THE CRITICAL NONLINEAR WAVE EQUATION IN 2 SPACE
DIMENSIONS

MICHAEL STRUWE

ABSTRACT. Extending our previous work [9], we show that the Cauchy prob-
lem for wave equations with critical exponential nonlinearities in 2 space di-
mensions is globally well-posed for arbitrary, smooth initial data.

1. INTRODUCTION

Consider the equation
(1) uy — Au+ue” =0on R x R2.

In [2] Ibrahim, Majdoub, and Masmoudi demonstrated that the initial value prob-
lem for equation (1) is well-posed for smooth Cauchy data

(2) (uvut)\t:o = (UO’U’1>

with initial energy

(3) E(u(0)) = /W e(u(0))dz < 2m,
where
(4) e(u) = %(\u# +|Vul* + e —1).

Equation (1) is closely related to the critical Sobolev embedding in 2 space dimen-
sions defined by the Moser-Trudinger inequality

(5) sup / e dg < C(a)|9]
<iJo

wEH Q)| Vull? o <

for any bounded domain 2 C R? having 2-dimensional Lebesgue measure || and
any a < 4, with a constant C(«) < oo independent of ©; see [6], [11]. For o > 4w
the above supremum is infinite. In particular, when E(u(0)) > 27 not even a locally
uniform spatial L'-bound is available for the term ue® . In analogy with nonlinear
wave equations

(6) ugy — Au+ ufulP"> =0 on R x R"

with p > % in n > 3 space dimensions, where the nonlinear term cannot be

bounded in the dual space of H! in terms of the Dirichlet energy, the Cauchy
problem for equation (1) was therefore termed “super-critical” for initial data with
energy E(u(0)) > 2r. The recent results [1], [3] of Ibrahim, Jrad, Majdoub, and
Masmoudi, showing that the local solution of the Cauchy problem (1), (2) does not
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depend on the initial data in a locally uniformly continuous fashion when E(u(0)) >
27, seemed to further justify this classification.

However, in contrast with these results, in [9] we were able to show that the
Cauchy problem (1), (2) is well-posed in the radially symmetric case, regardless of
the size of the data. Here we show that the restriction (3) also is not needed in the
general case.

Theorem 1.1. For any ug,u; € C®(R?) there exists a unique, smooth solution u
to the Cauchy problem (1), (2), defined for all time.

The proof of Theorem 1.1 is strikingly different from the proof of the companion
result in the spherically symmetric setting. In the latter case, locally uniform
pointwise bounds for the solution away from z = 0 permit to rule out blow-up
by means of standard multipliers. In contrast, in the present setting the usual
multiplier technique only seems to give decay of the energy in the interior of any
light cone, and full control only of certain components. In particular, we cannot
rule out outgoing waves concentrating energy near the lateral boundary of the light
cone. However, in combination with a subtle improvement of the Moser-Trudinger
inequality (5), stated as Lemma 4.3 below, the partial control of the energy that
we achieve allows to improve the bounds for the nonlinear term in equation (1)
sufficiently for ruling out blow-up. Lemma 4.3 also may be of interest in itself.

Note that no weighted energy estimates are required in the proof, as would be
expected in a truely “super-critical” context. It thus appears that problem (1), (2)
still belongs to the realm of “critical” equations. More generally, it seems that this
may be true for all problems where smallness of the energy implies regularity, as
in the present case. See [3], [5], [8], [10] for recent results on supercritical wave
equations, and [7] for background material on nonlinear wave equations in general.

2. BASIC ESTIMATES

For the proof of Theorem 1.1 we argue indirectly, as in [9]; that is, we suppose
that the local solution u to (1), (2) for certain Cauchy data ug, u; € C°°(R?) cannot
be smoothly extended to a neighborhood of some point (7p,zo) where Ty > 0. As
shown in [9], we may assume that ug,u; are compactly supported, Ty > 0, and that
u € C°([0, To[xR?).

After translating the origin of our coordinate system to the point xg, if necessary,
we may assume that o = 0. Also shifting time by Tj and then reversing the arrow of
time, in the following we may assume that we have a compactly supported solution
u € C*(]0, Tp] x R?) of (1) blowing up at (0,0).

We now briefly recall some standard estimates from [9] that also will be needed
for the present approach.

2.1. Energy inequality and flux decay. Upon multiplying (1) by u; we obtain
the conservation law

(7) 0 (u) — div(Vu - uy)

= —e
dt
for the energy density e(u) and density of momentum

m(u) = Vu - uy.
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In the following, we only will make use of equation (7) on compact regions. In
order to simplify later computations, we therefore now drop the term —1 in the
definition of e(u) above and henceforth let

1
e(u) = §(|ut|2 + | Vaul|* + e"z).
The original definition (4) was made to ensure that compactly supported functions
u have finite total energy.
Since clearly |m(u)| < e(u), integration of (7) over a truncated light cone yields
(8) E(u(t), Br(zo)) := / e(u(t))dz < E(u(s +1), Bry|s (o))
Br(zo)

for any g € R?, R > 0, and 0 < s +t,¢t < Ty. In particular, energy will spread
with speed at most 1.

Estimate (8) neglects the flux terms, which will be important later. Of particular
interest will be the the case when g = 0. For 0 < S < T < T, denote as
v(y) = u(lyl,y) the restriction of u to the lateral boundary

ML ={z=(t,2); S <t <T,|z| =t}
of the truncated forward light cone
KE={z=(t,x);S<t<T|z| <t}
with vertex at z = (0,0). Upon integrating (7) over KX we then find the identity
9) E(u(S), Bs(0)) + Fluz(u, MF) = E(u(T), Br(0))
for all 0 < § < T < Tp, where
1

Fluz(u, MY) := 5/3 \B (O)(|Vv|2 e - 1)dy
T S

is the energy flux through MZ". Similar identities hold on any region with space-like
or null boundary, for instance, in the intersection of a truncated forward light cone
with a backward light cone, or with the complement of a backward light cone.

By (9), in particular, limp o E(u(T), By (0)) exists and we conclude decay of the
flux

(10) Fluz(u, M{) := sup Fluz(u, ML) = 0asT |O0.
0<S<T

Finally, we also have

(11) B(u(T), By (0)) < E(u(Ty), B, (0)) =: Eo

for 0 < T < Tp. Set MT = MT', KT = K{ for brevity.

2.2. Blow-up criterion. The work of Ibrahim, Majdoub, and Masmoudi [2] gives
rise to the following characterization of blow-up through concentration of energy.

Lemma 2.1. There exists eg > 0 such that

(12) E(u(T),Br(0)) > ¢&¢ for all0 <T <Ty.

The short proof of Lemma 2.1 given in [9] also works in the non-symmetric case.
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2.3. Pointwise estimates. Without any symmetry assumption clearly we cannot
expect to obtain the same pointwise estimates away from x = 0 that we had been
able to employ in [9]. However, we can still obtain bounds for the spherical averages

2m
v=10(t) = % ; v(te'?) do

of v, the trace of v on M. Indeed, for 0 < t < Ty < Ty by Hélder’s inequality we
can bound

w0 <)l + [ s < e+ ([ 9ofsds- [

< |o(Ty)| + 7 Y2 Fluz'/? (u, M) log'/?(T} /1) .

In view of (10) we may choose 0 < T3 < min{1, 7Ty} to ensure that for all 0 < ¢t < T}
there holds

i ﬁ)uz
s

Fluz'?(u, M) < Fluz/?(u, M™) < 1/8.

We then fix 0 < Ty < T so that 8o(T})| < log'/?(1/t) for 0 < t < Ty. Also
observing that log(7T7/t) < log(1/t) for our choice of T}, we thus obtain the bound

(13) 4)5(t)| < log'/?(1/t) for all 0 < t < Ty

3. PARTIAL ENERGY DECAY

Introduce polar coordinates (r, ¢). The conservation law (7) then may be written
in the form

(14) Or(re) — Or(rm) = r_18¢(utu¢) ,
where now

1
e=e(u) = = (uj +ul +ruj + 6“2), m=m(u) = ugt, .

2
Multiplying (1) by « - Vu we also obtain the identity
d 2 2
0= a(ut z - Vu) — div(Vu z - Vu — g(|Vu|2 —Juel* + ")) + ue|* — e .

In polar coordinates this reads

1
O (r*usu,.) — 5&(7’2(11? +u? — et — 7‘721@)) +r(uf — 6“2) = 0p(urusy) .
that is, we have

2

(15) De(r*m) = 0:(r*(e = q)) + r(uf — ") = Dy (urug) ,

where ,
qg=q(u) = rfzui +e" .

Finally, we multiply (1) by (u — @) to obtain the equation

d 2
0= = (w(u—9)) = div(Vu(u —0)) + [Vul® = Juel +wdy +uu —v)e*
that is,
(16) at (Tut<u - 17)) - @(Tur(u — ’D)) + r(|Vu|2 — |’u,t|2 + Uy + u(u _ U)eu )
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Multiplying equation (14) by r/t, we obtain

2 7“2 7“2 r

(17) &g(%e) 0, (m) + e+ 5m = 1 Dy(usug) -

Likewise, upon dividing (15) and (16) by ¢ we find the expressions

2 7“2 r 5 2

18)  a(m) = 0. (e— ) + S (] =€)+ m =17y (uruy)

and
0 (el =) = 0y (Gur(u~0))
+ 2 (VP — faf? + iy + g+ = o))
(19) :c%(%(ut(u—awq)) —ar(gur(uf@))
- €(|Vu\2 el + g+ 5, 4 1 ;217'2 +u(u—v)e”’)

= %8¢((u — 5)u¢) ,

respectively. Dividing both sides of (19) by 2, adding (17), and also adding (18),
we then arrive at the equation

2 7"2

r u—v  |u—7)? u—10
o (> — o (" (e - ,
t(t(e+m+ut 2r * 4rt )) (t(e gtmtu 2r ))
(20) +r((1+r)( n )+1 _+_u—77+|u—17|2+u(u—17)—3 u2)
- “Ye+m)+ —wy + U e
t t 2 T 2t2 2
u—v

:t—18¢((ur+ut—|— o )u¢)

Similarly, when subtracting (17) from the sum of (18) and 1/2 times (19), we obtain

2

2
T T
at(T(meut

u—v  |u—7? u
) (g m )

T r 1 _ _u—2 u—0%2 wulu—1)—3 w2
(21) +¥((1f¥)(efm)+§utvt+vt 57 +| 2t2| + ( 2) e"’)
U—70

= t_18¢((uT — Ut + o )U¢) 5

In the following we repeatedly make use of Young’s inequality 2ab < a2 + 5~ 1b?
for any a,b,6 > 0. The letter C' will denote a generic constant independent of wu,
T, etc., unless otherwise stated. Its value may change from line to line and even

within the same line.
Lemma 3.1. For 0 < T < min{Ts, e~ '} we have

r lu—v]* 1 T
1+ -)(ex —|u — “
| Dedm) + B fu e

@§0(1+E0).

Proof. For fixed 0 < T < min{Ty,e~ '} and 0 < S < T we integrate equation (20)
over the region where 0 < S <t <T,0<r <t,0< ¢ < 27 corresponding to the
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truncated cone Kg to obtain

o= (@ Dermy+ P2

_ 2
yz t gl oler)

T pt 2w =12
T T |u — o] 1 9 a2
— ((1+ = Zlu— “Nde dr dt
/0 /o/o t(( +t)(e+m)+ 572 +4\u o*e"")d¢ dr
<IT+I1IT+1V 4V,
with I, II1, and IV corresponding to the boundary terms and with ’error’ term

1 u—v u?—-9%2-6 dx dt
V = —/ (*ut’l_}t + ’l_)t —+ GU2) .
KT 2

dx dt
t

2t 4 t

S
Recalling that e +m > 0 and using Young’s inequality to estimate
1 |u — o2 N lu — v|?
- ——<e
2 42 - 4¢2
for any t, we can bound the top boundary term

u

s -

T u—=7  |u—7v|?
II:—/ —(e4+m+ us + ) dz
{T}x Br(0) t 2r 4rt

/‘ (et m)+u sl oy g
=— —(e+m
(TyxBr(0) T or aT*

< / edr < Ej .
{T}xBr(0)

Also using Poincare’s inequality

_ 52
(22) / Ju tQ”' dx < C’/ \Vul? dz
{t}xB(0) {t}x B:(0)

for any 0 < ¢t < T, in similar fashion we can bound the term corresponding to the
lower boundary

5 _ 52
III:/ T+ mtud v+|u 7| ) dz
{S}XBS(O)t 27" 47‘t

r |u — o2
g/ —(e+m)+e+ dx
{S}stm)(S 757 )

<C edr < CEy .
{S}xBs(0)

Moreover, for the lateral boundary component we have

T (27,2 _ 3 1P
IV:// T (2 +m) — g+ (ur + ) 2 4 1220
s Jo 't
1

2r 4rt ) do dt|T:t

_ AT i
V2 Jur 2t 412
But again by Poincare’s inequality, for any 0 < ¢ < T we can estimate

27 =12 27T 27
(23) / |”4t2”| dé < c/ t2Jvg |2 dop < c/ V|2 do
0 0 0

and we conclude that

((ur + we)? + (uy + ut)v ) do .

IV < CFluz(u, MT) < CE, .
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Finally, in order to bound V, for each ¢t we write
/ w Uy dx = / ((ut + u, )0t — urﬁt)dx
Be(0) B:(0)
and note that for any 0 < § < 1 we can bound
1
/ |(ue + up)0elde < 0 (e+m)de+ — |0 | da .
B:(0)

B.(0) 20 J,(0)
Next observe that

21 t _
/ U, U dx = / / (r(u — ﬂ)@t)r dr d¢ — (u — Uﬂt)das
B;(0) 0 0 B;(0) r

= / (v —20)7; do —/ ( vy)da
9B,(0) Byo) T

where (23) allows to bound

_ 5|2 1
[ oo [ B2 a0 L[ o
B, (0) oB,(0) 2 2 JoB,(0)

< C’t/ |Vo|? do + Ct?|5,]? .
9B:(0)

Moreover, we have

- — o)? 1 t
/ ’u Uﬁt|daj§6 u — 9] de + — AR
Bio) T Bio) 2t 20 JB,0) T

with

1 t
- 7|'Et|2 dx S C(S_lt2|1jt‘2 .
25 B,,(O) T

We split the remaining term

=2 =2 -2
/ Biimg/ IiJidawr/ Egim
B¢(0) 2rt By /2(0) 2rt B¢ (0) t

_ 12 _ =2
S/ Mdl‘-‘rCW—@F—f—/ [v 2U| dx ,
Bya(0) Tt Bi0) t

where % = u(t) is the average of u(t) on B;/5(0). Note that we can bound

(24)

i —v]* < C
B¢ (0)

while by Holder’s inequality and a variant of the Poincare inequality we have
2
(25) / Ji—ﬂﬁmgcaﬁ/“ mfm%mfwgo/ IVul? do .
By(0) 2Tt By/2(0) B,/2(0)
Summarizing, then we find

u —[?

| w vy da| < C§ |Vu|? dz + C6 (e+m+
12
B4 (0) B, /2(0) B4 (0)

+ Ct/ |Vol? do+ Co 12|, % .
0B:(0)

) dx
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Similarly, with the help of Young’s inequality we can bound

-7 — 72 1
/ \@tu U|dm§6 Ju 21}\ dr +C— AR
B.(0) t Bo) t 26 JB,(0)

Thus we conclude that
u—v,drdt

|/K§(ut1‘)t+77t et

T

dx dt

< 05/ / |Vul|? S, CoI4 + C6 Y Fluz(u, MT) .
s JBu(0) t

At last we observe that by (13) there holds
6+ 02 —u)e”” < (64025 < C(6+ log(1/8))t

for all 0 < t < Ty. Thus for 0 < T < min{T»,e~ '} we have
/ (6 i 62 _ u2)eu2 dx dt
K§

and we conclude that

< c/ (6 +1og(1/1) T < 0,
KT

T
V<CO+0I)+ 05/ / |Vul? dxtdt + C5  Flux(u, M7T) .
S B

+/2(0)

Recalling that Flux(u, MT) < Ey, together with our estimates for the boundary
terms we find

T
t
I, <C(+8I. +6 ' Ey) + 05/ vz &8
S B0 t

The analogous estimate

o r lu—o> 1 1o a2y dx dt
I_ .—/KT (1 t)(e m) + 572 —|—4\u ol%e") ;
S
T
dx dt
< CO(1+ 61, + 0~ Ey) +05/ (2 £
s /B0 t

follows in the same fashion upon integrating (21) over Kg.

Finally we note that we can bound |Vu|? < 2e = (e + m) + (e — m) and hence

T
dx dt
/ / a2 EE <1 por
S JBy;2(0) t

Thus for sufficiently small § > 0 with a constant C' independent of S > 0 there
results

I.+1_<C(1+Ey).
Letting S | 0, we obtain the claim. O
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4. PROOF OF THEOREM 1.1

For given 0 < € < 1 in view of (10) and Lemma 3.1 we may fix 0 < T, <
min{Ty, e~ ! &2} so that

lu — | dx dt
—_— T<€

(26) Fluz(u, M=) +/ e + \u—6|26“2)

(1+ i)(e +m) +
KTe t
Introduce the characteristic coordinates
E=t+r, n=t—r.

Then we have

ok B Sl
2 2

t
and ] 1
8,5:5(@4—&), Oy = 5(@—@), Oy =040y, Op =0:— 0y .
For any 0 < & < T let
L&) ={(t,x) e KT ¢ =t+|z] =&}
Integrating (7) over the region
{(t,x) e KT=; E =t +|z| > &},

for any such &; we obtain
(27) 2/ u727 do < / (e —m) do < E((u(T%), Br.(0)) < Ep
I'(&1) I'(&1)

as a useful variant of the energy inequality (9).

In terms of £ and 7 we can also write the first two terms in equation (20) in the

form
2

8t(%(e—|—m+ut

2

2

))—&(T(e—q—km—kur 2_70 ))

u—170 n lu — v|?
2r 4rt

(28) :8n(%(2(e+m)—q+u5u;5 |U;ﬁf\ )

r? u—v  |u— 0
+85(?(q—|—un r + drt ))

Observing that
2

e+ m) — g = [y +ur | =42,
for r/t > 3/4 we have
. 512
T u—7 |u—7
¥(2(6+m)—q+u5 —|-| 4t|
(29) r r

r u—"v
:@;—2m§+ﬂw+-4t)?+

u—]? lu—v]?

8t2 8t2

Fix A\g = 3/4. Given 0 < & < 8717, we set 19 = %fo. For & € [£o, 8] then
we let

> ug +

To(&) ={(t,x) e KTo; ¢ =t 4 |z| =€, n=t—|z| <no}

and we define
lu — o>

Q&) ::/r<s)(q+ =L )do.
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Note that ¢ < T; for any (¢,x) with £ =t + |z| < 8¢ < T.. Changing variables
(t,x) — (& =t+|x|,x), we see that for any & < T./2 with an absolute constant C
there holds

26
. -1
§1<1§1<f%162(§) <& 5 Q(&)d¢
— 0|2 dx d
gC/KTE ((1+£)(6+m)+ |u2t2v| ) T e

Thus, we can choose numbers & € [£g, 28p], &2 € [4&o, 8] such that

QE) <2 inf, Q) <Ce QE)<2, inf Q) <Ce.

Lemma 4.1. For any 0 < & < 871TL, any &1 € [&o,260], &2 € [4&0,8E0] as above
there holds

sup Q&) < sup Q(§) <Cve.

260<€<4éo §1<€<2

Proof. Consider the set
R=R(1,6)={(tz) e KT5; & <& <&, 0<n<mno}
with boundary R = U}_,T';, where
Dy ={(t2); & < <&, n=0}, T2=To(&),
3 ={(t,7); & < <&, n=mno}, s =To(&).
Integrating the relation (20) over R, we find the identity
(30) Ag+As3=A1 — Ay + A+ V,

where

lu — o2 dx dt

Aoz/R((l—i-%)(e-i-m)—&- 57 ;

and where the terms A;, 1 < ¢ < 4 correspond to integrals over the boundary
components I';, 1 <4 < 4. Finally, V again denotes the ‘error’ term

v (1 _+_u—17+u2—172—6 uz)dacdt
= — — ULV v e .
Ri2 0Ty 4 t

By (26) there holds

1
+ Z|U — 17‘26u2)

OSA()S{:‘.

Moreover, using (28), (29), and (23) we find
T u—70 lu — o2
Ay = 4= — 2)ui +2 2 d
o= [ -2 2+ T ) do

2

<C | (uf+ v ;2v| ) do < CFlux(u, M*°) < Ce .
Iy
Using Young’s inequality to bound
u—7, 8§ o |u—19?
(B [ 2t < 2%t TR

and recalling that the energy inequality (27) allows to bound

(32) 2/ uz do < Ey
To (&)
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for any & < 4&,, we also find

r u—v  |u—0)?
|[Ag| = —q+uy——+
| Fo(gz)(t oot 4¢2

) do| < (146 HQ(&) + 0Eo ,

and similarly for A4. Choosing § = /¢, by choice of ¢; and & we obtain
|[Ao| < CVe, [As < Ce.

In order to proceed, observe that by (29) we have

o Ju—7)
A32A3(u5+ RYE ) do.

The error term V then may be bounded as in the proof of Lemma 3.1, thereby
noting that we can express

/ 0T, d:ctdt / (T(u B ﬂ)ﬁt) dr dtgb dt B / (u — 61_115) dx dt
R R " R T t

| (r(u—z’}’) de¢dt|7/ u—v)vﬂ@

R

<5/ Ju ”2d0+2/ 5|2 do
- v
(33) = Jor 8t? 5 Jor'

< 6(A3+ Q(&) + Q(&)) + C6 Fluw(u, M*)
< §A3+ Ce+C5 e
for any 0 < 0 < 1, in view of (23), (26), and our bounds for Q(&1) and Q(&2). Also

note that in view of the fact that v/t > Ao = 3/4 on R we do not need to perform
step (24); instead, we can easily estimate

|u dm dt |u o|,_ dxdt
<2 D¢

with

— 9% dx dt dt
S/ v 2v| ©r +2/ 220 < A+ Pl (u, M) < Ce
n 21 t - ;
Finally, recalling that T. < 1, in view of (13) we can estimate

6+ 02 —u)e”” < (64025 < C(6+ log(1/t))t /2

for all 0 < ¢ < T.. Hence we have

B w2 da dt dz dt
/R(G+v2—u2)e : <C K8£0(6+lo g(1/t)—rem Tp < C& < Ce.

Together with (33), when choosing § = 1/2, we thus obtain the bound
1
V S 5143 + CS .
From (30) we then conclude that

As < Cy/fe .
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Thus for any & < & < &, when integrating (20) over R = R(&1, &) and choosing
a sufficiently small number 6 > 0 in (33) we now find that

r u—7o  |u—7)?

B 0= [ Garu g ) do< OV 5Q(0).

This estimate implies the desired bound for Q(&) once we control the middle terms.
But by Holder’s inequality, for any & < £ < & we have

&2 5
|W—@@W§UW—®@H+AIw—%da

&2
<2<u—v><£2>2+2<52—51>/€ g — el de .

Integrating over I'g(&), observing that the surface measure do may be expressed as
r dn d¢, where for fixed 7 the radius 7 is increasing in £, and noting that throughout
R we have &y < € < 2t < 16&, then we obtain

|u — dx dt

/ Mdo<0 2d0+0/ (Jue> + 0:]?)
(35) ro) 0 = Ineny P R t

< Ce + CAg + CFluz(u, M3) < Ce

for any & < € < &. By (31) and (32), again choosing § = /2, then we can estimate

-0 |u—2?

T u
Az(f):/F © (Zq+(ut_u7“)7+ e ) do

1 lu — ]2 ] 5
> XQ(&) — (Mo + 7)/ do — 7/ u; do
80" Jroey T 2 Jro) "

> 301 - ovE.

Together with (34) it follows that

sup  Q(§) < Cve,
£1<€<82

as claimed. 0

Combining Lemmas 3.1 and 4.1 we can bound the nonlinear term in equation
(1) in any LP-norm. A key role is played by the following improvement of the
Moser-Trudinger inequality (5).

4r?
p?E

Lemma 4.2. For any E > 0, any p < oo there exists a number ¢ = > 0 and

a constant C > 0 such that for any & > 0, any v € H}([0,1]?) with

11 11
/ / (&olvyl® + & Hos]?) da dy < B, / / & HupP dr dy < e
o Jo o Jo

there holds -
/ / P dr dy < C'.
o Jo

Proof. Given v € H}([0,1]?) as above, set a = (£2¢/E)"/* > 0 and let
va(z,y) = v(z/a, ay) € Hy([0,a] x [0,1/a]),
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satisfying
a pl/a 1,1
/ / |V |? do dy = / / (a2 |va]® + &®[vy|?) dx dy
(36) o Jo 0o Jo
<efpa 4 a’E/y = 2(eE)Y? = 4 /p

by our choice of €. Note that the map (z,y) — (2/a, ay) is measure-preserving; in
particular, for any s > 0 there holds

K(z,y); va(z,y) > st = {(z,y); v*(z,y) > s},

1,1 R a prl/a R
/ / el dx dy = / / ePladr dy .
o Jo o Jo

But by (36), with the constant C(4w) in (5) there holds

a pl/a
/ / ePUadz dy < C(4m)
o Jo

and our claim follows. O

and

Lemma 4.3. There exists € > 0 and a constant C < oo such that for any 0 < T <
4=T. there holds

/ A dr dt <CT.
KT

Proof. Given 0 < & < 87T, let 19 = %&), where \g = 3/4 as before. For
& < &4 < 8¢ recall the definitions

D(&y) = {(t,2) € K™= € =t + [a] = &}
and
Po(6) = {(t,2) € K™*5 € =t +|z] =&, n=1t— |z <no}
from the beginning of this section. Also let
Di(&) ={(t,x) e KT =t +|z| =&, n=1t—|z| > 3m/4},
and
Da(éa) ={(t.o) e KT E=t+|a[ =&, n=t—|z[ 2 10/2} ,

respectively. With the help of Lemma 4.2 and (38) below, respectively, for any fixed
0 < & < 87T, as above and any 2£ < & < 4&, we now derive uniform bounds for
the integral of e**” over T'(€). Note that for each such & we have I'(§) C T'o (&)Ul (€).

First consider I'1(§) C I'z(§). Note that we have r/t <1 — vy < 1 throughout
(&) for any & < & < 8¢, with a uniform constant vy > 0 determined by our
choice of \g. By Fubini’s theorem and in view of (26) for each 0 < & < 87T,
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there is &4 € [4&0, 8¢p] such that

u —of?

/1‘(5)(V0(e_m)+ o2 ) do
lu—v]?

.
<[ (-De-m+ ) do
Ta(€4) t 212
) r lu — v)?

£ 1-D)e— d
450;21@50/112(5)(( e —m)+ = 5—) do
|u—17|2)dxdt<
212 t -

(37)
<2

<C| (a-3e-—m)+
KTe

Ce.

In particular, we have

/ (e —m) do < Ce.
T2(&a)

Upon integrating the conservation law (7) over the region
{(te) e KT5 & <E=t+|e| <&, n=t—|z| >m/2}
for any &5 € [2&p, 4&p], we then also obtain

sup / (e—m)do<Ce.
280 <§<480 J T2 (&)

Estimating as in (35), from (26) and (37) for any 2§y < & < 4&, we likewise find
the estimate

u — o2 u— 0|2 dx dt
/ % do<C | 5 | d0+C/ (Jue® + |0:]?)
ra(e) U Pa(ea) b KT ¢

< Ce + CFluz(u, M%) < Ce .

Hence we obtain the uniform bound

(38) sup / ((e=m)+ " ——
260<€<480 JT'2 ()

Fix a smooth cut-off function 0 < ¢; < 1 on R such that ¢;(n) = 1 for n > 3n9/4
and ¢1(n) = 0 for n < no/2, with ||| < 8/ng < C/&, and set u1 = ¢1(n)(u — ?).
For a point z € I'(§) write z = (t,y) = (£ — |yl,y) with y = re’® € Bg»(0).
Note that n =t — r = £ — 2|y|. Letting v1(y) = u1(§ — |y|,y) € H(}(Bg/g(())), for
sufficiently small € > 0 by (38) then we have

/ Vou 2 dy :/ (A0, + r2(0gu ) do
Be/2(0) I'2(&)

lu—o|?
12

<C ((e—m)+
2(8)

uniformly in & < § < 2&y. In view of (5) it follows that
sup / el0uido <C sup / elG”fdy <’
280 <E<4Eo JTo(€) 2€0<€<4€0 J Be /2(0)

with absolute constants C' > 0.

Jdo< Ce<m/4,

Alsolet 0 < 3 = p2(n) < 1 be a smooth cut-off function such that po(n) =1 for
n < 3ng/4 and pa(n) = 0 for n > 19, with |p5] < 8/ny < C/&y. Finally, fix a smooth
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cut-off function 0 < x = x(¢) < 1 satisfying x(¢) = 1 for |¢| < 7/8 and x(¢) =0
for |¢| > 1/2. Set ug = pa(n)(uw — ). After extending us(&,n, ¢) = u2(€, —n, ¢) for
1 < 0 for fixed &, also let uor = usg(€,m, @) = x(¢ — kw/4)us, 1 < k < 8. Note that
uak € HE([=mo,mo] x [km/4 —1/2,km/4+1/2]), 1 < k <8, and we have

km/4+1/2
/ / |37,u2k\2 + 7’72|8¢u2k|2)7’ do dn
k

w/4—1/2
)
<C ((e—m)—l—'u U')do<CE0,
To(&)
whereas Lemma 4.1 yields the bound
km/4+1/2
/ / 2|6¢u2k|2)r d¢ dn
fom/4— 1/2
u—o|?
<C (¢+—5—) do=CQ(¢) < CVe,
To (€) t
uniformly in 1 < k < 8 and 2§y < £ < 4&y. Also observe that there holds
§odo S0 — Mo £—m
T+ A g =T 5 = o +1m0/2 < 3

for 2&y < £ < 4&p and |n| < np. By Lemma 4.2 thus for sufficiently small £ > 0 with
an absolute constant C' > 0 we find that

sup / 16Uk g <C
280<€<480 J Ty (&)

uniformly in 1 < k < 8.

Now observe that |u| < |u—9|+|9] < 2max{|u—o|,|v|}; in addition, there holds
lu — v|> < max{u?,u3;; 1 <k <8} by choice of 15 and y. Thus by (11) we can

bound
/ 64“2d0§/ 616‘“7’7|2d0—|—/ e16191% 4o
INE3) INE3) N3]

< / ewufdo—&—/ max e84k do +/ tldo< C,
Iy () To () 1shs4 ()

uniformly in 2§, < & < 4&. Hence for any 0 < & < 8 '7. with a constant C

independent of & we find
4&0 5
/ / e do d¢ < C& .
r'(€)

Note that the collection (I'(§))o<e<ag, covers the cone K29, Replacing & by
27k¢y and adding the resulting estimates, after the change of variables (¢,z)
(¢ =t + |x|,z) we then obtain

22—]«:50
/ e dr dt < Y / / e dode <C Y 270 < Oty
K2 kEN, V2 )

1o kENg

as desired. 0O
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Proof of Theorem 1.1. Fix ¢ > 0,0 < T < 477, as in Lemma 4.3 and let u(®
be the solution to the homogeneous wave equation u") — Au(® = 0 in K7 with
initial data u(9)(T) = u(T), uEO) (T) = ue(T). Multiplying the equation

(u—u®)y — Al —u®) + ue”” =0

with (u —u(?), and integrating over KL we obtain the estimate

1
5/ ID(u —u()(5)*de S/ (= u®)y|ule”” dx dt
Bs(0) KZ(0)

< ( sup / |D(u — u(o))(t)|2dx)1/2 (T/ w2 dx dt)1/2 ,
S<t<T .JB,(0) KT (0)

where D = (9, V). Replacing S by a suitable ¢ € [S,T], we arrive at

sup / |D(u — u®)(t))? dz
B(0)

S<t<T
<4T / u?e®” dx dt < AT / e’ du dt .
KE(0) KT(0)
But choosing T > 0 sufficiently small, in view of Lemma 4.3 we can achieve that
4T/ e dr dt < €0 ,
KT (z0)

where €9 > 0 is the constant defined in Lemma 2.1. Since

lim |Du(® (t)|2 dz = 0
H0 JB,(0)

and since by Lemma 3.1 we also have

lim inf / v ® dp =0
t0 - JB,(0)

we then find that
lir}flui)nf E(u(t), B¢(0)) < eq ,

contradicting Lemma 2.1. The proof is complete. O
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