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Abstract

We consider a Ginzburg-Landau type of functional involving a section
of a line bundle over a Riemann surface and a connection on this bundle.
We select a scaling parameter € in such a way that self-duality is preserved
and that the infimum of the functional stays bounded as ¢ tends to 0, and
we perform a corresponding limit analysis.

1 Introduction

Let §2 be an open domain on some Riemann surface ¥, with — possibly empty
— smooth boundary 0f). Let L be a complex line bundle over €2, equipped with
a Hermitian metric < -, >. For a section u of L, we write

lu(x)] =< u(z), u(z) >3

Ginzburg-Landau functionals are defined for a section w of L and a unitary
connection A on L. That A is unitary means that

d < u,v>= (Vu,v) + (u, V40) (1.1)

for sections u, v of L, where d is the exterior derivative and V 4 is the covariant
derivative defined by A. We employ the physical convention

Vau:= (d—iA)u,

i.e. we let A be real valued. In local coordinates (2!, 22) on ¥, we write

0

k. —
Vh =V, <8:I:"~'

) = 0p —iA" (k=1,2).
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The curvature of A is
F :=dA,

i.e.
FR = 9 AT — 9;A% =i (v’gvg - vaﬁ) . (1.2)

Again, this is the physical convention. The prototype of a Ginzburg-Landau
functional is the Yang-Mill-Higgs functional

E(u,A,Q):/Q{|dA2+VAu|2+i(1—|u2>2}dvol(x)7 (1.3)

where dvol is the volume form of some fixed Kéahler metric on X. The Euler-
Lagrange equations for E are

1
Aqu=—3 (1 - |u|2> u (1.4)
OF™ = —Im ((0; — iAT) u,u), (1.5)

where
Ay =VHEVE (1.6)

is the Laplacian defined by A, with the analysts’ sign convention, and where we
employ the usual summation convention.
In more invariant form, (1.5) may be rewritten as

— #dh = Re (iu, V gu) (1.7)

with
h = xdA,

* being the usual star operator defined by the conformal structure. An impor-
tant feature of F is its gauge invariance, i.e. its invariance under the substitution

(u, A) = (uexp(ir)), A + dv)) (1.8)

for a real valued function .
Another important feature of E is the self-duality. Namely, decomposing
V 4 into its (1,0) and (0,1) parts,

Vo =04+ 04,

in case Q = R?, and if |u(z)| — 1, Vau(z) — 0 sufficiently fast as |z| — oo,
then F can be rewritten as

E(u,A) = /R2 {2 ’5,4“’2 + [xF — %(1 — [uf®)

2
} dz + 27d, (1.9)
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for some integer d, the so-called vortex number; see [18], p. 54. Thus, we see
that the infimum of F, namely 27d, is attained iff the vortex equations

0au =0 (1.10)
and )
#F = (1- lul?) (1.11)

are satisfied. Of course, since F is nonnegative, this is possible only if d > 0.
(If d < 0, one should consider antiholomorphic sections instead of holomorphic
ones.) Taubes ([28]) showed that for any collection of d points z; € R?, possibly
with multiplicities, there exists a solution, unique up to gauge equivalence, of
the vortex equations with

u(z;) =0 j=1,...,d (1.12)

Likewise, if €2 is a compact Riemann surface 3, E can be rewritten as

2
E(u,A,z):/ {2|8Au|2+‘AF—;(1—|u2) }dvol(x)+2ﬂ'degL, (1.13)
b))

where deg L is of course the degree of L and A denotes contraction with the
Kahler form of ¥. Thus, again the infimum 27 deg L of F is realized by the
solutions of the vortex equations

dau =0 (1.14)
AF = %(1 — |ul?). (1.15)

Integrating (1.15) over X, one sees that a solution can only exist if
1
2rdeg L < §VOIZ. (1.16)

This obstruction, however, is easily circumvented by replacing the term (1— |u|2)
2 NP
by (7 — |u|”), for 7 € R satisfying

ondeg L < nglz. (1.17)

The resulting equations have been solved and studied by Bradlow and Garcia-
Prada, see e.g. [5], [6], [12], [13], [14].

The Ginzburg-Landau functional originated in the theory of superconduc-
tivity, where 2 represents the cross section of a wire and u(z) is a complex order
parameter. |u(z)| = 1 corresponds to a superconducting phase, and therefore,
one wishes to constrain u to have absolute value 1. Of course, there are topo-
logical obstructions for that; namely if d in (1.9) or d := deg L in (1.13) is not
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0, then any section u will have at least |d| zeroes (counted with multiplicity),
the so-called vortices. For this reason, the family of functionals

7 — 2 2, 1 o)
E.(u, A, Q) .—/Q{|dA| + |V aul +@(1 \u|) }dvol(gc)7 (1.18)

depending on a real parameter € > 0, has been studied, and the limiting behavior
as ¢ — 0 has been investigated. The first mathematical treatment is due to
Berger-Chen [1]. They performed the limit analysis in the class of rotationally
symmetric solutions u., A, on R2. Their results are quite explicit, and as e — 0,
they found a "nonlinear desingularization”; namely, h. := *dA. tends to a limit
h that satisfies the London equation

Ah —h=—=2ndd(z) and h(z) = 0 for |z| — oo,

where d(z) is the Dirac delta function, and d is the vortex number. Of course,
since only rotationally symmetric solutions are considered, in the limit, one
obtains a singularity of multiplicity d at the origin.

In the nonsymmetric case, Chen [7] also obtained an existence result for
solutions on bounded domains @ C R? with prescribed d for any fixed positive
E.

More recently, Bethuel-Brézis-Hélein ([2], [3]) simplified the functional E. by
dropping the term |dA\2 and succeeded in performing the limit analysis without
the symmetry assumption. They found, in particular, that the singularities
of minimizers u., A. decouple in the limit, i.e. that all singularities of the limit
have multiplicity £1. Thus, in particular, for |d| # 1, the rotationally symmetric
solutions of Berger-Chen cannot be minimizing (for the modified functional) for
sufficiently small €. The results in [2], [3] were obtained only for star-shaped
domains in R2. This restriction was removed, and some of the arguments were
considerably simplified by Struwe ([25], [26]).

Related results were obtained by Hardt-Lin [16], Chen-Lin [9], Lin [19], and,
more recently, by del Pino-Felmer [11].

Bethuel-Riviére [4], and more recently Orlandi [22] and J. Qing [23], studied
the original functionals E. and obtained results analogous to those of Bethuel-
Brézis-Hélein and Struwe.

A characteristic feature of the functionals E. is that self-duality is lost for
€ # 1, and that

lim inf (inf EE) (1.19)
e—0
is infinite under fixed nontrivial natural boundary conditions. In order to restore
self-duality (and to thus make the results better applicable in Riemann surface
theory) and to get finite limits for the infima of the functionals, we consider
here instead the functionals

2
E.(u,A,Q) ;:/ {52|dA2+|VAu|2+12(1—|u|2) }dvol(x). (1.20)
Q 4e



Asymptotic limits of a Ginzburg-Landau type functional 5

The Euler-Lagrange equations for (1.20) are

Aqu=— (1 ~ ) u (1.21)
20, FM = —Im ((9; — iA;) u,u) , (1.22)

or, with h := *xdA, equivalently
— &2 dh = Re (iu, Vau) . (1.23)

Again, the latter are satisfied by solutions of the vortex equations on R?,

dau = 0 (1.24)
.2 I SR
ie?xF = - (1 | ) (1.25)

On a general Riemann surface X, the second equation becomes
2 1 2
SAF = 3 (1 — Juf ) . (1.26)
The compatibility condition (1.16) now becomes
1
2re? deg L < 5\/01(2)7 (1.27)

and this is obviously satisfied for sufficiently small £ > 0.
In fact, if Q@ C R? is a flat domain, E. can be obtained from E = E; by a
simple rescaling of the domain. Namely,

E. (ue, Ac, Q) = E (v, B, Q) (1.28)
if the various quantities are related via

ve(x) = we(wo+ex),
B.(z) = A(xo+ex)=cAi(xo+ex)dry +cAz(xo + ex)drs,

and Q = {zg + ez : z € Q.} for some fixed z¢ € Q; that is,

QEZ{i(y—xo):yeQ}.

Of course, solutions of the corresponding equations are likewise related by rescal-
ing. This rescaling with parameter ¢ will therefore be often applied in the present
paper. In particular, the limiting analysis as € — 0 becomes equivalent to an
analysis of solutions of (1.4), (1.5) near vortices, i.e. where u(z) = 0. Since these
equations admit solutions having vortices of arbitrary degree, in contrast to [3],
no decoupling of the singularities will occur.
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If 2 happens to have a nonempty boundary, one wishes to impose boundary
conditions on u and A. Because of the gauge invariance (1.8), it is not meaning-
ful to impose Dirichlet boundary conditions for both u and A. Instead, natural
boundary conditions are

lul =1 on 00 (1.29)

and
(tu, Va(m)u) =g on 9Q (1.30)

where 7 denotes a unit tangent vector field along 02, and g is given.
In view of the scaling properties and of (1.23), one might also replace (1.30)
by the condition
(iu, Va(T)u) =g on 99. (1.31)

This would lead to a nicer behavior of the curvature dA for minimizers of E. in
the limit ¢ — 0.

If Q is diffeomorphic to the disc, we may consider a section u as a complex
valued function with prescribed degree deg(u, 9Q2) = d. In the general case, the
topology of the bundle L also imposes a global condition on sections.

In this paper we will focus on the latter topological conditions and we con-
sider the asymptotic behavior as ¢ — 0 of sections of a line bundle L over
a compact Riemann surface ¥ without boundary which minimize the scaled,
self-dual Ginzburg-Landau energy F..

In this self-dual case, the minimizers of E. are precisely the solutions of
the first-order vortex equations (1.24) and (1.25), respectively (1.26). For these
solutions, we have the following result.

Theorem 1.1 Let (ue, Ac) be solutions of (1.24), (1.26) on some compact Rie-
mann surface X3, with fited d = deg L > 0. Then for some sequence &, — 0,
there exist points x;, j =1,...,1 < d, such that

lue| = 1, Vau. — 0, dA. =0

uniformly on compact subsets of ¥\ {x1,...,2;}. Moreover, for h. := xdA., we

have
l

he — 2w Z 3(zy)
j=1
in the sense of measures, where the delta functions have to be counted with
multiplicity.

An analogous result holds on R?; however, one has to deal with dichotomy,
that is, vortices moving off to infinity.

Theorem 1.1 yields a method for degenerating a line bundle L on ¥ of degree
d into a flat line bundle with |d| singular points (counted with multiplicity) and
a covariantly constant section.
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The proof of Theorem 1.1 gives similar but slightly weaker results on the
asymtotic behaviour in the interior of minimizers of E. in the general case.

If u were real instead of complex valued (and A trivial), one would obtain a
functional of the type studied by Modica and Mortola ([21], [20]) and many other
authors. Such functionals are of great physical importance and mathematical
interest. For real valued u, in the limit ¢ — 0, a phase transition takes place
along a real hypersurface, whereas in our context of a complex valued u, a
different phase is realized only on a set of real codimension 2. One might expect
such a behavior also for similar functionals on domains of higher dimension.

Most of the research represented in the present paper was carried out during
the summer 1994 when the three authors met in Ziirich. Since then, a very
interesting independent development has taken place that relates to our work.
Namely, the above self-duality equations are the two-dimensional analogue of
the Seiberg-Witten equations that Taubes [30], [31] used to relate the Seiberg-
Witten and Gromov invariants in four-dimensional geometry through a similar
change of scale.

Acknowledgement: The first author gratefully acknowledges the hospitality
of the Mathematik Department of the ETH Ziirich where he was a Postdoc, and
the second one the hospitality of the Forschungsinstitut fiir Mathematik at the
ETH Ziirich and, in particular, its director Jiirgen Moser. The second author
was also generously supported by the Leibniz program and the SFB 237 of the
DFG.

2 Preliminary estimates

Most of the results in this section are well-known from previous work cited
above.

Since the space of solutions of our equations is invariant under gauge trans-
formations, one cannot have regularity results without fixing the gauge. The
most common gauge is the Coulomb gauge where one requires

d*A=0. (2.1)
This may be supplemented by the boundary condition
A(v) =0 on 99, (2.2)

where v denotes a unit normal vector field. Another gauge that is more useful
for rotationally symmetric solutions was discovered by Cronstrém [10]. If we
use standard polar coordinates (r,#) on R? and write

A=5(r,0)d0 + T(r,0)dr, (2.3)
then Cronstrom’s gauge condition is simply

T =0, (2.4)
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that is,
A=5(r,0)do. (2.5)

If such an A is radially symmetric (which holds if in addition (2.1)is satisfied),
then
A = S(r)de. (2.6)

Returning to the Coulomb gauge, we note that (2.1) and (1.7) yield
— AA = (d*d+dd")A = (iu, V pu), (2.7)

and (1.4) and (2.7) together constitute an elliptic system; similarly (1.21) and
(1.22) together with (2.1). Therefore, whenever we fix the Coulomb gauge, we
may apply elliptic regularity theory. In particular, smoothness of solutions is
automatic.

Lemma 2.1 Any solution (ue, A:) of the Ginzburg-Landau equations (1.21),
(1.22) satisfies
lue) <1 in Q. (2.8)

Proof. As noted, in the Coulomb gauge, u. is smooth. We compute
1 2 1 2 2 2
Al =~ el (1= ul?) + [Vl (29)

and (2.8) follows from the maximum principle. O

For small radii » > 0, g € ¥ let B,(z0;X) denote the geodesic ball of
radius 7 around g in ¥ and let B,(x) = B,(xo;R?) for brevity. Also denote
B = B;1(0;R?) the unit disc.

Lemma 2.2 For any Ey > 0 there exists a constant C = C(X, Ey) such that
for 0 < € < 1 any solution (u, Ac) of the Ginzburg-Landau equation (1.21),
(1.22) on a ball B.(xo; X)) with

E. ('UfevAé B (wo; E)) < Ey

satisfies

IV |uc|| (xg) < Cet.
(We may assume C > 1.)
Proof. Rescaling v(z) = uc(xo + €x), etc., we may assume € = 1, B(zg; %) =
B C R?, and we denote u, = u, Ac = A for convenience. For simplicity, we

assume that on B we have the standard Euclidean metric.
Specifying the Coulomb gauge

d"A=0 on B
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with boundary condition
A(v)=0 on 0B,
by a result of Uhlenbeck [32], p. 35 f., we can estimate

/ 142 do+/ VAP da :/ dA)? dz < B (u, A; B) < Eo,
OB B B

Moreover, equation (1.22) — or rather (1.23) — becomes
—AA=(d"d+dd*)A =Im(u, V au) in B,
and we conclude that A € HZQO’S(B) with
[Al 225y < C (|AllL2(s) + |1AAllL2()) < CEr(u, A; B) < CEo

for any domain B’ CC B, where C' = C(B’). In particular, A € L>®(B’) N
WhP(B') for any p < 0o, any B’ CC B, with bounds depending only on Ey, B’,
and p.

Now rewrite equation (1.21) in the form

1
—Au = Su(l - lul®) + (Aau — Au)
and observe that
|Aau — Au| < O(|A] |V aul + (VA + |A]%) [u] )

by the above is locally bounded in L2.

Hence, using also Lemma 2.1, in a first step we obtain that u € Hfof (B) —
Wli’f (B) with uniform local bounds for any p < co. Thus, also the error term
|Aqu — Aul is locally bounded in LP for any p < oo. In particular, if we fix some
p > 2 we find that u € VVliCp(B) — C1(B) together with the (gauge-invariant)

bound |V |u|| (0) < C = C(Ey). O

Lemma 2.3 There exists a constant €1 > 0 with the following property: If
0 <e<p<1and (ue,Ae) solves (1.21), (1.22) on a ball B,(xo) C ¥ with
Ee(uE,Ae;BP(mO)) < €1, then |u(xg)| > %

Proof. Suppose |u(zo)| < 3. We may assume E.(uc, Ac; By(29)) < 1. Then
by Lemma 2.2 for all x € ¥ such that

|t —xo| < C e <p, C=C(%),

we have |u(z)|®> < 3 and hence
)2
P2, | x

E(ue, Acs By(o) z/ >
( plao)) Bg-1,(0) €2 402

Thus, if we let €1 = ;5 < 1, the claim follows. g
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3 A Bochner type formula and consequences

The proof of Theorem 1.1 will be a consequence of a Bochner-type formula and
an gp-regularity estimate for equations (1.4), (1.5). For a Ginzburg-Landau type
system without magnetic field in a different context these tools were developed
by Chen-Struwe [8]. They were first applied in the present context (still without
a magnetic field and in the case d = 0) by Chen-Lin [9]. Here we extend this
method to problems with magnetic field; moreover, we allow vortex behaviour,
that is, d > 0. Moreover, we scale € = 1.
For reference, we recall equations (1.4), (1.5), that is

OFM = —Im ((9; — iA7) u,u) (3.1)

AAUZ—

(1 - |u|2) u. (3.2)

DO =

Our Laplacian on functions is
A:=9;0; (=-d"d) ("analysts’ Laplacian”)
For a section u of L, and function s, we have the product rule
Va(su) = sV au + (ds)u.

As always, A is a unitary connection on L. In geodesic normal coordinates at
the point under consideration and denoting the curvature tensor of the metric

of ¥ by
0 0
R = 7555y )

we derive the following identities

1
A IVaul> = ((Va)*u, (Va)* u) + Re(AaV au, Vau), (3.3)

Re (AaVau,Vau) = Re(VE VKV u, V) u) (3.4)
= Re(VEV],Vhu, Viu) + Re(VE (—iF¥u) , Vi)
= Re(V,Aau, VIu) + 2Re( — iFVHu, Vu)
+Re( — i (0 F*) u, VIyu) + Re( Ry Viu, V) u).
Moreover, by (3.1), we have
Re< —1 (8kaj) u, Vi‘u> = —Im<Vf;1u, u>Re( — z'<u7 Vﬁu>)
(Im(V 4u, u>)2 , (3.5)



Asymptotic limits of a Ginzburg-Landau type functional 11

and by (3.2)
1 2 2, 1 2|?
Re (VaAau, Vau) = 3 (1= 1) IV aud +5 ’d|u| ] . (3.6)
(Observe that d|ul® = 2Re (u, V 4u)). From (3.1)~(3.4) we conclude
1 2 1 2 2 2 2
SAIVau® = =2 (1= u®) [Vau® =2 |F| [Vaul® =2 (R Vel (3.7)
Next we consider the term
1 2 _ 2
SAIF[ = |VFP + FAF. (3.8)
Note that in order to be consistent with the convention F' = dA and \dA|2 =
(8145 — 03 A1), we have |F|* = ’F12|2. By (3.3) there holds

AF? = 0101F" + 0,00F'? = 010, F"? — 0,0,F*! (3.9)
= —Im(V4Viu,u) — Im(Viu, Viu)
+Im <V?4V}4u, u) + Im <V}4u, Viu> .
= F2uf’ + 2Im (Viu, Viu)

From (3.7) we derive

FAF = FY2AF"? (3.10)
= (F)?[u)® + 2FIm (VYu, Vu)
= |F)? [u]* + FRIm(VHu, VVu).

Note incidentally that the term in (3.2) also equals
2Re( — iFF Vhu, Viu) = 2P Im(VHu, VVu).
(3.8) and (3.10) imply
1
54 |F|> > |F) |ul® = 2|F| |V aul*. (3.11)
Combining (3.7) and (3.11), we find

A (|v,4u|2 + |F|2) (3.12)

N =

1
> (PPl = 61F| [Vaul = 5 (1= 1) [Vauf* = 2 |R] [V aul*
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It may also be useful to note the equation (which also follows from (3.3)—(3.6),
(3.8), (3.10))

1 2 2
5A(|vAu| +|F| ) (3.13)
2 . .
- ‘(VA)Qu‘ +<VAu,u)2+|VF|2—3F’”Im<Vf§1u,Vf4u>
2, 2 1 2 2 j
FIF [l —5(1—|u\ )|vAu| +Re<Rijf“4u,VjAu>.
Finally, we consider the term
1 2\2 2|2 2 2
§A<1—|u\) f\vw ‘ + (juf = 1) AJul. (3.14)
From (3.2) we derive
Al = = Juf (1= [u]*) +2 |V aul*. (3.15)
Equations (3.14), (3.15) yield
1 2\? 2|2 2 2 2 22
§A(1_|u|) —‘V\uw +2 (Juf* = 1) IVaul® + [u* (1= )" (3.16)
Finally, denoting
2 2 1 22
e(u, A) == |V qul? + |F| +Z(1—|u|) ,

from (3.12) and (3.16) we obtain the differential inequality

%Ae(u, A4 > Juf <F2 + i (1- |u|2)2) (3.17)
— [V auf* (61F+ (1 - ul®) +2|R]).
(3.18)
Suppose |u| > 1. Then we can estimate
6|Vaul*|F| < |ul*|F]” + 36 |Vaul'
Vaul* (1= Ju’) < i Jul* (1= [uf*)® + 4|V aul*;

that is, we have proved:

Proposition 3.1 Let (u, A) be a solution of (5.3), (5.4) with |u| > % on .
Then there holds

Ae(u, A) > —Ce(u, A)? — 4|R| e(u, A), (3.19)
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for some absolute constant C'.

Observe that estimate (3.18) remains true for any e €]0,1] with the same
constant C and the same bound for the curvature of ¥, as is easily seen by
scaling.

As a consequence of Proposition 3.1 we derive

Theorem 3.2 (¢o-regularity estimate) Let (u, A) be a solution of equations
(5.1) and (3.2) on Bag for € = 1 with |u| > 1. There exists g > 0 and a
constant Coy > 0 with the following property: If E(u, A; Bar) < €, then

sup e(u, A) < CoR™?E(u, A; Bg). (3.20)
Bry2

Proof. Asin [17] and [24], we choose ry < R such that
(R —r¢)*supe(u, A) = max {(R —r)?supe(u, A)}

By, 0<r<R B,

and let zg € BTO be determined such that
eo = (e(u, A)) (zg) = sBup e(u, A).

70
Now we are going to prove that eg < 4((R — 79)~2). Assume by contradiction
_1
that g9 =¢5 > < %. We rescale
v(x) = u(zo + 0ox), B(x) = 00A(xo + 00r), Vv = 00V au, dB = g3dA.
Let
2 -2 2 93 2\? 2
ean(v,B) = (Yol + 052 |dBI + 2 (1= of*) " = he(u, 4).
Then we have
1= e (v, B)(0)
while

sup ey, (v, B) = 02 sup e(u,A) < g5 sup e(u,A) < 4gisupe(u, A) < 4.
B

1 By, (z0) B R+rg By,
2
From Proposition 3.1, we get
Ae@o 2 _Cego
where C' is a constant. Then using Moser’s sup-estimate, we have

1= (eg(v,B))(0) < C 5 er(U’B)dx

C’/B e(u, A)dx (3.21)

20

IN

C e(u, A)dr < 1,
Br
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if ¢g = C~!. This is a contradiction. Hence
2
R —To
€o ( 5 ) <1,

R\? )
- | sup e(u, A) < (R —ro)7eq < 4;
2 Bry2

and we get

that is,
sup e(v, A) < 16R™2.
Bry2

Scaling with R instead of go, the desired conclusion then follows from (3.20).
O

We may assume that ¢y < €1, where €; > 0 is the constant determined in
Lemma 2.3. As a corollary we obtain a simple proof for the following result of
Taubes [29].

Corollary 3.3 (Gap theorem) Let (u, A) be a solution of equations (1.4) and
(1.5) on R2. Then, if E(u, A;R?) < ¢, it follows that
lul> =1, Vau=0 and dA=0 on R?

Proof. By Lemma 2.3 we have |u| > 1 everywhere. Thus the claim follows if

we let R — oo in Theorem 3.2. O

4 Proof of Theorem 1.1

As in [25], [26], we obtain the concentration points x; from the following Lemma.
For 0 < ¢ < g9, 0 > 0, and minimizers (uc, A.) of E., consider

Y. ={z€Q: E.(us, Ac; By(x)) > €0}

and its cover (B,(z))ges.. By Vitali’s covering lemma there exists a finite
collection of disjoint balls B; = By(z;), x; € ., 1 <i < I = I(e), such that

U B.(@) UB5Q(@).

reEX,

Lemma 4.1 Let g9 be given as in Theorem 3.2. There exists a number Jy =
Jo(L) such that for any ¢ > 0 any disjoint collections of balls B,(x;), x; € X,
1<j < J, with E(us, As; Bo(x;)) > €0 there holds J < Jy.
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Proof. As the (u., A:) are solutions to the self-duality equations, there holds
E.(uc, Ac) < 2mdeg L =: Cy.

Hence

8E. (ue, Ac; By(x)) _
ng - et <8Chep

O

As a consequence of Lemma 4.1, the number I(g) introduced above is
bounded independently of ¢ and p. In particular, we may choose ¢ = +/c.
Then we may assume that I() = I is independent of € and that z; = 2§ — 2
ase — 0for 1 <i<I.

Let ¥ = {291 <i < Iy} be the set of limits of concentration points.

For 0 < € < 1 consider any point zg such that

inf [xg — 25| > 5v/e.
If follows that x¢ € X, and therefore

EE(UE,AE;B\/E(.Z‘())) < €p.

Rescale (ue, Ac) around zg. Note that we also have to rescale the Kéhler
metric and the rescaled metric converges smoothly locally to the standard metric
on R? as & — 0. The rescaled solutions (v, B:) are defined on the ball B, /z(0).

Applying Theorem 3.2 with R = 2%5 we obtain

(L — Jucl)

4 (xg) < sup e(ve, B:) < Coepe. (4.1)

By ,5,z(0)
In particular, for any set ¥’ CC ¥\ ¢ there holds

sup (1 — \uE\Q) <Ce—=0
Z/

as e — 0, and it follows that for small £ > 0 the total degree d of L, endowed with
the connection A., equals the sum of the local degrees d; of (L, A.), restricted to
aneighborhood of z¥. Finally, on a blown-up neighborhood B, (z?) of a point z?,
the rescaled equations (1.24), (1.26) approximate the vortex equations (1.10),
(1.11) on R2. We thus expect the energy of (u, A.), restricted to any such ball
B,(29), to be bounded from below by the energy of a vortex configuartion on
R? with degree d;.
In fact, we have

Lemma 4.2 For any indez i there holds

lirgn_jgleE (ue, Ac; B\/g(x?)) > 27 |d;]| .
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Proof. Again denote by (v.,B:) the rescaled solution, defined on a ball
By, z(0). Note that the difference from the scaled metric to the Euclidean
metric vanishes as ¢ — 0, uniformly on By, z(0).

Hence we have

Es(uE,AE;B\/g(x?;Z)) > Fy (UE,BE;Bl/\/g(O;Rz)) +0(1)

where o(1) — 0 as € — 0 and where we emphasize the use of the Kéhler metric
on ¥ and the Euclidean metric on R?, respectively.

Suppose that d; > 0. Then, via an integration by parts as in [18], p. 54, we
obtain

2
E1(va,BE;Bl/\/g(0))=/ {10p.ve|" + | Fe + 5 (|Us| —1)| }da
B, ,./z(0)
+/ Im<’U5,T~VBEUE>dO+/ F.dx,
9B, ,.=(0) B, ,.z(0)

where F, = *dBc is the curvature of B. and 7 is a (positively oriented) unit
tangent vector field along 0B, ,,/z(0). Note that by (4.1) we can write

ve = pe'V* on 831/\@(0)

with g2 > 1 — Ce. Moreover,
Im<U€7T : VBEU€> = Q? (dqz[} - BE(T))'

Thus, and using (4.1), we deduce that

/ Im<vs,ToVB€vs>d0:/ (d'([)*BE(T)) do — p(e),
8B, s=(0) 9B1,,z(0)
where
Im(ve, 7-Vp.v
pe = [ - (a7 Vi) 4,
aBl/f(o) O¢
1 2
< — sup 1-p — |VB.v
\[QBl/f(O {| 8| Q§| e }

< Cye—=0 as e — 0.

But on the other hand, by Stokes’ theorem

/ B.(1)do = / F. dx.
9B, ,,/=(0) By, =(0)
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Hence we find that

El(vsyBs;Bl/\/E(O)) Z/ d’(l)dO—C\/gZQ’/le—C\/g
0By ,,/=(0)

Similary, if d; < 0 we find the asymptotic lower bound 27 |d;|, concluding the
proof. O

From the estimate

01d = E.(ue,As;) > Y B (ue, As; B z(a?))

QWZ |d;| — o(1)

v

and using the fact that
S
i

we then deduce that Iy < d and d; > 0 for each i. Moreover, for any compact
subset ¥/ of ¥\ Xg, the energy

El (us, Ae; YY)

becomes arbitrarily small for sufficiently small ¢ > 0. Using Theorem 3.2 (ob-
serving that |u| > % by Lemma 2.3) and scaling back, we then obtain that

2 1 2\% | o 2
Vauel + (1—\u| ) +e2]dAL® = 0 (4.2)
uniformly on ¥/ as e — 0. This implies already

lucl> =1, Vau. —0

as e — 0.

In order to show that the curvature of A. tends to 0 as well, we use the
equation (1.21) and (1.26) to show the following estimate.

For zp € ¥’ and 0 < ¢ < dist(xzq, 0%') let

1—Juc)?

6e(0) = ][ 1o luel” g,
) Bo(zo) €

where -, (o) - -~ demotes the average over B,(z9). We may assume that ¢ <
e
VE < 0o = 3 dist(zo, %) and that ue|® > 1onY.

Lemma 4.3 sup.<,<,, ¢-(0) = 0 ase — 0.
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Proof. Multiplying (1.21) by u, we obtain the equation

— luf®

462

L@ o)+ 19 = L = a2 (4.3

Here and in the following we write u for u. etc.
Let ¢ € C§°(B2(0)) satisfy 0 < ¢ <1, ¢ =1 on By(0). For e < o < g we

r—Iq

scale p,(z) = ¢ ( 5
Multiplying (4.3) by ¢, and integrating by parts, we then obtain the estimate

1— |uf® 2 2 1— |uf®
/ 3 da:§4/ |V aul da:—|—C’0/ 5 dz
B € Ba, (o) B2,\B, @

e

where B, = B,(x¢), etc., and with a constant Cjy independent of ¢ and e.

Multiplying by z and “ﬁlhng the hole” on the right & la Widman [33] in a
different context we find

62
1+c%) |
B

1 lul?
# dx 167me? sup |V 4ul” + Cg%
0 5 @ Jp, ©
2 2
2 2 € 1 — Jul
= ¢€“0(1) +4C —/ dz,
0% Jp,, 40

where o(1) — 0 as € — 0 independent of p.

For e < p < g let
1— Ju?
Ye(o) = 5 dx.
B 0

e

1—[uf”
2

IN

dx

e

Then we have
4C

Ye(0) < e%o(1) + W
Note that for 2Cye < p there holds
4C3e? ) g
1+ C2e2/p?

e (20).

<

4
- =40
5

and hence

Ve (0)

By iteration, for 2Cpe < p <o < &
ve(0) < e%0(1) + ¢:(2)- (4.4)
Moreover, for ¢ = g9 we have

1— |ul? 1 — |ul?
[ T

By, <) Bag 5
— |uf?

resup — L < eo(1) < ogo(1).
s €

<e ( ) + 01 (20).

therefore we obtain that

Ye(00)

IN

IN
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Hence for g = %go there holds

Ue(0) < 0(1) +4C3 () < Pol1). (4.5)

Combining estimates (4.4) and (4.5), we find

sup  ¢-(0) = 0 as e — 0.
2Coe<0<00

Finally, observe that for € < g < 2C)e there holds
¢a(@) < 4Cg¢5(200€)'

The claim follows. O

1—|uc|?
)

Lemma 4.4 supy, —+0 ase—0.

Proof. From (4.3) we have for u = u,, etc.,

1— |uf? 1—|ul?
—252A< “|>+ M

g2 g2

Fix zo € X' and suppose € < gg = %dist(xo,aZ’).
Let

1— |uf®
= :Bc(x0) = R,

)
and for § > supy, |V au| define
§(z) = glzo +ex) + 6 |z,
satisfying the equation
—2Ag+ g < 4(|Aaul* —8) <0 in By(0).

That is, g > 0 is a sub-solution for the operator (—2A+1) on B;(0) and Moser’s
sup-estimate and Lemma 4.2 imply that

1—|u? o .
( = )(m) —5(0) < C/Bl(oﬂd"”

1 _ 2
gc][ l“' dz + O < o(1) + O,
BE(EO) €

where 0o(1) - 0 as € — 0.
Since we may let § — 0 as € — 0, the claim follows. O
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Proof of Theorem 1.1 (completed): From Lemma 4.3 and equation (1.26)
we now immediately deduce the asserted convergence

1_ 2
sup |AF;| < Csup% -0
> Y £

as ¢ — 0.

Finally, since the total topological charge

/ AF. =2mdegL
b

is independent of ¢, the preceding blow-up analysis and convergence result imply

that l

AFE —7 QFZCZJ'(S(.’L‘J‘)

j=1

in the sense of measure, as claimed.
This concludes the proof of Theorem 1.1. O
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