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Abstract

We study the heat ow in the loop space of a closed Riemannian
manifold M as an adiabatic limit of the Floer equations in the cotan-
gernt bundle. Our main application is a proof that the Floer homology of
the cotangen bundle, for the Hamiltonian function kinetic plus potential
energy, is naturally isomorphic to the homology of the loop space.

1 Intro duction

Let M be a closedRiemannian manifold and denoteby LM the free loop space.
Consider the classicalaction functional
Sv (x) = . EJ'x_(t)j2 V(L x() dt

for x : S1'1 M. Here and throughout we identify S' = R=Z and think of
x 2 C! (S';M) asasmooth mapx : R! M which satis es x(t+ 1) = x(t). The
potential is a smooth function V : S M ! R and we write V;(x) := V(t; x).
The critical points of Sy are the 1-periodic solutions of the ODE

rex = r Vi(x); ()

where r V; denotesthe gradient and r {x denotesthe Levi-Civita connection.
Let P = P(V) denotethe set of 1-periodic solutionsx : S*'! M of (1). In the
caseV = 0theseare the closedgealesics. Via the Legendretransformation the
solutions of (1) can also be interpreted as the critical points of the symplectic
action Ay : LT M ! R givenhy
z 1
Av(2) = hy(t);x(t)i  H(tx(t);y() dt
0

*Partial financial support by TH-Projekt 00321.



wherez = (x;y) : S'! T M and the Hamiltonian H = Hy : S T M ! R
is given by

H(EXY) = ivi% + V(%) @

fory 2 T,M. A loop z(t) = (x(t);y(t)) in T M is a critical point of Ay i
X is a solution of (1) and y(t) 2 TyyM is related to x(t) 2 Ty)M via the
isomorphismTM ! T M induced by the Riemannian metric. For suc loops
z the symplectic action Ay (z) agreeswith the classicalaction Sy (x).

The negative L2 gradient ow of the classicalaction givesrise to a Morse-
Witten complex which computesthe homology of the loop space. For a regular
value a of Sy we shall denote by HM?(LM;Sy) the homology of the Morse-
Witten complex of the functional Sy corresponding to the solutions of (1) with
Sv(xX) a. Herewe assumethat Sy is a Morse function and its gradient ow
satis es the Morse-Smalecondition (i.e. the stable and unstable manifolds inter-
secttransversally, see[3] for the unstable manifold). Asin the nite dimensional
caseone can show that the Morse-Witten homology HM?(LM ; Sy ) is naturally
isomorphic to the singular homology of the sublewel set

L®M = fx2LMjSy(x) ag:

On the other hand one can usethe L? gradient ow of Ay to construct Floer
homology groups HF3(T M ;Hy ). Our main result is the following.

Theorem 1.1. AssumeSy is Morse and a is either a regular value of Sy or
is equal to in nity. Then there is a natural isomorphism

HF3(T M;Hy;R) = HM3(LM;Sy;R)

for every principal ideal domain R. If M is not simply connected then there
is a semrate isomorphism for each component of the loop space. The isomor-
phism commutes with the homomorphismsHF?(T M;Hy) ! HF’(T M:Hy)
and HM3(LM;Sy) ! HMP(LM;Sy) for a< b.

Corollary 1.2. Let Sy and a be asin Theorem 1.1. Then there is a natural
isomorphism
HF*(T M;Hy;R) = H (L®M;R)

for every principal ideal domain R. If M is not simply connected then there
is a semrate isomorphism for each component of the loop space. The isomor-
phism commutes with the homomorphismsHF?(T M;Hy) ! HF’(T M:Hy)
andH (L2M)! H (L°M) for a< b.

Proof. The de nition of the MorseFle'lomology groups involve a perturbation V :
LM ! R (of the function x 7! 01 Vi (x(t)) dt) that satis es the hypotheses
(VO V4) of Section2 and the transversality requiremerts of Theorem A.6. Now
Theorem A.7 in Appendix A (provedin the forthcoming paper [31]) assertsthat
the Morse homology group HM?(LM; Sy ;R) = HM?(LM;Sy;R) is naturally
isomorphic to the singular homology group H (L2M ;R). Hencethe assertion
follows from Theorem 1.1. O



Both the Morse-Witten homology HM 2(LM; Sy ) and the Floer homology
HF3(T M;Hy) are basedon the same chain complex C? which is generated
by the solutions of (1) and graded by the Morse index (as critical points of
Sv). In [28] it is shown that this Morse index agrees,up to a universaladditive
constart zeroor one, with minus the Conley-Zehnderindex. Thusit remainsto
comparethe boundary operators and this will be done by consideringan adia-
batic limit with a family of metricson T M which scalesthe vertical part down
to zero. Another approacd to Corollary 1.2 is contained in Viterb o's paper [25].
While the presen paper was being completed a new proof of Corollary 1.2 was
given by Abbondandolo and Schwarz [1]. Somerecert applications of Corol-
lary 1.2 can be found in [30]; these applications require the statemert with
action windows and xed homotopy classesof loops.

The Floer chain complex and its adiabatic limit

We assumethroughout that Sy is a Morse function on the loop space,i.e. that
the 1-periodic solutions of (1) are all nondegenerate.(For a proof that this holds
for a genericpotential V see[28].) Under this assumption the set

Pa(V) =fx2 P(V)jSv(x) ag

is nite for every real number a. Moreover, ead critical point x 2 P(V) has
well de ned stable and unstable manifolds with respect to the (negative) L?
gradient ow (seefor example Davies [3]). Call Sy Morse{Smale if it is a
Morse function and the unstable manifold WY (y) intersectsthe stable manifold
W3(x) transversally for any two critical points x;y 2 P(V).

AssumeSy is a Morse function and considerthe Z-module

M
C2=C¥V)= Zx:
X2P (V)

If Sy and Ay are Morse{Smale then this module carries two boundary opera-
tors. The rst is de ned by courting the (negative) gradient ow lines of Sy .
They are solutionsu: R S'! M of the heat equation

@u ri@u r V(u)=0 3)

satisfying
slIim u(s;t) = x (1); SIIim @u = 0; (4)

wherex 2 P(V). The limits are uniform in t. The spaceof solutions of (3)
and (4) will be denotedby M °(x ;x*;V). The Morse{Smale hypothesisguar-
anteesthat, for every pair x 2 P?3(V), the spaceM °(x ;x*;V) is a smooth
manifold whosedimensionis equalto the di erence of the Morse indices. In the
caseof Morse index di erence oneit followsthat the quotient M °(x ;x*;V)=R
by the (free) time shift action is a nite set. Counting the number of solutions



with appropriate signs givesrise to a boundary operator on C2(V). The ho-
mology HM?(LM ; Sy ) of the resulting chain complex s naturally isomorphic to
the singular homology of the loop spacefor every regular value a of Sy :

HMZ(LM;Sy) = H (L®M; Z); L®M = fx2 LM jSy(x) ag:

The details of this isomorphism will be establishedin a separate paper (see
Appendix A for a summary of the relevant results).

The secondboundary operator is de ned by counting the negative gradient
o w lines of the symplectic action functional Ay . Thesearethe solutions (u; V) :
R S!'! TM ofthe Flo er equations

@u r¢v 1 Vi(u)=0; rsv+ @ v=0; (5)
S!Iim u(s;t) = x (t); S!Iim v(s;t) = x_ (b): (6)

Here we also assumethat @u and r ;v corvergeto zero, uniformly in t, asjsj
tendsto in nit y. For notational simplicity weidentify the tangent and cotangert
bundlesof M via the metric. Counting the index-1 solutions of (5) and (6) with
appropriate signswe obtain the Floer boundary operator. We wish to prove that
the resulting Floer homology groups HF?(T M ;Hy ) are naturally isomorphic
to HM?(LM;Sy). To construct this isomorphism we modify equation (5) by
intro ducing a small parameter " as follows

@u rv rV(u)=0; rev+ " 2(@u v) = 0 7)

The spaceof solutions of (7) and (6) will be denotedby M "(x ;x*;V). The
Floer homology groups for di erent valuesof " are isomorphic (seeRemark 1.3
below). Thus the task at hand is to prove that, for " > 0 sucien tly small,
there is a one-to-one correspondence between the solutions of (3) and those
of (7). A rst indication, why one might expect such a correspondence,is the
energy identit y

z, z
. e : o : .
Euy) = 5 @t rve r MWt Hrevt 4t @ it
= Sv(x ) Sv(x) (8)

for the solutions of (7) and (6). It shovsthat @u v must corvergeto zero
in the L2 norm as" tends to zero. If @u = v then the rst equation in (7) is
equivalent to (3).

Remark 1.3. Let M be a Riemannian manifold. Then the tangent spaceof
the cotangert bundle T M at a point (x;y) with y 2 T, M can be identi ed
with the direct sum TyM T, M. The isomorphism takesthe derivative z(t)
ofacurve R! T M :t7! z(t) = (x(t);y(t)) to the pair (x(t);r¢y(t)). With
this identi cation the almost complex structure J- and the metric G- on T M,
given by ) .

- O gt _ "'g o0



are compatible with the standard symplectic form ! on T M. Here we denote
byg: TM ! T M the isomorphism induced by the metric. The case" = 1
correspondsto the standard almost complex structure. The Floer equations for
the almost complex structure J- and the Hamiltonian (2) are

@w J(w)(@w X (W) =0

If we write w(s;t) = (u(s;t);v(s;t)) with v(s;t) 2 T
has the form

@u "g 'rv rV(u)=0; rev+ " 'g@u " tv=00 (9)

A function w = (u; V) is a solution of (9) if and only if the functions t(s;t) :=
u(" Is;t) and w(s;t) := g v(" 's;t) satisfy (7). In view of this discussionit
followsfrom the Floer homotopy argumert that the Floer homologyde ned with
the solutions of (7) is independen of the choiceof " > 0. The only nonstandard
aspect of this argument is the apriori estimate of Section 5 with " = 1 which
carries over verbatim to the time dependert Floer equation. For the standard
theory see[8, 22, 23].

AssumeSy is Morse{Smale. Then we shall provethat, for everya 2 R, there
existsan "o > 0 suc that, for 0< " < " and every pair x*;x 2 P2(V) with
Morse index di erence one,there is a natural bijective correspondencebetween
the (shift equivalenceclassesf) solutions of (3), (4) and those of (7), (6). This
will follow from Theorems4.1 and 10.1 below.

It is an open questionif the function Sy is Morse{Smale (with respectto the
L2 metric on the loop space)for a genericpotential V. Howewer, it is easyto
establishtransversality for a generalclassof abstract perturbationsV:LM ! R
(see Section 2). We shall use these perturbations to prove Theorem 1.1 in
general.

The generaloutline of the proof is similar to that of the Atiy ah{Flo er con-
jecture in [5] which comparestwo elliptic PDESs via an adiabatic limit argumert.
By corntrast our adiabatic limit theorem compareselliptic with parabolic equa-
tions. This leadsto new featuresin the analysisthat are related to the fact that
the parabolic equation requiresdi erent scalingin spaceand time directions.

The present paper is organized as follows. The next section introducesa
relevant class of abstract perturbations V : LM ! R. Section 3 explains
the relevant linearized operators and states the estimatesfor the right inverse.
These are proved in AppendicesC and D. In Section 4 we construct a map
T :MOx ;x*;V)! M (x ;x*;V) which assignsto every parabolic cylinder
of index one a nearby Floer connecting orbit for " > 0 su cien tly small. The
existence of this map was establishedin the thesis of the secondauthor [27],
where the results of Section 3, Section 4, and Appendix D were proved. Sec-
tions 5, 6, and 7 are of preparatory nature and establish uniform estimates for
the solutions of (7). Section 5 shows that the solutions of (7) (with xed end-
points) are all contained in a xed compactsubsetof T M that is independert
of ". The proof usesan inequality

@+ @ @ijvi®  covi’+ 1) (10)

u(S;t)M then this equation



Integrating this inequality over the t- \Qnable and using a bound on the action
one rst obtains an estimate for sup; jV(S t)j2 dt; using (10) again givesthe
required estimate for supjvj. Section 6 then gives estimates for the rst, and
Section 7 for the secondderivatives. In ead casethe operator "’@ + @ @
reappears and the axioms on the perturbation V in Section 2 require that the
estimateis rst establishedin an integrated form. Section8 dealswith exponen-
tial decay, Section9 establisheslocal surjectivity of the map T by a time-shift
argumert, and in Section 10 we prove that T" is bijective. Things are put
together in Section 11 where we compare orientations and prove Theorem 1.1.
Appendix A summarizes some results about the heat ow (3) which will be
proved in [31]. In Appendix B we prove sewral mean value inequalities that
play a certral role in our apriori estimatesof Sections5, 6, and 7.

2 Perturbations

In this section we introduce a class of perturbations of equations (3) and (7)
for which transversality is easyto achieve. The perturbations take the form of
smooth mapsV:LM ! R:Forx2 LM let gradV(x) 2 °(S';x TM) denote
the L2-gradient of V; it is de ned by
zZ, q
hgradV(u); @ui dt :== —V/(u)
0 ds

for every smooth path R! LM :s7! u(s; ). The covariant Hessian of V at
aloopx :St! M is the operator
Hy(x): °Shx TM)!  %(st:x TM)

de ned by
Hy(u)@u := r sgradV(u)

for every smooth map R! LM :s 7! u(s; ). The axiom (V1) below asserts
that this Hessianis a zeroth order operator. We imposethe following conditions
on V; herejj denotesthe pointwise absolutevalue at (s;t) 2 R S* and kk_,
denotesthe LP-norm over S at time s. Although condition (V 1), the rst part
of (V2), and (V 3) are all special casesof (V4) we state the axioms in the form
below, becausesomeof our results don't require all the conditions to hold.

(VO) V is continuouswith respectto the C° topology on LM . Moreover, there
is a constart C > 0 such that

sup jV(x)j+ sup kgradV(x)k . iy C:
x2L M x2L M

(V1) Thereis aconstart C > 0 such that
jrsgradV(u)j C j@uj+ k@uk . ;
jrigradV(u)j C 1+ j@uj

for every smooth map R! LM :s7! u(s; ) and ewvery (s;t) 2 R St



(V2) Thereis a constart C > 0 such that
jrsrsgradV(u)j C jrs@uj+ krs@uk . + j@uj+ k@uk . = ;
jrirsgradV(u)j  C jre@uj+ 1+ j@uj jQ@Quj+ k@uk, ,

and
it st sgradV(u) Hy(u)rs@uj C j@uj+ k@uk,, -
for every smooth mapR! LM :s7! u(s; ) and ewvery (s;t) 2 R St

(V3) Thereis a constart C > 0 such that

jrsrsrsgradV(u)j C jrsrs@uj+ krsrs@uk .

+ jrs@uj+ krs@uk . j@uj+ k@Quk, »

+ j@uj+ k@uk.,  j@uj+ k@uk; © ;
jrersrsgradV(u)j  C jrirs@uj+ jri@uj j@uj+ K@uk, .

+ 1+j@uj jrs@uj+ krs@uk .

+ 1+ j@uj j@uj+ k@uk., * ;
jrirersgradV(u)j C jrery@uj+ 1+ j@uj jr@uj

+ 1+ j@ui* + jr @uj j@uj+ k@uk,:

for every smooth mapR! LM :s7! u(s; ) and ewvery (s;t) 2 R St

(V4) For any two integersk > 0 and ~ O there is a constart C = C(k;")
sudh that
0 1

‘ X Y . Y
ror Kgradvu)y C B rt‘r'giux rkiu+ rku
j

ki i
I . L
I>0 I—0

LPi

for every smpoth mapR! LM :s7! u(s;)andewery(s;t) 2 R S?; here
pland . _, 1=p = 1;the sumrunsoverall partitions ky+  +kn =

kand 1+ + 'y “sudthat kj+°; 1forallj. For k = Othe same
inequality holds with an additional summand C on the right.

Remark 2.1. The archetypal example of a perturbation is
z 1

V(x):=  kx  xok’, Ve (x(1)) dt;
0

where :R! [0;1]is asmooth cuto function, xo:S*! M is asmooth loop,
and x  Xo denotesthe di erence in someambient Euclidean spaceinto which
M is (isometrically) embedded. Any such perturbation satises (VO V4).



Remark 2.2. If Z,
V(X) = Ve(x(t)) dt
0

then
gradV(x) = r V(x); Hy(X) =r1 r Vi(x);

forx2LM and 2 9(S%;x TM).

With an abstract perturbation V the classical and symplectic action are
given by z

Sv(x) = L

1
> x@ifdt V()
2

and Z, L
AvOGY) = @i Si0iF dt V()

forx 2 LM andy?2 ©°(S!;x T M). Equation (7) hasthe form
@u r.v gradV(u)= 0; rev+" 2(@u V)= 0; (11)
and the limit equation is
@u r{@u gradV(u)=0: (12)

Here gradV(u) denotesthe value of gradV onthe loopt 7! u(s;t). The relevant
setof critical points consistsof the loopsx : S'! M that satisfy the di eren tial
equationrx = gradV(x) and will be denotedby P (V). The subsetP?2(V)

P (V) consistsof all critical points x with Sy(x) a.

Assumethat the critical points of Sy are all ngndegenerate. Then every
solution (u; v) of (11) with nite energyE"(u;Vv) == & j@uj*+ "3jrgvj? <
1 corvergesexponertially and in the C' -topology to critical points of Ay as
stendsto 1 . Moreover, every sequenceof solutions of (11) with a uniform
bound onthe rst derivatives(and" > 0 xed) hasasubsequenc¢hat corverges
in the C! -topology. Thesetwo assertionsfollow by an easyadaptation of the
standard argumernts (with Hamiltonian perturbations) to the presen case(see
for example [22)).

3 The linearized operators

Throughout this sectionwe x a perturbation V that satises (VO V4). Lin-
earizing the heat equation (12) givesrise to the operator

D2: %R StuTM)! R ShuTM™m)

given by
D} =rs rgay R(;@U@uU  Hy(u) ; (13)



for every element  ofthe set °(R S';u TM) of smooth vector elds alongu.
Here R denotesthe Riemann curvature tensor. If Sy is Morse then this is a
Fredholm operator between appropriate Sobolev completions. More precisely
de ne

Ly, = LP; W, = WP
asthe completions of the spaceof smooth compactly supported sectionsof the
pullback tangert bundleu TM ! R S! with respect to the norms

Zl Zl 1=p
k k= j Pdtds
1 0
Z, 72, 1=p
kkW: 1 Ojjp+jrsjp+jrtrtjpdtds

Then DY : WP I LP is a Fredholm operator for p > 1 (Theorem A.4) with
index

indexD? = indy(x ) indy(x"):
Here indy (x) denotesthe Morse index, i.e. the number of negative eigenvalues
of the Hessianof Sy. This Hessianis given by

A%x) = r ¢ry  R(;x)x Hv(X) ;

where Hy denotes the covariant Hessianof V (see Section 2). The Morse{
Smalecondition assertsthat the operator D? is surjective for every nite energy
solution of (12). That this condition can be achieved by a genericperturbation
V is provedin [31] (seeAppendix A).

Linearizing equation (11) givesrise to the rst order di erential operator

Dyv :W*R ShuTM uTM)! LP(R SHuTM u TM)

given by
D’ _ s 1t R(;@uv Hy(u)
o rs +R(;@u)v+" 2(ry )
for(; )2WY¥wYR ShuTM uTM).
Remark 3.1. AssumeSy is Morse and let p > 1. Then D, is a Fredholm
operator for every pair (u;Vv) that satis es (6) and its index is given by

(14)

indexDy,, = indy(x ) indy(x"):

To seethis rescaleu and v asin Remark 1.3. Then the operator on the rescaled
vector elds s;t) := (" Is;t) and ~(s;t) ;= g ! (" !s;t) hasthe sameform
as in Floer's original papers [8] with the almost complex structure J- of Re-
mark 1.3. That this operator is Fredholm was proved in [6, 23, 19| for p = 2.
An elegart proof of the Fredholm property for generalp > 1 was given by Don-
aldson [4] for the instanton case;it adapts easily to the symplectic case[22].
The Fredholm index can be expressedas a di erence of the Conley{Zehnder
indices [23, 19]. That it agreeswith the dierence of the Morse indices was
provedin [27, 2§].



Let usnow x a solution u of (12) and de ne v ;= @u: For this pair (u;V)
we must prove that the operator D, := DL;@U is onto for " > 0 sucien tly
small and prove an estimate for the right inverse which is independert of ".
We will establish this under the assumption that the operator DO is onto. To
obtain uniform estimates for the inverse with constarts independert of " we
must work with suitable "-dependert norms, which in casep = 2 are suggested
by the energyidentity (8). For compactly supported vector elds = (; )2

R SLuTM uTM)dene

Z, Z, 1=p
K Koppy = Lo (jj°+"Pjj°) dds
Zy Z4
K Kypo = ; I I U R L e (O
1=p

+ "Pjrg P+ "Pirg P dids

Theorem 3.2. Let (u;v) :R S'! TM be a smoth map such that v and
the derivatives @Qu; @u;r{@u;r:@u are boundad and limg 1  u(s;t) exists,
uniformly in t. Then, for everyp > 1, there are positive constantsc and " such
that, for every" 2 (0;"o) andevery = ( ; )2W¥((R SLuTM uTM);
we have

" Lkr Koo+ kre kp+ krs ki o+ "krs K,

¢ D

., (15)
uv o op; Kkt “k Kio

The formal adjoint operator (DL;V) de ned below satis es the same estimate.
Moreover, the constants ¢ and "o are invariant under s-shifts of u.

The formal adjoint operator
(Dyy) W#(R shuTM uTM)! WYR ShuTM uTM)

with respect to the (0; 2;")-inner product assaiated to the (0;2;")-norm has
the form

re R(:;v)@ Hy(u) +"2R( ;v)@u

(D:J;v) = s ros + " Z(rt )

for ; 2 WYP(R S';u TM). We shall also usethe operator
«LP(SYhx TM)  LP(Shx TM) ! WEP(SL:x TM)

given by

(5)=@ rerg) (0 "Pre)
forx 2 LM and ; 2 9(S!;x TM). This operator, for the loop x(t) = u(s;t),
will be applied to the pair ( (s; ); (s;)). The rationale for introducing this
operator is explained in Appendix D.

10



Theorem 3.3. AssumeSy is Morse-Smaleand let u2 M °(x ;x*;V). Then,
for every p > 1, there are positive constants ¢ and " (invariant under s-shifts
of u) such that, for every " 2 (0;"() the following are true. The operator
D, := Dyqu is onto and for every pair

=(; )2im(D,) W¥R ShuTM uTM)
we have

K ky+ "2k o+ " 2kr ky © "KD, Kgpe + k(D) kg ;i (16)

p

k k C "kDy Kotk (Dy )k, (17)

Lp"

The proofs of Theorems 3.2 and 3.3 are given in Appendix D. They are
basedon a simplied form of Theorem 3.2 for at manifolds with V = 0 which
is proved in Appendix C. In particular, Corollary C.3 shows that the "-weights
on the left hand side of equation (15) appearin a natural manner by a rescaling
argumert and, for p= 2, theseterms can be interpreted as a linearized version
of the energy This was in fact the motivation for introducing the above "-
dependert norms. The proof of Theorem 3.3 is basedon Theorem 3.2 and a
comparisonof the operators D and D,,.

To construct a solution of (11) near a parabolic cylinder it is usefulto com-
bine Theorems 3.2 and 3.3 into the following corollary. This corollary involves
an "-dependert norm which at rst glanceappearsto be somewhatlessnatural
but plays a useful role for technical reasons.

Givenasmooth mapu : R S'! M and a compactly supported pair of
vector elds =(; )2 %R SLuTM u TM) wedene

e R L Pl S SO Ly VN

P
) o = (18)
+ UKy Ky ks ko TPk kg + TR KOK

For small " this norm is much bigger than the (1;p;")-norm. If the last two
summandson the right hand side of (18) are dropped one obtains an equivalent
norm with a factor independert of " (see(20) below).

Corollary 3.4. AssumeSy is Morse-Smaleandletu2 M °(x ;x*;V). Then,
for every p > 1, there are positive constants ¢ and "o such that, for every
" 2 (0;") the following holds. If

=(;)2im(D,) ; 0= (% 9:=D, ;

then
i i+ c k Okp+ "3=2 Okp : (29)

11



Proof. Let c, be the constart of Theorem 3.2 and ¢z be the constart of Theo-
rem 3.3. Then, by Theorem 3.3,

nl=2 nl=2
k ky+ "2k ko + "B 2kry k,

e "k K+ Pk Ko (@ trer) YO P 9 5

cz (1+")k Okp+ "2+ "FHk Okp
cs k 0kp+ n"3=2 Okp

Here the secondstep follows from Lemma D.3. Combining the last estimate
with Theorem 3.2 we obtain

ko roky+ ke kot ke kp+"2krS K,

"k %+ k%, k kg + kK
n n2 n n3=2
c kq(p+ kq(p+c4 kq(p+ k°kp
C2(1+ C4) "k q(p + "2k q(p
Now let cs be the constart of Lemma 3.5 below. Then

"k, cs Kk TPk ko + ks ko 0)
TR K ks TPk Ok ke kP ks kg
(Here we usedthe cases( 1; 2) = (1=2;1) and ( 1; 2) = (1=2;3=2).) Combin-
ing thesefour estimateswe obtain (19). O

The secondestimate in the proof of Corollary 3.4 showvsthat onecanobtain a
stronger estimate than (19) from Theorems3.2 and 3.3. Namely, (19) continues
to hold if jj jj. is replacedby the stronger norm wherethe LP normsof r ; ,
re ,rs,andrs aremultiplied by an additional factor " 2. The reasonfor
not using this stronger norm lies in the proof of Theorem 4.1. In the rst step
of the iteration we solve an equation of the form D, o = %= (0; 9 where Cis
bounded (in LP) with all its derivatives. Our goal in this rst stepisto obtain
the sharpest possibleestimate for o and its rst derivatives. We shall seethat
this estimate has the form jj ojj. ¢"? and that sudh an estimate in terms of
"2 cannot be obtained with the stronger norm indicated above.

Lemma 3.5. Letu2 C! (R S!;M) suchthat k@uk; and k@uk; are nite
and limg 1 u(s;t) exists, uniformly in t. Then, for every p > 2, there is a
constant ¢ > 0 suchthat

kky, ¢ (7 D™ kko+ "tk ky+ " 2krs K,

for every" 2 (0;1], every pair of nonnegative real numbers ; and », and every
compactly supported vector eld 2 9R St;u TM).
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Proof. Dene #:Z-:=R R=" 1Z | Mand ~2 °Z ;&4 TM) by
t(s;t) == u(" 2s;" t); Ts;t) = (" 2s;" )

The estimate is equivalent to the Sobolev inequality

~ C ~ + 1" 4+ or
1 P top S p

with a uniform constart ¢ = c(p;k@uk,; ;k@uk, ) that is independert of " 2
(0;1]. (To seehow the L* boundson @u and @u enter the estimate, embedd
M into someEuclidean spaceand usethe Gauss-Weingarten formula.) O

4 Existence and unigueness

Throughout this section we x a perturbation V that satises (VO V4). In
the next theorem we denote by

(X ) TxM ! Tep ()M
parallel transport along the geadesic 7! exp,( ).

Theorem 4.1 (Existence). Assume Sy is Morse{Smale and x two constants
a2 R andp > 2 Then there are positive constants ¢ and " such that the
following holds. For every" 2 (0;"o), everypair x 2 P?(V) of index di er enae
one,and everyu 2 M °(x ;x*;V), there existsa pair (u";v')2 M "(x ;x*;V)
of the form

u'=exp (), V= (u )@+ )  (;)2im(Dy) ;

where and satisfy the inequalities

Kre  kpp + KK+ "Rk, + Pk K, 21)
+"kry ke, + "krs Ko+ "Pkrg k, ¢
and
kk. ¢?23%  kk, c?2F (22)

Remark 4.2. The estimates(21) and (22) can be summarizedin the form

for = (; ) (with alarger constart c).

Theorem 4.3 (Uniqueness) AssumeSy is Morse{Smale and x two constants
a2 Rand C > 0. Then there are positive constants and " such that, for
every" 2 (0;"g), every pair x 2 P2(V) of index dier ence one, and every
u2 MOx ;x*;V) the following holds. If

(i; 1)2im(D,) ; K ik, s n1=2. kik: GC; (23)

13



for i = 1;2 and the pairs
u = expy(i); Vo= (U )(@ut )
belongto the moduli space M “(x ;x*;V), then (uy;Vv;) = (Uy;Vs).

In the hypothesesof Theorem 4.3 we did not specify the Soholev spaceto
which ; = (j; i) isrequiredto belong. The reasonis that ; is smooth and, by
exponertial decay, belongsto the Sobolev spaceW*P(R S u TM u TM)
for every integerk Oandeveryp 1.

De nition  4.4. Assume Sy is Morse{Smale and x three constantsa 2 R,
C > 0, andp> 2. Choosepositive constants"y, , and c suchthat the assertions
of Theorem 4.1 and 4.3 hold with these constants. Shrink " so that c"ézz <

andc’y> C. Dene the map

T :M%%x ;x";V)I M (x ;x";V)

by

T (u):= (u;Vv); u = exp,( ); vii= (U )(@u+ );
wher the pair ( ; ) 2 im(D,) is chosensuchthat (21) and (22) are satis ed
and (exp,( ); (u; )@u+ )) 2 M (x ;x*;V). Sucha pair ( ; ) exists, by
Theorem 4.1, and is unique, by Theorem 4.3. The map T is shift equivariant.

The proof of Theorem 4.1 is basedon the Newton{Picard iteration method
to detect a zeroof a map near an approximate zero. The rst stepisto de ne a
suitable map betweenBanach spaces.In orderto dosolet (u;v) :R S'! TM
be a smooth map and considerthe map F,, : W**(R Shu TM u TM)!
LP(R SY;u TM u TM) givenby

T P S s N <
where ) ) ) )
TR A
Thus, abbreviating := ( u; ), we have
Foo = (@exp () ri((v+ ) gradViexp,())

Prs((ve )+ 2@exp () " AV )

Moreover, the di erential of F, at the origin is given by dF ., (0;0) = Dy,
(see[27, Appendix A.3]).

Oneofthe keyingredients in the iteration is to have control overthe variation
of derivatives. This is provided by the following quadratic estimates.

14



Prop osition 4.5. There existsa constant > 0 with the following signi ¢ ance.
For everyp > 1 andeverycy > Othereis a constant c > 0 suchthat the following
is true. Let(u;v) :R S'! TM beasmmthmapandZ = (X;Y); =(; )2
R SYuTM u TM) betwo pairs of vector elds along u suchthat
k@uk; + k@uk; + kvk; Co; k ki + kXKk; ;. k kg + kYkg Co-:
Then the vector elds Fi, F, along u, de ned by

Fi .
F,

Fu(@Z+ ) Fu(2) dFy(2) =
satisfy the inequalities

KFik, ck ky K ko +k ky+ kro ko+krg kok ky
+ ¢ krXky+ kroXky k k§ + ckriXk k ky kK
+ckXky krg kok kg +kre kok ko

KFok, ck kg " 2Kk, +kk +krsk +" 2kry ko kK
+c kreXky+ " ZkriXk, k ki + ckrsXk k ky kK
+ckXky, " Zkre kok ky o+ krg kok kg

Prop osition 4.6. There existsa constant > 0 with the following signi c ance.
For everyp > 1 andeverycy > 0thereis a constant c > 0 suchthat the following
is true. Let(u;v) :R S!! TM beasmmthmapandZ = (X;Y); =(; )2
R SLuTM u TM) betwo pairs of vector elds along u such that
k@uk; + k@uk; + kvk; Co; kX k1 ; kY k1 Co:
Then the vector elds Fi, F, alongu, de ned by

Fi1
F2

dFyy (Z)  dF, (0) =
satisfy the inequalities
kFik, ck k;  kXk,+ KYk, + kr Xk, + kr s Xk, kX'k;
+ ckXky Kk ky+ kri K, + krs KokX kg + kr X kK Ky
kFok, ck k; " ZkXk,+ " Zkr Xk, kXk; + kYk,+ kr sXk,

+ekXky " 2k koKX Ky + kKo ks ko + kraX ok kg

15



For the proof of Propositions 4.5 and 4.6 we refer to [27, Chapter 5]. To
understand the estimate of Proposition 4.6 note that and Y appear only as
zeroth order terms, that r¢ and r ;X appear only in cubic terms in Fy, and
that r;y andr X appearonly in cubic terms in F,. This follows from the fact
that the rst componert of F- is linear in @u and the secondcomponert is
linear in @u. In Proposition 4.5 we have included cubic terms that arise when
the derivative hits X . In this casewe must usethe L norms on the factors

and andcanprot from the fact that rsX and r{X will be small in LP.
The constart  appearsas a condition for the pointwise quadratic estimatesin
suitable coordinate charts on M .
We now reformulate the quadratic estimatesin terms of the norm (18).

Corollary 4.7. There exists a constant > 0 with the following signi c ance.
For every p > 1 and every cp > O there is a constant ¢ > 0 such that the
following holds. If (u;v), Z = (X;Y) and = ( ; ) satisfy the hypothesesof
Proposition 4.5 then

Fun(@Z+ ) Fu(@) dFg (@) opuae
ci . " Pkoky +" TkK + et IFZL .k kg + " Pkokg

If (ujv), Z = (X;Y) and = (; ) satisfy the hypthesesof Proposition 4.6
then

dFuy (Z)  dFuy (0 oo © " 2 IGZ T TRRHZE
Proof. The result follows from Propositions 4.5 and 4.6 via term by term in-
spection. In particular, we must usethe inequalities

Kk, " 2P kk, " 72 2Pj ji.; kXk, " iz,
at various places. Thesefollow from the de nition of the norm (18). O

Proof of Theorem 4.1. Givenu 2 M %(x ;x*;V) with x 2 P2(V) we aim to
detect an elemert of M "(x ;x*;V) nearu. We setv := @u and carry out the
Newton{Picard iteration method for the map F = F;;@u. Key ingredients
are a small initial value, a uniformly boundedright inverseand corntrol over the
variation of derivatives (which is provided by the quadratic estimates above).
BecauseSy is Morse-Smale, the sets P2(V) and M °(x ;x*;V)=R are nite
(the latter in addition relies on the assumption of index di erence one). All
constarnts appearing below turn out to be invariant under s-shifts of u. Hence
they can be chosento depend on a only.

SinceM °(x ;x*;V)=Ris a nite setit follows from TheoremsA.1 and A.2
that there is a constart cy > 0 such that

k@Quk, + k@uk; + kr;@uk, Co (26)
and
kri@uk, + krt@ukp + krtrt@ukp Co 27)
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for every u 2 M %(x ;x*;V). Thus the assumptionsin Theorem 3.2, Theo-
rem 3.3, Proposition 4.5, Proposition 4.6 and Lemma 3.5 are satis ed. More-
over, by (27) the value of the initial point Z, := 0 is indeed small with respect
to the (0; p;")-norm:

kF ,(0)ky.... = kF ' (u; @u)k,... = 0 (28)

u o;p;t T ) 0;p;" rs@u op: Co -

Here we used in addition (24), (25) and the parabolic equations. De ne the
initial correctionterm o= ( o; o) by

0:= D (DD, ) 'Fy(0):
Recursiwely, for 2 N, de ne the sequenceof correctionterms = ( ; ) by

xl
= D, (D D, ) F,(Z); Z =(X;Y):= o (29)
=0

We prove by induction that there is a constart ¢> 0 sud that

C " " c n/= =
u - > 2 kF,(Z +1)ko;p;"3:z > =2 ¥, (H)
Initial Step: = 0. By de nition of ¢ we have
__— “oN 0
Du 0 - F u(o) - r S@u

Thus, by Theorem 3.3 (with constart ¢; > 0),
k okp + "2k okp + "Y2kry okp  C1 ("K(0; 1 s@u)Kopr + K +(0;1 s@u)Kp)
Cl "2kr s@ukp + "zkr tr s@ukp
CoCy"?:

Here the secondinequality follows from Lemma D.3 and the last from (27). By
Theorem 3.2 (with constart c; > 0),

krt 0 0kp+ "krt 0kp+ "krs 0kp+ uzkrs Okp
¢" K(0;r s@u)kge + K okp + "2k okp

c" "kr s@ukp + CoC1"?

CoC(1+ ¢")"%:

The last inequality follows again from (27). Combining these two estimates
with (20) we obtain

n3=2p | ok, + n1=2+2 =p oky i oli- c"2: (30)
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with a suitable constart ¢ > 0 (depending only on ¢y; ¢;; ¢, and the constart
of Lemma 3.5). This provesthe rst estimatein (H ) for = 0. To prove the
secondestimate we obsene that Z; = ¢ and hence,by Proposition 4.5 (with
constart ¢z > 0),

kFLI; (Zl)ko;p;-- 3=2
= kFu( 0) Fu(o) DL OkO;p;" 3=2
czk oki k okp + k okp + kr okp + kr g okpk ok1

+03"% Pk oki " 2k okp + K okp + krs okp+ " 2kr¢ okpk oki

C"7=2 3=2p:
with a suitable constart ¢ > 0 (depending only on co; ¢;; ¢; and the constart of
Lemma 3.5). Thus we have proved (H ) for = 0. From now on we x the
constart ¢ for which the estimate (Hy) has beenestablished.
Induction  step: 1) . Let 1 and assumethat (Hg);:::;(H 1)
aretrue. Then
X1 Xt
iZ ii- i i~ c¢? 2 2c"?;
=0 =0
KE'(Z Yk C .7=2 3=2p.
u(Z) 0;p;" 372 2 1 :
By (29) we have
D, = F ,(Z) 2im(D,)
Hence, by Corollary 3.4, (with constart ¢4 > 0),
e e " C("4 n /= = C n .
v u- Cs4 kFu(Z )kO;p;" 3=2 ﬁ =2 3= 2_ 2' (31)

The last inequality holds whenewer ¢;"372 32P  1=2,
By what we have just provedthe vector elds Z and satisfy the require-
merts of Corollary 4.7 (with the constart cs > 0). Hence

KFo(Z w1 )kgpraze  KFG(Z + ) Fy(Z) dFL(Z) kopoas
+kdF(Z ) Dy Kppeoe

s " Pk kg +" Tk K i

+es" b EPHZ i koky TPk Ky i i

CS Cn3:2 3=2p + C2"3 3=p ]" jjj,, + 20205"3 7:2pjij jij"
+ 20Q‘,“3:2 3:2ij ]ﬂ + 40205--3 7:2Djji JH

1. .
204JH JH"
C =2 3=2p.

2
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In the third step we have usedthe inequalities
k kl " 3:2ij m Cn2 3=2p
and
k k, +"72k k, " P . ¢ P

aswell asjjZijj 2c"?. The fourth step holds for " su cien tly small, and the
last step follows from (31). This completesthe induction and proves(H ) for
every

It follows from (H ) that Z is a Cauchy sequencewith respect to jj fj..
Denote its limit by

By construction and by (H ), the limit satis es

i i 2c% F'()=0; 2im(D,) :
Hence,by (24), the pair
(uv') = (expu( ); (U N(@u+ )

is a solution of (11). Sincejj jj. is nite sois the LP-norm of (@u";rsv’).
Hence,by the standard elliptic bootstrapping argumerts for pseudoholomorphic
curves, the shifted functions u”(s+ ; );Vv'(s+ ;) corvergein the C' topology
on every compact set ass tendsto 1 . Since 2 WP, the limits must be
the periodic orbits x and, moreover, the pair (@u’ (s;t);r sV (s;t)) corverges
to zero, uniformly in t, asstendsto 1 . Hence(u;v') 2 M "(x ;x*;V).
Evidently, ead step in the iteration including the constarts in the estimatesis
invariant under time shift. This provesTheorem 4.1. O

Proof of Theorem 4.3. Fix aconstart p> 2 and anindex oneparabolic cylinder
u2 MPOx ;x*;V). Denotev:= @uand F, := Fq,. Asin the proof of
Theorem 4.1, the map u satis es the estimates(26) and (27). Denote by

T (u)= (u;v) = (exp,(X); (u;X)(@u+ Y))
the solution of (11) constructed in Theorem4.1and let Z := (X;Y). Then
z2im(,); Fu@)=0  §zj. c?

for a suitable constart ¢ > 0. Now suppose(u’;v') 2 M "(x ;x*;V) satis es
the hypothesesof the theorem. This meansthat there is a pair

=(;)2W¥YR ShuTM uTM)
such that

2im(D,) ; Fo()=0, kK n1=2, kk, C:



The di erence
=(% 9=z
satis es the inequalities
k %, "1S2 4 g2 3= g 12 k%  C+c"¥2 2 2C;

provided that " is su cien tly small. Hence, by Corollary 3.4 (with a constant
c1 > 0) and Corollary 4.7 (with a constart ¢, > 0), we have

i %~ cikDy OkO;p;" .
akFy(Z+ O FuZ) dFy(Z) %ope o
+ oo kdF () © dF(0) Koo
e " 2k % o+ kA i G
+ 6" b iz k 0k + "1=2 0k i i

+ac" 7 IPZEG G+ ae” T TPZE

-
ciC 2 + 42 jj Y.+ cac"®2 =2 2 + 2C ji Y.

+ CC]_CQHS:Z 3=2pjij OJH + CZC102|-3 7=2pjji Ojﬂ

1... O... .

P
The last inequality holds when and " are sucien tly small. It follows that
9= 0 and this provesthe theorem. O

5 An apriori estimate

In this sectionwe prove that the solutions of (11) and (6) are all contained in a
xed compact subsetof T M that is independert of ". Recall that the energy
of such a solution is given by

Z, Z,

E'(u;v) = k@uk® + "2kr svk? dtds= Sy(x ) Sv(x*):
10

Theorem 5.1. Fix a constant ¢cp > 0 and a perturbation V : LM | R that
satises (V0) and (V1). Then there is a constant C = C(cp;V) > 0 suchthat
the following holds. If 0< " 1and(u;v) :R S'! TM is a solution of (11)
suchthat .

E (u;v) co; s;JEAV(u(s; Jv(s;)) ¢ (32)

S

then kvk, C:

R
For" = 1and V(x) = 01\/t(x(t)) dt this result was proved by Cieliebak [2,
Theorem 5.4]. His proof combines the 2-dimensional maximum principle and
the Krein-Rutman theorem. Our proof is basedon the following L ?-estimate.
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Prop osition 5.2. Fix a constant ¢o > 0 and a perturbation V: LM ! R that
satis es (VO0) and (V1). Then there is a constant c = ¢(cp; V) > 0 suchthat the
following holds. If 0< " 1land(u;v) :R S'! TM is a solution of (11)
that satis es (32) then z,

sup  jv(s;t)j?dt
s2R 0

Proof. Dene F :R! R by
Z,
F(s):=  jv(s;t)j? dt:
0
We prove that thereisaconstart = (V) > 0 sud that
"FO F% F 41 O (33)
To seethis we abbreviate
L ="@+ @ @; Le:="2rgrs+rery rg

By (11), we have
L-v= r (gradV(u) (34)

and hence
Lot = "2jr gvj? + jr (vj* + hL-v; Vi

= "2jr ovji? + jrvji®  hregradV(u); vi
"2jrvi® + jrvi? C 1+ j@uj jvj

“Zjir ViZ+ jr vi2 C 1+ Vi + "2r Vi jvi (35)
"2 . . . C? "2c2 1
Elr sVJ2 +Jr tV12 > +C+ > JVJ2 >
1
C+C2 jvj* =
V) 5

Here C is the constart in (V1). Integrating this inequality over the interval
0 t 1gives(33)with := 2C+ 2C2. It follows from (33) and Lemma B.3
with f replacedby f + 1= andr := 1=2 that
1 Z s 1
F(s) F(s)+ = 16ce™"* F()+ = d (36)
s 1

for every s 2 R.
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Next we obsene that, by (32), we have

G Av(u(s;);v(s;)) |
' v(s;0i*
2

= hv(s;t); Qu(s;t)i dt  V(u(s;))
0 |
z il t)i2 )
2 JV(S;)J "Zhy(sit);rsv(sit)i dt  V(u(s; )
0
Z, ., . !
' Jiv(s,t)Jz "dir gv(s;t)j? dt  C:
o 4

Here C is the constart in (V0) and we have usedthe fact that @u = v "r gv.
This implies z
1

F(S) 4 co+C+  "Zjrgv(s;t)j® dt
0

for every s 2 R. Integrating this inequality we obtain
z s+1 ;
F()d 8cop + 8C + 8E (u;v) 16¢y + 8C:
s 1
Now the assertionfollows from (36). O

Proof of Theorem 5.1. In the proof of Propaosition 5.2 we have seenthat there
isaconstat = (V) > Osud that every solution (u;v) of (11) with 0< " 1
satis es the inequality

L~ jvj? YE (37)
Now let (so;tg) 2 R St and apply Lemma B.2 with r = 1 to the function
W:R R P;! R;givenby w(s;t) := jv(s+ So;t + to)j* + 1= :

Z. Z,

Msoito)?  2cse V(s + soit+ to)i2+ = dids
1" 1
1 21
12c,e  — + sup jv(s;t)j2 dt
s2R 0
Hencethe result follows from Proposition 5.2. O

6 Gradient bounds

Theorem 6.1. Fix a constant ¢; > 0 and a perturbation V : LM ! R that
satises (VO V3). Then there is a constant C = C(cp;V) > 0 suchthat the
following holds. If 0< " 1land(u;v) :R S'! TM is a solution of (11)
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that satis es (32), i.e. E"(u;v) ¢ and sups, g Av(u(s; );v(s; )) o, then

j@u(s;t)j* + jr sv(s;1)j°
S+1:221 2 2 2 2

+ Jre@Uj® + jr s@uj“ + jrr sVj© + "Zjr or sVj (38)
s 1=2 0

CEES 1;s+1] (U; V)

for all s and t. Here E| (u;v) denotesthe enemgy of (u;Vv) over the domain
| st

Remark 6.2. Note that (38) implies the estimate
p T —
k@u vk, "? CE"(u;v)
for every solution (u;v) : R S'! TM of (11) that satis es (32).

The proof of Theorem 6.1 has v e steps. The rst stepis a bubbling argu-
ment and establishesa weakform of the requiredL* estimate (with @u replaced
by "2@u and r v replacedby "3r sv). The secondstep establishesan L 2-version
of the estimate, namely an estimate for k@Qu(s; )k,_z(sl) + "krgv(s; )k,_z(sl).
The third stepis an auxiliary result of the sametype for the secondderivatives.
The fourth step establishesthe L bound with r v replacedby "r sv. The nal
step then provesthe theorem in full.

Lemma 6.3. Fix a constant cp > 0 and a perturbation V : LM ! R that
satises (VO V1). Then the following holds.

() Forevery > Othereisan"( > 0suchthat everysolution (u;v) : R S!!
M of (11) and (32) with 0< " "¢ satis es the inequality

"Zk@uk, + "*krsvk, : (39)

(i) For every"o > 0 thereis a constant ¢ > 0 suchthat every solution (u; V) :
R S!'! M of (11) and (32) with "y " 1 satises
k@Quk, + krsvk, c:
Proof. We prove (i). Suppose, by cortradiction, that the result is false. Then

there is a sequenceof solutions (u ;v ) : R S*! M of (11) with " > 0
satisfying
!

E" (Uu;v) o supAv(u (s;);v (s;)) cCo; lim " = 0;
s2R 1

and
"Zk@u k, + "3krev k, 2

for suitable constarts ¢ > 0 and > 0. Since(u ;v ) has nite energy the
functions j@Qu (s;t)j and jr v (s;t)j convergeto zero as jsj tends to in nit y.
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Hencethe function j@u j+ " jr sv j takeson its maximum at somepoint z =
s +it ,ie.

C = sup (j@u j+" jrsvj)=j@u (st )i+ " jrsv (s ;t)]
R st

and

"2¢ ; (40)

Applying atime shift and using the periodicity in t we may assumewithout loss
of generality that s = 0and0 t 1.
Now considerthe sequence

W = (o ;v):R%2! TM
de ned by

t

S S t
o (s;t)i=u —;t + v(s;t)="v —t + —
(sit) it (sit) it s

This sequencesatis es the partial di erential equation

: rsv+@u=..gcv; (41)

B rw = —
Q@ t c

where
(sit) ;= gradV(u (s=c; ))(t +t="C)2 Ty (s)M:
By de nition of ¢ we have
j@u (Ot )j+jrsw (Ot )j=1 (42)
and
j@u (s;)j+jrsw (sit)] 1

for all s and t. Sincejw j is uniformly bounded, by Theorem 5.1, and j | is
uniformly bounded, by axiom (VO0), it then follows from (41) that & and v
are uniformly boundedin C*. Moreover, it follows from (V1) that

oS0 s 1+J@u (sseit 1 C) =C @ (sit)
and
: . C :
irs (s;t)j . j@u (s=c;t +t=" c)j+ k@u (s=c; )kLl(Sl) 2C:
Since the sequencel="?c is bounded, by (40), it now follows from (41) that
@t ryv andrgv + @a are uniformly boundedin C!, and hencein WP
for any p> 2 and on any compact subsetof R?. Sincet and v are uniformly

boundedin C1, this implies that they are also uniformly boundedin W 2P over
every compact subsetof R?, by the standard elliptic bootstrapping techniques

24



for J-holomorphic curves (see[16, Appendix B]). Hence, by the Arzela{Ascoli
theorem, there is a subsequencehat corvergesin the C! topology to a solution
(w; w) of the partial di erential equation

@y riv=0; rsv+ @Qu= v

where = lim ;; 1="2c . Sincev is uniformly boundedand" ! 0 we have
v 0 and sou is constart. On the other hand it follows from (42) that (u;w)
is nonconstart; contradiction. This proves(i).

The proof of (ii) is almost word by word the same,exceptthat " no longer
convergesto zero while ¢ still divergesto innit y. Sothe limit w = (&;¥) :
C! TM =T M is a J-holomorphic curve with nite energyand, by removal
of singularities, extendsto a nonconstart J-holomorphic spherew : S2! T M,
which cannot exist sincethe symplectic form on T M is exact. O

The secondstepin the proof of Theorem 6.1is to prove an integrated version
of the estimate with r v replacedby "r sv.

Lemma 6.4. Fix a constant co > 0 and a perturbation V : LM ! R that
satises (VO V2). Then there is a constant C = C(cp;V) > 0 suchthat the
following holds. If 0< " 1land(u;v) :R S'! TM is a solution of (11)
that satis es (32) then, for everys 2 R,

YA 1
j@u(s;t)j% + "2jr sv(s;t)j? dt
0
Zon=aZa 2 2 2 2 (43)
+ ire@uj” + "2jr s@uj” + "2 r Vit + "t or sVj
s 1=4 0

CEES 1=2:5+1 =21 (U; V)

Corollary 6.5. Fix a constant ¢y > 0 and a perturbation V : LM ! R that
satises (VO V?2). Then there is a constant C = C(cp; V) > 0 suchthat the
following holds. If 0< " 1land(u;v) :R S'! TM is a solution of (11)
that satis es (32), then

z S+l:4Z 1

. .2 i
Irsv) CEls 1225541 =2 (U; V)
s 1=4 0

for everys 2 R.

Proof. Sincersv = r{@u + "?rsrgv this estimate follows immediately from
Lemma 6.4. O

Proof of Lemma6.4. De ne the functionsf;g: R S'! R by

fi= 2 j@uj®+ "2jr ovj”

NI =

and

9:=