QUANTIZATION FOR A FOURTH ORDER EQUATION WITH
CRITICAL EXPONENTIAL GROWTH

MICHAEL STRUWE

ABSTRACT. For concentrating solutions 0 < up — 0 weakly in H?(Q) to the

2
equation A2uj = A\yure?“k on a domain Q C R* with Navier boundary con-
ditions the concentration energy A = limy_, fQ |Aug|? dx is shown to be
strictly quantized in multiples of the number A; = 1672.

1. INTRODUCTION

Let Q be a bounded domain of R* and let uy > 0 be solutions to the equation
(1) A2y, = )\kuke%i in Q
with constants Ax > 0, where we prescribe Navier boundary conditions
(2) ur = Aug = 0 on 0N.
We assume that A\ — 0 and

3 Aug|? de = | wuA%uy de = Ay w2 dr — A >0
(3) | K
Q Q Q

as k — oo. In view of the boundary condition ux = 0 on 0%, then by standard
elliptic estimates we also have the uniform estimate

(4) / |V2ug|? do < C/ |Aug|? de < C
Q Q

for all k. Since A\ — 0, from (3), (4) we conclude that A%y, — 0 in L'(92) and
u — 0 weakly in H?(Q) as k — oo, but not strongly. In fact, as shown in [10], the
sequence (ug) blows up in a finite number of points where after rescaling spherical
bubbles form in the following sense.

Theorem 1.1. Let Q be a bounded domain of R* and let (ur)ren be a sequence of

positive solutions to problem (1), (2), satisfying (3) for some A > 0 as above.
Then there exist a subsequence (uy) and finitely many points z® e Q,1<i<

I < CA, such that for each i with suitable points xj = :r,(:’) — 2 and scale factors

0<ry = r,(:) — 0 satisfying

(5) )\krﬁuz(xk)e%i(m’“) =96
we have
i 1
O mle) =22 0) = walon) vl + 1) — uslo) — =g (1)
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locally C3-uniformly on R* as k — oo, where n = 19 + log2 = log (TZTP) solves
the fourth order analogue of Liouville’s equation
(7) A2 = A%y = 96e'™ = 6e7 on R,

In addition we have
(8) #Hooforalllgi;«éjgl,

and there holds the pointwise estimate

pinf |z — 242 (2)e24h @) < C,
(9) A inf [z — 2 [ () e?
uniformly for oll x € Q and all k.

Geometrically, the solutions 1 to the limit equation (7) correspond to conformal
metrics ¢ = e?"gps on R* of constant Q-curvature Q = %6_4’7A2n =3 = Qg1,
which are obtained by pull-back of the spherical metric on S* under stereographic
projection and with total Q-curvature

(10) 2/ Q dug :/ 6e dx = 2/ Qs dpg,, =167 =: Ay,

R4 R4 54
This geometric interpretation of 7 is the reason why we prefer to state the preceding
result in the present form rather than choosing scaling constants as in [10].

Continuing our previous work, here we show that the concentration energy A is
quantized in multiples of A;.

Theorem 1.2. In the context of Theorem 1.1 we have A = LAy for some L € N.

Theorem 1.2 is the four-dimensional analogue of a recent result by Druet [4] for
the corresponding 2-dimensional equation
(11) —Auyp = )\kuke%z in Q c R?,
which refines our previous result with Adimurthi in [2], characterizing only the first
blow-up energy level.

A similar quantization has been observed by Wei [11] for the fourth order ana-
logue of Liouville’s equation

(12) A?uy, = Ape'™  in Q C RY,

with Navier boundary conditions (2), assuming the uniform L!-bound

(13) / Apetts dp < A
Q

and with Ay, — 0 as k — co. Quite remarkably, Wei is able to show that for (12)
each blow-up point is simple in the sense that L = I. In the geometric context of
the problem of prescribed Q-curvature on S*, an analogous result was obtained by
Malchiodi and this author [8]. It is an interesting open question whether the same
strong quantization property holds true for equation (1) as well.

Related results on compactness issues for fourth order equations can be found
in [1], Hebey-Robert-Wen [5], Robert [9], or Malchiodi [7].
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In the following two sections we first present the proof of Theorem 1.2 in the
rotationally symmetric case. In Section 4 then we show how these results can be
extended to the general case by means of the gradient estimate Proposition 4.1,
whose proof is given in Section 5. Clearly, we may pass to further subsequences
(uk), when needed. Throughout we let A = Z?:l (8/0x;) be the Laplacian (with
the analysts’ sign). The letter C' denotes a generic constant that may change from
line to line.

I thank Olivier Druet for helpful comments on an early version of this paper.

2. THE RADIAL CASE

The proof of Theorem 1.2 is most transparent in the radial case where Q2 = B =
Br(0) and when uy(z) = ui(]z|). Indeed, in this case in the notations of Theorem

1.1 we have I =1, x,(cl) =zW =0, and

m(@) = ) () = i (0) (ur () — ui(0)) <0,
where 1, = 7"1(@1) is given by (5). Moreover, the functions uy and —Auwuy, are positive
and radially decreasing, and uj — 0 locally uniformly away from = = 0 as k — oo.
For brevity we let

upA2uy, = )\kuieQ“i =:¢e, in O
and we denote as

wi () = uk(0)(ur(x) — uk(0))
the unscaled function 7y, satisfying the equation

Aka = )\kuk (0)uk62ui
(14)

wy
1+ 242 (0) Jw

4
= A\ (u3(0) + wk)e%i(o)e =: fr > e in Q = Bp.

The function 7y likewise satisfies the equation

(15) Ay, = Vie! ™™ in Qp = Bpy,, (0)

with

(16)  0< Vi = Ner(u(0) + mp)e®+©) < 96, 1/2 < ap =1 + #k(o) =t
k

In view of Theorem 1.1 we have Vi — 96, ax — 1 locally uniformly on R* as
k — oo.

For 0 <7 < R let
Ak (r) :/ e dx, op(r) = fr dz,
r B,
Observe that Ag(r) < or(r), and both functions are non-decreasing in r; moreover,

(10) implies

(17)  lim lim Ag(Lry) = lim lim ox(Lry) = lim lim 96/ e* dr = A;.
Br,

—00 k—00 L—o00 k—o0 L—oo k—oo

We can now show our first decay estimate.
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Lemma 2.1. For any € > 0, letting T, > 0 be such that ui(Ty) = cuxr(0)/2, for
any constant b < 2 there holds

(18) wi(r) < blog (%k) + C on Brp,

and we have

(19) khm Ak(Tk) = khm Uk(Tk) = A1.

Proof. Note that T, — 0 as kK — oo in view of the locally uniform convergence
ur — 0 away from 0.

For 0 <t < R decompose wy = gi + hi on By, where gj, satisfies g = 0,9 = 0
on OB; and where A%h; = 0. Then we have Ahy = 8dj for some di € R and it
follows that hg(x) = wy,(t)+dy(|z|>—t?). The equations 0, wy = 9, gx+0, hy, = 2tdy
and Awg = Agg + Ahy = Agy + 8di on 0By then imply the identity

Awy, — 4710, w, = Agy, on OB;.

If we now choose ¢t = ¢, > Lry, from (17) we obtain

/ tAgy do = Oy (x - Vgg) do = / (2Agy, + x - VAg) dx
OB OB

By

t t
(20) = / x-VAgy dx = / T 0, Agy, do dr = / rog(r) dr
By o JoB, 0

SN

with error o(1) — 0 if first £ — oo and then L — oo. For any b < 2 and sufficiently
large L > L(b) for k > ko(L) then we conclude the estimate

2b
Agy > (A —o(1)) > 7z on 0B;

2(,4)3752

for such t = t;, where w3 = 272 is the volume of S3. Writing wy (z) = wy(r) for

convenience and denoting wj, = 88“; £ and so on, we thus obtain that

AN L2 2b
r(%"’ )ng_%__:Awk—M_lauwk__Zo

r2 r2 r2

on 0By, provided t > Lr, with L > L(b) and k sufficiently large; that is, the

expression % + T% is non-decreasing for r» > Lry. Since w; < 0 we conclude that

b rwl(t) b b rb

(1) wjr) < 24 T b b T

for all t = t,, > r > Lry. For any r € [Lrg,Tx], upon choosing t = t;, where
Ty /tr — 0 as k — oo and integrating from Lry, to r, with error o(1) — 0 as k — oo
from (6) we find

wi(r) < wy(Lry) — blog (L> +o(1)
L?”k
Tk Tk
— (L) + blog L + blog (7) +o(1) < blog (7) +o(1),
as claimed in (18). For r < Lry, the asserted bound already follows from Theorem
1.1.
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Inserting (18) in the definition (14) of fi and recalling (5), for Lry < r < Ty
with sufficiently large L > 0 and k then we obtain

4(14 —SLk )
fi < )\kui(o)€21ti(0)e RAET-ON

2+€)b
< )\W:u%(0)621@(0)@46(2%)% < Cr,;‘* (r_k>( +e) .
T

Choosing b < 2 such that (2 4 )b = 4 + ¢, upon integrating over By, we obtain

or(Ty) = fr deA1+/ fr dz
By, Br, \BLr,,
_4 TR\ 4te —1 Tk :
<A+ Oy ()7 arsairoe (£2) <ai+e
Br \Brr, T Lry,
if first L > Lo(e) and then k > ko(L) is chosen sufficiently large. Since € > 0 is
arbitrary, the proof is complete. O

For a suitable sequence ¢, | 0 as k — oo and corresponding numbers s, = Tk (eg)
then we have
(22) lim Ax(se) = lim op(se) = Ay, lim S8 _ T g
k00 koo koo Uk (Tk)  k—oo S

where 1 /s — 0 as k — oo by Theorem 1.1. In addition from (17) we obtain that

(23) Llim klim (Ar(sk) — Ap(Lry)) = 0.

Let rp, = r,(cl), Sk = 8,(61). We now proceed by iteration. Suppose that for some

integer [ > 1 we already have determined numbers r,(cl) < 8,(61) < < r,il) < s,(ﬂl)
such that
(24) lim Ar(s) =14
and
) (1)
. . . u(sy”) . T
(25) lim lim (Ak(s(l)) - Ak(Lr(l))) = lim —F= = lim = =0.
L—oo0 k—oo k k k—oo U, (7’](;)) k—oo Sl(cl)

For0<s<t< Rlet

t
Ni(s,t) = / ey dx = / Aude? do = wg/ R
Bt\Bs Bt\BS s
and define

Pi(t) = thk(s, t) = t/ er do = wg)\kt4ui(t)62”i(t).
ot 0B,

Note that monotonicity of u implies

t
P(t) = ng\kt4ui(t)62“i(t) = C’Ong\kui(t)e%i(t) / ridr

(26) t/2

< CoNg(t/2,t) < CiPy(t/2)
with uniform constants Cp = 4(1 — 1/16)~!, C} = 16, respectively.

A preliminary quantification now can be achieved, as follows.
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Lemma 2.2. i) Suppose that for some ty, > s,(f) there holds

sup  Px(t) — 0 as k — oo.
s <<ty

Then we have
lim Nk(s,(f),tk) =0.

k—oo

ii) Conversely, if for some tj, > s,(ﬂl) and a subsequence (uy) there holds
khm Nk(SI(Cl),tk) =co >0,

then either co > 2ws = 472, or we have
lim inf Pk(tk) Z 260
k—oo

and
lim liminf Nk(slil), Lt) > 2ws, lim limsup Nk(s,(f),tk/L) =0.

—o0 k— L—oo koo

Proof. i) For s = s,(ﬂl) < t we integrate by parts to obtain

AN(s, 1) = 4/

t
2 2
Apuse?Ue dy = 4w3/ AerPuge s dr
S

B\B,
t
(27) = w3k (r4ui62“i) |; - 4w3/ Nerd (ug /2 + u%)ufce%i dr
- 2y Uk s 242
< Pp(t) —4dws [ Aer®(1/2 + ug) wye "k dr.
s ur(0)

In order to further estimate the right hand side we need to derive a lower bound
for wj,. For 0 < r < t decompose wy = gi + hi on B, as in the proof of Lemma
2.1, where g, satisfies gx = 9,g9x = 0 on 9B, and where A?h;, = 0. Then

Awy, — 4r~10,wy, = Agy, on OB,
as before while (20) yields the equation

Jop, Agi do_ [T o) dr' _ au(r)
wsr3 o ward = 2uwsr?’

Agi(r) =
We conclude that

r <w_§¢ + for oy (r') dr/>l

r 2wsrt

" w; Ok (’I“) 2 f()r oy, (7'/) dr’
= wk) _ —

r Qwsr? wart > Awg — 4~ dwy, — Mgy =0
3 3

on 0B,.. Thus, for 0 < rg < r we have
/ T ’ d ’ ’ To ./ / d /
wy(r) n Jo T'ok(r’) dr > wy (1o) n Jo' r'ok(r’) dr

= 1
2wsrt o 2wsrg

Upon choosing rg = Lry for some fixed L, from Theorem 1.1 we can explicitly
compute the limit as k — oo of the term on the right to see that

wj, (1) for r'og(r') dr’

r 2wsrt

>0,
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for r > Lry, when L and k > ko(L) are sufficiently large; that is, there holds

for r'og(r’) dr’ - _Jk(T)

(28) rwy,(r) > — for all » > Lry.

Qwsr? w3

Inserting the bound (28) into (27) and observing that by (25) for s = sl(cl) <r<t
with error o(1) — 0 as k — oo we have

B ) = [ (e 00
ug(0) 0

T
< wg/ et (P e e dr! 4 o(1) = Nyg(s,r) + o(1),
S
we arrive at the estimate

(29) ANg(s,t) < Py(t) + /f At (1/2 4 uf )€ Ni(s,7) dr + o(1)

< Pu(t) + w3 ' Ni(s,1)* + o(1).
If we now assume that

sup Pp(t) — 0 as k — oo,
s<t<tp

upon letting ¢ increase from t = s = s,gl) to tp we find
lim Ny(s\, ) =0,
k—o0

as claimed.

ii) On the other hand, if we suppose that for some ¢ > sl(cl) we have

(30) 0< klim Nk(s,gl),tk) = ¢y < 2ws,
from (29) with error o(1) — 0 as k — oo we conclude that
(31) 2¢0 + o(1) < (4 — cowy )Ni(sy, t) < Pu(te) + o(1).

It also follows that
Llim lim inf Nk(sl(cl),Ltk) > 2ws.
—00

— 00

Otherwise, (26) and (31) for a subsequence (uy) yield the uniform bound
C() hkm inf Nk(Ltk/Z, Ltk) Z hkm inf Pk (Ltk) Z 260
for all L € N. Choosing L = 2™, where m € N, and summing over 1 < m < M, we
obtain
Co lim inf Ax(2"'t) > Co lim inf Ni(sP,2Mt,) > 2coM — 00 as M — oo,
contrary to assumption (3). Upon replacing ti by tx/L in the previous argument

and recalling our assumption (30), by the same reasoning we also arrive at the
estimate

lim liminf Ny (s\", tx/L) = 0.
L—oo k—oo

This completes the proof. O
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Suppose that for some t; > s,g) there holds

hmlank(s,(C), tr) > 0.

Then we can find a subsequence (u) and numbers r,ilﬂ) ]sl(cl), tr[ such that

(32) ler&N (s,(f),r,(jﬂ)) =co > 0.

Replacing our original choice of r,(cH'l) by a smaller number, if necessary, we may
assume that ¢p < 2ws. Lemma 2.2 then implies that

33)  lim liminf Ni(s O L0y > 90 Jim_lim sup N s® Dy g
k k k
— 00

—X k—oo

and that
(34) hkmlank( (H'l)) 0.

Note that (25) and (26) also yield that r,(clH)/sl(f) — 00 as k — oo. Indeed, from
(25) and (26) for any m € N with error o(1) — 0 as k — oo we obtain that

o(1) > Ni(sV/2,5) > Cy L Pi(s)
ch_lNk( (l) 28(l)) > >C mN (2m 1 (l) 2m (l))

Thus, if we assume that r}(€l+1) < 2Ms,(€) for some fixed number M, we find that

M
Ne0r0H) € 32 M 10 2me) < o)

m=1
contradicting (32).

Similar to the blow-up analysis in [10], we then obtain the following result.

Proposition 2.3. There exist a subsequence (uy) and a constant ¢tV such that
1+1 ! ! +1 1+1
mi ) = () ) — () = g (@)

locally C3-uniformly on R*\{0} as k — oo, where n+1 = n{tH 40+ ¢ coo(RY)
solves equation (7) on R* with

(+1)
/ 6et " dr = Ay
R4

Postponing the details of the proof of Proposition 2.3 to the next section, we
now complete the proof of Theorem 1.2.

For a suitable subsequence (uy) Proposition 2.3 implies

lim lim N ({0, Let) = A,

L—oo k—oo

and from (33) we obtain that

3

lim lim Ny(s;, 0 Lr(l+1))

— 00 k—o00

= lim lim (N, (s Y Dy 4 N (Y /L, L)) = AL

L—oo k—

(35)
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Our induction hypothesis (24) then yields
lim lim (Ag(s") + Ni(s?, L)) = (1 4+ 1A,

o L—oo k—oo

(36) lim lim Ag(Lr)y

Denote as
wy ™ (@) = () (i (@) — (™)
the unscaled function n,(cl-H), satisfying the equation
(37) Azw,(j“) = )\kuk(r,(CHl))ukeQ“i =: f,g”l) in Q = Bp.

Observe that f,gH'l) > ey, forr > r,(j'H). We have the analogue of Lemma 2.1, which
may be proved in the same fashion.

Lemma 2.4. For any € > 0, letting T, = TIEZH) > 0 be such that ug(Ty) =
euk(r,(fﬂ))/?, for any constant b < 2 and sufficiently large k and L there holds

(I+1)
r
(38) w,(clﬂ)(r) <blog ( kr ) + C on B, \BLT,ng)
and we have
(39) S Ni(sy) . Ti) = Ar.
For suitable numbers s,(clﬂ) = T,g”l)(&k) where €5 | 0 as k — oo then we have
(40) Jim Ap(sU) = 1+ 1A
and
(14+1) (14+1)
. . (1+1) I+D)\y _ 1o Tk T ug(sy ) _
() i, B el = Aalbn70) = g, Ly = g,y =0
5p, up(ry )

completing the induction step. In view of (3) and Lemma 2.2 the iteration must
terminate after finitely many steps 1 <[ < L, after which

Nk(s,(CL),R) — 0 as k — oc.

This concludes the proof.

3. PROOF OF PROPOSITION 2.3
Throughout this section we let r;, = r,(CI'H), Sk = sl(cl), etc., and we set v, = r,il).
Note that monotonicity of uy and (26) give rise to the following estimate.

Lemma 3.1. There exists a constant C independent of k such that

(42) r2up(r) < Criug(ry) for all v < ry.

Proof. For r < 7, we use (26) to estimate

u%(r)r‘l P ( — w2 2u (1) <P < OsN 2 < CA
—5 1 Pp(r1) = w3 e ug(r)e < Py(r) < CoNg(r/2,r) < .
i (1)

The claim follows from (34). O
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Denote as v (z) = ug(riz) the scaled function ug. Also write v (z) = vi(r) for
r = |z|. The following result is similar to Lemma 2.2 in [10].

Lemma 3.2. As k — oo we have vg(1) — oo and there holds vg(x) — vi(1) — 0
locally uniformly on R*\ {0}).

Proof. Convergence v (1) = ug(ry) — oo immediately follows from (34).

Let 0k (x) = vi(x) — vi(1), satisfying the equation
A21~)k = )\kréva%)z =:gr > 0.

We claim that g — 0 locally uniformly away from 0. Indeed, for |z| = r > 1
monotonicity implies that

gk(x) < /\krévk(l)e%i(l) = /\kréuk(rk)e%i(r’“) = CPy(ry)/ur(ry) — 0

as k — oco. On the other hand, for 1/L < |z| < 1, letting ¢t = |rpz| from (26) we
have the estimate

gr(x) = )\krﬁuk(rkx)e%i(”m) < L4/\kt4uk(t)62“i(t) = CL*Py(t) /ur(t) — 0.

Since from (4) we also have the uniform L?-bound
(43) V20| 2 = [[V?uk]|r2 < C,

we may extract a subsequence (uy) such that Ady =: ), — W weakly in L? (R?)

and in Cllo’g‘(IR‘l \ {0}), where w is harmonic away from the origin. In addition,
W € L?(R*); since the point z = 0 has vanishing H?-capacity, we then have A = 0
in the distribution sense on all of R* and @ is a smooth, everywhere harmonic
function. Again invoking the fact that @ € L?(R*), then we see that @ vanishes

identically; that is, we have A, — 0 weakly in L2 (R*) and in CL%(R*\ {0}).

loc loc

The L2-bound (43) together with the fact that ¥x(1) = 0 by the H2-estimates
for the Laplace operator also yields weak HZ2-convergence @, — ¥ in Bj and then,
by a variant of the Poincaré inequality, also local weak H2-convergence on all of
R*, where ¥ is smooth and harmonic. Since #(1) = 0, moreover, by the maximum
principle v vanishes throughout B;. By the unique continuation property of har-
monic functions then ¥ vanishes everywhere. Recalling that for radially symmetric
functions weak H2-convergence implies locally uniform convergence away from the
origin, we obtain the claim. O

From the definition

M () = uk (i) (un (rex) — uk(re)) = vk (1) (vx(2) — v (1)),
with 7, = 7",(;“), etc., and with 9 = v /vk(1) — 1 locally uniformly on R*\ {0})

by Lemma 3.2, we derive the equation

A2y = riug () (A%ug) (ry-) = /\krﬁui(rk)e%i(T’“)@kez(”z_”i(l))

— A o2k (D +1
= UEUr€E i (O ))a

(44)

where py = w?flPk (rk) > co > 0 by (34). Note that by monotonicity of u, we have
(45) Mk <0, 9 < 1,0 < A < e < CA outside By(0),
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whereas n, > 0, 0, > 1 in B1(0). Thus, monotonicity of uy together with (26) yield
(46) 0 < e < APpy(x) < rie(rir) = |z ws ! Pu(rglal) < Cla| ™
for any x € B;1(0); moreover, for any L > 1 and sufficiently large k& by (3) we have
(47) / A%y, dx < / O A%y do = / upA2ug dr < CA.

B1(0) BL(0) Brry, (0)

Finally, in view of (25) and (33) there holds

/ A2y, dx = / uk(rk)A2uk dx
Bi1,1(0) B, /1(0)

(48) < / upA2uy, dx + 71“6(”1) / wp A2y, dx
Bry/i\B, - (0) ug(Lry) B, - (0)

< Ny(Lrpym /L) + CA-EE)_ g
up(Lry)
if we first let £ — oo and then pass to the limit L — oo.

Recall that
v = —Anp = —vg(1)Avg >0

in view of (2) and the maximum principle. The following result is similar to [10],
estimate (21).

Lemma 3.3. For any K > 3 there exists a constant C(K) such that

L41 +log K

v de < C(K)L?> + C
/BL(O) ( ) 1+ K2

for any L > 1 and any sufficiently large k.

Proof. Extend vy to vy € HZ(R?) by letting
vp () = —7(rpx)vg (Rix/|x)?) for || > Ry = R/ry,

with a fixed cut-off function 7 € C§°(B2r(0)) such that 7 = 1 in a neighborhood
of Br(0). Observe that we have the uniform bound

[|[Vugl||ps < C||V2’Uk||L2 < C||V2uk||L2 < CA.

For any y € R* and any r > 0 define

c,(ﬂy’r) 2][ vy dzx,
By (y)

where we denote as §, = #(A) /4 the mean value on a domain A C R*. Similar to

[2], Lemma 4.2, the Poincaré inequality (or the embedding W14(R*) — BMO(R?))
together with Lemma 3.2 yields the uniform estimate

cl(f”l) - vk(l)’ <

A = )| 4 [P — ()] < Clog(1 + lyl) + ©

for all y € R* and sufficiently large k. The proof of [10], estimate (21), now may be
carried over essentially unchanged to the present situation to yield our claim. The
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only modification required is replacing [10], estimate (19), by the estimate

[ vtueon@ei@a= [ [
lyI<K lyl<1 1<|y|<K

(49)
< / )\krévi(y)e%i(y) dy + CK4/\kr:ui(rk)eQ“i(T’“) <O+ K%,
ly|<1

which follows from (3), (26), and monotonicity of uy. O

Lemma 3.4. There exist a subsequence (ug) such that v, — v locally uniformly in
Cle on R\ {0} as k — oo.

Proof. For any L > 1 decompose v = Hy + Ny on By, \ By,1,(0), where AH}, = 0
in Bz, \ By/1(0), and where Nj, = 0 on 9(Br, \ By,1(0)). After passing to a further
subsequence, if necessary, in view of (45), (46) we may assume that N — N in C1:@
on Br, \ By.(0) as k — oo. On the other hand, from the mean value property of
harmonic functions and Lemma 3.3 together with the fact that v > 0 we conclude
that Hy, — H locally C?-uniformly on By, \ By/.(0) as k — 0o, and the proof is
complete. O

Lemma 3.5. There exist a subsequence (uy) such that mi — no locally uniformly
in C3* on R\ {0} as k — oco.

Proof. Similar to the proof of Lemma 3.4 for any L > 1 we decompose 7, =
hi + 1 on B \ By/r(0), where Ahy = 0 in By, \ By,1(0), and where I = 0 on
(B \B1/1(0)). By Lemma 3.4 we may assume that [, — [ in C* on B\ By,1,(0)
as k — oo. Taking account of the estimates ni(r) > mi(1) = 0 for 1/L < r < 1
and N, (r) < nE(l) = 0 for 1 < r < L, respectively, from Harnack’s inequality we
conclude that either hj, — h locally C*-uniformly on By \ By,1(0), or hy — oo
and hence 7 — oo locally uniformly on By \ By,.(0) as k — oo. But the latter
possibility is excluded by (46), and the assertion follows. O

Proof of Proposition 2.3. Since A?p; > 0 by (47) is uniformly bounded in
LY(BL(0)), from Lemma 3.5 and elliptic regularity we also obtain that the sequence
(nk) is bounded in W24(Bg(0)) for any ¢ < 2 and any L > 1. In addition to the
assertion of Lemma 3.5 we thus may assume that n; — 79 weakly locally in W24
as k — oo.

By Lemmas 3.2 and 3.5 we may pass to the limit ¥ — oo in equation (44) to see
that ng solves the equation

(50) A%y = poe?™ on R* \ {0},

for some constant g = limg_ oo pr > 0. Moreover, from Lemma 3.3 we obtain that

(51) lim <L4/ Ang da:) =0.
L—oo BL(0)
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In addition, by Fatou’s lemma, Lemma 3.2, and (47), for any L > 1 with a uniform
constant C' we have

/ e*™ dr < lim inf/ 13,362’7"'(@’“(”)4'1)) dx
Br\B1,.(0) k=00 JBL\By,1(0)

(52)
= lim inf/ ,u,:lﬁkA2nk dx < CA.
Br\Bi1,1(0)

k—oo

Passing to the limit L — oo, we see that e € L}(R*). Since in view of (48) we

also have
/ A2770 dr < lim sup/ A2nk dr — 0
By,1(0) k—oo JBy,1(0)

as L — oo, it follows that 79 extends to a distribution solution of (50) on all of R%.
Writing po = 6e% for some constant ¢ = ¢+ € R, and letting n = 19 + ¢ we find
that 1 solves equation (7). The desired characterization of 7 then can be obtained
exactly as in [10], Proposition 2.4, from the bound (51) and Lin’s [6] classification
of all solutions to equation (7) on R* with e*7 € L1(R?). O

4. THE GENERAL CASE

For the proof of Theorem 1.2 in the general case fix an index 1 < ¢ < [ and

let zp, = x,(:) — x(i), 0<nry= r,(:) — 0 be determined as in Theorem 1.1 so that

u(Tr) = Max|,_p, <L, uk(z) for any L > 0 and sufficiently large & and such that

(53) k() = 77;(;) () := up(zp) (ur (g + rrx) — up(ar)) — log <1 —|—1|x|2)

as k — oo. For each k we may shift the origin so that henceforth we may assume
that xp = 0 for all k. Denote as Q; = Q,(Ci) the shifted domain 2. We also extend
uy, to u, € W2 (RY), still satisfying the uniform bound (4) up to a constant. Again
we let e = )\kuze%i, fr= )\kuk(O)uke%i, and for 0 < r < R we set

Ak (r) :/B e dx, op(r) :/B fr dz,

satisfying equation (17).
Also introduce the spherical mean u(r) :_-BB ugdo of ug on OB,, and so on,

and set € = )\kﬂie%i. Recall that in view of (2) and the maximum principle we

have Auy <0 in Qf and then also

W (r) = ][ L. Vugdo = r Auy dx < 0;
o8, || 4 JpB,

that is, @k (r) is non-increasing in r as long as B, C (.
The spherical mean wy, of the function
wi () = uk(0)(ur () — ur(0)),
satisfies the equation

(54) AQE};C = )\kuk(O)ukeQ"i = fk
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Note that by Jensen’s inequality we have
(55) ek < ég;
hence
Ag(r) == / ér dr < Ag(r), fr dx = op(r).
., B,

Observe that in analogy with (17) Theorem 1.1 implies

lim lim Ap(Lry) = lim lim Ag(Lry) = lim i Lry) = A;.
(56) i Jim Ax(Lre) = lim lim Ay(Lr) = lim lm ox(Lre) = Ax

To proceed, we also need the following gradient estimate similar to Druet [4],

Proposition 2. For any k € N, x € Q we let
(j)|
-

Ri(z)= inf |x—=x
1<5<1

Proposition 4.1. There ezists a uniform constant C such that for all x € Q) there
holds

Ry (x)u(x)|Vug(z)| < C,
uniformly in k € N.

The proof of Proposition 4.1 is given in the next section.
Recalling that az,(j) =0, we let

pr = ol = 3 int o7,
and we set pp = oo if {j; j # i} = 0, that is, if there is no other concentration
point but x,(f). We now use Proposition 4.1 to deal with concentrations around the
point x,(j) at scales which are small with respect to pix. Indeed, for |z| < pp we
have |z| = Ry(x); therefore, by Proposition 4.1 for any 0 < r < p;, with a uniform

constant C there holds

(57) 0< sup ui(z)— inf wi(z) <Cr sup |Vui(z) <C.
2€8B, z€IB, €98,
Hence
(58) sup 2ui (@) < C’e%i(r),
r€IB,

and we conclude the estimate

(59) sup ul(x)e?t ™) < Cy(1 + a2 (r))e2 ik )
r€IB,

with a uniform constant Cs.

Also note that in view of (9) and our choice of x,(:) there holds ug(x) < ug(0)
for all |z| < pg; hence at this scale there also holds the inequality e < fi.

Similarly to Lemma 2.1 then we obtain

Lemma 4.2. For any e > 0, if there is 0 < Ty, < pi such that ay(Ty) = eug(0)/2,
then for any constant b < 2 there holds

(60) wi(r) < blog (%k) +C for0<r<Tj
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and we have

(61) lim Ak(Tk) = khm Uk(Tk) = Al-

k—oo

Proof. First observe that (2) together with (57) and the fact that ug(0) — oo as
k — oo implies that dist(0,0€) > T} for sufficiently large k. Hence for such k the
spherical averages @ (r) are well-defined for any r < Tj.

As in the proof of Lemma 2.1 for ¢t = t; < T} decompose wy = gi + hx on By,
where g satisfies g = 9,g9x = 0 on 0B; and where hy(r) = wg(t) + di(r? — t2)
satisfies A?h;, = 0. Then as before we derive the identity

Awy, — 4t‘181,wk = Agr on 0By

and for any b < 2, any ¢t = ty, > Lry, for sufficiently large L and k from (20) and
(56) we obtain
A 2b
gr > 2 on OB;.
Again it follows that the expression wT; + T% is non-decreasing for » > Lry when

L > 0 and k are chosen sufficiently large. Since wj, = ux(0)a), < 0 on By, we may
then deduce (60) in the same way as (18) from (21).

Using (14) and (58), for Lry < r < Ty < pg with sufficiently large L > 0 and k
from (5) and (60) then we obtain

_ 200y 41+ 2k )
kaC)\kui(O)ezuk(O)e 2@ "

)

_ (2+e)b
< C)\kréuz(O)ezui(o)r;%@“)w’“ < Cr,;4 (r—k) )
,

and we complete the proof as before. O

With the help of Proposition 4.1 we can improve the estimate (61) to obtain the
analogue of (19). For 0 < s <t < py, we let

Ni(s,t) = / er dr = / /\kuiezuidx,
B\ Bs B\ B

as before and define

¢
(62) Ni(s,t) = / € dx = w3/ )\kr?’ﬂie%idr < Ni(s,t).
B\ B; s

Also let

Pk(t):thk(s,t):t/ ey, do
ot 9B,

and set

P(t) = t%m(s, t) = t/ & do = Wyt a2 (1)e2™ ) < Py(t).
OBy

Note that (59) implies the estimate
(63) Ni(s,t) < C3Ni(s,t) + 0(1), Pi(t) < C3Py(t) + o(1),

with error o(1) — 0 as k — oo, uniformly in s <t < py.
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Lemma 4.3. For anye > 0, if Ty, = Ti(c) < pi is as in Lemma 4.2, then we have
lim Ak(Tk) = Al.
k—oo

Proof. In view of (56) and Lemma 4.2 we have

lim lim Nk(er,Tk) < hm Ak(Tk) — hm hm Ak(er) =0.

L—o00 k—oo L—o00 k—oo

Since by (63) with error o(1) — 0 as k — oo we can estimate
Ag(Lry) < Ap(Ty) = A (Lrg) + Ni(Lrg, Ti)) < Ap(Lry) + CgNk(LTk, Tk) + o(1),

upon letting k& — oo and then passing to the limit L — oo, from (56) we obtain the
claim. 0

Under the assumptions of Lemma 4.2, as in the radially symmetric case for a
suitable sequence ¢, | 0 as k — oo and corresponding numbers s, = Ti(ex) < px
now we have

klim Ak(sk) = Al,

and ( )
. . o Ug(Sk) Tk _
A im (Ax(se) = AelLry)) = lim 2705 = lim = =0.

By slight abuse of notation we let ry, = r( ) , Sk = s,(:) and proceed by iteration

as before. Suppose that for some integer | > 1 we already have determined numbers
( ) 1)

<s, < < r,(cl) < Sl(cl) < pi such that
(64) Jlim Ar(sP) =14
and
65  lim lim (Ag(s)) — Ap(LrD)) = lim wesi) _ T =0.
L—00 k—o0 k—o00 Uk(T,(f)) k—o00 Sz(cl)

Similar to Lemma 2.2 then we have the following result.

Lemma 4.4. i) Suppose that for some 8,(;) < tx < pi there holds

sup  Px(t) — 0 as k — oo.
s <<ty

Then we have
klim Nk(s,(c), ti) = 0.

ii) Conversely, if for some tj, > s,(ﬂl) and a subsequence (uy) there holds

klirgo Nk(s,i),tk) =co > 0, klir{;tk/pk =0,
then either co > 2ws, or we have
likrg'g.}f Py (tr) > 2¢o
and

lim hmiank(s,(C),Ltk) > 2ws, hm hmbuka(sk ,tk/L) = 0.

L—oo k—oo —0 koo
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Proof. i) In view of (63) we may consider Ny (s,t) and Py (t) instead of Ny (s, )
and Py(t). For s = s,il) < t similar to (27) we integrate by parts to obtain

4Ny (s, t) = Pk(r)‘z - / x - Vépdx
B:\B,

5 ﬂk} _/ ~

< Py(t) — 4/ ——rwérdr + o(1),
B;\B. uk(0) g

where rw), = x - Viy, as usual, and with error o(1) — 0 as k — oo, uniformly in

s <t. As in the proof of Lemma 2.2 then for sufficiently large L and & we obtain

the estimate

T " dr’
rw;(T)Z—foer(r) ! >—UI(T) for all r > Lry,

Qwsr? w3

analogous to (28) and we conclude that

duy, —/ -1
- < N, 1).
uk(O)rwk < w3 Ng(s,r)+o(1)

It follows that
(66) 4Nk(s,t) < Py(t) + wy ' Ni(s,7) Ny (s, t) + o(1).
Thus, if we assume that

sup Py(t) < sup Py(t) — 0as k — oo,
s<t<tp s<t<tp

upon letting ¢ increase from ¢ = s,(cl) to t; as before we find
Jlim Ni(s\V, 1) < Cs Jlim Ni(s\, tx) =0,
as claimed.

ii) On account of (62), (63), the second assertion follows from (66) exactly as in
the proof of Lemma 2.2. O

Continuing to argue as in the radial case, if for some s,(cl) <t < pi there holds

lim sup Nk(s,(f),tk) >0, klim ti/pr =0,

k—oo

from Lemma 4.4 we infer that for a subsequence (ug) and suitable numbers r

]s,(cl), ti;[ we have

I(€z+1) c

0< klim Nk(slil), r,gl+1)) = ¢p < 2ws, likm inf Pk(r,il+1)) >0,
—00 —o0
while
(67) lim limsup Nk(s,(ﬂl), r,(CHl)/L) = 0.

L—oo koo

Note that as in the radial case we have r,&”l)/sg) — o0 as k — oo by (26), (62),
and (65); in addition, there holds

(68) klirgo r,(j“)/pk < klirgo tr/pr = 0.

Moreover, we find the analogue of Proposition 2.3.
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Proposition 4.5. There exist a subsequence (ug) and a constant ¢tV such that

) (@) = w () (un(r TV 2) — () = 0l (@)

locally C3-uniformly on R*\{0} as k — oo, where n+1 = n{tH 40+ ¢ coo(RY)
solves equation (7) on R* with

(1+1)
/ 6etn dx = Aq.
]R4

Proposition 4.5 is a special case of Proposition 4.7 below, whose proof will be
presented in Section 6.

From Proposition 4.5 the energy estimate at the scale r,(clﬂ) follows as in the ra-

dial case. Likewise, under assumptions similar to Lemma 4.2 we obtain the analogue
of Lemma 2.4. By iteration, as in the radial case, we determine the concentration
profiles and concentration energies for secondary concentrations around the point
x,(;) =0 at scales up to some s, ) < r(lOJr ) satisfying (68) and such that (64), (65)
are valid for all [ up to some maximal index lp > 0. (We set s,(ﬂo) =0.)

If pr, = oo, moreover, for any € > 0 we can find numbers 0 < Ty, = Ti(e) < pg
such that @ (1)) = Eﬂk(r,(CZOH))/Z and hence can determine radii s,(CZOH) < pg such
that (64), (65) hold also for [ = lp+ 1, which on account of maximality of /o in view
of Lemma 4.2 completes the concentration analysis.

If pr < oo, we may distinguish two cases. First assume that for some L > 1
there is a sequence (xy) such that pi/L < Ry (zg) < |zk| < Lpy and

(69) Ae |z 2 (2 ) 244 @) > ¢ > 0.
By Proposition 4.1 we may assume that |zx| = px.

Lemma 4.6. Assuming (69), we have t(px)/ (7}, (fo+1 )) — 0 as k — oo. Thus,
for any € > 0 there is Ty, = Ty (e) € [r ,g°+ ),pk] such that uy(Ty) = eur(r (l°+1))/2.

(rie ™)

Proof. If we suppose that @g(px) > eur(r /2 for some € > 0, then, letting

wi(@) = wi (@) = a () (un(@) - a(r )

and also writing r, = r,ilﬁl) for brevity, from (59) and the analogue of Lemma 2.4

for any constant b < 2 we obtain
il | M (ar ) €2 H ) < OXphad (pr) e (70)
< CAk(P_k)‘lr;az(Tk)e%i(mez(ai(pk)—ai(m))
Tk

4 2 tp (pp)tig(ry)

= Oem»(j’:) SR i ()

< C(i_:)4e(2+5)@k(/’k) < C(/;_:)4—(2+6)b -0

as k — oo, if we choose b < 2 such that (2 + )b > 4. This, however, contradicts
our assumption (69). O
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Thus we can define numbers s](CIOH) < pg such that (64), (65) also hold for all

Il =lp+1. The concentration analysis at the scale p; =: TI(CIOH)

result.

again uses a blow-up

Proposition 4.7. Assuming (69), there exist a finite set SO0 C R*, a subsequence
(ug), and a constant ¢t such that

l 2
ot (@)

locally C3-uniformly on ]R4\S(0) as k — oo, where nlot2) = n(()l0+2)+c(l°+2) extends
to a solution of equation (7) of class C*°(R*) with

/ 61" gy = Aq.
]R4
(

From Proposition 4.7 the energy estimate at the scale rk°+2) follows as in the
radial case and the concentration analysis at bcales up to pg is complete. We then

l 2 l 2 l 2 l 2
(o) g (r T z) — g (r0 YY) — it ()

= Ug — Uk

deal with secondary concentrations around xk = 0 at scales exceeding py.

Define ,
X1 =X\ = {a; 3C > 0: 2| < Opy, for all k}

and denote as
Pk = p(z L inf |
k1 = 1 k
2 {52 ('J)QXk 1}
Again we set pg 1 = oo if {J; xk ¢ Xi,1} = 0. Note that py.1/pr — 00 as k — oc.
Then (57) - (59) and the analogues of Lemma 4.2 - 4.4, Lemma 4.6, and Lemma
2.4 hold for r € [Lpg, pr,1] for sufficiently large L, and we may continue as above
to resolve concentrations in this range of scales.

In the remaining case when (69) fails to hold we have

(70) lim limsup e dz = 0.

L—00 koo /{mea;pk/Lng(m)Smsm}
Then either
hm lim sup Ny (Lpx, pp1/L) =0,

L—oo ko
and we iterate to the next scale, or there exist radii t; < pg 1 such that ¢ /pr — o0,
tr/pr1 — 0 as k — oo and a subsequence (uy) such that

(71) Pk(tk) >co >0 for all k.

Lemma 4.8. Assume (71) holds true. Then ﬂk(tk)/ﬂk(r,(f“l)) — 0 as k — oo.
Proof. Set r, = r,(ClOH) for brevity and define wy = w,(ClOH) as in the proof of
Lemma 4.6 . Going through the proof of Lemma 4.2, we note that (60) still holds
for r, < r < ty. If we then suppose by contradiction that uy(tx) > et (rg)/2 for

some ¢ > 0 and sufficiently large k a contradiction follows exactly as in the proof
of Lemma 4.6. (]

By Lemma 4.8 and on account of (70), if we assume that (71) holds we can find

numbers SI(COJr ) such that s,(fﬁl)/pk — 00 as k — oo and such that the analogues
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of (64), (65) hold for I = ly + 1 in the sense that

lim Ag(s\°TV) = 1A,
k—oo

where [; is the total number of bubbles concentrating at the points x,(j) € X,S)l
Since we may repeat the previous argument with any 29 e x ,gl)l in place of a:,(f)
we also obtain the estimates

. )
lim lim (Ak(sgﬁl))— Z A,gj)(Lr,ilo +1))) =0,

L—oo k—oo

o X
(lo+1) 1§ +1) . ,
lim welse ) im & =0 for all x,(g) € Xlgf)lv

—Fr =1
k—o0 (léj)—',-l) k—oo S(l0+1)
ug(r), ) k

, )
where A,(j ) (r) and r,(fo T are computed as above with reference to the concentra-
tion point a:,(g).

We then proceed by iteration. For [ > 2 we inductively define the sets
X = X,S? = {x,gj); 3C > 0: |x](€j)| < Cpg—1 for all k}

and let )
PRt = pi) = 3, nf ],
{]ka7 ¢Xk-,[}
where pi; = oo if {j; x,(ﬂj) ¢ X,gl?} = (). Successively performing the above anal-

ysis at all scales pi; and at all concentration points x,(j ), upon passing to further

subsequences, if needed, we obtain Theorem 1.2.

5. PROOF OF PROPOSITION 4.1

We argue indirectly, closely following the proof of Druet [4], Proposition 2. Let
yr €  satisfy

Ry (yr)ur (yr) [ Vur (yx)| = sup Ry(z)ug (v)|Vug(2)| =: Ly,

and suppose by contradiction that Ly — oo as k — oo. From (9) and elliptic
regularity it follows that s = Ri(yx) — 0 as k — oco. Set

Qe = {ys y + sky € Q}
and scale
vk (y) = ur(yr + sky), y € Q.
Observe that (3), (4) again yield the uniform bounds
(72) [[Vok||ps < C||V21jk||L2 <, v A2y da < C.
Qp
Letting a:,(f) be as in the statement of Theorem 1.1, we set

A (@) _
yl(cl):uvlglgla
Sk
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and let
Sp={yi1<i<1.
Note that in the scaled coordinates we have
dist(0, ) = inf{jyP;1<i<I}=1
and there holds

(73) sup (dist(y, Sk)or(y)Vor(y)]) < vk (0)[Vor(0)] = Ly — oo

as k — oo; moreover, (9) implies the bound

c
74 0 < vpA20p = AesivZe?h < ——
™ = AT S AT S i, 5

Since s = Ri(yx) — 0 we may assume that as k — oo the domains 2}, exhaust
a half-space
Q() = RBX] — OO,R()[,

where 0 < Ry < co. We also may assume that as k — oo either |y,(:)| — 00 or

y,(:) — ¢y, 1 < i < I, and we let Sy be the set of accumulation points of Sy,
satisfying dist(0,Sp) = 1. For R > 0 denote as

Kr=Krr=%0Br(0)\ | Biyr).
y€So

Recalling that \ysi — 0, from (74), finally, we obtain

(75) ||A2Uk||Loo(KR) — 0 as k — oo.
We are now ready to show
Lemma 5.1. We have Ry = oo; that is, Qp = R%.

Proof. Suppose by contradiction that Ry < oco. Choosing R = 2Ry, from (73) and
(2) we conclude the uniform bound

L C) B
usel}?R 05(0) [V (0)] <C =C(R).

Letting wy, = ———— we then have 0 < wy < C while (72) and (75) give
vk (0)| Vo (0)]

[[Vwg|| L + ||V2wk||L2 + ||A2U}k||Lm(KR) — 0 as k — o0.

Since wy, = 0 = Awy, on 98y, it follows that wy — 0 in C**(Kg), contradicting
the fact that wy(0)|Vw(0)| = 1. O

Lemma 5.2. As k — oo we have vi(0) — oo and

3 . 3,a (p4
—— — 1iin C;7°(R*\ Sp).
w1 G GO
Proof. First observe that
¢k := sup vg(y) — oo as k — oc.

yEB1/2
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Indeed, if by contradiction we assume that ¢ < C, the uniform bounds (72) and
(75) by elliptic regularity imply a uniform C'-bound for vy, near y = 0, contradicting
(73). Letting wy = c; 'vg, from (72) and (75) for any R > 0 then we have

[IVwg||ps + ||v2wk||L2 + ||A2wk||Lm(KR) —0ask — o0

and we conclude that wy, converges to a constant limit function w in 013 DR\ Sp).
Recalling that dist(0, Sp) = 1, we obtain that

w= sup w(y)= lim sup wg(y) =1.

yEB1/2 k—oo yEB1/2
In particular, we conclude that ¢; 'vg(0) = wi(0) — 1 as k — oo and therefore
v (0) = cxwi(0) — oo, ooty = aoywr — Lin C’lgo’f(]R4 \ Sp), as claimed. O
Defining
_ vk (y) — k(0
) — ) =)

[Vor(0)]
from (73) and Lemma 5.2 with error o(1) — 0 in C’lgo’? (R*\ Sp) as k — oo we obtain
the bound

" vk (y) [Vor(y)| _ _1+o0(1)

(76) Vo (y)| = (vk(O) +0o(1)) Ton ()] = dist(y. So)
Since ¥ (0) = 0, this shows that ¥, is uniformly bounded in C'(Kg) for any R > 0.
Moreover, from (74) and Lemma 5.2 with a constant C' = C(R) we obtain
Vi (0) 'UkAZ'Uk < Vi (0)

v vk(0)|Vug(0)] — ~ Lyvg
uniformly on Kr as k — oo, for any R > 0; the sequence (¥)) thus is in fact
bounded in Cp%(R*\ Sp) and we may assume that o — @ in Cp:% (R*\ Sp), where
¥ satisfies

(78) A25 =0, 5(0) =0, |[Vi(0)| =1, |[Vi(y)

(77) A%y, = -0

1
< —
= Tisily, 50)

Fix any point g € Sp. For any r > 0 by the divergence theorem we have

/ vki -VAv, do = / (vaQUk + Vg - VAvk)dx
OB, (z0) |z] By (z0)

(79) i
= / (vp A0 — |Avy|?)da +/ . Vu,Avy, do.
B, (z0) OB, (z0) |z]
By (72) we can bound
(80) |/ (UkAQUk — |Avk|2)dx‘ <C,
By(zo)
uniformly in k. The remaining term equals
/ L Vo Avy, do = |V (0)] L Vo Avg do.
OB, (z0) |z] OB, (z0) ||

Since Av, < 0 by (2) and the maximum principle, the estimate (76) for sufficiently
small r > 0 yields the bound

(81) | . ViR Avg do| < —(1 + 0(1))7‘*1/ Awvy, do

B, (o) |z] B, (o)
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with error o(1) — 0 as k — oco. By Fubini’s theorem for any r > 0 there is a
subsequence (uy) and a radius /2 < ry < r such that there holds

‘ro/ Ay, do‘ < 2/ |Avg| dx for all k.
6B,r0 (wo) Bw~\Br/2(I0)

From Holder’s inequality and (72) for such r¢ we conclude that

|r0_1/ Avy, do| < 87‘*2/ |Avg| dx
OBy (o) B \B,./2(z0)

<o |Av|? dz) ' < C.
Br\B;/2(w0)

Replacing r by rg, from (81) for sufficiently large k we then obtain

(82) \/ = VupAvy, do| < C|Vui(0)).
17}

B"O (’I‘Q) |x|

Together with (79), (80) this estimate implies

|/ vk Ay, do| < (1 + [Voy (0)])-
0By (o) ||

On the other hand, by Lemma 5.2 the integral on the left hand side equals

/ oLV Awg do = (14 o(1))ug (0)| Vo (0)] L YA do
0By (z0) || 0B,y (o) 7]

and we obtain that

0k(0)[ Vo (0)]

L VA do| < C(1 + [V (0))).
9By (20) ||

But then by (73), and since by Lemma 5.2 we also have v;(0) — oo, it follows that

/ A2, dx:/ 2 VA, do—0
By (20) 9By (z0) |z|

as k — o0o. Since A2, > 0, together with (77) this estimate implies that A2%;, — 0
in L}, .(R*) as k — oo. The sequence () therefore is uniformly locally bounded
in W24 for any ¢ < 2 and the limit ¥ € Wli’cq (R*) extends as a weakly biharmonic
function to all of R,

The function Ao € L (R?) then is weakly harmonic on R*. Since Ao < 0, from
Harnack’s inequality we conclude that A? everywhere equals a constant ¢ < 0. If
¢ # 0, as shown for instance in [1], Theorem 2.4, the function ¥ is a non-trivial
quadratic polynomial, which violates the decay condition (78) for V. Thus we
must have ¢ = 0 and ¢ is harmonic. The decay condition (78) then implies that ©
is a constant; that is, o = ©#(0) = 0. But by (78) we have |V#(0)| = 1, which is the
desired contradiction completing the proof of Proposition 4.1.

6. PROOF OF PROPOSITION 4.7
Asin Section 4, we fix an index ¢ € {1,...,I}. Writing ry, = r,ilow) for simplicity,
we define

vp(y) = uk(fr,(f) +rry), y € Qg
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where by slight abuse of notation we denote as
Qp Q()—{y, +rky€§2}
the shifted and scaled set 2. For j € {1,...,I} also let

o _ o) )
Y =
Tk
and set
Sp=5S" = {yi1<j<1.
We may assume that as k — oo either |y(j)| — 00 or y( 9) y@) 1< j<I, and

we let Sy = S Y be the set of accumulation points of Si. Note that Sy contains the

origin. Finally, let
© _ w— 7y
k -

(0)| = 1. Again we

be the scaled points xzj for which (69) is valid, satisfying |y

(0)

may assume that y, = — y(© as k — co. Observe that Proposition 4.1 implies the

uniform bound
inf |y =y ok (v)| Vor (v)|

(83) 1<5<1
= Rk(frg) + rky)uk(ng) + rky)|Vuk(x,(f) +ry)| < C.
Since vy (y,, © )) — o0 as k — oo by (69), we conclude that |Vuvi| — 0 as k — oo
locally umformly on R*\ Sy and therefore, since R* \ Sy is connected, that
(84) k—vk(())—>0ask—>oo
locally uniformly on R*\ Sp; moreover, as k — oo the sets {, exhaust all of R*,
For ng, = r],(cl°+2) we then have the equation

A%m(y) = ros (v ) (D) (1)) + riy)

(5) — et (@) 2vi<y§£>>%ezwi(mﬂi(y;ﬂ)))
vk Yy, )

= By, (y) > LT
where
s = Merbo? ()2 R W) = gt () 2R @) S g > 0

as k — oo by (69), and where
O = Uk(o) — 1 locally uniformly on R*\ S

Ok Yy, ")
on account of (84). The estimate (83) together with the condition 7, (1) = 0 also
implies locally uniform C*-bounds for (1) away from Sy. By equation (85) then as
k — oo a subsequence (1) converges locally C*-uniformly on R* \ Sy and weakly
locally in W24 to some limit 1y € Wig (R*) which is smooth away from Sy and
solves the equation A%ny = poe®™ on R*\ Sp. Similar to (52), moreover, we can

estimate

/ et dy < hm lim inf @]266277;‘-,(17;@“)) dy < CA,
R4 L—oo k—oo BL\UyOESO Bl/L(yo)
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and e € L1(R*). Taking account of (57), (65), and (67), we obtain the analogue

of (48); that is,
/ Aan dr — 0
Bi/1(yo0)

for any yg € Sp, if we first let k¥ — oo and then pass to the limit L. — co. Thus, as
in the proof of Proposition 2.3 we see that, in fact, 1y solves the equation A2ny =
M0€477° on all of R%. For a suitably chosen constant ¢y the function n = 1o+ co then
again solves equation (7) on R*. Finally, by (59) also (49) and hence the conclusion
of Lemma 3.3 remain valid and we obtain the estimate (51). Again using Lin’s [6]
classification result we complete the proof of Proposition 4.7.

In the case of Proposition 4.5 we argue similarly, scaling with r; = r,&lﬁl), Note
that Sy = {0} in this case.

7. CONCLUDING REMARKS

Since positivity of —Awuy is only used near the blow-up points, it should not
be too difficult to carry over our analysis to the case of eqution (1) with Dirichlet
boundary condition ux = d,ur = 0 on I or to general nonlinearities of critical
exponential growth, as studied in [2] or [4].

REFERENCES

[1] Adimurthi, F. Robert, M Struwe: Concentration phenomena for Liouville’s equation in di-
mension four, preprint 2005.

[2] Adimurthi, M. Struwe: Global compactness properties of semilinear elliptic equations with
critical exponential growth, J. Funct. Analysis 175 (2000), 125-167.

[3] Adimurthi, J. Wei: Blow up analysis of semilinear elliptic equations with critical growth in
dimension 2, preprint 2005.

[4] O. Druet: Multibumps analysis in dimension 2, Duke Math J. (in press).

[5] E. Hebey, F. Robert, Y. Wen: Compactness and global estimates for a fourth order equation of
critical Sobolev growth arising from conformal geometry, Comm. Contemp. Math., to appear.

[6] C. S. Lin.: A classification of solutions of a conformally invariant fourth order equation in
R"™, Comm. Math. Helv. 73 (1998), 206-231.

[7] A. Malchiodi: Compactness of solutions to some geometric fourth-order equations, preprint
2005.

[8] A. Malchiodi, M. Struwe: The Q-curvature flow on S*, J. Diff. Geom. (to appear), preprint
2004.

[9] F. Robert: Quantization issues for fourth order equations with critical exponential growth,
preprint 2005.

[10] F. Robert, M Struwe: Asymptotic profile for a fourth order PDE with critical exponential
growth in dimension four, Adv. Nonlinear Stud. 4 (2004), no. 4, 397-415.

[11] J. Wei: Asymptotic behavior of a nonlinear fourth order eigenvalue problem, Comm. Partial
Differential Equations 21 (1996), no. 9-10, 1451-1467.

(M. Struwe) MATHEMATIK, ETH-ZENTRUM, CH-8092 ZURICH

E-mail address: struwe@math.ethz.ch



