GLOBAL WELL-POSEDNESS OF THE CAUCHY PROBLEM FOR
A SUPER-CRITICAL NONLINEAR WAVE EQUATION IN 2
SPACE DIMENSIONS

MICHAEL STRUWE

ABSTRACT. Extending the work of Ibrahim et al. [2] on the Cauchy problem
for wave equations with exponential nonlinearities in 2 space dimensions, we
establish global well-posedness also in the super-critical regime of large energies
for smooth, radially symmetric data.

1. INTRODUCTION

In [2] Ibrahim, Majdoub, and Masmoudi demonstrated that the initial value
problem for the equation

(1) wy — Au+ue”” =0on R x R2
is well-posed for smooth Cauchy data
(2) (u, ue),g = (uo,u1)

with initial energy

(4) e(u) = = (Jw]* + |Vul* + e — 1).

N | =

Equation (1) is related to the critical Sobolev embedding in 2 space dimensions.
Let Q be a bounded domain in R?. Recall the Moser-Trudinger inequality

2
(5) sup / A dr < oo;
we HY Q)| Vull2,5 o <170

see [6], [11]. The exponent « = 4 is critical for this Orlicz space embedding in the
sense that for any a > 47 there holds

(6) sup / e’ dg = oo.
<1Jo

u€H} (Q);HVquLz(m_

On account of the obvious scaling property

(7) sup /eo”‘2 dx = sup /6“2 dx
uEH[}(Q);HVuH =1JQ uEHa(Q);HVuH =aJQ

2 2
L2(Q) L2(Q)
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and in view of (5), (6) the Cauchy problem for (1) with initial energy E(u(0)) <
then may be regarded as “sub-critical”, while the cases E(u(0)) = 27 or E(u(0 ))
2m may be termed “critical” or “super-critical”, respectively.

The work [2] of Ibrahim, Majdoub, and Masmoudi thus shows that the Cauchy
problem for equation (1) is well-posed in the subcritical and critical regimes, in
agreement with the known results for nonlinear wave equations

(8) ugy — Au+ululP~? =0 on R x R"

in n > 3 space dimensions. For the latter problem well-posedness was shown to
hold for p < 2% the critical exponent for the Sobolev embedding H' < LP in R",

n—2’
but little is known in the “super-critical” case when p >

Notes in [7] for a brief survey and references.

. 2; see for instance the

It therefore may seem quite surprising that in the case of equation (1) the re-
striction (3) on the size of the initial data is unnecessary, at least in the radially
symmetric case.

Theorem 1.1. For any radially symmetric data (uo,u1) = (uo(|z]),u1(|z|)) €
C>(R?) there exists a unique, smooth solution u = u(t,|x|) to the Cauchy problem
(1), (2), defined for all time.

The proof of Theorem 1.1 is given in the next section. The final Section 3 contains
a brief discussion of the result also in the context of nonlinear wave equations (8)
in dimensions n > 3.

2. PROOF OF THEOREM 1.1

Arguing indirectly, we suppose that the local solution u to (1), (2) for certain
Cauchy data (ug,u1) = (uo(|z]),u1(|z])) € C*°(R?) cannot be smoothly extended
to a neighborhood of some point (Tp, xg) where Ty > 0.

Note that we may assume that (ug,u;) are compactly supported, Ty > 0, and
that u € C*°([0,Tp[xR?). Indeed, choose a function 7 = 7(|z]) € C§°(R?) such
that 7 = 1 on a ball Bg(0) for some R > Ty + |zo|. By [3] there exists a unique
local solution @ to (1), (2) with Cauchy data (Tug,7u;) and @ € C*([0, T1[xR?)
for some maximal number 0 < T} < oo. This also follows by reasoning as in the
proof of Lemma 2.1 below, using the fact that energy spreads with speed at most 1
in view of the energy inequality (10). Again on account of (10) the functions u and
@ then agree on the truncated light cone {(¢,z); 0 <t < Ty, |z| +¢ < R}. It follows
that T7 < Ty; otherwise @ would yield a smooth extension of u in a neighborhood
of (TQ, l‘o).

Also observe that for any C' > 0 radially symmetric functions v € C§°(R?)
satisfying ||Vu||2, < C are locally uniformly bounded away from the origin. Thus,
a first singularity can only occur at = 0. Shifting time by Tj and then reversing the
arrow of time, in the following we may therefore assume that we have a compactly
supported solution u = u(t, |z|) € C°°(]0,Tp] x R?) of (1) blowing up at (0,0).
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2.1. Energy inequality and flux decay. Upon multiplying (1) by u; we obtain

the conservation law
d
9 0=—
©) €

for the energy density e(u) and density of momentum

(u) — div(Vu - uy)

m(u) = Vu - uy.
Since clearly |m(u)| < e(u), integration of (9) over a truncated light cone yields
(10) E(u(t), Br(zo)) := / e(u(t))dr < E(u(s +t), Bry|s|(70))
Br(zo)
for any g € R?, R > 0, and 0 < s+t,t < Ty. In particular, energy will spread with
speed at most 1. In fact, a sharper estimate holds. For ease of notation we state
this estimate only in the case when xy = 0 which will be the only case of interest
later. Denoting as v(y) = u(]y|,y) the restriction of u to the lateral boundary
ME ={z=(t,x);S <t <T,|z| =t}
of the truncated forward light cone
Ki={z=(t,x);S<t<T|z| <t}
with vertex at z = (0,0), and letting
1

Fluz(u, ML) := 3 /B \B (0)(|VU\2 +ev - 1)dy ,
T S

upon integrating (9) over K2 we find the identity
(11) E(u(S), Bs(0)) + Flux(u, Mg ) = E(u(T), Br(0))

forall0 < S < T < Tp. In particular, limp o E(u(T), Br(0)) exists and we conclude
decay of the flux

(12) Fluz(u, M{) := sup Fluz(u, ML) = 0asT |O0.
0<S<T

Finally, from (10) we also have
(13) E(u(T), Br(0)) < E(u(To), Br,(0)) < E(u(To)) = Eo
for 0 < T < Ty. We also denote MT = MI, KT = K{ for brevity.

2.2. Blow-up criterion. The work of Ibrahim, Majdoub, and Masmoudi [2] gives
rise to the following characterization of blow-up through concentration of energy. In
order to keep this paper self-contained, we include a short proof for completeness.

Lemma 2.1. There exists eg > 0 such that

(14) E(u(T),Br(0)) > e for all0 < T < Tp.

Proof. Suppose E(u(T), Br(0)) < 7/10 for some 0 < T < Ty. Then there is R > 0
such that E(u(T), Br+r(0)) < 7/10, and by (10) there holds

(15) E(u(t), Bi+r(0)) <7/10 for all 0 < ¢t < T'.

As a consequence of (15) the functions ¢*(® are uniformly bounded in L8 (B:+r(0))
for 0 <t < T. To see this, first observe that for any a > 0, b > 1 we can estimate

ab < (e —1)+blogb;
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thus, for any a,b > 0 there holds
ab < (e —1) +blog(1+b).
For any Lipschitz continuous cut-off function 0 < 7 < 1 supported in Bg(0) and

any 0 < t < T, upon letting a = u2(t), b = |V7|? in the previous estimate we can
therefore bound

/ IV (rut))2dz < 2/ (Vu(®)2 + u2()|Vr[2) da
BRr(0)

Br(0)

< 4E(u(t), Br(0)) + 2/ |V7[?log(1 + |V7|?) da .
Br(0)

Choosing 7 = 71(|z|) with 77(r) = min{1, (logloglog(X) — logloglog L)}, for
sufficiently large L > 1/R we can achieve that

v log(1/r) dr ™

2 V% log(l + |[VT|? deC’/ —.
Jy TP 10804 97 802 € [ e e <
For such L then 7ru(t) € H}(Bgr(0)) satisfies HV(TLu(t))H%Q(BR(O)) < 7/2 and

the Moser-Trudinger inequality implies that e™2% () is bounded in L8(Bg(0)), uni-
formly in 0 < ¢ < T. Since we can uniformly bound |u(¢,x)| at all points where

<

() < 1, it follows that the functions 6“2(t), indeed, are uniformly bounded in
L3(B1gr(0)) for 0 <t <T.

Let Du; = (ug, Vug) denote the space-time differential of u;. Differentiating (1)
in time and multiplying by wuy, similar to (9) we obtain the identity

1d )
(16) §£|Dut\2 — div(Vug - ug) + ue(1 4+ 2u2)e“2utt =0.

By Young’s inequality and the obvious estimate 1 + u2? < ¢’ we can estimate the
right hand side

g (1 + 2u2)e? ug| < Ce® + Jug|* + |Dug|?

where C' is an absolute constant. But an interpolation inequality of Gagliardo-
Nirenberg-Ladyzhenskaya allows to bound

(17) / gl tdz < © |ut|2dx-/ (Rfue]? + Ve ) da
B+ r(0) B+ r(0) Bi4+r(0

Upon integrating (16) over the truncated cone {(t,z); 0 < ¢t < T,|z| < t + R}
and recalling that ¢*”® is uniformly bounded in L8 (Bi+r(0)) for 0 < t < T, from
Gronwall’s inequality we now deduce the uniform bound

‘|Dut<t)||L2(Bt+R(O)) <C=C(T)) foral 0 <t <T.

In view of (1), and again using that ¢**(®) is uniformly bounded in L8(B;+r(0)) for
0 <t <T, from standard elliptic estimates we then obtain also a uniform bound
for ||V2U(t)”L2(B,,+R/2(O))7 0 < t < T, and therefore, by Sobolev’s embedding, a
uniform pointwise bound for w. Standard results now imply that © may be smoothly
extended to a neighborhood of (0,0), contrary to hypothesis. (|

The above argument also works in the non-symmetric case, where the threshold
energy for blow-up might be of interest. Certainly our value g = 7/10 may be
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improved. In fact, the results from [2], [3] suggest that Lemma 2.1 holds true with
g0 = 2.

2.3. Pointwise estimates. In the radially symmetric setting with v(y) = u(|y|,y) =
v(|y]), for 0 < t < T < T, by Holder’s inequality we can bound

T , T 5 T dS 1/2
o] < @)+ [ W lds < oT)]+ ([ IVolsds: [ )
t t t
< |o(Ty)| + Fluz/?(u, M) log*(Ty /t) .

In view of (12) we may choose 0 < T} < min{1,Tp} such that Fluz'/?(u, My") <
1/3 to ensure that for all 0 < ¢ < T} there holds

Fluz?(u, M) < Fluz'/?(u, MI*) < 1/3.
We then fix 0 < Ty < Ty so that 6[u(T)| < log'/?(1/t) for 0 < t < Ty. Also
observing that log(T}/t) < log(1/t) for our choice of T;, we thus obtain the bound

(18) lu(t)] < %logl/Q(l/t) for all 0 <t < Tj.

Again using Holder’s inequality, we now can extend the estimate (18) to the
interior of the light cone. Indeed, for any 0 < A < 1 and any (¢,z) with 0 < A\t <
|z] <t < T, we can estimate

t t t d
utel)| < lue0)] + [ furerldr < o]+ ([ [TuPrar- [ 52
At A

|| t

(19)

IN

%logm(l/t) + (E(u(t), B,(0))"/ log"/2(1/)

IN

1
5 108" (1/t) + Ey* 10! (1/3) < log!*(1/1),

provided that 0 < ¢t < T3 for suitable 0 < T3 = T3(\) < Tb.

Also observing that tlog(1/t) < 1 for all ¢ > 0, we thus arrive at the following
estimate.

Lemma 2.2. For any number 0 < \ < 1 there exists a number 0 < Tz = T3(\) < Ty
such that for any (t,z) with 0 < Xt < |z| <t < T there holds

(20) |22 (t, z)e (7)< 1,

2.4. Exterior energy decay. By using a method of Shatah-Tahvildar-Zadeh [8],
from Lemma 2.2 we deduce the following result.

Lemma 2.3. For any number 0 < A < 1 there holds

(21) E(u(t). Bi(0)\ Bru(0)) - 0 as ¢ 1 0.

Proof. For our radially symmetric solution u of (1) we set

2 2 2
ezi(ur—i—ut—ke“ )y M= Up - Uy

Also letting
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we compute
(22) O¢(re) — Or(rm) = 0, O¢(rm) — O.(re) = L.
Changing coordinates to
E=t+r, n=t—r,
and introducing the non-negative quantities A, B with
A2 =r(e—m), BE=r(e+m),
the identities (22) turn into the equations
(23) 0:A* = —LJ2, 9,B* = L/2,

respectively. Given any 0 < A < 1 now we observe that (20) for any (¢,7) with
0 < Mt <r<t< T3 permits to bound

r?f2(u) = 47"2u26“2F(u) < 4F(u).

Thus for such (¢,7) we have

L2 = L2~} — F(w)? — (2 - — Fu))rf(a)u, +r*f2(u)ud

4
< (u?— uf)2 + F?(u) 4+ 2r* f2(u)up < (uf — u?)2 + F%(u) + 8F (u)u?
c 2

< T—2A232 =C(e® —m?) = C ((uf —ui)® + 2(u + u})F(u) + F(u)?).

From (23) we then obtain the estimates

(24) 19 A| < %B, 19,8 < gA.

The conclusion now follows as in [8], Lemma 2.2. O

2.5. Time derivative decay. As in Corollary 2.3 of the work of Shatah and
Tahvildar-Zadeh [8], Lemma 2.3 implies the decay of kinetic energy.

Lemma 2.4. We have

1
(25) 7/ lug|*dz — 0 as T | 0.
T KT

Proof. Multiplying (1) by x - Vu we obtain the identity

d
0 wy - Vu) + div(g(WuF — |ug)® + 6"2) —Vuz Vu) + |u* - e

Upon integrating this equation over Kg and letting S — 0, we find
/ || dz < / e dz — / (uy x - Vu)dz + OT Flux(u, MJ)
KT KT {T}x B (0)

(26)
< /KT e" dz+ o(T),
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where o(T)/T — 0 as T — 0 on account of Lemma 2.3 and (12). Next we multiply
(1) by u/log(1/t) to obtain the identity

d, wu -, uVu [Vu|? — |ug|?
0=—( > ) — div( S ) =
) dt \log(1/t) log(1/t) lugil/t) e

 tlog?(1/t) T los(1/8)”

Estimating |u| < |u — v| + |v|, by Poincaré’s inequality and (18) for 0 < ¢ < T < Tj
we can bound

[ e < o wPde- [ (u o+ Jof)da)
{t}xB¢(0) {t}xB:(0) {t}xB¢(0)

< Ct(/ IVuldz + v*(£)) " < CTlog!/?(1/T);
{t}xB¢(0)

1/2

therefore

[usul / |ugul
7d$ =0 T s YA S C =0 T .
/{T}XBT@ oe(1/D) ™ =T [ o™ = Coa 2y =00

Bounding the remaining terms in (27) in similar fashion, we finally obtain that

Together with (26) the latter estimate yields

u2 2
/KT lug|?dz < /KT(I - log(l/t))eu dz +o(T) < o(T).

Here we observe that (1 — ﬁ) < 0 unless u? < log(1/t); therefore

u? 2 1
1——— e dz < “dz < CT?.
Jor O e < [ gz <

2.6. Proof of Theorem 1.1: By Lemma 2.3 there is a sequence of numbers T}, | 0
as k — oo such that for ¢t = T} and t = T} /2 there holds

/ lug|*dz — 0 as k — oco.
{t}xB:(0)

For such T' = T}, let

4
ﬂ:@k:][ vdy:ﬁ/ v dy.
Br\Br2(0) 31T J By\Byr s (0)

Note that (18) implies that || < log'/?(1/T) for large k. Multiply (1) by (u — o)
to obtain the identity

(28) 0= %(ut(u — ) — div(Vu(u — 0)) + [Vul? = |u|? + w(u — v)e"
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At t = Ty and t = Ty /2 we estimate |u — 0| < |u — v(t)] + |v(t) — U] and observe
that by Poincaré’s inequality we can bound

/ lu —v(t)* do < C’T2/ |Vul|*dx
{t}x B:(0) {t}xB¢(0)

as well as
lo(t) — ]2 < ][ lo(t) — v|*dy < CFluz(u, MTT/Q) )
Br\Br/2(0)

Thus, at t = Ty and t = T} /2 we have

/ [ug]|u — D] d:ch(/ \ut\de/ lu — o dm)l/2
{t} % B4 (0) {t}x B¢ (0) {t}x B¢ (0)
< CT(/ g [2da) (/ Vul?da + Flua(u, ME,)) " = o(T) .
{t}xB(0) {t}x B:(0)
Similarly, we find that

/ |Vollv — 0] dy < CTFlux(u,M%/Q) =o(T).
Br\Br/2(0)
Integrating (28) over K, we then obtain

/ ) (V| = ue]® + u(u — 17)6“2)dz =o(T) .

KT/Q

Finally, recalling (14) and observing that the bound u(u — v) > —|v|?/4 > —|v|?
may be improved to yield u(u — o) > 1 for |u(z)| > 1+ |v|, we find

Teo < / (IVuf2 + ugf? + &) dz
T

KT/2
= / (|Vu|2 - |Ut|2 -‘v-U(u—TJ)euz)dz
K7/
+2/ lug|? dz +/ (1 + |p)2)e+1PD gz
K;:/z {zEK%/z;\u(z)|<1+\'U|}

< / (1 4 log(1/T))e(+108 /T 4z 1 o(T) < o(T) .
KT

T/2

For large k a contradiction results, which proves the Theorem.

3. HIGHER DIMENSIONS

We can also apply the preceding method to obtain global regularity of radially
symmetric solutions to nonlinear wave equations (8) in n > 3 space dimensions.
For example, when n = 3 a solution u = u(t,r) to (8) induces a solution v(¢,r) =
V- u(t, r) to the equation

1
(29) vtt—Av+v(|u|p_2+4—2):OOnRxR2.
T

Letting
1
—),

- 1 _
F=[oP ("™ + 5), f=20(ul + 5

472
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then the inequality r?f2 < CF that was crucial for the proof of Lemma 2.3 holds
if and only if with a uniform constant C' we can bound

(30) |z|?[u(t, z)[P~2 < C for 0 < |z < 1.

By the Sobolev estimate

1 1 1 1/2
ullel)| < fuv) + | |u7-|drs|u<1>|+</ vartdr [ d) < Claf /2
| |

| ||

for a radially symmetric function u = u(r) € H(R3), clearly (30) is satisfied for
any p < 6; in particular, the above method yields an alternative proof of the global
regularity of radially symmetric solutions to the critical nonlinear wave equation

(31) g — Au+u® =0 on R x R?,

established in [9]. (See the Notes in [7] for further references.) However, it is not
clear how (30) can be shown to hold for any number p > 6, and this is only one of
the issues that would have to be addressed in this case. With some luck, it might
be possible to deal with logarithmically super-critical problems as treated in recent
work of Tao [10].

The decisive difference between the 2-dimensional and the higher-dimensional
cases seems to be that in 2 dimensions the super-critical regime is defined in terms of
energy and not algebraically. Therefore the decay of the flux on the boundary of any
light cone already puts us in a sub-critical regime on that part of the domain, and
this is easily propagated to the interior of the cone by means of Sobolev’s inequality
as long as we keep a uniform distance (in the scale defined by the remainig time)
from the axis = = 0.

Note however, that the recent results [1], [3] of Ibrahim, Jrad, Majdoub, and
Masmoudi show that for the local solution of the Cauchy problem (1), (2) there is
no locally uniformly continuous dependence on the initial data in the energy norm
when E(u(0)) > 27, similar to nonlinear wave equations (8) with super-critical
nonlinearities in dimensions n > 3. It therefore is not clear whether Theorem
1.1 may be extended also to non-symmetric data, even though it seems that a
singularity would most likely appear in the radially symmetric case. Perhaps the
recent work [4] of Ibrahim, Majdoub, Masmoudi, and Nakanishi on the scattering
behavior of solutions to (1) with Cauchy data satisfying (3), or the references [1],
[3], and [5] can help provide further intuition for this problem and with regard
to the issue of well-posedness and ill-posedness of super-critical wave equations in
general.
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