THE HEAT FLOW WITH A CRITICAL EXPONENTIAL
NONLINEARITY

TOBIAS LAMM, FREDERIC ROBERT, AND MICHAEL STRUWE

ABSTRACT. We analyze the possible concentration behavior of heat flows re-
lated to the Moser-Trudinger energy and derive quantization results completely
analogous to the quantization results for solutions of the corresponding elliptic
equation. As an application of our results we obtain the existence of critical
points of the Moser-Trudinger energy in a supercritical regime.

1. INTRODUCTION

On any bounded domain 2 C R? the Moser-Trudinger energy functional
1
E(u) = / (e“2 —1)dz
2 Ja
for any a < 47 admits a maximizer in the space
(1) Mo = {u € Hy(Q); u > 0,[|Vul[. = o},
corresponding to a solution 0 < u € Hg(Q) of the equation
(2) —Au = ue* in Q

for some A > 0; see [7]. Moreover, when § is a ball numerical evidence [9] shows
that for small o > 47 there exists a pair of critical points of F in M, corresponding
to a relative maximizer and a saddle point of E, respectively. However, standard
variational techniques fail in this “supercritical” energy range and ad hoc methods
devised to remedy the situation so far have only been partially succesful in produc-
ing the expected existence results; compare [11], [12]. As in various other geometric
variational problems a flow method might turn out to be more useful in this regard.

Given a smooth function 0 < ug € H}(Q2), we consider smooth solutions u =
u(t, x) to the equation

(3) ure® = Au+ due® in [0, c0[x Q2
with initial and boundary data
(4) u(0) =up, u =0 on [0,00[xIN.

The function A = A(¢t) may be determined so that the Dirichlet integral of u is
preserved along the flow. As we shall see, also the case where the volume of the
evolving metric g = e’ gr2 is fixed gives rise to interesting applications, and both
constraints can easily be analyzed in parallel.
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1.1. Fixed volume. Fixing the volume is equivalent to the constraint
(5) E(u(t)) = E(up) =: ¢o for all ¢,

which can be achieved by imposing the condition

(6) %E(u(t))z/ﬁuuteuzdz:)\/ e dxf/ \Vul? dz = 0.

Clearly, we may assume that ug does not vanish identically and that ¢y > 0; other-
wise v = 0 is the unique smooth solution to (3) - (5) for any choice of A(?).

Note that when we multiply (3) with u; and use (6), upon integrating by parts
we obtain the relation

(7) /Q 2w dm+§% (/ |Vu|2dx) =\ E( (t)) = 0;

that is, the flow (3) - (5) may be regarded as the gradient flow (with respect to the
metric g) for the Dirichlet energy with the critical exponential constraint (5).

Equation (6) and the energy inequality (7) imply the uniform bound

(8) )\/u2e“2dm=/ |Vu|2dx§/ |Vug|? dz =: Ag.
Q Q Q

Since we can easily estimate e* < 14 4a for 0 < a < 1/4, we have

/uQeuzdyc:/uQ(e“2 —1)dx+/u2dx
Q Q Q

(9) >1/(u2 1 1/ (@ 1)d+/ 24, 5 B o
> — e _ T — — [ — X u X = = 5
4 Jo 4 Jizequ<iy2) Q 2 2

for all . Therefore, recalling that co > 0, from (8) we deduce that with the constant
Ao = 2Ag/co > 0 there holds

(10) 0 < A(t) < A for all t > 0.

Finally, the maximum principle yields that « > 0.

1.2. Constant Dirichlet integral. If, on the other hand, we choose A so that

1d 2
) 34 ( [ vuear) == [wawtr=x [ [wurar- [ |supear=o,
2dt\ Jo Q

for a solution of (3), (4) satisfying (11) the Dirichlet integral is preserved; that is,

(12) /|Vu|2dxf/ |Vug|? dx = Ay,

In this case, from (7) we find the equation

(13) /Qute dm—AjE( ),

and (3), (4) with the constraint (12) turns into the (positive) gradient flow for the
Moser-Trudinger energy with prescribed Dirichlet integral. Again clearly we may
assume that Ag > 0.

Recalling the identity

d

—E(u(t)) = )\/ ue™ dp — |Vu|? dx
dt Q Q
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(13) and (9), for any ¢ we have

(14) %’ Ot Adt < Aot + E(u(t)) — E(u),

where ¢g = E(ug) < E(u(t)) for all ¢ > 0. Similarly, from (13) we obtain

(15) /0 (A /Q B da) dt = B(u(t)) — Eluo).

Hence we can hope to obtain bounds for solutions of (3), (4), (12) whenever the
Moser-Trudinger energy is bounded along the flow.

1.3. Results. Building on previous results from [2], [6], and [14], in this paper we
establish the following result for the flow (3), (4) with either the constraint (5) or
the constraint (12).

Theorem 1.1. For any c¢o > 0 and any smooth initial data 0 < uy € HJ(Q)
satisfying (5) the evolution problem (3) - (5) admits a unique smooth solution u > 0
for all t > 0. Likewise, for any smooth 0 < ug € Hg(2) satisfying (12) for a given
Ao > 0 the evolution problem (3), (4), (12) admits a unique smooth solution u > 0
for small t > 0 which can be continued smoothly for all t > 0, provided that E(u(t))
remains bounded. In both cases, for a suitable sequence tp, — oo the functions
u(ty) — uso weakly in H(Q), where us € HE(Q) is a solution to the problem
(2) for some constant Aoo > 0. Moreover, either u(ty) — us strongly in H}(Q),
Aoo > 0, and 0 < uo, € HE(Q) satisfies, respectively, (5) or (12), or there ewist
i € N and points z € Q, I; € N, 1 < i < i,, such that as k — oo we have

Vu(ty)Pde % [VusePde + " drlib

i=1

weakly in the sense of measures. By (8) or (12) then necessarily 4w 22;1 l; < Ayp.

The quantization result in the case of divergence of the flow relies on the precise
microscopic description of blow-up given in Sections 4 and 5; see in particular
Theorems 4.2 and 5.1. Their derivation will take up the major part of this paper.
These results are in complete analogy with the results of Adimurthi-Struwe [2] and
Druet [6] for solutions of the corresponding elliptic equation (2). In the final Section
6 we apply Theorem 1.1 to obtain saddle-point solutions for (2) in the supercritical
regime of large energy.

2. GLOBAL EXISTENCE

Let u(t) be a solution of (3), (4) with either the constraint (5) or (12). In
the latter case we also assume that F(u(t)) remains bounded. For any ¢t > 0 let
m(t) = ||u(t)||L~. Writing equation (3) in the form

u — e~ Au = \u in [0, c0[x Q2
and observing that Au < 0 at any point where u(t) achieves its maximum, we
conclude that the supremum of the function a(t) = e~ Jo Als)dsy () is non-increasing
in time. That is, for any 0 < ty <t < oo we have

(16) m(t) < eftto A(s)dsm(to).
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Together with (10), (14) this immediately gives the following result.

Lemma 2.1. Suppose that E(u(t)) is uniformly bounded. Then there exist con-
stants Ay > 0, C1 depending on ug such that for any t > 0 we have

t
lu(llz= < efo X lug|| e < Cret*|fug||ox-

Existence of a unique smooth solution on any finite time interval now follows
from standard results on uniformly parabolic equations.

3. ASYMPTOTIC BEHAVIOR

3.1. Weak subconvergence. First consider the constraint (5). Integrating in
time, from (7) we then obtain

> 1
(17) / /ufe“zdxdtg —/ |Vuo|? da.
o Jo 2 Jo

Hence we can find a sequence t; — oo such that

(18) / ufe“zdm — 0 as k — oc.
{tk}XQ

In view of (10) and (8) from any such sequence (t;,) we may extract a subsequence
such that Aoy = limg_, oo A(tx) exists and such that, in addition, ug = u(tr) — U
weakly in H}(Q) and pointwise almost everywhere as k — co. From (8) by means
of the Vitali convergence theorem we then deduce that for a further subsequence
the terms )\ueuz, evaluated at t = tj, converge to )\oouooe“io in L1(2). Thus, upon
passing to the limit &k — oo in (3) we see that u. is a (weak) solution to equation
(2). But since uo, € HJ (), from the Moser-Trudinger inequality it follows that
uooe“io € LP(Q) for any p < 00, and ux is, in fact, smooth.

Similarly, in the case of the the constraint (12), assuming that E(u(t)) is uni-
formly bounded from above along the flow (3), (4), from (15) we obtain the bound

(19) tAaD<A1/£uféﬂdx>dt§ lim E(u(t)) — E(ug) < oo,

t—o0

and we can find a sequence t; — oo such that

(20) )\(tk)_l/ ufe“2dx —0as k — oo.
{tk}XQ

Necessarily the sequence (A(t)) is bounded. Indeed, upon multiplying (3) by u
we infer that at time ¢ with error o(1) — 0 we have

A/uQe“de: |Vu|2dm+/ wuge® da
Q Q Q

But by (20) and Holder’s inequality, at time ¢t = ¢;, with error o(1) — 0 as k — o0
we can estimate

(21) ‘/uuteuzdx‘2 < /\/ uQeUZdzw\*l/ ufe“2 daszo(l))\/ uZe” dx
Q Q Q Q

and we have

(22) (1+00»A/

w2 dy = / |Vul? dx = Ao.
Q Q
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Our claim now follows from (9). Note that, in particular, the approximate identity
(8) thus also holds in the case of the constraint (12).

3.2. The case when u is bounded. If in addition we assume that the function
u is uniformly bounded we find that any sequence (uy) as above is bounded in
H?(£2) and hence possesses a subsequence such that uy — uc strongly in H3(Q)
as k — co. Hence u, € Hi () satisfies, respectively, (5) or (12), and us > 0 by
the maximum principle.

In the case of the constraint (5), and provided that u is bounded, we can even
show relative compactness of the sequence uy = u(ty) for any sequence t;, — oo .

Proposition 3.1. Let u solve (3) - (5). Suppose that there exists a uniform con-
stant M > 0 such that u(t,z) < M for all x € Q and all t > 0. Then any sequence
ug = u(ty) with ty — 0o has a strongly convergent subsequence.

Proof. It suffices to show that under the assumptions of the Proposition the
convergence in (18) can be improved to be uniform in time. To show this we use
(3) to calculate

Upr = AU+ Aup — 2uut67“2 Au + e Auy
= \u + Aug + e Auy — 2uuf + 22wy

Thus we obtain

1d
§E</ute dx) :/Qututte“2dz+/9u?ue“2dz
:)\t/ uute“Qdm—l—)\/ ufe“de—i—/ w Ay do
Q Q Q

—2/uute dx—i—?)\/ ute“Qdm
Q Q

By (6) the first term on the right vanishes. Moreover, we may use the fact u; = 0
on 0N to integrate by parts in the third term. Also using Holders inequality and
Sobolev’s embedding W2 < L4 then with constants C' = C(M) we find

/|Vut|2dm+——(/ute dm)
Q
(23) <C’/ute derC'(/ute dz> (/ufdz)
Q Q
<C/ute dx—i—Cl(/ute dm) /(|Vut|2+u§e“2)d$-
Q Q

To proceed, we use an argument similar to [13], p. 271. Given any number g9 > 0,
by (17) there exist arbitrary large times ¢ such that

(24) / uie" “dr < &q.
{to}XQ

For any such ¢ty we may choose a maximal ¢y < ¢; < oo such that

(25) sup / uf@“2 dx < 2.
{t}xQ

to<t<t1
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If we now fix eg = from (23) at any time t € [tg, t1] we obtain

1
16C%>

1d / 9 w2 ) 9 W2
26 —— wie dzr ) < C | uie" dzx.
(26) sl | [

Integrating from ¢ to ¢ and using (17), for any t € [to, 1] we get

(27) / ute“ dx </ ue" dx—l—C/ /u “dr < 2,
{t}xQ {to}xQ

if to is large enough. For such ¢y then t; = co, and we conclude
lim sup / ue “dx
t—oo  J{t}xQ

gliminf(/ ule" dm—i—C/ /ute ) = 0.
to—oo {to} xQ to

Using again the assumption that u is uniformly bounded this directly implies that

(28)

(29) lim sup ||u(t)|| gz < 00
t—oo

and hence the claim. O

4. BLOW-UP ANALYSIS

It remains to analyze the blow-up behavior of a solution w to (3), (4) satisfying
either (5) or (12) in the case when u is unbounded. As we shall see, this can be
done in complete analogy with the corresponding time-independent problem. The
key is the following lemma, which refines our above choice of (tg).

Lemma 4.1. Suppose that limsup,_, _ ||u(t)||r~ = 0o and that E(u(t)) < Es for
some constant E, < oo. Then there is a sequence t;, — oo with associated numbers
Ak = AMtr) = Aoo > 0 such that u(ty) — ueo weakly in H () as k — oo and

|wmmmamm;/ g 2 d dt — 0
{tk}XQ

Proof. Suppose by contradiction that there exist to > 0 and a constant Cy > 0
such that for all ¢ > ty either there holds

m(t) = |lu(®)|l= < Co,

or

(30) A@g%/ ug|2e* da .
{t}xQ

Consider first the constraint (5). If m(t) > Cy for all ¢ > to, then (30) holds for
all such ¢ and upon integrating in time from (7) for any ¢ > ¢y we obtain

¢ > 2 Cvo
31 A(s)ds < Cy w|?e” dxdt < =:(C1 < 0.
2
to 0 Q

Applying (16) to the shifted flow u(t — to) we find sup,s,, m(t) < m(to)e < oo,
contrary to assumption.
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If for some tg < t1 < ta < coand allt; < t < t2 we have m(t1) = Cp < m(t), then
(30) holds for all such t and we obtain (31) with ¢; replacing to for all t € [ty, t2].
Applying (16) to the shifted flow u(t —¢1), for any such ¢ty < ¢1 < ta < co we obtain
the bound sup,, .,<, m(t) < Coe“* < oo, again contradicting our hypotheses.

In case of the constraint (12), whenever for some to < t; < t3 < oo and all
t1 < t <ty there holds m(t) > Cj from (30) and (15) we obtain

(32) ty—t1 < CO/ (A(t)_l/ |ut|2e“2dx) dt < CoEs =: Ty < 0.
0 Q

By (32) the length of any interval I =Jt;,ts[ with m(t) > Cy for t € T is uniformly
bounded. Since limsup,_, . m(t) = oo, we may then assume that m(t;) = Cp.
Applying (16) to the shifted flow u(t — 1), by (14) for any such interval we find
SUPy, <p<p, M(t) < Coe®2, where Cy = 2¢; ' (AgTy + Ex) < co. Thus we also have
limsup, .. m(t) < Cpe®?, contrary to hypothesis. a

For a sequence (tx) as determined in Lemma 4.1 above we let uy = u(tx), k € N
and set g = wu¢(tx). The symbols ¢, ¢, then no longer explicitly appear and we

may use these letters for other purposes. Also let n = log ) be the standard

2
I+[z?
solution of Liouville’s equation

(33) —An = e* on R?

induced by stereographic projection from S2, with
(34) / e?dx = 41 =: Ay.
RZ

Similar to [2], [6] the following result now holds.

Theorem 4.2. There exist a number i, € N and points 9 € Q, 1 < i < i,, such

that as k — oo suitably for each i with suitable points xj = x,(f) — 2@ and scale

factors 0 < ri = r,(j) — 0 satisfying

(35) /\kriui(zk)e“i(”) =4
we have
i 1

36) (o) = (@) = wnCon)un o+ 7k) = wa(a)) — m = log (7
locally uniformly on R?, where ng = n — log2 satisfies
(37) —Ang = 4e*™ on R?,
and there holds
(38) lim lim )\k/ uie“idm = 4/ e2Mdr = A;.

L—oo k—oo Ber (z1) R2

Equality ) = () may occur, but we have

dist(a:,(f), o) |z§:) - z,(cj)

Y Z)

(39) :
Tk

5 — 00 for all 1 <i#j <i,,
Tk

and there holds the uniform pointwise estimate

(40) A inf |z — x,(ci)|2ui (x)e“i @ <,
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for all z € Q and all k € N.

Finally, u — use in HZ (Q\ {z1,...,2:.}) as k — oo.

Proof. Choose x; = x,(cl) € Q such that ug(xg) = supzequi and let 1, = r,(cl)
be given by (35). We claim that r, — 0 as k¥ — oo. Otherwise, (35) gives
)\ku%(a}k)e“i(”) < C < o0, and with the help of Lemma 4.1 we can estimate

ug(xg)uge 2dg < Apui(zg PUACH - i2et dg | —
g |2dr < Apuj, @ (A [ e d 0
Q Q

as k — 0o. By (3) then the sequence (uy(zr)Auy) is bounded in L? and it follows
that u; — 0 uniformly as k — oo contradicting our assumption that uy(zy) — oo.
Therefore r, — 0 as k — oo.

Suppose that we already have determined points x,(:), e ,:c,(j_l) such that (36)
and (39) hold and let 2 = 2\” € Q be such that
(41) Mg inf |z, — x,(cj)|2ui($k)e“’2v(x’“) = sup ()\k inf |z — mg)|2ui(x)e“i(x)) — 00

1<t e 1<t

as k — oo. If no such z;, = x,(ci) exists the induction terminates, establishing (40).

Choose 11, = 7“1(:) — 0 satisfying (35). In view of (41) we have |z —ac,(cj)|/7°;€ — 00
for all j < ¢; that is, half of (39). Moreover, denoting as vi(x) = ug(zx + rrx) the
scaled function uy on the domain

Q. = {x; 2 + rex € QF,

with error o(1) — 0 as k — oo for any L > 0 we can estimate

(42) sup 02 (2)e’* @) < (14 0(1))02(0)e (@ = (1 + o(1))uf (wy,) e =),
z€Qy, |z|<L

Let n(x) = 77,(:) (x) be defined as in (36). Also denoting as v (x) = g (zk + riz)
the scaled function 1wy = u¢(t), then we have
—Ang = /\krivk(())vke”z — 7’,%1');61)16(0)6”z =: I, + I} on Q.
Observe that for any L > 0 the bound (42) implies the uniform estimate
(43) 0< I = /\krivk(())vke”i % AT} sup{vi(())e”i(o), vie”i}
< (14 o()Mer 22 (0)e ) = (44 o(1)) on BL(0)

moreover, with (35) and Lemma 4.1 for the second term we have

[ npde <ot (0 [ et ar)
(44) QkF‘IBL(O) QkﬂBL(O)
— oy | (b Pt do — 0
QNBL,, (vx)
with error o(1) — 0 as k — oo.

Note that (41) forces vy (0) — co. Since (42) also implies the bound
(45) 2ne = vi — v (0) — (v — vr(0))? < o(1) on QN BL(0)
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it follows that
dist(zy, 08)
AN
Tk
Otherwise, by (43) - (45), the mean value property of harmonic functions and
the fact that n, — —oo on 9 as k — oo we have locally uniform convergence
Nr — —oo in Q, which contradicts the fact that n,(0) = 0. By the same reasoning
we also may assume that as k — oo a subsequence 1, — 7o in H7 . and locally
uniformly. Recalling that v;(0) — oo, then we also have

(46) (vk — v&(0)) — 0, pg =

dist(0,00) =

Q.

Nk

1
207(0)

— 1, ar =1+

Uk
i (0)
locally uniformly. Observing that e% ~vk(0) = ¢2armx and using (35), we conclude

I, = )\kr,%vk(O)vke”i = 4ppe?@M s 42N

locally uniformly. Thus, 7. solves (37); moreover, for any L > 1 by (8) or (22) we
have
4/ e?1>= dr = lim 4p3e* M dy = lim )\kuie“i dx < Ap.
Br(0) k—oo [ (0) k=oo JBp,, (z1)

By Fatou’s lemma, upon letting L — oo we find [, e*7~dz < co. In view of the
equation 7(0) = limy_,o 9% (0) = 0 together with (45), the classification of Chen-Li
[4] then yields that 7., = 17— log2 = 1y, as claimed, which completes the induction
step. In view of (38) the induction must terminate when ¢ > Ag/Aj.

Finally, to see the asserted local H?-convergence away from z;, 1 < i < i,,
observe that by (40) and estimates similar to (43), (44) for any z¢ with
inf |$0 — l‘](;)l >3Ry >0
1<i<i,
the sequence (Auy) is bounded in L?(Bag,(0)). Boundedness of (ux) on Bg,(xo)
and convergence uy — Uso in H2(Bg,(70)) then follow from boundedness of (E(u))
and elliptic regularity. O

5. QUANTIZATION

Throughout this section we continue to assume that limsup,_, . ||u(t)||~ = o0
and for a sequence (1) as determined in Lemma 4.1 we let u, = u(tg) — oo weakly
in Hi(Q) as k — oo, and uy, = us(tx) as above. By (8) or (22), respectively, with
error o(1) — 0 there holds

(47) / |Vaug|? dz = (1 + o(1))Ak/ u2e dr — A
Q Q

for some A < oo. By Theorem 4.2, moreover, we may assume that

Vu(ty)Pde Y |Vusel?de + 3" A4,
i=1
weakly in the sense of measures, where A > A; = 47 on account of (38). Similar
to [6] and [14] we now obtain the following quantization result for the “defect” A(*)
at each x(?.

Theorem 5.1. We have A = 4drml; = ;A1 for some l; € N, 1 < i < i,.
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For the proof we argue as in [14]. We first consider the radial case.

5.1. The radial case. Let Q = Br(0) =: Br and assume that u(t,z) = u(t,|z|).

In this case by Theorem 4.2 for any ¢ < i, we have rk_lxk — 0ask — oo, where x, =

x,(ci) and 7, = r,(:) is given by (35); otherwise, the blow-up limit 79 = limg_o 77,(:)

could not be radially symmetric. In particular, from (39) it follows that i, = 1;

moreover, by (36) we have u?(z)) = supg ui = u3(0) + o(1). Thus, up to an err(cln)r

o(1) — 0 locally uniformly as £ — oo we may replace the original function 7, = n,
defined in (36) by the function
k() = uk(0) (u (rrz) — ur(0)).
Observe that by radial symmetry or Theorem 4.2 we also have convergence uy —
Uso locally uniformly away from z =0 as k — oc.
For |z| = r let ug(r) = ug(z) and set
)\kuie“i =:ep in Q.

We also denote as
w(z) = ug(0)(ur(z) — uk(0))
the unscaled function 7y, satisfying the equation

—Awk = )\kuk(O)uke“i - dk,

where the term dj = uy (O)le“i for any L > 0 can be estimated

Ber
ur(0) 2 u? -1 2 u? e
< sup < ) (/\k/ ugertdr - A\ / uge't dx) .
Brr, Uk Brr, Brr,

Hence by Theorem 4.2, Lemma 4.1, and (47) we conclude that dy, — 0 in L'(BL,,)
for any L > 0 as k — oo. Finally, we set

)\kuk(O)uke“i =: fr in Q = Bpg

(48)

and for 0 < r < R let

Ag(r) :/B e, dx, oy (r) :/B fr dx,

Observe that with error o(1) — 0 as k — oo we have e, < (1 + 0o(1))fx, Ax(r) <
ok(r) + o(1); moreover, Theorem 4.2 implies

(49) lim lim Ag(Lrg) = lim lim ox(Lrg) = lim 4/ e dx = Ay.
Br

L—oo k—oo L—o00 k—oo L—oo

We can now show our first decay estimate. Let u) = %“T&, and so on.

Lemma 5.2. For any 0 < € < 1, letting T, > 0 be minimal such that ui(Ty) =
eug(0), for any constant b < 2 and sufficiently large k there holds
wi(r) < blog (r—k) on Br,
r

and we have
khm Ak(Tk) = klim O’k(Tk) = A1 = 47‘[‘.
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Proof. Note that Ty — 0 as K — oo in view of the locally uniform convergence
Up — Uoo away from 0.

Since u(t) > eug(0) for Lry <t < T}, from (49) and an estimate similar to (48)
for all such t = t;, we obtain

2rtw (t) = O, wy, do = Awy, dx
(50) k(1) oB, By

= —op(t) + 0(1) < —A; +0(1)

with error o(1) — 0 uniformly in ¢, if first K — oo and then L — co. For any b < 2
and sufficiently large L > L(b), for k > ko(L) we thus obtain that
b

wi(t) < —+
t
for all Lry <t < T. Since no(L) < —blog L for all L > 0, in view of Theorem 4.2
clearly we may choose ko(L) such that n,(L) < —blog L for all k > ko(L). For any
such k and any r € [Lry, Tx], upon integrating from Lrg to r then we find

i) < it i (1)

(51) T T
-y s s () < ().

as claimed. For r < Lry the asserted bound already follows from Theorem 4.2.

Inserting (51) in the definition of fj and recalling (35), for Lry < r < T} with
sufficiently large L > 0 and k > ko(L) then we obtain

2 _YE
fi = M(u2(0) + wy)e @ T mE@ )
2 (1+e)b
T

Choosing b < 2 such that (14 )b = 2 + ¢, upon integrating over B, we obtain

or(Ty) = frdr <Ay + fr dx
BTk BTk\BLTk
24¢ €
§A1+Cr,;2/ r—’“) de < Ay 4+ Ce™! (r—’“> <A +e,
Br \Brr, T Lry

if first L > Lo(e) and then k& > ko(L) is chosen sufficiently large. Since e > 0 is
arbitrary, the proof is complete. O

If we now choose ¢ | 0 such that with s, = Tk(ex) we have ug(sx) — oo, by
Theorem 4.2 we also have /sy — 0, s, — 0 as k — oco. That is, we can achieve
that

) . ug(sk) )

2 lim A =Aq 1 =1 — =1 =
(5 ) ki»nolo k(Sk) b ki»rgo uk(rk k—g)lo Sk ki{{olo ok 0
In addition, from (49) we obtain that
(53) lim lim (Ak(sk) - Ak(L’I“k)) =0.

L—o0 k—oo
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Let r, = r,(cl), Sk = sg). We now proceed by iteration. Suppose that for some

integer | > 1 we already have determined numbers r,(cl) < sg) << T,(cl) < s,(cl)

such that
(54) Jlim Ap(sPy =14
and
- ) ) _ug(s?) W W
(35) Jim, dim (Blsi) = AwlEnc ) =l 0y = i, S =l on =0

For0<s<t<Rlet

t
Ni(s,t) :/ er dx :/ )\kuie“kdz = 27T/ /\kruie“kdr
Bi\Bs B:\Bs s

and define

0
P(t) = thk(s,t) = t/aB ey do = 27r)\kt2ui(t)e“i(t).
t

Note that (40) implies the uniform bound P, < C; moreover, with a uniform
constant Cy for any ¢ we have

(56) inf  Pp(t") < CoNg(t/2,1).

t/2<t <t
A preliminary quantization now can be achieved, as follows.

Lemma 5.3. i) Suppose that for some tj, > s,(cl) there holds

sup  Px(t) — 0 as k — oo.
s <t<ty,
Then we have
Jim Ni(s\, 1) = 0.

O]

ii) Conversely, if for some t, > s,.” and a subsequence (uy) there holds

Jlim Ni(s, tx) = vp > 0, lim # =0,

then either vy > m, or we have

likm inf Py (tx) > vo

and
lim liminf Nk(s,il), Lty) > m, lim limsup Nk(s,(cl),tk/L) = 0.

—o0 k—oo L—oo koo

O]

Proof. i) For s = 5;” <t we integrate by parts to obtain

2Nj(s,t) = / er div x dx = Py(t) — Pi(s) — / x - Vey dz
(57) B¢\Bs B¢\ Bs

t
< P(t) — 47r/ Mer?ul, (14 u uge s dr.
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In order to further estimate the right hand side we observe that (3) for any t < R
yields the identity

(58) —2mtug (t)uy,(t) = / )\kuk(t)uke“idx — / uk(t)uke“ﬁdx.

B By
Estimating u2(t)e"* < max{u2(t)e"+®) u2e"}, by Lemma 4.1, (40), and (47), we
can easily bound the contribution from the second integral

( / wn(t)]inle da) < Ay / w3 (t)e i da - ;! / W2evhdr
(59) B B B
< 0(1)(”)‘kt2ui(t)e“i(t) + )\k/ uie“idx) — o(1),

B

where o(1) — 0 as k — oo. From (58) we then obtain that at any sequence of
points ¢t = t, where u},(t) > 0 there holds

(60) /B )\kuk(t)uke“idx = o(1).

On the other hand, if for tyg = to < r <t =t there holds u} (r) < 0 = u}(to), by
(60) we can estimate

u? 2 u? u?
Apug (t)uge rde < Apuietdr + A (to)uge s dx
(61) B, Bi\By, B

to

= Nk(to,t) + 0(1)

In view of (59)-(61) and (55), for s = s,(cl) <r <t=t, and with r, = r,(cl) we then
can estimate

—27rug (r)uy(r) = Ak Uk (r)uke“i dx +o(1)
B

(62) < Ni(s,r) + /BS )\kuk(s)uke“idm +0(1)
ug(s)

< Ng(s,r) + Ni(Lrg,s) + ———
k(s,7) + Ni(Lrg, s) e (L)

Ak(L’I“k) + 0(1)

= Ni(s,7) + o(1),

where 0(1) — 0 when first ¥ — oo and then L — oo. Indeed, the first inequality
is clear when u) < 0 in [s,r], and otherwise follows from (60), (61). The second
inequality may be seen in a similar way. Recalling (57) we thus arrive at the
estimate

(63) 2N (s,t) < Pp(t) + 2/5 Ner (1 + ud)e s Ny (s, r)dr + o(1)
< Py(t) + 7 Ni(s, )% + o(1).

If we now assume that

sup Pi(t) — 0 as k — oo,
s<t<tp

upon letting ¢ increase from t = s = sg) to t, we find

Jim Ni(s\ tx) =0,
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as claimed.

ii) On the other hand, if we suppose that for some ¢ > sg) we have

(64) 0< khm Nk(sl(cl)7tk) =1 <,
from (63) with error o(1) — 0 as k — oo we conclude that

(65) vo +0(1) < (2 — vo/m)Ni (s, 1) < Pi(tr) + o(1).
It then also follows that

lim liminf Nk(sg),Ltk) > .

—o0 k—

Otherwise, (56) and (65) for a subsequence (uy) yield the uniform bound

Co lim inf Ny (Lt /2, Lt) > liminf inf P(t) > wo
k—o0 k—oo Lty /2<t<Lty

for all L > 2. Choosing L = 2™ where m € N, and summing over 1 < m < M, we
obtain

Cy likminf Ak(QMtk) > Cy likminf Nk(tk,QMtk) > vgM — oo as M — oo,

contrary to assumption (47). Upon replacing tj by tr/L in the previous argument
and recalling our assumption (64), by the same reasoning we also arrive at the
estimate
lim liminf Ng (s, tx/L) = 0.
o0

L—oco k—

This completes the proof. O

Suppose that for some t; > s,(cl) with ¢y — 0 as £ — oo there holds

lim inf Ni(s", 1) > 0.

Then we can find a subsequence (uy) and numbers r,ilﬂ) G]s,(cl), tr[ such that

(66) Jlim Ni(sP,rHDy = > 0.

Replacing our original choice of r,(clﬂ) by a smaller number, if necessary, we may
assume that vy < 7. Lemma 5.3 then implies that

(67) Llim likm inf Nk(s,gl),LT,il+1)) >m, lim limsup Nk(s,(cl),r,(f—’_l)/L) =0,

L—oo [ oo

and that
(68) lim inf P(r™™y > 0.
In particular, since r,(clH) <ty — 0 we then conclude that uk(r,(clﬂ)) — 00.

The desired precise quantization result at the scale r,(clﬂ) is a consequence of the
following Proposition.
Proposition 5.4. There exist a subsequence (uy) such that
I+1 I+1 I+1 I+1
mh @) = () (V) — () — ()

locally uniformly on R?\ {0} as k — oo, where n(x) = log(ﬁ).
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Postponing the details of the proof of Proposition 5.4 to the next section, we
now complete the proof of Theorem 5.1.

Denote as v,(€1+1)(:c) = uk(r,(j“)z) i),(clﬂ)( ) = dg(r the scaled functions

uy, and 1y, respectively. Omitting the superscript (I 4 1) for brevity, similar to the

proof of Theorem 4.2 for 7y := 77;2”1)

(rVa)

3

we have

— Ay, = Aerog(Dore’s — r2opop()e’ =: I, + II,

where 1T, — 0 in L} (R?\ {0}) as k — oo. Moreover, letting py = p,(clﬂ) = ot
ai = a(l+1) =1+ 2—1}727(—1), by Proposition 5.4 we have ap — 1, py — 1 as k — o0
locally uniformly away from =z = 0, and

I = Akrivk(l)vke”i = /\krivi(l)evz(l)pkevk vi@) = = (27) "L Py (1) pree®@r e,

Now observe that 1 solves equation (33) on R? with

/ e2dy = 41 = A;4.
]RZ

We therefore conclude that Py(ry) — 27 and

(69)
lim lm Ng(r (l+1)/L Lr (l+1)) = hm lim /\krivie”idz
L—o00 k—oo L—oo k—oo BL\Bl/L
= lim lim (2m) L Py (1) pre®® e d = lim e2dx = A;.
L—o00 k—o0 BL\B1/L L—oo BL\Bl/L

From (67) then we obtain that

lim lim Nk(s,(f),Lr,(CHl))

L—oo k—oo

— lm Lm (Nk(S;il),T;il+1)/L)+N (r (l+1)/L Lr (l+1))) Ay

3
—00 k—o0

and our induction hypothesis (54) yields
(70) lim lim Ak(Lr,(ClJrl)) = lim lim (Ag(s ()) + Nk(s;),Lr(Hl))) =({+1)A;.

L—o00 k—oo L—o0 k—oo

(z+1/ (+1) 1o (z)

Moreover, r $;.) — 00 as k — oo. Indeed if we assume that

for some L by Proposition 5.4 we have Nk( Sy, /2,5,c ) > vy for some Constant
vy = vo(L) > 0, contradicting (55).

In order to obtain decay analogous to Lemma 5.2 and then also the analogue of
(55) at the scale r](clﬂ), denote as

W™ (@) = () (g () — ug (rTY)
(14+1)

the unscaled function n, ", satisfying the equation
l l R0 l l
(71) —Aw,iH) = Akuk(r,i+1))uke uk(r,(€+ )) ko= f,g +1) _ d,(C +1)

in 2 = Br. We then have the analogue of Lemma 5.2, which may be proved in the
same fashion.
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) (

Lemma 5.5. For any € > 0, letting T}, = T,SZH > rle) be minimal such that

up(Ty) = Euk(r,(clﬂ)), for any constant b < 2 and sufficiently large k and L there
holds
PO
’LUI(ClJrl)(?“) <blog ( kT ) on Br, \BLr,(j“)

and we have
Jim Ni(sD, Te) = Ay
Proof. Denote w,(clH) = wg, r,(clﬂ) =T, dgﬂ) = dy, for simplicity. Coupled with

the uniform bound u(t) > eug(ry) for r, <t < T}, the estimate (59) yields decay
of [ |di|dx. Thus, for Lr <t =t} < T from (69) and Proposition 5.4 we have
k

uk(rk)

U

2wy (t) = dywy do= | Awy, dv < —/ e dr + o(1)
(72) aB, By B

< —Ng(rg/L, Lry) + o(1) < —Ay + o(1),

Lry,

with error o(1) — 0 uniformly in ¢, if first K — oo and then L — co. For any b < 2
and sufficiently large L > L(b) for k > ko(L), we thus obtain that

b
wy(t) < ~3

for all Lry <t <T}y. For such ¢ it then follows that

er < )\kui(rk)eui(”)e%H%)wk
< (27) 1 P(rg)rp 2e e < Oy (%)““”,

and the proof may be completed as in Lemma 5.2. O

For suitable numbers Sngl) = T,SZH)(Ek), where €, | 0 is chosen such that
uk(s,(clﬂ)) = Ekuk(r,(clﬂ)) — 00 as k — oo, then we have
(73) Jlim AUy = 1+ 1A,
and

iy (0 ) — Au( 27

(74) . 1) . m — Jim sV =,

k.
k—oo S](Cl+1) k—oo uk(rl(cl+1)) k—oo

completing the induction step. In view of (47) and Lemma 5.3 the iteration must
terminate after finitely many steps 1 <[ < [,, after which

Nk(s,(cl*),tk) —0ask — o0

for any sequence t; — 0 as k — oo This concludes the proof of Theorem 5.1 in the
radial case.
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5.2. Proof of Proposition 5.4. Throughout this section we let ri = r](cHl), etc.,

and we set 7, = r,(cl), s, = sg). Again denote as v (z) = uk(rrx), 0 (z) = tx(rrx)

the scaled functions wuy, g, respectively. As usual we write vg(x) = wvi(r) for
r = |z|. Recall that (68) implies that vy (1) = ug(ry) — 0.

Lemma 5.6. As k — 0o we have vg(x) — vi(1) — 0 locally uniformly on R*\ {0}.

Proof. The function 9y (x) = vi(z) — vk (1) satisfies the equation
— Al = gi — i,
where g = /\krivke”z and with [ = T%i}ke”i.

We claim that g — 0 locally uniformly away from 0. Indeed, since rp — 0, for
any ¢ where gi(x) > 1, we have vg(z) = ug(rgx) > vy, with constants v, — oo
independent of z. Hence for any L > 0 and any 1/L < |z| < L we either can bound
gx(z) <rp — 0, or

g () = Ner2og ()€ @) = Agr2ug (rpa) e (62)
= (2m) 2| 2Py (relz]) fur(rex) < CL?y ' — 0

as k — oo. Moreover, (40) and Lemma 4.1 imply

/ lIk|? dz < A\gri sup e (@) <)‘k1/ aie“i dz>
Br\Bi,(0) 1/L<|z|<L Brry, (zx)

P
< (2n)"'L?  sup M <)‘k1/ ﬁie“i dx) — 0
1/L<|z|<L uii(re|zl) Q

(75)

for any fixed L > 1 as k — oo.
Since from (7) or (12), respectively, we also have the uniform L2-bound
IVl = |[Vuillee < €,

we may extract a subsequence (ug) such that 0 — @ weakly in H}. (R?), where ©
is harmonic away from the origin. In addition, V& € L?(R?); since the point x = 0
has vanishing H!-capacity, we then have A% = 0 in the distribution sense on all
of R? and 7 is a smooth, everywhere harmonic function. Again invoking the fact
that Vo € L?(R?), and recalling that ©(1) = 9x(1) = 0, then we see that ¥ vanishes
identically; that is, o, — 0 weakly in H}. (R?).

Recalling that for radially symmetric functions weak H'-convergence implies
locally uniform convergence away from the origin, we obtain the claim. (I

Now ni(x) = vk (1) (v () — vk (1)) satisfies the equation
(76) —An, = )\krivk(l)vke”z — r,%vk(l)i)ke”z =: I + II}.

By Lemma 5.6 for any L > 1 we can bound supp, \p, ,, vk(1)/vr < 2 for sufficiently
large k. Lemma 4.1, (47), and (59) then yield

By B, Br\B:

1/2
<o(1)+ 2()%/ uie“idm . )\,;1/ uie“i da:) — 0,
B

Lry Brr,



18 TOBIAS LAMM, FREDERIC ROBERT, AND MICHAEL STRUWE

with error o(1) — 0 as k — oo for any fixed L > 1. Upon estimating vy (1)vxe’ <
max{v2(1)e’*(), v2ev}, for 1/L < |z| < L by (40) we can bound the remaining
term

(78) I (z) < (27) ' max{Py(ry.), |2| 2 Pe(ri|z|)} < C(1 + L?)
Moreover, letting % = vp/vr(1) — 1in Br \ By, we have
(79) I, = N2 (1)e s Wiyete oD = p gy em (400,
where py = (2m) "' Pi(rx) > po > 0 by (68).

Finally, similar to (62) and in view of (55) we find

/ I, do = / )\kuk(rk)uke“idx
B1,(0) B, /1(0)

_ ur(sy)
< Ny(Lry,re/L) + CA—2E2
(Lrygsme /L) uy(Lry,)

if we first let £ — oo and then pass to the limit L — oo.

(80)

Lemma 5.7. There exist a subsequence (ug) such that ng — neo locally uniformly
on R?\ {0} as k — oc.

Proof. For any L > 1 decompose ny = hx +nx on B \ By/1(0), where Ahy =0
in By \ By1/1,(0), and where ny = 0 on 9(Bg \ By,1(0)). In view of (77), (78), and
passing to a subsequence, if necessary, we may assume that ny — n as k — oo
in Wh? on By \ By,(0) for any ¢ < 2 and therefore also uniformly by radial
symmetry.

On the other hand, letting h) = max{0, hy}, from (78) - (79) for sufficiently
large k we obtain the estimate

/ hydx < / (i + |nw|) da
Br\Bi,r(0) Br\Bi,(0)

< / e(H0m 4 4 C(L) < C(L) < oo.
Br\Bi,r(0)

From the mean value property of harmonic functions and Harnack’s inequality we

conclude that either hy — h locally uniformly on Bz, \ By,1(0), or hy — —oo and

hence 7, — —oo locally uniformly on By, \ By,.(0) as k — oo. But the identity

Nk(1) = 0 excludes the latter case, and the assertion follows. O

Now we can complete the proof of Proposition 5.4. Since Any by (76) - (80) is
uniformly bounded in L*(B(0)), the sequence (1) is bounded in W14(B,(0)) for
any ¢ < 2 and any L > 1 and we may assume that 7, — ng also weakly locally in
W14 on R? as k — oc.

By Lemmas 5.6 and 5.7 we may then pass to the limit & — oo in equation (76)
to see that 1., solves the equation

(81) —Ane = Do’ on R? \ {0},

for some constant ps, = limg_oo pr > 0. Moreover, by Lemma 5.7, and (78) we
have
Poc€?’™ = lim pkﬁie"’“(v’“(m)"'l)) = lim 0,0y = lim rieg(ry-)
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locally uniformly on R? \ {0}. Thus, with a uniform constant C for any L > 1 we

have
poo/ €2 dr < lim inf/ er dx < CA.
Br\Bi,L(0) k=00 JBL. \B,, ,L(0)

Passing to the limit L — oo, we see that e?’=~ € L'(R?). By (77) and (80) we also
have

k—o0

lim sup/ |Ang| dz — 0

By,1(0)
as L — oo. Hence 1o extends to a distribution solution of (81) on all of R%. Our
claim then follows from the Chen-Li [4] classification of all solutions 7. to equation

(81) on R? with 27~ € L'(R?) in view of radial symmetry of 7., together with the
fact that 9. (1) = nx(1) = 0.

5.3. The general case. For the proof of Theorem 5.1 in the general case fix an

index 1 < i <14, and let 2, = x,(j) — z(i), O0<rg = r,(j) — 0 be determined as in

Theorem 4.2 so that ug(zx) = max|,_z, |<rr, ux(z) for any L > 0 and sufficiently
large k and such that

(82) (@) = 0t (x) = wg () (ug (@ + rx) — up(zx)) — log (T1|9~“|2)

as k — oo. For each k we may shift the origin so that henceforth we may assume

that xp = 0 for all k. Denote as Q; = Q,(:) the shifted domain 2. We also extend
ug, by 0 outside Q to obtain uy € H'(R?), still satisfying (47).

Again we let e = )\kuie“i, B = /\kuk(())uke“i, and for 0 < r < R we set
Ak (r) :/ e, dx, o(r) :/ fr dx,
B, B,

Also introduce the spherical mean @(r) =£B ugdo of ug on 9B, and so on,

satisfying (49).

and set €, = )\kaieﬁi.

The spherical mean wy, of the function

w(z) = up(0)(ur(z) — ur(0)),
satisfies the equation
(83) —Awy = fi, — dy,
where f, = A\pug (O)uke—mi and where
dj, = up(0)ige"t — 0 in L'(Br,,)

for any L > 0 as k — oo similar to (59).

Note that by Jensen’s inequality we have
(84) €k < €k;
hence

Ap(r) == /B & dz < Ap(r), /B Fo da = on(r).
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Observe that in analogy with (49) Theorem 4.2 implies

lim lim o (Lrg) = Ag.

- L—oo k—oo

(85)  fim Jim Ay(Lry) = lim lim Ag(Lry)

To proceed, we need the following estimate similar to the gradient estimate of
Druet [6], Proposition 2. For any k € N, 2 € 2 we let

Ri() = dnf |z =2}

Proposition 5.8. There exists a uniform constant C' such that for all y € Q) there
holds

sup  Juk(y) — uk(2)|uk(y) < C,
2€BR, (y)/2(Y)

uniformly in k € N,

The proof of Proposition 5.8 is given in the next section.

Recalling that x,(f) =0, we let

) 1.
pr=py) = 5}§filfck I,

and we set pp = diam(Q) if {j; 7 # i} = 0, that is, if there is no other concentration

point but :z:,(j). We now use Proposition 5.8 to deal with concentrations around the

point as,(j) at scales which are small with respect to py.
Indeed, for |z| < pr we have |z| = Ry(x); therefore, by Proposition 5.8 and
Lemma 5.14 below for any 0 < r < p with a uniform constant C' there holds

2(x) — inf  wui(z) < C.
(86) T/2S§u\£)\§r/u,€(x) T/QISITﬂST Uk(l‘) - ¢

Hence, in particular, there holds

(87) sup  e"h(®) < Cek(r)
r/2<]z|<r
and we conclude the estimate
1 2 =2 2
(88) — sup ui(x)et@® < (14 ad(r)e™ () <Cs inf (1+ui(z))e  ®)
Cs v ja<|e|<r r/2<z|<r

with a uniform constant C3. In the following we proceed as in [14]; therefore we
only sketch the necessary changes we have to perform in the present case.

Because of our choice of origin xg) = 0 there holds ug(x) < ug(0) for all |z| <
Lry, k > ko(L); hence at this scale there also holds the inequality ey < f.

Similar to Lemma 5.2 with the help of (88) we obtain

Lemma 5.9. For any € > 0, if there is a minimal number 0 < Ty, < pr such that
g (Tx) = eug(0), then for any constant b < 2 and sufficiently large k there holds

wi(r) < blog (r—k) on Br,
r

and we have
Jim Ap(Ty) = Jim Ay(Tx) = lim o4(T}) = 4.



HEAT FLOW WITH CRITICAL EXPONENTIAL NONLINEARITY 21

Next we define for 0 < s <t < pg

Ni(s,t) = / epdr = /\k/ uie“idx,
B\ B B\ Bs

t
Ni(s,t) = / érdr = 277)%/ riaze ™ dr < Ni(s,t),
B:\B; s

and

where we used Jensen’s inequality for the last estimate. Moreover we let

Pk(t) = thk(S,t) = t/ ekdo
ot OB,

and 5
Pi(t) = t=N(s,t) = t/ éndo = 2mt2\pule™ < Py(t).
ot 0B,
The estimate (88) implies

(89) Ni(s,t) < C3Ni(s,t) + o(1) and Py(t) < CsPi(t) + o(1),

with error o(1) — 0 as k — oo, uniformly in s < ¢t < p. Moreover, similar to [14],
estimate (26), by (88) with uniform constants Cy, C5 we have

(90) Pi(t) < CaNk(t/2,1) + o(1) < CsPu(t/2) + o(1).

If for some € > 0 there is no Ty, = Tx(¢) < pi as in Lemma 5.9 we continue our
argument as described in Case 1 after Proposition 5.11. Otherwise, we proceed by
iteration as in the radially symmetric case. Choose a sequence €5 | 0 such that
with corresponding numbers s, = Ti(e) < pr we have ux(s) — oo as k — oo.
Then there holds

khm Ak(sk) = A1 =47
and

lim lim (Ax(sg) — Ag(Lrg)) = lim ?k(sk) = lim £ = lim s = 0.
L—o00 k—o0 k—o0 uk(rk) k—oo Si k—o0

By a slight abuse of notation we let r, = r,gl), Sk = s,(:). Suppose that for some

[ > 0 we already have determined numbers r,il) < s,(cl) <...< s,(cl) < pi. such that

(91) Jim_ lim Ag(s) = Ayl = 4nl
and
L ) ) o ap(s?) e W
(92) ngrl klgn (Ar(sy,’) — Ap(Lry”)) = kILm ——0, = Am gy = kh_)m s;.” = 0.
00 oo oo uk(rk ) oo Sy, 00

Similar to Lemma 5.3 we now have the following result.

Lemma 5.10. i) Suppose that for some S](cl) < tx < pi there holds

sup  Px(t) — 0 as k — oo.
s <t<ty,

Then we have
Jim Ni(s\, 1) = 0.
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ii) Conversely, if for some s,(cl) <t and a subsequence (uy) there holds

t
lim Ny(s,te) = vo >0, lim — =0,
k—o0 k—oo pk

then either vy > m, or we have
liminf Py (tx) > v
k—o0

and
lim liminf Nk(sl(cl),Ltk) >, lim limsup Nk(sg),tk/L) =0.

—00 k—oo L—co ko0

Proof. i) Because of the estimate (89) it is enough to prove the Lemma with
Ni(s,t) and Py (t) replaced by Ny(s,t) and Py(t). For s = s,(cl) < t we integrate by
parts as before to obtain

t
(93) 2N (s,t) < Py(t) — 477/ Ner2il (1 + @) tapet dr.

As in the proof of Lemma 5.3 equation (3) yields the identity
(94) ot (£)i1) (£) = / Al (E) e dar — / i (1) e .
B, By

for any ¢t < pi. Arguing as in (59) we get that
/ ﬂk(t)uke“idx —0
By

as k — oo. In view of (94) and Jensen’s inequality at any sequence of points ¢ = ¢,
where @) (t) > 0 then there holds

B By
Conversely, if @}, (r) <0 = u} (to) for tyo = to < r <t = ty, by (95) we can estimate

/ /\kak(t)akeﬁidz S/ /\kﬁieﬂidﬂf+/ )\kﬁk(to)ﬁkeﬁﬁdz
(96) By BBy,

Big
= Nk(t()vt) =+ 0(1)

Combining the above estimates, similar to (62) for s = s,(cl) <r<t=t; we get

—27riy (r)ig,(r) = / )\k@k(r)ﬂkeﬁidx +o(1)
B

T

o) < Ni(s,r) + /BS )\kﬂk(s)ﬂkeﬁi dx + o(1)
@k(s)

< Ni(s,7) 4+ Ni(Lrg, s) + ———2—
k(8,7) + Ni(Lrg, s) T (L)

Ak(L’I“k) + 0(1)
= Nk(s,r) +0o(1),

where 0(1) — 0 when first kK — oo and then L — co. As in (62) the first inequality
is clear when 4) < 0 in [s,r], and otherwise follows from (95), (96). The second
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inequality is proved similarly. Thus we conclude the estimate

o5 2Nk (s, 1) < Pk(t)—i—Q/s Ner(1 + @2)e" Ny (s, r)dr + o(1)

IN

Pp.(t) + 7 Ni(s,1)% 4 o(1).
If we now assume that

sup Py(t) < Cs sup Py(t) +o(1) — 0 as k — oo,
s<t<tp s<t<ty

as in Lemma 5.3 we find the desired decay
Jim Ni(s, tx) =0

O]

when we let ¢ increase from ¢ = s = s;,” to tj.

ii) In view of (98) the second assertion can be proved as in Lemma 5.3. (]

By the preceding result it now suffices to consider the following two cases. In
Case A for any sequence t; = o(py) we have

sup  Py(t) — 0 as k — oo,
s <t<ty,
and then in view of Lemma 5.10 also

(99) lim lim Ni(s\”, px/L) = 0,

L—oo k—oo

thus completing the concentration analysis at scales up to o(pg).

In Case B for some s,il) < tx < pi there holds

t
lim sup Nk(sg),tk) >0, lim ALa—
k—o00 k—oo Pk

Then, as in the radial case, from Lemma 5.10 we infer that for a subsequence (uy,)
and suitable numbers r,ilﬂ) E]s,il), tr| we have

(100) lim lim Ni(s\", Lri*) > 7, lim inf Po(r") > 0;

— 00 k—oo

in particular, (r](clﬂ)) — 00 as k — oo. Moreover, as in Lemma 5.10 the bound

(100) implies that r,(clﬂ)/sg) — 00 as k — oo. Indeed, assume by contradiction
that r,(clﬂ) < Lsg) for some L > 0. Then from (88), (90), and recalling that

Nk(sg)/Q, sg)) — 0 as k — oo we obtain that Pk(r,(clﬂ)) — 0 contrary to (100).
Also note that

(14+1)
t
101 lim limsup Ny s(l),r(l+1) L) = lim "k = lim = =0.
k k
L—oo |00 k—oo Pk k—oo Pk

Moreover, we have the following analogue of Proposition 5.4.
Proposition 5.11. There exist a subsequence (uy) such that
I+1 _ I+1 1+1 _ I+1
m (@) = () () = an () = (@)

locally uniformly on R?\ {0} as k — oo, where 1 solves (33), (34).
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Proposition 5.11 is a special case of Proposition 5.12 below, whose proof will be
presented in Section 5.5.

From Proposition 5.11 the desired energy quantization result at the scale r,(clﬂ)

follows as in the radial case. If py > pp > 0 we can argue as in [14], p. 416, to
obtain numbers s,(clﬂ) satisfying (91), (92) for [ 4+ 1 and such that ﬂk(s,(clﬂ)) — 00
as k — oo. By iteration we then establish (91), (92) up to I = Iy for some maximal
index Iy > 0 and thus complete the concentration analysis near the point z(".

If pi — 0 as k — oo, we distinguish the following two cases. In Case 1 for some
eo>0andallt e [r,(clﬂ),pk] there holds @ (t) > eotix (r,(clﬂ)). The decay estimate
that we established in Lemma 5.9 then remains valid throughout this range and
(91) holds true for any choice Sngl) = o(pg) for I =1+ 1. Again the concentration
analysis at scales up to o(pg) is complete. In Case 2, for any € > 0 there is a
minimal T}, = Tk (e) € [r,il+1),pk] as in Lemma 5.9 such that @, (T%) = ety (T]il+1)).
Then as before we can define numbers s,(clﬂ) < pi with ﬂk(s,(fﬂ)) — 00 as k — oo
so that (91), (92) also hold true for [ + 1, and we proceed by iteration up to some

maximal index Iy > 0 where either Case 1 or Case A holds with final radius rlo),
For the concentration analysis at the scale py, first assume that for some number

L > 1 there is a sequence (z) such that pr/L < Ri(xg) < |zk| < Lpx and

(102) )\k|xk|2ui(xk)e“i(”) > vy > 0.

By Proposition 5.8 we may assume that |xg| = pr. As in [14], Lemma 4.6, we then

have ﬂk(pk)/ﬁk(r,(f")) — 0 as k — oo, ruling out Case 1; that is, at scales up to
o(pr) we end with Case A. The desired quantization result at the scale pj then is
a consequence of the following result that we demonstrate in Section 5.5 below.

Proposition 5.12. Assuming (102), there erists a finite set So C R? and a sub-
sequence (uy) such that

k(@) = uk(x) (u(prr) — uk(zr)) — n(2)
locally uniformly on R?\ Sy as k — oo, where 1 solves (33), (34).

By Proposition 5.12 in case of (102) there holds

lim limsup erdr = Ay = 4.

L=00 koo /{JEEQ;%‘SRIC(I)SWKLM}
Letting

Xpa =X ={2;30 > 0: 2| < Cpp for all k}
and carrying out the above blow-up analysis up to scales of order o(py) also on all

balls of center mg) € X1, then from (92) we have

Llim klim A(Lpr) =M1+ L) =471 + 1),

where I; is the total number of bubbles concentrating at the points x,(cj b e X 18)1 at
scales o(py).

On the other hand, if (102) fails to hold clearly we have

(103) lim lim sup

/ erdr =0,
L=00 k—oo J{zeQ;2k <Ry (z)<|z|<Lpy}
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and the energy estimate at the scale pi again is complete.

,(:) = 0 at scales exceed-

In order to deal with secondary concentrations around z
ing pg, with X 1 defined as above we let

@ _ 1

Pk = Pr1 = inf |‘T§cj)|;

2 e exyq}

again we set py 1 = diam(Q), if {J; x,(cj) ¢ X1} = 0. From this definition it follows
that px.1/pr — o0 as k — oo. Then either we have

lim lim sup Ny (Lpx, %) =0,

L—©o k00 L
and we iterate to the next scale; or there exist radii t; < pg 1 such that ¢ /pp — o0,
tk/pr1 — 0 as k — oo and a subsequence (uy) such that

(104) Pk(tk) >y >0 for all k.

The argument then depends on whether (102) or (103) holds. In case of (102), as in
[14], Lemma 4.6, the bound (104) and Proposition 5.12 imply that @ (¢;)/ak(px) —
0 as k — 0. Then all the previous results remain true for r € [Lpg, px,1] for
sufficiently large L, and we can continue as before to resolve concentrations in this
range of scales.

In case of (103) we further need to distinguish whether Case A or Case 1 holds
at the final stage of our analysis at scales o(py). In fact, for the following estimates
we also consider all points $](cj b e X IgZ)l in place of x,(;). Recalling that in Case A
we have (92) and (99), and arguing as above in Case 1, on account of (103) for a
suitable sequence of numbers sl(coi such that s,(coi/pk — 00, tk/s,goi — o0 as k — o0
we find

. . 0 j 1§
Jim - lim. (A(S;(C,i) - > AP ))) =0,
A ext
, )
where A,(j )(T) and r,iloj ) are computed as above with respect to the concentra-

tion point :z:,(cj ) In particular, with such a choice of s,(coi we find the intermediate

quantization result
lim Ar(sp)) = Ay = 4nly
analogous to (91), where I; is defined as above. Moreover, in Case 1 we can argue
@)
as in [14], Lemma 4.8, to conclude that ﬂk(tk)/ﬂk(r,(f“ )) — 0 as k — 0; therefore,
similar to (92) in Case A, we can achieve that
@)
a(sin) o)
— 45— = lim =0
k—oo _ (loj)) k—o0 S(O)
ap(r,® ) k,1

for all x,(cj) S X,gz)l where Case 1 holds.

We then finish the argument by iteration. For [ > 2 we inductively define the
sets

Xpo =X\ ={2;3C > 0: 2| < Cppy-y for all k}
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and we let

as before, we set py; = diam(€2), if {j; x,(cj)

¢ X 182} = (). Tteratively performing the
above analysis at all scales py;, thereby exhausting all concentration points xg ),
upon passing to further subsequences, we finish the proof of Theorem 1.1.

5.4. Proof of Proposition 5.8. We argue as in [14], thereby closely following the
proof of Druet [6], Proposition 2. Suppose by contradiction that

(105) Ly, :=sup < sup lug(y) — uk(z)|uk(y)) —ocoask — 00 .
y€Q \ 2€BR, (y)/2(y)

Let yr € Q, 21, € BRk(yk)/Q(yk) satisfy

(106) |k (yr) — uk(z)|uk(yx) > Li/2.

Lemma 5.13. We have uy(yr) — o0 as k — oo.

Proof. Suppose by contradiction that uy(yr) < C < oo. From (106) we then find
that ug(zx) — 0o as k — oo. Also letting 2, = (yr + 2x)/2, we now observe that
Ri(zr), Ri(2x) > Re(yr)/2 > |yr — 21| = 2|lyr — 2k| = 2|2k — 2|;
hence
Uk € Bry(20)/2(2k) » 2k € By (2)/2(2k)-
But then the estimate

L . N
< Jun (k) — wlyn)| < Jun(zr) — k()] + Jun(2) — we(ye)l,
2up (yx)
our assumption that ug(yx) < C, and our choice of y, zx imply
1 N N N
I (lur(2r) — we(yi)lun (2) + ur(Ze) — we(zi)ur(z1)) — 0o
as k — oo, and a contradiction to (105) results. O

A similar reasoning also yields the following result.

Lemma 5.14. There exists an absolute constant C such that

sup  [ui(y) — ui(z)] < CLy,
2€BR, (4)/2(¥)

uniformly in y € Q. In fact, we may take C' = 6.

Proof. From the identity
ui(y) — ui(2) = (ury) — un(2))(ur(y) + ur(2))
= 2(up(y) — uk(2))uk(y) — (ur(y) — ux(2))”
we conclude the bound
[ (y) — ud(2)] < 20+ (un(y) — ua(2))?
for all y € Q, z € Bg,(y)/2(y), and we are done unless for some such points y

and z there holds (u(y) — ug(2))? > 4L;. Suppose we are in this case. From
(105) we then obtain the estimate ug(y) < +/Lx/2 and hence ug(z) > 2+/Ly.
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Letting 2 = (y + 2)/2, as in the proof of Lemma 5.13 above we observe that
Ri(2), Ri(2) 2 Ri(y)/2 2 |y — 2| and

Y € Bry(2)/2(2) , £ € BR,(2)/2(2)-
Since ug(z) > 2v/Ly, the bound (105) implies that ug(2) > 3v/Ly/2. But then,
upon estimating
2Ly > |un(y) — ur(2)|uk(2) + |ue(2) — ur(2)lur(2)
> 3v/L|ur(y) — ux(2)|/2 > 3Ly

we arrive at the desired contradiction. O

From Theorem 4.2 and Lemma 5.13 it follows that sy := Ry (yx) — 0 as k — oc.
Set
Q= {y;yn + sky € Q}
and scale
vk (y) = uk (Y + sky), Uk(y) = WYk + sky), ¥ € Q.
Letting :z:,(f) be as in the statement of Theorem 4.2, we set

y = TP
Sk
and let
Sp={y)i1<i<i.).
Note that in the scaled coordinates we have
dist(0,Sy) = inf{|y\”|;1 < i <i} =1.

Also let
2k — Yk
=———>—¢€B 0).
Pk 5 1/2( )

Then there holds
Li/2 < |vk(pr) — vi(0) |k (0)

3sup( sup |vk<y>vk<z>|vk<y>>Lk;

YEQU \ 2€Baist(y,s,)/2(Y)

(107)

moreover, from Lemma 5.14 we have

(108) sup ( sup |02 (y) — vi(z )|) < CLy.

YEQU \ 2€Baist(y,s,)/2(Y)

Since s = Ri(yx) — 0 we may assume that as k — oo the domains 2}, exhaust
the domain
QO = RX] — 00, Ro[
where 0 < Ry < co. We also may assume that as k — oo either |yk)| — 00 or

(Z — y® 1 < i < i,, and we let Sy be the set of accumulation points of S,
satlsfylng dist(0,Sp) = 1. For R > 0 denote as

Krp=Kir=%nNBr(0)\ |J Byr®)
yESk
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Note that we have
Ry (yx + spy) = sy dist(y, Sg) > sp/R for all y € Kg.
Thus (40) in Theorem 4.2 implies the bound
(109) /\ksivi(y)evi(y) <C=C(R) forally € Kp.
Finally, letting
(110) —vpAvg, = Aps2v2e’t — s2igupett = I + I,

by (47) we can estimate
(111) [ k]l ) = )\k/ sruiekdy = )\k/ uie"rdx < C;
Q Q

moreover, by Holder’s inequality and Lemma 4.1 we have

(112) 1|1 71(q,) < ()\k/ uﬁeuidx) : ()\;1/ ufeuidm) —0
Q Q

as k — o0o. In view of (109) we also have the local L2-bounds

11622 ) < Csup (Aisue't) - (Ak / dy)

(113) Kr Q

< C(R)N / W2 ds < O(R),
Q

while Lemma 4.1 implies
(114) ||II;€||%2(KR) < C'sup ()\ksivie”i) : ()\kl/ aie“idm) -0
Kr Q

as k — oo, for any R > 0. Similarly, for any R > 0 we find
(115) |Avk|[r2(rp) — O (k — 00).
Also observe that (47) yields the uniform bound

(116) IVuklL2,) < C.
Lemma 5.15. We have Ry = oo; that is, Qo = R2.

Proof. Suppose by contradiction that Ry < co. Choosing R = 2Ry, from (4) and
(108) we conclude the uniform bound

sup vj(y) < CLy
yEKR
with C = C(R). Letting wy, = \/U—L%’ we then have 0 < wy < C, while (115) and
(116) give
||V’wk||L2(Qk) + ||Awk||L2(KR) —0as k — oo.

Since wg, = 0 on 00 N K g, it follows that wy — 0 locally uniformly, contradicting
the fact that \wk(pk) — wk(0)|wk(0) > 1/2 [l

Lemma 5.16. As k — oo we have
Vk

—L_ 1 locall ; Iy in R?\ Sp.
vk(O) — ocally uniformly in \ 0
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Proof. Recall from Lemma 5.13 that
ek = ug(yr) = vi(0) — oo as k — oo.
Letting wy, = c;, vk, from (115) and (116) for any R > 0 then we have
IVwell L2, + |[Awk L2k z) — 0 as k — oo,

and we conclude that wy, converges locally uniformly on R?\ Sy to a constant limit
function w. Recalling that dist(0,Sp) = 1, we obtain that w = w(0) = 1, as
claimed. O

Define )
Ok(y) = (o) = vr(0))uk(0).
We claim that @ grows at most logarithmically. To see this, let so > 2sup; [y™|
and fix ¢ = 3/2. For any fixed R > 0, any y € Kr with |y| > ¢%so let y; = ¢'~*y,
0 <1< L,sothat yi—1 € Bgist(y,,5,)/2(y1) for all I > 1 and sufficiently large k. Note
that we have |vg(yo) — v (0)|vk(0) < CLg. By Lemma 5.16 with error o(1) — 0 as

k — oo then we can estimate

L
Z uk(yr) — vk (y1-1)|vx(0) + C

(117) o(1) &
< ”L—k“) S or(w1) — vk (-1)low() + C

=1
<CH+ (140(1)L <C+(C+o(1))loglyl.

Moreover, from (113), (114) and Lemma 5.16 for any R > 0 with a constant C' =
C(R) we obtain

- v (0) vk (0)
118 A < — A <C — 0
118) 80z < 50 (T Yooz < Csup (722 ) =
as k — oo. Thus we may assume that vy — © locally uniformly away from Sj,
where v satisfies

(119) Av =0, 9(0) =0, sup ©>1/2, |o(y)| <C+ Clog(1l+ |y]).
B1/2(0)

Fix any point 2o € Sp. For any r > 0 upon estimating vy, (0)vuxe’ < max{v2(0)e’*(0) y2evi }
we have

Lk/ |A’L~)k|d1':/ Uk(0)|A’Uk|dJE:Ik+IIk,
B.(z0) Br(z0)
where

I, = / /\ksivk(())vkevzdx < C'/\ksivi(())e”i(o) + /\k/ Sivie”i da
B, (x0) B (z0)

< C)\kRi(yk)ui(yk)e“i(y’“) + )\k/ uie“% de < C
Q
by Theorem 4.2 and (88). Similarly, by Holder’s inequality
|IT,* = | sivk(0)|i)k|evidx‘2 < C’)\;l/ sii}ie”idx — 0.
Br(wo)

Br(mo)
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as k — oo. It follows that Aty — 0 in L}, (R?) as k — oo. The sequence
(D)) therefore is uniformly locally bounded in W for any ¢ < 2 and the limit
v € Wli)’f (R?) extends as a weakly harmonic function to all of R2. The mean value
property together with the logarithmic growth condition (119) then implies that ©
is a constant; see for instance [3], Theorem 2.4. That is, o = 0(0) = 0. But by (119)
we have supp, () |9] > 1/2, which is the desired contradiction and completes the
proof of Proposition 5.8.

5.5. Proof of Proposition 5.12. We follow closely the proof of Proposition 4.7
in [14]. Fix an index i € {1,...,4,} and write 7, = pj. Define

v(y) = (e +riy)
where y € Q) = Q,(j) = {y;x,(f) +rry € Q}. Also let

(4 (2)

G) _ T —

Y =
Tk
and
Sk=5" ={yi1 <5<}

By choosing a subsequence we may assume that as k — oo either |y,(c] )| — 00 or
yl(c]) -y 1< j<i,, and we let Sy = Séz) be the set of accumulation points of
Si. Note that 0 € Sy. Finally we let

(0) _ Tk — zg)
Y =
Tk

be the scaled points zj, for which (102) holds and which satisfy |y,(€0)| = 1. Choosing

another subsequence we may assume that y](€0) -y as k — co.

Recalling that vk(y,(co)) — oo by (102) and observing that R?\S is connected,
from Proposition 5.8 and a standard covering argument we obtain that
(120) v — vk(y,go)) —0 as k— o0
locally uniformly on R?\Sy. Moreover, as k — oo, the sets 2 exhaust all of R.

Next we note that 7 satisfies the equation
(121) —Ang = )\krivk(y,(co))vke”i - r%vk(y,(co))i)ke”i =1 + 11,

on Q. For L > 1 set Ky, = Br(0) \ (Uy,es,B1/1(y0)). Another covering argument

together with (88) allows to bound e’ < Cert ) = Cevi@) on K, where
C = C(L). By (40) and Lemma 4.1 for any L > 0 we then obtain

/ |IT;|2de < C’/\krivi(y,(vo))evi(yg’)) . (/\,:1/ rivievidx)
K, Br,(0)

= C/\kriui(zk)e“i(m’“) . ()\,;1/ _ ﬁie“idx) —0
By, (z()

as k — oo. Next rewrite I as

I = )\krivi (yl(CO))evz(yi‘)))ﬁkem(ﬁkJrl),
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where 0}, = From (120) we get that ¢, — 1 locally uniformly on R?\Sy

Vi
o (y”)

while from (102) we conclude that

(0)
N )10 = e o) — g

for some pg > 0 as k — oo. Since by Proposition 5.8 7y is locally uniformly
bounded, from (121) and the above considerations via standard L2-theory we obtain
that 7y is uniformly locally bounded in H? away from Sy. Hence we conclude that
M, converges locally uniformly away from Sg and weakly locally in H? to some limit
no € HZ,(R?\ Sp) which is smooth away from Sy and which satisfies the equation

loc

(122) —Ang = ppe®™

on R?\ Sy. Recalling that o[ = /\krivie”z, from (47) we can estimate

/ 2 dyr < lim liminf/ ﬁie"’“(ﬁ’“"'l)dx: lim 1iminf/ uo_lﬁklk dx
R2 Kr Ky

—00 k—oo —o00 k—oo

< ,ual lim sup/ )\ku%e“idm < CA
Q

k—o0

as before, and e*™ € L!(R?).

Similar to (77) we can moreover estimate for every L > 1
/ |[IIx|dz — 0 as k — oo,
Br(yo)

and analogous to (80) we have

/ Ik dr — 0
Bi/r(yo0)

for any yo € Sy if we let first £ — oo and then L — oco. Hence for such yo we
conclude that

k—oo

limsup/ |Ang|de — 0 as L — oo.
Bi1,1(0)

This shows that 79 extends as a distribution solution of (122) on all of R?. The

claim then follows from the classification result of Chen-Li [4].
In the case of Proposition 5.11 we argue similarly by scaling with r; = r,il+1).
Note that in this case Sy = {0}.

6. APPLICATIONS

In this final section we will use Theorem 1.1 to obtain solutions to (2) in the
supercritical high energy regime.

Let Q be a bounded domain in R?. Recall the Moser-Trudinger inequality

(123) sup / e dy < oo;
2 <1JQ

wEH Q)| Vull? 5 0 <
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see [10], [15]. The exponent a = 4 is critical for this Orlicz space embedding in
the sense that for any a > 47 there holds

(124) sup / e dy = oco.
we HY (@) Vull3, , <179

Indeed, suppose that Br(0) C €. Following Moser [10], for 0 < p < R consider the
functions

% 0<|z| <p,
1
mp,R(z): a2z log (£) / llog % p<|z|=r <R,
R < |x|.

Note that ||V, r|[7: o) = 1, and for any a > 47 we have
2
(125) / e’ dx — oo as p — 0.
Q

After scaling, (123) gives

(126) Co = ca(R) = sup E(u) < o0

weH (3l Vul|2 5, <a

for any a < 47, while for any « > 47 from (124) we have

(127) sup E(u) = oo.
W H (@ |Vul[2, <o

If we normalize vol(€2) = 7, the constant csr(£2) is maximal when = B;(0) =: B,
as can be seen by symmetrization. Let ¢, = c4r(B).

6.1. Solutions with “large” Moser-Trudinger energy on non-contractible
domains. We obtain the following analogue of a result by Coron [5]; our result
also is related to Theorem 1.1 in [12].

Theorem 6.1. For any c* > c, there are numbers Ry > Ro > 0 with the following
property. Given any domain @ C R? with vol()) = 7 containing the annulus
Br, \ Br,(0) and such that 0 ¢ Q, for any constant co with c4-() < ¢ < c*
problem (2) admits a positive solution u with E(u) = co.

The proof of Theorem 6.1 relies on the following observation.

Lemma 6.2. Let (u;) be a sequence in H}(Q) such that

E(ug) > ¢ > car (), /|Vuk|2dx—>47r as k — oo.
Q

Then there exists a point xo € Q such that |Vuy|? dv % 476, weakly in the sense
of measures as k — oo suitably.

Proof. We may assume that u, — u weakly in H}(2) and pointwise almost
everywhere as k — oo. Negating our claim, there exist ay,71 > 0 with a3 < 47w
such that

sup / |Vuk|2dx < .
keN, z1€Q J B, (z1)NQ
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But then by a reasoning as in the proof of Lemma 3.3 in [2] we conclude that
the functions e¥r are uniformly bounded in L9 for some ¢ > 1, and by Vitali’s
convergence theorem we have

E(u) = klim E(u) > ¢ > car ().
Since [, |Vu|? dz < 4m, the latter contradicts (126), which proves our claim. O

The proof of Theorem 6.1 now is achieved via a saddle-point construction similar
to Section 3.4 in [12]. We may assume that 0 < Ry < 1/2. Given such Ry, fix
R = Ry/4. For each Ry < Ry/8 = R/2, moreover, we let 7 = 7, € C5°(Bg(0))
be a cut-off function 0 < 7 < 1 satisfying 7 = 1 on Bg,(0) and such that 7 — 0 in
H'(R?) as Ry — 0.

For g € R? let m R4, (z) = m, r(z — x0). With a suitable number 0 < p < R
to be determined, for any z¢ with |zo] = 3R, any 0 < s < 1 then we define

'Us,wo(x) = Msp,R,(1—s)z0o (.Z‘)(l - 7‘(3;‘)) € H&(BRI \BRz (0))

Provided that  contains the annulus Bg, \ Bgr,(0), these functions then also belong
to Hi(Q).
Given ¢* > ¢, we fix the numbers 0 < p < R, 0 < Ry < R/2 so that
1 2
(5 / (e¥™om0 — 1) dx) > ¢
2 Ja

for all such domains €. This is possible by (125). Fixing such a domain €2, finally,
for any given c4-(2) < ¢o < ¢* we let

Ws 20 = \/Us,zoVUs,xo»

where for each s,z the number «; ;, is uniquely determined such that

1
E(ws,mo) — 3 /S2(eas,m[)v,§,a:0 —1)dz = co.

Observe that (126) and (128) imply the bounds 47 < a5, < 87 for each s, xg, and

(128)

11
0<s<1,|xo|=3R

(129) Oz —4mas s — 0
uniformly in |z¢| = 3R by (125).

Let us, 4, (t) be the solution to the initial value problem (3) - (5) with initial data
Us,z(0) = Ws,zo 2 0.
Lemma 6.3. With a uniform constant ag > 4w there holds
(130) sup |V o (1) |2 dz > ag

0<s<1,|lzo|=3RJQ

for all 0 <t < o0.
Proof. Otherwise by (7) we have ||Vu, 4, (t)||3. — 47 as t — oo, uniformly in s
and xg, and from Lemma 6.2 we conclude that

sup dist(m(us,z,(t)),2) — 0
0<s<1,|zo|=3R
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as t — 0o, where
) = Jo x| Vul? dz
Jo IVul? dx
is the center of mass. Moreover, by (129), (8), and Lemma 6.2 we have

sup dist(m(us,z, (1)), ) — 0
0<s<s0, |zo|=3R

as so — 0, uniformly in ¢ > 0. Recall that 0 ¢ Q. Thus, for some sufficiently small
number 0 < sp < 1 and sufficiently large 7' > 0 with a uniform constant § > 0 we
have

inf sag()] >8>0,
it (i (1)

provided that either 0 < s < sp or t > T Identifying 9B3r(0) with S and letting

751 (p) = p/|p| for p € R?\ {0}, then for sufficiently small 0 < sq < 1 and sufficiently

large T > 0 we can define a homotopy H = H(-,7): S'x]0,T + 1] — S by letting
Ts1 (m(ur,z,(0))), 0<r<sp,

H(I(),T) = ﬂ-Sl(m(uSo,mo(r_SO))); SO S r S T+SO)

ws1(m(tr—1,5,(T))), T+so<r<T+1.

Then clearly H(-, T 4+ 1) = const, whereas H (zo,r) — xo/|zo| as r — 0, uniformly

in xg, which is impossible. The contradiction proves the claim. O

Proof of Theorem 6.1 For any ¢t > 0 by Lemma 6.3 there are 0 < s(t) < 1, z(t)
with |zo(t)] = 3R such that

(131) / |Vus(t),9:0(t)(t)|2 dxr > ag > 4.
Q

Let (s1,20) be a point of accumulation of (s(t), z¢(t)) as t — co. Note that by (7)
for any fixed time tg we have

(132)
87> Oy o0 :/ Vg, 0y (0 da 2/ Vg, oo (t0)? da
Q Q

> litrninf/ |Vu5(t)7xo(t) (t0)|2 dx > litminf/ |vus(t),zo(t)(t)|2 dx > ag > 4m.
—00 Q —00 Q

Fix ug = us, 2,(0) > 0 and let u(t) be the solution to the initial value problem (3) -
(5) with initial data u(0) = ug with associated parameter A(¢). We claim that wu(t)
is uniformly bounded and hence converges to a solution us, > 0 of (2) with

/ |Viuoo|? dz > 41 and E(us) = co.
Q

This will finish the proof of the Theorem.

Indeed, suppose by contradiction that u(t) blows up as t — co. For a sequence
of numbers t; — oo as constructed in Lemma 4.1 then as k — oo we have A\, :=
A(tk) — Ao > 0; moreover, we may assume that uy, := u(tg) — Us in H}(Q) and
pointwise almost everywhere, where s solves (2). Finally, Theorem 1.1 and (132)
also give the bound

(133) / | Voo |* dx < 4.
Q
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It then follows that Ao = 0. Indeed, if we assume Ao, > 0, from (8) and the
dominated convergence theorem we infer

E(ux) = leII;O E(ug) = co > cax(82),

which is impossible in view of (133) and (126). But with Ao = 0 in view of (2)
also us, must vanish identically, and from Theorem 1.1 it follows that

(134) lim / |Vug|? do = 4rl,
k—oo Jq
for some [ € N, contradicting (132). The proof is complete. O

6.2. Saddle points of the Moser-Trudinger energy. By [7], Corollary 7, on
any bounded domain Q C R? the Moser-Trudinger energy E attains its maximum
Bir = can () in the set My, defined in (1). Moreover, we have

Lemma 6.4. The set K4 of maximizers of E in My, is compact.

Proof. Any u € Ky, solves (2). Given a sequence (uj) C Kyr, we may assume
that ur — e, weakly in Hg(2) as k — oo while by (9) the associated numbers
A — Aoo > 0. If Ay > 0, from (8) and the dominated convergence theorem as
above we conclude that E(ur) — F(us), so that E(us) = Bi, and us # 0. But
by a result of P.-L. Lions [8], Theorem 1.6, this implies that the functions Ui are
uniformly bounded in L? for some ¢ > 1, and up — us strongly in H}(Q), as
claimed. On the other hand, if Ao = 0, from (2) we conclude that also us must
vanish and E(us) = 0. Theorem 1.6 in [8] then implies weak convergence

(135) Vg 2dz ™ Andy,

for some z¢ € Q in the sense of measures, and by Flucher [7], Lemma 4 and Theorem
5, we have E(uy) < 0, for large k, contradicting our choice of (uy). O

In view of Lemma 6.4 now Lemma 5.3 from [11] remains valid for a general
domain and there exist numbers o > 47, € > 0 such that for any 47 < a < a*
there holds

Br:=supE> sup FE
Na,s NQ,QE\NQ,E

where

Noe={u€ My; v € Kyr: |[|V(u—0)||2 <e}.
Moreover, for any such « there exists @ € N, where 5% = E(u) is attained, and @
solves (2) for some A > 0. By (127) the set

To = {y € C%[0,1[; Ma);v(0) =, E(v(1)) > B85},

then is non-void for any 47 < a < a*. Since any « € I, necessarily passes through
the set Ny 2 \ No,. we have

(136) B := sup inf E(y(s)) < B5.

YED, 0<s<d
Finally, observing that

o = sup E(u) - 0asa—0,
ue M,
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we can choose 47 < a1 < o* such that
(137) Ca—ar < Lo for all a €)dm, aq].
Clearly, we may assume that a; < 8.

Theorem 6.5. For any 47 < o < o there exists a pair of solutions u,w € M, of
(2) with 0 < E(u) < E(u) = B5.

This result completes Theorem 1.8 from [11] where the existence of a pair of
solutions of (2) only was shown for almost every 47 < a < a.

Proof of Theorem 6.5 Let 47 < a < 1. It remains to find u. Fix some v € T,
with
ot E(y(s)) > ca—ar.

Fix a number § with 8, < § < §%. As long as E(u(s,t)) < § let u(s,t) > 0
be the solution to the initial value problem (3), (4), (12) with initial data u(s,0) =
~v(s) > 0, and let u(s,t) = u(s,t(s)) for all t > ¢(s) if there is some first ¢(s) > 0
where E(u(s,t(s))) = 8. Note that by the implicit function theorem the family
u(s, t) thus defined depends continuously both on s and ¢ unless u(s,t(s)) = 0 for
some s with FE(u(s,t(s))) = (3, that is, unless there is a solution 0 < u € M, of (2)
with E(u) = 3, in which case the proof is complete.

For ¢t > 0 let 0 < s(t) < 1 be such that
= i <
E(u(s(t),t)) ogslgl E(u(s,t)) < Ba

and let s1 be a point of accumulation of (s(t));>0 as ¢ — oo. Note that similar to
(132) by (13) for any fixed time ¢y we have

E(u(s1,t0)) < lim sup E(u(s(t), to)) < lim sup E(u(s(t),t)) < fa-

Fix ug = y(s1) > 0 and let u(t) with associated parameter A(¢) be the solution to
the initial value problem (3), (4), (12) with initial data u(0) = wug, satisfying

(138) Ca—ar < E(7y(s1)) = E(u(0)) < E(u(t)) < Bo < < B forallt.

We claim that u(t) is uniformly bounded and thus converges to a solution 0 < us, €
M, of (2) with 0 < E(us) < B%. For this we argue as in the proof of Theorem 6.1.

Indeed, suppose by contradiction that u(t) blows up as ¢ — co. For a sequence
of numbers t, — 0o as constructed in Lemma 4.1 then as £k — oo we have A\, :=
A(tr) — Ao > 0; moreover, we may assume that uy = u(ty) — ueo in H(Q) and
pointwise almost everywhere, where us, > 0 solves (2) with ||Vus||3. < a — 47
in view of Theorem 1.1. But then Ao = 0. Indeed, if Ao > 0, from (22) and the
dominated convergence theorem we infer E(uyx) — E(uo) < Co—ax, contradicting
(138). But with Ao, = 0 in view of (2) also u. must vanish identically, and Theorem
1.1 yields the contradiction oo = 4m. The proof is complete. (]
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