PARTIAL REGULARITY FOR HARMONIC MAPS, AND
RELATED PROBLEMS

TRISTAN RIVIERE AND MICHAEL STRUWE

ABSTRACT. Via gauge theory, we give a new proof of partial regularity for
harmonic maps in dimensions m > 3 into arbitrary targets. This proof avoids
the use of adapted frames and permits to consider targets of ”minimal” C?
regularity. The proof we present moreover extends to a large class of elliptic
systems.

1. INTRODUCTION

In [10], the first author presented a new approach to the regularity result of Hélein
[6] for weakly harmonic maps in dimension m = 2 where he succeeded in writing the
harmonic map system in the form of a conservation law whose constituents satisfied
elliptic equations with a Jacobian structure to which Wente’s [12] regularity results
could be applied.

Consider for instance a harmonic map u = (ul,...,u") € H}(B;R") from a ball
B™ = B C R™ to a hypersurface N C R" with normal v. In this case the harmonic
map equation may be written in the form

(1) —Au' = w'Vu! - V! = (w'Vw! —wVu') - Vul, 1 <i<n,
where w = v o u. The key idea then is to identify the anti-symmetry of the 1-form
(2) QO = (widw’ —w!dw’), 1 <i,j <n,

as the essential structure of equation (1).

Interpreting 0 € L2(B;so(n) ® A'R™) as a connection in the SO(n)-bundle
u*T'N and following Uhlenbeck’s approach to the existence of Coulomb gauges
[11], if m = 2, one succeeds in finding P € H'(B; SO(n)) and ¢ € H'(B) such that
(3) P7ldP + P71QP = xdg,
where * is the Hodge dual. Further algebraic manipulations then yield the existence
of matrix-valued A, B € H'(B) with

(4) |ldist(A, SO(n))||L= < Cl[Q] 2
such that (1) may be written as
(5) div(AVu + BV*u) = 0,

where V4 = xd. By Hodge decomposition one then obtains E and D in W12(B)
such that

(6) AVu=VD+V*'E.
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From (5) we see that D and FE satisfy the equations

— AD = —div(AVu) = VB - V+u,

(7) n
— AE = curl(AVu) = V- A - Vu,
which exhibit the desired Jacobian structure. The results in [3] then imply that
D, FE € V[/licl(B) Provided that we restrict our attention to a domain where ||| 12
is sufficiently small, from (4) we conclude that Vu = A=1(VD + V1 E) € VVllocl(B)
and u € Wi’cl (B) — C°(B), which implies full regularity.

In dimensions m > 3, the harmonic map equation is super-critical in the Sobolev
space H!'(B;R"™) and no regularity result, not even a partial one, can be expected.
In fact, in [9] the first author constructed examples of weak solutions to (1) in
H(B; S?) for m > 3 which are nowhere continuous.

Under the further assumption that the solution u lies in the homogeneous Morrey
space L%’md, which sometimes also is denoted as le 2 with

1
8 wl|?2m_2 = sup / Vu|? | < 400
( ) || ||Lf 2 wEB r50 (rm—Q B'r({E)ﬁB| | o

the harmonic map equation (1) becomes critical. More generally, this is true for
any elliptic system with a nonlinearity growing quadratically in the gradient (see
[5]). Assumption (8) is natural in the context of harmonic maps; in fact, it is a
direct consequence of the geometric stationarity assumption described in Section
2. Observe that in dimension m = 2 assumption (8) corresponds exactly to the
assumption of finite energy and it therefore appears as the natural extension of the
finite energy condition to higher dimensions.

Strengthening the assumption that u € H!(B;R™) by assuming (8), one might
then hope to be able to extend the approach described above to the case m > 3.
However, in order to achieve (4), in dimension m = 2 one crucially uses that by
Wente’s result mentioned above the solution ¢ € H'(B?%; A2R") of the equation

Ay =df Ndg in B™

9)
=0 on OB™

for given f and g in H'(B?) belongs to L*. Unfortunately, this result does not
extend to m > 3 when we replace the assumption f,g € H!(B™) by the condition
that f and g belong to the Morrey space L%’me(Bm). Indeed, for m = 3, letting

X1 x2

f= T and choosing g = o we have f,g € L?’l(B3) and equation (9) admits a

unique solution ¢ € L¥'(B3), but ¢ ¢ L. Thus the L®-bound (4) does not seem
to be available in dimension larger than 2 and the approach outlined above seems
to fail for this reason.

However, as we presently explain, (1) - (3) in combination with standard tech-
niques of elliptic regularity theory already suffice to conclude partial regularity,
directly. In fact, via the gauge transformation P, from (1) we obtain the equation

(10) —div(P~'Vu) = (P7'VP + P7'QP) - P~'Vu = xd¢ - P~ 'du,
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where the right hand side already has the structure of a Jacobian — up to the
harmless (bounded) factor P~!. Also observe that Vu may be recovered from the
term P~1Vu without any difficulty.

More generally, partial regularity results can be obtained for a large class of
elliptic systems with quadratic growth that can be cast in the form

(11) —Au=Q-Vu in B
already considered in [10]. (In coordinates, equation (11) simply reads —Au’ =
Q7. Vul.)

Theorem 1.1. For every m € N there exists e(m) > 0 such that for every Q €
L?(B™,s0(n) @ A'R™) and for every weak solution u € H'(B™,R") of equation
(11), satisfying the Morrey growth assumption

1
(12) sup m_z/ (Vul? + |9)da | < e(m)
r B, (z)NB

xeB,r>0
we have that u is locally Hélder continuous in B = B(m) with exponent 0 < o =
alm) < 1.

The previous result is optimal, as shown by the standard example of the weakly
harmonic map u: B> — S§? — R3 with u(z) = x/|z|. We have v € H*(B3,R?)
and, letting Q = (QY) := (u'du? — w/du’) € L?(B™, so(n) ® A'R™), we see that u
weakly satisfies the equation (11) and the condition

1
(13) sup m/ (|Vul® 4 [Q|?) dz | < 400
zeB,r>0 \ T B,(z)NB

The map u, however, is not continuous at the origin.

2. STATIONARY HARMONIC MAPS

For a smooth, closed, oriented k-dimensional submanifold N C R™ and a ball
B C R™ let
(14) HY(B;N) = {u € H'(B;R"); u(z) € N for almost every = € B}.

Recall that a map u € H*(B; N) is stationary if u is critical for the energy

E(u):/B|Vu|2dx

both with respect to variations of the map u and with respect to variations in the
domain.

It follows that w is weakly harmonic; that is, u satisfies the equation

n—k m n—k
(15) —Au = A(u)(Vu, Vu) = Z Z v {dv;0qu, Oqu)) = Z wi(Vwy, Vu)
I=1 a=1 =1

in the sense of distributions, where A is the second fundamental form of N, defined
locally via an orthonormal frame field v;, 1 < [ < n — k for the normal bundle to
N. Again we denote as w; = vy ou the corresponding unit normal vector field along
the map u, and we denote as (-,-) the Euclidean inner product.
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Moreover, as a consequence of the stationarity condition with respect to varia-
tions in the domain we have the monotonicity estimate

(16) r2_m/ |Vu|? de < Rz_m/ |Vul|? de
By(zo) Br(zo)

for all balls Br(xo) C B and all »r < R.

The following result was obtained by Evans [4] and Bethuel [1]. Note that their
approach in general requires the target manifold N* to be of class C°; see [6],
Theorem 4.3.1 and Remark 4.3.2. As a corollary to our main result Theorem 1.1,

however, we now easily obtain the following generalization of their result to mani-
folds of class C?.

Theorem 2.1. Let N* C R™ be a closed submanifold of class C%. Let m > 3 and
suppose u € H*(B™; N) is a stationary harmonic map. There exists a constant
€o > 0 depending only on N with the following property. Whenever on some ball
Bgr(zo) C B there holds

(17) RQ_m/ |Vu|* dz < e,
Br(zo)

then w is Holder continuous (and hence as smooth as permitted by the regularity of
N) on Bgjs(z0). In particular, u is reqular in B away from a singular set S with

H™2(S) = 0.

Proof. As in (1), equation (15) equivalently may be written in the form

(18) —Aut = QY .V,

where 2 € L?(B; so(n) x A'R™) in view of our assumption on N, with components
locally given by

n—k
(19) O = Qida® = (wjdw] — w]dw}), 1 <i,j <n.
=1

Note that (16) and (17) imply that Q belongs to the Morrey space L%™~2(B) with

190 ame = sup 2 [ (oo
BT(Z'O)OB

z0EB
(20) v
< C sup 7"2*’”/ |Vu|? dx < Cey.
z0€B B, (z0)NB
The result now is an immediate consequence of Theorem 1.1. O

3. PROOF OF THEOREM 1.1

We may assume that condition (12) is satisfied on B = B1(0). As in (3), we
obtain the existence of a suitable gauge transformation @, transforming 2 into
Coulomb gauge by applying the following lemma. The bound (12) also yields
corresponding estimates for P and &.
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Lemma 3.1. Suppose that condition (12) is satisfied on B. There exists P €
HY(B;SO(n)) and £ € HY(B, so(n) ® A™~2R™)) such that
(21) P~ YdP 4+ P7'QP = d¢ on B, d(x€) =0 on B, and £ =0 on OB.
Moreover, dP and d¢ belong to L*>™~2(B) with
(22) 1dP|F2.m—2 + ||d€][Z2m—2 < CIQ[F2.m— + [|dul[72.m—2) < Ce(m).

The proof of this lemma will be given in the next section.
Recall that a function f € L'(B) belongs to the space BMO(B) if

[flemo = sup <][ |f = f_mo,r|dff> < o0,
zo€B, r>0 B, (z0)NB

fxo,r - ][ fd:r
Br,«(Io)ﬁB

denotes the average of f over B,.(z¢) N B, and so on. By Poincaré’s inequality,
moreover, for 1 < p < m any function f € WbHP(B) with df € LP™~P(B) belongs
to BMO(B) and there holds

where

zo€EB, >0

a0 < Clldfl},m-r = sup <rp‘m / |df|de> .
BT(II:Q)QB

Applying the gauge transformation P~ to Vu and observing the identity dP~! =
—P~'dPP~! from (11) we obtain the equation (10), that is

(23) —div(P~'Vu) = (P"'VP + P7'QP) - P"'Vu = xd¢ - P~ du.
Fix a smooth cut-off function 7 € C§°(B) such that 0 < 7 <1, 7 = 1 on By /,(0).
Multiplying (23) by 7, we obtain the equation
(24) —div(P~'V (ur)) = *d¢ - P~ d(ur) — e,
with “error” term
(25) e = div(P~'uVT)) + P7'Vu - V1 + *d¢ - P~ udr.

Since u € H'NL>™ ?(B), we have u € LP(B) for every p < oo. Therefore, a direct
application of Holder’s inequality tells us that w € LP"™~9 for every p < oo and
for every 6 > 0. Using this last observation and the fact that d¢ is in L?™2, we
conclude that

(26) Vse[l,2] Y6>0 : |le]

We claim that v = ur is Holder continuous in B, provided the bound (12) holds
with e(m) > 0 sufficiently small.

Let Br(z¢) C B and let
(27) P~ l'dv =df +*dg+h

be the Hodge decomposition of P~'dv on Bg(z¢), where f € Hi(Bgr(zo)) and
where g is a co-closed m — 2-form of class H'(Br(xo)) whose restriction to the
boundary 9B also vanishes, and with a harmonic 1-form h € L?(Bg(wo)); see [7]

Ls,m—s—& < o
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Corollary 10.5.1, p.236, for the Hodge decomposition of forms in Sobolev Spaces.
Similar to (7) we have the equations

—Af = —div(PﬂVv) = *xd§ - P ldv — e,

(28) — Ag = *d(P~'dv) = (dP~" A dv).

Fix a number 1 < p < m/(m —1) and let ¢ > m be the conjugate exponent with
1/p+1/q=1. Since f =0 on dBg(xo), by duality we have

(29) df|[s < C sup / if - dp .
0eWg Y (Br(20))ill@lly1.q <1 Y Br(zo)

Here and in the following computations all norms refer to the domain Bg(zo).
Note that Wy (Bg(xo)) — C'~"™/9(Bp(x¢)) and for all ¢ € W, (Bg(zo)) with
[lollwre <1 there holds

(30) [l < CR™™4|g|lwra < CRY™™, ||dpl|2 < CR™27M/1.

For such ¢ then we can estimate

/ df~dg0d:r:—/ Afpdr
Br(zo) Br(zo)

:/ d£/\P71dvap—/ epdr =1+11
Br(zo) Br(zo)

(31)

as follows. Similar to the approach introduced in [2], upon integrating by parts and
using [3], Theorem II.1, we have (up to sign, which is of no importance in what
follows)

Iz/ df/\P_ldwp:/ d& NA(P™1 ) (v — Uy R)
Br(zo) Br(zo)

< C|ldg A d(P~0)lps [V a0 < C|ldg]| 2 |ld(P~2)| |12 [v] aro
(32) < )lde| o (1P| Il + N1l z2) W] Baro
< CR™ ' "/9)|de|| 2.2 (|| dP]| 2.2 + [|dep]| o) o] maro

< CRm/pfle(m)[v]BMo,

while (25), combined with (26) and (30), for any 6 > 0 gives the bound

1=— [ cpdn <|lellspaeonlelle~
(33) Br(zo) o
< C(sRm_l_‘SHeHLl,m—l—a||<p||Loo < C(s]:im_m/q_(5 = C(sRm/p_é.
Hence from (28) we conclude that for every ¢ > 0 there holds

(34) ldf||L» < CR™P= e(m)[v] Baso + CsR™P~°,

Similarly, letting s satisfy 1/2 4+ 1/q + 1/s = 1, by Hélder’s inequality for an
arbitrary (m — 2)-form ¢ € WH49(Bg(z¢), "™ 2R™) vanishing on dB and with
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[|¥]|lwie < 1 in view of the decomposition —A = xd * d + d * dx of the Hodge-
Laplacian and the equation d(xg) = 0 we can bound (again up to sign)

/ dg-dwdm:—/ Ag-¢dx

BR(.QC()) BR(TO)

(35) - / AP ' Adv Ay = dP™' A dip(v — Vg, R)
Br(zo) Br(zo)

< C||dP||z2]|d¥|| Lal[v — Bag,rl|L < CR™P™ e(m)[v] Baro-

By duality, we have
(36) Idgllz» = sup [ dgoran
keL1(Br(wo);A™~'R™); [|k|l¢<1J Br(zo)

Decomposing any k € LY(Bgr(xg); A™2R™) as k = dip + *dp + n with n satisfying
dn =0, d(*n) = 0 and with ¢» = 0 on 9B as in [7], Corollary 10.5.1, and recalling
that the restriction of g to dBgr(xo) vanishes, we then arrive at the estimate

ldgllzr < C sup [ dgeaw
(37) WEW4(Br (w0) AT 2R™); vl <1 Br(wo)
< CRm/p71€(m)[’U]BMo.
From the Campanato estimates for harmonic functions, as in Giaquinta [5], proof
of Theorem 2.2, p.84 f., we thus conclude that for any r < R there holds
(38)

/ |dv|P dx < C’/
Br,«(Io) B7~

b dz + C / (afP + dgl?) da
Br,«(Io)

—

wo)

/ I[P dz + C (1df|? + |dg|P) dae
Br(zo) B, (zo

IN
Q
—

INA

Q

—
i=v] I~ R~V T
N~

m/ \dv|? dz + C (1df|? + |dg|P) dae
Br(zo) Br(zo)

IN
Q
—~

/ |dv|P dx + CR™ Pe(m)[v)%,,0 + CsR™ P,
Br(zo)

for any § > 0. Set
b(xg,r) = rp*m/ |dv|P dx
Br,«(wo)
and define

U(R) = sup D(xo, 7).
20€B,0<r<R

Then we can bound

sup [U]%MO(BR(IO)) < CYU(R).
roEB

Fixing 6 < 1 — 1/p, thus from (38) we have
r\P N r\P—m
— - — p—6p
(o, 7) gc(R) @(xo,R)+C(R) £(m)U(R) + Cs (R) R

(39) . o
<q (%) <1+(§) 6(m)) \II(R)+C<§) R
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with a uniform constant C;. Also fixing r/R = v such that C;y®~1/2 < 1/2, and
choosing e(m) =™, for any Ry < 1 and 0 < R < Ry we obtain

®(zo,vR) < C17yP(1 +e(m)y™™)¥(R) + Cv"" ™R
< APHD2g(R) + CR < ~PHD/2W(Ry) 4 CRy.
Upon passing to the supremum with respect to x¢p and R < Ry we deduce that
W(yRo) < 7T V/2W(Ro) + CRo
for any Ry €]0,1].

Finally, for any r €]0,], letting k¥ € N be such that y*+! < < 4% and iterating
as in Giaquinta [5], proof of Lemma 2.1, p.86, we conclude that

o0
U(r) < U(yF) <AFEHRR(0) + CF (O AP < o
j=1

Hence v € C'/P(B) and therefore also u € Cl/p(Bl/g(O))7 as claimed.

4. PROOF OF LEMMA 3.1

For the proof of Lemma 3.1 we follow [8], where Uhlenbeck’s [11] construction of
a local Coulomb gauge in Sobolev spaces was generalized to Morrey spaces. Due to
the fact that the space L%’m_Q defined earlier does not embed into C°, the inverse
mapping P — P~! is not smooth from the space L%’m*2 into itself. In order to
avoid this difficulty, similar to [11] we first construct the local Coulomb gauge under
slightly more stringent regularity assumptions.

Lemma 4.1. There exists e(m,n) > 0 and C > 0 such that, on B = B™ for every
a >0 and every Q € L2™=2YY(B, s0(n) ® A'R™) with

(40) 1Q[[7 2,m—2 < £(n,m)

there exist P € LY ?T*(B; S0(n)) and € € L3 *Y%(B, so(n) @ A 2R™) such
that

(41) P~ YdP + P7'QP = xd¢ on B, d(x€) =0 on B, and £ =0 on 0B.
Moreover, dP and d§ satisfy

(42) |dP||72m-2+a + ||d€|[72m-21a < ClQ[F2m-24a ,
and
(43) |dP[Z2m-2 + ||[d€]|72m-2 < Cl|Q|72m-2 < Ce(n,m).

Proof of Lemma 3.1. Let Q be in L»™~2 and suppose that [|Q|z2m—2 < €
for some number € > 0 to be fixed below. Although smooth functions are not
dense in L?>™2, it is not difficult to show that the mollified forms Qs = Q * x5
obtained from 2 by convoluting 2 with a standard mollifyer satisfy the uniform
estimate [|Qs||p2m—2 < C||€]|p2.m—2. By choosing £ > 0 sufficiently small, we can
then achieve the uniform bound ||Qs||p2.m-2 < e(m,n), where e(m,n) is given in
Lemma 4.1, to obtain the existence of &5 and Ps satisfying (41), (42), and (43) for
Qs instead of Q. The uniform bound given by (43) permits to pass to the limit
d — 0 in (41), and the assertion of Lemma 3.1 follows. O
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Proof of Lemma 4.1. For o« > 0 introduce the set
{ Qe L>m=27(B™ so(n)); [|Q| p2m-2 <&, and }
e,C =

there exist P and & satisfying (41), (42), (43)

Since clearly = 0 € U, the set U is not empty. The proof therefore will be
complete once we show that, for € small enough and C' large enough, U is both
open and closed in the star-shaped and hence path-connected set

V&= {Qe L>"**(B™, so(n) @ N'R™); [|Q|pzm-2 < e}
The proof of closedness is similar to the proof of Lemma 3.1 given above. To

see that U is open in V2, observe that for a > 0 the space L?’"“%a em-

beds continuously into C° and the inverse mapping P — P~! from the space
L2721 (B SO(n)) into itself is smooth. Therefore the argument of [11] can be
applied to show that, for sufficiently small € > 0 and sufficiently large C, for every
0 in UZ there exists no > 0 with the property that for every w € L2m—2ta
satisfying the bound ||w|pz2m-24a < 1o and [|Q 4+ w|p2m-2 < € we can find
o € L™ 2(B, so(n) ® A™2R™) and P, € L2™ *T*(B, SO(n)), respectively,
satisfying (41). The openness of Y% then may be obtained as in [10] from the
following lemma. This completes the proof. O

Lemma 4.2. There exists 6 > 0 with the following property. Suppose that for Q0 €
Ve there exist € € LT ?TY(B™ so(n) @ AmT2R™), P e LP™*T(B™, SO(n))
satisfying (41) and the estimate

(44) ||d€||L2~m*2 + ”dPHLz.m—z <9
Then (42) and (43) hold for some C independent of Q € V2.

Proof. In view of (41), the (m — 2)-form & satisfies

A& = %(dP~Y AdP) + *d(P~'QP) in B,
(45)

£E=0 on OB

We decompose £ = u + w in two forms u and w solving, respectively,
Au = %(dP~* A dP) in B

(46)

u=20 on 0B
and

Aw = xd(P~'QP) in B
(47)

w=10 on 0B .
From [5], Theorem I11.2.2, for s € {2 — a, 2} first we obtain the bound
(48) [ dwl| 2+ 5y < ClIQ L2m—s(5) -

Following the strategy of the proof of Theorem I11.2.2 in [5], likewise for s € {2 —
a, 2} we obtain that

|dul|L2.m—s 5y < C|P||Brmos)l|dP| L2m—s(B)

49
( ) S C||dP||L2,'m72(B)HdP||L2,'mfs(B) S C(S”dPHLZans(B) .



10 TRISTAN RIVIERE AND MICHAEL STRUWE

The only modification required with respect to [5], p. 85, is that we use [3], Theorem
II.1, to estimate, with v as defined in [5],

(s — 0)1122 s woyn) = — / Au—v) A (u—v)
BR(wo)ﬂB

:/ AP~ AdP A (u —v)
(50) BR(fL'())mB

- / dP™Y(P — Ppy.r) Ad(u — )
BR(Z'O)OB

< lld(u =)l 2(Br@o)ns) 1Pl BMOB) 1P 12(B, (20)nB) -
Combining (48) and (49) we then conclude

(51) ||d£||L2,'mfs(B) S 06 ||dP||L2.nL73(B) +C ||Q||L2,'mfs(B)

Moreover, from (41) we have

(52) ||dP||L2,'mfs(B) S ||d§||L2.77L73(B) + ||Q||L2.77L73(B)

Putting the estimates (51) and (52) together, upon choosing § > 0 small enough

we then obtain (42) and (43). The proof is complete. O
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