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Abstract

We study the heat 
o w in the loop space of a closed Riemannian
manifold M as an adiabatic limit of the Floer equations in the cotan-
gent bundle. Our main application is a proof that the Floer homology of
the cotangent bundle, for the Hamiltonian function kinetic plus potential
energy, is naturally isomorphic to the homology of the loop space.

1 In tro duction

Let M be a closedRiemannian manifold and denoteby LM the free loop space.
Consider the classicalaction functional

SV (x) =
Z 1

0

�
1
2

j _x(t)j2 � V (t; x(t))
�

dt

for x : S1 ! M . Here and throughout we identify S1 = R=Z and think of
x 2 C1 (S1; M ) asa smooth map x : R ! M which satis�es x(t+ 1) = x(t). The
potential is a smooth function V : S1 � M ! R and we write Vt (x) := V (t; x).
The critical points of SV are the 1-periodic solutions of the ODE

r t _x = �r Vt (x); (1)

where r Vt denotes the gradient and r t _x denotes the Levi-Civita connection.
Let P = P(V ) denote the set of 1-periodic solutions x : S1 ! M of (1). In the
caseV = 0 theseare the closedgeodesics.Via the Legendretransformation the
solutions of (1) can also be interpreted as the critical points of the symplectic
action A V : LT � M ! R given by

A V (z) =
Z 1

0

�
hy(t); _x(t)i � H (t; x(t); y(t))

�
dt

∗Partial financial support by TH-Projekt 00321.
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where z = (x; y) : S1 ! T � M and the Hamiltonian H = HV : S1 � T � M ! R
is given by

H (t; x; y) =
1
2

jyj2 + V (t; x) (2)

for y 2 T �
x M . A loop z(t) = (x(t); y(t)) in T � M is a critical point of A V i�

x is a solution of (1) and y(t) 2 T �
x ( t )M is related to _x(t) 2 Tx ( t )M via the

isomorphism TM ! T � M induced by the Riemannian metric. For such loops
z the symplectic action A V (z) agreeswith the classicalaction SV (x).

The negative L 2 gradient 
o w of the classicalaction gives rise to a Morse-
Witten complex which computesthe homology of the loop space.For a regular
value a of SV we shall denote by HMa

� (LM ; SV ) the homology of the Morse-
Witten complex of the functional SV corresponding to the solutions of (1) with
SV (x) � a. Here we assumethat SV is a Morse function and its gradient 
o w
satis�es the Morse-Smalecondition (i.e. the stable and unstablemanifolds inter-
secttransversally, see[3] for the unstable manifold). As in the �nite dimensional
caseonecan show that the Morse-Witten homology HM a

� (LM ; SV ) is naturally
isomorphic to the singular homology of the sublevel set

L aM = f x 2 LM j SV (x) � ag:

On the other hand one can use the L 2 gradient 
o w of A V to construct Floer
homology groups HFa

� (T � M ; HV ). Our main result is the following.

Theorem 1.1. Assume SV is Morse and a is either a regular value of SV or
is equal to in�nity. Then there is a natural isomorphism

HFa
� (T � M ; HV ; R) �= HMa

� (LM ; SV ; R)

for every principal ideal domain R. If M is not simply connected then there
is a separate isomorphism for each component of the loop space. The isomor-
phism commutes with the homomorphismsHFa

� (T � M ; HV ) ! HFb
� (T � M ; HV )

and HMa
� (LM ; SV ) ! HM b

� (LM ; SV ) for a < b.

Corollary 1.2. Let SV and a be as in Theorem 1.1. Then there is a natural
isomorphism

HFa
� (T � M ; HV ; R) �= H� (L aM ; R)

for every principal ideal domain R. If M is not simply connected then there
is a separate isomorphism for each component of the loop space. The isomor-
phism commutes with the homomorphismsHFa

� (T � M ; HV ) ! HFb
� (T � M ; HV )

and H� (L aM ) ! H� (L bM ) for a < b.

Proof. The de�nition of the Morse homology groups involve a perturbation V :
LM ! R (of the function x 7!

R1
0 Vt (x(t)) dt) that satis�es the hypotheses

(V 0� V4) of Section2 and the transversality requirements of TheoremA.6. Now
Theorem A.7 in Appendix A (proved in the forthcoming paper [31]) assertsthat
the Morse homology group HM a

� (LM ; SV ; R) �= HMa
� (LM ; SV ; R) is naturally

isomorphic to the singular homology group H� (L aM ; R). Hence the assertion
follows from Theorem 1.1.

2



Both the Morse-Witten homology H M a
� (LM ; SV ) and the Floer homology

HFa
� (T � M ; HV ) are based on the same chain complex Ca

� which is generated
by the solutions of (1) and graded by the Morse index (as critical points of
SV ). In [28] it is shown that this Morse index agrees,up to a universaladditiv e
constant zeroor one,with minus the Conley-Zehnderindex. Thus it remains to
comparethe boundary operators and this will be done by consideringan adia-
batic limit with a family of metrics on T � M which scalesthe vertical part down
to zero. Another approach to Corollary 1.2 is contained in Viterb o's paper [25].
While the present paper was being completed a new proof of Corollary 1.2 was
given by Abbondandolo and Schwarz [1]. Some recent applications of Corol-
lary 1.2 can be found in [30]; these applications require the statement with
action windows and �xed homotopy classesof loops.

The Flo er chain complex and its adiabatic limit

We assumethroughout that SV is a Morse function on the loop space,i.e. that
the 1-periodic solutions of (1) are all nondegenerate.(For a proof that this holds
for a genericpotential V see[28].) Under this assumption the set

Pa(V ) := f x 2 P(V) j SV (x) � ag

is �nite for every real number a. Moreover, each critical point x 2 P(V) has
well de�ned stable and unstable manifolds with respect to the (negative) L 2

gradient 
o w (see for example Davies [3]). Call SV Morse{Smale if it is a
Morse function and the unstable manifold W u (y) intersectsthe stable manifold
W s(x) transversally for any two critical points x; y 2 P(V).

AssumeSV is a Morse function and consider the Z-module

Ca = Ca (V ) =
M

x 2P a (V )

Zx:

If SV and A V are Morse{Smale then this module carries two boundary opera-
tors. The �rst is de�ned by counting the (negative) gradient 
o w lines of SV .
They are solutions u : R � S1 ! M of the heat equation

@su � r t @t u � r Vt (u) = 0 (3)

satisfying
lim

s!�1
u(s; t) = x � (t); lim

s!�1
@su = 0; (4)

where x � 2 P(V ). The limits are uniform in t. The spaceof solutions of (3)
and (4) will be denoted by M 0(x � ; x+ ; V ). The Morse{Smalehypothesisguar-
antees that, for every pair x � 2 Pa(V ), the spaceM 0(x � ; x+ ; V ) is a smooth
manifold whosedimension is equal to the di�erence of the Morse indices. In the
caseof Morse index di�erence oneit follows that the quotient M 0(x � ; x+ ; V )=R
by the (free) time shift action is a �nite set. Counting the number of solutions
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with appropriate signs gives rise to a boundary operator on Ca(V ). The ho-
mology HMa

� (LM ; SV ) of the resulting chain complex is naturally isomorphic to
the singular homology of the loop spacefor every regular value a of SV :

HMa
� (LM ; SV ) �= H� (L aM ; Z); L aM := f x 2 LM j SV (x) � ag :

The details of this isomorphism will be established in a separate paper (see
Appendix A for a summary of the relevant results).

The secondboundary operator is de�ned by counting the negative gradient

o w lines of the symplectic action functional A V . Theseare the solutions (u; v) :
R � S1 ! TM of the Flo er equations

@su � r t v � r Vt (u) = 0; r sv + @t u � v = 0; (5)

lim
s!�1

u(s; t) = x � (t); lim
s!�1

v(s; t) = _x � (t): (6)

Here we also assumethat @su and r sv converge to zero, uniformly in t, as jsj
tends to in�nit y. For notational simplicit y we identify the tangent and cotangent
bundlesof M via the metric. Counting the index-1 solutions of (5) and (6) with
appropriate signsweobtain the Floer boundary operator. We wish to provethat
the resulting Floer homology groups HFa

� (T � M ; HV ) are naturally isomorphic
to HMa

� (LM ; SV ). To construct this isomorphism we modify equation (5) by
intro ducing a small parameter " as follows

@su � r t v � r V (t; u) = 0; r sv + " � 2(@t u � v) = 0: (7)

The spaceof solutions of (7) and (6) will be denoted by M " (x � ; x+ ; V ). The
Floer homology groups for di�eren t valuesof " are isomorphic (seeRemark 1.3
below). Thus the task at hand is to prove that, for " > 0 su�cien tly small,
there is a one-to-one correspondencebetween the solutions of (3) and those
of (7). A �rst indication, why one might expect such a correspondence,is the
energy identit y

E " (u; v) =
1
2

Z 1

�1

Z 1

0

�
j@suj2 + jr t v + r Vt (u)j2 + "2jr svj2 + " � 2j@t u � vj2

�

= SV (x � ) � SV (x+ ) (8)

for the solutions of (7) and (6). It shows that @t u � v must converge to zero
in the L 2 norm as " tends to zero. If @t u = v then the �rst equation in (7) is
equivalent to (3).

Remark 1.3. Let M be a Riemannian manifold. Then the tangent spaceof
the cotangent bundle T � M at a point (x; y) with y 2 T �

x M can be identi�ed
with the direct sum Tx M � T �

x M . The isomorphism takes the derivative _z(t)
of a curve R ! T � M : t 7! z(t) = (x(t); y(t)) to the pair ( _x(t); r t y(t)). With
this identi�cation the almost complex structure J" and the metric G" on T � M ,
given by

J" =
�

0 � "g � 1

" � 1g 0

�
; G" =

�
" � 1g 0

0 "g � 1

�
;
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are compatible with the standard symplectic form ! on T � M . Here we denote
by g : TM ! T � M the isomorphism induced by the metric. The case" = 1
correspondsto the standard almost complex structure. The Floer equationsfor
the almost complex structure J" and the Hamiltonian (2) are

@sw � J" (w)(@t w � X H t (w)) = 0:

If we write w(s; t) = (u(s; t); v(s; t)) with v(s; t) 2 T �
u (s;t ) M then this equation

has the form

@su � "g � 1r t v � " r Vt (u) = 0; r sv + " � 1g@t u � " � 1v = 0: (9)

A function w = (u; v) is a solution of (9) if and only if the functions ~u(s; t) :=
u(" � 1s; t) and ~v(s; t) := g� 1v(" � 1s; t) satisfy (7). In view of this discussionit
followsfrom the Floer homotopy argument that the Floer homologyde�ned with
the solutions of (7) is independent of the choiceof " > 0. The only nonstandard
aspect of this argument is the apriori estimate of Section 5 with " = 1 which
carries over verbatim to the time dependent Floer equation. For the standard
theory see[8, 22, 23].

AssumeSV is Morse{Smale. Then we shall prove that, for every a 2 R, there
exists an " 0 > 0 such that, for 0 < " < " 0 and every pair x+ ; x � 2 Pa(V ) with
Morse index di�erence one, there is a natural bijective correspondencebetween
the (shift equivalenceclassesof) solutions of (3), (4) and those of (7), (6). This
will follow from Theorems4.1 and 10.1 below.

It is an open question if the function SV is Morse{Smale(with respect to the
L 2 metric on the loop space)for a genericpotential V . However, it is easy to
establishtransversality for a generalclassof abstract perturbations V : LM ! R
(see Section 2). We shall use these perturbations to prove Theorem 1.1 in
general.

The generaloutline of the proof is similar to that of the Atiy ah{Flo er con-
jecture in [5] which comparestwo elliptic PDEs via an adiabatic limit argument.
By contrast our adiabatic limit theorem compareselliptic with parabolic equa-
tions. This leadsto new featuresin the analysisthat are related to the fact that
the parabolic equation requires di�eren t scaling in spaceand time directions.

The present paper is organized as follows. The next section intro duces a
relevant class of abstract perturbations V : LM ! R. Section 3 explains
the relevant linearized operators and states the estimates for the right inverse.
These are proved in AppendicesC and D. In Section 4 we construct a map
T " : M 0(x � ; x+ ; V) ! M " (x � ; x+ ; V) which assignsto every parabolic cylinder
of index one a nearby Floer connecting orbit for " > 0 su�cien tly small. The
existenceof this map was established in the thesis of the secondauthor [27],
where the results of Section 3, Section 4, and Appendix D were proved. Sec-
tions 5, 6, and 7 are of preparatory nature and establish uniform estimates for
the solutions of (7). Section 5 shows that the solutions of (7) (with �xed end-
points) are all contained in a �xed compact subsetof T � M that is independent
of " . The proof usesan inequality

�
"2@2

s + @2
t � @s

�
jvj2 � � c(jvj2 + 1): (10)
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Integrating this inequality over the t-variable and using a bound on the action
one �rst obtains an estimate for sups

R1
0 jv(s; t)j2 dt; using (10) again gives the

required estimate for supjvj. Section 6 then gives estimates for the �rst, and
Section 7 for the secondderivatives. In each casethe operator " 2@2

s + @2
t � @s

reappears and the axioms on the perturbation V in Section 2 require that the
estimate is �rst establishedin an integrated form. Section8 dealswith exponen-
tial decay, Section 9 establisheslocal surjectivit y of the map T " by a time-shift
argument, and in Section 10 we prove that T " is bijective. Things are put
together in Section 11 where we compareorientations and prove Theorem 1.1.
Appendix A summarizessome results about the heat 
o w (3) which will be
proved in [31]. In Appendix B we prove several mean value inequalities that
play a central role in our apriori estimatesof Sections5, 6, and 7.

2 Perturbations

In this section we intro duce a class of perturbations of equations (3) and (7)
for which transversality is easyto achieve. The perturbations take the form of
smooth maps V : LM ! R: For x 2 LM let gradV(x) 2 
 0(S1; x � TM ) denote
the L 2-gradient of V; it is de�ned by

Z 1

0
hgradV(u); @sui dt :=

d
ds

V(u)

for every smooth path R ! LM : s 7! u(s; �). The covarian t Hessian of V at
a loop x : S1 ! M is the operator

H V (x) : 
 0(S1; x � TM ) ! 
 0(S1; x � TM )

de�ned by
H V (u)@su := r sgradV(u)

for every smooth map R ! LM : s 7! u(s; �). The axiom (V 1) below asserts
that this Hessianis a zeroth order operator. We imposethe following conditions
on V; here j�j denotesthe pointwise absolute value at (s; t) 2 R � S1 and k�kL p

denotesthe L p-norm over S1 at time s. Although condition (V 1), the �rst part
of (V 2), and (V 3) are all special casesof (V 4) we state the axioms in the form
below, becausesomeof our results don't require all the conditions to hold.

(V0) V is continuouswith respect to the C0 topology on LM . Moreover, there
is a constant C > 0 such that

sup
x 2L M

jV(x)j + sup
x 2L M

kgradV(x)kL 1 (S1 ) � C:

(V1) There is a constant C > 0 such that

jr sgradV(u)j � C
�
j@suj + k@sukL 1

�
;

jr t gradV(u)j � C
�

1 + j@t uj
�

for every smooth map R ! LM : s 7! u(s; �) and every (s; t) 2 R � S1.
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(V2) There is a constant C > 0 such that

jr sr sgradV(u)j � C
�

jr s@suj + kr s@sukL 1 +
�
j@suj + k@sukL 2

� 2
�

;

jr t r sgradV(u)j � C
�

jr t @suj +
�
1 + j@t uj

��
j@suj + k@sukL 1

� �

and
jr sr sgradV(u) � H V (u)r s@suj � C

�
j@suj + k@sukL 2

� 2

for every smooth map R ! LM : s 7! u(s; �) and every (s; t) 2 R � S1.

(V3) There is a constant C > 0 such that

jr sr sr sgradV(u)j � C
�

jr sr s@suj + kr sr s@sukL 1

+
�
jr s@suj + kr s@sukL 2

��
j@suj + k@sukL 2

�

+
�
j@suj + k@sukL 1

��
j@suj + k@sukL 2

� 2
�

;

jr t r sr sgradV(u)j � C
�

jr t r s@suj + jr t @suj
�
j@suj + k@sukL 1

�

+
�
1 + j@t uj

��
jr s@suj + kr s@sukL 1

�

+
�
1 + j@t uj

��
j@suj + k@sukL 2

� 2
�

;

jr t r t r sgradV(u)j � C
�

jr t r t @suj +
�
1 + j@t uj

�
jr t @suj

+
�
1 + j@t uj2 + jr t @t uj

��
j@suj + k@sukL 1

� �

for every smooth map R ! LM : s 7! u(s; �) and every (s; t) 2 R � S1.

(V4) For any two integers k > 0 and ` � 0 there is a constant C = C(k; `)
such that

�
�r `

t r
k
s gradV(u)

�
� � C

X

k j ;` j

0

B
@

Y

j
` j > 0

�
�
�r

` j
t r k j

s u
�
�
�

1

C
A

Y

j
` j =0

 
�
�r k j

s u
�
� +




 r k j

s u





L p j

!

for every smooth map R ! LM : s 7! u(s; �) and every (s; t) 2 R� S1; here
pj � 1 and

P
` j =0 1=pj = 1; the sumruns over all partitions k1+ � � �+ km =

k and `1 + � � � + `m � ` such that kj + ` j � 1 for all j . For k = 0 the same
inequality holds with an additional summand C on the right.

Remark 2.1. The archetypal exampleof a perturbation is

V(x) := �
�

kx � x0k2
L 2

� Z 1

0
Vt (x(t)) dt;

where � : R ! [0; 1] is a smooth cuto� function, x0 : S1 ! M is a smooth loop,
and x � x0 denotesthe di�erence in someambient Euclidean spaceinto which
M is (isometrically) embedded. Any such perturbation satis�es (V 0 � V4).
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Remark 2.2. If

V(x) =
Z 1

0
Vt (x(t)) dt

then
gradV(x) = r Vt (x); H V (x)� = r � r Vt (x);

for x 2 LM and � 2 
 0(S1; x � TM ).

With an abstract perturbation V the classical and symplectic action are
given by

SV (x) =
1
2

Z 1

0
j _x(t)j2 dt � V(x)

and

A V (x; y) =
Z 1

0

�
hy(t); _x(t)i �

1
2

jy(t)j2
�

dt � V(x)

for x 2 LM and y 2 
 0(S1; x � T � M ). Equation (7) has the form

@su � r t v � gradV(u) = 0; r sv + " � 2(@t u � v) = 0; (11)

and the limit equation is

@su � r t @t u � gradV(u) = 0: (12)

HeregradV(u) denotesthe value of gradV on the loop t 7! u(s; t). The relevant
set of critical points consistsof the loopsx : S1 ! M that satisfy the di�eren tial
equation r t _x = � gradV(x) and will be denoted by P(V). The subsetP a(V) �
P(V) consistsof all critical points x with SV (x) � a.

Assume that the critical points of SV are all nondegenerate. Then every
solution (u; v) of (11) with �nite energyE " (u; v) :=

R
R� S1

�
j@suj2 + "2jr svj2

�
<

1 convergesexponentially and in the C1 -topology to critical points of A V as
s tends to �1 . Moreover, every sequenceof solutions of (11) with a uniform
bound on the �rst derivatives(and " > 0 �xed) hasa subsequencethat converges
in the C1 -topology. These two assertionsfollow by an easyadaptation of the
standard arguments (with Hamiltonian perturbations) to the present case(see
for example [22]).

3 The linearized operators

Throughout this section we �x a perturbation V that satis�es (V 0 � V4). Lin-
earizing the heat equation (12) givesrise to the operator

D0
u : 
 0(R � S1; u� TM ) ! 
 0(R � S1; u� TM )

given by
D0

u � = r s � � r t r t � � R(� ; @t u)@t u � H V (u)� ; (13)
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for every element � of the set 
 0(R� S1; u� TM ) of smooth vector �elds along u.
Here R denotes the Riemann curvature tensor. If SV is Morse then this is a
Fredholm operator between appropriate Sobolev completions. More precisely,
de�ne

L u = L p
u ; Wu = W p

u

as the completions of the spaceof smooth compactly supported sectionsof the
pullback tangent bundle u� TM ! R � S1 with respect to the norms

k� kL =
� Z 1

�1

Z 1

0
j� jp dtds

� 1=p

;

k� kW =
� Z 1

�1

Z 1

0
j� jp + jr s � jp + jr t r t � jp dtds

� 1=p

:

Then D0
u : W p

u ! L p
u is a Fredholm operator for p > 1 (Theorem A.4) with

index
indexD0

u = indV (x � ) � indV (x+ ):

Here indV (x) denotesthe Morse index, i.e. the number of negative eigenvalues
of the Hessianof SV . This Hessianis given by

A0(x)� = �r t r t � � R(� ; _x) _x � H V (x)� ;

where H V denotes the covariant Hessian of V (see Section 2). The Morse{
Smalecondition assertsthat the operator D0

u is surjective for every �nite energy
solution of (12). That this condition can be achieved by a genericperturbation
V is proved in [31] (seeAppendix A).

Linearizing equation (11) givesrise to the �rst order di�eren tial operator

D"
u;v : W 1;p (R � S1; u� TM � u� TM ) ! L p(R � S1; u� TM � u� TM )

given by

D"
u;v

�
�
�

�
=

�
r s � � r t � � R(� ; @t u)v � H V (u)�
r s � + R(� ; @su)v + " � 2(r t � � � )

�
(14)

for (� ; � ) 2 W 1;p (R � S1; u� TM � u� TM ).

Remark 3.1. Assume SV is Morse and let p > 1. Then D "
u;v is a Fredholm

operator for every pair (u; v) that satis�es (6) and its index is given by

indexD "
u;v = indV (x � ) � indV (x+ ):

To seethis rescaleu and v as in Remark 1.3. Then the operator on the rescaled
vector �elds ~� (s; t) := � (" � 1s; t) and ~� (s; t) := g� 1� (" � 1s; t) has the sameform
as in Floer's original papers [8] with the almost complex structure J " of Re-
mark 1.3. That this operator is Fredholm was proved in [6, 23, 19] for p = 2.
An elegant proof of the Fredholm property for generalp > 1 was given by Don-
aldson [4] for the instanton case; it adapts easily to the symplectic case[22].
The Fredholm index can be expressedas a di�erence of the Conley{Zehnder
indices [23, 19]. That it agreeswith the di�erence of the Morse indices was
proved in [27, 28].
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Let us now �x a solution u of (12) and de�ne v := @t u: For this pair (u; v)
we must prove that the operator D "

u := D"
u;@t u is onto for " > 0 su�cien tly

small and prove an estimate for the right inverse which is independent of " .
We will establish this under the assumption that the operator D0

u is onto. To
obtain uniform estimates for the inverse with constants independent of " we
must work with suitable " -dependent norms, which in casep = 2 are suggested
by the energy identit y (8). For compactly supported vector �elds � = (� ; � ) 2

 0(R � S1; u� TM � u� TM ) de�ne

k� k0;p;" =
� Z 1

�1

Z 1

0
(j� jp + "p j� jp) dtds

� 1=p

;

k� k1;p;" =
� Z 1

�1

Z 1

0

�
j� jp + "p j� jp + "p jr t � jp + "2p jr t � jp

+ "2p jr s � jp + "3p jr s � jp
�

dtds
� 1=p

:

Theorem 3.2. Let (u; v) : R � S1 ! TM be a smooth map such that v and
the derivatives @su; @t u; r t @su; r t @t u are bounded and lim s!�1 u(s; t) exists,
uniformly in t. Then, for every p > 1, there are positive constants c and " 0 such
that, for every " 2 (0; " 0) and every � = (� ; � ) 2 W 1;p (R � S1; u� TM � u� TM );
we have

" � 1 kr t � � � kL p + kr t � kL p + kr s � kL p + " kr s � kL p

� c
� 



 D"
u;v �






0;p;"
+ k� kL p + "2 k� kL p

�
:

(15)

The formal adjoint operator (D "
u;v )� de�ned below satis�es the same estimate.

Moreover, the constants c and " 0 are invariant under s-shifts of u.

The formal adjoint operator

(D"
u;v )� : W 2;p (R � S1; u� TM � u� TM ) ! W 1;p (R � S1; u� TM � u� TM )

with respect to the (0; 2; " )-inner product associated to the (0; 2; " )-norm has
the form

(D"
u;v )�

�
�
�

�
=

�
�r s� � r t � � R(� ; v)@t u � H V (u)� + " 2R(� ; v)@su

�r s� + " � 2(r t � � � )

�

for � ; � 2 W 1;p (R � S1; u� TM ). We shall also usethe operator

� " : L p(S1; x � TM ) � L p(S1; x � TM ) ! W 1;p (S1; x � TM )

given by
� " (� ; � ) = (1l � " r t r t )� 1(� � "2r t � )

for x 2 LM and � ; � 2 
 0(S1; x � TM ). This operator, for the loop x(t) = u(s; t),
will be applied to the pair (� (s; �); � (s; �)). The rationale for intro ducing this
operator is explained in Appendix D.
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Theorem 3.3. AssumeSV is Morse-Smaleand let u 2 M 0(x � ; x+ ; V). Then,
for every p > 1, there are positive constants c and " 0 (invariant under s-shifts
of u) such that, for every " 2 (0; " 0) the following are true. The operator
D"

u := D"
u;@t u is onto and for every pair

� � := (� � ; � � ) 2 im (D"
u )� � W 1;p (R � S1; u� TM � u� TM )

we have

k� � kp + "1=2 k� � kp + "1=2 kr t � � kp � c
�

" kD "
u � � k0;p;" + k� " (D"

u � � )kp

�
; (16)

k� � k1;p;" � c
�

" kD "
u � � k0;p;" + k� " (D"

u � � )kp

�
: (17)

The proofs of Theorems 3.2 and 3.3 are given in Appendix D. They are
basedon a simpli�ed form of Theorem 3.2 for 
at manifolds with V = 0 which
is proved in Appendix C. In particular, Corollary C.3 shows that the "-weights
on the left hand sideof equation (15) appear in a natural manner by a rescaling
argument and, for p = 2, theseterms can be interpreted as a linearized version
of the energy. This was in fact the motivation for intro ducing the above "-
dependent norms. The proof of Theorem 3.3 is basedon Theorem 3.2 and a
comparisonof the operators D0

u and D"
u .

To construct a solution of (11) near a parabolic cylinder it is useful to com-
bine Theorems 3.2 and 3.3 into the following corollary. This corollary involves
an "-dependent norm which at �rst glanceappearsto be somewhatlessnatural
but plays a useful role for technical reasons.

Given a smooth map u : R � S1 ! M and a compactly supported pair of
vector �elds � = (� ; � ) 2 
 0(R � S1; u� TM � u� TM ) we de�ne

jjj� jjj " := k� kp + "1=2 k� kp + "1=2 kr t � kp + k� � r t � kp + "2 kr s� kp

+ " kr t � kp + " kr s� kp + "3=2p k� k1 + "1=2+2 =p k� k1 :
(18)

For small " this norm is much bigger than the (1; p; " )-norm. If the last two
summandson the right hand sideof (18) are dropped oneobtains an equivalent
norm with a factor independent of " (see(20) below).

Corollary 3.4. AssumeSV is Morse-Smaleand let u 2 M 0(x � ; x+ ; V). Then,
for every p > 1, there are positive constants c and " 0 such that, for every
" 2 (0; " 0) the following holds. If

� = (� ; � ) 2 im (D "
u )� ; � 0 = (� 0; � 0) := D"

u � ;

then
jjj� jjj " � c

�
k� 0kp + "3=2 k� 0kp

�
: (19)
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Proof. Let c2 be the constant of Theorem 3.2 and c3 be the constant of Theo-
rem 3.3. Then, by Theorem 3.3,

k� kp + "1=2 k� kp + "1=2 kr t � kp

� c3

�
" k� 0kp + "2 k� 0kp +




 (1l � " r t r t )� 1(� 0 � "2r t � 0)






p

�

� c3

�
(1 + ") k� 0kp + ("2 + � p"3=2) k� 0kp

�

� c4

�
k� 0kp + "3=2 k� 0kp

�
:

Here the secondstep follows from Lemma D.3. Combining the last estimate
with Theorem 3.2 we obtain

k� � r t � kp + " kr t � kp + " kr s � kp + "2 kr s � kp

� c2"
�

k� 0kp + " k� 0kp + k� kp + "2 k� kp

�

� c2

�
" k� 0kp + "2 k� 0kp + c4"

�
k� 0kp + "3=2 k� 0kp

��

� c2(1 + c4)
�

" k� 0kp + "2 k� 0kp

�
:

Now let c5 be the constant of Lemma 3.5 below. Then

"3=2p k� k1 � c5

�
k� kp + "1=2 kr t � kp + " kr s � kp

�
;

"1=2+2 =p k� k1 � c5

�
"1=2 k� kp + " kr t � kp + "2 kr s � kp

�
:

(20)

(Here we usedthe cases(� 1; � 2) = (1=2; 1) and (� 1; � 2) = (1=2; 3=2).) Combin-
ing thesefour estimateswe obtain (19).

The secondestimate in the proof of Corollary 3.4showsthat onecanobtain a
stronger estimate than (19) from Theorems3.2 and 3.3. Namely, (19) continues
to hold if jjj� jjj " is replacedby the stronger norm where the L p norms of r t � � � ,
r t � , r s � , and r s � are multiplied by an additional factor " � 1=2. The reasonfor
not using this stronger norm lies in the proof of Theorem 4.1. In the �rst step
of the iteration we solve an equation of the form D "

u � 0 = � 0 = (0; � 0) where � 0 is
bounded (in L p) with all its derivatives. Our goal in this �rst step is to obtain
the sharpest possibleestimate for � 0 and its �rst derivatives. We shall seethat
this estimate has the form jjj� 0 jjj" � c"2 and that such an estimate in terms of
"2 cannot be obtained with the stronger norm indicated above.

Lemma 3.5. Let u 2 C1 (R � S1; M ) such that k@suk1 and k@t uk1 are �nite
and lim s!�1 u(s; t) exists, uniformly in t. Then, for every p > 2, there is a
constant c > 0 such that

k� k1 � c"� ( � 1 + � 2 )=p
�

k� kp + " � 1 kr t � kp + " � 2 kr s � kp

�

for every " 2 (0; 1], every pair of nonnegative real numbers � 1 and � 2, and every
compactly supported vector �eld � 2 
 0(R � S1; u� TM ).
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Proof. De�ne ~u : Z " := R �
�
R="� � 1 Z

�
! M and ~� 2 
 0(Z " ; ~u� TM ) by

~u(s; t) := u(" � 2 s; " � 1 t); ~� (s; t) := � (" � 2 s; " � 1 t):

The estimate is equivalent to the Sobolev inequality




 ~�






1 � c
� 



 ~�





p +



 r t

~�





p +



 r s

~�





p

�

with a uniform constant c = c(p;k@suk1 ; k@t uk1 ) that is independent of " 2
(0; 1]. (To seehow the L 1 bounds on @su and @t u enter the estimate, embedd
M into someEuclidean spaceand usethe Gauss-Weingarten formula.)

4 Existence and uniqueness

Throughout this section we �x a perturbation V that satis�es (V 0 � V 4). In
the next theorem we denote by

�( x; � ) : Tx M ! Texp x ( � ) M

parallel transport along the geodesic � 7! expx (� � ).

Theorem 4.1 (Existence). AssumeSV is Morse{Smale and �x two constants
a 2 R and p > 2. Then there are positive constants c and " 0 such that the
following holds. For every " 2 (0; " 0), every pair x � 2 Pa(V) of index di�er ence
one, and every u 2 M 0(x � ; x+ ; V), there exists a pair (u" ; v" ) 2 M " (x � ; x+ ; V)
of the form

u" = expu (� ); v" = �( u; � )(@t u + � ); (� ; � ) 2 im (D "
u )� ;

where � and � satisfy the inequalities

kr t � � � kL p + k� kL p + "1=2 k� kL p + "1=2 kr t � kL p

+ " kr t � kL p + " kr s � kL p + "2 kr s� kL p � c"2
(21)

and
k� kL 1 � c"2� 3=2p; k� kL 1 � c"3=2� 2=p: (22)

Remark 4.2. The estimates (21) and (22) can be summarized in the form

jjj� jjj " � c"2

for � := (� ; � ) (with a larger constant c).

Theorem 4.3 (Uniqueness). AssumeSV is Morse{Smale and �x two constants
a 2 R and C > 0. Then there are positive constants � and " 0 such that, for
every " 2 (0; " 0), every pair x � 2 Pa(V) of index di�er ence one, and every
u 2 M 0(x � ; x+ ; V) the following holds. If

(� i ; � i ) 2 im (D"
u )� ; k� i kL 1 � � "1=2; k� i kL 1 � C; (23)
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for i = 1; 2 and the pairs

u"
i := expu (� i ); v"

i := �( u; � i )(@t u + � i );

belong to the moduli space M " (x � ; x+ ; V), then (u"
1; v"

1) = (u"
2; v"

2).

In the hypothesesof Theorem 4.3 we did not specify the Sobolev spaceto
which � i = (� i ; � i ) is required to belong. The reasonis that � i is smooth and, by
exponential decay, belongsto the Sobolev spaceW k ;p (R � S1; u� TM � u� TM )
for every integer k � 0 and every p � 1.

De�nition 4.4. Assume SV is Morse{Smale and �x three constants a 2 R,
C > 0, and p > 2. Choosepositive constants" 0, � , and c suchthat the assertions
of Theorem 4.1 and 4.3 hold with theseconstants. Shrink " 0 so that c"1=2

0 < �
and c"1=2

0 � C. De�ne the map

T " : M 0(x � ; x+ ; V) ! M " (x � ; x+ ; V)

by
T " (u) := (u" ; v" ); u" := expu (� ); v" := �( u; � )(@t u + � );

where the pair (� ; � ) 2 im (D "
u )� is chosensuch that (21) and (22) are satis�ed

and (expu (� ); �( u; � )(@t u + � )) 2 M " (x � ; x+ ; V). Such a pair (� ; � ) exists, by
Theorem 4.1, and is unique, by Theorem 4.3. The map T " is shift equivariant.

The proof of Theorem 4.1 is basedon the Newton{Picard iteration method
to detect a zeroof a map near an approximate zero. The �rst step is to de�ne a
suitable map betweenBanach spaces.In order to do solet (u; v) : R� S1 ! TM
be a smooth map and considerthe map F "

u;v : W 1;p (R � S1; u� TM � u� TM ) !
L p(R � S1; u� TM � u� TM ) given by

F "
u;v

�
�
�

�
:=

�
�( u; � ) � 1 0

0 �( u; � ) � 1

�
F "

�
expu �

�( u; � )(v + � )

�
; (24)

where

F "

�
u"

v"

�
:=

�
@su" � r t v" � gradV(u" )

r sv" + " � 2(@t u" � v" )

�
: (25)

Thus, abbreviating � := �( u; � ), we have

F "
u;v

�
�
�

�
:=

�
� � 1 (@s expu (� ) � r t (�( v + � )) � gradV(expu (� )))
� � 1

�
r s(�( v + � )) + " � 2@t expu (� )

�
� " � 2(v + � )

�
:

Moreover, the di�eren tial of F "
u;v at the origin is given by dF "

u;v (0; 0) = D "
u;v

(see[27, Appendix A.3]).
Oneof the key ingredients in the iteration is to havecontrol over the variation

of derivatives. This is provided by the following quadratic estimates.
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Prop osition 4.5. There existsa constant � > 0 with the following signi�c ance.
For everyp > 1 and everyc0 > 0 there is a constant c > 0 suchthat the following
is true. Let (u; v) : R� S1 ! TM be a smooth map and Z = (X ; Y); � = (� ; � ) 2

 0(R � S1; u� TM � u� TM ) be two pairs of vector �elds along u such that

k@suk1 + k@t uk1 + kvk1 � c0; k� k1 + kX k1 � � ; k� k1 + kYk1 � c0:

Then the vector �elds F1, F2 along u, de�ned by

F "
u;v (Z + � ) � F "

u;v (Z ) � dF "
u;v (Z )� =:

�
F1

F2

�
;

satisfy the inequalities

kF1kp � ck� k1

�
k� kp + k� kp + kr t � kp + kr s � kp k� k1

�

+ c
�

kr t X kp + kr sX kp

�
k� k2

1 + ckr t X kp k� k1 k� k1

+ ckX k1

�
kr s� kp k� k1 + kr t � kp k� k1

�
;

kF2kp � ck� k1

�
" � 2 k� kp + k� kp + kr s � kp + " � 2 kr t � kp k� k1

�

+ c
�

kr sX kp + " � 2 kr t X kp

�
k� k2

1 + ckr sX kp k� k1 k� k1

+ ckX k1

�
" � 2 kr t � kp k� k1 + kr s � kp k� k1

�
:

Prop osition 4.6. There existsa constant � > 0 with the following signi�c ance.
For everyp > 1 and everyc0 > 0 there is a constant c > 0 suchthat the following
is true. Let (u; v) : R� S1 ! TM be a smooth map and Z = (X ; Y); � = (� ; � ) 2

 0(R � S1; u� TM � u� TM ) be two pairs of vector �elds along u such that

k@suk1 + k@t uk1 + kvk1 � c0; kX k1 � � ; kY k1 � c0:

Then the vector �elds F1, F2 along u, de�ned by

dF "
u;v (Z )� � dF "

u;v (0)� =:
�

F1

F2

�
;

satisfy the inequalities

kF1kp � ck� k1

�
kX kp + kYkp + kr t X kp + kr sX kp kX k1

�

+ ckX k1

�
k� kp + kr t � kp + kr s � kp kX k1 + kr t X kp k� k1

�
;

kF2kp � ck� k1

�
" � 2 kX kp + " � 2 kr t X kp kX k1 + kY kp + kr sX kp

�

+ ckX k1

�
" � 2 kr t � kp kX k1 + k� kp + kr s � kp + kr sX kp k� k1

�
:
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For the proof of Propositions 4.5 and 4.6 we refer to [27, Chapter 5]. To
understand the estimate of Proposition 4.6 note that � and Y appear only as
zeroth order terms, that r s � and r sX appear only in cubic terms in F1, and
that r t � and r t X appear only in cubic terms in F2. This follows from the fact
that the �rst component of F " is linear in @su and the secondcomponent is
linear in @t u. In Proposition 4.5 we have included cubic terms that arise when
the derivative hits X . In this casewe must use the L 1 norms on the factors
� and � and can pro�t from the fact that r sX and r t X will be small in L p.
The constant � appearsas a condition for the pointwise quadratic estimates in
suitable coordinate charts on M .

We now reformulate the quadratic estimates in terms of the norm (18).

Corollary 4.7. There exists a constant � > 0 with the following signi�c ance.
For every p > 1 and every c0 > 0 there is a constant c > 0 such that the
following holds. If (u; v), Z = (X ; Y ) and � = (� ; � ) satisfy the hypothesesof
Proposition 4.5 then



 F "

u;v (Z + � ) � F "
u;v (Z ) � dF "

u;v (Z )�





0;p;" 3= 2

� cjjj� jjj "

�
" � 1=2 k� k1 + " � 1 k� k2

1

�
+ c"� 1� 3=2p jjjZ jjj " jjj� jjj "

�
k� k1 + "1=2 k� k1

�
:

If (u; v), Z = (X ; Y) and � = (� ; � ) satisfy the hypothesesof Proposition 4.6
then



 dF "

u;v (Z )� � dF "
u;v (0)�






0;p;" 3= 2 � c
�

" � 1=2� 3=2p jjjZ jjj " + " � 1� 7=2p jjjZ jjj2"
�

jjj� jjj " :

Proof. The result follows from Propositions 4.5 and 4.6 via term by term in-
spection. In particular, we must usethe inequalities

k� k1 � " � 3=2p jjj� jjj " ; k� k1 � " � 1=2� 2=p jjj� jjj " ; kX k1 � " � 3=2p jjjZ jjj "

at various places. Thesefollow from the de�nition of the norm (18).

Proof of Theorem 4.1. Given u 2 M 0(x � ; x+ ; V) with x � 2 Pa(V) we aim to
detect an element of M " (x � ; x+ ; V) near u. We set v := @t u and carry out the
Newton{Picard iteration method for the map F "

u := F "
u;@t u . Key ingredients

are a small initial value, a uniformly bounded right inverseand control over the
variation of derivatives (which is provided by the quadratic estimates above).
BecauseSV is Morse-Smale, the sets P a(V) and M 0(x � ; x+ ; V)=R are �nite
(the latter in addition relies on the assumption of index di�erence one). All
constants appearing below turn out to be invariant under s-shifts of u. Hence
they can be chosento depend on a only.

SinceM 0(x � ; x+ ; V)=R is a �nite set it follows from TheoremsA.1 and A.2
that there is a constant c0 > 0 such that

k@suk1 + k@t uk1 + kr t @t uk1 � c0 (26)

and
kr t @suk1 + kr t @sukp + kr t r t @sukp � c0 (27)
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for every u 2 M 0(x � ; x+ ; V). Thus the assumptions in Theorem 3.2, Theo-
rem 3.3, Proposition 4.5, Proposition 4.6 and Lemma 3.5 are satis�ed. More-
over, by (27) the value of the initial point Z0 := 0 is indeed small with respect
to the (0; p; " )-norm:

kF "
u (0)k0;p;" = kF " (u; @t u)k0;p;" =










�
0

r s@t u

� 








0;p;"
� c0": (28)

Here we used in addition (24), (25) and the parabolic equations. De�ne the
initial correction term � 0 = (� 0; � 0) by

� 0 := �D "
u

� (D"
u D"

u
� )� 1F "

u (0):

Recursively, for � 2 N, de�ne the sequenceof correction terms � � = (� � ; � � ) by

� � := �D "
u

� (D"
u D"

u
� )� 1F "

u (Z � ); Z � = (X � ; Y� ) :=
� � 1X

` =0

� ` : (29)

We prove by induction that there is a constant c > 0 such that

jjj� � jjj" �
c
2� "2; kF "

u (Z � +1 )k0;p;" 3= 2 �
c
2� "7=2� 3=2p: (H � )

Initial Step: � = 0. By de�nition of � 0 we have

D"
u � 0 = �F "

u (0) =
�

0
�r s@t u

�
:

Thus, by Theorem 3.3 (with constant c1 > 0),

k� 0kp + "1=2k� 0kp + "1=2kr t � 0kp � c1 ("k(0; r s@t u)k0;p;" + k� " (0; r s@t u)kp)

� c1
�
"2kr s@t ukp + "2kr t r s@t ukp

�

� c0c1"2:

Here the secondinequality follows from Lemma D.3 and the last from (27). By
Theorem 3.2 (with constant c2 > 0),

kr t � 0 � � 0kp + "kr t � 0kp + "kr s� 0kp + "2kr s � 0kp

� c2"
�

k(0; r s@t u)k0;p;" + k� 0kp + "2k� 0kp

�

� c2"
�
"kr s@t ukp + c0c1"2�

� c0c2(1 + c1" )"2:

The last inequality follows again from (27). Combining these two estimates
with (20) we obtain

"3=2p k� 0k1 + "1=2+2 =p k� 0k1 � jjj� 0 jjj" � c"2: (30)
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with a suitable constant c > 0 (depending only on c0; c1; c2 and the constant
of Lemma 3.5). This provesthe �rst estimate in (H � ) for � = 0. To prove the
secondestimate we observe that Z1 = � 0 and hence,by Proposition 4.5 (with
constant c3 > 0),

kF "
u (Z1)k0;p;" 3= 2

= kF "
u (� 0) � F "

u (0) � D "
u � 0k0;p;" 3= 2

� c3k� 0k1

�
k� 0kp + k� 0kp + kr t � 0kp + kr s� 0kpk� 0k1

�

+ c3"3=2k� 0k1

�
" � 2k� 0kp + k� 0kp + kr s� 0kp + " � 2kr t � 0kpk� 0k1

�

� c"7=2� 3=2p:

with a suitable constant c > 0 (depending only on c0; c1; c2 and the constant of
Lemma 3.5). Thus we have proved (H � ) for � = 0. From now on we �x the
constant c for which the estimate (H 0) has beenestablished.

Induction step: � � 1 ) � . Let � � 1 and assumethat (H 0); : : : ; (H � � 1)
are true. Then

jjjZ � jjj" �
� � 1X

` =0

jjj� ` jjj" � c"2
� � 1X

` =0

2� ` � 2c"2;

kF "
u (Z � )k0;p;" 3= 2 �

c
2� � 1 "7=2� 3=2p:

By (29) we have
D"

u � � = �F "
u (Z � ); � � 2 im(D"

u )� :

Hence,by Corollary 3.4, (with constant c4 > 0),

jjj� � jjj" � c4 kF "
u (Z � )k0;p;" 3= 2 �

cc4

2� � 1 "7=2� 3=2p �
c
2� "2: (31)

The last inequality holds whenever c4"3=2� 3=2p � 1=2.
By what we have just proved the vector �elds Z � and � � satisfy the require-

ments of Corollary 4.7 (with the constant c5 > 0). Hence

kF "
u (Z � +1 )k0;p;" 3= 2 � kF "

u (Z � + � � ) � F "
u (Z � ) � dF "

u (Z � )� � k0;p;" 3= 2

+ kdF "
u (Z � )� � � D"

u � � k0;p;" 3= 2

� c5

�
" � 1=2 k� � k1 + " � 1 k� � k2

1

�
jjj� � jjj "

+ c5" � 1� 3=2p jjjZ � jjj"
�

k� � k1 + "1=2 k� � k1

�
jjj� � jjj"

+ c5" � 1=2� 3=2p jjjZ � jjj" jjj� � jjj " + c5" � 1� 7=2p jjjZ � jjj2" jjj� � jjj"

� c5

�
c"3=2� 3=2p + c2"3� 3=p

�
jjj� � jjj" + 2c2c5"3� 7=2p jjj� � jjj"

+ 2cc5"3=2� 3=2p jjj� � jjj" + 4c2c5"3� 7=2p jjj� � jjj"

�
1

2c4
jjj� � jjj"

�
c
2� "7=2� 3=2p :
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In the third step we have usedthe inequalities

k� � k1 � " � 3=2p jjj� � jjj" � c"2� 3=2p

and
k� � k1 + "1=2 k� � k1 � " � 2=p jjj� � jjj" � c"2� 2=p

as well as jjjZ jjj � � 2c"2. The fourth step holds for " su�cien tly small, and the
last step follows from (31). This completesthe induction and proves (H � ) for
every � .

It follows from (H � ) that Z � is a Cauchy sequencewith respect to jjj � jjj " .
Denote its limit by

� := lim
� !1

Z � =
1X

� =0

� � :

By construction and by (H � ), the limit satis�es

jjj� jjj " � 2c"2; F "
� (� ) = 0; � 2 im (D "

u )� :

Hence,by (24), the pair

(u" ; v" ) := (expu (� ); �( u; � )(@t u + � ))

is a solution of (11). Since jjj� jjj " is �nite so is the L p-norm of (@su" ; r sv" ).
Hence,by the standard elliptic bootstrapping arguments for pseudoholomorphic
curves,the shifted functions u" (s+ �; �); v" (s+ �; �) convergein the C1 topology
on every compact set as s tends to �1 . Since � 2 W 1;p , the limits must be
the periodic orbits x � and, moreover, the pair (@su" (s; t); r sv" (s; t)) converges
to zero, uniformly in t, as s tends to �1 . Hence (u" ; v" ) 2 M " (x � ; x+ ; V).
Evidently , each step in the iteration including the constants in the estimates is
invariant under time shift. This provesTheorem 4.1.

Proof of Theorem 4.3. Fix a constant p > 2 and an index oneparabolic cylinder
u 2 M 0(x � ; x+ ; V). Denote v := @t u and F "

u := F "
u;@t u . As in the proof of

Theorem 4.1, the map u satis�es the estimates(26) and (27). Denote by

T " (u) = (u" ; v" ) = (expu (X ); �( u; X )(@t u + Y))

the solution of (11) constructed in Theorem 4.1 and let Z := (X ; Y). Then

Z 2 im (D "
u )� ; F "

u (Z ) = 0; jjjZ jjj " � c"2

for a suitable constant c > 0. Now suppose(u" ; v" ) 2 M " (x � ; x+ ; V) satis�es
the hypothesesof the theorem. This meansthat there is a pair

� = (� ; � ) 2 W 1;p (R � S1; u� TM � u� TM )

such that

� 2 im (D "
u )� ; F "

u (� ) = 0; k� k1 � � "1=2; k� k1 � C:
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The di�erence
� 0 := (� 0; � 0) := � � Z

satis�es the inequalities

k� 0k1 � � "1=2 + c"2� 3=2p � 2� " 1=2; k� 0k1 � C + c"3=2� 2=p � 2C;

provided that " is su�cien tly small. Hence,by Corollary 3.4 (with a constant
c1 > 0) and Corollary 4.7 (with a constant c2 > 0), we have

jjj� 0jjj" � c1 kD "
u � 0k0;p;" 3= 2

� c1 kF "
u (Z + � 0) � F "

u (Z ) � dF "
u (Z )� 0k0;p;" 3= 2

+ c1 kdF "
u (Z )� 0 � dF "

u (0)� 0k0;p;" 3= 2

� c1c2

�
" � 1=2 k� 0k1 + " � 1 k� 0k2

1

�
jjj� 0jjj"

+ c1c2" � 1� 3=2p jjjZ jjj "
�

k� 0k1 + "1=2 k� 0k1

�
jjj� 0jjj"

+ c1c2" � 1=2� 3=2p jjjZ jjj " jjj� 0jjj" + c1c2" � 1� 7=2p jjjZ jjj2" jjj� 0jjj"

� c1c2
�
2� + 4� 2�

jjj� 0jjj" + cc1c2"3=2� 3=2p
�

2� + 2C
�

jjj� 0jjj"

+ cc1c2"3=2� 3=2p jjj� 0jjj" + c2c1c2"3� 7=2p jjj� 0jjj"

�
1
2

jjj� 0jjj" :

The last inequality holds when � and " are su�cien tly small. It follows that
� 0 = 0 and this provesthe theorem.

5 An apriori estimate

In this section we prove that the solutions of (11) and (6) are all contained in a
�xed compact subset of T � M that is independent of " . Recall that the energy
of such a solution is given by

E " (u; v) =
Z 1

�1

Z 1

0

�
k@suk2 + "2 kr svk2

�
dtds = SV (x � ) � SV (x+ ):

Theorem 5.1. Fix a constant c0 > 0 and a perturbation V : LM ! R that
satis�es (V 0) and (V 1). Then there is a constant C = C(c0; V) > 0 such that
the following holds. If 0 < " � 1 and (u; v) : R � S1 ! TM is a solution of (11)
such that

E " (u; v) � c0; sup
s2 R

A V (u(s; �); v(s; �)) � c0 (32)

then kvk1 � C:

For " = 1 and V(x) =
R1

0 Vt (x(t)) dt this result was proved by Cieliebak [2,
Theorem 5.4]. His proof combines the 2-dimensional maximum principle and
the Krein-Rutman theorem. Our proof is basedon the following L 2-estimate.
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Prop osition 5.2. Fix a constant c0 > 0 and a perturbation V : LM ! R that
satis�es (V 0) and (V 1). Then there is a constant c = c(c0; V) > 0 such that the
following holds. If 0 < " � 1 and (u; v) : R � S1 ! TM is a solution of (11)
that satis�es (32) then

sup
s2 R

Z 1

0
jv(s; t)j2 dt � c:

Proof. De�ne F : R ! R by

F (s) :=
Z 1

0
jv(s; t)j2 dt:

We prove that there is a constant � = � (V) > 0 such that

"2F 00� F 0+ �F + 1 � 0: (33)

To seethis we abbreviate

L " := "2@2
s + @2

t � @s; L " := "2r sr s + r t r t � r s:

By (11), we have
L " v = �r t gradV(u) (34)

and hence

L "
jvj2

2
= "2 jr svj2 + jr t vj2 + hL" v; vi

= "2 jr svj2 + jr t vj2 � hr t gradV(u); vi

� "2 jr svj2 + jr t vj2 � C
�
1 + j@t uj

�
jvj

� "2 jr svj2 + jr t vj2 � C
�
1 + jvj + " 2 jr svj

�
jvj

�
"2

2
jr svj2 + jr t vj2 �

�
C2

2
+ C +

"2C2

2

�
jvj2 �

1
2

� �
�
C + C2�

jvj2 �
1
2

:

(35)

Here C is the constant in (V 1). Integrating this inequality over the interval
0 � t � 1 gives(33) with � := 2C + 2C2. It follows from (33) and Lemma B.3
with f replacedby f + 1=� and r := 1=2 that

F (s) � F (s) +
1
�

� 16c2e�= 4
Z s+1

s� 1

�
F (� ) +

1
�

�
d� (36)

for every s 2 R.
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Next we observe that, by (32), we have

c0 � A V (u(s; �); v(s; �))

=
Z 1

0

 

hv(s; t); @t u(s; t)i �
jv(s; t)j2

2

!

dt � V(u(s; �))

=
Z 1

0

 
jv(s; t)j2

2
� "2hv(s; t); r sv(s; t)i

!

dt � V(u(s; �))

�
Z 1

0

 
jv(s; t)j2

4
� "4 jr sv(s; t)j2

!

dt � C:

Here C is the constant in (V 0) and we have usedthe fact that @t u = v � " 2r sv.
This implies

F (s) � 4
�

c0 + C +
Z 1

0
"2 jr sv(s; t)j2 dt

�

for every s 2 R. Integrating this inequality we obtain

Z s+1

s� 1
F (� ) d� � 8c0 + 8C + 8E " (u; v) � 16c0 + 8C:

Now the assertion follows from (36).

Proof of Theorem 5.1. In the proof of Proposition 5.2 we have seenthat there
is a constant � = � (V) > 0 such that every solution (u; v) of (11) with 0 < " � 1
satis�es the inequality

L " jvj2 � � � jvj2 � 1: (37)

Now let (s0; t0) 2 R � S1 and apply Lemma B.2 with r = 1 to the function
w : R � R � P "

1 ! R; given by w(s; t) := jv(s + s0; t + t0)j2 + 1=� :

jv(s0; t0)j2 � 2c2e�
Z "

� 1� "

Z 1

� 1

�
jv(s + s0; t + t0)j2 +

1
�

�
dtds

� 12c2e�
�

1
�

+ sup
s2 R

Z 1

0
jv(s; t)j2 dt

�
:

Hencethe result follows from Proposition 5.2.

6 Gradien t bounds

Theorem 6.1. Fix a constant c0 > 0 and a perturbation V : LM ! R that
satis�es (V 0 � V 3). Then there is a constant C = C(c0; V) > 0 such that the
following holds. If 0 < " � 1 and (u; v) : R � S1 ! TM is a solution of (11)
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that satis�es (32), i.e. E " (u; v) � c0 and sups2 R A V (u(s; �); v(s; �)) � c0, then

j@su(s; t)j2 + jr sv(s; t)j2

+
Z s+1 =2

s� 1=2

Z 1

0

�
jr t @suj2 + jr s@suj2 + jr t r svj2 + "2 jr sr svj2

�

� CE "
[s� 1;s+1] (u; v)

(38)

for all s and t. Here E "
I (u; v) denotes the energy of (u; v) over the domain

I � S1.

Remark 6.2. Note that (38) implies the estimate

k@t u � vkL 1 � "2
p

CE " (u; v)

for every solution (u; v) : R � S1 ! TM of (11) that satis�es (32).

The proof of Theorem 6.1 has �v e steps. The �rst step is a bubbling argu-
ment and establishesa weakform of the requiredL 1 estimate(with @su replaced
by "2@su and r sv replacedby " 3r sv). The secondstep establishesan L 2-version
of the estimate, namely an estimate for k@su(s; �)kL 2 (S1 ) + " kr sv(s; �)kL 2 (S1 ) .
The third step is an auxiliary result of the sametype for the secondderivatives.
The fourth step establishesthe L 1 bound with r sv replacedby "r sv. The �nal
step then provesthe theorem in full.

Lemma 6.3. Fix a constant c0 > 0 and a perturbation V : LM ! R that
satis�es (V 0 � V 1). Then the following holds.

(i) For every� > 0 there is an " 0 > 0 suchthat everysolution (u; v) : R� S1 !
M of (11) and (32) with 0 < " � " 0 satis�es the inequality

"2 k@suk1 + "3 kr svk1 � � : (39)

(ii) For every " 0 > 0 there is a constant c > 0 such that every solution (u; v) :
R � S1 ! M of (11) and (32) with " 0 � " � 1 satis�es

k@suk1 + kr svk1 � c:

Proof. We prove (i). Suppose,by contradiction, that the result is false. Then
there is a sequenceof solutions (u� ; v� ) : R � S1 ! M of (11) with " � > 0
satisfying

E " � (u� ; v� ) � c0; sup
s2 R

A V (u� (s; �); v� (s; �)) � c0; lim
� !1

" � = 0;

and
"2

� k@su� k1 + "3
� kr sv� k1 � 2�

for suitable constants c0 > 0 and � > 0. Since (u� ; v� ) has �nite energy the
functions j@su� (s; t)j and jr sv� (s; t)j converge to zero as jsj tends to in�nit y.
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Hencethe function j@su� j + " � jr sv� j takeson its maximum at somepoint z� =
s� + it � , i.e.

c� := sup
R� S1

(j@su� j + " � jr sv� j) = j@su� (s� ; t � )j + " � jr sv� (s� ; t � )j

and
"2

� c� � � : (40)

Applying a time shift and using the periodicit y in t we may assumewithout loss
of generality that s� = 0 and 0 � t � � 1.

Now consider the sequence

~w� = (~u� ; ~v� ) : R2 ! TM

de�ned by

~u� (s; t) := u�

�
s
c�

; t � +
t

" � c�

�
; ~v� (s; t) := " � v�

�
s
c�

; t � +
t

" � c�

�
:

This sequencesatis�es the partial di�eren tial equation

@s ~u� � r t ~v� =
1
c�

� � ; r s ~v� + @t ~u� =
1

" �
2c�

~v� ; (41)

where
� � (s; t) := gradV(u� (s=c� ; �))( t � + t=" � c� ) 2 T~u � (s;t ) M :

By de�nition of c� we have

j@s ~u� (0; t � )j + jr s ~v� (0; t � )j = 1 (42)

and
j@s ~u� (s; t)j + jr s ~v� (s; t)j � 1

for all s and t. Since j~v� j is uniformly bounded, by Theorem 5.1, and j� � j is
uniformly bounded, by axiom (V 0), it then follows from (41) that ~u� and ~v�

are uniformly bounded in C1. Moreover, it follows from (V 1) that

jr t � � (s; t)j �
C

" � c�

�
1 + j@t u� (s=c� ; t � + t=" � c� )j

�
= C

�
1

" � c�
+ j@t ~u� (s; t)j

�

and

jr s � � (s; t)j �
C
c�

�
j@su� (s=c� ; t � + t=" � c� )j + k@su� (s=c� ; �)kL 1 (S1 )

�
� 2C:

Since the sequence1="2
� c� is bounded, by (40), it now follows from (41) that

@s ~u� � r t ~v� and r s ~v� + @t ~u� are uniformly bounded in C1, and hencein W 1;p

for any p > 2 and on any compact subsetof R2. Since ~u� and ~v� are uniformly
bounded in C1, this implies that they are also uniformly bounded in W 2;p over
every compact subset of R2, by the standard elliptic bootstrapping techniques
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for J -holomorphic curves (see[16, Appendix B]). Hence,by the Arz�ela{Ascoli
theorem, there is a subsequencethat convergesin the C1 topology to a solution
(~u; ~v) of the partial di�eren tial equation

@s ~u � r t ~v = 0; r s ~v + @t ~u = � ~v;

where � = lim � !1 1="2
� c� . Sincev� is uniformly bounded and " � ! 0 we have

~v � 0 and so ~u is constant. On the other hand it follows from (42) that (~u; ~v)
is nonconstant; contradiction. This proves(i).

The proof of (ii) is almost word by word the same,except that " � no longer
convergesto zero while c� still divergesto in�nit y. So the limit ~w = (~u; ~v) :
C ! TM �= T � M is a J -holomorphic curve with �nite energy and, by removal
of singularities, extendsto a nonconstant J -holomorphic sphere ~w : S2 ! T � M ,
which cannot exist sincethe symplectic form on T � M is exact.

The secondstep in the proof of Theorem 6.1 is to provean integrated version
of the estimate with r sv replacedby "r sv.

Lemma 6.4. Fix a constant c0 > 0 and a perturbation V : LM ! R that
satis�es (V 0 � V 2). Then there is a constant C = C(c0; V) > 0 such that the
following holds. If 0 < " � 1 and (u; v) : R � S1 ! TM is a solution of (11)
that satis�es (32) then, for every s 2 R,

Z 1

0

�
j@su(s; t)j2 + "2 jr sv(s; t)j2

�
dt

+
Z s+1 =4

s� 1=4

Z 1

0

�
jr t @suj2 + "2 jr s@suj2 + "2 jr t r svj2 + "4 jr sr svj2

�

� CE "
[s� 1=2;s+1 =2] (u; v):

(43)

Corollary 6.5. Fix a constant c0 > 0 and a perturbation V : LM ! R that
satis�es (V 0 � V 2). Then there is a constant C = C(c0; V) > 0 such that the
following holds. If 0 < " � 1 and (u; v) : R � S1 ! TM is a solution of (11)
that satis�es (32), then

Z s+1 =4

s� 1=4

Z 1

0
jr svj2 � CE "

[s� 1=2;s+1 =2] (u; v)

for every s 2 R.

Proof. Since r sv = r t @su + "2r sr sv this estimate follows immediately from
Lemma 6.4.

Proof of Lemma 6.4. De�ne the functions f ; g : R � S1 ! R by

f :=
1
2

�
j@suj2 + "2 jr svj2

�

and
g :=

1
2

�
jr t @suj2 + "2 jr s@suj2 + "2 jr t r svj2 + "4 jr sr svj2

�
;
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and abbreviate

F (s) :=
Z 1

0
f (s; t) dt; G(s) :=

Z 1

0
g(s; t) dt:

Recall the de�nition of L " := "2@2
s + @2

t � @s and L " := "2r sr s + r t r t � r s in
the proof of Proposition 5.2. Then

L " f = 2g + U + " 2V; U := h@su; L " @sui ; V := hr sv; L " r svi : (44)

We shall prove that U and V satisfy the pointwise inequality

jUj + "2jV j � �f +
1
2

�
g + k@suk2

L 2 (S1 ) + "4 kr s@suk2
L 2 (S1 )

�
(45)

for a suitable constant � > 0. Inserting this inequality in (44) gives

L " f + �f + F � g +
1
2

(g � G):

Now integrate over the interval 0 � t � 1 to obtain

"2F 00� F 0+ (� + 1)F � G:

With this understood the result follows from Lemma B.3 and Lemma B.6 via a
covering argument.

To prove (45) we observe that, by (11),

L " @su = "2r sr s (r t v + gradV(u)) + r t r s
�
v � "2r sv

�

� r s (r t v + gradV(u))

= "2 [r sr s; r t ] v + [r t ; r s ] v � r sgradV(u) + " 2r sr sgradV(u)

= 2"2R(@su; @t u)r sv + "2 (r @s u R) (@su; @t u)v � R(@su; @t u)v

+ "2R(r s@su; @t u)v + " 2R(@su; r s@t u)v

� r sgradV(u) + " 2r sr sgradV(u):

(46)

Now �x a su�cien tly small constant � > 0 and choose " 0 > 0 such that the
assertion of Lemma 6.3 (i) holds. Choose C > 0 such that the assertion of
Theorem 5.1 holds and assume0 < " � " 0 � � =C. Then, by Theorem 5.1 and
Lemma 6.3, we have

"2 k@suk1 � � ; "3 kr svk1 � � ; kvk1 � C; " k@t uk1 � 2� : (47)

The last estimate usesthe identit y @t u = v � " 2r sv. Now take the pointwise
inner product of (46) with @su and estimate the resulting seven expressions
separately. By (47) and (V 1), the terms four, �v e, and six are bounded by the

26



right hand side of (45). For the last term we �nd, by (V 2),

"2 jh@su; r sr sgradV(u)ij � " 2C j@suj
�

jr s@suj + kr s@sukL 2 (S1 )

�

+ "2C j@suj
�

j@suj + k@sukL 2 (S1 )

� 2

� "2C j@suj
�

jr s@suj + kr s@sukL 2 (S1 )

�

+ 2C� j@suj
�

j@suj + k@sukL 2 (S1 )

�

� �f +
1
8

�
g + k@suk2

L 2 (S1 ) + "4 kr s@suk2
L 2 (S1 )

�
:

For the �rst three terms on the right in (46) we argue as follows. Di�eren tiate
the equation v = @t u + "2r sv covariantly with respect to s to obtain

r sv = r s@t u + "2r sr sv; @t u = v � " 2r t @su � "4r sr sv: (48)

Now expresshalf the �rst term on the right in (46) in the form

"2

@su; R(@su; @t u)r sv

�

= "2

@su; R(@su; v)r t @su

�
+ "4


@su; R(@su; v)r sr sv
�

� "4

@su; R(@su; r t @su)r t @su

�
� "6


@su; R(@su; r t @su)r sr sv
�

� "6

@su; R(@su; r sr sv)r t @su

�
� "8


@su; R(@su; r sr sv)r sr sv
�
:

Here we have replaced@t u and r sv by the expressionsin (48). In the �rst two
terms we eliminate one of the factors @su by using the inequality " 2j@suj � �
and in the last four terms we eliminate both factors @su by the sameinequality.
The next two terms in our expressionfor U have the form

"2h@su; (r @s u R) (@su; @t u)vi � h@su; R(@su; @t u)vi :

Replace@t u by the expressionin (48) and elimate in each of the resulting sum-
mands one or two of the factors " 2@su as above. This proves the required
estimate for U and 0 < " � " 0.

To estimate V we observe that, by (11),

L " r sv = r sr s("2r sv � v) + r t r sr t v + r t ([r t ; r s]v)

= �r sr t @su + r t r s(@su � gradV(u)) � r t (R(@su; @t u)v)

= � R(@su; @t u)@su � r t r sgradV(u) � r t (R(@su; @t u)v)

= � 2R(@su; @t u)@su + R(@su; @t u)grad V(u)

� (r @t u R) (@su; @t u)v � R(r t @su; @t u)v � R(@su; r t @t u)v

� r t r sgradV(u):

(49)

The last step usesthe identit y r t v = @su � gradV(u). Now take the pointwise
inner product with " 2r sv. Then the �rst term has the sameform as the one
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dicussedabove. In the secondand fourth term we estimate " j@t uj by 2� and we
use(V 0). For the last term we �nd, by (V 2),

"2 jhr sv; r t r sgradV(u)ij � " 2C jr svj
�

jr t @suj + j@suj + k@sukL 2 (S1 )

+ j@t uj
�
j@suj + k@sukL 2 (S1 )

� �

� "2C jr svj
�

jr t @suj + j@suj + k@sukL 2 (S1 )

�

+ 2"C � jr svj
�

j@suj + k@sukL 2 (S1 )

�

� �f +
1
8

�
g + k@suk2

L 2 (S1 )

�
:

This leavesthe terms three and �v e. In the third term we estimate " 2j@t uj2 by
4� 2 and usethe identit y

r sv = r s@t u + "2r sr sv

of (48). For term �v e we usethe identit y

r t @t u = r t (v � " 2r sv) = @su � gradV(u) � " 2r t r sv

to obtain the expression

"2hr sv; R(@su; @su � gradV(u) � " 2r t r sv)vi

= � "2hr sv; R(@su; gradV(u))vi � " 4hr sv; R(@su; r t r sv)vi :

In the last summand we use the estimate " 2j@suj � � . This proves (45) for
0 < " � " 0. For "0 � " � 1 the estimate (45) follows immediately from (46),
(49), and Lemma 6.3 (ii).

The third step in the proof of Theorem 6.1 is to estimate the summand
"4 kr s@suk2

L 2 (S1 ) in (45) in terms of the energy. This is the content of the
following lemma.

Lemma 6.6. Fix a constant c0 > 0 and a perturbation V : LM ! R that
satis�es (V 0 � V 3). Then there is a constant C = C(c0; V) > 0 such that the
following holds. If 0 < " � 1 and (u; v) : R � S1 ! TM is a solution of (11)
that satis�es (32) then, for every s 2 R,

Z 1

0

�
"2 jr t @suj2 + "4 jr s@suj2 + "4 jr t r svj2 + "6 jr sr svj2

�

� CE "
[s� 1=2;s+1 =2] (u; v):

(50)

Proof. De�ne f 1 and g1 by

2f 1 := j@suj2 + "2 jr svj2 + "2 jr t @suj2 + "4 jr s@suj2 + "4 jr t r svj2
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and

2g1 := jr t @suj2 + "2 jr s@suj2 + "2 jr t r svj2 + "4 jr sr svj2

+ "2 jr t r t @suj2 + "4 jr sr t @suj2 + "4 jr t r s@suj2

+ "6 jr sr s@suj2 + "4 jr t r t r svj2 + "6 jr sr t r svj2

and abbreviate F1(s) :=
R1

0 f 1(s; t) dt and G1(s) :=
R1

0 g1(s; t) dt. Then

L " f 1 = 2g1 + U + " 2V + "2Ut + "4Us + "4Vt (51)

where U := h@su; L " @sui and V := hr sv; L " r svi as in Lemma 6.4 and

Ut := hr t @su; L " r t @sui ; Us := hr s@su; L " r s@sui ;

Vt := hr t r sv; L " r t r svi :

We shall prove the estimate

jUj + "2 jV j + "2 jUt j + "4 jUs + Vt j

� �f 1 +
1
2

�
g1 + k@suk2

L 2 (S1 ) + "4 kr s@suk2
L 2 (S1 ) + "8 kr sr s@suk2

L 2 (S1 )

�

� �f 1 + F1 + g1 + G1

(52)

for a suitable constant � > 0. By (51) and (52), L " f 1 + �f 1 + F1 � g1 � G1:
Integrating this inequality over the interval 0 � t � 1 gives

"2F 00
1 � F 0

1 + (� + 1)F1 � 0:

Henceit follows from Lemma B.3 with r := 1=5 that

F1(s) � c
Z s+1 =4

s� 1=4
F1(� ) d� � c

�
1 +

C"2

2

�
E "

[s� 1=2;s+1 =2](u; v):

Herec := 100c2e( � +1) =25, wherec2 is the constant of Lemma B.3, and the second
inequality follows from Lemma 6.4. Now useLemma 6.4 again and the identit y
"2r sr sv = r sv � r s@t u to estimate the term " 6 jr sr svj2.

It remains to prove (52). For the terms jUj + " 2 jV j the estimate was estab-
lished in (45). To estimate the term " 2 jUt j write

L " r t @su = r t L " @su + "2[r sr s ; r t ]@su � [r s; r t ]@su

= r t L " @su + "2r s (R(@su; @t u)@su))

+ "2R(@su; @t u)r s@su � R(@su; @t u)@su

= 2"2r t (R(@su; @t u)r sv) + " 2r t ((r @s u R) (@su; @t u)v)

� r t (R(@su; @t u)v)

+ "2r t (R(r s@su; @t u)v) + " 2r t (R(@su; r s@t u)v)

� r t r sgradV(u) + " 2r t r sr sgradV(u)

+ "2r s (R(@su; @t u)@su))

+ "2R(@su; @t u)r s@su � R(@su; @t u)@su:

(53)
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The last equation follows from (46). Now take the pointwise inner product with
"2r t @su. We begin by explaining how to estimate the �rst term. We encounter
an expressionof the form " 4hr t @su; (r @t u R)(@su; @t u)r svi . Here we can usethe
identit y

r sv = r s@t u + "2r sr sv

to obtain an inequality
jr svj jr t @suj � 3g1

By (47) we can estimate the product " 4 j@suj j@t uj2 by a small constant. An-
other expressionwe encounter is " 4hr t @su; R(r t @su; @t u)r svi ; by (47), we have
"4 j@t uj jr svj � 2� 2 and so the expressioncan be estimated by a small constant
times g1. Then we encounter the expression" 4hr t @su; R(@su; r t @t u)r svi ; here
we usethe identit y

r t @t u = r t (v � " 2r sv) = @su � gradV(u) � " 2r t r sv;

the crucial observation is that the summand@su can be dropped when inserting
this formula in R(@su; r t @t u); in the summand" 4hr t @su; R(@su; gradV(u))r svi
we use (V 0) and " 2 j@suj � � ; for the summand " 6hr t @su; R(@su; r t r sv)r svi
we use " 5 j@suj jr svj � � 2 and " jr t @suj jr t r svj � Cg1. The last expression
we encounter is " 4hr t @su; R(@su; @t u)r t r svi ; here we use " 3 j@suj j@t uj � 2� 2,
by (47), and again " jr t @suj jr t r svj � Cg1. This dealswith the �rst term; the
next two terms can be estimated by the samemethod.

In the fourth term we encounter the expression" 4hr t @su; R(r t r s@su; @t u)vi ;
here we use " j@t uj � 2� and " 2 jr t @suj jr t r s@suj � Cg1. Another expression
is "4hr t @su; R(r s@su; @t u)r t vi ; here we use r t v = @su � gradV(u) and the
inequalities " 3 j@suj j@t uj � 2� 2 and " jr t @suj jr s@suj � Cg1. A third expression
is "4hr t @su; R(r s@su; r t @t u)vi ; here we usethe formula

"2r s@su + r t @t u = "2r s(r t v + gradV(u)) + r t (v � " 2r sv)

= @su + "2R(@su; @t u)v � gradV(u) + " 2r sgradV(u);
(54)

so the curvature term can be estimated by

jR(r s@su; r t @t u)j � C jr s@suj
�
1 + j@suj + "2 j@suj j@t uj

�
: (55)

Here we have used (V 0) and (V 1) and the fact that the term k@sukL 1 (S1 ) is
uniformly bounded, by Lemma 6.4. This completesthe discussionof the fourth
term. The �fth term is similar, except that the cubic expressionin the second
derivativesvanishes.The last three terms can be disposedof similarly; the only
new expression that appears is " 4hr t @su; (r @s u R)(@su; @t u)@sui ; here we use
@t u = v� " 2r sv and the inequalities " 2 j@suj � � aswell asjr t @suj j@suj � g1+ f 1

and jr t @suj jr svj � 3g1.
This leaves the terms involving gradV. For " 2hr t @su; r t r sgradV(u)i we

use (V 2) and for " 4hr t @su; r t r sr sgradV(u)i we use (V 3). Both terms can be
estimated by C"(f 1 + g1 + k@suk2

L 2 (S1 ) + "4 kr s@suk2
L 2 (S1 ) ). This completesthe

estimate of " 2 jUt j.
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To estimate the term " 4 jUs + Vt j write

L " r s@su = r sL " @su + [r t r t ; r s ]@su

= r sL " @su � r t (R(@su; @t u)@su) � R(@su; @t u)r t @su

= 2"2r s (R(@su; @t u)r sv) + " 2r s (( r @s u R) (@su; @t u)v)

� r s (R(@su; @t u)v)

+ "2r s (R(r s@su; @t u)v) + " 2r s (R(@su; r s@t u)v)

� r sr sgradV(u) + " 2r sr sr sgradV(u)

� r t (R(@su; @t u)@su) � R(@su; @t u)r t @su

(56)

(where the last equation follows from (46)) and

L " r t r sv = r t L " r sv + "2[r sr s; r t ]r sv � [r s ; r t ]r sv

= r t L " r sv + "2r s (R(@su; @t u)r sv))

+ "2R(@su; @t u)r sr sv � R(@su; @t u)r sv

= � 2r t (R(@su; @t u)@su) + r t (R(@su; @t u)grad V(u))

� r t (( r @t u R) (@su; @t u)v)

� r t (R(r t @su; @t u)v) � r t (R(@su; r t @t u)v)

� r t r t r sgradV(u) + " 2r s (R(@su; @t u)r sv))

+ "2R(@su; @t u)r sr sv � R(@su; @t u)r sv

(57)

(where the last equation follows from (49)). The terms that require special at-
tention are thoseinvolving gradV and the cubic terms in the secondderivatives.
The cubic terms in the secondderivativesare

Us0 := 2"6hr s@su; R(r s@su; r s@t u)vi ;

Vt 0 := 2"4hr t r sv; R(r t @t u; r t @su)vi :

Now insert

r s@su = r s (r t v + gradV(u)) ; r t @t u = r t
�
v � "2r sv

�

into Us0 and Vt 0, respectively. Then the only di�cult remaining terms are
the ones involving again three secondderivatives. After replacing r sr t v by
r t r sv + R(@su; @t u)v we obtain

Us1 := 2"6hr s@su; R(r t r sv; r s@t u)vi ;

Vt 1 := � 2" 6hr t r sv; R(r t r sv; r t @su)vi :

The sum is

Us1 + Vt 1 = 2"6hr s@su � r t r sv; R(r t r sv; r s@t u)vi

= 2"6hr s(@su � r t v) + R(@su; @t u)v; R(r t r sv; r s@t u)vi

= 2"6hr sgradV(u) + R(@su; @t u)v; R(r t r sv; r s@t u)vi

and can be estimated in the required fashion. In particular we can use (V 1)
and Lemma 6.3 to get a pointwise bound on " 2r sgradV(u).

31



The terms involving gradV can be estimated by

"6 jhr s@su; r sr sr sgradV(u)ij + " 4 jhr s@su; r sr sgradV(u)ij

+ "4 jhr t r sv; R(@su; @t u)r t gradV(u)ij + " 4 jhr t r sv; r t r t r sgradV(u)ij

� C"2 jr s@suj
�

"4 jr sr s@suj + "2 jr s@suj + j@suj
�

+ C"2 jr s@suj
�

"4 kr sr s@sukL 2 (S1 ) + "2 kr s@sukL 2 (S1 ) + k@sukL 2 (S1 )

�

+ C"2 jr t r svj
�

"2 jr t r t @suj + " jr t @suj + j@suj + k@sukL 2 (S1 )

�

+ C"4 jr t r svj2

� �f 1 +
1
8

�
g1 + k@suk2

L 2 (S1 ) + "4 kr s@suk2
L 2 (S1 ) + "8 kr sr s@suk2

L 2 (S1 )

�
:

Here the �rst inequality follows from (V 1 � 3); it also usesthe identit y

r t @t u = @su � r sgradV(u) � " 2r t r sv

and the fact that " 2 j@suj and " j@t uj are uniformly bounded (Lemma 6.3). All
the other summands appearing in our expressionfor " 4 jUs + Vt j can be esti-
mated by the samearguments as for " 2 jUt j. This implies (52) for small " . For
"0 � " � 1 and � su�cien tly large the estimate (52) follows from (53), (56),
(57) and Lemma 6.3 (ii). The sametric ks as above are neededto deal with the
cubic terms in the secondderivativesbut no care needsto be taken concerning
the value of " . This completesthe proof of Lemma 6.6.

The fourth step in the proof of Theorem 6.1 is to establish the L 1 estimate
with r sv replacedby "r sv.

Lemma 6.7. Fix a constant c0 > 0 and a perturbation V : LM ! R that
satis�es (V 0 � V 3). Then there is a constant C = C(c0; V) > 0 such that the
following holds. If 0 < " � 1 and (u; v) : R � S1 ! TM is a solution of (11)
that satis�es (32), i.e. E " (u; v) � c0 and sups2 R A V (u(s; �); v(s; �)) � c0, then

j@su(s; t)j2 + "2 jr sv(s; t)j2 � CE "
[s� 1;s+1] (u; v) � Cc0 (58)

for all s and t.

Proof. Let f , g, F , G, U, V , and � be as in the proof of Lemma 6.4. Choosea
constant C > 0 such that the assertionsof Lemmas 6.4 and 6.6 hold with this
constant. Then, by (44) and (45), we have

L " f = 2g + U + " 2V

� � �f �
1
2

�
k@suk2

L 2 (S1 ) + "4 kr s@suk2
L 2 (S1 )

�

� � �f � CE "
[s� 1=2;s+1 =2] (u; v)
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for all (s; t) 2 R � S1. Let s0 2 R and denote

a :=
C
�

E "
[s0 � 1;s0 +1] (u; v):

Then
L " (f + a) + � (f + a) � 0

for s0 � 1=2 � s � s0 + 1=2. Hencewe may apply Lemma B.2 with r = 1=3 to
the function w(s; t) := f (s0 + s; t0 + t) + a:

f (s0; t0) � 54c2e�= 9
Z s0 + "= 3

s0 � 1=9� "= 3

Z 1

0
(f (s; t) + a) dtds

� 54c2e�= 9
Z s0 +1 =2

s0 � 1=2

Z 1

0

�
1
2

j@su(s; t)j2 +
"2

2
jr sv(s; t)j2 + a

�
dtds

� 54c2e�= 9
�

E "
[s0 � 1;s0 +1] (u; v) + a

�

= 54c2e�= 9
�

1 +
C
�

�
E "

[s0 � 1;s0 +1] (u; v):

This provesthe lemma.

Proof of Theorem 6.1. De�ne f 2 and g2 by

2f 2 := j@suj2 + jr svj2 ;

2g2 := jr t @suj2 + "2 jr s@suj2 + jr t r svj2 + "2 jr sr svj2

and abbreviate F2(s) :=
R1

0 f 2(s; t) dt and G2(s) :=
R1

0 g2(s; t) dt: Then

L " f 2 = 2g2 + U + V (59)

where U and V are as in the proof of Lemma 6.4. These functions satisfy the
estimate

jUj + jV j � �f 2 +
1
2

�
g2 + k@suk2

L 2 + "4 kr s@suk2
L 2

�
(60)

for a suitable constant � > 0; here k�kL 2 denotesthe L 2-norm over the circle at
time s. This follows from (46) and (49) via term by term inspection. (We use
the fact that j@suj, " jr svj, and j@t uj are uniformly bounded, by Lemma 6.7.)

By Lemmas6.4 and 6.6, we have

Z 1

0

�
j@su(s; t)j2 + "4 jr s@su(s; t)j2

�
dt � CE "

[s� 1=2;s+1 =2] (u; v)

for a suitable constant C and every s 2 R. Henceit follows from (59) and (60)
that

L " f 2(s; t) � � �f 2(s; t) � CE "
[s� 1=2;s+1 =2] (u; v)
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for all (s; t) 2 R � S1. Fix a number s0 and abbreviate

a :=
C
�

E "
[s0 � 1;s0 +1] (u; v):

Then
L " (f 2 + a) + � (f 2 + a) � 0

for s0 � 1=2 � s � s0 + 1=2. Hencewe may apply Lemma B.2 with r = 1=3 to
the function w(s; t) := f 2(s0 + s; t0 + t) + a:

f 2(s0; t0) � 54c2e�= 9
Z s0 + "= 3

s0 � 1=9� "= 3

Z 1

0
(f 2(s; t) + a) dtds

� 54c2e�= 9
Z s0 +1 =2

s0 � 1=2

Z 1

0

�
1
2

j@su(s; t)j2 +
1
2

jr sv(s; t)j2 + a
�

dtds

� c3

�
E "

[s0 � 1;s0 +1] (u; v) + a
�

= c3

�
1 +

C
�

�
E "

[s0 � 1;s0 +1] (u; v):

Herethe third inequality, with a suitable constant c3, follows from Corollary 6.5.
This provesthe pointwise estimate.

To prove the L 2-estimate integrate (59) and (60) over 0 � t � 1 to obtain

"2F 00
2 � F 0

2 + (� + 1)F2 � G2

for every s 2 R. Hence,by Lemma B.6 and a covering argument, we have

Z 1=2

� 1=2
G2(s) ds � c4

Z 3=4

� 3=4
F2(s) ds

for every s 2 R and a constant c4 > 0 that dependsonly on R, r , and � . Now
it follows from Corollary 6.5 that

Z 3=4

� 3=4
F2(s) ds � c5E "

[s� 1;s+1] (u; v)

for every s > 0 and someconstant c5 = c5(c0; V) > 0. Hence

Z 1=2

� 1=2

Z 1

0

�
jr t @suj2 + jr t r svj2 + "2 jr sr svj2

�
dtds � 2c4c5E "

[s� 1;s+1] (u; v):

The estimate for r s@su now follows from the identit y

r s@su = r sr t v + r sgradV(u) = r t r sv + R(@su; @t u)v + r sgradV(u):

This provesTheorem 6.1.
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7 Estimates of the second deriv ativ es

Theorem 7.1. Fix a constant c0 > 0 and a perturbation V : LM ! R that
satis�es (V 0 � V 4). Then there is a constant C = C(c0; V) > 0 such that the
following holds. If 0 < " � 1 and (u; v) : R � S1 ! TM is a solution of (11)
that satis�es (32) then

kr t @sukL p ([ � T ;T ]� S1 ) + kr s@sukL p ([ � T ;T ]� S1 )

+ kr t r svkL p ([ � T ;T ]� S1 ) + kr sr svkL p ([ � T ;T ]� S1 )

� c
q

E "
[� T � 1;T +1] (u; v)

(61)

for T > 1 and 2 � p � 1 .

For p = 2 the estimate, with r sr sv replaced by "r sr sv, was established
in Theorem 6.1. The strategy is to prove the estimate for p = 1 and, as a
byproduct, to get rid of the factor " for p = 2 (seeCorollary 7.3 below). The
result for generalp then follows by interpolation.

Lemma 7.2. Fix a constant c0 > 0 and a perturbation V : LM ! R that
satis�es (V 0 � V 3). Then there is a constant C = C(c0; V) > 0 such that the
following holds. If 0 < " � 1 and (u; v) : R � S1 ! TM is a solution of (11)
that satis�es (32), then

Z 1

0

�
jr t @su(s; t)j2 + jr s@su(s; t)j2 + jr t r sv(s; t)j2 + "2 jr sr sv(s; t)j2

�
dt

+
Z s+1 =4

s� 1=4

Z 1

0

�
jr t r t @suj2 + jr t r s@suj2 + "2 jr sr s@suj2

�

+
Z s+1 =4

s� 1=4

Z 1

0

�
jr t r t r svj2 + "2 jr t r sr svj2 + "4 jr sr sr svj2

�

� CE "
[s� 1=2;s+1 =2] (u; v)

for every s 2 R.

Corollary 7.3. Fix a constant c0 > 0 and a perturbation V : LM ! R that
satis�es (V 0 � V 3). Then there is a constant C = C(c0; V) > 0 such that the
following holds. If 0 < " � 1 and (u; v) : R � S1 ! TM is a solution of (11)
that satis�es (32), then

Z s+1 =4

s� 1=4

Z 1

0
jr sr svj2 � CE "

[s� 1=2;s+1 =2] (u; v)

for every s 2 R.

Proof. Since

r sr sv = r sr s@t u + "2r sr sr sv = R(@su; @t u)@su + r t r s@su + "2r sr sr sv

this estimate follows immediately from Lemma 7.2.
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Proof of Lemma 7.2. De�ne f 3 and g3 by

2f 3 := j@suj2 + jr svj2 + jr t @suj2 + jr s@suj2 + jr t r svj2 + "2 jr sr svj2

and

2g3 := jr t @suj2 + "2 jr s@suj2 + jr t r svj2 + "2 jr sr svj2

+ jr t r t @suj2 + "2 jr sr t @suj2 + jr t r s@suj2 + "2 jr sr s@suj2

+ jr t r t r svj2 + "2 jr sr t r svj2 + "2 jr t r sr svj2 + "4 jr sr sr svj2

and abbreviate

F3(s) :=
Z 1

0
f 3(s; t) dt; G3(s) :=

Z 1

0
g3(s; t) dt:

Then
L " f 3 = 2g3 + U + V + Ut + Us + Vt + "2Vs (62)

where U, V , Ut , Us, Vt are as in the proof of Lemma 6.6 and Vs is de�ned
analogously. Thesefunctions satisfy the estimate

jUj + jV j + jUt j + jUs + Vt j + "2 jVs j

� �f 3 +
1
2

�
g3 + k@suk2

L 2 + kr s@suk2
L 2 + "4 kr sr s@suk2

L 2

�

� �f 3 + F3 +
1
2

(g3 + G3)

(63)

for a suitable constant � > 0; here k�kL 2 denotesthe L 2-norm over the circle at
time s. For U and V this follows from (45) and (49) in the proof of Lemma 6.4.
For Ut this follows from (53) and for Us + Vt from (56) and (57) by the same
arguments as in the proof of Lemma 6.6. The improved estimate (63) follows
by combining thesearguments with Theorem 6.1. For Vs we usethe formula

L " r sr sv = r sL " r sv + [r t r t ; r s ]r sv

= r sL " r sv

� r t (R(@su; @t u)r sv)) � R(@su; @t u)r t r sv

= � 2r s (R(@su; @t u)@su) + r s (R(@su; @t u)grad V(u))

� r s (( r @t u R) (@su; @t u)v)

� r s (R(r t @su; @t u)v) � r s (R(@su; r t @t u)v)

� r sr t r sgradV(u)

� r t (R(@su; @t u)r sv)) � R(@su; @t u)r t r sv:

(64)

(The last equation uses(49).) The desired estimate now follows from a term
by term inspection; since all the �rst derivatives are uniformly bounded, by
Theorem 6.1, we only need to examine the secondand third derivatives; in
particular, the cubic term " 2hr sr sv; R(r s@su; r t @t u)vi can be estimated by
C"2 jr sr svj jr s@suj (see(55) in the proof of Lemma 6.6).
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It follows from (62) and (63) that

L " f 3 + �f 3 + F3 � g3 +
1
2

(g3 � G3):

Integrating this inequality over the interval 0 � t � 1 gives

"2F 00
3 � F 0

3 + (� + 1)F3 � G3:

By Theorem 6.1 and Corollary 6.5 we have
Z s+1 =4

s� 1=4
F3(s) ds � CE "

[s� 1=2;s+1 =2] (u; v)

for a suitable constant C = C(c0; V) > 0. Hence the estimate for the second
derivatives follows from Lemma B.3 with r := 1=5. The estimate for the third
derivativesfollows from Lemma B.6 and a covering argument.

Lemma 7.4. Fix a constant c0 > 0 and a perturbation V : LM ! R that
satis�es (V 0 � V 3). Then there is a constant c = c(c0; V) > 0 such that the
following holds. If 0 < " � 1 and (u; v) : R � S1 ! TM is a solution of (11)
that satis�es (32), then

kr t @t ukL 1 + " kr s@t ukL 1 + "2 kr s@sukL 1

+ " kr t r t vkL 1 + "2 kr t r svkL 1 + "3 kr sr svkL 1 � c:

Proof. For every solution (u; v) of (11) de�ne

~u(s; t) := u("s; t); ~v(s; t) := "v ("s; t):

Then

@s ~u � r t ~v = "gradV(~u); r s ~v + @t ~u =
~v
"

: (65)

By Theorem 6.1, Lemma 7.2, and (V 0 � V 3), the function ~w := (~u; ~v) and the
vector �eld

� (s; t) := (" gradV(u("s; �))( t); v("s; t))

along ~w are both uniformly bounded in W 3;2 (under the assumption (32)); here
we usethe identities

r t @t u = @su � gradV(u) � " 2r t r sv;

r t r t @t u = r t @su � r t gradV(u) � " 2r t r t r sv;

r t r t v = r sv � "2r sr sv � r t gradV(u);

r t r t r t v = r t r sv � "2r t r sr sv � r t r t gradV(u):

It follows that ~w and � are both uniformly bounded in W 2;p for any p > 2.
Since

@s ~w + J ( ~w)@t ~w = �

it follows from [16, Proposition B.4.9] that ~u and ~v are uniformly bounded in
W 3;p and hencein C2. This provesthe lemma.
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Lemma 7.5. Fix a constant c0 > 0 and a perturbation V : LM ! R that
satis�es (V 0 � V 4). Then there is a constant C = C(c0; V) > 0 such that the
following holds. If 0 < " � 1 and (u; v) : R � S1 ! TM is a solution of (11)
that satis�es (32), then

Z 1

0
"4 jr sr s@su(s; t)j2 dt � CE "

[s� 1=2;s+1 =2] (u; v)

for every s 2 R.

Proof. De�ne f 4 and g4 by

2f 4 := j@suj2 + jr svj2 + jr t @suj2 + jr t r t @suj2 ;

2g4 := jr t @suj2 + "2 jr s@suj2 + jr t r svj2 + "2 jr sr svj2

+ jr t r t @suj2 + "2 jr sr t @suj2 + jr t r t r t @suj2 + "2 jr sr t r t @suj2 ;

and abbreviate F4(s) :=
R1

0 f 4(s; t) dt and G4(s) :=
R1

0 g4(s; t) dt: Then

L " f 4 = 2g4 + U + V + Ut + Utt ; (66)

whereU, V , Ut are as in Lemma 6.6 and Utt := hr t r t @su; L " r t r t @sui : We shall
prove that there is a constant � > 0 such that

jUj + jV j + jUt j + jUtt j � �f 4 +
1
2

�
g4 + k@suk2

L 2 (S1 ) + "2 kr s@suk2
L 2 (S1 )

�
(67)

It follows from (66) and (67) that

L " f 4 + �f 4 + F4 � g4 +
1
2

(g4 � G4):

Integrating this inequality over the interval 0 � t � 1 gives

"2F 00
4 � F 0

4 + (� + 1)F4 � 0:

By Theorem 6.1 and Lemma 7.2, we have
Z s+1 =4

s� 1=4
F4(� ) d� � cE"

[s� 1=2;s+1 =2] (u; v)

for a suitable constant c = c(c0; V). Hence,by Lemma B.3 with r = 1=5, there
is a constant C = C(c0; V) such that F4(s) � CE "

[s� 1=2;s+1 =2] (u; v) for every
s 2 R; this gives

Z 1

0
jr t r t @su(s; t)j2 dt � CE "

[s� 1=2;s+1 =2] (u; v):

Now use(46) and

"2r sr s@su = L " @su � r t r t @su + r s@su

to get the required estimate for " 4 jr sr s@suj.
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For U and V the estimate (67) wasestablishedin the proof of Theorem 6.1;
for Ut it follows from (53) via the arguments used in the proof of Lemma 6.6.
For Utt we usethe identit y

L " r t r t @su = r t L " r t @su + "2[r sr s ; r t ]r t @su � [r s; r t ]r t @su

= r t L " @su + "2r s (R(@su; @t u)r t @su))

+ "2R(@su; @t u)r sr t @su � R(@su; @t u)r t @su

= 2"2r t r t (R(@su; @t u)r sv) + " 2r t r t ((r @s u R) (@su; @t u)v)

� r t r t (R(@su; @t u)v)

+ "2r t r t (R(r s@su; @t u)v) + " 2r t r t (R(@su; r t @su)v)

� r t r t r sgradV(u) + " 2r t r t r sr sgradV(u)

+ "2r t r s (R(@su; @t u)@su))

+ "2r t (R(@su; @t u)r s@su) � r t (R(@su; @t u)@su)

+ "2r s (R(@su; @t u)r t @su))

+ "2R(@su; @t u)r sr t @su � R(@su; @t u)r t @su:

(68)

Here the last equation follows from (53). To establish (67) we now use the
pointwise estimates on the �rst derivatives in Theorem 6.1 and the pointwise
estimates on the secondderivatives in Lemma 7.4. The term by term analy-
sis shows that all the second,third, and fourth order factors appear with the
appropriate powers of " . This proves(67) and the lemma.

Proof of Theorem 7.1. For p = 2 the estimate (61) follows from Theorem 6.1
and Corollary 7.3. To prove it for p = 1 de�ne f 5 and g5 by

2f 5 := j@suj2 + jr svj2 + jr t @suj2 + jr s@suj2 + jr t r svj2 + jr sr svj2

and

2g3 := jr t @suj2 + "2 jr s@suj2 + jr t r svj2 + "2 jr sr svj2

+ jr t r t @suj2 + "2 jr sr t @suj2 + jr t r s@suj2 + "2 jr sr s@suj2

+ jr t r t r svj2 + "2 jr sr t r svj2 + jr t r sr svj2 + "2 jr sr sr svj2 :

Then
L " f 5 = 2g5 + U + V + Ut + Us + Vt + Vs (69)

where U, V , Ut , Us, Vt , and Vs are as in Lemma 6.6. These functions satisfy
the estimate

jUj + jV j + jUt j + jUs + Vt j + jVs j

� �f 5 + g5 + k@suk2
L 2 + kr s@suk2

L 2 + "4 kr sr s@suk2
L 2

(70)

for all (s; t) 2 R � S1 and a suitable constant � > 0. To seethis one arguesas
in the proof of Lemma 7.2 and notices that the factor " 2 in front of jVs j is no
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longer needed. (It can now be dropped since,by Corollary 7.3, the L 2-norm of
f 5 is controlled by the energy.)

By (69) and (70), we have

L " f 5 + �f 5 � � k@suk2
L 2 (S1 ) � kr s@suk2

L 2 (S1 ) � "4 kr sr s@suk2
L 2 (S1 )

� � CE "
[s� 1=2;s+1 =2] (u; v)

for every s 2 R and suitable positive constants � and C. Here the last inequality
follows from Lemmas7.2 and 7.5. Let s0 2 R and denote

a :=
C
�

E "
[s0 � 1;s0 +1] (u; v):

Then
L " (f 5 + a) + � (f 5 + a) � 0

for s0 � 1=2 � s � s0 + 1=2. Hencewe may apply Lemma B.2 with r = 1=3 to
the function w(s; t) := f 6(s0 + s; t0 + t) + a:

f 5(s0; t0) � 54c2e�= 9
Z s0 + "= 3

s0 � 1=9� "= 3

Z 1

0

�
f 5(s; t) + a

�
dtds

� 54c2e�= 9
Z s0 +1 =2

s0 � 1=2

Z 1

0

�
f 5(s) + a

�
dtds

� c3

�
E "

[s0 � 1;s0 +1] (u; v) + a
�

= c3

�
1 +

C
�

�
E "

[s0 � 1;s0 +1] (u; v):

Here the third inequality, with a suitable constant c3 = c3(c0; V) > 0, follows
from Theorem 6.1 and Corollaries 6.5 and 7.3. This proves(61) for p = 1 . To
prove the result for generalp we apply the interpolation inequality

k� kL p � k� k1� 2=p
L 1 k� k2=p

L 2

to the terms on the left hand side of the estimate and usethe results for p = 2
and p = 1 . This provesthe theorem.

8 Uniform exp onential decay

Theorem 8.1. Fix a perturbation V : LM ! R that satis�es (V 0 � V 3).
Suppose SV is Morse and let a 2 R be a regular value of SV . Then there exist
positive constants � ; c; � suchthat the following holds. If x � 2 Pa(V), 0 < " � 1,
T0 > 0, and (u; v) 2 M " (x � ; x+ ; V) satis�es

E "
Rn[� T0 ;T 0 ](u; v) < � ; (71)

then
E "

Rn[� T ;T ](u; v) � ce� � (T � T0 ) E "
Rn[� T0 ;T 0 ](u; v)

for every T � T0 + 1.
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Corollary 8.2. Fix a perturbation V : LM ! R that satis�es (V 0� V 3). Sup-
poseSV is Morse and let x � 2 P(V). Then there exist positive constants � ; c; �
such that the following holds. If 0 < " � 1, T0 > 0, and (u; v) 2 M " (x � ; x+ ; V)
satis�es (71) then

j@su(s; t)j2 + jr sv(s; t)j2 � ce� � j sj E "
Rn[� T0 ;T 0 ](u; v) (72)

for every jsj � T0 + 2.

Proof. Theorem 6.1 and Theorem 8.1.

The proof of Theorem 8.1 is basedon the following two lemmas.

Lemma 8.3 (The Hessian). Fix a perturbation V : LM ! R that satis�es (V 0�
V 2). Suppose SV is Morse and �x a 2 R. Then there are positive constants � 0

and c such that the following is true. If x0 2 Pa(V) and (x; y) 2 C1 (S1; TM )
satisfy

x = expx 0
(� 0); y = �( x0; � 0)(@t x0 + � 0); k� 0kW 1; 2 + k� 0k1 � � 0;

then

k� k2 + kr t � k2 + k� k2 + kr t � k2

� c
�

kr t � + R(� ; @t x)y + H V (x)� k2 + kr t � � � k2
�

for all � ; � 2 
 0(S1; x � TM ). Here k�k denotesthe L 2-norm on S1.

Proof. The operator

A " (x; y)( � ; � ) := (�r t � � R(� ; @t x)y � H V (x)� ; r t � � � )

on L 2(S1; x � TM � x � TM ) with densedomain W 1;2(S1; x � TM � x � TM ) is self-
adjoint if y = @t x. In the case(x; y) = (x0; @t x0) it is bijective, becauseSV is
Morse. Hencethe result is a consequenceof the open mapping theorem. Since
bijectivit y is preserved under small perturbations (with respect to the operator
norm), the result for generalpairs (x; y) follows from continuous dependenceof
the operator family on the pair (x; y) with respect to the W 1;2-topology on x
and the L 1 -topology on y. The set P a(V) is �nite, becauseSV is Morse (see
[28]). Hencewe may choosethe sameconstants � 0 and c for all x0 2 Pa(V).

Lemma 8.4. Fix a perturbation V : LM ! R that satis�es (V 0). SupposeSV

is Morse and let a 2 R be a regular value of SV . Then, for every � 0 > 0, there
is a constant � 1 > 0 such that the following is true. Let (x; y) : S1 ! TM be a
smooth loop such that

A V (x; gy) � a; kr t y + gradV(x)k1 + k@t x � yk1 < � 1

(where the isomorphism g : TM ! T � M is induced by the metric). Then there
is a periodic orbit x0 2 Pa(V) and a pair of vector �elds � 0; � 0 2 
 0(S1; x0

� TM )
such that

x = expx 0
(� 0); y = �( x0; � 0)(@t x0 + � 0);
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and
k� 0k1 + kr t � 0k1 + k� 0k1 + kr t � 0k1 � � 0:

Proof. First note that

1
2

Z 1

0
jy(t)j2 = A V (x; gy) + V(x) �

Z t

0
hy(t); _x(t) � y(t)i dt

� a + C +
Z 1

0

�
1
4

jy(t)j2 + j _x(t) � y(t)j2
�

dt;

where C is the constant in (V 0). Hence,assuming� 1 � 1, we have

kyk2
2 � 4 (a + C + 1) :

Now
�
�
�
�

d
dt

jyj2
�
�
�
� =

�
�2hy; r t y + gradV(x)i � 2hy; gradV(x)i

�
�

� 2 (� 1 + C) jyj � (C + 1)2 + jyj2 :

Integrate this inequality to obtain

jy(t1)j2 � jy(t0)j2 � (C + 1)2 + kyk2
2

for t0; t1 2 [0; 1]. Integrating again over the interval 0 � t0 � 1 gives

kyk1 �
q

(C + 1)2 + 2kyk2
2 � c (73)

where c2 := (C + 1)2 + 8(a + C + 1).
Now suppose that the assertion is wrong. Then there is a � 0 > 0 and a

sequenceof smooth loops (x � ; y� ) : S1 ! TM satisfying

A V (x � ; gy� ) � a; lim
� !1

�
kr t y� + gradV(x � )k1 + k@t x � � y� k1

�
= 0;

but not the conclusion of the lemma for the given constant � 0. By (73), we
have sup� ky� k1 < 1 . Hencesup� k@t x � k1 < 1 and also sup� kr t y� k1 < 1 .
Hence,by the Arzela{Ascoli theorem, there exists a subsequence,still denoted
by (x � ; y� ), that convergesin the C0-topology. Our assumptionsguarantee that
this subsequenceactually convergesin the C1-topology. Let (x0; y0) : S1 ! TM
be the limit. Then @t x0 = y0 and r t y0 + gradV(x0) = 0. Hencex0 2 Pa(V)
and (x � ; y� ) convergesto (x0; @t x0) in the C1-topology. This contradicts our
assumption on the sequence(x � ; y� ) and henceprovesthe lemma.

Proof of Theorem 8.1. To begin with note that SV (x) � � C0 for every x 2
P(V), where C0 is the constant in (V 0). Hence,with c0 := a + C0; we have

x � 2 Pa(V) =) SV (x � ) � c0; SV (x � ) � SV (x+ ) � c0:

Let C > 0 be the constant of Theorem 6.1 with this choiceof c0. Let � 0 and c be
the constants of Lemma 8.3 and � 1 > 0 the constant of Lemma 8.4 associated
to a and � 0. Then choose� > 0 such that

p
C� � � 1. Below we will shrink the

constants � 1 and � further if necessary.
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In the remainder of the proof we will sometimesuse the notation us(t) :=
u(s; t) and vs(t) := v(s; t). Moreover, k�k will always denote the L 2 norm on S1

and k�k1 the L 1 norm on S1.
Now let x � 2 Pa(V), 0 < " � 1, and T0 > 0, and suppose (u; v) 2

M " (x � ; x+ ; V) satis�es (71). Then, by Theorem 6.1, we have

k@susk1 + kr svsk1 �
q

CE "
[s� 1;s+1] (u; v) �

p
C� � � 1 (74)

for jsj � T0 + 1. Hence, by Lemma 8.4, we know that, for every s 2 R with
jsj � T0 + 1, there is a periodic orbit xs 2 Pa(V) such that the C1-distance
between(us ; vs) and (xs ; @t xs) is boundedby � 0. Hencewecanapply Lemma 8.3
to the pair (us; vs) and the vector �elds (@sus; r svs) for jsj � T0 + 1. Since

r t r sv + R(@su; @t u)v + H V (u)@su = r s@su; r t @su � r sv = � " 2r sr sv;

we obtain from Lemma 8.3 that

k@susk2 + kr t @susk2 + kr svsk2 + kr t r svsk2

� c
�

kr s@susk2 + "4 kr sr svsk2
� (75)

for jsj � T0 + 1.
De�ne the function F : R ! [0; 1 ) by

F (s) :=
1
2

Z 1

0

�
j@su(s; t)j2 + "2 jr sv(s; t)j2

�
dt:

We shall prove that

F 00(s) �
1
c

F (s) (76)

for jsj � T0 + 1. The proof of (76) is basedon the identit y

F 00(s) = 2kr s@suk2 + 2"2 kr sr svk2

+ h@su; r sr sgradV(u) � H V (u)r s@sui

+ h@su; 3R(@su; @t u)r svi + h@su; (r @s u R)(@su; @t u)vi

+ h@su; R(@su; r sv)vi � " 2 h@su; R(@su; r sr sv)vi

+ "2h@su; R(r sv; v)r s@sui

(77)

which will be proved below. Here all norms and inner products are understood
in L 2(S1; u�

sTM ) and we have dropped the subscript s for us and vs . The
L 1 norms of v and @t u = v � " 2r sv are uniformly bounded, by Theorems 5.1
and 6.1. Hencethere is a constant c0 > 0 such that

F 00(s) � 2kr s@susk2 + 2"2 kr sr svsk2

� c0k@susk1

�
k@susk2 + k@susk kr svsk

�

� c0"2 k@susk1

�
k@susk kr sr svk + kr svsk kr s@susk

�

� kr s@susk2 + "2 kr sr svsk2 :
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Here the �rst inequality uses (V 2). To understand the last step note that,
by (74), we have k@susk1 �

p
C� and so the inequality follows from (75),

provided that � > 0 is su�cien tly small. Now use(75) again to obtain (76).
Thus we have proved that F 00(s) � � 2F (s) for jsj � T0 + 1, where � :=

c� 1=2. SinceF (s) doesnot divergeto in�nit y as jsj ! 1 it follows by standard
arguments (seefor example [5, 22]) that F (s) � e� � (s� T0 � 1) F (T0 + 1) for s �
T0 + 1 and similarly for s � � T0 � 1.

It remains to prove (77). By direct computation,

F 00(s) = kr s@suk2 + "2 kr sr svk2 + G(s) + H (s);

where

G(s) := h@su; r sr s@sui

= h@su; r sr s(r t v + gradV(u)) i

= h@su; [r sr s ; r t ]v + r sr sgradV(u) + r t r sr svi

= h@su; [r sr s ; r t ]v + r sr sgradV(u)i � hr s@t u; r sr svi

= h@su; r s[r s ; r t ]v + [r s ; r t ]r sv + r sr sgradV(u)i

�


r s(v � " 2r sv); r sr sv

�
;

H (s) := " 2 hr sv; r sr sr svi

= hr sv; r sr s(v � @t u)i

= hr sv; r sr sv � [r s ; r t ]@su � r t r s@sui

= hr sv; r sr sv � [r s ; r t ]@sui + hr t r sv; r s@sui

= hr sv; r sr sv � [r s ; r t ]@sui + h[r t ; r s ]v + r s(@su � gradV(u)) ; r s@sui :

Here all inner products are in L 2(S1; u�
sTM ); in each formula the fourth step

usesintegration by parts. The sum is

G(s) + H (s) = kr s@suk2 + "2 kr sr svk2

+ h@su; r sr sgradV(u)i � hr sgradV(u); r s@sui

+ h@su; 3R(@su; @t u)r svi + h@su; (r @s u R)(@su; @t u)vi

+ h@su; R(@su; r s@t u)vi

+ h@su; R(r s@su; @t u)vi � hR(@su; @t u)v; r s@sui :

To obtain (77) replacer s@t u by r sv � "2r sr sv. Moreover, by the �rst Bianchi
identit y, the last two terms can be expressedin the form

h@su; R(r s@su; @t u)vi � hR(@su; @t u)v; r s@sui

= h@su; R(r s@su; @t u)vi + h@su; R(v; r s@su)@t ui

= �h @su; R(@t u; v)r s@sui

= h@su; R(v � @t u; v)r s@sui

= "2h@su; R(r sv; v)r s@sui

This proves(77) and the theorem.
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9 Time shift

The next theorem establisheslocal surjectivit y for the map T " constructed in
De�nition 4.4. The idea is to prove that, after a suitable time shift, the pair
� = (� ; � ) with u" = expu (� ) and v" = �( u; � )(@t u + � ) satis�es the hypothesis
� 2 im (D "

u )� of Theorem 4.3. The neighbourhood, in which the next theorem
establishessurjectivit y, dependson " .

Theorem 9.1. Fix a perturbation V : LM ! R that satis�es (V 0 � V 4).
Assume SV is Morse{Smale and �x a regular value a 2 R of SV . Fix two
constants C > 0 and p > 1. Then there are positive constants � , " 0, and c such
that " 0 � 1 and the following holds. If x � 2 Pa(V) is a pair of index di�er ence
one,

u 2 M 0(x � ; x+ ; V); (u" ; v" ) 2 M " (x � ; x+ ; V)

with 0 < " � " 0, and
u" = expu (� " );

where � " 2 
 0(R � S1; u� TM ) satis�es

k� " k1 � � "1=2; k� " kp � � "1=2; kr t � " kp � C; (78)

then there is a real number � such that

(u" ; v" ) = T " (u(� + �; �)) ; j� j < c(k� " kp + "2):

Proof. It su�ces to prove the result for a �xed pair x � 2 Pa(V) of index di�er-
enceone and a �xed parabolic cylinder u 2 M 0(x � ; x+ ; V). (The assumptions
and conclusionsof the theorem are invariant under simultaneous time shift of u
and (u" ; v" ); up to time shift there are only �nitely many index one parabolic
cylinders with SV � a.) De�ne

c� := SV (x � ) � SV (x+ ) > 0: (79)

Then, by the energy identit y (107), we have k@suk2
L 2 (R� S1 ) = c� . Let (u" ; v" ) 2

M " (x � ; x+ ; V) with " 2 (0; 1]. Denote the time shift of u by

u� (s; t) := u(s + � ; t)

for � 2 R and de�ne � = � (� ) = (� ; � ) by

u" = expu � (� ); v" = �( u� ; � ) (@t u� + � ) : (80)

The pair (� ; � ) is well de�ned whenever � k@sukL 1 + k� " kL 1 is smaller than the
injectivit y radius � M of M (i.e. when � and � " 1=2 are su�cien tly small). We
assumethroughout that

� "1=2 �
� M

2

and choose� 0 > 0 so that � 0 k@sukL 1 < � M =2.
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By Theorem A.1 and Theorem 5.1, there is a constant c0 > 0 such that, for
every " 2 (0; 1] and every (u" ; v" ) 2 M " (x � ; x+ ; V), we have

k@suk1 + k@t uk1 + kv" k1 � c0: (81)

It follows from (80) and (81) that k� (� )k1 � c0 for every � 2 [� � 0; � 0]. Choose
� 0 > 0 so small that the assertion of the UniquenessTheorem 4.3 holds with
C = c0 and � = � 0. We shall prove that for every su�cien tly small " > 0 there
is a � 2 [� � 0; � 0] such that

� (� ) 2 im(D "
u �

)� ; k� (� )k1 � � 0"1=2; k� (� )k1 � c0: (82)

It then follows from Theorem 4.3 that (u" ; v" ) = T " (u� ): The proof of (82)
will take �v e steps and usesthe following estimate. Choose q > 1 such that
1=p+ 1=q= 1. Then, by parabolic exponential decay (seeTheorem A.2), there
is a constant c1 > 0 such that, for r = p;q; 1 ,

k@sukr + kr t @sukr + kr s@sukr + kr sr t @sukr � c1: (83)

Step 1. For � 2 [� � 0; � 0] and " > 0 su�ciently small de�ne

� " (� ) := � hZ "
� ; � i " ;

where � = � (� ) is given by (80),

Z " :=
�

X "

Y "

�
:=

�
@su

r t @su

�
�

�
� �

� �

�
;

� � :=
�

� �

� �

�
:= (D"

u )� (D"
u (D"

u )� )� 1 D"
u

�
@su

r t @su

�
;

and Z "
� denotes the time shift of Z " . Then � " (� ) = 0 if and only if � 2

im(D"
u �

)� .

For " > 0 su�cien tly small, the operator D "
u is onto, by Theorem 3.3, and, by

assumption, it has index one (seeRemark 3.1). HenceZ " is well de�ned and
spansthe kernel of D "

u ; so

(Z " )? = (kerD "
u )? = im(D"

u )�

where ? denotes the orthogonal complement with respect to the "-dependent
L 2 inner product. It remains to prove that Z " 6= 0 for " > 0 su�cien tly small.
To seethis note that @su 6= 0 and sothe (0; 2; " )-norm of the pair (@su; r t @su) is
bounded below by a positive constant (the parabolic energy identit y gives

p
c�

as a lower bound). On the other hand,

� � = (D"
u )� (D"

u (D"
u )� )� 1

�
0

r sr t @su

�
(84)

and k� " (0; r sr t @su)kL p tends to zero as " ! 0. Hence, by Theorem 3.3, the
(0; 2; " )-norm of � � convergesto zero as " tends to zero. It follows that Z " 6= 0
for " > 0 su�cien tly small and this provesStep 1.
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Step 2. There are positive constants " 0 and c2 such that

j� " (0)j � c2

�
k� " kp + "2

�

for 0 < " � " 0 and every (u" = expu (� " ); v" ) 2 M " (x � ; x+ ; V) satisfying (78).

We �rst prove that that there are positive constants " 0 and c3 such that

kX " kq + kY " kq � c3 (85)

for 0 < " � " 0. For the summands @su of X " and r s@t u of Y " this follows
from (83) with r = q. Moreover, by (84) and Theorem 3.3, we have

k� � kq + "1=2 k� � kq � c4

�
" k(0; r sr t @su)k0;q;" + k� " (0; r sr t @su)kq

�

� c4"3=2("1=2 + � q) kr sr t @sukq :
(86)

The last step usesLemma D.3 with constant � q > 1. This proves(85). It follows
from (85) that

j� " (0)j � c3

�
k� " kp + "2 k� " kp

�
; (87)

where � " 2 
 0(R � S1; u� TM ) is de�ned by

v" =: �( u; � " )(@t u" + � " ):

De�ne the linear maps E i (x; � ) : Tx M ! Texp x ( � ) M by the formula

d
d�

expx (� ) =: E1(x; � )@� x + E2(x; � )r � � (88)

for every smooth path x : R ! M and every vector �eld � 2 
 0(R; x � TM )
along x. Abbreviate � := �( u; � " ) and E i := E i (u; � " ) for i = 1; 2. Then

� " = � � 1v" � @t u

= � � 1(v" � @t u" ) + � � 1(E1@t u + E2r t � " ) � @t u

= "2� � 1r sv" + � � 1E2r t � " + (� � 1E1 � 1l)@t u:

By Corollary 8.2, there is a constant c5 such that kr sv" kp � c5. Moreover, there
is a constant c6 > 0 such that




 � � 1E1 � 1l






p � c6 k� " kp. Hencethere is another
constant c7 > 0 such that

k� " kp � c7

�
" + kr t � " kp + k� " kp

�
� c7

�
k� " kp + C + 1

�
:

Combining this with (87) provesStep 2.

Step 3. There is a constant c8 > 0 such that

k� (� )k1 � � "1=2 + c8 j� j ; k� (� )k1 � c0;

kr s � kp � c8; kr � � + @su� kp � c8

�
j� j + � "1=2

�
; k� (� )kp � � "1=2 + c8j� j

for 0 < " � " 0 and j� j � � 0.
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For every � 2 R, we have

d(u(s + � ; t); u(s; t)) � L (
 ) � j� j k@suk1 ;

where 
 (r ) := u(s + r � ; t), 0 � r � 1. Moreover, by (78), d(u(s; t); u" (s; t)) �
� "1=2. Hence the �rst estimate of Step 3 follows from the triangle inequality.
The secondestimate follows from the identit y

� (� ) = �( u� ; � (� )) � 1v" � @t u�

and (81). To prove the next two estimateswe di�eren tiate the identit y

expu �
(� (� )) = u"

with respect to � and s to obtain

E1(u� ; � )@su� + E2(u� ; � )r � � = 0; E1(u� ; � )@su� + E2(u� ; � )r s � = @su" :

By the energy identities the L 2 norms of @su and @su" are uniformly bounded
and hence,so is the L 2 norm of r s � . Moreover,

kr � � + @su� kp =



 �

E � 1
2 E1 � 1l

�
@su






p
� c9 k� (� )k1 � c10

�
j� j + � "1=2

�
:

Hencethe L p norm of r � � is uniformly bounded. Now di�eren tiate the function
� 7! k� (� )kp to obtain the inequality k� (� )kp � k� (0)kp + c11j� j. Then the last
inequality in Step 3 follows from (78).

Step 4. Shrinking � 0 and "0, if necessary,we have

d
d�

� " (� ) �
c�

2

for 0 < " � " 0 and j� j � � 0, where c� is de�ned by (79).

We will investigate the two terms in the sum

d
d�

� " (� ) = �
d

d�
hX "

� ; � (� )i � " 2 d
d�

hY "
� ; � (� )i (89)

separately. The key term is hX "
� ; r � � i . We have seenthat X "

� is L q-close to
@su� and r � � is L p-closeto � @su� . We shall prove that all the other terms are
small and hence@� � " is approximately equal to k@suk2

2. More precisely, for the
�rst term in (89) we obtain

�
d

d�
hX "

� ; � i = �h X "
� ; r � � i � hr sX "

� ; � i

= k@suk2
2 � hX "

� ; @su� + r � � i � h� � ; @su� i

� hr s@su� ; � i � h� �
� ; r s � i

� k@suk2
2 � c12

�
k@su� + r � � kp + k� � kq + k� kp

�

� k@suk2
2 � c13

�
j� j + � "1=2 + "3=2

�
:
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Here the secondstep follows from integration by parts. The third step uses
the inequalities kX " kq � c (see(85)), k@sukp + kr s@sukq � c (see(83)), and
kr s � kp � c (seeStep 3). The last step usesStep 3 and (86).

To estimate the secondterm in (89) we di�eren tiate the identit y

�( u� ; � (� ))( @t u� + � (� )) = v"

with respect to � to obtain

kr s@t u� + r � � kp � c14

�
k@sukp + kr � � kp

�
� c15:

In the �rst inequality we have used the fact that the L 1 norms of � (� ) and
@t u� are uniformly bounded. In the secondinequality we have used Step 3.
Combining this estimate with (83) we �nd that the L p norm of r � � is uniformly
bounded. Di�eren tiating the sameidentit y with respect to s we obtain

kr s@t u� + r s � kp � c16

�
kr sv" kp + k@sukp + kr s � kp

�
� c17:

Here the last inequality follows from Step 3 and Corollary 8.2. Using (83) again,
we obtain that the L p norm of r s � is uniformly bounded. Now

"2 d
d�

hY "
� ; � i = " 2hr sY "

� ; � i + " 2hY "
� ; r � � i

= � "2hY "
� ; r s� i + " 2hY "

� ; r � � i

� c18"2:

In the last estimate we have used (85) and the uniform estimates on the L p

norms of r � � and r s � . Putting things together we obtain

d
d�

� " (� ) � k@suk2
2 � c19

�
j� j + "1=2

�
:

Sincek@suk2
2 = c� , the assertionof Step 4 holds whenever 0 < " � " 0, j� j � � 0,

and c19(� 0 + "1=2
0 ) � c� =2.

Step 5. We prove Theorem 9.1.

Supposethe pair (u" ; v" ) satis�es the requirements of the theorem with " and �
su�cien tly small. Then, by Steps2 and 4, there is a � 2 [� � 0; � 0] such that

� " (� ) = 0; j� j � c20(k� " kp + "2); c20 :=
2c2

c� :

Let � := � (� ) and � := � (� ). Then, by Step 1, we have � := (� ; � ) 2 im (D "
u �

)�

and, by Step 3,

k� k1 � (� + c8c20(� + " 3=2)) "1=2; k� k1 � c0:

If � + c8c20(� + " 3=2) � � 0 then, by Theorem 4.3, (u" ; v" ) = T " (u� ).
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10 Surjectivit y

Theorem 10.1. Fix a perturbation V : LM ! R that satis�es (V 0 � V 4).
AssumeSV is Morse{Smale and �x a constant a 2 R. Then there is a constant
"0 > 0 such that, for every " 2 (0; " 0) and every pair x � 2 Pa(V) of index
di�er ence one, the map T " : M 0(x � ; x+ ; V) ! M " (x � ; x+ ; V), constructed in
De�nition 4.4, is bijective.

The proof relies on the following two lemmas. We usethe notation

E [� T ;T ](u) :=
Z T

� T

Z 1

0
j@suj2 dtds

for u : R � S1 ! M and T > 0.

Lemma 10.2. Assume SV is a Morse function. Let x � 2 P(V) and (ui ; vi ) 2
M " i (x � ; x+ ; V) where " i is a sequence of positive real numbers converging to
zero. Then there is a pair x0; x1 2 P(V), a parabolic cylinder u 2 M 0(x0; x1; V),
and a subsequence, stil l denoted by (ui ; vi ), such that the following holds.

(i) (ui ; vi ) convergesto (u; @t u) strongly in C1 and weakly in W 2;p on every
compact subsetof R� S1 and for everyp > 1. Moreover, vi � @t ui converges
to zero in the C1 norm on every compact subsetof R � S1.

(ii) For all s 2 R and T > 0,

SV (u(s; �)) = lim
i !1

A V (ui (s; �); vi (s; �)) ;

E [� T ;T ](u) = lim
i !1

E " i
[� T ;T ](ui ; vi ):

Proof. By the energy identit y (8) and Theorems 5.1, 6.1, and 7.1, there is a
constant c > 0 such that

kvi k1 + k@t ui k1 + k@sui k1 + kr t vi k1 + kr svi k1 � c; (90)

kr s@t ui kp + kr s@sui kp + kr t r svi kp + kr sr svi kp � c; (91)

kr t @t ui k1 + kr t r t vi k1 � c (92)

for every i 2 N and every p 2 [2; 1 ]. In (90) the estimate for r t vi follows from
the one for @sui and the identit y r t vi = @sui � gradV(ui ). The estimate for
@t ui follows from the onesfor vi and r svi and the identit y @t ui = vi � "2

i r svi .
In (92) the estimate for r t @t ui follows from the onesfor r t vi and r t r svi and
the identit y r t @t ui = r t vi � "2

i r t r svi . The estimate for r t r t vi follows from the
onesfor r t @sui and @t ui and the identit y r t r t vi = r t @sui � r t gradV(ui ).

By (90), (91), and (92) the sequence(ui ; vi ) is bounded in C2 and hencein
W 2;p ([� T; T ]� S1) for every T > 0 and every p > 1. Hence,by the Arzela-Ascoli
theorem and the Banach{Alaoglu theorem, a suitable subsequence,still denoted
by (ui ; vi ), convergesstrongly in C1 and weakly in W 2;p on every compactsubset
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of R � S1 to someW 2;p -function (u; v) : R � S1 ! TM . By (90) and (91), the
sequence

vi � @t ui = "2
i r svi

convergesto zero in the C1 norm. Hencev = @t u. Moreover, the sequence

@sui � r t @t ui � gradV(ui ) = "2
i r t r svi

converges to zero in the sup-norm, by (91), so the limit u : R � S1 ! M
satis�es the parabolic equation (12). By the parabolic regularity theorem A.3,
u is smooth and so is v = @t u. This proves(i).

To prove (ii) note that

E [� T ;T ](u) = lim
i !1

Z T

� T

Z 1

0
j@sui j

2 dsdt

= lim
i !1

Z T

� T

Z 1

0

�
j@sui j

2 + "2
i jr svi j

2�
dsdt

= lim
i !1

E " i
[� T ;T ](ui ; vi )

for every T ; here the secondidentit y follows from (90). Hencethe limit u has
�nite energy and so belongs to the moduli spaceM 0(x0; x1; V) for somepair
x0; x1 2 P(V). To prove convergenceof the symplectic action at time s note
that

V(u(s; �)) = lim
i !1

V(ui (s; �)) ;

becauseV is continuous with respect to the C0 topology on LM . Moreover

S0(u(s; �)) =
1
2

Z 1

0
j@t u(s; t)j2 dt

= lim
i !1

Z 1

0

�
h@t ui (s; t); vi (s; t)i �

1
2

jvi (s; t)j2
�

dt

= lim
i !1

A 0(ui (s; �); vi (s; �)) :

Here the secondequality follows from the fact that @t ui (s; �) and vi (s; �) both
convergeto @t u(s; �) in the sup-norm. This provesthe lemma.

Lemma 10.3. Assume SV is a Morse function. Let x � 2 P(V) and (ui ; vi ) 2
M " i (x � ; x+ ; V) where " i is a sequence of positive real numbers converging to
zero. Then there exist periodic orbits x � = x0; x1; : : : ; x` = x+ 2 P(V);
parabolic cylinders uk 2 M 0(xk � 1; xk ; V) for k 2 f 1; : : : ; `g, a subsequence,
stil l denoted by (ui ; vi ), and sequences sk

i 2 R, k 2 f 1; : : : ; `g, such that the
following holds.

(i) For every k 2 f 1; : : : ; `g the sequence (s; t) 7! (ui (sk
i + s; t); vi (sk

i + s; t))
convergesto (uk ; @t uk ) as in Lemma 10.2.

(ii) sk
i � sk � 1

i divergesto in�nity for k = 2; : : : ; ` and @suk 6� 0 for k = 1; : : : ; `.
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(iii) For every k 2 f 0; : : : ; `g and every � > 0 there is a constant T > 0 such
that, for every i and every (s; t) 2 R � S1,

sk
i + T � s � sk+1

i � T =) d(ui (s; t); xk (t)) < �:

(Here we abbreviate s0
i := �1 and s` +1

i := 1 .)

Proof. Denote a := SV (x � ) and choose� > 0 so small that d(x(t); x0(t)) > 2�
for every t 2 R and any two distinct periodic orbits x; x0 2 Pa(V). Chooses1

i
such that

sup
s� s1

i

sup
t

d(x � (t); ui (s; t)) � �; sup
t

d(x � (t); ui (s1
i ; t)) = �: (93)

Passingto a subsequencewe may assume,by Lemma 10.2, that the sequence
(ui (s1

i + �; �); vi (s1
i + �; �)) convergesin the required senseto a parabolic cylinder

u1 2 M 0(x0; x1; V), where x0; x1 2 Pa(V). By (93), we have x0 = x � and x1 6=
x0. Hence@su1 6� 0 and so SV (x1) < SV (x0). If x1 = x+ the lemma is proved.
If x1 6= x+ chooseT > 0 such that d(u1(s; t); x1(t)) < � for every t and every
s � T . Passingto a subsequence,we may assumethat d(ui (s1

i + T; t); x1(t)) < �
for every t. Sincex1 6= x+ there exists a sequences2

i > s1
i + T such that

sup
s1

i + T � s� s2
i

sup
t

d(x1(t); ui (s; t)) � �; sup
t

d(x1(t); ui (s2
i ; t)) = �:

The di�erence s2
i � s1

i divergesto in�nit y and, by Lemma 10.2, there is a further
subsequencesuch that (ui (s2

i + �; �); vi (s2
i + �; �)) convergesto a parabolic cylinder

u2 2 M 0(x1; x2; V), where SV (x2) < SV (x1). Continue by induction. The
induction can only terminate if x ` = x+ . It must terminate becauseP a(V) is a
�nite set. This provesthe lemma.

Proof of Theorem 10.1. By Theorem 4.3 the map T " is injective for " > 0 suf-
�cien tly small. We will prove surjectivit y by contradiction.

Assumethe result is false. Then there exist periodic orbits x � 2 Pa(V) of
Morse index di�erence one and sequences" i > 0 and (ui ; vi ) 2 M " i (x � ; x+ ; V)
such that

lim
i !1

" i = 0; (ui ; vi ) =2 T " i (M 0(x � ; x+ ; V)) : (94)

Applying a time shift, if necessary, we assumewithout lossof generality that

A V
�
ui (0; �); vi (0; �)

�
=

1
2

�
SV (x � ) + SV (x+ )

�
: (95)

Fix a constant p > 2. We shall prove in two steps that, after passing to a
subsequenceif necessary, there is a sequenceu0

i 2 M 0(x � ; x+ ; V) and a constant
C > 0 such that

ui = expu0
i
(� i );

where the sequence� i 2 
 0(R � S1; (u0
i )� TM ) satis�es

lim
i !1

" � 1=2
i

�
k� i k1 + k� i kp

�
= 0; kr t � i kp � C: (96)
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Hence it follows from Theorem 9.1 that, for i su�cien tly large, there is a real
number � i such that (ui ; vi ) = T " i (u0

i (� i + �; �)). This contradicts (94) and hence
provesTheorem 10.1.

Step 1. For every � > 0 there is a constant T0 > 0 such that

E " i
Rn[� T0 ;T 0 ](ui ; vi ) < � (97)

for every i 2 N.

Assume,by contradiction, that the statement is false. Then there is a constant
� > 0, a sequenceof positive real numbers Ti ! 1 , and a subsequence,still
denoted by (" i ; ui ; vi ), such that, for every i 2 N,

E " i
[� T i ;T i ](ui ; vi ) � SV (x � ) � SV (x+ ) � � : (98)

Choose a further subsequence,still denoted by (ui ; vi ), that convergesas in
Lemma 10.3 to a �nite collection of parabolic cylinders uk 2 M 0(xk � 1; xk ; V),
k = 1; : : : ; `, with x � = x0; x1; : : : ; x` � 1; x` = x+ 2 P(V). We claim that ` � 2.
Otherwise, ui (si + �; �) convergesto u := u1 2 M 0(x � ; x+ ; V) as in Lemma 10.2
(for somesequencesi 2 R). By (95) and Lemma 10.2 (ii), the sequencesi must
be bounded. By (98), this implies that

E [� T ;T ](u) =
Z T

� T

Z 1

0
j@suj2 dtds � SV (x � ) � SV (x+ ) � �

for every T > 0. This contradicts the fact that u connectsx � with x+ . Thus
we have proved that ` � 2 as claimed. SinceSV is Morse{Smale it follows that
the Morse index di�erence of x � and x+ is at least two. This contradicts our
assumption and provesStep 1.

Step 2. For i su�ciently largethere is a parabolic cylinder u0
i 2 M 0(x � ; x+ ; V)

and a vector �eld � i 2 
 0(R � S1; (u0
i )� TM ) such that ui = expu0

i
(� i ) and � i

satis�es (96).

Let � , c and � denotethe constants in Theorem8.1and chooseT0 > 0, according
to Step 1, such that (97) holds with this constant � . Then, by Corollary 8.2,

j@sui (s; t)j2 + jr svi (s; t)j2 � c3e� � j sj E " i
Rn[� T0 ;T 0 ](ui ; vi ) (99)

for jsj � T0+ 2 and a suitable constant c3 > 0. By Theorem5.1and Theorem6.1,
there is a constant c4 > 0 such that

kvi k1 + k@sui k1 + k@t ui k1 + kr svi k1 � c4 (100)

for every i . Here we have also used the identit y @t ui = vi � "2
i r svi . It follows

from (99) and (100) that there is a constant c5 � c4 such that

j@sui (s; t)j + jr svi (s; t)j �
c5

1 + s2
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for every (s; t) 2 R� S1 and every i 2 N. Moreover, it follows from Theorem 7.1
that

k@sui � r t @t ui � gradV(ui )kp = "2
i kr t r svi kp � c6"2

i :

for a suitable constant c6 > 0. Now let � 0 = � 0(p;c5) and c = c(p;c5) be the
constants in the parabolic implicit function theorem A.5. Then the function
ui satis�es the hypothesesof Theorem A.5, whenever c6"2

i < � 0. Hence, for i
su�cien tly large, there is a parabolic cylinder u0

i 2 M 0(x � ; x+ ; V) and a vector
�eld � i 2 
 0(R � S1; (u0

i )� TM ) such that

ui = expu0
i
(� i );

k� i kW u 0
i

� c7 k@sui � r t @t ui � gradV(ui )kp � c6c7"2
i :

By the Sobolev embedding theorem, we have

k� i k1 � c8 k� i kW u 0
i

� c6c7c8"2
i

for large i . Moreover, by de�nition of the Wu0
i
-norm and Lemma D.4 we have

k� i kp + kr t � i kp � 2k� i kW u 0
i

� 2c6c7"2
i :

Hence� i satis�es (96). This provesStep 2 and the theorem.

Corollary 10.4. Fix a perturbation V : LM ! R that satis�es (V 0 � V 4).
Assume SV is Morse{Smale and �x a regular value a of SV . Then there is a
constant " 0 > 0 such that, for every " 2 (0; " 0], the following holds.

(i) If x � 2 Pa(V) haveindex di�er ence lessthan or equal to zero and x+ 6= x �

then M " (x � ; x+ ; V) = ; .

(ii) If x � 2 Pa(V) have index di�er ence one then

# M 0(x � ; x+ ; V)=R = # M " (x � ; x+ ; V)=R:

(iii) If x � 2 Pa(V) haveindex di�er ence one and (u; v) 2 M " (x � ; x+ ; V) then
D"

u;v is surjective.

Proof. Assertion (i) follows from Lemma 10.3. Assertion (ii) follows from Theo-
rems 4.1 and 10.1. Assertion (iii) follows from Theorems4.1, 3.3, and 10.1.

11 Pro of of the main result

Theorem 11.1. The assertion of Theorem 1.1 holds with Z2-coe�cients.
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Proof. Let Vt be a potential such that SV is a Morse function on the loop space
and denote

V(x) :=
Z 1

0
Vt (x(t)) dt:

Fix a regular value a of SV . Choosea sequenceof perturbations Vi : LM ! R,
converging to V in the C1 topology, such that SV i : LM ! R is Morse{Smale
for every i . We may assumewithout loss of generality that the perturbations
agreewith V near the critical points and that P(Vi ) = P(V) for all i . Let " i > 0
be the constant of Corollary 10.4 for V = Vi . Then, by Corollary 10.4,

# M 0(x � ; x+ ; Vi )=R = # M " i (x � ; x+ ; Vi )=R

for every pair x � 2 Pa(V ) with index di�erence one. Hencethe Floer boundary
operator on the chain complex

Ca (V ; Z2) :=
M

x 2P a (V )

Z2x;

de�ned by counting modulo 2 the solutions of (11) with V = Vi and " = " i

agreeswith the Morse boundary operator de�ned by counting the solutions
of (12) with V = Vi . Let us denote the resulting Floer homology groups by
HFa

� (T � M ; Vi ; " i ; Z2). Then, by what we have just observed, there is a natural
isomorphism

HFa
� (T � M ; Vi ; " i ; Z2) �= HMa

� (LM ; SV i ; Z2) �= H� (fS V i � ag; Z2):

Here the last isomorphism follows from Theorem A.7. The assertion of Theo-
rem 1.1 with Z2 coe�cien ts now follows from the isomorphisms

HFa
� (T � M ; HV ; Z2) �= HFa

� (T � M ; Vi ; " i ; Z2)

and
H� (fS V i � ag; Z2) �= H� (fS V � ag; Z2)

for i su�cien tly large. Here the secondisomorphismfollows by varying the level
a and noting that the inclusions fS V � ag ,! fS V i � bg ,! fS V � cg are
homotopy equivalencesfor a < b < c, c su�cien tly closeto a, and i su�cien tly
large. To understand the isomorphismon Floer homology, we�rst recall that the
Floer homology groups HFa

� (T � M ; HV ; Z2) (for a nonregular Hamiltonian H V

and a regular value a of the symplectic action A V ) are de�ned in terms of almost
complex structures J and nearby Hamiltonian functions H , such that (J; H ) is
a regular pair in the senseof Floer; one then de�nes HFa

� (T � M ; HV ; Z2) :=
HFa

� (T � M ; H; J ; Z2) and observesthat the resulting Floer homology groupsare
independent of J and of the nearby Hamiltonian H . Now let J = J" i be the
almost complex structure of Remark 1.3 and choosea J " i -regular Hamiltonian
H = HV + W with W su�cien tly closeto zero and of compact support. Then
the Floer equation for the pair (J" i ; H ) can be written in the form

@su + r t v = r Vt (u) + r 1Wt (u; v); "2
i r sv + @t u = v + r 2Wt (u; v): (101)
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Now the standard Floer homotopy argument can be used to relate the Floer
complex associated to (101) to that of

@su + r t v = gradVi (u); "2
i r sv + @t u = v: (102)

To carry the standard theory over to the present caseone must establish the
apriori bound of Section5 for the solutionsof the time dependent Floer equation.
To establish these one can use the arguments of Section 5 (with eps=1) in an
almost word by word fashion. In particular, the key estimate (35) remains
valid if the metric and perturbation depend on s. Once this is understood,
the standard Floer homotopy arguments apply (see [8, 22, 23] for example).
This shows that HFa

� (T � M ; HV ; Z2) is isomorphic to HFa
� (T � M ; Vi ; " i ; Z2) for i

su�cien tly large. This proves Theorem 1.1 with Z2 coe�cien ts when a < 1 .
For a = 1 the result follows from naturalit y and a direct limit argument.

To prove the result with integer coe�cien ts it remains to examinethe orien-
tations of the moduli spaces.The �rst step is a result about abstract Fredholm
operators on Hilb ert spaces.

Let W � H be an inclusion of Hilb ert spacesthat is compactand hasa dense
image. Let R 7! L (W; H ) : s 7! A(s) be a family of bounded linear operators
satisfying the following conditions.

(A1) The map s 7! A(s) is continuously di�eren tiable in the norm topology.
Moreover, there is a constant c > 0 such that

kA(s)� kH + k _A(s)� kH � ck� kW

for every s 2 R and every � 2 W .

(A2) The operators A(s) are uniformly self-adjoint. This meansthat, for each
s, the operator A(s), when consideredas an unbounded operator on H , is
self adjoint, and there is a constant c such that

k� kW � c(kA(s)� kH + k� kH )

for every s 2 R and every � 2 W .

(A3) There are invertible operators A � : W ! H such that

lim
s!�1




 A(s) � A �






L (W;H ) = 0:

(A4) The operator A(s) has �nitely many negative eigenvaluesfor every s 2 R.

Denote by S(W; H ) the set of invertible self-adjoint operators A : W ! H with
�nitely many negative eigenvalues. For A 2 S(W; H ) denoteby E(A) the direct
sum of the eigenspacesof A with negative eigenvalues. Given A � 2 S(W; H )
denote by P(A � ; A+ ) the set of functions A : R ! L (W; H ) that satisfy (A1-4)
and by P the union of the spacesP(A � ; A+ ) over all pairs A � 2 S(W; H ). This
is an open subsetof a Banach space.
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Denote

W := L 2(R; W ) \ W 1;2(R; H ); H := L 2(R; H )

and, for every pair A � 2 S(W; H ) and every A 2 P(A � ; A+ ), consider the
operator DA : W ! H de�ned by

(DA � )(s) := _� (s) + A(s)� (s)

for � 2 W. This operator is Fredholm and its index is the spectral 
o w, i.e.

index(DA ) = dim E(A � ) � dim E(A+ )

(seeRobbin{Salamon [19]). The formal adjoint operator D �
A : W ! H is given

by D �
A � = � _� + A� . Denote by

det(DA ) := � max (ker DA ) 
 � max (ker(DA )� )

the determinant line of DA and by Or(DA ) the set of orientations of det(DA ).
For A 2 S(W; H ) denote by Or(A) the set of orientations of E(A).

Remark 11.2 (The �nite dimensional case). AssumeW = H = Rn . Let A �

be nonsingular symmetric (n � n)-matrices and A 2 P(A � ; A+ ). Supposethat
A(s) = A � for � s � T . De�ne �( s; s0) 2 Rn � n by

@s�( s; s0) + A(s)�( s; s0) = 0; �( s0; s0) = 1l:

De�ne

E � (s) :=
�

� 2 Rn j lim
r !�1

�( r; s)� = 0
�

:

Then E � (s) = E(A � ) for s � � T and E + (s) = E(A+ )? for s � T . Moreover,

kerDA
�= E � (s) \ E + (s); (imDA )? �= (E � (s) + E + (s))? :

Hencethere is a natural map

� A : Or(A � ) � Or(A+ ) ! Or(DA )

de�ned asfollows. Givenorientations of E(A � ) �= E � (s) and E(A+ ) �= E + (s)? ,
pick any basis u1; : : : ; u` of E � (s) \ E + (s) �= ker DA . Extend it to a positive
basisof E � (s) by picking a suitable basisv1; : : : ; vm of E � (s) \ E + (s)? . Now
extend the vectors vj to a positive basis of E + (s)? by picking a suitable ba-
sis w1; : : : ; wn of (E � (s) + E + (s))? �= (im DA )? . Then the basesu1; : : : ; u`

of ker DA and w1; : : : ; wn of (im DA )? determine the induced orientation of
det(DA ). Note that this is well de�ned (a sign changein the ui leadsto a sign
changein the wk ).
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Remark 11.3 (Catenation) . Let A0; A1; A2 2 S(W; H ) and supposethat A01 2
P(A0; A1) and A12 2 P(A1; A2) satisfy

A01(s) =

(
A0 if s � � T;

A1 if s � T;
A12(s) =

(
A1 if s � � T;

A2 if s � T:
(103)

For R > T de�ne AR
02 2 P(A0; A2) by

AR
02(s) =

(
A01(s + R) if s � 0;
A12(s � R) if s � 0:

(104)

If DA 01 and DA 12 are onto then, for R su�cien tly large, the operator DA R
02

is
onto and there is a natural isomorphism

SR : ker DA 01 � ker DA 12 ! ker DA R
02

The isomorphism SR is de�ned by composing a pre-gluing operator with the
orthogonal projection onto the kernel. That this givesan isomorphism follows
from exponential decay estimates for the elements in the kernel and a uniform
estimate for suitable right inversesof the operators DA R

02
(seefor example[22]).

Theorem 11.4. There is a family of maps

� A : Or(A � ) � Or(A+ ) ! Or(DA );

one for each pair of Hilbert spacesW � H with a compact denseinclusion, each
pair A � 2 S(W; H ), and each A 2 P(A � ; A+ ), satisfying the following axioms.

(Equiv arian t) � A is equivariant with respect to the Z2-action on each factor.

(Homotop y) The map (A; o� ; o+ )7! (A; � A (o� ; o+ )) from the topological space
f (A; o� ; o+ ) j A 2 P; o� 2 Or(A � )g to f (A; o) j A 2 P; o 2 Or(DA )g is
continuous.

(Naturalit y) Let �( s) : (W; H ) ! (W 0; H 0) be a family of (pairs of) Hilbert
space isomorphismsthat is continuously di�er entiable in the operator norm
on H and continuous in the operator norm on W . Suppose that there
exist Hilbert space isomorphisms � � : (W; H ) ! (W 0; H 0) such that �( s)
convergesto � � in the operator norm on both spaces and _�( s) converges
to zero in L (H ) as s ! �1 . Then

� � � A (� �
� o� ; � +

� o+ ) = � � � A (o� ; o+ )

for all A � 2 S(W; H ), A 2 P(A � ; A+ ), and o� 2 Or(A � ).

(Direct Sum) If A �
j 2 S(Wj ; H j ) and A j 2 P(A �

j ; A+
j ) for j = 0; 1 then

� A 0 � A 1 (o�
0 
 o�

1 ; o+
0 
 o+

1 ) = � A 0 (o�
0 ; o+

0 ) 
 � A 1 (o�
1 ; o+

1 ):

for all o�
j 2 Or(A �

j ).
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(Catenation) Let A0; A1; A2 2 S(W; H ), suppose that A01 2 P(A0; A1) and
A12 2 P(A1; A2) satisfy (103) and, for R > T, de�ne AR

02 by (104).
AssumeDA 01 and DA 12 are onto. Then DA R

02
is onto for large R and

� A 02 (o0; o2) = � R (� A 01 (o0; o1); � A 12 (o1; o2)) :

for o0 2 Or(A0), o1 2 Or(A1), and o2 2 Or(A2). Here the map

� R : det(DA 01 ) � det(DA 12 ) ! det(DA R
02

)

is induced by the isomorphism SR of Remark 11.3.

(Constan t) If A(s) � A+ = A � and o+ = o� 2 Or(A � ) then � A (o� ; o+ ) is
the standard orientation of det(DA ) �= R.

(Normalization) If W = H = Rn then � A is the map de�ned in Remark 11.2.

The maps � A are uniquely determined by the (Homotopy), (Dir ect Sum), (Con-
stant), and (Normalization) axioms.

Theorem 11.4 is standard with the techniques of [9] (although the assump-
tions are not quite the sameas in the work of Floer and Hofer).

Proof of Theorem 1.1. Assume SV is Morse{Smale. For x 2 P(V) denote by
W u (x) the unstable manifold of x with respect to the negative gradient 
o w of
SV . Thus W u (x) is the spaceof all smooth loops y : S1 ! M such that there
exists a solution u : (�1 ; 0] � S1 ! M of the nonlinear heat equation (12) that
convergesto x as s ! �1 and satis�es u(0; t) = y(t). Then W u (x) is a �nite
dimensional manifold (see for example [3]). It is di�eomorphic to Rk where
k = indV (x) is the Morse index of x asa critical point of SV . Fix an orientation
of W u (x) for every periodic orbit x 2 P(V). These orientations determine a
system of coherent orientations for the heat 
o w as follows.

Fix a pair x � 2 P(V) of periodic orbits that represent the samecomponent
of LM . Denote by P 0(x � ; x+ ) the set of smooth maps u : R � S1 ! M such
that u(s; �) convergesto x � in the C2 norm and @su(s; �) convergesto zero in
the C1 norm ass tends to �1 . Then, in a suitable trivialization of the tangent
bundle u� TM , the linearized operator D0

u has the form of an operator DA as
in Theorem 11.4 where the spacesE(A � ) correspond to the tangent spaces
Tx � W u (x � ) of the unstable manifolds. Hence, by Theorem 11.4, the given
orientations of the unstable manifolds determine orientations

� 0(u) 2 Or(det(D0
u ))

of the determinant lines for all u 2 P 0(x � ; x+ ) and all x � 2 P(V). By the
(Naturality) axiom, theseorientations are independent of the choiceof the triv-
ializations usedto de�ne them. By the (Catenation) axiom, they form a system
of coherent orientations in the senseof Floer{Hofer [9].
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Next weshow how the coherent orientations for the heat 
o w inducea system
of coherent orientations

� " (u; v) 2 Or(det(D "
u;v ))

for the Floer equations (11). Let us denote by P(x � ; x+ ) the set of smooth
maps (u; v) : R � S1 ! TM such that (u(s; �); v(s; �)) convergesto (x � ; _x � ) in
the C1 norm and (@su; r sv) convergesto zero,uniformly in t, ass tends to �1 .
By the obvious homotopy arguments it su�ces to assumeu 2 P 0(x � ; x+ ) and
v = @t u. We abbreviate

D"
u := D"

u;@t u :

It follows from the de�nition of the operators in (14) that

D0
u � = 0 =) D "

u

�
�

r t �

�
=

�
0

r sr t � + R(� ; @su)@t u

�
:

HenceD "
u (� ; r t � ) is small in the (0; 2; " )-norm. If the operator D0

u is onto then
the estimate of Theorem 3.3 shows that the operator D "

u is onto aswell. As both
operators have the sameindex, their kernelshave the samedimension. Hence,
again by Theorem 3.3, the map

ker D0
u ! ker D "

u : � 7!
�

�
r t �

�
� D"

u
� (D"

u D"
u

� )� 1 D"
u

�
�

r t �

�
(105)

is an isomorphism betweenthe kernelsand we de�ne � " (u; @t u) to be the image
of � 0(u) under the induced isomorphismof the top exterior powers. If D0

u is not
onto we obtain a similar isomorphism betweenthe determinant lines of D0

u and
D"

u by augmenting the operators �rst to make them surjective. That the result-
ing orientations � " (u; @t u) of the operators D "

u satisfy the (Catenation) axiom
follows from a linear version of the standard pregluing construction; namely an
approximate basisof the kernel of the glued operator can be obtained from pairs
of basiselements of the two operators involved in the gluing construction. This
givesan isomorphism

kerD0
u01

� kerD0
u12

! kerD0
u02

and similarly for " . Theseisomorphismscommute with the isomorphisms(105)
up to small perturbations of order " . Hencethe orientations � " (u; v) satisfy the
(Catenation) axiom and so form a systemof coherent orientations for the Floer
equations.

Now assumethat x � 2 P(V) have Morse index di�erence one. Consider the
map

T " : M 0(x � ; x+ ; V) ! M " (x � ; x+ ; V)

of De�nition 4.4 and recall that, by Theorem 10.1, it is bijective. It follows
from the proof of Theorem 9.1 that the map T " satis�es the following. Let
u 2 M 0(x � ; x+ ; V) and

(u" ; v" ) := T " (u) 2 M " (x � ; x+ ; V):
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Then the vector @su 2 ker D0
u is positively oriented with respect to � 0(u) if and

only if the vector (@su" ; r sv" ) 2 kerD "
u " ;v " is positively oriented with respect

to � " (u" ; v" ). In other words, �x a positive generator Z 2 ker D0
u and let

Z " 2 ker D "
u " ;v " be its image under the composition

kerD0
u ! ker D "

u;@t u ! ker D "
u " ;v "

of the isomorphism (105) with a parallel transport map. Then Z " determines
the orientation � " (u" ; v" ) of the kernel of D "

u " ;v " . Moreover, the �rst component
dominates the "-inner product of (@su" ; r sv" ) with Z " which therefore has the
samesign as the L 2-inner product of @su with Z . This brief sketch shows that
the bijection T " preserves the signs for the de�nitions of the two boundary
operators. Hence the Morse complex of the heat 
o w has the sameboundary
operator as the Floer complex for " su�cien tly small. Hence the resulting
homologiesare naturally isomorphic, i.e. for every regular value a of SV there
is a constant " 0 > 0 such that

HFa
� (T � M ; V; " ; Z) �= HMa

� (LM ; SV ; Z)

for 0 < " � " 0. In fact, we have establishedthis isomorphism on the chain level
and with integer coe�cien ts. To complete the proof of Theorem 1.1 one can
now argue as in the proof of Theorem 11.1 to show that, given a potential V
such that SV is Morse and a regular value a of SV , we have two isomorphisms

HFa
� (T � M ; HV ; Z) �= HFa

� (T � M ; V; " ; Z)

and
HM a

� (LM ; SV ; Z) �= H� (fS V � ag; Z)

for a suitable perturbation V and " > 0 su�cien tly small. This provesthe result
for integer coe�cien ts and a < 1 . The argument for generalcoe�cien t rings is
exactly the same.

To prove the result for a = 1 we observe that, by construction, our isomor-
phisms HFa

� (T � M ; HV ; Z) �= H� (fS V � ag; Z) intert wine the homomorphisms

HFa
� (T � M ; HV ; Z) ! HFb

� (T � M ; HV ; Z); H� (fS V � ag) ! H� (fS V � bg)

for a < b. Hencethe result for a = 1 follows by taking the direct limit a ! 1
and noting that there are natural isomorphisms

HF � (T � M ; HV ) �= lim� !
a2 R

HFa
� (T � M ; HV )

and
H� (LM ) �= lim� !

a2 R

H� (fS V � ag):

This provesTheorem 1.1.
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A The heat 
o w

In this appendix we summarize results from [31] that are used in this paper.
We assumethroughout this appendix that M is a closedRiemannian manifold.
Let V : LM ! R be a smooth function that satis�es the axioms (V 0 � V 4).
Consider the action functional

SV (x) =
1
2

Z 1

0
j _x(t)j2 dt � V(x)

and the corresponding heat equation

@su � r t @t u � gradV(u) = 0 (106)

for smooth functions R � S1 ! M : (s; t) 7! u(s; t). In the following we denote
by P(V) � C1 (S1; M ) the set of critical points x of SV (i.e. of solutions of
the equation r t _x + gradV(x) = 0), and by P a(V) the set of all x 2 P(V) with
action SV (x) � a. For two nondegeneratecritical points x � 2 P(V) we denote
by M 0(x � ; x+ ; V) the set of all solutions u of (106) that converge to x � (t) as
s ! �1 . The energyof such a solution is given by

E(u) :=
Z 1

�1

Z 1

0
j@suj2 dtds = SV (x � ) � SV (x+ ): (107)

Theorem A.1 (Apriori estimates). Fix a perturbation V : LM ! R that satis-
�es (V 0� V1) and a constant c0 > 0. Then there is a constant C = C(c0; V) > 0
such that the following holds. If u : R � S1 ! M is a solution of (106) such
that SV (u(s; �)) � c0 for every s 2 R then

k@suk1 + k@t uk1 + kr t @t uk1 � C:

Theorem A.2 (Exponential decay). Fix a perturbation V : LM ! R that
satis�es (V 0 � V 4) and assumeSV is Morse.

(F) Let u : [0; 1 ) � S1 ! M be a solution of (106). Then there are positive
constants � and c1; c2; c3; : : : such that

k@sukC k ([ T ;1 ) � S1 ) � ck e� �T

for every T � 1. Moreover, there is a periodic orbit x 2 P(V) such that
u(s; t) convergesto x(t) as s ! 1 .

(B) Let u : (�1 ; 0] � S1 ! M be a solution of (106) with �nite energy. Then
there are positive constants � and c1; c2; c3; : : : such that

k@sukC k (( �1 ;� T ]� S1 ) � ck e� �T

for every T � 1. Moreover, there is a periodic orbit x 2 P(V) such that
u(s; t) convergesto x(t) as s ! �1 .
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Theorem A.3 (Regularity). Fix a constant p > 2 and a perturbation V : LM !
R that satis�es (V 0� V4). Let u : R � S1 ! M be a continuous function which
is locally of classW 1;p . Assumefurther that u is a weak solution of (106). Then
u is smooth.

The covariant Hessianof SV at a loop x : S1 ! M is the operator A(x) :
W 2;2(S1; x � TM ) ! L 2(S1; x � TM ), given by

A(x)� := �r t r t � � R(� ; _x) _x � H V (x)� :

This operator is self-adjoint with respect to the standard L 2 inner product on

 0(S1; x � TM ). In this notation the linearized operator D0

u : W p
u ! L p

u is given
by

D0
u � := r s � + A(us)�

where us(t) := u(s; t). (SeeSection 3 for the de�nition of the spacesWu = W p
u

and L u = L p
u .)

Theorem A.4 (Fredholm). Fix a perturbation V : LM ! R that satis�es (V 0�
V 4) and assumeSV is Morse. Let x � 2 P(V) and u : R � S1 ! M be a
smooth map suchthat u(s; �) convergesto x � in the C2 norm and @su converges
uniformly to zero as s ! �1 . Then, for every p > 1, the operator D0

u : W p
u !

L p
u is Fredholm and its Fredholm index is given by

indexD0
u = indV (x � ) � indV (x+ ):

Here indV (x � ) denotes the Morse index of x � , i.e. the number of negative
eigenvaluesof A(x � ).

Theorem A.5 (Implicit function theorem). Fix a perturbation V : LM ! R
that satis�es (V 0� V4). AssumeSV is Morse and that D0

u is onto for every u 2
M 0(x � ; x+ ; V) and every pair x � 2 Pa(V). Fix two critic al points x � 2 Pa(V)
with Morse index di�er ence one. Then, for all c0 > 0 and p > 2, there exist
positive constants � 0 and c such that the following holds. If u : R � S1 ! M
is a smooth map such that lim s!�1 u(s; �) = x � (�) exists, uniformly in t, and
such that

j@su(s; t)j �
c0

1 + s2 ; j@t u(s; t)j � c0

for all (s; t) 2 R � S1 and

k@su � r t @t u � gradV(u)kp � � 0:

Then there exist elementsu0 2 M 0(x � ; x+ ; V) and � 2 im(D0
u0

)� \ Wu0 satis-
fying

u = expu0
(� ); k� kW u 0

� ck@su � r t @t u � gradV(u)kp :

Theorem A.6 (Transversality). For a generic perturbation V : LM ! R satis-
fying (V 0� V 4) the function SV : LM ! R is Morse{Smale in the sensethat
every critic al point x of SV is nondegenerate (i.e. the HessianA(x) is bijective)
and every �nite energy solution u : R � S1 ! M of (106) is regular (i.e. the
Fredholm operator D0

u is surjective).
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Theorem A.7. Let V : LM ! R be a perturbation that satis�es (V 0 � V 4)
and assumethat SV is Morse{Smale. Then, for every regular value a of SV and
every principal ideal domain R, there is a natural isomorphism

HM a
� (LM ; SV ; R) �= H� (L aM ; R); L aM := f x 2 LM j SV (x) � ag:

If M is not simply connected then there is a separate isomorphism for each com-
ponent of the loop space. The isomorphism commuteswith the homomorphisms
HMa

� (LM ; SV ) ! HM b
� (LM ; SV ) and H� (L aM ) ! H� (L bM ) for a < b.

Commen ts on the pro ofs

The apriori estimate. A uniform bound on
R1

0 j@t uj2 dt is obvious, by ax-
iom (V 0) and the fact that SV (u) decreasesalong the solutionsof equation (106).
Using the estimate (35) with " = 0 one then gets

(@2
t � @s)j@t uj2 � � � j@t uj2 � 1:

One can now useLemma B.1 to obtain the pointwise estimate.

Compactness, regularit y, and exp onential decay. For compactnessand
Fredholm theory parabolic regularity theorems play a central role - a good
referenceis [15]. The exponential decay estimates in the standard Floer theory
(eg [20, 22]) carry over to the parabolic case. The proof involves parabolic
(instead of elliptic) regularity theorems.

Fredholm theory . In a suitable Hilb ert spacesetting the linearized operator
is of the Atiy ah-Patodi-Singer type, and henceis Fredholm (in the Morse case)
- seefor example [19]. As far as the Fredholm index is concerned, the story
is slightly simpler than in someother comparable situations, as all the critical
points have �nite Morse indices(and their di�erences are the Fredholm indices).

The implicit function theorem A.5 now says that an approximate solution
with surjective Fredholm operator is close to a true solution. The proof here
is analogous to similar theorems in the literature (e.g. [16, Theorem 3.5.2]).
There are someadditional subtleties in the parabolic casethat wereresolved by
the secondauthor in an unpublished manuscript on which [31] will be based.
The subtleties are related to the appearenceof terms of the form j@t uj2 in the
quadratic estimate.

Transv ersalit y. This is the �rst of the two main points. The perturbations
in Section 2 were intro duced precisely to make the transversality theory work.
The key issue is unique continuation: two solutions of equation (106) which
agreeat time s = s0 agree for all time. The proof is based on the beautiful
Agmon-Nirenberg technique (for the linearized equation di�eren tiate logkx(s)k
when _x(s) + A(s)x(s) = y(s)). This argument also works in backward time.

Now one can apply the usual Thom{Smale transversality theory. There's a
universal moduli spaceof all pairs (V; u) such that u satis�es equation (106).
The key is to construct a suitable Hilb ert spaceof perturbations of the type
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discussedin Section 2. This can be done by using a countable family of per-
turbations in the speci�c form of Remark 2.1. Then one has to prove that
this universal moduli spaceis indeed a Hilb ert manifold, and that is where the
cuto� functions in Remark 2.1 will play the crucial role, which lead to global
perturbations, in the sensethat they depend on the whole loop, but they can
be localized near any given speci�c loop.

With this understood the rest of the argument is standard: the regular values
of the projection (V; u) 7! V on the universal moduli spaceare the desired
regular perturbations for which the gradient 
o w of SV is Morse{Smale.

Oncetransversality is establishedonecande�ne the chain complexby count-
ing the gradient 
o w lines of SV .

Computing the Morse homology of SV . This is the secondmain point. The
homologyof the loop spacecanbecomputedvia Morsetheory - from a countable
cell complex with one cell for each perturb ed closedgeodesic (see [18] for the
path case). The di�erence between the present approach and the standard
theory is that we are led by the adiabatic limit analysis to consider the L 2-
gradient 
o w of SV (and hence a parabolic pde) while the standard theory
works with the W 1;2-gradient 
o w (and hencewith a potentially simpler ode -
though still in an in�nite dimensional setting).

Let us assumethat the critical points of SV all have di�eren t critical values,
and let c be such a critical value with a critical point x of Morse index k. Then
the relative homology of the subsetsL c+ " := fS V � c+ "g and L c� " is onecopy
of Z in dimension k (see [18]). Let us assumefor simplicit y that the critical
point on the next higher critical level c0 has a critical point x0 of Morse index
k + 1. Then there's a boundary map

Z = Hk+1 (L c0+ " ; L c+ " ) � ! Hk (L c+ " ; L c� " ) = Z (108)

determined by a single integer. The key point is now to prove that this integer
agreeswith the algebraic number of solutions of equation (106) connecting x0

to x. Finite dimensional versionsof this argument can be found in [17, 7, 21].
A relevant issuein the adaptation of this argument to the in�nite dimensional

case is the observation that Morse critical points of parabolic gradient 
o ws
have (�nite dimensional) unstable manifolds. A proof which follows the �nite
dimensionalcasecanbefound in [3], for the Yang{Mills functional over Riemann
surfaces,but the argument remains valid in greater generality.

If two critical points of index di�erence 1 do not lie on adjacent critical
levels, one has to replacethe sublevel setsby appropriate cells, either following
Milnor's book [18], or adapting Conley's construction of index pairs to parabolic
pdes.

Onceit hasbeenestablishedthat the boundary map (108) is given by count-
ing connectingorbits, it follows by standard arguments in homology theory that
the operator obtained by counting the solutions of (106) de�nes indeed a chain
complex, and that its homology is isomorphic to the singular homology of the
loop space.(See[17] and also [21, 26, 29] for a �nite dimensionalversion of this
argument.)
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Figure 1: Parabolic cylinders

B Mean value inequalities

Let n be a positive integer and denote by

� := @1
2 + � � � + @n

2

the standard Laplacian on Rn . Given positive real numbers r and " let B r =
B r (0) be the open ball of radius r in Rn and de�ne the parabolic cylinders
Pr ; P "

r ; P � "
r � Rn +1 by

P "
r := (� r 2 � "r ; "r ) � B r ;

Pr := (� r 2; 0) � B r ;

P � "
r := (� r 2 + "r ; � "r ) � B r :

(SeeFigure 1.) For r � 2" we simply de�ne P � "
r := ; . The elements of Pr are

denoted by (s; x) = (s; x1; : : : ; xn ).

Lemma B.1. For everyn 2 N there is a constant cn > 0 suchthat the following
holds for every r 2 (0; 1]. If a � 0 and w : R � Rn � Pr ! R is C1 in the
s-variable and C2 in the x-variable such that

(� � @s)w � � aw; w � 0;

then

w(0) �
cn ear 2

r n +2

Z

Pr

w:

Proof. For a = 0 this is a special caseof a theorem by Gruber for parabolic
di�eren tial operators with variable coe�cien ts. (SeeGruber [12, Theorem 2.1]
with p = 1, � = 1, � = 1, � = 1=2, R = r and f = 0; for an another proof see
Lieberman [14, Theorem 7.21] with R = r , p = 1, � = 1=2, f = 0.)

To prove the result in generalassumethat w satis�es the hypothesesof the
lemma and de�ne f (s; x) := e� asw(s; x): Then

(� � @s)f = e� as (� � @s + a)w � 0:
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Hence,by Gruber's theorem,

w(0) = f (0) �
cn

r n +2

Z

Pr

f �
cn ear 2

r n +2

Z

Pr

w:

This provesthe lemma.

Lemma B.2. Let c2 be the constant in Lemma B.1 with n = 2. Let " � 0,
r 2 (0; 1], and a � 0. If w : R � R � P "

r ! R is C1 in the s-variable and C2 in
the t-variable and satis�es

L " w :=
�
"2@s

2 + @t
2 � @s

�
w � � aw; w � 0; (109)

then

w(0) �
2c2ear 2

r 3

Z

P "
r

w:

Proof. The idea of proof wassuggestedto us by Tom Ilmanen. De�ne a function
W on the domain Pr � R � R2 by

W (s; t; q) := w(s + "q; t):

(Note that (s+ "q; t) 2 P "
r � R � R for every (s; t; q) 2 Pr � R � R2.) Then, by

assumption, we have

(� � @s) W (s; t; q) = (L " w) (s + "q; t) � � aw(s + "q; t) = � aW(s; t; q);

where � := @2
t + @2

q . Henceit follows from Lemma B.1 with n = 2 that

w(0) = W (0) �
c2ear 2

r 4

Z

Pr

W:

It remains to estimate the integral on the right hand side:

Z

Pr

W �
Z r

� r

Z r

� r

Z 0

� r 2
W (s; t; q) dsdqdt

=
Z r

� r

Z r

� r

Z "q

� r 2 + "q
w(z; t) dzdqdt

�
Z r

� r

Z r

� r

Z "r

� r 2 � "r
w(z; t) dzdqdt

= 2r
Z

P "
r

w:

(110)

The �rst step usesthe fact that W � 0 and B r � [� r ; r ] � [� r ; r ]. The third step
usesthe fact that w � 0 and (� r 2 + "q; "q) � (� r 2 � "r ; "r ), since0 � q � r .
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Lemma B.3. Fix three constants r 2 (0; 1], " � 0, and � � 0. Let c2 be the
constant of Lemma B.1. If f : [� r 2 � "r ; "r ] ! R is a C2 function satisfying

"2f 00� f 0+ �f � 0; f � 0;

then

f (0) �
4c2e�r 2

r 2

Z "r

� r 2 � "r
f (s) ds:

Proof. This follows immediately from Lemma B.2 with w(s; t) := f (s).

Lemma B.4. Let R; r > 0 and u : R � Rn � PR+ r ! R be C1 in the s-variable
and C2 in the x-variable and f ; g : PR+ r ! R be continuous functions such that

(� � @s) u � g � f ; u � 0; f � 0; g � 0:

Then Z

PR

g �
Z

PR + r

f +
�

4
r 2 +

1
Rr

� Z

PR + r nPR

u:

Proof. The proof rests on the following two inequalities. Let B r � Rn be
the open ball of radius r centered at zero. Then, for every smooth function
u : Rn ! [0; 1 ), we have

Z

@B r

@u
@�

= �
n � 1

r

Z

@B r

u +
d
dr

Z

@B r

u �
d
dr

Z

@B r

u (111)

(see[13, Theorem 2.1]). Secondly, every smooth function u : R � Rn ! [0; 1 )
satis�es

d
d�

Z 0

� (R+ � )2

� Z

@B R + �

u(s; �)
�

ds =
Z 0

� (R+ � )2

�
d

d�

Z

@B R + �

u(s; �)
�

ds

+ 2(R + � )
Z

@B R + �

u(� (R + � )2; �)

�
Z 0

� (R+ � )2

�
d

d�

Z

@B R + �

u(s; �)
�

ds:

(112)

Now supposeu, f , g satisfy the assumptionsof the lemma. Then, for 0 � � � r ,
Z

PR

g �
Z

PR + r

f

�
Z

PR + �

(� u � @su)

=
Z 0

� (R+ � )2

 Z

@B R + �

@u
@�

(s; �)

!

ds �
Z

B R + �

�
u(0; �) � u(� (R + � )2; �)

�
dx

�
Z 0

� (R+ � )2

 
d

d�

Z

@B R + �

u(s; �)

!

ds +
Z

B R + �

u(� (R + � )2; x) dx

�
d

d�

Z 0

� (R+ � )2

 Z

@B R + �

u(s; �)

!

ds +
Z

B R + �

u(� (R + � )2; x) dx:
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Here the �rst step uses the inclusions PR � PR+ � � PR+ r . The third step
follows from (111) and the last from (112). Now integrate this inequality over
the interval 0 � � � t, with r=2 � t � r , to obtain

r
2

 Z

PR

g �
Z

PR + r

f

!

�
Z 0

� (R+ t )2

 Z

@B R + t

u(s; �)

!

ds +
Z r

0

 Z

B R + �

u(� (R + � )2; �)

!

d�

�
Z 0

� (R+ r )2

 Z

@B R + t

u(s; �)

!

ds +
1

2R

Z � R 2

� (R+ r )2

Z

B R + r

u(s; x) dxds:

Here the last step follows by substituting s = � (R + � )2. Integrate this inequal-
it y again over the interval r=2 � t � r to obtain

r
2

 Z

PR

g �
Z

PR + r

f

!

�
2
r

Z

PR + r nPR

u +
1

2R

Z

PR + r nPR

u:

This provesLemma B.4.

Lemma B.5. Let "; R; r be positive real numbers. Let u : R2 � P "
R+ r ! R be a

C2 function and f ; g : P "
R+ r ! R be continuous functions such that

�
"2@s

2 + @t
2 � @s

�
u � g � f ; u � 0; f � 0; g � 0:

Then Z

P � "
R= 2

g � 2
�

1 +
r
R

�
 Z

P "
R + r

f +
�

4
r 2 +

1
Rr

� Z

P "
R + r

u

!

:

Proof. The idea of proof is as in Lemma B.2. Increase the dimension of the
domain from two to three and apply Lemma B.4 with n = 2. De�ne functions
U;F; G on PR+ r � R � R2 by

U(s; t; q) := u(s + "q; t); F (s; t; q) := f (s + "q; t); G(s; t; q) := g(s + "q; t):

The new variable � := s+ "q satis�es (� ; t) 2 P "
R+ r � R � R whenever (s; t; q) 2

PR+ r � R � R2. Use the di�eren tial inequality in the assumption of the lemma
to conclude(� � @s) U � G � F; where � := @2

t + @2
q . Thus Lemma B.4 with

n = 2 yields
Z

PR

G �
Z

PR + r

F +
�

4
r 2 +

1
Rr

� Z

PR + r

U

� 2(R + r )
Z

P "
R + r

f + 2(R + r )
�

4
r 2 +

1
Rr

� Z

P "
R + r

u:
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The last step uses(110). By de�nition of G

Z

PR

G =
Z

B R � R2

� Z 0

� R 2
g(s + "q; t) ds

�
dqdt

�
Z R=2

� R=2

Z R=2

� R=2

Z "q

� R 2 + "q
g(� ; t) d� dqdt

�
Z R=2

� R=2

Z R=2

� R=2

Z � "R= 2

� R 2 + "R= 2
g(� ; t) d� dqdt

= R
Z R=2

� R=2

Z � "R= 2

� R 2 + "R= 2
g(� ; t) d� dt

� R
Z

P � "
R= 2

g:

This provesthe lemma.

Lemma B.6. Fix three positive constants r; R; " and three functions u; f ; g :
[� (R + r )2 � " (R + r ); " (R + r )] ! R such that u is C2 and f ; g are continuous.
If

"2u00� u0 � g � f ; u � 0; f � 0; g � 0;

then
Z � R"= 2

� R 2 =4+ R"= 2
g(s) ds � 4

�
1 +

r
R

� 2
Z " (R+ r )

� (R+ r )2 � " (R+ r )
f (s) ds

+ 4
�

1 +
r
R

� 2
�

4
r 2 +

1
Rr

� Z " (R+ r )

� (R+ r )2 � " (R+ r )
u(s) ds:

Proof. This follows immediately from Lemma B.5 with u, f , and g independent
of the t-variable.

C Tw o fundamen tal L p estimates

Theorem C.1. For every p > 1 there is a constant c = c(p) > 0 such that

k@sukL p + k@svkL p � c(k@su � @t vkL p + k@sv + @t u � vkL p ) (113)

for all u; v 2 C1
0 (R2).

Theorem C.2. For every p > 1 there is a constant c = c(p) > 0 such that

k@sukL p + k@t @t ukL p � ck@su � @t @t ukL p (114)

for every u 2 C1
0 (R2).
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If we assumev = @t u then (113) follows from (114) (but not conversely). On
the other hand if the term @sv + @t u � v on the right is replacedby @sv + @t u,
then (113) becomesthe Calderon-Zygmund inequality. However, it seemsthat
the estimate (113) in its full strength cannot be deduced directly from the
Calderon{Zygmund inequality and the parabolic estimate (114). TheoremsC.1
and C.2 will be proved below.

Corollary C.3. Let p > 1 and denoteby c = c(p) the constant of Theorem C.1.
Then

k@sukL p + " k@svkL p � c
�
k@su � @t vkL p + "




 @sv + " � 2(@t u � v)






L p

�
(115)

for every " > 0 and every pair u; v 2 C1
0 (R2).

Proof. Denote

f := @su � @t v; g := @sv + " � 2(@t u � v):

Now consider the rescaledfunctions

~u(s; t) := u(" 2s; "t ); ~v(s; t) := "v (" 2s; "t )

and
~f (s; t) := " 2f ("2s; "t ); ~g(s; t) := " 3g("2s; "t ):

Then
@s ~u � @t ~v = ~f ; @s ~v + @t ~u � ~v = ~g:

Hence,by Theorem C.1,



 @s ~u






L p +



 @s ~v






L p � c
� 



 ~f





L p +



 ~g






L p

�
:

Now the result follows from the fact that



 @s ~u






L p = "2� 3=p



 @su






L p ;



 ~f






L p = "2� 3=p



 f






L p ;

and similarly for the other terms.

We givea proof of (113) and (114) that is basedon the Marcinkiewicz{Mihlin
multiplier method. To formulate the result, we consider the Fourier transform

F : L 2(R2; C) ! L 2(R2; C);

given by

(F f )( � ; � ) :=
1

2�

Z 1

�1

Z 1

�1
e� i ( � s+ � t ) f (s; t) dsdt

for f 2 L 2(R2; C) \ L 1(R2; C). Given a bounded measurablecomplex valued
function m : R2 ! C de�ne the bounded linear operator

Tm : L 2(R2; C) ! L 2(R2; C)

by
Tm f := F � 1(mF f ):

The following theorem is proved in [15].
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Theorem C.4 (Marcinkiewicz{Mihlin) . For every c > 0 and every p > 1 there
is a constant cp = cp(c) > 0 such that the following holds. If m : R2 ! C is
a measurable function such that the restriction of m to each of the four open
quadrants in R2 is twice continuously di�er entiable and

jm(� ; � )j + j� @� m(� ; � )j + j� @� m(� ; � )j + j� � @� @� m(� ; � )j � c (116)

for � ; � 2 R n f 0g then

f 2 L p(R2; C) \ L 2(R2; C) =) Tm f 2 L p(R2; C)

and
kTm f kL p � cp kf kL p

for every f 2 L p(R2; C) \ L 2(R2; C).

Remark C.5. The theorem of Marcinkiewicz{Mihlin in its original form is
slightly stronger than Theorem C.4, namely condition (116) is replacedby the
weaker conditions

sup
� ;�

jm(� ; � )j � c; (117)

sup
� 6=0

Z 2` +1

2`
j@� m(� ; � � )j d� � c; sup

� 6=0

Z 2k +1

2k
j@� m(� � ; � )j d� � c (118)

and Z 2k +1

2k

Z 2` +1

2`
j@� @� m(� � ; � � )j d� � c (119)

for all integers k and ` (and all choices of signs). In this form the result is
proved in Stein [24, Theorem 6']. It is easyto seethat (116) implies (118) with
c replacedby clog2 and (119) with c replacedby c(log 2)2.

Proof of Theorem C.2. Let u 2 C1
0 (R2) and de�ne f 2 C1

0 (R2) by

f := @su � @t @t u:

Denote the Fourier transforms of f and u by

bf := F f ; bu := F u:

Then
bf = i� bu + � 2bu

and hence
d@su = i� bu =

i�
i� + � 2

bf :

Denote the multiplier in this equation by

m(� ; � ) :=
i�

i� + � 2 :
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The formulae

@� m =
i� 2

(� 2 + i� )2 ; @� m =
� 2i� �

(� 2 + i� )2 ; @� @� m =
� 2i� (� 2 � i� )

(� 2 + i� )3

show that the functions m, � @� m, � @� m, and � � @� @� m are bounded. (Estimate
each factor in the denominator from below by either the real or the imaginary
part.) Hencethe result follows from Theorem C.4.

Proof of Theorem C.1. Let u; v 2 C1
0 (R2) and de�ne f ; g 2 C1

0 (R2) by

f := @su � @t v; g := @sv + @t u � v:

Then
bf = i� bu � i� bv; bg = i� bv + i� bu � bv:

Solving this equation for bu and bv we �nd

bu =
1 � i�

� 2 + � 2 + i�
bf �

i�
� 2 + � 2 + i�

bg;

bv =
i�

� 2 + � 2 + i�
bf �

i�
� 2 + � 2 + i�

bg;

and hence
d@su = i� bu =

� 2 + i�
� 2 + � 2 + i�

bf +
� �

� 2 + � 2 + i�
bg;

d@sv = i� bv =
� � �

� 2 + � 2 + i�
bf +

� 2

� 2 + � 2 + i�
bg:

The four multipliers in the last two equations satisfy (116). (To seethis use
separationof the factors in the denominator into real and imaginary parts, as in
the proof of Theorem C.2, and the inequality 2� � � � 2 + � 2.) Hencethe result
follows from Theorem C.4.

D The estimate for the inverse

We begin by proving a weaker versionof the estimate in Theorem 3.2. Through-
out M is a compact Riemannian manifold.

Prop osition D.1. Let u 2 C1 (R � S1; M ) and v 2 
 0(R � S1; u� TM ) such
that k@suk1 , k@t uk1 and kvk1 are �nite and lim s!�1 u(s; t) exists, uniformly
in t. Then, for every p > 1, there is a constant c > 0 such that

" � 1 kr t � � � kp + kr t � kp + kr s � kp + " kr s � kp

� c
�

kr s � � r t � kp + "



 r s � + " � 2(r t � � � )






p + " � 1 k� kp + k� kp

� (120)

for every " 2 (0; 1] and every pair of compactly supported vector �elds � =
(� ; � ) 2 
 0(R � S1; u� TM � u� TM ).
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Proof. Choosea �nite open cover f U� g� of R� S1 with the following properties.

(i) For each � the set U� � R � S1 is contractible.

(ii) For each � the closure of the image of U� under u is contained in a
coordinate chart on M .

(iii) There is a constant T > 0 and an open cover f I � g� of S1 such that
U� \ [T; 1 ) � S1 = [T; 1 ) � I � for every � . Similarly for the interval
(�1 ; � T ].

Assume�rst that � and � are compactly supported in U� for some� and denote
by � � ; � � : U� ! Rn the vector �elds in local coordinates. By Corollary C.3,
there is a constant c� , depending only on p and the metric, such that

k@s � � kp + " k@s � � kp � c�

�
k@s � � � @t � � kp + "




 @s� � + " � 2(@t � � � � � )






p

�
:

Here we denote by k�kp the L p norm with respect to the Riemannian metric in
the coordinate charts on M . Replacing the partial derivatives@s and @t by the
covariant derivativesr s and r t we obtain

kr s � kp + " kr s � kp � c
�

kr s � � r t � kp + "



 r s � + " � 2(r t � � � )






p

+ " � 1 k� kp + k� kp

�
:

(121)

for every � with support in one of the sets U� . Here we have used the L 1

bounds on @su and @t u. Observe that the constant c dependson the Christo�el
symbolsdeterminedby our coordinate chart on M . Now let f � � g� bea partition
of unit y subordinate to the cover f U� g� such that k@s� � k1 + k@t � � k1 < 1 for
every � . (Note that � � neednot have compact support when U� is unbounded.)
Given any two compactly supported vector �elds � ; � 2 
 0(R � S1; u� TM )
apply (121) to the (compactly supported) pair (� � � ; � � � ) and take the sum to
deduce that (121) continues to hold for each pair (� ; � ) with an appropriate
larger constant c. This proves the proposition becausethe �rst two terms on
the left can be estimated by the last two terms and the right hand side.

Under the assumptionsof Proposition D.1 it follows immediately that

k� k1;p;" � c
�
"2kD "

u;v � k0;p;" + k� k0;p;"
�

(122)

and similarly for (D "
u;v )� . Moreover, note that the di�erence between Propo-

sition D.1 and Theorem 3.2 lies in the "-factors in front of k� kp and k� kp on
the right hand sidesof the estimates. To prove Theorem 3.2 we must improve
these factors by " for � and by " 2 for � . This requires the following parabolic
estimate. Let 1=p+ 1=q= 1. The formal adjoint operator

(D0
u )� : W q

u ! L q
u

of D0
u : W p

u ! L p
u is given by

(D0
u )� � = �r s � � r t r t � � R(� ; @t u)@t u � H V (u)� : (123)
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Prop osition D.2. Let u 2 C1 (R � S1; M ) such that k@suk1 , k@t uk1 and
kr t @t uk1 are �nite and lim s!�1 u(s; t) exists, uniformly in t. Then, for every
p > 1, there is a constant c > 0 such that

kr s � kp + kr t r t � kp � c
�

kr s � � r t r t � kp + k� kp

�
(124)

for every compactly supported vector �eld � 2 
 0(R � S1; u� TM ).

Lemma D.3. Let x : S1 ! M be a smooth map, p > 1 and

� p :=

(
p if p � 2;

p=(p � 1) if p � 2:
(125)

Then, for every " > 0 and every � 2 
 0(S1; x � TM ), we have

k(1l � " r t r t )� 1� kp � k� kp;
p

"k(1l � " r t r t )� 1r t � kp � � pk� kp;

"k(1l � " r t r t )� 1r t r t � kp � 2k� kp:

These estimates continue to hold for u 2 C1 (R � S1; M ) and compactly sup-
ported vector �elds � 2 
 0(R � S1; u� TM ).

Proof. First consider the casep � 2: Let " > 0 and � 2 
 0(S1; x � TM ). De�ne

� := (1l � " r t r t )� 1� :

(The operator (1l � " r t r t ) : W 2;p (S1; x � TM ) ! L p(S1; x � TM ) is bijective.)
Then

d2

dt2 j� jp =
d
dt

�
p j� jp� 2 hr t � ; � i

�

= p(p � 2)j� jp� 4hr t � ; � i 2 + pj� jp� 2
�

hr t r t � ; � i + jr t � j2
�

� p" � 1j� jp � p" � 1j� jp� 2h� ; � i

� p" � 1j� jp � p" � 1j� jp� 1j� j

� " � 1j� jp � " � 1j� jp:

The third step usesthe identit y r t r t � = " � 1� � " � 1� . The last stepusesYoung's
inequality

ab �
ar

r
+

bs

s
;

1
r

+
1
s

= 1; (126)
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with r = p, a = j� j and s = p=(p � 1), b = j� jp� 1. Moreover,

d
dt

�
jr t � jp� 2 hr t � ; � i

�

= jr t � jp + jr t � jp� 2hr t r t � ; � i + (p � 2)jr t � jp� 4hr t � ; � ihr t r t � ; r t � i

= jr t � jp + " � 1jr t � jp� 2 j� j2 � " � 1jr t � jp� 2h� ; � i

� " � 1(p � 2)jr t � jp� 4hr t � ; � ih� ; r t � i + " � 1(p � 2)jr t � jp� 4hr t � ; � i 2

� jr t � jp + 1
2 " � 1jr t � jp� 2 j� j2 � p� 1

2 " � 1jr t � jp� 2j� j2 + p� 2
2 " � 1jr t � jp� 4hr t � ; � i 2

� jr t � jp � p� 1
2 " � 1jr t � jp� 2j� j2

� 2
p jr t � jp � 2

p

� p� 1
2

� p=2
" � p=2j� jp:

The third step uses(126) with r = s = 2. The last step uses(126) with r = p=2,
a = p� 1

2 " � 1j� j2 and s = p=(p � 2), b = jr t � jp� 2. Now the �rst two estimates
of the lemma follow by integration over S1, respectively R � S1. (The integrals
of the left hand sides vanish, by periodicit y.) The last estimate is an easy
consequenceof the �rst:

"kr t r t � kp = k� � � kp � k� kp + k� kp � 2k� kp:

This provesthe lemma for p � 2. Now assume1 < p < 2 and let q := p=(p � 1).
Then q > 2 and hence

p
"




 (1l � " r t r t )� 1r t �






p =
p

" sup
06= � 2 L q



(1l � " r t r t )� 1r t � ; �

�

k� kq

�
p

" sup
06= � 2 L q




 �






p




 (1l � " r t r t )� 1r t �






q

k� kq

� qk� kp :

This prove the secondestimate for p < 2. The other estimates follow similarly.
This provesthe lemma.

Lemma D.4. Let x 2 C1 (S1; M ) and p > 1. Then

kr t � kp � � p
�
� � 1k� kp + � kr t r t � kp

�

for � > 0 and � 2 
 0(S1; x � TM ), where � p is de�ned by (125). This estimate
continues to hold for u 2 C1 (R � S1; M ) and compactly supported vector �elds
� 2 
 0(R � S1; u� TM ).

Proof. Let 1=p+ 1=q= 1. Sincethe operator

W 2;q(S1; x � TM ) ! L q(S1; x � TM ) : � 7! � � 1� � � r t r t �

76



is bijective, we have

kr t � kp = sup
� 2 W 2;q

hr t � ; � � 1� � � r t r t � i
k� � 1� � � r t r t � kq

= sup
� 2 W 2;q

�h � ; � � 1r t � i + hr t r t � ; � r t � i
k� � 1� � � r t r t � kq

�
�

� � 1 k� kp + � kr t r t � kp

�
sup

� 2 W 2;q

kr t � kq

k� � 1� � � r t r t � kq

� � p

�
� � 1 k� kp + � kr t r t � kp

�
:

To prove the last step, denote

� := � � � 2r t r t � :

Then
r t � =

�
1l � � 2r t r t

� � 1
r t �

and hence,by Lemma D.3 with " = � 2, we have

kr t � kq � � q� � 1 k� kq = � p



 � � 1� � � r t r t �






q :

We have usedthe fact that � p = � q. This provesthe lemma.

Proof of Proposition D.2. The proof follows the samepattern as that of Propo-
sition D.1. Let f U� g� be as above. If � is (compactly) supported in U� then,
by Theorem C.2,

k@s � � kp + k@t @t � � kp � c� k@s � � � @t @t � � kp

Replacing @s and @t by r s and r t , and using the L 1 bounds on @su, @t u, and
r t @t u, we �nd

kr s � kp + kr t r t � kp � c
�

kr s� � r t r t � kp + k� kp + kr t � kp

�
:

Using a partition of unit y f � � g� , subordinate to the cover f U� g� , such that

k@s � � k1 + k@t � � k1 + k@t @t � � k1 < 1 ;

wededucethat the last estimatecontinuesto hold for every compactly supported
vector �eld � 2 
 0(R � S1; u� TM ). Now apply Lemma D.4 with � cp < 1=2 to
obtain the estimate (124).

Pro of of Theorem 3.2

Fix a constant p > 1 and de�ne

f (� ; � ) := r s � � r t � ; g(� ; � ) := r s � + " � 2(r t � � � );
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for compactly supported vector �elds � = (� ; � ) 2 
 0(R � S1; u� TM � u� TM ).
It su�ces to show that

" � 1 kr t � � � kp + kr t � kp + kr s � kp + " kr s� kp

� c
�

kf kp + " kgkp + k� kp + "2 k� kp

� (127)

for someconstant c > 0 independent of " and (� ; � ). The generalcase(for D "
u;v )

then follows easily:

" � 1 kr t � � � kp + kr t � kp + kr s � kp + " kr s � kp

� c0
�

kf � R(� ; @t u)v � H V (u)� kp + " kg + R(� ; @su)vkp + k� kp + "2 k� kp

�
:

To prove the estimate for the formal adjoint operator (D "
u;v )� apply (127) to the

vector �elds � (� s; t) and � (� s; t) and then proceedas above.
To prove (127) we split � into two components. Let

� " (� ; � ) := (1l � " r t r t )� 1(� � "2r t � ); � (� ) := (� ; r t � );

(compare with equation (139) below) and de�ne

� 0 :=
�

� 0

� 0

�
:= �� " � =

�
(1l � " r t r t )� 1(� � "2r t � )

r t (1l � " r t r t )� 1(� � "2r t � )

�
;

� 1 :=
�

� 1

� 1

�
:= � � � 0 =

�
(1l � " r t r t )� 1("2r t � � " r t r t � )

(1l � " r t r t )� 1(� � r t � + ("2 � " )r t r t � )

�
:

Note that � 0 = r t � 0 and

� 1 � " r t � 1 = ("2 � " )r t � : (128)

Since f and g are linear, we obtain the splitting f = f 0 + f 1 and g = g0 + g1,
where f i := f (� i ; � i ) and gi := g(� i ; � i ) for i = 0; 1. Thus

f 0 = r s� 0 � r t r t � 0; g0 = r sr t � 0:

Now apply the parabolic estimate of Proposition D.2, with a constant c0 > 0,
to � 0 and the elliptic estimate of Proposition D.1, with a constant c1 > 0, to
(� 1; � 1). This gives

" � 1 kr t � � � kp + kr t � kp + kr s � kp + " kr s� kp

� kr t r t � 0kp + kr s � 0kp + " kr sr t � 0kp

+ " � 1 kr t � 1 � � 1kp + kr t � 1kp + kr s� 1kp + " kr s � 1kp

� c0
�
kf 0kp + k� 0kp

�
+ " kg0kp

+ c1
�
kf 1kp + " kg1kp + " � 1 k� 1kp + k� 1kp

�

� c1
�
kf kp + " kgkp + " � 1 k� 1kp + k� 1kp

�

+ (c0 + c1) kf 0kp + (1 + c1)" kg0kp + c0 k� 0kp :

(129)
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We examinethe last �v e terms on the right individually . For this we shall need
the commutator identities

[r s ; r t ] = R(@su; @t u); (130)

[r s ; r t r t ] = 2r t [r s ; r t ] � (r @t u R)(@su; @t u)

� R(r t @su; @t u) + R(@su; r t @t u);
(131)

[r s ; (1l � " r t r t )� 1] = (1l � " r t r t )� 1[1l � " r t r t ; r s ](1l � " r t r t )� 1

= "(1l � " r t r t )� 1[r s ; r t r t ](1l � " r t r t )� 1:
(132)

By Lemma D.3 and (131), we have

"1=2



 (1l � " r t r t )� 1[r s; r t r t ]�






p

� 2"1=2



 (1l � " r t r t )� 1r t [r s ; r t ]�






p
+ c1"1=2 k� kp

� 2� p k[r s ; r t ]� kp + c1"1=2 k� kp

� c2 k� kp :

(133)

Here we have usedthe L 1 bounds on @su, @t u, r t @t u, and r t @su. Now the �v e
relevant terms are estimated as follows.

The term k� 0k
p
: By de�nition,

� 0 = (1l � " r t r t )� 1(� � "2r t � ):

Hence,by Lemma D.3,

k� 0kp � k� kp + "2 kr t � kp : (134)

The term kf 0kp: Consider the identit y

(1l � " r t r t )f 0 � f + " 2r t g

= r s � 0 � " r t r t r s � 0 � r t r t � 0 + "r t r t r t r t � 0 � r s� + "2r t r s� + r t r t �

= "2r t r t r t � + "2R(@t u; @su)� + " [r s ; r t r t ]� 0:

Apply the operator (1l � " r t r t )� 1 to this equation and useLemma D.3 and (133)
to obtain

kf 0kp � kf kp + � p"3=2 kgkp + 2" kr t � kp + "2c3 k� kp + "1=2c2 k� 0kp ; (135)

where c3 := kRk1 k@suk1 k@t uk1 .

The term " kg0kp: By (132), we have

g0 = r sr t � 0

= (1l � " r t r t )� 1 �
r t r s � + [r s ; r t ]� � "2r t r t r s � � "2[r s ; r t r t ]�

�

+ " (1l � " r t r t )� 1[r s ; r t r t ](1l � " r t r t )� 1 �
r t � � "2r t r t �

�
:
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Hence,by Lemma D.3, (130), and (133),

" kg0kp � � p"1=2 kr s � kp + c3" k� kp + 2"2 kr s � kp + c2"5=2 k� kp

+ c2"3=2



 (1l � " r t r t )� 1 �

r t � � "2r t r t �
� 




p

� � p"1=2 kr s � kp + 2"2 kr s� kp

+ "(� pc2 + c3) k� kp + 3c2"5=2 k� kp :

(136)

The term " � 1k� 1kp: By (128), we have

" � 1� 1 = r t � 1 + "r t � � r t � = " r t � � r t � 0:

Hence

" � 1k� 1kp � " kr t � kp + kr t r t � 0kp

� " kr t � kp + c0

�
kf 0kp + k� 0kp

�
:

(137)

In the last step we have usedthe parabolic estimate of Proposition D.2.

The term k� 1kp: By de�nition,

� 1 = (1l � " r t r t )
� 1 �

� � r t � + ("2 � " )r t r t �
�
:

Hence,by the triangle inequality and Lemma D.3, we have

k� 1kp �





 (1l � " r t r t )

� 1 (� � r t � )







p
+ "






 (1l � " r t r t )

� 1 r t r t �







p

� k� � r t � kp + � p
p

" kr t � kp :
(138)

Insert the �v e estimates (134-138) into (129) to obtain (15), provided that " is
su�cien tly small. This provesTheorem 3.2.

The di�erence of D0 and D"

Geometrically, the di�erence betweenthe operatorsD0
u and D"

u;v is the di�erence
betweencon�guration spaceand phasespace,or betweenloops in M and loops
in T � M �= TM . Consider the embedding

LM ! LTM : x 7! (x; _x):

The di�eren tial of this embedding is given by


 0(S1; x � TM ) ! 
 0(S1; x � TM � x � TM ) : � 7! (� ; r t � ):

To compare the operators D0
u and D"

u := D"
u;@t u we must choosea projection

onto the image of this embedding (along u). At �rst glance it might seem
natural to choosethe orthogonal projection with respect to the inner product
determined by the (0; 2; " )-Hilb ert spacestructure. This is given by

(� ; � ) 7! (1l � " � r t r t )� 1(� � " � r t � )
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with � = � = 2. Instead we intro duce the projection operator

� " : L p(S1; u� TM ) � L p(S1; u� TM ) ! W 1;p (S1; u� TM )

given by
� " (� ; � ) := (1l � " r t r t )� 1(� � "2r t � ): (139)

The reasonfor this choice becomesvisible in the proof of Proposition D.5 be-
low, which requires � = 2. Moreover, the estimates in Step 1 of the proof of
Theorem 3.3 are optimized for � = 1. We denoteby � : W 1;p (R � S1; u� TM ) !
L p(S1; u� TM ) � L p(S1; u� TM ) the inclusion

�� 0 := (� 0; r t � 0): (140)

The signi�cance of thesede�nitions lies in the next proposition and lemma. The
proofs rely on Lemma D.3.

Prop osition D.5. Let u 2 C1 (R � S1; M ) be a smooth map such that the
derivatives @su; @t u; r t @su; r t @t u; r t r t @t u are bounded. Then, for every p > 1,
there exists a constant c > 0 such that




 D0

u � " � � � " D"
u �






p � c"1=2 k� kp + c"2 k� kp + c" kr t � kp

for " 2 (0; 1] and compactly supported � = (� ; � ) 2 
 0(R � S1; u� TM � u� TM ).
The same estimate holds for (D0

u )� � " � � " (D"
u )� . Moreover, the constant c is

invariant under s-shifts of u.

Lemma D.6. For u 2 C1 (R � S1; M ), p > 1, � p as in (125), and 0 < " � 1,

k� � � " � kp � � p"1=2 kr t � � � kp + " kr t � kp

k� � r t � " � kp � kr t � � � kp + � p"1=2 kr t � kp

k� � �� " � k0;p;" � 2� p"1=2 kr t � � � kp + 2� p" kr t � kp

k� " � kp � k�� " � k0;p;" � 2� p k� k0;p;"

for every compactly supported � = (� ; � ) 2 
 0(R � S1; u� TM � u� TM ).

Proof. Denote
� 0 := � " � = (1l � " r t r t )� 1(� � "2r t � ):

Then

� � � 0 = "(1l � " r t r t )� 1r t (� � r t � ) + (" 2 � " )(1l � " r t r t )� 1r t �

and hence,by Lemma D.3,

k� � � 0kp � � p"1=2 kr t � � � kp + " kr t � kp

Similarly,

� � r t � 0 = (1l � " r t r t )� 1(� � r t � ) + (" 2 � " )(1l � " r t r t )� 1r t r t �
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and hence,again by Lemma D.3,

" k� � r t � 0kp � " kr t � � � kp + � p"3=2 kr t � kp :

Take the sum of thesetwo inequalities to obtain

k� � �� " � k0;p;" � k� � � 0kp + " k� � r t � 0kp

� 2� p"1=2 kr t � � � kp + 2� p" kr t � kp

for 0 < " � 1. Moreover, using Lemma D.3 the formula for � 0 gives

k� 0kp � k� kp + � p"3=2 k� kp ; " kr t � 0kp � � p"1=2 k� kp + 2"2 k� kp :

Take thesetwo inequalities to the power p and take the sum to obtain

k�� " � kp
0;p;" = k� 0kp

p + "p kr t � 0kp
p

� (1 + � p
p"p=2) k� kp

p + (� p
p"p=2 + 2p"p)"p k� kp

p

� (2� p)p k� kp
0;p;"

for 0 < " � 1. This provesLemma D.6.

Proof of Proposition D.5. As above, denote

� 0 := � " � = (1l � " r t r t )� 1(� � "2r t � ):

Then

D0
u � " � = r s � 0 � r t r t � 0 � R(� 0; @t u)@t u � H V (u)� 0

= (1l � " r t r t )� 1 �
r s � � "2r sr t � � r t r t � + "2r t r t r t �

�

+ " (1l � " r t r t )� 1[r s; r t r t ]� 0

+ R
�
(1l � " r t r t )� 1"2r t � ; @t u

�
@t u + H V (u)(1l � " r t r t )� 1"2r t �

� R
�
(1l � " r t r t )� 1� ; @t u

�
@t u � H V (u)(1l � " r t r t )� 1� :

Denote � 0 := (� 0; � 0) := D"
u � , then

� " D"
u � = (1l � " r t r t )� 1(� 0 � "2r t � 0)

= (1l � " r t r t )� 1�
r s � � R(� ; @t u)@t u � H V (u)�

� "2r t r s � � "2r t
�
R(� ; @su)@t u

�
� r t r t �

�
:

Taking the di�erence we �nd

D0
u � " � � � " D"

u �

= (1l � " r t r t )� 1 �
� "2[r s ; r t ]� + "2r t r t r t � + "2r t

�
R(� ; @su)@t u

��

+ " (1l � " r t r t )� 1[r s ; r t r t ]� 0

+ R
�
(1l � " r t r t )� 1"2r t � ; @t u

�
@t u + H V (u)(1l � " r t r t )� 1"2r t �

+ (1l � " r t r t )� 1R(� ; @t u)@t u � R
�
(1l � " r t r t )� 1� ; @t u

�
@t u

+ (1l � " r t r t )� 1H V (u)� � H V (u)(1l � " r t r t )� 1� :

(141)
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To �nish the proof it remains to inspect the L p norm of this expressionline by
line. Using Lemma D.3, we obtain for the �rst line




 (1l � " r t r t )� 1 �

� "2[r s ; r t ]� + "2r t r t r t � + "2r t
�
R(� ; @su)@t u

� � 




p

� "2 kRk1 k@suk1 k@t uk1 k� kp + 2" kr t � kp

+ � p"3=2 kRk1 k@suk1 k@t uk1 k� kp :

(142)

Application of (133) with constant C1 := C results in an estimate for the second
line in (141), namely




 " (1l � " r t r t )� 1[r s ; r t r t ]� 0






p � "1=2C1 k� kp + "5=2C1 kr t � kp : (143)

Lemma D.3 yields for line three in (141)



 R

�
(1l � " r t r t )� 1"2r t � ; @t u

�
@t u + H V (u)(1l � " r t r t )� 1"2r t �






p

�
�
kRk1 k@t uk2

1 + C
�
"2 kr t � kp ;

(144)

where C is the constant in (V 1). Let us temporarily denote

T := 1l � " r t r t :

Then the penultimate line in (141) hasthe form [T � 1; �] = T � 1[� ; T ]T � 1 where
the endomorphism � : u� TM ! u� TM is given by � � = R(� ; @t u)@t u. This
term can be expressedin the form

[T � 1; �] � = "T � 1 �
(r t r t �) T � 1� + 2(r t �) T � 1r t �

�

and hence 


 [T � 1; �] �






p � "1=2� pC k� kp :

Thus



 (1l � " r t r t )� 1R(� ; @t u)@t u � R

�
(1l � " r t r t )� 1� ; @t u

�
@t u






p

� "1=2� pC2 k� kp ;
(145)

where C2 dependson kRkC 2 k@t uk1 , kr t @t uk1 , and kr t r t @t uk1 . Similarly,



 (1l � " r t r t )� 1H V (u)� � H V (u)(1l � " r t r t )� 1�






p � "1=2� pC3 k� kp ; (146)

whereC3 dependson the constants in (V 1� V 3) and on k@t uk1 and kr t @t uk1 .
The estimates (142-146) together give the desired L p bound for (141) and this
provesthe �rst claim of Proposition D.5. The estimate for (D0

u )� � " � � (� " D"
u )� �

follows analoguously. Sinceall constants appearing in the proof depend on L 1

norms of derivativesof u, they are invariant under s-shifts of u. This completes
the proof of Proposition D.5.

The next lemma establishesthe relevant estimates for the operator D0
u and

its adjoint in the Morse{Smalecase,i.e. when D0
u is onto.
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Lemma D.7. Let V : LM ! R be a perturbation that satis�es (V 0 � V 4).
AssumeSV is Morse-Smaleand let u 2 M 0(x � ; x+ ; V). Then, for every p > 1,
there is a constant c > 0 such that

k� kp + kr s � kp + kr t r t � kp � c



 (D0

u )� �





p

and
k� kp + kr s� kp + kr t r t � kp � c

� 


 � � (D0

u )� �





p +



 D0

u �





p

�

for all compactly supported vector �elds � ; � 2 
 0(R � S1; u� TM ).

Proof. By Theorem A.4, the operators D0
u and (D0

u )� are Fredholm. Since SV

is Morse{Smale, the operator D0
u is onto and (D0

u )� is injective. Moreover, the
operator

W p
u ! L p

u � L p
u =im (D0

u )� : � 7! (D0
u � ; [� ])

is also an injective Fredholm operator. Hence the estimates follow from the
open mapping theorem.

Pro of of Theorem 3.3

Fix a constant p > 1. Then the L 1 norms of @su, @t u and r t @t u are �nite
by Theorem A.1 and kr t @suk1 is �nite by Theorem A.2. Use the parabolic
equations for u to conclude that kr t r t @t uk1 is �nite as well. Hencewe are in
a position to apply Theorem 3.2 and Proposition D.5. We prove the estimate
in two steps.

Step 1. There are positive constants c1 = c1(p) and " 0 = "0(p) such that

k� k0;p;" � k� kp + "1=2 k� kp � c1

�
" k(D "

u )� � k0;p;" + k� " (D"
u )� � kp

�
(147)

for every " 2 (0; " 0) and every compactly supported vector �eld � = (� ; � ) 2

 0(R � S1; u� TM � u� TM ).

By Lemmata D.4 and D.7, there exists a constant c2 = c2(p) > 0 such that

k� kp + kr s� kp + kr t � kp + kr t r t � kp � c2



 (D0

u )� �





p (148)

for every compactly supported � 2 
 0(R � S1; u� TM ). Hence

k� kp � k� � � " � kp + k� " � kp

� k� � � " � kp + c2



 (D0

u )� � " �





p

� k� � � " � kp + c2



 (D0

u )� � " � � � " (D"
u )� �






p + c2 k� " (D"
u )� � kp

� (� p + c2c3)"
�

" � 1 kr t � � � kp + kr t � kp

�
+ c2 k� " (D"

u )� � kp

+ c2c3

�
"1=2 k� kp + "2 k� kp

�

� (� p + c2c3)c4" k(D "
u )� � k0;p;" + c2 k� " (D"

u )� � kp

+ (c2c3 + � pc4 + c2c3c4)
�

"1=2 k� kp + "2 k� kp

�
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In the fourth step wehaveusedLemma D.6 and Proposition D.5 with a constant
c3 = c3(p) > 0. The �nal step follows from Theorem 3.2 for the formal adjoint
operator with a constant c4 = c4(p) > 0. Choose" 0 > 0 so small that

(c2c3 + � pc4 + c2c3c4)"0
1=2 <

1
2

: (149)

Then we can incorporate the term k� kp into the left hand side and obtain

k� kp � 2(� p + c2c3)c4" k(D "
u )� � k0;p;" + 2c2 k� " (D"

u )� � kp + "3=2 k� kp : (150)

Similarly,

k� kp � k� � r t � " � kp + kr t � " � kp

� k� � r t � " � kp + c2



 (D0

u )� � " �





p

� (� p + c2c3"1=2)c4"1=2 k(D"
u )� � k0;p;" + c2 k� " (D"

u )� � kp

+ (c2c3 + � pc4 + c2c3c4"1=2)
�

"1=2 k� kp + "2 k� kp

�
:

Use (149) again to obtain

k� kp � 2(� p + c2c3)c4"1=2 k(D"
u )� � k0;p;" + 2c2 k� " (D"

u )� � kp + k� kp : (151)

The assertionof Step 1 now follows from (151) and (150).

Step 2 We prove the theorem.

Let " 2 (0; " 0). By (122) for the formal adjoint operator (with a constant
c5 > 0), we obtain

k� k1;p;" � c5"2 k(D"
u )� � k0;p;" + c5 k� k0;p;"

� c5("2 + c1" + 2� pc1) k(D "
u )� � k0;p;"

(152)

Here we have also usedthe estimate (147) of Step 1 and Lemma D.6. It follows
that (D "

u )� is injective and henceD "
u is onto.

Let � = (� ; � ) 2 
 0(R � S1; u� TM � u� TM ) be compactly supported and
denote

� � := (� � ; � � ) := (D "
u )� � :

Recall that c6 is the constant of Lemma D.7 and c3 is the constant of Proposi-
tion D.5. By Lemma D.7, with � = � " � � and � = � " � , we have

k� " � � kp � c6



 � " � � � (D0

u )� � " �





p + c6



 D0

u � " � �





p

� c6



 � " (D"

u )� � � (D0
u )� � " �






p + c6



 D0

u � " � � � � " D"
u � �






p

+ c6 k� " D"
u � � kp

� c3c6
�
"1=2 k� kp + "2 k� kp + " kr t � kp

�
+ c6 k� " D"

u � � kp

+ c3c6
�
"1=2 k� � kp + "2 k� � kp + " kr t � � kp

�

� 2c3c6(1 + c4"1=2)"1=2 k� k0;p;" + c6 k� " D"
u � � kp

+ 3c3c6(1 + c4"1=2)"1=2 k� � k0;p;" + c3c4c6" kD "
u � � k0;p;"

� c7"1=2 k� � k0;p;" + c3c4c6" kD "
u � � k0;p;" + c6 k� " D"

u � � kp :

(153)
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The fourth step follows by applying Theorem 3.2 twice, with the constant c4,
namely for the operator (D "

u )� to deal with the term r t � , and for the operator
D"

u to deal with the term r t � � . The �nal step follows from (152).
Now it follows from Lemma D.6 that

k� � k0;p;" � k� � � �� " � � k0;p;" + k�� " � � k0;p;"

� 2� p"
�

" � 1 kr t � � � � � kp + kr t � � kp

�
+ k� " � � kp + " kr t � " � � kp

� 2� pc4" kD "
u � � k0;p;" + k� " � � kp + (2� p + 4� pc4)"1=2 k� � k0;p;"

� c4(2� p + c3c6)" kD "
u � � k0;p;" + (c7 + 2� p + 4� pc4)"1=2 k� � k0;p;"

+ c6 k� " D"
u � � kp :

The third step follows from Theorem 3.2 for the operator D "
u and Lemma D.3.

The �nal step uses(153). Choosing " 0 > 0 su�cien tly small, we obtain

k� � kp � k� � k0;p;" � 2c4(2� p + c3c6)" kD "
u � � k0;p;" + 2c6 k� " D"

u � � kp : (154)

By (122), we have

k� � k1;p;" � c5

�
"2 kD"

u � � k0;p;" + k� � k0;p;"

�
:

Combining this with (154) we obtain (17).
We prove (16). By the triangle inequality and Lemmata D.6 and D.3, we

have

k� � kp � k� � � r t � " � � k0;p;" +



 r t (1l � " r t r t )� 1(� � � "2r t � � )






p

� � p"1=2
�

" � 1 kr t � � � � � kp + kr t � � kp

�
+ � p" � 1=2 k� � kp + 2" k� � kp

� � pc4"1=2 kD"
u � � k0;p;" + 2� p(1 + c4" )" � 1=2 k� � k0;p;"

The last step follows from Theorem 3.2 for the operator D "
u . Similarly,

kr t � � kp � kr t � � � � � kp + k� � kp

� c5" kD "
u � � k0;p;" + c5" k� � kp + (1 + c5"3) k� � kp :

Combining the last two estimateswith (154) proves(16). Sinceall constants ap-
pearing in the proof depend on L 1 norms of derivativesof u, they are invariant
under s-shifts of u. This provesTheorem 3.3.
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