m = o(1)Fa(t)'/2.

(67)

Proof of Theorem 4.1. We divide the proof into three steps. We show first the
decay of Fy, then the decay of v, and finally we control the M6bius map ®(¢).

i) In view of (67) we can improve (64) to obtain
(68) Ga > (AL +0(1)) > IB'> = (A + o(1)) Fa.
i>0

Taking advantage of the “spectral gap” between A; and Ag, from Lemma 3.8 for
sufficiently large ¢ we then infer the estimate

d

—F < —0F5(t

1) 2(t)
for some uniform constant § > 0, and it follows that
(69) Fy(t) < Ce

for all t > 0 with some constant C.

1) We can now show exponential decay of v. Observing that

/ (64” - 1) dlLLS4 = duh - d,u54 =0
S4 S4 S4

and recalling the normalization condition

/ xdp, = / (e* — Dz dugs = 0,
54 51

64v —-1= i Vi(pi
=0

in terms of the basis functions ¢;, where V0 = ... = V5 = 0.

we have an expansion

Also let v = > v'p;. Note that for every i on account of Lemma 3.7, and by
using Sobolev’s embedding H?(S*) «— LP(S%) for every p < oo together with the
estimate (29) from Lemma 3.2, we obtain

w' =1 [ wpidusi = [ (€= giduse +Ollulff) = V' +o(1) ol
S4 S4

where o(1) — 0 as t — oco. In particular, we have
5 .
(70) Y ' < o()lloffe.
=0

Writing (18) as

Ps4’U = Q(Qh — Qs4)€4v + 2@54(64v — 1)7
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from Young’s inequality and the uniform boundedness of v on the one hand, and
by using Sobolev’s embedding together with (29) on the other, for any € > 0 we
obtain

[ 1Psiol duss < B +36(1+) [ (€~ 12 duss
S4 S4

< Cle)e ™ +242(1 +¢) / lof? dpass + o(1)][v] e,
S4

where o(1) — 0 as t — oo. In terms of the coefficients v, this implies that
S AP < Cleje " + (30 +2) +o(1)) 3 o'
i=0 =0

Hence, if we choose € > 0 so that
Af(1+¢) < A2

and take (70) into account, we find

lo@)l|Fra < CY (1 +ADR'? < Ce™® +o(1)||o(t)] |4

i=0
where o(1) — 0 as t — co. Hence
(71) lo()]|Fs < Ce™,
as claimed.
i4t) In view of (69) and (35) we have
1d® ()" i (1)|[F,,¢ < ClIEW) |2 < CF(t) < Ce™

for all ¢ > 0. Thus, we have smooth exponential convergence ®(t) — P as
t — oo. By (71) therefore, also g(t) = (®(t)"1)*h(t) — goo = (®})*go and hence
u(t) — uso exponentially fast in H* as t — 0o, where Qoo = Qga. O

5. PRESCRIBED (Q-CURVATURE

We now focus on the analogue of Nirenberg’s problem. Throughout this section
we assume that the given function f cannot be realized as the Q-curvature of a
conformal metric and hence the flow u(¢) does not converge in H*(S%) as t — oo.
Lemma 3.7 then is applicable and it follows that g(¢) concentrates near points p(t)
of S*. As in [37], their motion, and the evolution of the concentration scale, can be
studied by means of the spectral decomposition introduced in Section 4.1.

5.1. Dominance of B. We first observe that when the flow (u(¢)) fails to converge,
then the coefficients B(t) dominate the other Fourier coefficients, and the flow
shadows the solution of an ODE in a five-dimensional space.

Lemma 5.1. Fori=1,...,5 with error o(1) — 0 as t — oo there holds

dB'
- =o(DFa(t)'/2.
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Proof. The proof is analogous to the proof of Lemma 4.1 in [37] and is included
here only for completeness. We may argue for b instead of B.

From the equations (18) and (66) we deduce the identity

/ Z'Qp dpp, = —/ 2'(Pgav 4 6) dugs = 12/ z'vdpga.
54 2 54 S4

It follows that

a  d , (d(afs) 4
= — 1 — i T 4 _ v
o 7 ) ' (afe — Qp) dup /54 T ( i +dvi(afeo —3e™*) | dupn

= o [ @t ta [ 2o+ anfs — £0) dus
+4/ zlog(af(p) — 3e ) dup, = T+ IT+I11.
S4

By (23), (37), and Lemma 3.7 the term

Izat/S xfcpduh—at/ (fo— () dun

is bounded by
11| < Cllfo — FO)||2Fa’? = o(1)Fy /.

Similarly, upon invoking (33) to write

T=a /S @ (dfo €+ dur(fo — £(p))) dun
=4a /S4 z'us 0 ©(fo — f(p)) dun + Oz/s4 2" divgs (Ee (fo — f(p))) dpss
4o /S a0 @(fo — [(p)) dpn — o /S (o~ ) dyu,

in view of Lemma 3.7 and (35) we obtain the estimate

11| < Cllfe — FO)Ilza(lue 0 @[ 12 + |1€]|2)
<Cllfo— f@)|2Fa’? = o(1)Fy /2,

Finally, again using (33), we have

111 = 4/ v (af (p) — 3¢ ) dun,
S4

= 4/ z'us o ®(af(p) — Ydpn + / ! — 3¢ 1) divga () dpuga
54 51

= 4/ z'ug o ®(af(p) — Y dup — / —3e )¢ duy,
54 54

- 12/ zldv - Edpuga.
g4
By Lemma 3.7 and (35) also this term then may be bounded by
[111] < O(|I1 = e~ *||z2 + [ f(p) = 3])(||ur 0 @[ 2 + [[€][22) + Cllolla |[€]| 2
<o(1)F)%.
This concludes the proof. O
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From Lemma 5.1 we now obtain the analogue of Lemma 4.2 in [37].

Lemma 5.2. In the above notation there holds

Fy < (1+0(1))|B|*

Proof. Again we include the proof for completeness. Denote as Fy = diselB1%
so that, with error o(1) — 0 as t — oo,

Fy =8+ Fy = (1+0(1)|B? + (1 + o(1)) Fb.
Assuming that 2|B|2 < F} for sufficiently large ¢, similar to equation (68) we obtain
Gy > AeFy > %A(%FQ = 60F>
and from Lemma 3.8 we deduce
%FQ < —(36+0(1))Fy < —Fy

for t large. As in the proof of Theorem 4.1 it then follows that the flow (g(¢)) con-
verges exponentially fast to a metric of Q-curvature proportional to f, contradicting
our hypothesis in this section.

Hence there exist arbitrarily large numbers ¢; > 0 so that 2|B(t1)]> > Fy(t1).
Writing
Fy = (1+9)|BJ,
for sufficiently large t9p > 0 we have §(t) > —1/2 for all t > t;. In addition,
for sufficiently large t; as above we have §(¢1) < 4 and hence, by continuity, also

d(t) < 4 for all ¢ sufficiently close to ¢;. From Lemma 3.8 with error o(1) — 0 as
t — oo we obtain

d s . dB o
—F, = — i A
thg dt|B| +2(1+4)B it =72 (A; — 24+ 0(1))|8°]
(72) 5 =0
- 96
< — —
S 96F2 + O(I)FQ (1 n 5 + 0(1)) FQ,

where we again used the fact that A; > Ag = 120 for 4+ > 6. Since Lemma 5.1
implies

dB
B-—| <o(1)F
‘ dt ‘ < oD,
for ¢ near t1 as above it follows that
966
—|BI> < - <— + o(1)> Fy = —(966 + o(1))|B|?
and then

In particular, for sufficiently large ¢; we obtain that §(¢) < 4 for all ¢ > ¢;. The
previous inequality then shows that 6(¢) — 0 as t — oo, as claimed. O
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5.2. Scaled stereographic coordinates. As in [37], for the following detailed
estimates it is convenient to introduce stereographic coordinates. Let m: S%\
{(0,0,0,0,—1)} — R* denote the stereographic projection from the south pole,
given by

(x:l? xQ? xS? x4)

(73) T(.T):T, 33:(331,...,335)654.
Also denote its inverse as ¥: R* — §4, with
1
\I/(Z) = w(22’1, .. .,22’4, 1-— |Z|2), z = (Zl, .. .,24) S R4.

For ¢ € R* and 7 > 0 define the conformal map ¥, ,: R* — §*
Vor=Vody,,
obtained by the composition of ¥ with the affine linear map

Sqr:RY¥3 205 2., =q+rz € RY

There holds

8\I/q.’r 28\11.226' 1=1,...,4
3q1 01 821 ) ) y E
and
Oy (2) - 4
4 N 7 = R
or q=0,r=1 12::

where the vector field e; = % is given by
1

e1(2) = 757

(74) (1+ [2[%)?
1,.2

=(1+2° — o'} —a'a?, —zta®, —ata?t, —2 (1 + 25)),

(21 = 20212 4 |2|%), —4212%, —42'23, —4212% —42h)

and with similar formulae for es, e3, e4. In particular, we have

(75) Zz ei(2) = (z'a®, 2% 232 xta |2% 2 — 1),

For tg > 0 and t > 0 close to tg, let
Dy, (1) = (to) @ (2).
Define ¢ = ¢(t),r = r(t) so that
Oy (t) o W = Wy (1)
The vector field £ = (d(tp)) "' 42|,_, = “e
sentation

d ov, , dq (9\11 - dr dq’ ;dr
— %% N q, q.r
€ dt( to © )‘t:to zz_: aq dt 87’ dt zz—: ( dt T2 dt)

where the derivatives of ¥ are evaluated at ¢ = 0, r = 1. Letting

X:/ Edugs = (X1,...,X°) € RO,
S4

it then has the following repre-
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and using cancellations by oddness, from (74), (75) we obtain

- dgt 19 3272 dg* .
76 X' =— 1—|z*7)d = ,i=1,...,4;
(76) 0=l s = S
moreover, we have
dr 3272 dr
7 X5=—— [ (1—|2°?) dugs = — —.
(77) o S4( |2°|%) dpisa T

5.3. The shadow flow. Recall that by Lemma 3.7 the center of mass S(t) of g(?)
is given approximately by

p=p(t) = ]é4 P(t) dpusa.

Similar to [37], Section 4.2, we now relate B (or b) to the gradient of f at
p = p/|p|. For this we need the analogues of [37], Lemmas 4.3 - 4.8. Since the
proofs may be carried over with straightforward modifications, we may be brief.

Given tg > 0, consider a rotation which maps p(tg) into the north pole N =
(0,0,0,0,1). Then ®(tg): S* — S* can be expressed as ®(ty) = V. o7 for some
e =¢(to) > 0, where ¥.(z) = U(ez) = ¥ (z) in our previous notation. Therefore,
in stereographic coordinates, ®(t) is given by the map

D(t) oW =B(tg) 0 Py, (t) 0o U = U, 004,

For the following lemma also recall that we extend f as f(p) = f(p/|p|) for p € S*
with [p| > 1/2.

Lemma 5.3. For some uniform constant C there holds

l[fo — f(@)lz2 + |V fallLas < Ce.

Proof. For 1 < s < 2 we have

16dz dz
VO|isd = VU |Gy 75z < C VU, s 70—
/S4| 52 dpise /RJ elas T2 /RJ ol Ty
e’dz
<C
T e (T2 [2P) e
<c - +05—S/ L
B0 (L +12[7) BB, . (0) 12|

< Ce® + Cets < Ces.

Choosing s = 4/3 and observing that p is the average of ®, by the Poincaré-Sobolev
inequality then we have

[|@ = pllr2 < Cl|[V®|[pas < Ce.
The claim now follows from the inequalities
lfo = F() < IV fl[L=|® = p|

and
IVia| <[V f]lL=|VO|
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Lemma 5.4. For some fized constant C there holds

[[ollrs < CE + lIfo = F@)lI22)-
Proof. Expanding
v= i v,
as in the proof of Theorem 4.1, from (70;0With error o(1) — 0 as ¢t — oo we have

(78) v < o(W)|[v]|g2,i=0,...,5.
We may write equation (18) in the form
Pgav = 2Qpe™ — 6
=2((Qn — afs) + a(fo — f(p)) + (af(p) — 3))e +6(e™ — 1).

From (60), and Young’s inequality, then for any ¢ > 0 with a constant C(d) similar
to the proof of Theorem 4.1 we find

Y AR = [ PsollZ

(79) < CO)(|lefo = Qullzz + [Ifa — FP)lI72) +36(1 + &)[le*” — 1][7
= C(©)(|lafo = Qull7z + [[fo — F(P)I72) + (AT(1 +68) +0(1) D_(v')*.
i=0
In view of (78), for small enough § > 0 the last term on the right of (79) may be
absorbed on the left, and the claim follows. O

We can now relate the components of b to the gradient and the Laplacian of the
function log f.

Lemma 5.5. With error O(e) < Ce and O(1) < C as t — oo there holds
. 1
bt = 4ne (38(;%][ > 4;
b’ = —4r’*(Agalog f(p) + O(1)[V f(p)|* + O(e)).

Proof. With identical reasoning as in the proof of [37], Lemma 4.5, from the
equation —Agix? = 42% and the Kazdan-Warner identity (12) we eventually obtain

, , , 9 .
b =a /S (o~ J)) dus + B = Croe o (o) + R,

fori=1,...,4, with

16|2|? dz 4,
C = _— = —
' / TESEREEES

and with error terms bounded by
[Ri| + |R3| < C® + C(|[vlfigs + llafe — QnllT2 + [ fo — FP)I[72)
< C®+ CFR+Clfo — f(p)||72 < C* + CJbJ.

in view of Lemmas 5.2 - 5.4. Moreover, by Lemma 3.7 we have af(p) — 3 as
t — 00.
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Similarly, for ¢ = 5, we obtain the expression
# —a [ 5o ) duss + RE = ~Caae*Ase f(p) + S
s

with

8(1—1z|%)|z|?dz 4
oim - [ SUEPIEE i,
R4 (1+1z]?) 3

and with error
(80) |R}| + |R3| < C® + Cb)* + C|| fo — f(P)|[72.

As was the case in [37], again Lemma 5.3 needs to be improved in order to arrive
at the desired conclusion. By using the expansion

F0-(2)) ~ F(p) = df(p) - d0-(0)z + 3V (p)(AV-(0)2, dV(0)2) + R (2)

= 2edf (p)z + 2£2Vdf (p)(z, 2) + O(3|2]3)
of foW¥, — f(p) to second order, however, as in [37] we find

(81)

d
1o = SO = | 1) = 10 (e + O
2d
(82) < Ce2V£(p)? /Bl/s(O) u'j}ﬁzy + Ce*|loge]|

< Ce%|Vf(p)]? + Cetllogel.

From the above expressions for the components of b in particular we obtain the
estimate

b]> < C2|Vf(p))* + O (1 + [AF(p)),
which allows to bound the error terms
Ry =0(e%),1<i <4,

and
Ry = O(|Vf(p)]?) + O(),

respectively, as desired. O
Observe that Lemmas 5.2 and 5.5 yield the bound

(83) Fy < Ce2.

Lemma 5.6. Ast — oo there holds

872 (dg? dg*  dr 9
b_ﬁ<ﬁ7,ﬁ,_%>+0(€ )

Proof. As in [37], proof of Lemma 4.6, equation (34) yields the identity
4b:4/ z(afe — Qn) dun :4/ zus o Dduy, :/ Edup, =X +1,
54 54 54

where
I=[ & —1)dugs.
S4
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The claim then follows from (76) - (77) and the estimate
11| < Clloll=lé]lr < Clloflgallélle= < C (Fo + || fo — F()|72) < Ce?
implied by (35), Lemmas 5.3 and 5.4, and (83). O
The proof of the next lemma, is identical with the proof of its counterpart Lemma,
4.7 in [37] and may be omitted.
Lemma 5.7. Ast — oo there holds

dp’ B dq’
7 (2+0(1))e o

3 i:1727374’

and
dr

21— ()2 = 2+ o(1)(1 - p@®)*) -

dt
Finally, € and |p(t)| can be related in the following way.

Lemma 5.8. Ast — oo there holds

L—[p(t)]* = (8 + o(1))e*.
Proof. For t =ty with the above choice of coordinates we find

L—[pP=1—p°* = (14p°)(1 —p°) = (2+0o(1)) ][S4(1 — ®°(tg)) dpga
12 dz
= (7o) L0 ¥
(12 . 2lez|?dz
- (w? * <1>) L T

where o(1) — 0 as t — oo.

With the estimate

/ lez|? dz </ dz < e
ROB, .0 (L H[€212) A+ [2)* 7 Jrap, .o, 1+ [212)* T

the claim follows from

lim ( 2Pdz ) g _laPde
=0 g, o L+ ez A+ [z e=0")p, (o) (1+[2]*)*

1
) - §7T2 .
We summarize the results of Lemmas 5.5-5.8 in the following Proposition. Below,

T
we denote by (%) the component of % which is tangential to S* (at p/[p|).

Proposition 5.9. i) Ast — oo there holds
dp\" 15,
(%) =5 (V1o o) + o).
and

L1~ 1pl?) = 120} (D5 Yog £ (9) + OV S () + (1)),
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with
1= ()2 = (8 + o(1)e2.

ii) As t — oo the metrics g(t) concentrate at critical points p of [ satisfying
Agaf(p) < 0.

Proof. i) Without loss of generality we can assume that |%| = (0,0,0,0,1). Then
the first statement is a direct consequence of Lemmas 5.5 - 5.8.

i1) From Lemma 5.8 and ) we obtain
d
(1= Ipl?
(L= 1pl%)

Hence we conclude that there holds

< C(1—p]*)>

+|Q

1—Ip(t)|* >

3

which by Lemma 5.8 implies that
C
(84) e? > Tl

for all ¢t > 1, with a uniform constant C > 0. From i) we then deduce the differential
inequality

df (p(t)) dp _ Co 2

=V — > —=(|V 1).

DD~ 91) L = 2209 76)P +o0(1)

Since the integral of ¢t~! is divergent, the flow (p(t)):>o must accumulate at a
critical point p of f. The proof of convergence of the flow and the characterization
Agaf(p) < 0 of possible limit points p now again are identical with the proof of
Proposition 4.9 in [37]. O

(85)

For future reference we also note the following result whose proof is identical
with that of Lemma 4.10 in [37].

Lemma 5.10. Ast — oo we have

Ep(u(t)) — —3log f(p),
where p = limy_, o0 p(t) is the unique limit of the shadow flow (p(t)) associated with

(u(?))-

5.4. Existence results. We can now derive various existence results for metrics
of prescribed curvature f.

Following Chang-Yang, for p € S*, 0 < € < 00, in stereographic coordinates with
the point —p at infinity (so that p becomes the north pole and we may continue to
use our previous notation) we let ®, . = ¥, om, so that ®, . — &, ¢ = p weakly
in H% as ¢ — 0. Note that ¢, . = (I);,i—l =®_,.1forallpec 54,0 < € < oo.
Letting

C>® = {u € C™(5*); g = e*gga satisfies (16)},
in view of (26) we then obtain a map

§: 8*x]0,00[2 (p, &)  up . = 1/41logdet(d®, ) € C°.
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Observe that ®,1 = id and hence j(p,1) = 0 for all p € S% Also let g,. =
Py _gss = €*"rgga with

§7r25p

(86) dﬂgp,s - 3

as € — OQ.

Given a map ug € C, for t > 0 we let u(t,up) be the solution of the flow
(17), (19) at time ¢ for initial data u(0) = ug, and we let ®(¢,up) be the family of
normalized conformal diffeomorphisms such that (23) holds for the pull-back metric

h=h(t,ug) = eV ggs = B*g,

where we let g = g(t,ug) = e*“ggs, ® = ®(t,up), and with suitable v = v(t, ug).
Also let

(57) p=pltuo) = £ 0t.u0) dpse

denote the approximate center of mass of g(t, uo), so that ® = ®,, . for some unique
number 0 < & = e(t,up) < 1 whenever p # 0. Note that the flow continuously
depends on the initial data ug in any smooth topology, and therefore also all the
above related quantities continuously depend on uyg.

Rescale the flow u(t, ug) by letting s = s(t) solve
d
(88) d—j = min{1/2,%(t, u)}, 5(0) = 0.

Note that (84) implies that s(t) — oo as t — oo. For 0 < s < oo then we let
U(s,ug) = u(t(s),up), P(s,u0) = p(t(s),up). In view of Proposition 5.9 for ¢ < 1/2
the rescaled flow satisfies

(89) dd—]j - 15 (8;5]0(13) n 0(1)> L i=1,2,3,4,
and
(90) %(1 — |P[*) = 15(1 — |P|*)(Aga log f(P) + O(1)|[V f(P)[* + o(1)).

In the following we again denote (rescaled) time as ¢, thus freeing the use of the
letter s for other purposes; moreover, for 3 € R denote as

Lg={ueCF; E¢(u) <3}
the sub-level sets E;.

Proof of Theorem 1.2 Suppose by contradiction that f cannot be realized as
the Q-curvature of a conformal metric g on S*. As we shall presently explain,
the flow (17), (19) then may be used to show that for sufficiently large By the set
Lg, is contractible; moreover, the flow defines a homotopy equivalence of the set
No = Lg, with a set whose homotopy type is that of a point {po} with cells of
dimension 4 — ind(f,p) attached for every critical point p of f on S* such that
Agaf(p) < 0. We then obtain the identity (see e.g. [12], Theorem 4.3)

4

4
(91) S tmi=1+1+1)) tk

i=0 i=0
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for the Morse polynomials of {po} and Ny and a connection term with coefficients
k; > 0, where

m; = #{p € SV f(p) =0,Ag f(p) <0,ind(f,p) =4 — i},

as defined in (14). Equating the coefficients in the polynomials on the left and right
hand side, we obtain (15), which violates the hypothesis in Theorem 1.2 and thus
leads to the desired contradiction. By forming the alternating sum of the terms in
(15) - which corresponds to setting ¢ = —1 in (91) - we likewise obtain the statement
of Theorem 1.1.

To proceed with the details of the proof we label all critical points p1,...,pn
of f so that f(p;) < f(p;) for 1 < i < j < n and let §; = —3log f(pi) =
limg_,o Ef(up,,s), 1 < ¢ < n. For notational convenience only in the following
we assume that all critical levels f(p;), 1 < i < n, are distinct. We then can find
a number vy > 0 so that 8; — vy > ;41 for all i. Theorem 1.2 now is immediate
from the following result. o

Proposition 5.11. i) For any By > (1 the set Lg, is contractible.

i) For any 0 < v < vy and each i the set Lg,_, is homotopy equivalent to the
set Lg, 1 1v-

iii) For each critical point p; of f with Aga f(p;) > 0 the set Lg, 1., is homotopy
equivalent to the set Lg,_,.

iv) For each critical point p; of f with Agaf(p;) <0 the set Lg, ., is homotopy
equivalent to the set Lg,_,, with a sphere of dimension 4 —ind(f,p;) attached.

Proof. i) Fix fy > 1 = —3logf(p1). For ug € Lg,, 0 < s < 1 then let
H(s,uo) = (1—s)up+c(s, uo), where c(s, up) is a suitable constant so that H (s, ug) €
Ce. Clearly, the map H defines a contraction of Lg, within Cg°. Moreover, by
Lemma 5.10 for each such ug, 0 < s < 1 there exists a minimal T' = T'(s,ug) > 0
such that E¢(U(T, H(s,uo))) < Bo. From Lemma 2.1 and our assumption on f
we conclude that 7' depends continuously on ug and s. The map K: (s,ug) —
U(T'(s,u0), H(s,up)) then yields the desired contraction of Lg, within itself.

i1) Let 0 < v < vy be given. We claim there exists T > 0 with U(T,Lg,_,) C
Lg,,,+v. Suppose by contradiction that there exist T}, — oo, ux € Lg,—, such that

E¢(U(Tk,ur)) > Biy1 + v for all k.

By Lemma 2.1 there is a sequence t; € [Tx/2,T}] such that [, [Qr — af|dpg, — 0
as k — oo, where g = er(tk7“k)dugs4, k € N, and where @y, is the Q-curvature of
gk. In view of Lemma 3.6, for sufficiently large k the metrics gi will be arbitrarily
close to round metrics centered at the points P(tx,ur) € S*. Recalling (89) and
(90), we may assume that the limit P = limg_, o P(tx, ur) exists and is a critical
point of f. Lemma 3.6 then also yields convergence E¢(U(tg, ur)) — —3log f(P)
as k — oo. Since we assume that Ef(ug) < §; — v, by Lemma 2.1 we have P = p;,
for some ig > i and hence

Ep(U(Tk,uk)) < Ef(U(te, ug)) < =3log f(P) +v < fiy1 +v
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for large k. The contradiction shows that there exists 7' > 0, as claimed. For
ug € Lg,—, then let

T(UQ) = inf{t > 0; Ef(U(t, UQ)) < ﬁiJrl + V} <T.

As in 4), the number T(ug) continuously depends on ug. The map (¢,ug) —
U(min{t, T'(uo) }, uo) then yields the desired homotopy equivalence.

The remaining assertions 4i7) and iv) will be derived with the help of the following
lemmas. a

Lemma 5.12. There exists an absolute constant C such that
l0]|32 < CE(v)
for all v € H*(S*) inducing a normalized metric h, satisfying (23)and (26), and

provided ||v||g2 is sufficiently small.

Proof. From the spectral analysis of the operator Pgs, as in the proof of Theorem
4.1 we obtain

E(w) = / (vPgav + 12v)dpga
S4

_ /34(ng41) +3(e* — 1) — 240%)dpga + O(|[v]12)

oo

Z —24) 0" + O(|[oll =) = D (Ai = 24) [0 > + o(|[] 772 )
=0 i=6
> As Z (Ai 4+ D2 + ofl[ol2),
= AG +1 H
proving the claim. O

For ro > 0 and any critical point p; € S* of f let
B, (pi) = {u € C°; g = e*ggs induces a normalized metric
(92) h = ®*g = e*ggs with ® = &, ; for some p € 54,
0 < s < 1 such that ||v||32 + |p — pi|* + 5> <715}

In the following ebtimates it will be convenient to use s, p, and v as coordinates for
u € By, (p;), where g = e*“ggs and h = Q) 9= e?Vgga as above. Moreover, since
all critical points of f by assumption are non-degenerate, we may use the Morse
lemma to introduce coordinates p = p* + p~ on T),S* near p; = 0 so that

(93) F(p) = o) + |t = p7 %,
and we may refer to these coordinates in the definition of B,,(p;) above.

Lemma 5.13. For rg > 0 let u € By, (p;) be represented by s, p, and v as above.
i) We have

(94) F 0P dun = (5) + 6% A5 1) + (D)3

where o(1) — 0 as rg — 0.
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it) In addition, we may bound
‘aEf(u) n 36sAg4 f(p)
s fp)

iii) Likewise, for any q € T,S* there holds

OEy(u) 3df(p) - q}
-q+ < Cs(s+ ||[v]|g2)lql-
op ) (s + llvllz2)lql
i) Finally, denoting as (-,-) the duality pairing of H* with its dual, with a
uniform constant co > 0 we have
OEy(u)

(97) (=L 0) 2 collol — o(Dslolle,

where o(1) — 0 as rg — 0.

(95) ‘<C§+C@+W—MMMML

(96)

Proof. To simplify the notation, let
A=Au) = ][ fo®ps dup.
S4
1) We have
A= 1) = (o = F0) duss +1.
where
T= [ (FoPpe = F)E = 1) dse.
Observing that |df(p)| < o(1) — 0 as r¢ — 0, by (82) the error term may be
bounded
(I <1 o ®ps — FD)lz2lle™ =12 < o(1)s][v]| =,
where o(1) — 0 as 79 — 0. To proceed, we may assume that p is the north pole.

Upon introducing stereographic coordinates and expanding f as in equation (81)
in the proof of Lemma 5.5 then we obtain
82 16 dz
— (A= f(p) = / (f(¥s(2)) = F(0) m—oang + O(sh) + o(1)s[v] |2
3 By/.(0) (1 +]2[%)*
32dz

T2 0+ ol1)slele

— [ (st + I, 2)
By,5(0)

= I1+ O(s) + o(1)s]|v]|| g2
By symmetry, the contribution from the linear term in the integral vanishes, yielding

32 dz
II = 82/ Vdf (p)(2,2) m———57
Bi/.(0) (1+]z]2)

2dz
= 8s%A 4f(p)/ _efdz
s B0 (1+ |2]2)*

Dividing again by the volume of S*, we obtain the claim.

i1) Observe that by (27) we have

(98) Em0=ﬂw—m%(ﬁj¢0=EW—N%<£jO%Mw0,

= 16m%s*Aga f(p).
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0E;(u) _ 712][
ds 34 Os S4fofI>p,Sd,uh '

For convenience, we again may identify p with the north pole of S%. In stereographic
coordinates then for the unnormalized integral we have

o [ i = [ (monen) g
. /W <%(f(\1/s(z))) % +/R4 (%(f(%(d)) %

and

=I+11.
Expanding f as in equation (81), we obtain
0
55 ([ (¥s(2)) = 2df (p)z + 4sVdf (p) (2, 2) + O(s?|2[*).
By oddness then we find
32dz IR 9
I= d ———— 4 165Ag / —+0
R f(p)z(l+ |Z|2)4 SAg f(p) - (1+ |Z|2)4 (S )
= 16sA 4f(p)/ _JePde +0(5?) = 32125 Aga f(p) + O(s%)
T J (U [P i '

On the other hand, the expansion to first order

(=) = 20 (p)z + O(sl2l?) = 207 () ~ df(p)= + Os=P)

yields the uniform estimate
0
55 S (Ws(2))] < Clp = pill=] + O(slzl?).

Thus we obtain the bound

. 1+ |2|%) dz
1)< et lp-pl) [ e =15 < oot o= plole,

A+t ~
and the claim follows from 7).
iii) For any g € T,,S* we may write

OE¢(u)

_ _3(f0(13p75) )
ATp-q+3df(p)-q—3][S4(df(p) ap )qduh

= 3][54 <df(p) - M) - q dpigs

p
0 D,
+ 3][ (df(p) — M) cq(e®™ — 1) dugs =T+ 11.
S4 op
Proceeding similarly to the proof of i) one finds
1] < Cs°|q]

and, on the other hand,
(1] < Csl[v]| m=2]ql-
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iv) In the above notation we have

OE¢(u) _ ,0E(v) . 71][ 4
< v ,’U> - < v ,’U> 124 i f@sve d:u’S4
_ 8E(U) 4v
= 5 ,v>—12]€41)e dpgs — 1,
where
I= 12A_1][ (fo, — f(p))ve* dugs +12(A~ " f(p) — 1)][ vetdpgs = IT + I11.
54 54

As in the proof of Lemma 5.12, with error o(1) — 0 as rg — 0 we can estimate

E
<8 (v),v> — 12][ ve'Vdpgs = ][ (2vPgav + 4Q g4v) djiga — 12][ vedpugs
Ov g4 g4 S4

= ][ 20Pgav dugs — 12][ v(e? — 1)duga
54 54

= 2][ (vPsav — 24v%) dpugs — o(1)|[vl[32 = collvllF> — o(1)][vll3
S4
for some constant ¢y > 0. Moreover, similar to the proof of 4) we can bound
(I < If o @ps — f)llz2llv(e® = 1) z2 < Co(1)s]v]| a2,
while from 4) we find

(11| < ClA = f(p)| / [v]e® duss < C(s* + sl|v]l =) 0]l =
S4

Combining these estimates, we obtain the claim. |

Proof of Proposition 5.11 (completed) Given ro > 0, let v = 73 > 0. In
the following we will always assume that ro > 0 is chosen so small that B,,(p;) C
(Lg,4vo \ Lg,—1,) and v < vy. By ii), for any ¢ and sufficiently large 7' > 0 we have
U(T, LBHrVo) c Lﬁi+V'

Recall that by (98) for u = (s,p,v) € By, (p;) we have
(99) E¢(u) = E(u) — 3log (][ fdu) = FE(v) —3logA=E(w)+3; — 31
S4

where

+O0(1A = f(pi)]?).

Izlog(1+A_f(pi)) _A- )

f(pi) f(pi)
Splitting
A= fpi)) = (A= f(p) + (f(p) — f(pi)),

from (93) and Lemma 5.13.7) we obtain

A~ f(pi) = 65> Aga f(p) + p" 1> = |p~ 1> + o(1)s]|v]| -
Hence we find the expansion
(100) I f(pi) = 65*Agaf(p) + [pT 1> = [p~[* + 0o(1)(s* + |p — pil* + [[0]|F2)-
With constants ¢; > 0, C' we conclude

Bf(u) 2 Bi + ci||ollf — C(s* + |p — pil*).
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It follows that for w € Lg, ., U By, (p;i) there holds

[vllFr: < C(s* +p — pil* +17).
On the other hand, Lemmas 2.1 and 5.5 yield the bound
i| _CQIVf(p)F+S2|As4f(p)|2
dt 't=0 f(p)?

with uniform constants cg,c3 > 0, and where o(1) — 0 as rg — 0, uniformly in
ug € Bry(pi). Hence for ug € By, \ By, 4(pi) we have

Ef(U(t,uo)) < < —c3(s® + [p—pil?)

d
%|t:0Ef(U(ta up)) < —carp,

with a uniform constant ¢4 > 0. Since the time needed for the flow U(t,-) to

traverse the annular region B,/ \ By, 4(p;) is uniformly bounded from below as

ro — 0, for sufficiently large T" > 0 and sufficiently small o > 0 therefore we have

U(T, Lg,1v,) C Lp,—v U Bryja(pi). Let T'(ug) = min{T,inf{t > 0; E¢(U(t,uo)) <

B; — v}}, depending continuously on ug. The map (¢, ug) — U(min{¢, T'(uo)}, uo)

then defines a homotopy equivalence of Lg, 1,, with a subset of Lg,_, U B, /2(p;)-
Depending on the sign of Aga f(p;) we now proceed as follows.

iii) Suppose Aga f(p;) > 0. Given 9 > 0, for u = (s,p,v) € By, (p;) with
[ollZr2 + lp = pil* + 8* <18, p—pi =p" +p7,
let the vector field X (u) be defined as

X(u) = (Lo (p" —p7), =g 0).
Then let G(u,r) solve the flow equation

%G(u,r) = X(G(u,r)), 0 <71 <rg,

with initial value G(u,0) = u. Note that X is transversal to the boundary of
By, (pi) and G(u,r9) ¢ By,(p;); hence there is a first time 0 < r = r(u) < r such
that G(u,r) ¢ By, (p;), and the map u — r(u) is continuous. Defining H(u,r) =
G(u, min{r,r(u)}), we then obtain a homotopy H: By, (p;) x [0, 7] — By, (p;) such
that

H(B'rg (pz)a TO) - 8Brg(pi)7 H(a T)|BBTO(pi) = Zda 0<r<ro.
Moreover, by Lemma 5.13, letting w, = H(u,r), for 0 < r < r(u) we have

2 By(uy) = dEy (uy) - X (u,)

dr
d ” _,d r _
:7Egiu)+T017E2;U)(p+_p ) =1 <7dv ,0)
< —36sAssf(p)/f(p) — 15 (3lp — pil*/ f i) + col|v]|Fr2) + O(),

and it follows that

-1 dEf (ur)

E¢(H(u,m0)) < Ef(u) for all u € Byy(p;).
In particular, we have
Ef(H(u,m0)) < B; —vforallue Lg,_,.
In addition, with a uniform constant ¢; > 0 there holds
E;(H(u,r0)) < Ef(u) — cyrd for all w € By s2(pi) N L4,
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and the right hand side will be smaller than 3; — v if 7 > 0 is sufficiently small.
Composing H with the flow (¢, ug) +— U(min{¢, T(ug)}, ug), we then obtain a homo-
topy K: Lg, 41, x[0,1] — Lg, 4., such that K (Lg,1.,,1) C Lg,—,. Moreover, by our
choice of 19 > 0, for 0 <r <1 the map K(-,r) will be the identity map on Lg;_,,.
For each ug € Lg,—,, finally, let Ty(uo) = inf{t > 0; E¢(U(t,u0)) < i —vo}. As
in Step i) the numbers Ty(ug) are uniformly bounded and depend continuously
on ug. Upon composing K with the flow (¢, ug) — U(min{¢, To(uo)}, up) we then
obtain the desired homotopy equivalence of Lg, ., with Lg,_,,.

iv) From (99) and (100), with the constant ¢y > 0 from Lemma 5.12 we conclude
By(u) = B; = collvllz2 — 185 (i) ™' Aga f (p)
+3f(0a) " (107 P = Ip*?) + o()(s* + Ip — pil* + [[v]lF2),

where o(1) — 0 as 79 — 0. Assuming that Agsf(p;) < 0, we deduce that there
exists a number § > 0 such that there holds

(102) s+ 7P + llvllFe <rg/4

for any u = (s,p,v) € By (pi) N Lg,+, with [pT| < 2679, provided 79 > 0 and v = r}
are sufficiently small.

(101)

+
Let n be the cut-off function given by n = (1 — %)% where ay =

max{a,0} for a € R, and fix some number 0 < s < rj. (For conceptual simplicity
it would be best to choose sy = 0, which, unfortunately, is not permitted.) For
0<r<1,u€ B,,(p;) then define Hy(u,r) = u, by letting

Up = ($r,pr, 0r) = (rnso + (L —rn)s,p* + (1 —rm)p~, (1 —rn)v)

to obtain a homotopy Ho: By, (pi)NLa,+v % [0,1] — By, (p;) such that Hy(-,1) maps
the set {u € By, (pi) N L, 4v; |pT| < dro} to the set By, , where for 0 < p <7y we
denote as

B: = {u € B,,(p:); s=350,p" =0, [pT| <p,v=0}
Note that the set B;;O is diffeomorphic to the unit ball of dimension 4 — ind(f, p;).
Moreover, letting

9 gyw) = (dEg—(“)( —) - Dol <%§f‘”,v>) D,

with the help of Lemma 5.13 for 0 < r < 1 we compute
D < Csos +365°Aga f(p)/f(p) = 3lp™1?/ f(pi) — collv]|F
+o(1)(” + [|vll7 + o~ P +70)-

By the choice of sg, for sufficiently small o > 0 the term D is negative whenever
s+ )% + p7 12 > g, and Ep(u,) < Bi + Cry < B + v, else. It follows that
Hy(-,7) maps the set By, (p;) N Lg,+, into itself for all . Finally, by (102) we have

Ho(+sm) 0B,y (pi)"Ls, 4, = d, 0 <17 < 1.
Now let the vector field X (u) be defined as
Xl(u’) = (07p+70)

and let G (u,r) solve the flow equation

%Gl(u,r) = X1(G1(u,r)), 0 <r <671,
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with initial value G (u,0) = u. Again we note that X is transversal to the boundary
of By, (p;); moreover, for any u € B,,(p;) with |p*| > drg there holds Gy (u,d67 1) ¢
B, (pi); hence there is a first time 0 < r = 71 (u) < §~1 such that Gy (u,) ¢ By, (i),
and the map u — 71 (u) is continuous. We extend this map continuously to the
whole ball B,,(p;) by letting r1(u) = 6~ whenever G1(u,7) € By, (p;) for all
r € [0,671]. Defining Hy(u,r) = G1(u, min{r,r1(u)}) = u,, by Lemma 5.13 with a
uniform constant c; > 0 for sufficiently small g > 0 we have

d dE ¢ (u,
o Eytur) = Tyt < a2 ) + O < —eard

if [pT| > drg. Hence, letting H be the composition of Hy with H;, for sufficiently

small 79 > 0 we obtain a homotopy H: By, (p;) N Lg, 4+, % [0,1] — By, (pi) N Lg,+v
such that H(By,(pi) N Lg,+v,1) C Bt ULg,_, and
H(B,,(pi),1) C B,,(p;) U B} H(',T)‘@BTO(M) =id, 0<r<1.

707

The proof can now be finished as in 7). ad
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