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0 Introduction 25.10.2006

0 Introduction

Remark: Functional Analysis can be viewed as a combination of linear alge-
bra and topology:

Linear Algebra Topology Functional Analysis
vector spaces metric spaces normed vector spaces
linear maps continuous maps continuous linear maps
subspaces closed subsets closed subspaces

The vector spaces concerned in Functional Analysis generally have in�nite di-
mension.
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1 Basic Notions 25.10.2006

1 Basic Notions

1.1 Finite dimensional vector spaces

De�nition: A normed vector spaceis a pair (X; k � k) where X is a vector
space (we consider only real spaces) andX ! [0; 1 ); x 7! k xk is a norm, i.e.

1. kxk = 0 () x = 0

2. k�x k = j� j � kxk 8x 2 X; � 2 R

3. kx + yk � k xk + kyk 8x; y 2 X

Remark: A norm induces ametric on the vector space, byd(x; y) := kx � yk.

De�nition: A Banach spaceis a complete normed vector space (X; k:k), i.e.
every Cauchy sequence in (X; d ) converges.

De�nition: Two norms k � k1; k � k2 on a real vector spaceX are calledequiv-
alent, if

9c > 0 8x 2 X :
1
c

kxk1 � k xk2 � ckxk1:

Example:

1. X = Rn ; x = ( x1; : : : ; xn ) 2 Rn

kxkp :=

 
nX

i =1

jx i jp
! 1

p

; 1 < p < 1

kxk1 := max fj x i j j 1 � i � ng

2. (M; A ; � ) measure space

L p(� ) = f f : M ! R j f measurable;
Z

M
jf jpd� < 1g =�

where � means equal almost everywhere.

kf kp :=
� Z

M
jf jpd�

� 1
p

; 1 � p < 1

(L p(� ); k � kp) is a Banach space, and ifM = f 1; : : : ; ng we get Example
1.

3. Let M be a locally compact and hausdor� topologic space.

Cc(M ) := f f : M ! R j f is continuous and has compact supportg

kf k1 := sup
m 2 M

fj f (m)jg

Combine 2. and 3.:

Let B � 2M be the Borel � -Algebra and � : B ! [0; 1 ] a Radon measure.
Then one can de�nekf kp; kf k1 for all f 2 Cc(M ). These two norms are
not equivalent, because there are Cauchy sequences converging ink � k1

which are not convergent in k � kp, e.g.

f n : R ! R; f n =

( �
1
n

� 1
p x 2 [0; n]

0 otherwise
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4.
X = Ck

b (Rn ) = f f : Rn ! R j f 2 Ck and

sup
x 2 Rn

j@� f (x)j < 18 � = ( � 1; : : : � n ) 2 Nn g

kf kck := sup
j � j� k

sup
x 2 Rn

j@� f (x)j = sup
j � j� k

k@� f k1

with j� j := � 1 + : : : + � n .
The normed vector space (Ck

b (Rn ); k:kck ) is called Sobolev space.

Lemma 1: Let X be a �nite dimensional vector space.
) Any two norms on X are equivalent.

Proof: w.l.o.g. X = Rn

Let e1; : : : ; en 2 X be the standard basis ofX .
Let Rn ! R : x 7! k xk be any norm and

c :=

vu
u
t

nX

i =1

kei k2

) k xk = k
nX

i =1

x i ei k (1)

�
nX

i =1

kx i ei k (2)

=
nX

i =1

jx i jkei k by Cauchy-Schwarz (3)

�

vu
u
t

nX

i =1

x2
i

vu
u
t

nX

i =1

kei k2 (4)

= ckxk2 (5)

That proves one half of the inequality.
It follows that the function Rn ! R : x 7! k xk is continuous with respect to the
Euclidian norm on Rn :

jkxk � k ykj � k x � yk � ckx � yk2

The set Sn := f x 2 Rn j kxk2 = 1g is compact with respect to the Euclidian
norm.

) 9 x0 2 S8x 2 Sn : kxk � k x0k =: � > 0

) 8 x 2 Rn :
x

kxk2
2 Sn

and so 








x
kxk2








 � �

and therefore
kxk � � kxk2

Which is the other half of the inequality. 2

Lemma 2: Every �nite dimensional vector space (X; k � k) is complete.

Proof: True for ( Rn ; k � k2).
) true for Rn with any norm.
) true for any �nite dimensional vector space. 2
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Lemma 3: Let (X; k � k) be any normed vector space andY � X a �nite
dimensional linear subspace.
) Y is a closed subset ofX .

Proof: Y is a �nite dimensional normed vector space.
Lemma 2) Y is complete.

(yn )n 2 N � Y; lim
n !1

yn = y 2 X

Y complete
) y 2 Y

) Y is closed. 2

Theorem 1: Let (X; k:k) be a normed vector space andB := f x 2 X j kxk � 1g
be the unit ball. Then

dim(X ) < 1 () B is compact.

Proof of Theorem 1, \ ) ": Let e1; : : : ; en be a basis ofX and de�ne
T : Rn ! X by T � :=

P n
i =1 � i ei

) The function Rn ! R : � 7! k T � k is a norm on Rn

Lemma 1) 9 c > 0 8� 2 Rn : max
i =1 ;:::;n

j� i j � ckT � k

Let (x � ) � 2 N 2 B be any sequence and denote� � = ( � �
1 ; : : : ; � �

n ) := T � 1x �

) j � �
i j � ckT � � k = ckx � k � c

Heine-Borel) (� � ) � 2 N has a convergent subsequence (� � k )k2 R;� 1 <� 2 <:::

) (� � k
i )k2 N converges inR for i = 1 ; : : : ; n

) x � k = � vk
1 e1 + : : : + � � k

n en converges; soB is sequentially compact.
We use that on metric spaces sequential compactness and compactness de�ned
by existence of �nite subcoverings are equivalent; that will be proven in Theorem
2. 2

Lemma 4: 0 < � < 1, (X; k � k) a normed vector space,Y ( X a closed
subspace.

) 9 x 2 X so that kxk = 1 ; inf
y2 Y

kx � yk > 1 � �

Proof: Let x0 2 X n Y . Denote

d := inf
y2 Y

kx0 � yk > 0

(d > 0 becauseY is closed.) 9y0 2 Y so that kx0 � y0k < d
1� �

Let x := x 0 � y0
kx 0 � y0 k ) k xk = 1

kx � yk =










x0 � y0

kx0 � y0k
� y








 =

1
kx0 � y0k

kx0 � y0 � k x0 � y0kyk
| {z }

2 Y| {z }
� d

�
d

kx0 � y0k
> 1 � �

2
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Proof of Theorem 1, \ ( ": Suppose dim(X ) = 1
We construct a sequencex1; x2 : : : in B so that

kx i � x j k �
1
2

8i 6= j

Then (x i ) i 2 N has no convergent subsequence.
We construct by induction sets f x1; : : : ; xn g � B so that kx i � x j k � 1

2 8i 6= j

n = 1: pick any vector x 2 B .

n � 1: Supposex1; : : : ; xn have been constructed.

De�ne

Y := spanf x1; : : : ; xn g =

(
nX

i 1

� i x i

�
�
�
�
�

� i 2 R

)

( X

) Y is closed.
So by Lemma 49xn +1 2 X so that

kxn +1 k = 1 ; kxn +1 � yk �
1
2

8y 2 Y

) k xn +1 � x i k �
1
2

8i = 1 ; : : : ; n

This completes the inductive construction of the sequence. 2

1.2 Linear Operators

(X; k � kX ); (Y;k � kY ) normed vector spaces.

De�nition: A linear operator T : X ! Y is called boundedif 9c > 08x 2 X :
kT xkY � ckxkX

The number kTk := supx 2 X;x 6=0
kT x kY

kx kX
is called the norm of T.

Notation : L (X; Y ) := f T : X ! Y j T is a bounded linear operatorg is a
normed vector space, and complete wheneverY is complete. (Analysis II)

Lemma 5: T : X ! Y linear operator. Equivalent are

i. T is bounded

ii. T is continuous

iii. T is continuous at 0.

Proof: i. ) ii. kT x � T ykY � k Tkkx � ykX ) Lipschitz continuous
ii. ) iii. trivial
iii. ) i. " = 1 ) 9 � > 0 8x 2 X :

kxkX � � ) k T xkY � 1

0 6= x 2 X )










�x
kxkX










X
= �

)










�T x
kxkX










Y
� 1

) k T xkY �
1
�|{z}
c

kxkX

2
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Lemma 6: Let X; Y be normed vector spaces of �nite dimension) every
linear operator T : X ! Y is bounded.

Proof: Choose a basise1; : : : en 2 X .

a)

c1 :=
nX

i =1

kT e1kY

b) The map

Rn ! R : (x1; : : : xn ) !












nX

i =1

x i ei












X

is a norm on Rn . By Lemma 1, 9c2 > 0 so that

max
i =1 ;:::n

jx i j � c2












nX

i =1

x i ei












X

8(x1; : : : xn ) 2 Rn

a)&b) ) 8 x =
P n

i =1 x i ei 2 X we have

kT xkY =












nX

i =1

x i T ei












Y

�
nX

i =1

jx i j � kT ei kY

� (max
i

jx i j) �
nX

i =1

kT ei kY = ci max jx i j < c 1c2kxkX

2

What for in�nite dimensions?

1.3 In�nite dimensional vector spaces

Example 1: Let X = C1([0; 1];X ), kxkX := sup0� t � 1 jf (t)j, Y = R and
T x := _x(0). T is linear and not bounded. This is not a Banach space.

Example 2: X in�nite dimensional.
9f ei gi 2 I basis ofX with kei k = 1 8i 2 I (the axiom of choice is needed to prove
this for any vector space).
Choose sequencei 1; i 2; : : :

De�ne ci :=
�

k; i = i k

0; i =2 f i 1; i 2; : : :g
De�ne T : X ! R by

T
� X

i 2 I

� i ei

| {z }
�nite sum

�
=

X

i 2 I

� i ci

T ei k = � i k = k

We found three incidences where �nite and in�nite dimensional space di�er:

� Compactness of the unit ball (see Theorem 1)

� Completeness (see Lemma 2)

� Boundedness of Linear Functionals (see Lemma 6 and Example 1)

De�nition: A metric space (M; d) is called totally bounded if

8" > 0 9x1; : : : ; xm 2 M : M =
m[

i =1

B " (x i )

where
B " (x) := f x0 2 M j d(x; x 0) < " g

6
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Theorem 2: Let (M; d) be a metric space. Equivalent are:

i. Every sequence has a convergent subsequence (sequential compactness).

ii. Every open cover has a �nite subcover (compactness).

iii. ( M; d) is totally bounded and complete.

Proof: i. ) ii.:
T (M; d) � 2M set of open subsets ofM .
Let U � T (M; d) be an open cover ofM .

Step 1
9" > 0 8x 2 M 9U 2 U so that B " (x) � U

Suppose8" > 0 9x 2 M 8U 2 U so that B " (x) 6� U.
Pick " = 1

n
) 9 xn 2 M 8U 2 U : B 1

n
(xn ) 6� U

By i. 9 convergent subsequencexn k ! x 2 M .
ChooseU 2 U so that x 2 U; choose" > 0 so that B " � U.
Choosek so that d(x; x n k ) < "

2 and 1
n < "

2 .

) B 1
n k

(xn k ) � B "
2
(xn k ) � B " (x) � U

) contradiction.

Step 2 U has a �nite subcover.
Suppose not.
Let " > 0 be as in Step 1.
Construct sequencesx1; x2; : : : 2 M and U1; U2; : : : 2 U so that

B " (xn ) � Un and xn =2 U1; : : : Un � 1

xn can be chosen like that because otherwise theU1; : : : Un � 1 would form a �nite
subcover.
Pick any x i 2 M .
By Step 1 9Ui 2 U so that B " (x i ) � Ui .
Supposex1; : : : ; xn and U1; : : : ; Un have been found.
) U1 [ U2 [ : : : [ Un 6= M
) xn +1 2 M n (U1 [ U2 [ : : : [ Un )
By Step 1 9Un +1 2 U so that B " (xn +1 ) � Un +1

Given the sequences (xk )k2 N; (Uk )k2 N we observe:
For k < n : B " (xk ) � Uk ; xn =2 Uk

So d(xn ; xk ) � "
) d(xk ; xn ) � " 8k 6= n
) There is no convergent subsequence.

ii. ) iii.:
Assume every open cover has a �nite subcover.

a. Take
U := f B " (x) j x 2 M g

Then 9x1; : : : xm 2 M so that

m[

i =1

B " (x i ) = M

So M is totally bounded.

7



1 Basic Notions 26.10.2006

b. (M; d) is complete:
Let (xn )n 2 N be a Cauchy sequence.
Assume (xn )n 2 N does not converge.
) (xn ) has no convergent subsequence.
) (xn ) has no limit point.
) 8 � 2 M 9"(� ) > 0 so that the set f n 2 N j xn 2 B " ( � ) (� )g is �nite.
Take U := f B " ( � ) (� ) j � 2 M g.
Then U has no �nite subcover.

iii. ) i.:
Assume (M; d) is totally bounded and complete.
Let (xn )n 2 N be any sequence inM .
Claim: There is a sequence of in�nite subsets

N � T0 � T1 � : : :

such that d(xn ; xm ) � 2� k 8xn ; xm 2 Tk .
Cover M by �nitely many balls

m[

i =1

B 1
2
(� i ) = M

) 9 i so that the set f n 2 N j xn 2 B 1
2
(� i )g =: T0 is in�nite.

Then 8n; m 2 T0 we have

d(xn ; xm ) � d(xn ; � i ) + d(� i ; xm ) < 1

SupposeTk � 1 has been constructed.
Cover M by �nitely many balls

M =
m[

i =1

B 1
2k +1

(� i )

Then 9i so that the set

Tk := f n 2 Tk � 1 j xn 2 B 1
2k +1

(� i )g

is in�nite.
) 8 n; m 2 Tk :

d(xn ; xm ) < d (xn ; � i ) + d(� i ; xm ) <
1
2k

Claim ) 9 convergent subsequence.
Pick n1 < n 2 < : : : so that nk 2 Tk .
) nl ; nk 2 Tk 8l � k
) d(xn k ; xn l ) � 1

2k 8l � k
) The sequence (xk )k2 N is Cauchy.
M complete

) The sequence converges. 2

1.4 The Theorem of Arzela-Ascoli

De�nition: (M; d) metric space. A subsetD � M is called denseif

8x 2 M 8" > 0 : B " (x) \ D 6= ?

De�nition: A metric space (M; d) is called separableif it contains a countable
dense subset.

Corollary: Every compact metric space (M; d) is separable.

8
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Proof: Given n 2 N.

9� 1; : : : � n 2 M : M =
n[

i =1

B 1
n

(� i )

De�ne
Dn := f � 1; : : : � n g

De�ne

D =
1[

i =1

Dn � M

D is countable.
Given x 2 M; " > 0, pick n 2 N so that 1

n < " .
Then 9� 2 Dn so that x 2 B 1

n
(� ).

) x 2 B " (� ); � 2 D ) B " (x) \ D 6= ?

So D is dense. 2

Exercise: (X; d X ) compact metric space, (Y; dY ) complete metric space and

C(X; Y ) := f f : X ! Y j f continuousg

d(f; g ) := sup
x 2 X

dY (f (x); g(x)) < 1 8 f; g 2 C(X; Y )

Show that (C(X; Y ); d) is a complete metric space.
This is exercis 1a) on Series 2.

De�nition: A subset F � C(X; Y ) is called equicontinuous if

8" > 0 9� > 0 : 8x; y 2 X 8f 2 F : dX (x; x 0) < � ) dY (f (x); f (x0)) < "

Theorem 3 (Arzela-Ascoli): (X; d X ) compact metric space and (Y; dY )
complete metric space,F � C(X; Y ).
Equivalent are:

i. F is compact.

ii. F is closed, equicontinuous andF (x) := f f (x) j f 2 Fg � Y is compact
for every x 2 X .

Proof: i. ) ii.:

� F is closed (every compact set in a metric space is closed).

� Fix x 2 X . Then the evaluation map evx : F ! Y;evx (f ) := f (x) is
continous. So evx (F ) = F (x) is compact.

� Pick " > 0. 9f 1; : : : ; f m 2 F so that F �
S m

i =1 B " (f i )
Choose� > 0 so that 8i8x; x 0 2 X :

dX (x; x 0) < � ) dY (f i (x); f i (x0)) < "

Given f 2 F choosei so that d(f; f i ) < " . Now for x; x 0 with dX (x; x 0) < � :

dY (f (x); f (x0)) � d(f (x); f i (x))
| {z }

<"

+ d(f i (x); f i (x0)
| {z }

<"

+ d(f i (x0); f (x0))
| {z }

<"

< 3"

ii. ) i.:

9
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To Show: F is compact. Let f n 2 F be any sequence.
We know that X is separable, i.e. there is countable dense subsetD � X with
D in the form D = f x1; x2; : : :g.

Claim 1 There is a subsequencegi := f n i so that the sequencegi (xk ) 2 Y
converges asi ! 1 for every k 2 N.

Proof of Claim 1 F (x i ) is compact and f n (x1) 2 F (x i ). Thus there is a
subsequence (f n 1 ;i ) i so that (f n 1 ;i (x1)) i converges. By the same argument there
is a subsequence (f n 2 ;i ) i of (f n 1 ;i ) i so that (f n 2 ;i (x2)) i converges.
Induction: There is a sequence of subsequences (f n k;i )1

i =1 so that

� (f n k;i (xk ))1
i =1 converges asi ! 1 .

� (f n k +1 ;i )1
i =1 is a subsequence of (f n k;i ) i for every k 2 N.

De�ne gi := f n i;i , that is the Diagonal sequence construction. This satis�es
gi (xk ) converges for allk 2 N as i ! 1 . But we want more: Namely, conver-
gence in the whole ofX , not only D , and uniform convergence.

Claim 2: (gi ) i is a Cauchy sequence inC(X; Y ).
With Claim 2:
SinceC(X; Y ) is complete the sequencegi converges. SinceF is closed, its limit
belongs toF .

Proof of Claim 2:

� Choose" > 0 and � > 0 as in the de�nition of equicontinuity, i.e.

Condition 1 8x; x 0 2 X 8f 2 F : dX (x; x 0) < � ) dY (f (x); f (x0)) < "

� SinceD is dense inX we have

X =
1[

k=1

B � (xk )

By Theorem 2

Condition 2 9m 2 N : X =
m[

k=1

B � (xk )

� Since (gi (xk ))1
i =1 is Cauchy for everyk 2 f 1; : : : ng:

Condition 3 9N 2 N8i; j > N 8k 2 f 1; : : : mg : dY (gi (xk ); gj (xk )) < "

We prove: i; j � N ) d(gi ; gj ) < 3" . Remember that

d(gi ; gj ) := sup
x 2 X

dY (gi (x); gj (x))

Fix an element x 2 X .

By Condition 2 9k 2 f 1; : : : ng so that dX (x; x k ) < � .

By Condition 1

Condition 4
8i 2 N : dY (gi (x); gi (xk )) < "

i; j � N ) dY (gi (x); gj (x)) �

dY (gi (x); gi (xk )) + dY (gi (xk ); gj (xk )) + dY (gi (xk ); gj (x))

And this is, by Condition 3 and 4, smaller than " + " + " = 3 " .

2

Looking closely at the proof, one can weaken the three condition of the theorem
of Arz�ela-Ascoli.

10
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Theorem 3' (Arz�ela-Ascoli revisited): Let (X; d X ) be compact, (Y; dY )
complete metric spaces andF � C(X; Y ). Equivalent are

(i) F has a compact closure.

(ii) F is equicontinuous andF (x) � Y has a compact closure8x 2 X .

Proof : F is the closure ofF in C(X; Y ). From (i) it follows that F (x) =
F (x)8x 2 X .

� F (x) � F (x) is always true and an exercise.

� F (x) � F (x). Proof:

Let y 2 F (x) ) 9 sequenceyk 2 F (x); yk ! y.

) 9 f k 2 F so that f k (x) = yk .

) f k has a convergent subsequencef k i ! f 2 C(X; Y ) where f k i 2 F
and f 2 F .

So y = f (x) 2 F (x).

\(i) ) (ii)" F is equicontinuous by Theorem 4 forF .
F (x) = F (x) which is compact by Theorem 3.
\(ii) ) (i)" Claim 1 and Claim 2 in Theorem 3 only use (ii) in Theorem 3. So
every sequence inF has a Cauchy subsequence. 2

Lemma 7: Let (M; d) be a complete metric space,A � M any subset. Equiv-
alent are

(i) A has a compact closure.

(ii) Every sequence inA has a Cauchy subsequence.

Proof: \(i) ) (ii)" follows directly from the de�nitions.
\(ii) ) (i)". Let xn 2 A be any sequence) 9 an 2 A so that d(xn ; an ) < 1

n .
) 9 Cauchy subsequence (an i )

1
i =1 . ) (xn i )

1
i =1 is Cauchy. Because (M; d) is

complete ) (xn i ) converges (to another element ofA). 2

Special case: Y = Rn , (X; d X ) compact metric space. X = C(X; Rn ) is a
normed vector space.

kf k := sup
x 2 X

jf (x)jRn

Theorem 4': Let F � C(X; Rn ). Equivalent are

(i) F has a compact closure.

(ii) F is equicontinuous and bounded.

Proof: Theorem 3' (A subset of Rn has a compact clousre if and only if it is
bounded). So condition (ii) in Theorem 4' implies Condition (ii) in Theorem 3'
with Y = Rn . Moreover an unbounded subset ofC(X; Rn ) cannot be compact.
2

Theorem 4: Let F � C(X; Rn ). Equivalent are

(i) F is compact.

(ii) F is closed, bounded and equicontinuous.

11
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Proof: Corollary of Theorem 4'. 2

This again highlights the di�erence between �nite and in�nite dimensional vec-
tor spaces, as far as compactness is concerned.

1.5 The Baire Category Theorem

Example for an open and dense set: Q � R. Let Q = f x1; x2; : : :g. Let

U :=
1[

k=1

�
xk �

"
2k ; xk +

"
2k

�

� Leb (U) �
1X

k=1

2"
2k = 2"

U is open and dense.

Theorem 5: Let (M; d) be a complete metric space.

(i) If U1; U2; U3; : : : � M is a sequence of open and dense subset then

D :=
1\

i =1

Ui

is dense in M.

(ii) M 6= ? and A1; A2; A3; : : : � M is a sequence of closed subsets so that

M =
1[

i =1

A i

Then 9i so that A i contains an open ball.

Example:

1. M = R =
S

x 2 Rf xg and R complete; soR uncountable.

2. M = Q =
S

x 2 Qf xg is not complete.

The proof is not so hard. It depends on one ingenious observation which has
many important consequences.

Proof:

(i) Let x 2 X and " > 0. To show: B " (x) \ D 6= ? .
Let B := B " (x) = f y 2 M j d(x; y) < " g. SinceUi is denseB \ Ui 6= ? . Choose
x1 2 B \ U1. B \ U1 open ) 9 "1 > 0; "1 � 1

2 so that

B " 1 (x1) � B \ U1

Since U2 is dense,B " 1 (x1) \ U2 6= ? . Choosex2 2 B " 1 (x1) \ U2. Because
B " 1 (x) \ U2 is open,9x2 > 0 so that

B " 2 (x2) � B " 1 (x1) \ U2

and 0 < " 2 � 1
4 .

By Induction one gets a sequence

xk 2 M; 0 < " k �
1
2k

so that
B " k (xk ) � B " k � 1 (xk � 1) \ Uk

12
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In particular xk 2 B " k � 1 (xk � 1), i.e.

d(xk ; xk � 1) < " k � 1 �
1

2k � 1

Soxk is a Cauchy sequence inM , which converges, becauseM is complete. Let
x � := lim k !1 xk . Note:

B " 1 (x1) � B " 2 (x2) � B " 3 (x3) � : : :

So x ` 2 B " k (xk )8` � k and thus x � 2 B " k (xk ) � Uk 8k.
So x � 2 D =

T 1
k=1 Uk . Also x � 2 B " i (x i ) � B so B \ D 6= ? .

(ii) Let Ui := M n A i , open. Suppose (by contradiction) that A i does not
contain any open ball for every i . So Ui is open and dense. By (i)

T 1
i =1 Ui is

dense; thusM n
S 1

i =1 A i 6= ? ) M 6=
S 1

i =1 A i . 2

Reminder Let A � M , then A � =int( A) = f x 2 M j 9" > 0 such that B " (x) �
Ag is the interior of A.

De�nition:

� Let (M; d) be a metric space. A � M is called nowhere denseif A has
empty interior.

� A � M is said to be of1st category in the sense of Baire ifA =
S 1

i =1 A i ,
where A i � M is nowhere dense.

� A � M is said to be of2nd category if it is not of the 1st category.

� A � M is called residual if M n A is of the 1st category.

Notation: cat( A) = 1 or 2.

Example:

� Z � R is nowhere dense.

� Q � R is of the 1st category.

Rules:

1. If A � B : cat(B ) = 1 ) cat(A) = 1

2. cat(A) = 2 ) cat(B ) = 2

3. A =
S 1

i =1 A i ; cat(A i ) = 1 ) cat(A) = 1

Lemma 8: (M; d) complete metric space,R � M . Equivalent are:

(i) R is residual

(ii) R �
T 1

i =1 Ui with Ui open, dense.

Proof:

(i) ) (ii) R residual, A := M n R ) cat(A) = 1

) A =
1[

i =1

A i �
1[

i =1

A i

where A i is nowhere dense. ThenUi := M n A i is open and dense.

) R = M n A � M n
� 1[

i =1

A i

�
=

\ �
M n A i

�
=

\
Ui

13
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(ii) ) (i) Assume Ui � M open, dense and
T 1

i =1 Ui � R

A := M n R ) R = M n
\

Ui =
[

(M n Ui )

with M n Ui nowhere dense8i 2 N ) cat(A) = 1.

2

Theorem 6 (Baire Category Theorem): Let (M; d) be a complete metric
space andM 6= ? . Then

(i) cat( M ) = 2

(ii) If A � M , then cat(A) = 1 ) cat(M n A) = 2

(iii) If A � M , then cat(A) = 1 ) M n A is dense

(iv) ? 6= U � M open ) Cat(U) = 2

(v) A =
S 1

i =1 A i , A i closed with A �
i = ? ) A � = ?

(vi) U =
T 1

i =1 Ui with Ui � M open and dense) U is dense inM

Proof:

(i) Suppose cat(M ) = 1 ) M =
S 1

i =1 A i =
S 1

i =1 A i

A i is nowhere dense) (by Thm 5) one of the A i contains an open ball.
Contradiction.

(ii) cat( M n A [ A) = cat( M ) = 2 ) cat(M n A) = 2 using the above rules.

(iii) Lemma 8 and Theorem 5 (ii)

(iv) U � M open, nonempty) U contains an open ball) M nU is not dense.
) cat(U) = 2

(v) A =
S 1

i =1 A i closedA �
i = ? ) cat(A) = 1 ) (by (iv)) A does not contain

an open ball ) A � = ?

(vi) Theorem 5 (i)

2

Exercise: Even if (M; d) is not complete, we have (iii), (iv) , (v) , (vi) An
Application of Baire's theorem is the following

Theorem 7 (Banach 1931):

R := f f : [0; 1] ! R j f is continuous and nowhere di�erentiableg

is residual in C([0; 1]).

Proof: Denote

Un :=

8
><

>:
f 2 C([0; 1])

�
�
�
�
�
�
�

sup
0< jh j� 1

t + h2 [0;1]

�
�
�
�
f (t + h) � f (t)

h

�
�
�
� > n 8t 2 [0; 1]

9
>=

>;

Claim 1 R �
T 1

i =1 Un

Claim 2 Un is open! . Exercise.

14
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Claim 3 Un is dense.

Proof of Claim 3 Fix n 2 N. Let g 2 C([0; 1]) and " > 0.
To show: B " (g) \ Un 6= ?
By Weierstrass there is a polynomialp : R ! R such that

kg � pk = sup
t 2 [0;1]

jg(t) � p(t)j < "= 2

We must �nd an f 2 Un such that kf � pk < "= 2.
Trick: De�ne z : R ! R by z� (t) := �z ( t

� 2 )
j _z(t)j = 1 and jz� (t)j = 1

�
Idea: Choosef (t) = p(t) + z� (t) then kf � pk = kz� j = �

�
�
�
�
f (t + h) � f (t)

h

�
�
�
� �

�
�
�
�
z(t + h) � z(t)

h

�
�
�
�

| {z }
� 1

� if h is small

�

�
�
�
�
p(t + h) � p(t)

h

�
�
�
�

| {z }
� sup t 2 [0 ; 1] j d

dt p( t ) j=: c

�
1
�

� c > n if � is small ) f 2 Un

Proof of Claim 2 See Zehnder's notes. 2

1.6 Dual spaces

Let (X; k � k) be a Banach space. Three examples for dual spaces:

Example 1: If X = H is a Hilbert space, i.e. there is an inner product
H � H ! R : (x; y) 7! hx; yi so that

kxk =
p

hx; x i

Each x 2 H determines a bounded linear functional �x : H ! R via

(1) � x (y) := hx; yi

The map H ! H � : x 7! � x is a Banach space isometry, i.e. a bilinear map
preserving the norms, soH �= H � . The di�cult part of the proof is that (1) is
onto (Proof in Measure and Integration).

Example 2: Let (M; A ; � ) be a � -�nite measure space and

X = L p(� ) =
n

f : M ! R
�
�
�
Z

M

jf jp d� < 1
o.

�

and

kf kp =

0

@
Z

M

jf jp d�

1

A

1
p

; 1 � p < 1

In the measure and integration course it was shown that

X � �= L q(� ); 1 < q � 1 ;
1
p

+
1
q

= 1

More precisely the map

L q(� ) ! L p(� ) � : g 7! � g

� g(f ) :=
Z

M

fg d�

15
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is a Banach space isometry.
Again it's easy to prove that

kgkq = k� gk = sup
06= f 2 L p

�
�
�
�
R

M
fg d�

�
�
�
�

kf kp

and the hard part is that

8� 2 L p(� ) � : 9g 2 L q(� ) so that � = � g.

Proof in Measure and Integration.

Example 3: Let (M; d) be a compact metric space. ConsiderX = C(M ) =
f f : M ! R j f is continuousg. Let

kf k := sup
p2 M

jf (p)j

That X is a Banach space is already known from Analysis I & II.

X � = f All real Borelmeasures onM g =: M

Let B � 2M be the Borel � -Algebra and a � -additive � : B ! R a real (Borel)
measure.
De�ne ' � : C(M ) ! R by

' � (f ) :=
Z

M

f d�

Easy: ' � is bounded andk' � k = k� k = j� j(M ).
The map M ! C(M ) � : � ! ' � is linear. But why is this map surjective?

Exercise with Hints:

1. U � M open ) U is � -compact.

U =
1[

n =1

K n ; K n := f x 2 M j B 1
n

(x) � Ug

2. Every �nite Borel measure � : B ! [0; 1 ) is a Radon measure because of
1.

3. Riesz Representation Theorem

' : C(M ) ! R

positive linear functional, i.e. if f 2 C(M ) and f > 0 ) ' (f ) > 0, e.g.

' (f ) =
Z

M

f d�

4. For every bounded linear functional ' : C(M ) ! R there are two positive
linear functionals ' � : C(M ) ! R, s.t. ' = ' + � ' � .

Hint: For f > 0 de�ne

 (f ) := sup f ' (f 1) � ' (f 2) j f 1 + f 2 = f; f 1; f 2 2 C(M ); f 1 � 0; f 2 � 0g

 (f ) 2 R+
0 . Claim:  (f + g) =  (f ) +  (g).

For f : M ! R continuous de�ne f � (x) := max f� f (x); 0g ) f = f + �
f � , f � continuous and nonnegative.

De�ne  (f ) :=  (f + ) �  (f � ).

To show:  : C(M ) ! R is bounded and linear.

f � 0 )  (f ) � j ' (f )j; ' � :=
1
2

( � ' )

' � are positive.

16
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De�nition: Let (M; d) be a metric space. Acompletion of (M; d) is triple
(M � ; d� ; � ) where

1. (M � ; d� ) is a complete metric space

2. � : M ! M � is an isometric embedding i.e.
d� (� (x); � (y)) = d(x; y) 8x; y 2 M

3. The image�(M ) is dense subset ofM � .

De�nition: (M 1; d1); (M 2; d2) metric spaces
A map � : M 1 ! M 2 is called an isometry, if it is bijective
and d2(� (x); � (y)) = d1(x; y) 8x; y 2 M:

Theorem 8:

(i) Every metric space (M; d) admits a completion.

(ii) If ( M 1; d1; �1) and (M 2; d2; �2) are completions of (M; d), then there exists
a unique isometry � : M 1 ! M 2 such that � � �1 = �2

M
� 1 //

� 2

  BB
BB

BB
BB

M �
1

'

��
M �

2

Proof:

(i) Uniqueness ! Exercise, the standard uniqueness proof for objects with
universal property.

(ii) Existence

Construction 1 M � := f Cauchy sequence in Mg=�

(xn ) � (yn ) , limn !1 d(xn ; yn ) = 0
�(x) := f [(xn )] where x i = x 8i 2 Ng

d� ([(xn )]; [(yn )]) := lim n !1 d(xn ; yn ).

See Topology lecture.

Construction 2 Let BC (M; R) := f f : M ! R j f is continuous and boundedg
and kf k = supx 2 M jf (x)j.

Fact: BC (M; R) is a banach space.

Fix a point x � 2 M . For every x 2 M de�ne the function f x : M ! R by
f x (y) := d(x; y) � d(x � ; y)

(a) f x is continuous.

(b) f x is bounded becausejd(x; y) � d(x � ; y)j � d(x; x � ).

(c) i : M ! BC (M; R) : x ! f x is an isometric embedding.
For all x; x 0 2 M we have:

d(f x ; f x 0) = kf x � f x 0k (6)

= sup
y2 M

jf x (y) � f x 0(y)j (7)

= sup
y2 M

jd(x; y) � d(x0; y)j (8)

= d(x; x 0) (set y = x0) (9)

Now de�ne M � := closure(f f x j x 2 M g) in B (M; R), d(f; g ) :=
kf � gk and �(x) := f x .

2
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Exercise: The completion of a normed vector space is a Banachspace. Hints:
Let (X; k � k) be a normed vector space and de�ne the metric onX
by d(x; y) := kx � yk 8x; y 2 X

1. Let (X 0; d0; � ) be a completion of (X; d ). Then there is a unique pair of
vector space structure and norm onX 0 such that

(i) X ! X 0 is linear
(ii) k� (x)k0 = kxk 8x 2 X

(iii) d0(x0; y0) = kx0 � y0k0 8x0; y0 2 X 0

2. If (X 1; k � k1; �1) and (X 2; k � k2; �2) are two completions of (X; k � k) then
the isometry � : X 1 ! X 2 in Theorem 9(ii) is linear.

Example: X = C([0; 1]) 3 f

kf k :=

0

@
1Z

0

jf (t)jp dt

1

A

1
p

1 � p < 1

The completion of (X; k � kp) is L p([0; 1]) with respect to the Lebesgue measure
on [0; 1].
More general: Replace [0; 1] by a locally compact Hausdor� space M and
Lebesgue by a Radonmeasure.

Exercise: (X; k � k) normed vector space.
The functions X ! R : x ! k xk; X � X ! X : (x; y) ! x + y and
R � X ! X : (�; x ) 7! �x are continuous.
Let M be any set. ThenB (M; X ) = f f : M ! X j f is boundedg
with kf k := supx 2 M jf (x)j < 1 is a normed vector space.
X complete ) B (M; X ) is complete.
(M; d) metric space) BC (M; X ) := f f : M ! X j f is continuous and boundedg
is a closed subspace ofB (M; X ). Recapitulation:

1. Any two norms on a �nite dim. vector space are equivalent (Lemma 1).

2. Every �nite dimensional normed vector space is complete (Lemma 2).

3. Every �nite dimensional subspace of a normed vector space is closed
(Lemma 3).

4. A normed vector space (X; k � k) is �nite dimensional if and only if the
unit ball B := f x 2 X j kxk � 1g (resp. the unit sphere S := f x 2 X j
kxk = 1g) is compact (Theorem 1).

5. (X; k � k); (Y;k � k) normed vector spaceA : X ! Y linear operator.
X is �nite dimensional , Every linear operator A : X ! Y is bounded
(Lemma 6).

De�nition: L (X; Y ) := f A : X ! Y j A is linear and boundedg

kAk := sup
x 2 X
x 6=0

kAx kY

kxkX

Theorem 9: Let X; Y; Z be normed vector spaces.

(i) L (X; Y ) is a normed vector space.

(ii) Y complete ) L (X; Y ) is complete.

(iii) A 2 L (X; Y ), B 2 L (Y; Z) ) BA 2 L (X; Z ) and
kBA k � k B k kAk (� )

Moreover the map L(X; Y ) � L (Y; Z) ! L (X; Z ); (A; B ) 7! BA is con-
tinuous.
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Proof:

(i) Verify axioms.

(iii) kBAx kZ � k B k kAx kY � k B k kAk kxkX

This implies (� ). Moreover:

kB2A2 � B1A1k
( � )
� k B2 � B1k kA2k + kB1k kA2 � A1k

Now do "; � : : : .

(ii) Assume Y is complete. Let (An )n 2 N be a Cauchy sequence inL (X; Y ).

kAn x � Am xkY � k An � Am kkxkX

This shows: For eachx 2 X the sequence (An x)n 2 N is a Cauchy sequence
in Y .

BecauseY is complete the sequence (An x)n 2 N converges for everyx 2 X .

De�ne A : X ! Y by Ax := lim n !1 An x ) A is linear.

Claim : A is bounded andAn converges toA in L (X; Y ).

Proof : Let " > 0: There 9n0 2 N such that

8m; n 2 N : n; m � n0 ) k An � Am k < "

Hence forn; m � n0:

kAn x � Am xkY = kAn x � lim
n !1

Am xkY

= lim
n !1

kAn x � Am xkY

� lim sup
n !1

kAn � Am kkxkX

� "kxkX

So

kAx kY � k Ax � An xkY + kAn xkY

� "kxkX + kAn kkxkX

= ( " + kAn k)kxkX

So A is bounded andkAk � k An k + " , moreover

kAn � Ak := sup
x 6=0

kAn x � Ax kY

kxkX
� "

2

Example: Y = R
X � := L (X; R) is a Banach space with the normkAk := supx 6=0

jAx j
kx kX

X � is called the dual spaceof X .

Example: (L p) � = L q where 1� p < 1 and 1
p + 1

q = 1. See the Measure and
Integration lecture for the proof.

Theorem 10: Let X be a normed vector space,Y Banach space.
Let (A i ) i 2 N be a sequence of bounded linear operators such that

P 1
i =1 kA i k < 1

Then the sequenceSn :=
P n

i =1 A i converges inL (X; Y ). The limit is denoted
by

P 1
i =1 A i = lim n !1

P n
i =1 A i

19
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Proof: sn :=
P 1

i =1 kA i k < 1 converges inR.

kSn � Sm k = k
nX

i = m +1

A i k �
nX

i = m +1

kA i k = sn � sm

) Sn is a Cauchy Sequence inL (X; Y ).
Thm 9) Sn converges. 2

Example: X = Y Banach space,L (X ) := L (X; X )
Supposef (z) =

P 1
i =0 ai zi is a convergent power series with convergence radius

R :=
1

lim sup
n !1

jan j
1
n

> 0

Let A 2 L (X ) be a bounded linear operator withkAk < R . Then
P 1

i =0 jai jkA i k �
P 1

i =0 jai jkAki < 1 Thm 10) the limit f (A) :=
P 1

i =0 ai A i = lim n !1
P n

i =0 ai A i

exists.

Remark: Works also with ai 2 C if X is a complex Banach space.

Example: f (z) =
P 1

i =0 zi = 1
1� z

Corollary: kAk < 1 ) 1 � A is bijective with inverse

(1 � A) � 1 =
1X

i =0

A i 2 L (X )

Proof: Sn := 1 + A + A2 + ::: + An

kAk < 1 Thm 10) The sequenceSn converges.
S1 := lim n !1 Sn =

P 1
i =0 A i

Sn (1 � A) = (1 � A)Sn

= 1 + A + A2 + : : : + An � A � : : : � An +1

= 1 � An +1 �! 1

) S1 (1 � A) = (1 � A)S1 = 1 2

Theorem 11: X Banach space,A 2 L (X ) )

(i) The limit rA := lim n !1 kAn k
1
n = inf n> 0 kAn k

1
n � k Ak exists.

(It's called the Spectral radius of A.)

(ii) rA < 1 )
P 1

i =0 kA i k < 1 and
P 1

i =0 A i = (1 � A) � 1

Proof:

(i) Let � := inf n> 0 kAk
1
n . Let " > 0:

9m 2 N kAm k
1
m < � + "

c := max f 1; kAk; : : : ; kAm � 1kg

Write an integer n > 0 in the form n = km+ l k 2 N0; l 2 f 0; 1; : : : m� 1g

kAn k
1
n = k(Am )k A l k

1
n (10)

� k Am k
k
n kA l k

1
n (11)

� c
1
n (� + " )

km
n (12)

= c
1
n (� + " )1� l

n (13)
n !1����! � + " (14)
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) 9 n0 2 N 8n � n0 : kAn k
1
n � � + 2 "

) limn !1 kAn k
1
n = �

(ii) rA < 1: Choose� 2 R : rA < � < 1 ) 9 n0 2 N 8n � n0 : kAn k
1
n < � )

kAn k < � n )
P 1

i =0 kA i k < 1 Thm 10) (ii)

2

1.7 Quotient spaces

De�nition: Let X normed vector space,Y � X closed subspace.
x + Y := f x + y j y 2 Yg � X
x + Y = x0+ Y , x0 � x 2 Y , : x � x0

X=Y := X= � = f x + Y j x 2 X g

Notation: [x] := x + Y for the equivalence class ofx 2 X

Remark: X=Y is a normed vector space with

k[x]kX=Y := inf
y2 Y

kx + ykX

Exercise:

1. k � kX=Y is a norm

2. X Banach space,Y closed subspace) X=Y is a Banach space.
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2 Functional Analysis

2.1 Basics

Theorem 1 (Uniform Boundedness): Let X be a Banach space,Y a
normed vector space andI an arbitrary set. Let A i 2 L (X; Y ) for i 2 I and
assume8x 2 X : supi 2 I kA i (x)k < 1 .
The conclusion says that 9c > 0 such that supi 2 I kA i xk � c 8x 2 X with
kxk � 1.

Lemma 1: (M; d) complete metric spaceM 6= ? , I any set. f i : M ! R
continuous for i 2 I . Assume supi 2 I jf i (x)j < 1 8 x 2 M ) 9 open ball B � M
such that

sup
x 2 B

sup
i 2 I

jf i (x)j < 1

Proof of Lemma 1: Denote

An;i := f x 2 M j j f i (x)j � ng for n 2 N and i 2 I:

An :=
\

i 2 I

An;i = f x 2 M j sup
i 2 I

jf i (x)j � ng

) 8 x 2 M 9n 2 N such that x 2 An , i.e. M =
S 1

n =1 An .
Now An;i = f � 1

i ([� n; n]) is closed. SoAn is closed. So9n 2 N such that
int( An ) 6= ?

) 9 x0 2 int( An )

9" > 0 such that

B " (x0) = f x 2 M j d(x; x 0) < " � An g

2

Proof of Theorem 1: Set M := X; f i (x) := kA i xk, so f i : X
A i�! Y

k�k
��! R.

So f i is continuous for everyi 2 I .
supi 2 I jf i (x)j < 1 8 x 2 X Lemma 1=) 9 ball B = B " (x0) � X with x0 2 X; " > 0
such that

c := sup
i 2 I

sup
x 2 B

kA i xk < 1

) 8 i 2 I 8x 2 X we havekx � x0k � " ) k A i xk � c.
Let x 2 X with kxk = 1.
Then k(x0 + " � x) � x0k = "
HencekA i (x0 + "x )k � c so

kA i xk =
1
"

kA i (x0 + "x ) � A i x0k �
1
"

kA i (x0 + "x )k +
1
"

kA i x0k �
c + c

"
2

Theorem 2 (Banach-Steinhaus): X Banach space,Y normed vector space
A i 2 L (X; Y ); i = 1 ; 2; 3; : : :

(i) Assume the sequence (A i x)1
i =1 converges inY for every x 2 X . Then:

� supi 2 N kA i k < 1

� 9 A 2 L (X; Y ) such that Ax = lim i !1 A i x, kAk � lim inf i kA i k

(ii) Assume Y is complete and

� supi 2 N kA i k < 1

� 9 dense subsetD � X such that (A i x)1
i =1 converges for everyx 2 D

Then (A i x) i converges for allx 2 X
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Proof:

1. Since (A i x) i converges we have

sup
i 2 N

kA i xk < 1 8 x 2 X ) sup
i 2 N

kA i k < 1

De�ne A : X ! Y by Ax := lim i !1 A i x. This operator is linear. Why is
A bounded?

kAx k = lim
i !1

kA i xk = lim inf
i !1

kA i xk � lim inf
i !1

kA i k
| {z }

< 1

kxk

2. Let x 2 X . Need to show that (A i x)1
i =1 is Cauchy. Let " > 0.

Denote c := sup i 2 N kA i k < 1 .

Choosey 2 D such that kx � yk < "
4c .

Choosen0 2 N so that 8i; j � n0 : kA i � A j k < "
2

) 8 i; j � n0 : kA i x � A j xk � k A i x � A i yk + kA i y � A j yk + kA j y � A j xk

< kA i kkx � yk + kA i � A j kkyk + kA j kkx � yk

<
"
4

+
"
2

+
"
4

< "

2

Example 1: l1 = f bounded sequences2 Rg; x 2 l1 with x = ( x1; x2; x3; : : :) =
(x i )1

i = i .

X := f x = ( x i ) i 2 l1 j 9n 2 N such that x i = 0 8i � ng

De�ne
An : X ! X by An x = ( x1; 2x2; 3x3; : : : ; nxn ; 0; : : :)

) limn !1 An x = Ax where Ax = ( x1; 2x2; 3x3; : : :).
But kAn k = n ! 1 . Completeness of the domain is missing here.
So the assumption that X is complete cannot be removed in Theorem 1 or
Theorem 2.

Example 2: X Banach space,Y , Z normed vector spaces andB : X � Y ! Z
bilinear. Equivalent are:

(i) B is continuous

(ii) The functions X ! Z : x 7! B (x; y) is continuous 8y 2 Y and

the function Y ! Z : y 7! B (x; y) is continuous 8x 2 X .

(iii) 9c > 0 8x 2 X 8y 2 Y : kB (x; y)k � ckxk � kyk

This is exercise 2 on Sheet 4.

Theorem 3 (Open Mapping Theorem): X , Y Banach spaces.A 2 L (X; Y )
surjective ) A is open, i.e. if U 2 X is an open set thenAU � Y is open.

Corollary (Inverse Operator Theorem): X , Y Banach spaces,A 2 L (X; Y )
bijective ) A � 1 is bounded, i.e. A � 1 2 L (X; Y ).

Proof: A open , A � 1 continuous , A � 1 bounded. 2
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Example 3: X as in example 1;X is not complete. De�ne B : X ! X by
Bx := ( x; 1

2 x2; 1
3 x3; : : :). Then kBx k � k xk, so B bounded. B � 1 = A, as in

example 1, is not bounded.

Lemma 2: X , Y Banach spaces,A 2 L (X; Y ) surjective
) 9 � > 0 such that f y 2 Y j kyk < � g � f Ax j x 2 X; kxk < 1g (*)

Remark: (� ) means8y 2 Y9x 2 X such that Ax = y and kxk � 1
� kyk (�� )

Exercise: (� ) , (�� )
Use (� ) to prove the Corollary.

Proof (Lemma 2 ) Theorem 3): Let U � X be open, andy0 2 AU )

9x0 2 U such that y0 = Ax 0
(U open)

=) 9 " > 0 such that B " (x0) � U.
Claim: B �� (y0) � AU . Let

y 2 B �� (y0) )










y � y0

"








 < �

9x 2 X such that kxk < 1 and Ax = y � y0
" ) x0 + "x 2 B " (x0) � U

A(x0 + "x ) = y0 + "Ax = y ) y 2 AU . 2

Proof of Lemma 2:

Step 1 9r > 0 so that

f y 2 Y j kyk < r g � f Ax j x 2 X; kxk < 1g

Proof of Step 1:
Let

B := f x 2 X j kxk <
1
2

g

C := AB = f Ax j x 2 X; kxk <
1
2

g

Note that

1. nC = f ny j y 2 Cg = f Ax j x 2 X; kxk < 1
2 g

2. y; y0 2 C ) y � y0 2 2C

3. y; y0 2 C ) y � y0 2 2C

4. nC = nC

X =
1[

n =1

nB

A onto) Y = AX

=
1[

n =1

nAB

=
1[

n =1

nC

=
1[

n =1

nC

By Baire: 9n 2 N : (nC) � 6= ? ) (C) � 6= ?

9y0 2 Y 9r > 0 : B r (y0) � C
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So if y 2 Y and kyk < r then y0 + y 2 C.
Thus 8y 2 Y with kyk < r we havey = y0 + y

| {z }
2 C

� y0|{z}
2 C

2 2C

) f y 2 Y j kyk < r g � 2C

Step 2 (� ) holds with � = r
2 . Proof:

Let y 2 Y with kyk < r
2 .

To Show: 9x 2 X so that Ax = y and kxk < 1.
Denote

Bk := f x 2 X j kxk <
1
2k g k = 1 ; 2; 3; : : :

Then, by Step 1,(�� )
n

y 2 Y j kyk <
r
2k

o
� AB k k = 1 ; 2; 3; : : :

Sincey 2 Y and kyk < r
2 , by (�� ) with k = 1:

9x1 2 X : kx1k <
1
2

; ky � Ax 1k <
r
4

and by (�� ) with k = 2

9x2 2 X : kx2k <
1
4

; ky � Ax 1 � Ax 2k <
r
8

So, by induction, using (�� ), there is a sequence (xk )k 2 X so that

kxk k <
1
2k ky � Ax 1 � : : : � Ax k k <

r
2k+1

We have
1X

k=1

kxk k <
1X

k=1

1
2k = 1

By Chapter 1, the limit

x := lim
n !1

nX

i =1

x i =
1X

i =1

x i

exists and kxk < 1. Since










y � A

kX

i =1

x i












<
r
2k ! 1

we have proved Lemma 2. 2

2.2 Product spaces

Example 4: Let X be a Banach space andX 1; X 2 both closed linear sub-
spaces. AssumeX = X 1 + X 2 and X 1 \ X 2 = f 0g; these subspaces are called
transverse subspaces. We say X is the direct sum of X 1 and X 2 and write

X = X 1 � X 2

Every vector in X can be written as sum of a vector inX 1 and one in X 2 in a
unique way (Linear Algebra).
De�ne A : X 1 � X 2 ! X by A(x1; x2) := x1 + x2. If X; Y are normed vector
spaces, thenX � Y := f (x; y) j x 2 X; y 2 Yg is again a normed vector space
with

k(x; y)k := kxk + kyk

for (x; y) 2 X � Y . Other possibilities are

k(x; y)k1 := max fk xk; kykg

k(x; y)kp := ( kxkp + kykp)
1
p ; 1 � p � 1
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� All these norms are equivalent.

� X; Y Banach spaces) X � Y is a Banach space for any of these norms.

These are exercises.
Return to Example 4: X 1; X 2 are closed subsets of a complete space, hence
complete. SoX 1 � X 2 is complete by the exercise above andA is a operator
between Banach spaces.

� A is bounded and linear, because

kA(x1; x2)k = kx1 + x2k � k x1k + kx2k

� A is surjective becauseX = X 1 + X 2

� A is injective becauseX 1 \ X 2 = ? .

By the open mapping theorem (Theorem 3)A � 1 is bounded

) 9 c > 0 : 8x1 2 X 1 8x2 2 X 2 : kx1k + kx2k � ckx1 + x2k

So the projections� 1 : X ! X 1; � 2 : X ! X 2 are bounded.

Example 5: X = Y = C([0; 1]) with supnorm.
Ax = _x A is only de�ned on a subset of X namely on

D := f x 2 X j x is continuously di�erentiable g =: C1([0; 1])

D � X; A : D ! Y .

De�nition: Let X; Y be Banach spaces.
D � X linear subspace, a linear operatorA : D ! Y is calledclosedif its graph
� = graph( A) := f (x; Ax ) j x 2 Dg is a closed subspace ofX � Y , i.e. for any
sequence (xn )n 2 N in D and (x; y) 2 X � Y we have:

xn ! x

Ax n ! y

)

) x 2 D and y = Ax

Example 5:
xn 2 C1([0; 1]) limn !1 sup0� t � 1 jxn (t) � x(t)j = 0 and
x; y 2 C([0; 1]) limn !1 sup0� t � 1 j _xn (t) � y(t)j = 0
) x 2 C1 and _x = y; so the operator in Example 5 is closed.

Exercise: The graph norm on D is de�ned by kxkA := kxkX + kAx kY

Prove that ( D; k � kA ) is complete if and only if A is closed.

Example 5: The graph norm on C1([0; 1]) is

kxkA = sup
0� t � 1

jx(t)j + sup
0� t � 1

j _x(t)j

The standard norm in C1.

What if D = X ?

Theorem (Closed Graph Theorem): X; Y Banach spaces
A : X ! Y linear operator. Equivalent are:

(i) A is bounded

(ii) A has a closed graph
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Proof:

(i) ) (ii) X 3 xn ! x and Y 3 Ax n ! y
A continuous=) Ax n ! Ax
Uniqueness of the limit

=) Ax = y

(ii) ) (i) � := graph( A) � X � Y; � is a Banach space.
De�ne � : � ! X by � (x; y) = x
) � is a bounded linear operator with norm = 1.
� is injective.
� is surjective (becauseD � X ).
Thm 3=) � � 1 : X ! � is bounded ) 9 c > 0 such that k� � 1(x)kA � ckxkX

But k� � 1(x)kA = k(x; Ax )kA = kxkX + kAx kY ) k Ax kY � ckxkX 8x 2 X . 2

Example 6 (Hellinger-Toeplitz-Theorem): H Hilbert space
A : H ! H linear operator which is symmetric,
i.e. hx; Ay i = hAx; y i 8 x; y 2 H ) A is bounded.

Proof: To show: A is closed.
H 3 xn sequence. Assumexn ! x 2 H;
Ax n ! y 2 H:
To show: Ax = y.
hy; zi = lim n !1 hAx n ; zi = lim n !1 hxn ; Azi = hx; Az i 8 z 2 H

) h y � Ax; z i = 0 8z 2 H
z= y� Ax

) k y � Ax k = 0 ) y = Ax 2

Example 5: A : D ! Y is closed but not bounded:
xn (t) = tn kxn k = sup t 2 [0;1] jxn (t)j = 1
kAx n k = k _xn k = sup t 2 [0;1] j _xn (t)j = n ! 1

De�nition: A : D � X ! Y is called closable, if there is an operator A0 :
D 0 ! Y D � D 0 such that A0 is closed andA0jD = A.

Remark: Let � := f (x; Ax ) j x 2 Dg := graph( A)
A is closable
, � is the graph of a closed operator
, � : � ! X is injective
, D 3 xn ! 0, Ax n ! y implies y = 0

Example 7: Let X = L 2([0; 1]), D = C([0; 1]), Y = R. Let A : D ! Y; x 7!
x(0) is not closable.

Example 8: X = L 2(R) D = f x 2 L 2(R) j 9c > 0 8 jt j > c : x(t) = 0 g
Y = R Ax =

R1
�1 x(t)dt

xn (t) :=
�

1
n jt j � n
0 jt j > n

kxn k2
L 2 = 2

n Ax n = 2

Example 9: \Every di�erential operator is closable."
Let 
 � Rn be an open subset.

C1
0 = f f : 
 ! R j f is smooth, supp(f ) is compactg
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with

supp(f ) := f x 2 
 j 9xn 2 
 such that f (xn ) 6= 0 ; xn ! xg

= cl 
 (f x 2 
 j f (x) 6= 0g)

C1
0 (
) � L p(
). We know:

1. Cc(
) = f f : 
 ! R j f continuous; f has cpct supportg is dense in
L p(
).

2. C1
0 (
) is dense in Cc(
), i.e.

8f 2 Cc(
) 9K 2 
 ; K compact 9f n 2 C1
0 (
)

such that
supp(f n ) � K; lim

n !1
sup
x 2 


jf n (x) � f (x)j = 0

Let X = Y = L p(
).
Let D := C1

0 (
) � X .
De�ne A : D ! Y by (Af )(x) =

P
j � j� m a� (x)@� f (x)

where � = ( � 1; : : : ; � n ) 2 Zn , � i � 0 and j� j := � 1 + : : : + � n .

@� :=
@� 1

@x� 1
1

: : :
@� n

@x� n
n

Let a� : 
 ! R be smooth.

Claim A is closable.

Proof: Integration by parts: f; g; 2 C1
0 (
)

)
Z




g(Af ) d� =
X

�

Z




g � a� � � f d�

=
X

�

(� 1)j � j
Z




� � (a� g) � f d�

=
Z




� X
(� 1)j � j � � (a� g)

�
� f d�

=
Z




(Bg) � f d�

Let (0; g) 2 Graph(A) � L p(
) � L p(
)
To show: g = 0

9f k 2 C1
0 (
) sequence such that ( f k ; Af k ) L p � L p

����! (0; g), i.e.

lim
k !1

kf k kL p = 0 = lim
k !1

kAf k � gkL p

) 8 � 2 C1
0 (
):

Z




�g d� = lim
k !1

Z




� (Af k ) d�

= lim
k !1

Z




(B� ) � f k d�

= 0
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because �
�
�
�
�
�

Z




(B� )f k d�

�
�
�
�
�
�

� k B� kL q
| {z }

< 1

kf k kL p
| {z }

! 0

where 1
p + 1

q = 1 for 1 < p < 1 .
So Z




�g d� = 0 8� 2 C1
0 (
)

| {z }
dense in L q (
)

)
Z




�g d� = 0 8� 2 L q(
) ) g = 0 almost everywhere

)
Z




�g d� =
Z




jgjp d�

� := (sign( g)) jgjp� 1 2 L q(
) 2

2.3 Extension of bounded linear functionals

Theorem 5 (Hahn-Banach): X normed vector space overF = R or C. Y �
X linear subspace� : Y ! F linear and c > 0 such that j� (y)j � ckyk 8y 2 Y
) 9 � : X ! F linear such that

1. � jY = �

2. j�( x)j � ckxk 8x 2 X .

Question: If we replace the target F by another Banach spaceZ over F, i.e.
� : Y ! Z bounded linear operator. 9?� : X ! Z bounded linear operator,
� jY = � .
Answer: No !

Example: X = l1 , Y := c0 =: Z , F = R, � = id : Y ! Z does not extend!

Lemma 3: Let X; Y; �; c as in Theorem 5 with F = R.
Let x0 2 X n Y and denote

Z := Y � Rx0 = f y + �x 0 j y 2 Y; � 2 Rg

Then 9 : Z ! R linear so that

a.  jY = �

b. j (x)j � ckxk8x 2 Z

Proof: Need to �nd a number a 2 R so as to de�ne

 (x0) := a (1)

Then
 (y + �x 0) = � (y) + �a 8y 2 Y and � 2 R (2)

 is well-de�ned by (2), becausex0 =2 Y . Moreover  jY = � . To show: a can
be chosen such that

j� (y) + �a j � cky + �x 0k 8y 2 Y 8� 2 R (3)

(3) is equivalent to
j� (y) + aj � cky + x0k 8y 2 Y (4)
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(3) ) (4) is obvious.
(4) ) (3) ok for � = 0.

� 6= 0 : j� (y) + �a j = j� j � j �
� y

�

�
+ aj

(4)
� cj� jk

y
�

+ x0k = cky + �x 0k

(4) is equivalent to

� cky + x0k � � (y) + a � cky + x0k8y 2 Y

, � � (y) � cky + x0k � a8y 2 Y a � cky + x0k � � (y)8y 2 Y ,

� (y0) � cky0 � x0k � y0 2 Y a � cky + x0k � � (y)8y 2 Y (5)

Is there a real numbera 2 R such that (5) holds, i.e.

sup
y02 Y

(� (y0) � cky0 � x0k � a � inf
y2 Y

(cky + x0k � � (y))

This is true i�

� (y0) � cky0 � x0k
(6)
� cky + x0k � � (y)8y; y0 2 Y (6)

2

Proof: of (6)

� (y)+ � (y0) = � (y+ y0) � cky+ y0k = cky+ x0 + y0� x0k � cky+ x0k+ cky0� x0k

2

De�nition: Let P be a set. Apartial order on P is a relation � (i.e. a subset
of P � P , we write a � b instead of (a; b) 2 � .)
That satis�es:

� � is re
ective, i.e. a � a8a 2 P

� � is transitive, i.e. 8a; b; c2 P we havea � b; b� c ) a � c

� � is anti-symmetric, i.e. 8a; b2 P : a � b; b� a ) a = b

De�nition: (P; � ) partially ordered set (POS). A subset C � P is called a
chain if it is totally ordered, i.e.

a; b2 C ) a � b or b � a

De�nition: (P; � ) POS, C � P ; a 2 P a is called thesupremum of C if

1. 8c 2 C : c � a

2. 8b 2 P : (c � b 8c 2 C ) a � b)

De�nition: (P; � ) POS, a 2 P . a is called amaximal element of P if 8b 2 P
we havea � b ) b = a

Lemma Zorn's Lemma: Let (P; � ) be a POS such that every chainC � P
has a supremum. Leta 2 P ) There exists a maximal elementb 2 P such that
a � b.

Remark: Zorn's Lemma is equivalent to the axiom of choice.
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Proof of Theorem 5: Let X; Y; �; c be given as in Theorem 5.
De�ne

P := f (Z;  ) j Z � X linear subspace;

Y � Z;

 : Z ! R linear;

 jY = �;

j (x)j � ckxk8x 2 Z g

(Z;  ) � (Z 0;  0) :, Z � Z 0;  0jZ :=  

Note that this is a partial order and every chain C � P has a supremumZ0 :=S
(Z; )2C Z 3 x.

� (Z;  ) � P is maximal , Z = X by Lemma 3

� (Y;  ) 2 P ) 9 maximal element

� (X; �) 2 P such that (Y; � ) � (X; �)

2

Proof of Theorem 5 for F = C: X complex normed vector space,Y � X
complex linear subspace
� : Y ! C such that j� (y)j � ckyk 8y 2 Y

Fact : � : Y ! C is complex linear
, � is real lin. and � (iy ) = i� (y) 8y 2 Y (1)
Write � (y) = � 1(y) + i� 2(y) where � 1(y); � 2(y) 2 R
Then � 1; � 2 : Y ! R real linear and
i� (y) = i� 1(y) � � 2(y) � (iy ) = � 1(iy ) + i� 2(iy )
) � satis�es (1) , � 2(y) = � � 1(iy ) � 1(y) = � 2(iy ) 8y 2 Y (2)

We have j� 1(y)j � j � (y)j � ckyk
Thm 5 ;F= R

) 9 � 1 : X ! R R-linear
� 1jY = � 1 j� 1(x)j � ckxk 8x 2 X
De�ne � : X ! C by �( x) := � 1(x) � i � 1(ix ) )

1. � is complex linear

2. If y 2 Y then �( y) = � 1(y) � i� 1(iy ) = � (y)

3. Let x 2 X . Suppose �( x) 6= 0
Then �( x )

j �( x ) j 2 S1 = f z 2 C j jzj = 1g

so 9� 2 R such that ei� = �( x )
j �( x ) j

) �( e� i� x) = e� i� �( x) = j�( x)j 2 R
) j �( x)j = je� i� �( x)j = j�( e� i� x)j = j� 1(e� i� x)j � cke� i� xk = ckxk

2

De�nition: X real vector space. A functionp : X ! R is called seminorm if

1. p(x + y) � p(x) + p(y) 8x; y 2 X

2. p(�x ) = �p (x) 8� > 0; 8x 2 X

Theorem 5': X real vector space,p : X ! R seminorm
Y � X linear subspace,� : Y :! R linear
Then 9 linear map � : X ! R such that � jY = � and �( x) � p(x) 8x 2 X
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Sketch of Proof Theorem 5': As in Lemma 3: Z := Y � Rx0; x0 =2 Y
) � (y0) + � (y) = � (y + y0) � p(y + y0) � p(y + x0) + p(y0 � x0)
) � (y0) � p(y0 � x0) � p(y + x0) � � (y) 8y; y0 2 Y
) 9 a 2 R such that � (y) � p(y � x0) � a � p(y + x0) � � (y) 8y 2 Y
) � (y) � p(y � �x 0) � �a � p(y + �x 0) � � (y) 8y 2 Y;8� > 0
) � (y) � �a � p(y � �x 0) and � (y) + �a � p(y + �x 0) 8y 2 Y;8� > 0
) � (y) + ta

| {z }
:=  (y+ tx 0 )

� p(y + tx 0) 8t 2 R; 8y 2 Y

i.e.  (x0) = a so 9 : Z ! R  jY = �  (x) � p(x) 8x 2 Z
For the remainder of the proof, argue as in Theorem 5 using Zorns lemma.2

Remark: Theorem 5' implies Theorem 5 with F = R; p(x) = ckxk

Notation: X normed vector space overF = R; C X � := L (X; F)
Each element ofX � is a boundedF-linear functional � : X ! F. We write:

� x � 2 X � instead of � : X ! F

� hx � ; xi 2 F instead of � (x)

Remark: Theorem 5 says, ifY � X is a linear subspace andy� 2 Y � then
9x � 2 X � such that x � jY = y� and kx � kX � = ky� kY �

De�nition: Y � X linear subspace of a normed vector spaceX:
The annihilator of Y is the (closed) subspaceY ? � X � de�ned by
Y ? := f x � 2 X � j hx � ; yi = 0 8y 2 Yg

Exercise:

1. Y � �= X � =Y?

2. (X=Y ) � �= Y ? if Y is closed

3. For Z � X � , de�ne ? Z := f x 2 X j hx � ; xi = 0 8x � 2 Z g
Prove that ? (Y ? ) �= Y wheneverY is a closed subspace ofX .

Theorem 6: X normed vector space,A; B � X convex, int(A) 6= ? , B 6= ? ,
A \ B = ?
) 9 x � 2 X � ; 9c 2 R such that hx � ; xi < c 8x 2 A and hx � ; xi � c 8x 2 B

Proof:

Case 1: B = f 0g Let x0 2 int( A) and de�ne p : X ! R by

p(x) := inf f t > 0 j x0 +
x
t

2 Ag

So x0 + x
t 2 A for t > p (x) and x0 + x

t =2 A for t < p (x)

1. p(�x ) = �p (x) 8� > 0

2. p(x + y) � p(x) + p(y)
Given " > 0 9s; t > 0 : s � p(x) + "; t � p(x) + "
) x0 + x

s 2 A x 0 + y
t 2 A

) x0 + x + y
s+ t = s

s+ t

�
x0 + x

s

�
+ t

t + s

�
x0 + y

t

�
2 A (A convex)

p(x + y) � s + t � p(x) + p(y) + 2 " 8� > 0

3. Choose� > 0 such that B � (x0) � A so p(x) � kx k
� 8x 2 X
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4. x0 + x 2 A ) p(x) � 1 x0 + x =2 A ) p(x) � 1
ChooseY := Rx0 � (�x 0) := � �
Check: � 1 = � (x0) � 0 � p(x0) 1 = � (� x0) � p(� x0) (because 0=2 A)
Thm 5) 9 � : X ! R such that �( x) � p(x) 8x 2 X , �( x0) = � 1
(i.e. � jY = � ) and x 2 A ) �( x) � 0 :
Namely x 2 A ) p(x � x0) � 1
So if x 2 A then �( x � x0) � p(x � x0) � 1 = �( � x0) ) �( x) � 0
) Assertion with x � = � ; c = 0�

� is bounded by 3.: � �( x) � p(� x) � kx k
�

�

Case 2: A arbitrary
K := f a � b j a 2 A b 2 B g ) K convex, int(K )6= ? ; 0 =2 K
Case 1) 9 x � 2 X � such that hx � ; xi � 08x 2 K
) h x � ; ai � h x � ; bi 8 a 2 A; b 2 B
c := supa2 A hx � ; ai < 1 (becauseB 6= ? )
) h x � ; ai � c � h x � ; bi 8 a 2 A; b 2 B 2

Theorem 7: X normed vector space overF = R; C
Y � X linear subspace,x0 2 X n Y
Let � := d(x0; Y ) = inf y2 Y kx0 � yk > 0
) 9 x � 2 X � such that kx � k = 1 ; hx � ; x0i = �; hx � ; yi = 0 8y 2 Y

Note: Hypotheses of Theorem 6 are satis�ed withA = B � (x0); B = Y

Proof: Denote Z := f y + �x 0 j y 2 Y; � 2 Fg = Y � Fx0

De�ne 	 : Z ! F by 	( y + �x 0) := �� 8y 2 Y; � 2 F )

1. 	 is well-de�ned and linear because x0 =2 Y

2. 	( y) = 0 8y 2 Y

3. 	( x0) = �

4. supx 2 Zz 6=0
j 	( x ) j

kx k = 1
Because:

sup
(y;� )6=(0 ;0)

j	( y + �x 0)j
ky + �x 0k

= sup
(y;� )6=(0 ;0)

j� j�
ky + �x 0k

= sup
06= �;y

�
k y

� + x0k

= sup
y2 Y

�
kx0 + yk

=
�

inf y2 Y kx0 � yk
= 1

Thm 5) 9 x � 2 X � such that kx � k = 1 and hx � ; xi = 	( x) 8x 2 Z
hx � ; x0i = 	( x0) = � hx � ; yi = 	( y) = 0 8y 2 Y 2

Corollary 1: X normed vector space,Y � X linear subspace,x 2 X .
Equivalent are:

(i) x 2 Y

(ii) For every x � 2 X � we have: hx � ; yi = 0 8y 2 Y implies hx � ; xi = 0

Proof:

(i ) ) (ii ) x = lim n !1 yn yn 2 Y
hx � ; yi = 0 8y 2 Y
) h x � ; xi = lim

n !1
hx � ; yn i = 0

(ii ) ) (i ):

x =2 Y Thm 7) 9 x � 2 X � : hx � ; yi = 0 8y 2 Y hx � ; xi 6= 0 2
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Corollary 2: X normed vector space,Y linear subspace
Y is dense, Y ? = f 0g

Proof: Corollary 1. 2

Corollary 3: X normed vector space, 06= x0 2 X ) 9 x � 2 X � such that
kx � k = 1 ; hx � ; x0i = kx0k

Proof: Theorem 7 with Y = f 0g; � = kx0k 2

2.4 Re
exive Banach Spaces

X real Banach space
X � := L (X; R)
X �� := L (X � ; R)

Example: Every element x 2 X determines a bounded linear functional� x :
X � ! R by � x (x � ) := hx � ; xi .
Bounded becausej� x (x � )j � k x � k � kxk hence

k� x k := sup
x � 6=0

� x (x � )
kx � k

� k xk

In fact: k� x k = kxk, because8x 6= 0 9x � 2 X � such that kx � k = 1 and
hx � ; xi = kxk (Cor 3). We have proved:

Lemma 4: The map � : X ! X �� de�ned by

�(x)(x � ) := hx � ; xi

is an isometric embedding.

De�nition: A Banach spaceX is called re
exive if the canonical embedding
� : X ! X �� (de�ned in Lemma 4) is bijective.

Example 1: X = H Hilbert space ) H �= H � �= H �� so H is re
exive.

Example 2: (M; A ; � ) measure space,p; q > 1, 1
p + 1

q = 1 ) L p(� ) � �=
L q(� ); L q(� ) � �= L p(� ).
So L p(� ) is re
exive for p > 1.

p = 1 : L 1([0; 1])� = L 1 ([0; 1])

L 1 ([0; 1])� % L 1([0; 1])

so L 1([0; 1]) is not re
exive.

Example 3:
c0 := f (xn )n 2 N 2 RN j lim

n !1
xn = 0g

kxk = sup
n 2 N

jxn j

(c0) � �= `1; (`1) � = `1 % c0

so c0; `1; `1 are not re
exive
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Theorem 8: Let X be a Banach space.

� X is re
exive , X � is re
exive

� supposeX is re
exive and Y � X be a closed linear subspace) Y; X=Y
are re
exive

Proof:

1. \ X re
exive ) X � re
exive":

Let  : X �� ! R be a bounded linear functional. Need to show:9x � 2 X �

such that
 (x �� ) = hx �� ; x � i 8 x �� 2 X ��

Consider the diagram

X ��! X ��  
�! R

Denote x � :=  � � : X ! R.

Let x �� 2 X and denotex := � � 1(x �� ) 2 X . Then

 (x �� ) =  (� (x)) = hx � ; xi = h�(x); x � i = hx �� ; x � i :

2. \ X � re
exive ) X re
exive":

AssumeX � is re
exive, but X is not re
exive. Then �(X ) $ X �� . Pick
an elementx ��

0 2 X �� n �(X ).

Fact: � (X ) is a closed subspace ofX �� , because�(X ) is complete by
Lemma 4. ) 9 bounded linear functional  : X �� ! R such that:

(i)  (x �� ) = 0 8x �� 2 �(X ), and

(ii)  (x ��
0 ) = 1

X re
exive ) 9 x � 2 X � such that

 (x �� ) = hx �� ; x � i8 x �� 2 X ��

) h x � ; xi = h�(x); x � i = 08x 2 X

x � = 0

1 =  (x ��
0 )

(3)
= hx ��

0 ; x � i = 0

Contradiction.

3. \ Y is re
exive":

Let � : X � ! Y � be the bounded linear map

� (x � ) := x � jY

By Hahn-Banach � is surjective. Let y�� 2 Y �� . Consider the diagram

X � ��! Y � y ��

��! R

Let x �� := y�� � � : X � ! R. Then, becauseX is re
exive, 9y 2 X such
that � (y) = x �� .

) 8 x � 2 Y ? . We have � (x � ) = 0 and so

hx � ; yi = h�(y); x � i = hx �� ; x � i = y�� ; � (x � ) = 0

To show: hy�� ; y� i = hy� ; yi8 y� 2 Y �

Given y� 2 Y � choosex � 2 X � such that � (x � ) = y�

hy� ; yi = h� (x � ); yi

hy�� ; y� i = hy�� ; � (x � )i

= hx �� ; x � i

= h�(y); x � i

= hx � ; yi

= hy� ; yi
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4. \ Z = X=Y re
exive":

Denote by � : X ! X=Y the canonical projection, ie.

� (x) = [ x] = x + Y8x 2 X

De�ne the bounded linear operator T : Z � ! Y ? by T z� := z� � � : X ! R
Note:

(a) im T � Y ? because ker� = Y

(b) In fact im T = Y ? and T is an isometric isomorphism (Exercise 1,b)).
Let z�� 2 Z �� . Consider the composition

Y ? T � 1

���! Z � z ��

��! R

This is a bounded linear functional onY ? � X � , so by Hahn-Banach:
9x �� 2 X �� such that

hx �� ; x � i = hz�� ; T � 1x � i8 x � 2 Y ? (7)

hx �� ; z� � � i = hz�� ; z� i8 z� 2 Z � (8)

(X re
exive)
) 9 x 2 X such that � (x) = x ��

Denote z := � (x) = [ x] 2 Z

) 8 z� 2 Z � : hz�� ; z� i
(7)
= hx �� ; z� � � i

= h�(x); z� � � i

= hz� � �; x i

= hz� ; � (x)i

= hz� ; zi

2

Remark: Y � �= X � =Y?

(X � =Y? ) � �= (Y ? )? �= ? (Y ? )

becauseX is re
exive.

Recall A Banach spaceX is called separableif 9 countable dense subsetD �
X .

Remark: Suppose there is a sequencee1; e2; e3; : : : such that the subspace

Y := spanf ei j i 2 Ng =

(
nX

i =1

� i ei j n 2 N; � i 2 R

)

is dense inX . ) X is separable. Indeed the setD := f
P n

i =1 � i ei j n 2 N; � i 2 Qg
is countable and dense.

Theorem: X Banach space

(i) X � separable) X separable.

(ii) X separable and re
exive) X � separable.

Proof:
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(i) Let D = f x �
1; x �

2; x �
3; : : :g be a dense, countable subset ofX � . Assume

w.l.o.g that x �
n 6= 0 8n 2 N such that

kxn k = 1 ; jhx �
n ; xn ij �

1
2

kx �
n k

Denote Y = spanf xn j n 2 Ng
Claim: Y is dense inX
By Hahn-Banach

Y is dense, Y ? = f 0g

Let x � 2 Y ? � X � . BecauseD dense inX � :

) 9 n1; n2; n3; : : : ! 1 such that lim
i !1

kx �
n i

� x � k = 0

Now:
kx �

n i
k � 2jhx �

n i
; xn i ij = 2 jhx �

n i
� x � ; xn i ij � k x �

n i
� x � k = 0

so x � = lim i !1 x �
n i

= 0 so Y ? = 0 so Y is dense inX so X is separable.

(ii) X re
exive and separable) X �� = �(X ) separable) X � is separable2

Example:

(i) c0 separable.

c�
0 = `1 separable.

(`1) � = `1 not separable.

(ii) ( M; d) compact metric spaceX = C(M ) separable

X � = M = f �nite Borel measures on M g

not separable, except whenM is a �nite set.

(iii) X = L p(
) with Lebesgue-measure 1 � p < 1 . ? 6= 
 � Rn open ) X
is separable.L 1 (
) is not separable.
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3 The weak and weak* topologies

3.1 The weak topology

De�nition: A topological vector spaceis a pair (X; U), where X is a (real)
vector space andU is a topology such that the maps

X � X ! X (x; y) 7! x + y

and
R � X ! X (�; x ) 7! �x

are continuous.

De�nition: A topological vector space (X; U) is called locally convex, if
8x 2 X 8U 2 U; x 2 U 9V 2 U such that x 2 V � U V convex.

Lemma 1: X topological vector space,K � X convex
) K; int( K ) are convex

Proof:

(i) int( K ) is convex
x0; x1 2 int( K ); 0 < � < 1
To show: x � = (1 � � )x0 + �x 1 2 int( K )
9 open setU � X such that 0 2 U and x0 + U � K; x 1 + U � K
) x � + U � K ) x � 2 int( K )

(ii) K is convex
x0; x1 2 K; 0 < � < 1
To show: x � 2 K: Let U � X be an open set withx � 2 U
W := f (y0; y1) 2 X � X j (1 � � )y0 + �y 1 2 Ug
) W � X � X is open, (x0; x1) 2 W:
9 open setsU0; U1 � X such that: x0 2 U0; x1 2 U1 U0 � U1 � W
x 0 ;x 1 2 K

) 9 y0 2 U0 \ K 9y1 2 U1 \ K
) y� := (1 � � )y0 + �y 1 2 K \ U, so K \ U 6= ?
Hencex � 2 K:

2

Let X be a real vector space
Let F be a set of linear functionsf : X ! R
Let UF � 2X be the weakest topology such thatf 2 F is continuous w.r.t. UF

If F 3 f : X ! R we have fora < b f x 2 X j a < f (x) < bg 2 UF

Let VF � 2X be the set of all subsets of the form
V := f x 2 X j ai < f i (x) < b i i = 1 ; : : : ; mg f i 2 F ; ai ; bi 2 R
for i = 1 ; : : : ; m

Lemma 2:

(i) Let U � X . Then U 2 UF if and only if
8x 2 U 9V 2 VF such that x 2 V 2 U (� )

(ii) ( X; UF ) is a locally convex topological vector space

(iii) A sequence xn 2 X converges tox0 2 X if and only if
f (x0) = lim

n !1
f (xn ) 8f 2 F

(iv) ( X; UF ) is Hausdor� if and only if 8x 2 X; x 6= 0 9f 2 F such that
f (x) 6= 0.
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Proof:

(i) Exercise with hint:
De�ne U0

F := f U � X j (� )g
Prove:

(a) U0
F is a topology

(b) Each f 2 F is continuous w.r.t. U0
F

(c) If U � 2X is another topology such that eachf 2 F is continuous
w.r.t. U then U0

F � U

(ii) � Each V 2 VF is convex

� scalar multiplication is continuous:
� 0 2 R; x0 2 X
ChooseV 2 VF such that � 0x0 2 V 9� > 0 such that
(� 0 � � )x0; (� 0 + � )x0 2 V and � 6= � � 0

) U := 1
� 0 � � V \ 1

� 0 + � V 2 VF

If x 2 U and j� � � 0j < � then �x 2 V (becauseV is convex)

� addition is continuous:
x0; y0 2 X; x 0 + y0 2 W; W 2 VF

De�ne U := 1
2 W + x 0 � y0

2 V := 1
2 W + y0 � x 0

2
) U; V 2 VF ; x0 2 U; y0 2 V
x 2 U; y 2 V ) x + y 2 W

(iii) Assume xn
UF! x0

Let f 2 F , " > 0: Denote U := f x 2 X j j f (x) � f (x0)j < " g 2 VF

x0 2 U ) 9 n0 2 N n � n0 : xn 2 U
) 8 n � n0jf (x) � f (x0)j < "

Assumef (xn ) ! f (x0) 8f 2 F

Let U 2 UF with x 2 U
( i )
) 9 V 2 VF with x0 2 V 2 U

V = f x 2 X j ai < f i (x i ) < b i i = 1 ; : : : ; mg
) ai < f i (x0) < b i i = 1 ; : : : ; m
) 9 n0 2 N 8i 2 f 1; : : : ; mg 8n � n0 : ai < f i (xn ) < b i

) 8 n � n0 x 2 V � U

(iv) Exercise without hints

2

Example 1: I any set, X = RI := f x : I ! Rg 3 f x i gi 2 I is a vector space.
"product space". � i : X ! R projection � i (x) = x(i ) linear map
U � 2X weakest topology such that each� i is continuous

Example 2: X Banach space
F := f ' : X ! R j ' is bounded and linearg = X �

Let Uw be the weakest topology such that each bounded linear functional is
continuous w.r.t. Uw

Facts:

a) Us � 2X strong topology; induced by the norm; Uw � 2X weak topology:
Uw � U s

b) (X; Uw ) is a locally convex vector space

c) A sequencexn 2 X converges tox0 2 X if and only if
hx � ; x0i = lim

n !1
hx � ; xn i 8 x � 2 X �

Notation: xn * x 0 or x0 = w- lim
n !1

xn
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Example 3: Let X be a Banach space,L (X; R) dualspace
Let Uw �

� 2X �
be the weakest topology onX � such that each linear functional

of the form X � ! R x � ! h x � ; xi is continuous (in this caseF = i (X ) � X �� )
Facts:

a) Us � 2X �
strong topology

Uw � 2X �
weak topology ) U w �

� U w � U s

b) (X � ; Uw �
) is a locally convex topological vector space

c) A sequencex �
n 2 X � converges tox �

0 in the weak� -topology if and only if
hx �

0; xi = lim
n !1

hx �
n ; xi 8 x 2 X

Notation: x �
n

w �

* x �
0 or x �

0 = w� � limn !1 x �
n

Remark: Suppose the sequencehx � ; xn i converges8x � 2 X �

Does this imply that xn converges weakly?
No, denote ' (x � ) = lim n !1 hx � ; xn i
Then ' : X ! R is linear and continuous
xn converges weakly, ' 2 i (X ) � X ��

Exercise: Find an example

Lemma 3: X Banach space,K � X convex
Assume: K is closed w.r.t. the strong topology) K is weakly closed

Proof: Let x0 2 X n K , K 6= ?
9" > 0 such that B " (x0) \ K = ?

Chap. II Thm 6
) 9 x � 2 X � ; 9c 2 R such that hx � ; xi < c 8x 2 B " (x0) and

hx � ; xi � c 8x 2 K
) U := f x 2 X j hx � ; xi < cg weakly open andx0 2 U; U \ K = ? 2

Lemma 4 (Mazur): x i sequence,x i * x 0 ) 8 " > 09� 1; : : : ; � n 2 R
� i � 0

P n
i =1 � i = 1 kx0 �

P n
i =1 � i x i k < "

Proof: K := f
P n

i =1 � i x i j n 2 N; � i > 0;
P n

i =1 � i = 1g convex
Lemma 1) the strong closureK of K is convex
Lemma 3) K is weakly closed) x0 2 K 2

Lemma 5: X Banach space,1 -dimensional
S := f x 2 X j kxk = 1g B := f x 2 X j kxk � 1g
) B is the weak closure ofS.

Proof: x0 2 B; U 2 Uw and x0 2 U
) U \ S 6= ? : Choose" i ; x �

i such that
V := f x 2 X j jhx �

i ; x0 � xij < " i g � U
V � E := f x 2 X j hx �

i ; x0 � xi = 0g nontrivial a�ne subspace, E \ S 6= ? 2

Example: X = l1 3 xn sequence,l1 3 x0

Then xn * x 0 , xn ! x0 kxn � x0k1 ! 0

3.2 The weak* topology

Theorem 1 (Banach Alaoglu, sequentially): X separable Banach space
) every bounded sequencex �

n 2 X � has a weak� -convergent subsequence.
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Proof: D = f x1; x2; x3; : : :g � X dense, countable.

c := sup
n 2 N

kx �
n k < 1

) jh x �
n ; x1ij � k x �

n k � kx1k � ckx1k

) 9 subsequence(xn i; 1 )1
i =1

such that hx �
n i; 1

; x1i converges.
The sequencehx �

n i; 1
; x2i 2 R is bounded

9 further subsequence (x �
n i; 2

)1
i =1 such that hx �

n i; 2
; x2i converges.

Induction
) 9 sequence of subsequences (xn i;k )1

i =1 such that

� (x �
n i;k +1

) i is a subsequence of (x �
n i;k

) i

� the limit lim i !1 hx �
n i;k

; xk i exists for everyk 2 N

Diagonal Subsequence
x �

n i
:= x �

n i;i

) (x �
n i

)1
i =1 is a subsequence of (x �

n )1
n =1 and the limit lim i !1 hx �

n i
; xk i exists for

every k 2 N.
) By Chapter II, Thm 2 (Banach-Steinhaus) with Y = R, 9x � 2 X � such that

hx � ; xi = lim
i !1

hx �
n i

; xi8 x 2 X

So x �
n i

* x �

2

Example 1: (M; d) compact metric space with M 6= ? , B � 2M Borel � -
algebra. X := C(M ) separable
X � :�= f real Borel measures� : B ! Rg
f : M ! M homeomorphism.
A Borel measure� : B ! [0; 1 ) is called an f -invariant Borel probability mea-
sure if

� � (M ) = 1

� B 2 B ) � (f (B )) = � (B )

M (f ) := f f -invariant Borel prob. meas. on M g � X �

Fact 1: � 2 M (f )
) k � k = j� j(M ) = � (M ) = 1
Fact 2: M (f ) is convex ) Exercise.
Fact 3: M (f ) 6= ?

Proof: Fix an element x 2 M . De�ne the Borel-measure � n : B ! R

Z

M

u d� n :=
1
n

n � 1X

k=0

u(f k (x))8 u 2 C(M )

wheref k := f � f � : : : � f
| {z }

k

) k � n k � 1; � n � 0 ) (T hm1)9 weak� convergent

subsequence� n i * �
Claim: � 2 M (f )

�

� � 0
Z

M

u d� = lim
n !1

Z

M

u d� n i � 0 8u � 0
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�

� (M ) =
Z

M

1 d� = lim
i !1

Z

M

1 d� n i = 1

�
� (f (B )) = � (B )8B 2 B

Z

M

u � f d� = lim
i !1

1
ni

n iX

k=1

u(f k (x)) = lim
i !1

1
ni

n i � 1X

k=1

u(f k (x))

Z

M

u � f d� =
Z

M

u df � � 8u 2 C(M )

) f � � (B ) = � (B )8B 2 B

and f � � (B ) = � (f � 1(B )) 2

Example 2: X = `1 , elements ofX are bounded sequencesx = ( x i )1
i =1 2 R.

kxk1 = sup i 2 N jx i j

De�nition: � n : X ! R by � n (x) := xn and k� n k = 1

Exercise: Show that � n 2 X � has no weak� -convergent subsequence, ie. for
all subsequencesn1 < n 2 < n 3 < : : : : 9x 2 X = `1 such that the sequence
(� n i (x))1

i =1 2 R does not converge.

Theorem 2 (Banach-Alaoglu, general form): X Banach space) the unit
ball B � := f x � 2 X � j kx � k � 1g in the dual space is weak� compact.

Remark: X � with the weak� topology is Hausdor�.
) B � is weak� -closed. Prove it directly without using Thm 2.

Theorem 3 (Tychono�): Let I be any index set and, for eachi 2 I , let K i

be a compact topological space) K :=
Q

i 2 I K i is compact wrt the product
topology.

Remark: K = f x = ( x i ) i 2 I j x i 2 K i g � i : K ! K i canonical projection
product topology := weakest topology on K wrt which each � i is continuous.

Proof Thm 3 ) Thm 2: I = X . K x := [ �k xk; kxk] � R

K :=
Y

x 2 X

K x = f f : X ! R j j f (x)j � k xk8x 2 X g � RX

L := f f : X ! R j f is linearg � RX

� By Thm 3: K is compact

� L is closed with respect to the product topology. For x; y 2 X; � 2 R, the
functions

� x;y : RX ! R;  x;� : RX ! R

given by � x;y (f ) := f (x + y) � f (x) � f (y) and  x;� := f (�x ) � �f (x) are
continuous wrt product topology. So

L =
\

x;y

� � 1
x;y (0) \

\

x;�

 � 1
x;� (0)

is closed ) K \ L = B � is compact. Product topology on K \ L =
weak� -topology on X �

2
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De�nition: K any set. A set A � 2K is called FiP if A1; : : : ; An 2 A )
A1 \ : : : \ An 6= ? . A set B � 2K is called maximal FiP if B is FiP and
8A � 2K we have
B � A and A FiP ) A = B
Fact 1: If A � 2K is FiP, then 9B � 2K max FiP such that A � B (Zorn's
Lemma)
Fact 2: Let B � 2K is max FiP, then:

(i) B1; : : : ; Bn 2 B ) B1 \ : : : \ Bn 2 B

(ii) C 2 K; C \ B 6= ? 8B 2 B ) C 2 B

Fact 3: Let K be a topological space. ThenK is compact if and only if every
FiP collection A � 2K of closed subsets satis�es

T
A 2A A 6= ?

Proof of Tychono� 's theorem: K =
Q

i K i . Let A � 2K be a FiP collec-
tion of closed sets. By Fact 19 max FiP collection B � 2K with A � B (not
eachB 2 B needs to be closed).
To show:

T
B 2B B 6= ?

Step 1: Construction of an element x 2 K .
Fix i 2 I . � i : K ! K i projection. Denote Bi := f � i (B ) j B 2 Bg � 2K i ) B i

is FiP (if B1; : : : ; Bn 2 B then � i (B1) \ : : : \ � (Bn ) � � i (B1 \ : : : \ Bn ) 6= ? )

(K i compact ;Fact 3) )\

B 2B
� i (B ) 6= ?

Pick x i 2
T

B 2B � i (B ) Choosex = ( x i ) i 2 I 2 K (Axiom of Choice).

Step 2: x 2 B 8B 2 B
Let U 2 K be open with x 2 U.
To show: U \ B 6= ? 8B 2 B U open, x 2 U ) (!)9 �nite set J � I
9 open setsUi � K i ; i 2 J such that x 2

T
i 2 J � � 1

i (Ui ) � U (like Lemma 2 (i)).

x i = � i (x) 2 Ui \ � i (B )8i 2 J; 8B 2 B

(U i open)
) Ui \ � i (B ) 6= ? 8i 2 J 8B 2 B

) � � 1
i (Ui ) \ B 6= ? 8i 2 J 8B 2 B

(Fact 2)
) � � 1

i (Ui ) 2 B8i 2 J

(Fact 2)
)

\

i 2 J

� � 1
i (Ui ) 2 B

\

i 2 J

� � 1
i (Ui ) \ B 6= ? 8B 2 B

) U \ B 6= ? 8B 2 B

2

Theorem 4: X separable Banach space,K � X � . Equivalent are:

(i) K is weak� compact

(ii) K is bounded and weak* closed

(iii) K is sequentially weak* compact

(iv) K is bounded and sequentially weak* closed

Exercise: M (f ) as in example 1) M (f ) is weak* compact.
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Proof of Thm 4: Exercise.
(i) , (Thm 2) (ii): use uniform boundedness (Chapter II, Thm 1)
(ii) ) (Thm 1) (iii) ) (de�nitions) (iv) ) (ii)
Given x � 2 weak* closure(K ). Need to prove9 sequencex �

n 2 K with x �
n * x � .

Then, by (iv), x � 2 K 2

Theorem 5: X Banach space,E � X � linear subspace
AssumeE \ B � is weak� -closed, whereB � := f x � 2 X � j kx � k � 1g
Let x �

0 2 X � n E. Let � be such that 0< � < inf
x � 2 E

kx �
0 � x � k

) 9 x0 2 X such that hx �
0; x0i = 1, hx � ; x0i = 0 8x � 2 E, kx0k � 1

�

Remark 1: E is closed
Let x �

n 2 E and x �
n ! x � 2 X �

9c > 0 such that kx �
n k � c 8n 2 N

) x �
n
c 2 E \ B �

) x �

c 2 E \ B � = E \ B � ) x � 2 E
E closed) 9 � > 0 as in the hypothesis of Theorem 5

Remark 2: B � is closed in the weak� -topology.
Hence each closed ballf x � 2 X � j kx � � x �

0k � r g is weak� -closed.

Proof:

Step 1 There is a sequence of �nite setsSn � B = f x 2 X j kxk � 1g
satisfying the following condition for every x � 2 X � :

kx � � x �
0k � n�

max
x 2 Sk

jhx � � x �
0; xij � �k

for k = 0 ; : : : ; n � 1

9
>=

>;
) x � =2 E (� )

Proof of Step 1: n = 1 Choose S0 = ?
Then (� ) holds for n = 1
n � 1: AssumeS0; : : : ; Sn � 1 have been constructed such that (� ) holds.
To show: There is a �nite set Sn � B such that (� ) holds with n replaced by
n + 1
For any �nite set S � B denote

E(S) :=

8
><

>:
x � 2 E

�
�
�
�
�
�
�

kx � � x �
0k � � (n + 1)

max
x 2 Sk

jhx � � x �
0; xij � �k 8k = 0 ; : : : n � 1

max
x 2 S

jhx � � x �
0; xij � �n

9
>=

>;

To show: 9 �nite set S � B such that E(S) = ?
Suppose, by contradiction, that E(S) 6= ? , for every �nite set S � B

a) The set K := f x � 2 E j kx � � x �
0k � � (n + 1) g is weak� -compact.

Let R := kx0k + � (n + 1) Then kx � k � R 8x � 2 K
so K � E \ RB � = R(E \ B � ) =: ER

ER is weak� -closed. SoK = ER|{z}
weak� cl. by ass.

\ f x � 2 X � j kx � � x �
0k � � (n + 1) g

| {z }
weak� -closed by Rem. 2

K is weak� -closed and boundedThm 2) K is weak� -compact.

b) E(S) is weak� -closed for everyS
E(S) is the intersection of K with the weak� -closed subsets
f x � 2 X � j max

x 2 Sk

jhx � � x �
0; xij � �k g k = 0 ; : : : ; n � 1

f x � 2 X � j max
x 2 S

jhx � � x �
0; xij � �n g
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c) Si � B �nite set for i 2 I , I �nite
T

i 2 I
E(Si ) = E

�
S

i 2 I
Si

�
6= ? by assumption.

Let S := f S � B j S �nite g Then by c), the collection f E (S) j S 2 Sg is
FIP and by b) it consists of weak� -closed subsets of K.
By a) K is weak� -compact)

T

S2S
E(S) 6= ?

Let x � 2
T

S2S
E(S) ) x � 2 E; kx � � x �

0k � � (n + 1),

maxx 2 Sk jhx � � x �
0; xij � �k k = 0 : : : n � 1 and jhx � � x �

0; xij � �n 8x 2 B
i.e. kx � � x �

0k � �n This contradicts ( � )

Step 2 Construction of x0

Choose a sequencex i 2 B which runs successively through all points of the set

S =
1S

i =1

1
n Sn

Then lim
n !1

kx i k = 0

De�ne a linear operator T : X � ! c0 by T x� := ( hx � ; x i i ) i 2 N

Claim: For every x � 2 E there is an i 2 N such that jhx � � x �
0; x i ij � �

Let x � 2 E and choosen � kx � � x �
0 k

� ) k x � � x �
0k � �n

Step 1
) 9 k � n � 19x 2 Sk such that jhx � � x �

0; xij > �k
) jh x � � x �

0; x
k ij > � ) 9 i such that x i = x

k
The claim shows: kT x� � T x�

0k > � 8x � 2 E
) T x�

0 =2 T E
Chap II, Thm 7

) 9 � 2 c�
0 = l1 such that h�; T x �

0 i = 1 h�; T x � i = 0 8x � 2 E
k� k1 � 1

�
De�ne x0 :=

P 1
i =1 � i x i 2 X:

Note 1
P 1

i =1 k� i x i k �
P 1

i =1 j� i j < 1
So by Chapter I Theorem 10, the sequence

P 1
i =1 � i x i converges asn ! 1

Note 2

a) hx �
0; x0i =

P 1
i =1 � i hx �

0; x i i = h�; T x �
0 i = 1

b) hx � ; x0i = h�; T x � i = 0 8x � 2 E

c) kx0k �
P 1

i =1 j� i j = k� k1 � 1
�

2

Corollary 1: Let X be a Banach space andE � X a linear subspace.
Let B � := f x � 2 X � j kx � k = 1g
Equivalent are:

(i) E is weak� -closed

(ii) E \ B � is weak� -closed

(iii) ( ? E)? = E

Exercise: X Banach space,� : X ! X �� canonical embedding
) � (X ) is weak� -dense inX ��
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Proof of Corollary 1: (i) ) (ii) obvious
(ii) ) (iii) E � (? E)? by de�nition ( ? E = f x 2 X j hx � ; xi = 0 8x � 2 Eg)

(? E)? � E : Let x �
0 62E Thm 5) 9 x0 2 X such that hx �

0; x0i = 1
hx � ; x0i = 0 8x � 2 E
) x0 2 ? E; hx �

0; x0i 6= 0 ) x �
0 =2 (? E)?

(iii ) ) (i ) E = ( ? E)? =
T

x 2 ? E
f x � 2 X � j hx � ; xi = 0g
| {z }

weak� -closed

2

Corollary 2: X Banach space,' : X � ! R linear
Equivalent are:

(i) ' is continuous w.r.t. weak� -topology

(ii) ' � 1(0) 2 X � is weak� -closed

(iii) 9x 2 X 8x � 2 X � ' (x � ) = hx � ; xi

Proof: (iii ) ) (i ) de�nition of weak � -topology
(i ) ) (ii ) de�nition of continuity
(ii ) ) (iii ) w.l.o.g ' 6= 0
E := ' � 1(0) � X � is weak� -closed
Choosex �

0 2 X � such that ' (x �
0) = 1, so x �

0 =2 E
Thm 5) 9 x0 2 X such that hx �

0; x0i = 1 hx � ; x0i = 0 8x � 2 E
Let x � 2 X �

) x � � ' (x � )x �
0 2 E

) h x � � ' (x � )x �
0; x0i = 0

) h x � ; x0i = ' (x � )hx � ; x0i = ' (x � ) 2

Corollary 3: X Banach space,� : X ! X �� canonical embedding
S := f x 2 X j kxk = 1g
The weak� -closure of� (S) 2 X �� is B �� = f x �� 2 X �� j kxk � 1g

Proof: K := weak � closure of� (S)

1. K � B �� becauseB �� is closed

2. K is convex:
Key fact: � : X|{z}

weak top

! X ��
|{z}

weak� -top

is continuous

Hence�(B ) � K : x 2 B U � X �� weak� open, � (x) 2 U
) � � 1(U) � X weakly open andx 2 � � 1(U)
) � � 1(U) \ S 6= ?

) U \ � (S) 6= ? 8U) � (x) 2 K

So K is the weak� -closure of the convex set� (B ) Lemma 1) K is convex

3. B �� � K

x ��
0 =2 K ) 9 weak� -continuous linear functional ' : X �� ! R such that
sup

x �� 2 K
' (x �� ) < ' (x ��

0 )

Cor 2) 9 x �
0 2 X � such that � (x �� ) = hx �� ; x �

0 i
) h x ��

0 ; x �
0 i > sup

x �� 2 K
hx �� ; x �

0 i � sup
x 2 S

hx �
0; xi = kx �

0k ) k x ��
0 k > 1 ) x ��

0 =2

B ��

2
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Lemma 6: X normed vector space

(i) If x �
1; : : : ; x �

n 2 X � are linearly independent, then 9x1; : : : ; xn 2 X such
that

hx �
i ; x j i = � ij

(ii) If x �
1; : : : ; x �

n 2 X are lin. indep., then

X 0 := f x 2 X j hx �
i ; xi = 0 ; i = 1 ; : : : ; ng

is a closed subspace of codimensionn and X ?
0 = spanf x �

1; : : : ; x �
n g

Proof:

(i) for n ) (ii) for n: 8x 2 X we have: x �
P n

i =1 hx �
i ; xi x i 2 X 0

This shows: X = X 0 � spanf x1; : : : ; xn g and, moreoverx � 2 X ?
0

) 0 = hx � ; x �
X

i

hx �
i ; xi x i i

= hx � ; xi �
X

i

hx �
i ; xi � hx � ; x i i

= hx � �
nX

i =1

hx � ; x i i x �
i ; xi8 x 2 X

) x � =
nX

i =1

hx � ; x i i x �
i 2 spanf x �

1; : : : ; x �
n g

(ii) for n ) (i) for n + 1 : Let x �
1; : : : ; x �

n +1 2 X � be lin. indep. for i =
1; : : : ; n + 1 denote X i := f x 2 X j hx �

j ; xi = 0 ; j 6= ig

(i) for n
) X ?

i = spanf x �
j j j 6= ig

) x �
i =2 X ?

i ) 9 x i 2 X i such that hx �
i ; x i i = 1

) h x �
j ; x i i = � ij

2

Remark 1: Converse ifx i ; : : : ; xn 2 X are lin. indep., then 9x �
1; : : : ; x �

n 2 X �

such that hx �
i ; x j i = � ij

Remark 2: x �
1; : : : ; x �

n 2 X � lin indep, c1; : : : ; cn 2 R
) 9 x 2 X such that hx �

i ; xi = ci (namely: x =
P n

i =1 ci x i with x i as in Lemma
6).

Lemma 7: X normed vector space,x �
1; : : : ; x �

n 2 X � ; c1; : : : ; cn 2 R; M � 0.
Equivalent are:

(i) 8" > 09x 2 X such that

hx �
i ; xi = ci ; i = 1 ; : : : ; n kxk � M + "

(ii) 8� 1; : : : ; � n 2 R we have

j
nX

i =1

� i ci j � M k
nX

i =1

� i x �
i k
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Proof: (i) ) (ii):
x = x" 2 X as in (i). Then

j
X

i

� i ci j = j
X

i

� i hx �
i ; x" ij

= jh
X

i

� i x �
i ; x" ij

= k
X

i

� i x �
i k � kx" k

= ( M + ")k
X

i

� i x �
i k 8" > 0

(ii) ) (i):
Assumex �

1; : : : ; x �
n lin indep (w.l.o.g)

Choosex 2 X such that hx �
i ; xi = ci 8i (Remark 2). X as in Lemma 6.

inf
� 2 X 0

kx + � k = sup
06= x � 2 X ?

0

jhx � ; xij
kx � k

(by Lemma 6) = sup
� i 2 R

jh
P

� i x �
i ; xij

k
P

i � i x �
i k

= sup
� i

j
P

i � i ci

j
P

i � i x �
i j

� M

2

Theorem 6: X Banach space. Equivalent are:

(i) X is re
exive

(ii) The unit ball B := f x 2 X j kxk � 1g is weakly compact

(iii) Every bounded sequence inX has a weakly convergent subsequence

Proof : � : X ! X �� is an isomorphism from X with the weak topology to
X �� with the weak*topology.
U � X weakly open, � (U) � X �� is weak*-open.

(i) ) (ii) � (B ) is the unit ball in X �� , hence is weak*compact (Thm 2), soB
is weakly compact.

(i) ) (iii) X separable and re
exive ) X � separable (Chapter II, Thm 9).
(xn ) 2 X bounded sequence) � (xn ) 2 X �� is a bounded sequence. So, by
Thm 1, � (xn ) has a weak*-convergent subsequence�(xn i )
) xn i converges weakly.

(i) ) (iii): The nonseparable case Let xn 2 X be a bounded sequence.

Denote Y :=
nP N

n =1 � n xn j N 2 N; � n 2 R
o

) Y is separable and re
exive (Chapter II, Thm 8)
) xn by separable case has a subsequencexn i converging weakly inY ,ie.

9x 2 Y8y� 2 Y � : hy� ; xi = lim
i !1

hy� ; xn i i

by Hahn-Banach
) 8 x � 2 X � : hx � ; xi = lim

i !1
hx � ; xn i i
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(ii) ) (i) Let x �� 2 X �� ; x �� 6= 0.
Claim: For every �nite set S � X � there exists anx 2 X such that

hx � ; xi = hx �� ; x � i 8 x � 2 S kxk � 2kx �� k

S := f S � X � jS �nite subsetg and K (S) := f x 2 X j kxk � 2kx �� k; hx �� ; x � i =
hx � ; xi8 x � 2 Sg
Note:

� K (S) is a weakly closed subset ofcB = f x 2 X j kxk � cg where c =
2kx �� k.

� cB is weakly compact, by (ii).

� The collection f K (S) j S 2 Sg is FiP, because

K (S1) \ : : : \ K (Sn ) = K (S1 [ : : : [ Sn ) 6= ? )
\

S2S

K (S) 6= ?

) 9 x 2 X such thathx � ; xi = hx �� ; x � i8 x � 2 X �

Proof of claim:
Write S = f x �

1; : : : ; x �
n g; ci := hx �� ; x �

i i .

j
X

i

� i ci j = j
X

i

� i hx �� ; x �
i ij = jhx �� ;

X

i

� i x �
i ij � k x �� k � k

X

i

� i x �
i k

Assumption of Lemma 7 holds with M = kx �� k > 0 Choose" = kx �� k > 0.

(iii) ) (i) Let x ��
0 2 X �� ; kx ��

0 k � 1. Denote E := f x � 2 X � j hx ��
0 ; x � i = 0g

and B � := f x � 2 X � j kx � k � 1g
Claim 1: E

T
B � is weak*closed.

Claim 1
by Cor 1

) E is weak*-closed
by Cor 2

)

9x0 2 X 8x � 2 X � : hx ��
0 ; x � i = hx � ; x0i ) x ��

0 = �(x0)

So � : X ! X �� is surjective.
Claim 2: 8x �

1; : : : ; x �
n 2 X � ; 9x 2 X such that

hx �
i ; xi = hx ��

0 ; x �
i i ; i = 1 ; : : : ; n kxk � 1

Proof of Claim 2 Denote Um := f x �� 2 X �� j jhx �� � x ��
0 ; x �

i ij < 1
m ; i =

1; : : : ng
) x ��

0 2 Um , Um is weak*open. Moreoverkx ��
0 k � 1.

Recall the weak*closure of� (S); S := f x 2 X j kxk = 1g is the closed unit ball
in X �� (Cor 3). ) Um

T
�(S) 6= ? 9xm 2 X such that

kxm k = 1 jhx �
i ; xm i � h x ��

0 ; x �
i ij <

1
m

i = 1 ; : : : ; n

) by (iii) 9 weakly convergent subsequencexm k * x .
) k xk � 1 and

hx �
i ; xi = lim

k !1
hx �

i ; xm k i = hx ��
0 ; x �

i i i = 1 ; : : : n

Proof of Claim 1 Let x �
0 2 weak*closure ofE

T
B � . We must prove that

x �
0 2 E

T
B � . Clearly kx �

0k � 1. So it remains to provehx ��
0 ; x �

0 i = 0

Step 1 Let " > 0. Then 9 sequencesxn 2 X; n � 1; x �
n 2 X � such that

(1) kxn k � 1; kx �
n k � 1; hx ��

0 ; x �
n i = 0

(2) hx �
i ; xn i = hx ��

0 ; x �
i i i = 0 ; : : : ; n � 1

(3) jhx �
n � x �

0; x i ij < " i = 1 ; : : : ; n
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Proof of Step 1 Induction n = 1: a) By Claim 2, 9x1 2 X such that kx1k �
1; hx �

0; x1i = hx ��
0 ; x �

0 i b) Becausex �
0 2 weak*closure (E

T
B � ) 9x �

1 2 E
T

B �

such that jhx �
1 � x �

0; x1ij � "
) (1),(2),(3) hold for n = 1.
n � 1: Supposex i ; x �

i have been constructed fori = 1 ; : : : ; n.

a) By Claim 2,

9xn +1 2 X : hx �
i ; xn +1 i = hx ��

0 ; x �
i i i = 0 ; : : : ; n kxn +1 k � 1

b) 9x �
n +1 2 E

T
B � such that jhx �

n +1 � x �
0; x i ij � "; i = 1 ; : : : ; n

Step 2 hx ��
0 ; x �

0 i = 0
By (iii) 9 weakly convergent subsequence

xn i * x 0 2 X kx0k � 1

) by Lemma 4 9m 2 N 9� 1; : : : ; � m � 0
(4)

P m
i =1 � i = 1 kx0 �

P m
i =1 � i x i k < "

a) hx �
m ; x0i = lim

i !1
hx �

m ; xn i i = lim
i !1

hx ��
0 ; x �

m i = 0

b)

jhx ��
0 ; x �

0 ij
(by a)

�

�
�
�
�
�
hx ��

0 ; x �
0 i �

*

x �
M ;

mX

i

� i x i

+ �
�
�
�
�
+

�
�
�
�
�

*

x �
m ;

mX

i =1

� i x i � xo

+ �
�
�
�
�

�
X

i

� i jhx ��
0 ; x �

0 i � h x �
m ; x i ij| {z }

� " by (3)

+












mX

i

� i x i � x0












| {z }
� (3) by(4)

� 2"

2

3.3 Ergodic measures

(M; d) compact metric space,f : M ! M homeomorphism
M (f ) := f f -invariant Borel probability measure � : B ! [0; 1 )g
B � 2M Borel � -algebra, � (M ) = 1 ; � (f (E )) = � (E ) 8E 2 B
We know: M (f ) nonempty, convex, weak� -compact.

De�nition: An f -invariant Borel-measure � 2 M (f ) is called ergodic,
if 8� 2 B � = f (�) ) � (�) 2 f 0; 1g

Example : M = S2 � N (�) =
�

1 N 2 �
0 N =2 �

� S (�) =
�

1 S 2 �
0 S =2 �

where

N stands for north pole and S for south pole.

De�nition: X vectorspace,K � X convex
x 2 K is called anextremal point of K , if the following holds:

x0; x1 2 K
x = (1 � � )x0 + �x 1

0 < � < 1

9
=

;
) x0 = x1 = x

Lemma 8: � 2 M (f ) extremal point ) � is ergodic
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Proof: Suppose not.
) 9 � 2 B such that � = f (�) ; 0 < � (�) < 1
De�ne � 0; � 1 : B ! [0; 1 ) by � 0(E ) := � (E n�)

1� � (�) � 1(E ) = � (E \ �)
� (�)

� 0; � 1 2 M (f ); � 0 6= �; � 1 6= �
� = (1 � � )� 0 + �� 1 � = � (�)
) � is not extreme 2

Theorem 7 (Krein-Milman): X locally convex topological T2 vectorspace
K � X nonempty, compact, convex
E := set of extremal points of K
C :=convex hull of E := f

P m
i =1 � i ei j ei 2 E � i � 0

P m
i =1 � i = 1g

) C = K (in particular C 6= ? )

Corollary: Every homeomorphism of a compact metric space has an ergodic
measure

Proof: Apply Theorem 7 to the caseX = C(M ) � with weak� -topology
and K = M (f ) 2

Proof of Theorem 7:

Step 1 A; B � X nonempty, disjoint, convex sets,A open ) 9 continuous
linear functional ' : X ! R such that ' (a) < inf

b2 B
' (b) 8a 2 A

Proof of Step 1: Hahn-Banach as in Chapter II Theorem 6

Step 2 8x 2 X; x 6= 0 9 linear functional ' : X ! R with ' (x) 6= 0
Proof: Choose an open convex neighborhoodA � X of 0 such that x =2 A.
Denote B = f xg. Now apply Step 1.

Step 3 E 6= ?
Proof:
A nonempty compact convex subsetK 0 � X is called aface of K if

K 0 � K and
x 2 K 0; x0; x1 2 K
x = (1 � � )x0 + �x 1

0 < � < 1

9
=

;
) x0; x1 2 K 0

Denote K := f K � X j K is nonempty, compact, convexg

K is partially ordered by K 0 � K def, K 0 is a face ofK

� K 4 K

� K 4 K 0; K 0 4 K ) K 0 = K

� K 004 K 0; K 0 4 K ) K 004 K

If C � K is a chain, then K 0 :=
T

C 2C
C 2 K !

Because of the FIP characterisation of compactness we haveK 0 6= ?
Zorns Lemma implies: For everyK 2 K , there is a minimal element K 0 2 K
such that K 0 4 K
Claim: K 0 = f ptg
SupposeK 0 3 x0; x1 x0 6= x1
Step 2

) 9 ' : X ! R continuous linear such that ' (x1 � x0) > 0 so' (x0) < ' (x1)
K 1 := K 0 \ ' � 1( sup

x 2 K 0

' (x)) 2 K ) K 1 4 K 0 and K 0 6= K 1 sincex0 2 K 0 n K 1

So K 0 is not minimal. Contradiction.
Claim) K 0 = f x0g ) x0 2 E (by de�nition of face)

51



3 The weak and weak* topologies 14.12.2006

Step 4 K = C
Clearly C � K
SupposeC $ K , let x0 2 K n C
Step 1

) 9 ' : X ! R continuous linear such that ' (x0) > sup
C

'

K 0 := K \ ' � 1(sup
K

' ) is a face of K andK 0 \ C = ?

Step 3
) K 0 has an extremal point e

) e is extremal point of K
Contradiction, becausee =2 C 2

(M; d) compact metric space
f : M ! M homeomorphismus,� 2 M (f ) ergodic
u : M ! R continuous, x 2 M

Question: 1
n

P n � 1
k=0 u(f k (x)) ?!

R
M u d�

Theorem (Birkho� ): 8u 2 C(M ) 9� 2 B such that f (�) = � � (�) = 1R
M u d� = lim

n !1
1
n

P n � 1
k=0 u(f k (x)) 8x 2 �

Without proof

Theorem 8 (von Neumann): (M; d) compact metric space,f : M ! M
homeomorphismus,� 2 M (f ) ergodic, 1< p < 1

) lim
n !1






 1

n

P n � 1
k=0 u(f k (x)) �

R
M u d�








L p
= 0

Theorem 9 (Abstract Ergodic Theorem): X Banach space,T 2 L (X ); c �
1
AssumekTn k � c 8n 2 N
Denote Sn := 1

n

P n � 1
k=0 T k 2 L (X )

Then the following holds:

(i) For x 2 X we have: (Sn x)n 2 N converges, (Sn x)n 2 N has a weakly con-
vergent subsequence.

(ii) The set Z := f x 2 X j Sn x convergesg is a closed linear subspace ofX
and
Z = Ker(1 � T) � Im(1 � T)
If X is re
exive Z = X

(iii) De�ne S : Z ! Z by S(x + y) := x x 2 ker(1 � T); y 2 Im(1 � T)
Then Sz := lim n !1 Sn z 8z 2 Z and ST = T S = S2 = S, kSk � c

Proof of Theorem 9 ) Theorem 8 X = L p(� ) T u := u � fR
M ju � f jp d� =

R
M jujp d� , so kT ukp = kukp

kTk = 1 8k 2 N
(Sn u)(x) = 1

n

P n � 1
i =1 u(f k (x))

To show: lim
n !1




 Sn u �

R
M u d�






L p ( � )
= 0

Equivalently Claim 1: ( Su)(x) =
R

M u d� 8x 2 M
(By Theorem 9 we haveSn u ! Su in L p(� ) )

Claim 2: T v = v ) v � const.
Claim 2) Claim 1: Su 2 Ker(1 � T) ) Su � c
c =

R
M Su d� = lim

n !1

R
M Sn u d� = lim

n !1
1
n

P n � 1
k=0

R
M u � f k d� =

R
M u d�

Proof of Claim 2:
v : M ! R measurable,

R
M jvjp d� < 1

[v] 2 L p(� ) T [v] = [ v] , v � f = v almost everywhere
E0 := f x 2 M j v(x) 6= v(f (x))g measure zero
) E :=

S

k2 N
f k (E0) � (E ) = 0
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M n E = � 0 [ � + [ � �

� 0 = f x 2 M j v(x) = cg � � = f x 2 M j � v(x) > cg where c :=
R

M v d�
) � 0; � � f � invariant, � (� 0) + � (� + ) + � (� � ) = 1
� ergodic

) � (� 0) = 1
because otherwise:� (� + ) = 1 so

R
M v d� > c

or � (� � ) = 1 so
R

M v d� < c 2
Let A 2 L (X; Y ).

De�nition: The dual operator of A is the bounded linear operator A � 2
L(Y � ; X � ) de�ned by hA � y� ; xi := hy� ; Ax i for y� 2 Y � and x 2 X , ie.

X
A //

A � y �

99Y
y �

//R

Remark: kA � k = kAk

Proof:

kA � k = sup
y � 6=0

kA � y� k
ky� k

= sup
y � 6=0

sup
x 6=0

hA � y� ; xi
kxk � ky� k

= sup
y � 6=0
x 6=0

hy� ; Ax i
ky� k � kxk

by Hahn-Banach
= sup

x 6=0

kAx k
kxk

= kAk

2

Proof of Thm 9: X is space. T 2 L (X ); c � 1; kT k k � c; k = 0 ; 1; 2; : : :.
Denote Sn := 1

n

P n � 1
k=0 T k

Step 1

kSn k � c;kSn (1l � Tk �
1 + c

n

Proof

kSn k �
1
n

n � 1X

k=0

kT k k � c

Sn (1l � T) =
1
n

n � 1X

k=0

T k �
1
n

nX

k=1

T k =
1
n

(1l � Tn )

Step 2 8x; � 2 X with T x = x we havekxk � ckx + � � T � k.

Proof x = T x = T2x = : : : ) Sn x = x 8n 2 N.
Also, by Step 1, limn !1 kSn (� � T � )k = 0

) k xk = lim
n !1

kSn (x + � � T � )k
| {z }

� ckx + � � T � k

� ckx + � � T � k
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Step 3
x 2 ker(1l � T); y 2 im(1l � T) ) k xk � ckx + yk

Proof
9� n 2 X such that � n � T � n ! y

) by Step 2 kxk � ckx + � n � T � n| {z }
! y

k

n !1=) k xk � ckx + yk

Step 4 ker(1l � T) \ im(1l � T) = f 0g and the subspaceX 0 := ker(1l � T) �
im(1l � T) is closed

Proof For x 2 ker(1l � T) \ im(1l � T) choosey := � x in Step 3 ) x = 0
Let zn 2 X 0; z = lim

n !1
zn 2 X .

Write zn = xn + yn ; xn 2 ker(1l � T); yn 2 im(1l � T)

by Step 3
) k xn � xm k � ckzn � zm k

) xn is Cauchy

) The limits exist and x := lim
n !1

xn 2 ker(1l� T); y := lim
n !1

yn 2 im(1l � t); z = x+ y 2 X 0

Step 5 Let z = x + y 2 X 0 where x 2 ker(1l � T); y 2 im(1l � T).
) Sn 2 X 0 for all n 2 N and limn !1 Sn z = x

Proof

a) x = T x ) Sn x = x 2 X 0

b) Choose� k 2 X such that � k � T � k ! y. Then

Sn y = lim
k !1

Sn (1l � T)� k

= lim
k !1

(1l � T)Sn � k| {z }
2 im(1l � T )

2 im(1l � T)

c) By Step 1,

kSn (�T � )k �
1 + c

n
k� k8� 2 X

So Sn y ! 0 8y 2 im(1l � T)

) (by Ch II, Thm 2 (ii)) Sn y ! 08y 2 im(1l � T)

) Sn z = x + Sn y ! x.

Step 6 Let x; z 2 X . Equivalent are

(i) lim n !1 Sn z = x

(ii) 9 subsequencen1 < n 2 < n 3 < : : : such that

w � lim
i !1

Sn i z = x

(iii) T x = x; z � x 2 im(1l � T)
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Proof (iii)
by Step 5

) (i) obvious) (ii).
(ii) ) (iii)

hx � ; T x � xi = hT � x � � x � ; xi
by (ii)

= lim
i !1

hT � x � � x � ; Sn i zi

= lim
i !1

hx � ; T � 1l)Sn i| {z }
k:k� 1+ c

n

zi

= 0 8x � 2 X � by Step 1

) by Hahn-Banach T x � x = 0.
Supposex � 2 (im(1l � T))?

) h x � ; � � T � i = 0 8� 2 X

) h x � � T � x � ; � i = 08�

) x � = T � x � = ( T � )2x � � � � ; x � = S�
n i

x � 8i

hx � ; z � xi
( ii )
= lim

i !1
hx � ; z � Sn i zi

= lim
i !1

hx � � S�
n i

x � ; zi = 0

So z � x 2? ((im(1l � T))? ) = im(1l � T).
Step 6

) Theorem 9.
X 0 = X in the re
exive case. 2
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4 Compact operators and Fredholm theory

4.1 Compact operators

Lemma 1: X; Y Banach spaces,K 2 L (X; Y ). Equivalent are:

(i) If xn 2 X is a bounded sequence thenKx n 2 Y has a convergent subse-
quence

(ii) If S � X is a bounded subset thenKS is a compact subset ofY .

(iii) The set f Kx j kxk � 1g � Y is compact.

The operator K is calledcompact if it satis�es these equivalent conditions.

Proof: (i) ) (ii):
To Show: Every sequence inKS has a Cauchy subsequence (see Ch I, Lemma
7). Let yn 2 KS . Choosexn 2 S such that yn = Kx n .

) xn is a bounded subsequence
( i )
) Kx n has a convergent subsequenceKx n i =

yn i ) yn i is Cauchy.
(ii) ) (iii): take S := f x 2 X j kxk � 1g
(iii) ) (i): xn 2 X bounded. Choosec > 0 such that kxn k � c8n
( iii )
) K x n

c has a convergent subsequence) Kx n has a convergent subsequence
2

Example 1: T : X ! Y surjective, dim Y = 1 ) T not compact. (open
mapping theorem) f T x j kxk < 1g � f y 2 Y j kyk � � g for some � > 0 not
compact.

Example 2: K 2 L (X; Y ); imK �nite dimensional ) K is compact.

Example 3: X = C1([0; 1]); Y = C0([0; 1]); K : X ! Y obvious inclusion
) K is compact. Arzela-Ascoli.

Example 4: X = Y = `p; 1 � p � 1 � 1; � 2; : : : 2 R bounded.
Kx := ( � 1x1; � 2x2; � 3x3; : : :)

K compact , lim
n !1

� n = 0

(exercise).

Theorem 1: X; Y; Z Banach spaces

(i) A 2 L (X; Y ); B 2 L (Y; Z)

A compact or B compact ) BA is compact

(ii) K � 2 L (X; Y ) compact � = 1 ; 2; 3; : : : K 2 L (X; Y ) such that

lim � !1 kK � � K k = 0 ) K is compact.

(iii) K compact , K � is compact.
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Proof: (i): Exercise
(ii): xn 2 X bounded, c := supn 2 N kxn k < 1
Diagonal Sequence Argument:9 subsequencexn i such that (K � xn i )

1
i =1 is Cauchy

for every � 2 N.
Claim: (Kx n i )

1
i =1 is Cauchy.

" > 0. Choose� such that kK � � K k < "
3c .

ChooseN 8i; j � N : kK � xn i � K � xn j k < "
3 .

i;j � N
) k Kx n i � Kx n j k � k (K � K � )xn i k| {z }

< kK � K � k�k x n i k< "
3 k

+ kK � xn i � K � xn j k
| {z }

< "
3

+ k(K � � K )xn j k
| {z }

< "
3

< "

(iii): K compact ) K � compact.
Denote M := f Kx j kxk � 1g � Y .
M is a nonempty compact metric space. Fory� 2 Y � denote f y � := y� jM 2
C(M ). Let F := f f y � j ky� k � 1g � C(M ).
Note:

kf y � k := sup
y2 M

jf y � (y)j

= sup
y2 M

hy� ; yi

= sup
kx k� 1

hy� ; Kx i

= sup
kx k� 1

hK � y� ; xi

= kK � y� k

F is bounded

f = f y � 2 F ) k f k = kK � y� k � k K � k � ky� k
| {z }

� 1

� k K k

F is equicontinuous
f = f y � 2 F ; y� 2 Y � ; ky� k � 1.

) j f (y1) � f (y2)j = jhy� ; y1 � y2ij

� k y� kky1 � y2k

� k y1 � y2k

Arzela-Ascoli ) F is compact in C(M ) !) K � is compact. y�
n 2 Y � ; ky� k � 1

) f n := y�
n jM 2 F ) f n has a convergent subsequencef n i

kK � y�
n i

k = kf n i � f n j k ) (K � y�
n i

) �
i =1 is a Cauchy sequence) K � y�

n i
converges.

K � compact ) K compact K � compact ) K �� compact.

X
K //

� X

��

Y

� Y

��
X ��

K ��
//Y ��

( i )
) �Y � K = K �� � �X : X ! Y �� is compact.
If xn 2 X is bounded) �Y (Kx n ) has a convergent subsequence) Kx n has a
convergent subsequence.

2

Lemma 2: X; Y Banach spaces,A 2 L (X; Y )

(i) (Im A)? = Ker A � ? (Im A � ) = Ker A

(ii) A � injective , Im A dense inY

(iii) A injective , Im A � is weak� dense inX �
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Proof:

(i) Let y� 2 Y �

y� 2 (Im A)? , h y� ; Ax i
| {z }
hA � y � ;y i

= 0 8x 2 X , A � y� = 0

Let x 2 X . Then x 2 ? (Im A � ) ,

hA � y� ; xi
| {z }
= hy � ;Ax i

= 0 8y� 2 Y � Hahn-Banach, Ax = 0

(ii) A � injective , Ker A � = 0
( i )
, (Im A)? = 0

, Im A is dense inY (Chap. II, Cor. 2 of Theorem 7)

(iii) A injective , Ker A = 0 , ( ? Im A � )?

| {z }
weak� closure of Im A �

= X �

2

Example 1: X = Y = H = l2

Ax := ( x1; x 2
2 ; x 3

3 ; : : :) X � = Y � �= H
A � = A injective, Im A 6= H

�
1
n

� 1
n =1 2 l2 n Im A

Example 2: X = l1; Y = c0, A : l1 ! c0 inclusion
A � : l1 ! l1 inclusion, Im A � = l1 � l1 not dense
A �� : (l1 ) � ! l1 not injective.

When is Im A ?= ? (Im A � ) or Im A � ?= (Ker A)?

Theorem 2: X; Y Banach spaces,A 2 L (X; Y )
Equivalent are:

(i) Im A is closed inY

(ii) 9c � 08x 2 X inf
A� =0

kx + � k � ckAx k

(iii) Im A � is weak� -closed inX �

(iv) Im A � is closed inX �

(v) 9c � 08y� 2 Y � inf
A � � � =0

ky� + � � k � ckA � y� k

If these equivalent conditions are satis�ed, then:
Im A = ? (Ker A � ); Im A � = (Ker A)?

Lemma 3: X; Y Banach spaces,A 2 L (X; Y ); " > 0
Assumef y 2 Y j kyk < " g � f Ax j kxk < 1g (� )
Then: f y 2 Y j kyk < "

2 g � f Ax j kxk < 1g

Proof: Chapter II, Lemma 2, Step 2 2

Remark 1: In Chapter II we proved:

A surjectiveBaire) (� ) Lemma 3) A is open

Remark 2: (� ) ) A is surjective
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Proof of Theorem 2 (i) ) (ii) Denote X 0 := X= Ker A; Y0 := Im A
A induces an operatorA0 : X 0 ! Y0 by A0[x] := Ax
Note: [x1] = [ x2] ) x1 � x2 2 Ker A ) Ax 1 = Ax 2; so A0 is well de�ned
A0 is a bijective, linear operator
open mapping thm

) A � 1
0 : Y0 ! X 0 bounded

) 9 c � 08x 2 X : inf
A� =0

kx + � k = k[x]kX= Ker A � ckA0[x]k = ckAx k

(ii) ) (iii) Claim: Im A � = (Ker A)? =
T

x 2 Ker A
f x � 2 X � j hx � ; xi = 0g

Let x � 2 (Ker A)? i.e. hx � ; xi = 0 8x 2 Ker A
De�ne  : Im A ! R  (Ax ) := hx � ; xi well de�ned
 is bounded: 8� 2 Ker A :
j (Ax )j = jhx � ; x + � ij � k x � kkx + � k

so j (Ax )j � k x � k inf
A� =0

kx + � k
( ii )
� ckx � k kAx k

Hahn-Banach) 9 y� 2 Y � such that hy� ; yi =  (y) 8y 2 Im A
) h A � y� ; xi = hy� ; Ax i =  (Ax ) = hx � ; xi 8 x 2 X
) A � y� = x � 2 Im A �

(iii) ) (iv) obvious
(iv) ) (v) follows from (i) ) (ii) with A � instead of A
(v) ) (i) Case 1:A � is injective
If 9c > 08 y� 2 Y � ky� k � ckA � y� k; then A is surjective
Claim: A satis�es (� ) in Lemma 3 with " = 1

c
(Then by Lemma 3, A is surjective)
Proof of the claim: Denote K := f Ax j kxk < 1g closed, convex, nonempty
To show: y0 2 Y n K ) k y0k � "

Let y0 2 Y n K
Chap. II, Thm 6

) 9 y�
0 2 Y � such that hy�

0 ; y0i > sup
y2 K

hy�
0 ; yi

) k A � y�
0k = sup

kx k< 1
hA � y�

0 ; xi = sup
kx k< 1

hy�
0 ; Ax i = sup

y2 K
hy�

0 ; yi < hy�
0 ; y0i � k y�

0k ky0k

) k y0k > kA �
0 y �

0 k
ky �

0 k � 1
c = "

Case 2: A � not injective
Denote Y0 := Im A � Y �

0
�= Y � =(Im A)? = Y � =Ker A �

A0 : X ! Y0 A �
0 : Y �

0 = Y � =Ker A � ! X �

A �
0 is the operator induced by A �

By (v) we have: k[y� ]kY � = Ker A � � ckA � y� k
) A �

0 satis�es the hypotheses of Case 1
) A0 is surjective Im A = Im A0 = Y0 = Im A ) Im A is closed
) Im A = ? ((Im A)? ) = ? (Ker A � ) 2

Corollary: X; Y Banach spaces,A 2 L (X; Y )

(i) A is surjective if and only if 9c > 08y� 2 Y � ky� k � ckA � y� k

(ii) A � is surjective if and only if 9c > 08x 2 X kxk � ckAx k

Proof:

(i) A is surjective , Im A closed and ImA dense
, (v) in Theorem 2 and Ker A � = 0

(ii) A � is surjective , Im A � weak� closed and ImA � weak� dense
, (ii) in Theorem 2 and Ker A = 0

2

Remark 1: X; Y; Z Banach spaces,A 2 L (X; Y ); B 2 L (Z; Y ); Im B � Im A
) 9 T 2 L (Z; X ) AT = B (Douglas Factorization)
Hint: T := A � 1B : Z ! X is closed
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Remark 2: A 2 L (X; Y ); B 2 L (X; Z )
Equivalent are:

(i) Im B � � Im A �

(ii) 9c � 08x 2 X kBx k � ckAx k

Hint for the proof: B = id see Corollary (ii)
(i) ) (ii) Douglas Factorization (when A � is injective)
(ii) ) (i) Prove that
x � 2 Im A � , 9 c � 08x 2 X jhx � ; xij � ckAx k as in Proof of Theorem 2

Remark 3: X re
exive, A 2 L (X; Y ); B 2 L (Z; Y )
Equivalent are:

(i) Im B � Im A

(ii) 9c � 08y� 2 Y � kB � y� k � ckA � y� k

Hint for the proof: (ii) Rem 2, Im B �� � Im A ��

Example: X re
exive cannot be removed in Remark 3:
X = c0; Y = l2; Z = R
A : X ! Y Ax :=

� x n
n

� 1
n =1 B : Z ! Y Bz :=

�
z
n

� 1
n =1 2 l2

A; B satisfy (ii) in Remark 3, but not (i)

4.2 Fredholm operators

De�nition: X; Y Banach spaces andA 2 L (X; Y ). ker A := f x 2 X j Ax =
0g; im A := f Ax j x 2 X g. De�ne coker A := Y=A. A is called a Fredholm
operator if

� im A is a closed subspace ofY

� ker A and cokerA are �nite dimensional

The Fredholm index of A is the integer index(A) := dim ker A � dim cokerA.

Lemma 3: X; Y Banach spaces,A 2 L (X; Y )
dim cokerA < 1 ) im A closed.

Proof: dim cokerA < 1 ) 9 y1; : : : ; ym 2 Y such that [yi ] 2 Y n im A form a
basis
) Y = im A � spanf y1; : : : ; ym g
Denote X := X � Rm ; (x; � ) 2 X
k(x; � )kX := kxkX + k� kRm .
De�ne A : X ! Y by A (x; � ) := Ax +

P m
i =1 � i yi

) A 2 L (X; Y ). A is surjective and kerA = ker A � f 0g.

Thm2) 9 c � 08x 2 X : inf
A� =0

kx + � kX � ckAx kY

i.e.
8x 2 X 8� 2 Rm : inf

A� =0
kx + � kX + k� kRm � ckAx +

X
� i yi kY

) inf
A� =0

kx + � kX � ckAx kY
Thm2) im A closed

2

Remark: Y Banach space,Y0 � Y linear subspace, dimY=Y0 < 1
6) Y0 is closed.
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Lemma 4: X; Y Banach spaces,A 2 L (X; Y )
A Fredholm , A � is Fredholm.
In this case: index(A � ) = � index(A).

Proof: By Thm 2 im A closed, im A � closed. In this case we have im(A � ) =
(ker(A))? and ker(A � ) = (im( A))perp . Hence

(ker A) � �= X � =(ker A)? = X � =(im A � ) = coker( A � )

(cokerA) � = ( Y=im A) � �= (im A)? = ker( A � )

) dim coker(A � ) = dim ker( A) dim ker( A � ) = dim coker( A) 2

Example 1: X; Y �nite dimensional ) Every linear operator A : X ! Y is
Fredholm and index(A) = dim X � dim Y.

Proof: dim X = dim ker A + dim im A (by Linear Algebra) 2

Example 2: X; Y arbitrary Banach spaces,A 2 L (X; Y ) bijective ) A Fred-
holm and index(A) = 0

Example 3: Hilbert spacesX = Y = H = `2 3 x = ( x1; x2; : : :)
De�ne Ak : H ! H by Ak x := ( xk+1 ; xk+2 ; : : :) shift ) Ak is Fredholm and
index(Ak ) = k
H �= H � with hx; yi =

P 1
i =1 x i yi . So A � : H ! H is de�ned by hx; A � yi :=

hAx; y i .
A �

k y = (0 ; : : : ; 0
| {z }

k; x1; x2; : : :) so A �
k y =: A � k y, where A � k is Fredholm and

index(A � k ) = � k.

Lemma (Main Lemma) 5: X; Y Banach spaces andD 2 L (X; Y ). Equiv-
alent are:

(i) D has a closed image and a �nite dimensional kernel.

(ii) 9 Banach spaceZ and 9 compact operator K 2 L (X; Z ) and 9c � 0 such
that 8x 2 X kxkX � c(kDx kY + kKx kZ )

(*) Proof : (i) ) (ii): Z := Rm m := dim ker D < 1 . Choose an isomorphism

� : ker D ! Rm . Hahn-Banach) 9 bounded linear operatorK : X ! Rm such that
Kx = � x8x 2 ker D . De�ne D : X ! Y � Rm by D x := ( Dx; Kx )

) im D = im D � Rm closed and kerD = f 0g T hm 2) 9 c � 08x 2 X with
kxkX � ckD x kY � Rm = c(kDx kY + kKx kRm )
(ii) ) (i):

Claim 1 Every bounded sequence in kerD has a convergent subsequence.
() dim ker D < 1 , by Chapter I, Thm 1)

Proof of Claim 1 Let xn 2 ker D be a bounded sequence
K compact

) 9 subse-
quence (xn i )

1
i =1 such that (Kx n i ) i converges

) (Dx n i ) i and (Kx n i ) i are Cauchy sequences
) (xn i ) is Cauchy, because

kxn i � xn j k � ckDx n i � Dx n j k + ckKx n i � Kx n j k

X complete
) (xn i ) converges.

Claim 2 9C > 08x 2 X : inf D� =0 kx + � k � CkDx k (By Thm 2, this implies
that im D is closed).
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Proof of Claim 2 Suppose not. ) 8 n 2 N9xn 2 X such that inf D� =0 kxn +
� k > n kDx n k.
Without loss of generality we can assume infD� =0 kxn + � k = 1 and 1 � k xn k � 2
) k Dx n k < 1

n so )

a) Dx n ! 0

b) 9 subsequence (xn i ) i such that (Kx n i ) converges

) (Dx n i ) i and (Kx n i ) i are Cauchy
( � )
) (xn i ) i is Cauchy
) (xn i ) converges. Denotex := lim i !1 xn i

) Dx = lim i !1 Dx n i

a)
= 0 and 1 = inf D� =0 kxn i + � k � k xn i � xk 2

Theorem 3: (another characterization of Fredholm operators) X; Y Banach
spaces,A 2 L (X; Y ) bounded linear operator. Equivalent are:

(i) A is Fredholm

(ii) 9F 2 L (Y; X ) such that 1X � F A; 1Y � AF are compact.

Proof: (i) ) (ii):
X 0 := ker A � X is �nite dimensional. So 9 a closed subspaceX 1 � X such
that X = X 0 � X 1.
Y1 := im A � Y is a closed subspace of �nite codimension. So9 �nite dimen-
sional subspaceY0 � Y such that Y = Y0 � Y1.
Consider the operator A1 := AjX 1 : X 1 ! Y1. Then A 2 L (X 1; Y1) and A1 is

bijective.
open mapping

) A � 1
1 2 L (Y1; X 1)

De�ne F : Y ! X by F (y0 + y1) := A � 1
1 y1 for y0 2 Y0; y1 2 Y1.

Then F 2 L (Y; X ):
F A(x0 + x1) = F A1x1 = x1

AF (y0 + y1) = AA � 1
1 y1 = y1

) 1X � F A = � X 0 : X �= X 0 � X 1 ! X 0 � X and 1Y � AF = � Y0 : Y �=
Y0 + Y1 ! Y0 � Y compact
(ii) ) (i):
K := 1 X � F A 2 L (X; Y ) compact

) k xkX = kF Ax + Kx kX

� k F Ax kX + kKx kX

� k F k � kAx kY + kKx kX

� c(kAx kY + kKx kX )

where C := max f 1; kF kg
Lemma 5) A has a �nite dimensionl kernel and a closed image.

L := 1 Y � AF 2 L (Y ) compact T hm 1) L � is compact andy� = L � y� + F � A � y� 8y� 2
Y �

) with c := max f 1; kLkg we have

ky� k � c(kA � y� kkL � y� k) lemma 5) dim ker A � < 1 with dim ker A � = dim coker A.
2

Theorem 4: X; Y; Z Banach spaces,
A 2 L (X; Y ); B 2 L (Y; Z) Fredholm operators
) BA 2 L (X; Z ) is a Fredholm operator and index(BA ) =index( A)+index( B )
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Proof: By Theorem 3, 9F 2 L (Y; X ); 9G 2 L (Z; Y ) such that
1X � F A; 1Y � AF; 1Y � GB; 1Z � BG are compact )

a) 1X � F GBA = 1 X � F A| {z }
compact

+ F (1Y � GB| {z }
compact

)A compact by Theorem 1

b) 1Z � BAF G = 1 Z � BG + B (1Y � GB )A is compact

) BA is Fredholm by Theorem 3.

Proof of the index formula:
A0 : ker BA= ker A ! ker B [x] ! Ax
B0 : Y=im A ! im B= im BA [y] ! [By ]
) A0 is injective, B0 is surjective
im A0 = im A \ ker B
cokerA0 = ker B=(im A \ ker B )
ker B0 = f [y] 2 Y=im A j By 2 im BA g
= f [y] 2 Y=im A j 9x 2 X such that By = BAx g
= f [y] 2 Y=im A j 9x 2 X such that y � Ax 2 ker B g = (im A + ker B )=im A
�= ker B=(im A \ ker B ) = coker A0

) 0 = dim ker B0 � dim cokerA0 � dim cokerB0 + dim ker A0

= index A0 + index B0

= dim(ker BA= ker A) � dim ker B + dim coker A � dim im B= ker BA
= dim ker BA � dim ker A� dim ker B +dim coker A� dim ker Y=im BA +dim Y=im B
= index BA � indexA � indexB 2

Theorem 5 (Stability): X; Y Banach spaces, letD 2 L (X; Y ) be a Fred-
holm operator

(i) 9" > 0 such that 8P 2 L (X; Y ) we have
kPk < " ) D + P is Fredholm and index(D + P) = index( D)

(ii) If K 2 L (X; Y ) is a compact operator, then D + K is Fredholm and
index(K + P) = index( D)

Proof: (i) By Lemma 5, 9 Banach space Z,9 compact operatorL 2 L (X; Z );
9c > 0 such that kxk � c(kDx k + kLx k) 8x 2 X
(because imD closed, dim kerD < 1 )
SupposeP 2 L (X; Y ) with kPk < 1

c
Then kxk � c(kDx k + kLx k) � c(k(D + P)xk + kP xk + kLx k)
� c(k(D + P)xk + kLx k) + ckPk kxk
) (1 � ckPk)kxk � c(k(D + P)xk + kLx k)
) k xk � c

1� ckP k (k(D + P)xk + kLx k)
Lemma 5) D + P has a closed image and a �nite dimensional kernel
(provided kPk < 1

c )
(cokerD) � = ( Y=im D) � = (im D)? = ker D �

dim ker(D + P) � < 1 for kPk = kP � k su�ciently small
(by the same argument as forD + P)

Index formula:
X = X 0 � X 1 X 0 = ker D , Y = Y0 � Y1 Y1 = im D
Pji : X i ,! X P! Y

� j! Yj

Then P(x0 + x1) = P00x0 + P01x1| {z }
2 Y0

+ P10x0 + P11x1| {z }
2 Y1

P =
�

P00 P01

P10 P11

�
D =

�
0 0
0 D11

�

D11 : X 1 ! Y1 is bijective
) 1 + D � 1

11 P11 is bijective as well for kP11k small.
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) D11 + P11 is bijective for kPk small.
Let x = x0 + x1 x0 2 X 0; x1 2 X 1. Then:
(D + P)x = 0 , P00x0 + P01x1 = 0 ; P10x0 + ( P11 + D11)x1 = 0
, x1 = � (D11 + P11) � 1P10x0; (P00 � P01(D11 + P11) � 1P10)x0 = 0
Denote A0 := P00 � P01(D11 + P11) � 1P10 : X 0 ! Y0

Then ker(D + P) = f x0 � (D11 + P11) � 1P10x0 j x0 2 ker A0g
so dim ker(D + P)=dim ker A0

Let x = x0 + x1 x0 2 X 0; x1 2 X 1 y = y0 + y1 y0 2 Y0; y1 2 Y1

Then: y = ( D + P)x , y0 = P00x0 + P01x1; y1 = P10x0 + ( D11 + P11)x1

, y0 = P00x0 + P01(D11 + P11) � 1(y1 � P10x0); x1 = ( D11 + P11) � 1(y1 � P10x0)
, y0 = A0x0 + P01(D11 + P11) � 1y1; x1 = ( D11 + P11) � 1(y1 � P10x0)
Hencey 2 im(D + P) , y0 � P01(D11 + P11) � 1y1 2 im A0 (� )
This implies cokerA0

�= coker(D + P)!
Indeed, choose a subspaceZ � Y0 � Y such that Y0 = im A0 � Z
Then by (� ) Y = im( D + P) � Z
im(D + P) \ Z = 0 :
y = y0 + y1 2 im(D + P) \ Z , then y0 � P01(D11 + P11) � 1y1 2 im A0; y1 = 0
so y0 2 Z \ im A so y0 = 0 ; y1 = 0
Given y = y0 + y1 2 Y , write
y0 � P01(D11 + P11) � 1y1 = A0x0 + z z 2 Z; then

(y0 � z) + y1 = y � z
( � )
2 im(D + P)

Hence index(D + P) = index A0 = dim X 0 � dim Y0

= dim ker D � dim cokerD = index D
(ii)By Theorem 3 9T 2 L (X; Y ) such that 1X � T D; 1Y � DT compact

) 1X � T(D + K ); 1Y � (D + K )T compact Thm 3) D + K Fredholm
F k := f A 2 L (X ; Y ) j A Fredholm, indexA = kg
open subset ofL (X; Y ) by (i)S

k2 Z
F k =: F (X; Y ) = f Fredholm operators X ! Yg

We have provedD + tK 2 F (X; Y ) 8t 2 R
Consider the map
 : R ! F (X; Y ) t ! D + tK

 is continuous
So I k := 
 � 1(F k ) = f t 2 R j index(D + K ) = kg is open8k 2 Z
) R =

S

k2 Z
I k disjoint union

) eachI k is open and closed
9k 2 Z such that I k = R ) index(D) = k = index( D + K ) 2

Example: X Banach space,K 2 L (X ) compact
) 1� K Fredholm and index(1� K ) = 0 ) dim ker(1 � K ) = dim coker(1 � K )

Fredholm alternative
Either the equation x � Kx = y has a unique solution8y 2 Y
or the homogeneous equationx � Kx = 0 has a nontrivial solution

Application to integral equations like x(t) +
R1

0 k(t; s)x(s) ds = y(t) 0 � t � 1

Remark: We well prove in Chapter V: 9m � 0 such that:
index(1 � K )m = index(1 � K )m +1

By Theorem 4 this implies m index(1 � K ) = ( m + 1) index(1 � K )
so it follows also index(1� K ) = 0
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5 Spectral Theory

5.1 Eigenvectors

For this whole chapter: X complex Banach space andk�x k = j� jkxk8� 2 C.
L (X; Y ) = f A : X ! Y j A complex linear boundedg, X � = L(X; C) and
L (X ) := L (X; X ).
Let A 2 L (X ):

� 2 C eigenvalue, 9 x 2 X x 6= 0 Ax = �x

De�nition: Let X complex Banach space andA 2 L (x). The spectrum of A
is the set

� (A) := f � 2 C j � � 1 � A is not bijectiveg = P � (A) [ R� (A) [ C� (A)

P � (A) = f � 2 C j � 1 � A is not injectiveg point spectrum
R� (A) = f � 2 C j � 1 � A is injective and im( � 1 � A) 6= X g residual spectrum
C� (A) = f � 2 C j � 1 � A is injective and im( � 1 � A) = X; im( � 1 � A) 6= X g continuous spectrum
� (A) := C n � (A) = f � 2 C j � 1 � A is bijectiveg resolvent set

Remark : X real Banach space,A 2 L (X ) bounded real linear operator.
spectrum of A: � (A) := � (AC

AC : X C ! X C complexi�ed operator
X C = X � X = X � iX 3 x + iy
AC(x + iy ) := Ax + iAy

Example 1: X = `2
C 3 (x1; x2; x3; : : :) and � = ( � 1; � 2; : : :) bounded sequence

in C. Set Ax := ( � 1x1; � 2; x2; : : :), P � (A) = f � 1; � 2; : : :g, � (A) = P � (A)

Example 2: X = `2
C; D := f z 2 C j jzj � 1g

Ax := ( x2; x3; : : :) Bx := (0 ; x1; x2; : : :)

P � (A) = int( D) P � (B ) = ?

R� (A) = ? R� (B ) = int( D)

C� (A) = S1 C� (B ) = S1

� (A) = D = � (B )

Lemma 1: A 2 L (X ). Then � (A � ) = � (A).

Proof:
(� 1 � A) � = � 1 � A �

Claim
A bijective , A � bijective (A � 1) � = ( A � ) � 1

A bijective , im A closed im A = X ker A = 0
ChIV;T hm 2;Lemma 2

, im A � weak*closed kerA � = 0 im A � weak*dense

, A � bijective

h(A � 1) � x � ; yi = hx � ; A � 1yi

= hA � (A � ) � 1x � ; A � 1yi

= h(A � ) � 1x � ; AA � 1yi

= h(A � ) � 1x � ; yi8 y 2 X; 8x � 2 X �
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) (A � 1) � x � = ( A � ) � 1x � 8x � 2 X �

2

Remark:

a) P � (A � ) � P � (A) [ R� (A)
R� (A � ) � P � (A) [ C� (A)
C� (A � ) � C� (A)

b) P � (A) � (A � ) [ R� (A � )
R� (A) � P � (A � )
C� (A) � P � (A � ) [ C� (A � )

5.2 Integrals

Lemma 2: X Banach space,x : [a; b] ! X continuous

(*)
) 9 !� 2 X 8x � 2 X � : hx � ; � i =

bZ

a

hx � ; x(t)i dt

Notation:
bR

a
x(t) dt := � is called the Integral of x .

Proof (exercise with hint): De�ne � n :=
P 2n � 1

k=0
b� a
2n x(a + k (b� a)

2n )
� n := sup j s� t j� b� a

2n
kx(t) � x(s)k ! 0

Show that: k� n + m � � n k � (b� a)� n 8m > 0 ) � n is Cauchy.
Denote � := lim n !1 � n and check (*). 2

Remark:

1.
bR

a
x(t) dt +

cR

b
x(t) dt =

cR

a
x(t) dt

2.
bR

a
x(t) + y(t) dt =

bR

a
x(t) dt +

bR

a
y(t) dt

3. � : [�; � ] ! [a; b] C1-map

x : [a; b] ! X continuous. Then
� ( � )R

� ( � )
x(t) dt =

�R

�
x(� (s)) _� (s) ds

4. If x : [a; b] ! X is continuously di�erentiable, then
bR

a
_x(t) dt = x(b) � x(a)

5. A 2 L (X; Y ) and x : [a; b] ! X continuous. Then
bR

a
Ax (t) dt = A

bR

a
x(t) dt

6. k
bR

a
x(t) dtk �

bR

a
kx(t)k dt
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Proof: By de�nition: 8x � 2 X � .
�
�
�
�
�
�
hx � ;

bZ

a

x(t) dti

�
�
�
�
�
�

=

�
�
�
�
�
�

bZ

a

hx � ; x(t) dt

�
�
�
�
�
�

�

bZ

a

jhx � ; x(t)ij dt

�

bZ

a

kx � k � kx(t)k dt

= kx � k �

bZ

a

kx(t)k dt

Now use:













bZ

a

x(t) dt














= sup
x � 6=0

j
bR

a
hx � ; x(t)i dt

kx � k

2

Notation: Let X be a Banach space, 
 � C an open subset,f : 
 ! X a
continuous map, and
 : [a; b] ! 
 be continuously di�erentiable.

Denote:
R



f (z) dz :=

bR

a
f (
 (t)) _
 (t) dt 2 X

Remark: 












Z




f (z) dz














� l (
 ) � supa � t � bkf (
 (t))k

l(
 ) =

bZ

a

j _
 j dt

De�nition: 
 � C open set. X complex Banach space,f : 
 ! X is called
holomorphic if the limit f 0(z) := lim C3 h! 0

f (z+ h) � f (z)
h exists for every z 2 


and the map f 0 : 
 ! X is continuous.

Lemma 3: X; Y complex Banach spaces. 
 2 C open set. A 2 L (X; Y )
continuous. Equivalent are:

(i) A is holomorphic

(ii) For every x 2 X and every y� 2 Y � the function 
 ! C : z 7!7!
hy� ; A(z)xi is holomorphic

(iii) Proof B r (z0) = f z 2 C j jz � z0j � r g � 
 then A(z0) = 1
2�i

R




A (z)
z� z0

dz,

where 
 (t) := z0 + r � e2�it ; 0 � t � 1.

Exercise: A : 
 ! X holomorphic ) A is C1 and

A (n ) (z0)
n!

=
1

2�i

Z




A(z)
(z � z0)n +1 dz 
 as in (iii)
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Proof: of Lemma 3 (i)) (ii): obvious
(ii) ) (iii): Cauchy integral formula of Complex Analysis.
(iii) ) (i): usual argument from Complex Analysis.

Denote B := 1
2�i

R




A (z)
(z� z0 )2 dz with 
 as in (iii).

Claim For 0 < jhj < r and c := sup j z� z0 j<r kA(z)k we have

k
1
h

(A(z0 + h) � A(z)) � B k �
cjhj

r (r � j hj)

This implies A0(z0) = 1
2�i

R




A (z)
(z� z0 )2 dz.

Continuity of A0: Exercise.

Proof of Claim

1
h

(A(z0 + h) � A(z0)) � B
( iii )
=

1
2�i

Z




1
h

(
1

z � z0 � h
�

1
z � z0

) �
1

(z � z0)2 A(z) dz

=
1

2�i

Z




h
(z � z0)2(z � z0 � h)

A(z) dz

) k
1
h

(A(z0 + h) � A(z0)) � B k

�
1

2�
l (
 ) sup

0� t � 1

jhjkA(
 (t))k
j
 (t) � z0j2j
 (t) � z0 � hj

�
jhj
r

sup
0� t � 1

kA(
 (t))k
jre2�it � hj

�
cjhj

r (r � j hj)

2

Lemma 4: A 2 L (X ) ) � (A) � C is open, the function
� (A) ! L (X ) : � 7! (� 1 � A) � 1 =: R� (A) is holomorphic, and

(*) R� (A) � R� (A) = ( � � � )R� (A)R� (A)8�; � 2 � (A)

Proof: Proof of (*)

(� 1 � A)(R� (A) � R� (A))( � 1 � A) = ( � 1 � A) � (� 1 � A) = ( � � � ) � 1 ) (� )

� (A) is open:

� 2 � (A); j� � � jk(� 1 � A) � 1k < 1
ChI;T hm 11

) 1 + ( � � � )( � 1 � A) � 1 is bijective,
where (� � � ) = ( � 1 � A)( � 1 � A) � 1 ) � 1 � A bijective ) � 2 � (A)
Also:
k(� 1 � A) � 1 � (� 1 � A) � 1k � j � � � jk ( � 1� A ) � 1 k2

1�j � � � jk ( � 1� A ) � 1 k Continuity

(*) ) lim � ! �
R � (A ) � R � (A )

� � � = � R� (A)2

Continuity
) � 7! R� (A) is holomorphic. 2

Theorem 1: Let A 2 L (X ), then

1. � (A) 6= ? and

2. sup
� 2 � (A )

j� j = lim
n !1

kAn k
1
n = inf

n 2 N
kAn k

1
n =: rA

(Spectral radius, Chapter I, Theorem 11)
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Proof:

1. sup
� 2 � (A )

j� j � rA

Let � 2 C with j� j > r A ) r � � 1 A < 1
Chap 1 Thm 11

) 1 � � � 1A bijective ) � 2 � (A)

2. rA � sup
� 2 � (A )

j� j

R(z) :=
�

(z� 11 � A) � 1 z 6= 0 ; 1
z 2 � (A)

0 z = 0
R : 
 ! L (X ) 
 = f 1

z j z 2 � (A)g [ f 0g
Fact: 
 open and R : 
 ! L (X ) is holomorphic
Proof: Lemma 4 and removal of singularity for holom. 
 n f 0g ! C
Or for small z :
R(z) = z(1 � zA) � 1 =

P 1
i =1 zk+1 Ak (Chap. I, Thm. 11)

) R ( n ) (0)
n ! = An � 1

Cauchy integral formula
) An � 1 = 1

2�i

R



R (z)
zn +1 dz (1)


 = 1
r e2�it t 2 [0; 1] provided

�
z 2 C j jzj � 1

r

	
� 
 (2)

If r > sup
� 2 � (A )

j� j then (2) holds, so

kAn � 1k =





 1

2�i

R



R (z)
zn +1 dz






 � l (
 ) sup

j zj= 1
r

kR (z)k
2� jzn +1 j

= l(
 ) r n

2� 1
r

sup
j zj= 1

r

k(z� 11 � A) � 1k = r n sup
j � j= r

(� 1 � A) � 1k

| {z }
=: c

) k An � 1k � crn ) k An k � crn +1 ) k An k
1
n � r (cr)

1
n

| {z }
! 1

) lim
n !1

kAn k
1
n � r 8r > sup

� 2 � (A )
j� j

3. � (A) 6= ?
Suppose� (A) = ? and so� (A) = C.
Pick x 2 X; x � 2 X � and de�ne
f : C ! C f (� ) := hx � ; (� 1 � A) � 1xi
Lemmma 4) f is holomorphic and
jf (� )j � k x � k kxk k(� 1 � A) � 1k � kx � k k x k

j � j�k A k if j� j > kAk
Liouville) f � 0 ) (� 1 � A) � 1 = 0 8� 2 C Contradiction

2

H complex (real inner product) Hilbert space kix k = kxk 8x 2 H ,
hix; iy i = hx; yi 8 x; y 2 H
recover inner product from norm: hx; yi = 1

4 (kx + yk2 � k x � yk2)
, h ix; y i + hx; iy i = 0 8x; y 2 H
De�ne the Hermitian inner product :
H � H ! C (x; y) ! h x; yi C by hx; yi C := hx; yi + ihix; y i

a) real bilinear

b) hx; yi C = hx; yi C

c) hx; �y i C = � hx; yi C, h�x; y i C = � hx; yi C

d) jhx; yi Cj � k xk kyk

e) kxk =
p

hx; x i C
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Proof: Exercise 2

H � := f ' : H ! C j ' complex, linearg
De�ne � : H ! H � h�(x); yi H � ;H := hx; yi C

Riesz Representation Theorem:� : H ! H � isometric isomorphism
Warning: � is anti-linear: � (�x ) = �� (x) 8x 2 H 8� 2 C

The Hilbert space adjoint of a linear operator A : H ! H is the operator
A � : H ! H de�ned by hA � x; yi C := hx; Ay i C 8x; y 2 H

Remark:

(i) A �
new = � � 1 � A �

old � �

(ii) ( �A ) �
old = �A �

old (�A ) �
new = �A �

new

(iii) � (A �
old ) = � (A) � (A �

new ) = � (A)

Proof: � 1 � A �
new

(i)
= � � 1(� 1 � A �

old )� bijective

, � 1 � A �
old bijective Lemma 1, � 1 � A bijective 2

De�nition: H complex Hilbertspace
An operator A 2 L (H ) is called normal , if AA � = A � A, selfadjoint, if A = A �

and unitary , if AA � = A � A = I .

Example 1: H = l2
C; Ax = ( � 1x1; � 2x2; : : :)

� n 2 C; sup
n 2 N

j� n j < 1

A = A � , � n 2 R
BecauseA � x = ( � 1x1; � 2x2; : : :)
hx; yi C =

P 1
n =1 xn yn

A is normal

Example 2: H = l2
C

Ax = ( x2; x3; : : :) A � x = (0 ; x1; x2; : : :) ) AA � 6= A � A

Example 3: selfadjoint) normal
A unitary ( kAx k = kxk 8x 2 H ) isomorphism ) A normal, because
hx; A � Ax i = kAx k2 = kxk2 , h y; A � Ax i = hy; xi 8 x; y 2 H

, A � A = 1
A onto )

A A � = 1 A � = A � 1

In Example 2 we havekA � xk = kxk but A � 6= A � 1 (A � is not onto)

Lemma 5: H complex Hilbert space,A 2 L (H )
Equivalent are:

(i) A is normal

(ii) kAx k = kA � xk 8x 2 H

Proof:

(i) ) (ii) kAx k2 = hAx; Ax i C = hx; A � Ax i C = hx; AA � xi C

= hA � x; A � xi C = kA � xk2

(ii) ) (i) Same argument giveshx; A � Ax i C = hx; AA � xi C 8x 2 H
) h y; A � Ax i C = hy; AA � xi C 8x; y 2 H
) A � A = AA � 2

70



5 Spectral Theory 17.01.2007

Theorem 2: H complex Hilbert space,A 2 L (H ) normal )

(i) sup
� 2 � (A )

j� j = kAk

(ii) A = A � ) � (A) � R

Proof:

(i) Claim: kAn k = kAkn 8n 2 N (Then (i) follows from Theorem 1)

n = 2: kAk2 = sup
x 6=0

kAx k2

kx k2 = sup
x 6=0

hx;A � Ax i
kx k2

CS
� sup

x 6=0

kA � Ax k2

kx k2
Lemma 5= sup

x 6=0

kA 2 x k
kx k2 = kA2k

) k A2k2
normal

� k A2k
always

� k Ak2

n = 2 m Induction kA2m
k = kAk2m

n arbitrary:

kAkn =
kAk2m

kAk2m � n =
kA2m

k
kAk2m � n �

kAn k kA2m � n k
kAk2m � n � k An k

(ii) Assume A = A � , let � 2 C n R
To show: � 2 � (A)
Claim: k�x � Ax k2 � (Im � )2kxk2

Claim
Chap. IV Thm 2

) � 1 � A injective, im( � 1 � A) closed
A = A �

) � 1 � A � injective, so � 1 � A bijective
Proof of Claim: k�x � Ax k2 = h�x � Ax; �x � Ax i C

= �� hx; x i C � � hAx; x i C � � hx; Ax i C + hAx; Ax i C

= j� j2kxk2 � 2(Re� )hx; Ax i C + kAx k2 = (Im � )2kxk2 + (Re � )2kxk2 �
2(Re� )hx; Ax i C + kAx k2

= (Im � )2kxk2 + k(Re � )x � Ax k � (Im � )2kxk2

2

Theorem 3: H complex Hilbert space,A = A � 2 L (H ) selfadjoint. Then

a) R� (A) = ? and

b) (1) sup � (A) = sup kx k=1 hx; Ax i

(2) inf � (A) = inf kx k=1 hx; Ax i

(3) kAk = supkx k=1 jhx; Ax ij

Proof:

a) R� (A) = ?

� =2 P � (A) , � 1 � A injective

, H = ker( � 1 � A)?

= f x 2 H j hx; � i = 08� 2 ker(1 � A)g

= im(1 � A)

, � 2 C� (A)

(1)) (2)
replaceA by � A.
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(1)&(2) ) (3)

kAk T hm 2= sup
� 2 � (A )

j� j

= max f sup� (A); � inf � (A)g
(1) ;(2)

= sup
kx k=1

jhx; Ax ij

Proof of (1) Assume wlog

(4) hx; Ax i � 0 8x 2 H

(replace A by A + kAk � 1).
Claim 1: (4) ) � (A) � [0; 1 )
Claim 2: (4) ) k Ak = supkx k=1 hx; Ax i

Claims 1&2 ) (1)

sup
kx k=1

hx; Ax i = kAk by Claim 2

= sup
� 2 � (A )

j� j by Thm 2

= sup � (A) by Claim 1

Proof of Claim 1 Let " > 0. Then 8x 2 H :

"kxk2
(4)
� "kxk2 + hx; Ax i

= hx; "x + Ax i

� k xk � k"x + Ax k

) "kxk � k "x + Ax k8x 2 H

"1l + A is injective and has a closed image (see Chapter IV).
A = A �

) "1 + A is bijective
) � " =2 � (A)

Proof of Claim 2 Let a := supkx k=1 hx; Ax i � k Ak (Cauchy-Schwarz). To
show: kAk � a.
For x; y 2 H we have

hy; Ax i =
1
4

(hx + y; A(x + y)i � h x � y; A(x � y)i )

) For kxk = kyk = 1:

� a � �
1
4

akx � yk2 � �
1
4

hx � y; A(x � y)i � h y; Ax i

�
1
4

hx + y; A(x + y)i �
1
4

akx + yk � a

) jh y; Ax ij � a8x; y 2 H and kxk = kyk = 1

) k Ak = sup
kx k=1 ;
kyk=1

jhy; Ax ij � a

2
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Remark: Given any operator T 2 L (H ) we have

kTk2 = sup
kx k=1

kT xk2

= sup
kx k=1

hT x; T xi

= sup
kx k=1

hx; T � T xi

� k T � Tk

� k T � kkTk

� k Tk2

) k Tk2 sup
kx k=1

hx; T � T xi Thm 3 for A = T � T= kT � Tk

kTk =
p

kT � Tk. We can use this to computekTk.

5.3 Compact operators on Banach spaces

X complex Banach space,A 2 L (X ) bounded, complex linear.

Facts

a) ker(� 1l � A) � ker(� 1l � A)2 � ker(� 1l � A)3 � : : :.

b) ker(� 1l � A)m = ker( � 1l � A)m +1

) ker(� 1l � A)m = ker( � 1l � A)m + k 8k � 0

Notation: E � := E � (A) :=
S 1

m =1 ker(� 1l � A)m

Theorem 4: A 2 L (X ) compact

(i) If � 2 � (A); � 6= 0, then � 2 P � (A) and dim E � < 1 .
Hence9m 2 N such that ker(� 1l � A)m = ker( � 1l � A)m +1 .

(ii) Eigenvalues of A can only accumulate at 0, ie

8� 2 � (A); � 6= 0 ; 9" > 08� 2 C :

0 < j� � � j < " ) � 2 � (A)

Proof:

(i) If � 6= 0 ) � 1l Fredholm, index = 0.
ChIV) � 1l � A Fredholm, index = 0
T hm 5A cpct

) either � 1l � A is bijective (� =2 � (A)) or � 1l � A is not injective
(� 2 P � (A)). Moreover: dim(ker( � 1l � A)m ) < 18 m 2 N, because
(� 1l � A)m =

P m
k=0

� m
k

�
� k (� A)m � k = � m 1l + cpct

Let K := � � 1A and En = ker(1l � K )n = ker( � 1l � A)n .

To show: 9m such that Em = Em +1 .
Suppose not. ThenEn $ En +1 8n 2 N

ChIILemma 4) 8 n 2 N9xn 2 En such that

kxn k = 1 inf
x 2 E n � 1

kxn � xk �
1
2

Now: for m < n we have

Kx m 2 Em � En � 1 xn � Kx n 2 En � 1
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) k Kx n � Kx m k = kxn � (xn � Kx n + Kx m| {z }
2 E n � 1

k �
1
2

So (Kx n )n has no convergent subsequence: contradiction!

(ii) Let � 2 � (A); � 6= 0.
( i )
) 9 m 2 N such that ker(� 1 � A)m = ker( � 1 � A)m +1

) X = ker( � 1 � A| {z }
=: X 0

)m � im( � 1 � A| {z }
=: X 1

This is an exercise (use Hahn-Banach).
AX 0 � X 0 AX 1 � X 1.
Note: (� 1 � A)m : X 1 ! X 1 is bijective

open mapping
) 9 c > 08x1 2 X 1

kx1k � ck(� 1 � A)m x1k

Choose" > 0 such that for all � 2 C:

j� � � j < " ) k (� 1 � A)m � (� 1 � A)m k <
1
c

) (� 1 � A)m : X 1 ! X 1 is bijective for j� � � j < "

(� 1 � A)m : X 0 ! X 0 is bijective for � 6= �

The rest by induction. X 0 is �nite dimensional. AjX 0
�=

) (� 1 � A)m : X ! X only true if bijective!
) � 1 � A : X ! X is bijective.

2

H real or complex Hilbert space

Notation: h:; :i real or Hermitian inner product.

De�nition: A collection of vectors f ei gi 2 I in H is called anorthonormal basis
if

(1)
hei ; ej i = � ij

(2)
H = spanf ei j i 2 I g

Remark 1: (2) holds if and only if

8x 2 H : hx; ei i = 08i 2 I ) x = 0

Remark 2: H separable, I is �nite or countable

Remark 3: x 2 H; f ei gi 2 I ONB

) x =
X

i 2 I

hei ; xi ei kxk2 =
X

i 2 I

jhei ; xij 2

Theorem 5: H real or complex Hilbert space. A = A � 2 L selfadjoint,
compact. ) A admits an ONB f ei gi 2 I of eigenvectors

Aei = � i ei ; � i 2 R Ax =
X

i 2 I

� i hei ; xi ei
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Proof:

Step 1
Ax = �x x 6= 0 Ay = �y y 6= 0 and � 6= �

) h x; yi = 0

proof

(� � � )hx; yi = h�x; y i � h x; �y i

= hAx; y i � h x; Ay i

Step 2 ker(� 1 � A)m = ker( � 1 � A)8m � 1

proof
� 2 R � 2 P � (A) ( � 1 � A)2x = 0

) 0 = hx; (� 1 � A)2xi

= h(� 1 � A)x; (� 1 � A)xi = k�x � Ax k2

(*)
Step 3

hx; yi = 08y 2 ker(� 1 � A)8� 2 R ) x = 0

H0 := f x 2 H j (� )g H0 6= 0 ) AjH 0 6= 0

) k AjH 0 k 2 � (AjH 0 ) or � k AjH 0 k 2 � (AjH 0

) AjH 0 has a nonzero eigenvalue, eigenvector. This is also an eigenvector of A:
contradiction! 2

De�nition: A C � -algebra is a complex Banach spaceA equipped with

� an assoziative, distributive product A � A ! A : (a; b) ! ab with a unit
1 2 A such that kabk � k ak kbk

� a complex anti-linear involution A ! A : a ! a� such that
(ab) � = b� a� ; 1� = 1 ; and ka� k = kak

Remark: antilinear: ( �a ) � = �a � , involution: a�� = a

Example 1: H complex Hilbert space, thenL (H ) is a C � -algebra

Example 2: A 2 L (H )
A := smallest C � -algebra containing A
A = A � ; p(� ) := a0 + a1� + : : : + an � n ak 2 C
p(A) := a0 + a1A + : : : + an An p(A) � = a0 + a1A + : : : + an An

(pq)(A) = p(A)q(A)
A := closure(f p(A) j p : R ! C)

Example 3: � compact metric space
C(�) := f f : � ! C j f continuousg
C � -Algebra, sup-norm, involution: f ! f
Goal: A = A � ; � = � (A) ) A �= C(�) : p(A)  p
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Theorem 6: H complex Hilbert space,A = A � 2 L (H ) selfadjoint
� := � (A) � (R)
=) There is a unique bounded linear operator
C(�) ! L (H ) : f ! f (A) (� )
such that (fg )(A) = f (A)g(A); 1lR(A) = 1 H (1)
f (A) = f (A) � (2)
f (� ) = � 8� 2 � ) f (A) = A (3)
Denote � A (f ) := f (A)
Then (� ) is the operator � A : C(�) ! L (H )

(1): � A (fg ) = � A (f )� A (g) � A (1) = 1

(2): � A (f ) = � A (f ) �

(3): � A (id : � ! � � C) = A

Lemma 6: H complex Hilbert space,A 2 L (H )
p(� ) =

P n
k=0 ak � k ak 2 C complex polynomial )

(i) p(A) � = p(A � ); p(� ) =
P n

k=0 ak � k ; (pq)(A) = p(A)q(A)

(ii) � (p(A)) = p(� (A)) = f p(� ) j � 2 � (A)g

(iii) A = A � ) k p(A)kL 1 ( � (A )) = sup
� 2 � (A )

jp(� )j

Proof:

(i) Exercise

(ii) � 2 � (A), to show p(� ) 2 � (p(A))
The polynomial t ! p(t) � p(� ) vanishes at t = �
9 polynomial q such that p(t) � p(� ) = ( t � � )q(t)
) p(A) � p(� )1 = ( A � � 1)q(A) = q(A)(A � � 1)
) p(A) � p(� )1 is not bijective ) p(� ) 2 � (p(A))

� 2 � (p(A)) ) 9 � 2 � (A) : � = p(� )
n := deg(p) ) p(t) � � = a(t � � 1) : : : (t � � n ) a 6= 0
p(A) � � 1 = a(A � � 11) : : : (A � � n 1) not bijective
) 9 i such that A � � i 1 not bijective
) � i 2 � (A), p(� i ) � � = 0

(iii) A = A � ) p(A) � = p(A)
) p(A) is normal: q(A)p(A) = ( pq)(A)) = p(A)q(A)

so p(A)p(A) � = p(A) � p(A) Thm 2) k p(A)k = sup
� 2 � (p(A ))

j� j
(ii)
= sup

� 2 � (A )
jp(� )j

2

Remark 1: If p(� ) = q(� ) 8� 2 � (A); then p(A) = q(A)
i.e. the operator p(A) only depends on the restriction pj � (A )

Remark 2: Why is P(�) := f pj � j p : R ! C polynomialg dense inC(�)?
Stone-Weierstrass:

� P(�) is a subalgebra of C(�)

� P(�) seperates points (i.e. 8x; y 2 � ; x 6= y 9p 2 P(�) s.t. p(x) 6= p(y))

� p 2 P(�) ) p 2 P(�)

) P(�) is dense in C(�)
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Proof of Theorem 6:

1. Existence: Givenf 2 C(�) ; construct f (A) 2 L (H )
By Remark 2, 9 sequencepn 2 P(�) such that lim

n !1
kf � pn kL 1 (�) = 0

pn is a Cauchy sequence inC(�)
Lemma 6 (iii)

) pn (A) is a Cauchy sequence inL (H )
kpn (A) � pm (A)k = kpn � pm kL 1 (�)

) pn (A) converges inL (H )
De�ne f (A) := lim

n !1
pn (A)

(This is the only way of de�ning f (A), so we have proved uniqueness)

2. f (A) is well-de�ned
If qn 2 P(�) is another sequence converging uniformly to f , then
kpn (A) � qn (A)k = kpn � qn kL 1 (�) ! 0
So lim

n !1
pn (A) = lim

n !1
qn (A)

3. f is linear, continuous and satis�es (1), (2), (3)

� pn ! f; qn ! q
) pn qn ! fg; pn + qn ! f + g
) (fg )(A) = lim

n !1
pn qn (A) = lim

n !1
pn (A) lim

n !1
qn (A) = f (A)g(A)

Same for addition and for f (tA ) = tf (A)
1(A) = 1

� f ! f (A) bounded, indeedkf (A)k = kf kL 1 (�) = sup
� 2 � (A )

jf (� )j

True for f = p 2 P(�); pn ! f
) k f (A)k = lim

n !1
kpn (A)k = lim

n !1
kpn kL 1 (�)

� (2) and (3)
(2) obvious, (3) true for polynomials, take limits 2

Theorem 7: Let A = A � 2 L (H ); � := � (A) � R and f 2 C(�) )

(i) � (f (A)) = f (� (A))

(ii) kf (A)k = kf kL 1 (�)

(iii) Ax = �x ) f (A)x = f (� )x

(iv) AB = BA ) f (A)B = Bf (A)

(v) If f (�) � R then f (A) = f (A) �

(vi) f � 0 , h x; f (A)xi � 08x 2 H

Proof:

(ii) already proved, also follows from (i)

(iii) true for polynomials, hence true in the limit

(iv) true for polynomials, take the limit

(v) Use Theorem 3:
inf f (�) = inf � (f (A)) = inf hx; f (A)xi

(vi) � (f (A) � f (�)
Let � =2 f (�)
De�ne g(� ) := 1

f ( � ) � � ; � 2 �
) g(f � � ) = ( f � � )g = 1
) g(A)( f (A) � � 1) = 1 = ( f (A) � � 1)g(A)
) f (A) � � bijective, i.e. � =2 � (f (A))
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f (�) � � (f (A))
Let � 2 � = � (A): Claim: f (� ) 2 � (f (A))
Suppose not
) f (� )1 � f (A) is bijective
Pick a sequence of polynomialspn 2 P(�) such that kpn � f kL 1 (�) ! 0
) f (� )1 � f (A) = lim

n !1
(pn (� )1 � pn (A)) (in norm topology)

) pn (� )1 � pn (A) is bijective for n large
pn (� ) =2 � (pn (A)) ; this contradicts Lemma 6 (ii)

2

5.4 Spectral Measure

Let A = A � 2 L ; � = � (A) � R. We have de�ned

C(�) = f continuous functionsf : � ! Cg

B (�) = f bounded measurable functionsf : � ! Cg

F (�) = f bounded functionsf : � ! Cg

kf k := sup
� 2 �

jf (� )j

Remark 1: C(�) � B (�) � F (�) closed subspace andF (�) is a Banachspace.

Remark 2: We take a sequencef n 2 F (�) bp-convergesto f 2 F (�) i�

sup
n 2 N

kf n k < 1 ; f (� ) = lim
n !1

f n (� )8� 2 �

We write
f = bp-lim n !1 f n

1. B (�) is closed under bp-convergence.

2. C(�) is bp-dense in B (�).

Therefore

Remark 3: B (�) is the smallest C � -subalgebra inF (�) so that

1. C(�) � B (�)

2. B (�) is bp-closed.

Recall from Theorem 6 that 9! continuous C � -homomorphism � A : C(�) !
L (H ) so that

� A (id) = A

Theorem 8: 9! C � -homomorphism 	 A : B (�) ! L (H ) such that

1. If f (� ) = � 8� 2 � then 	 A (f ) = A.

2. k	 A (f )k � k f k8f 2 B (�)

3. f = bp-lim n !1 f n ) 	 A (f )x = lim n !1 	 A (f n )x8x 2 H
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Remark: Let An 2 L (H ) and A 2 L (H ). We say An convergesstrongly to
A if

Ax = lim
n !1

An x 8x 2 H

An convergesin norm to A if

lim
n !1

kA � An k = 0

Fact Norm convergence) Strong convergence.

Proof of Theorem 8, only sketch:

Existence

1. For every x 2 H there is a unique real Borel measure� x on � such that

hx; � A (f )xi C =
Z

�

f d� x 8f 2 C(�)

Namely
f real Borel measures on �g = C(� ; R) �

= f � : C(�) ! C j � complex linear; � bounded; � (f ) = � (f )8f g

That was discussed in detail when we introduced the dual space.

Therefore for every bounded complex linear function� : C(�) ! C with
� (f ) = � (f ) 9! real Borel-measure� on � so that

� (f ) =
Z

�

f d� 8f 2 C(�)

Example � x (f ) := hx; � A (f )xi .

(a)

� x (f ) = hx; � A (f )xi

= hx; �( f ) � xi

= h� A (f )x; x i

= hx; � A (f )xi

= � x (f )

(b)

j� x (f )j = jhx; � A (f )xij

� k xk � k� A (f )xk

� k � A (f )k � kxk2

by Theorem 7 = kf k � kxk2

This concludes the proof of the �rst statement: Choose� x so that

� x (f ) =
Z

�

f d� x 8f 2 C(�)
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2. 9! complex linear operator 	 A : B (�) ! L (H ) so that k	 A f k � k f k8f 2
B (�) and

hx; 	 A (f )xi C =
Z

�

f d� x 8f 2 B �

Namely: Let f : � ! R be bounded and measurable. The mapH � H !
R,

(y; x) 7!
1
4

0

@
Z

�

f d� x + y �
Z

�

f d� x � y

1

A

is bilinear and symmetric and bounded (which we will not verify).

De�ne 	 A (f ) by

hy; 	 A (f )xi :=
1
4

0

@
Z

�

f d� x + y �
Z

�

f d� x � y

1

A

) h x; 	 A (f )xi =
Z

�

f d� x � k f k � kxk2

) k � A (f )k = sup
kx k=1

jhx; 	 A (f )xi � k f k

This is the end of the proof of step 2.

2

Proof: For f = f 1 + if 2 : � ! C bounded measurable de�ne
	 A (f ) := 	 A (f 1) + i 	 A (f 2)

Exercise: 	 A : B (�) ! L (H ) is a C� -algebra homomorphism

1. f n
bp
! f ) 	 A (f n ) ! 	 A (f )

By Lebesgue dominated convergence: lim
n !1

hx; 	 A (f n )xi = lim
R

� f n d� x =
R

S igmaf d� x = hx; 	 A (f )xi8 x 2 H
) h y; 	 A (f )xi = lim

n !1
hy; 	 A (f n )xi 8 x; y 2 H

Also: k	 A (f )xk2 = hx; 	 A (f ) � 	 A (f )xi = hx; 	 A (f f )xi = lim
n !1

hx; 	 A (f n f n )xi =

lim
n !1

k	 A (f n )xk2 Chap. III
) 	 A (f )x = lim

n !1
	 A (f n )x 8x 2 H

Here we use: If� n 2 H and � 2 H , lim
n !1

hx; � n i = hy; � i 8 y 2 H;

lim
n !1

k� n k = k� k then lim
n !1

k� n � � k = 0. Apply this to � n := 	 A (f n )x

Uniqueness: C(�) is bp-dense in B (�) 2

Exercise:

(i) f � 0 ) 	 A (f ) � 0; i.e. hx; 	 A (f )xi � 0 and 	 A (f ) selfadjoint

(ii) Ax = �x ) 	 A (f )x = f (� )x

(iii) AB = BA ) 	 A (f )B = B 	 A (f )

Notation: f (A) := 	 A (f )
Theorem 6: "continuous functional calculus"
Theorem 8: "measurable functional calculus"
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Remark:

1. Recall hx; 	 A (f )xi =
R

� f d� x

2. f continuous ) k 	 A (f )k = kf k

3. f bounded measurable; k	 A (f )k = kf k

Warning: B (�) 6= L 1 (� ; � x )
Literature: Reed-Simon

Spectral projections
Let 
 � � be a Borel set. De�ne

� 
 (� ) :=
�

1 � 2 

0 � 2 � n 


Then � 
 2 B (�) and � 2

 = � 
 = � 
 ) The operator P
 := 	 A (� 
 ) is an

orthogonal projection: P2

 = P
 = P �




Corollary: The orthogonal projections P
 2 L (H ) satisfy the following con-
ditions:

(i) P? = 0 P� = 1

(ii) P
 1 \ 
 2 = P
 1 P
 2

(iii) 
 =
S 1

i =1 
 i 
 l \ 
 k = ? k 6= l
) P
 x = lim

n !1

P n
k=1 P
 k x 8x 2 H

Proof: Theorem 8 2

� � R compact set
B(�) � 2� Borel � -algebra
The map B (�) ! L (H ) satisfying the axioms of the corollary above, is called a
projection valued measured on�. The projection valued measure of the corollary
is called the spectral measure ofA

Remark: From the spectral measure we can recover the operatorA via

� x (
) = hx; P
 xi and hx; f (A)xi =
Z

�
f d� x

Example: A compact and self-adjoint
� = f � 0; � 1; : : :g; � n ! � 0 = 0
En := ker( � n 1 � A); Pn 2 (H ) orthogonal projection onto En

f (A)x =
P 1

n =0 f (� n )Pn x

" P
 =
X

� n 2 


Pn � � n " (not convergent in the norm)

De�nition: x 2 H is called cyclic for A, if spanf x; Ax; : : : g = H

Theorem 9: A = A 2 L (H ); x 2 H cyclic
) 9 Hilbert space isometry (unitary operator) U : H ! L 2(� ; � x ) such that

(UAU � 1f )( � ) = �f (� )
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Proof: � x Borel measure on � de�ned by
R

� f d� x = hx; f (A)xi C 8f 2 C(�)
Claim: 9 isometric isomorphismU : H ! L 2(� ; � x ) such that
H ����!

A
H

U

?
?
y

?
?
y U

L 2 ����!
�

L 2

(� f )( � ) = �f (� )

De�ne T : C(�) ! H by T f := � A (f )x

kT f k2 = k� A (f )xk2 = h� A (f )x; � A (f )xi

= hx; � A (f ) � � A (f )xi = hx; � A (f )� A (f )xi (� )

= hx; � A (f f )xi =
Z

�
f f d� x =

Z

�
jf j2 d� x = kf k2

L 2

Recall: C(�) dense in L 2(� ; � x )
( � )
) T extends uniquely to an isometric embeddingT : L 2(� ; � x ) ! H
Claim: T is surjective: f (� ) = � n ) � A (f ) = An ) T f = An x
HenceAn x 2 im T 8n 2 N
x cyclic

) im T � spanf An xg is dense inH
Moreover kT f kH = kf kL 2 8f; so T is injective and has a closed image
) T is bijective U := T � 1

To show: UAU � 1 = � or equivalently AT = T�
AT f = A� A (f )x = � A (id)� A (f )x = � A (id f )x = T(id f ) = T� f 2

Remark : In general, if A = A � 2 L (H ) and H is separable9 orthogonal
decomposition H =

L
k H k such that AH k = H k and AjH k admits a cyclic

vector.

Exercise: A compact and selfadjoint )
9 cyclic x 2 H , every eigenspace ofA is 1-dimensional
Similar to the following example:

Example 1: A = A � 2 Cn � n A � = A
T

; hx; yi =
nP

j =1
x j yj

9 ONB e1; : : : en of eigenvectors ofA; Aej = � j ej � j 2 R

Assume� j 6= � k for k 6= j , then (LA) x =
nP

i =1
ei is cyclic.

Ak x =
P n

i =1 � k
i ei

� = f � 1; : : : � n g f (A)� =
nP

i =1
f (� i )hei ; � i ei

C(�) = L 2(�) �= Cn

� x is de�ned by
R

� f d� x = hx; f (A)xi
nP

i =1
f (� i )hei ; xihx; ei i =

nP

i =1
f (� i )

) � x =
P n

i =1 � � i

U : H = Cn ! Cn = L 2 U� = ( hei ; � i )n
i =1

� = diag( � 1; : : : ; � n )

Example 2: H = l2(Z) = f x = ( xn )n 2 Z j
1P

n = �1
jxn j2 < 1g

(Lx )n = xn +1 (L � x)n = xn � 1

A = L + L � selfadjoint � (A) = [ � 2; 2] and H = H ev � H odd

where H ev := f x j x � n = xn g and H odd := f x j x � n = � xn g are invariant
under A
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(Ax )n = xn � 1 + xn +1

xev := ( : : : 0; 1|{z}
= x ev

0

; 0 : : :) and xodd := ( : : : 0; 0; � 1; 0|{z}
= x odd

0

; 1; 0; 0: : :) cyclic vectors

for AjH ev ; AjH odd

De�ne U : H ! L 2([0; 1]) by (Ux)( t) :=
1P

n = �1
xn e2�int

(ULx )( t) = e� 2�it (Ux)( t) (UL � x)( t) = e2�it (Ux)( t)
(UAU � 1f )( t) = 2 cos(2�t )f (t)
A multiplication operators on L 2([� 2; 2]; � 1) � L 2([� 2; 2]; � 2)
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6 Unbounded operators

X; Y Banach spaces,D � X dense,A : D ! Y closed graph
For x 2 D; kxkA := kxkX + kAx kY graph norm
Then (D; k � kA ) is a Banach space andA : D ! Y is bounded

In Spectral theory one studies� 1 � A : D ! X where X Banach space,
D � X dense subspace andA : D ! X linear

Recapitulation

1. graph(A) := f (x; Ax ) j x 2 Dg � X � X

A closeddef, graph(A) is a closed subspace ofX � X

2. B : dom(B ) ! X is an extension of A, if dom(A) � dom(B ) and
B jdom (A) = A

3. A is closable, if A admits a closed extension

4. A is closable, graph(A) is a graph i.e. (0; y) 2 graph(A) ) y = 0
Denote by A the smallest closed extension ofA, graph(A) = graph(A)

5. 
 � Rn open, X = L p(
) 1 < p < 1 D := C1
0 (
) ;

A : D ! X di�erential operator
) A is closable

Adjoint Operator
A : dom(A) ) X densly de�ned linear operator on a Banach space. The adjoint
operator A � : dom(A � ) ! X � is de�ned as follows:
dom(A � ) := f y� j 9c > 08x 2 dom(A) jhy� ; Ax ij � ckxkg
For y� 2 dom(A � ) the linear functional dom(A) ! R x ! h y� ; Ax i is bounded
) 9 x � 2 X � such that hx � ; xi = hy� ; Ax i 8 x 2 dom(A)
De�ne A � y� := x �

Note that hA � y� ; xi = hy� ; Ax i x 2 dom(A); y� 2 dom(A � )

Remark 1: Let y� 2 X � , then
9c � 08x 2 dom(A) jhy� ; Ax ij � ckxk
, 9 x � 2 X � sucht that hx � ; xi = hy� ; Ax i
In this case we havey� 2 dom(A � ); x 2 dom(A)

Remark 2: (y� ; x � ) 2 graph(A � ) , h x � ; xi = hy� ; Ax i 8 x 2 dom(A)
, h (� x � ; y� ); (x; Ax )i = 0 8x 2 dom(A) , (� x � ; y� ) 2 (graph(A))?

Hence graph(A � ) � X � � X � �= (X � X ) � is always weak� -closed

Remark 3: A closable) graph(A)? = graph(A)
?

= graph( A)?

Rem. 2) A
�

= A �

Lemma 1: X re
exive, A : dom(A) ! X densely de�ned linear operator.
Then

(i) A � is closed

(ii) A closable, dom(A � ) is dense inX �

(iii) A closable) A
�

= A � and
X � dom(A) ����!

A
X

�

?
?
y

?
?
y �

X �� � dom(A �� ) ����!
A ��

X ��
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Proof: De�ne J : X � X ! X � X by J (x; y) = ( � y; x)
Then by Remark 2, graph(A � ) = ( J graph(A))? = J � graph(A)?

J � (x � ; y� ) = ( y� ; � x � )

(iii) ( J � graph(A � ))? = graph( A �� ) and
(J � graph(A � ))? = (graph( A)? )? = �X � X (? (graph(A)? )) = �X � X (graph(A))

(ii) Assume dom(A � ) is dense
Let (0; y) 2 graph(A) ) 9 xn 2 dom(A) such that xn ! 0; Ax n ! y
) 8 y� 2 dom(A � ) we havehy� ; yi = lim

n !1
hy� ; Ax n i = lim

n !1
hA � y� ; xn i = 0

dom( A � ) dense
) y = 0

2

Proof : of Lemma 1 (continued) X Banach space,A : dom(A) ! X linear,
dom(A) � X dense supspace,X re
exive.
A closable) dom(A � ) is dense inX � .

1. graph(A)? = f (x � ; y� ) 2 X � � X � j hx � ; xi + hy� ; Ax i = 0g8x 2 dom(A) =
f (� A � y� ; y� ) j y� 2 dom(A � )g

2. graph(A) = ? (graph(A)? )

3. (x; y) 2 graph(A)
2:, h x � ; xi + hy� ; yi = 08(x � ; y� ) 2 graph(A)?

1:, h� A � y� ; xi + hy� ; yi = 08y� 2 dom(A � )

4. BecauseX is re
exive we have: dom(A � ) = X � , ? dom(A � ) = 0.

5. y 2? dom(A � )
) h y� ; yi = 08y� 2 dom(A � )
3:) (0; y) 2 dom(A)
A closable) y = 0

2

Remark 1: The spectrum of an unbounded operatorA : dom(A) � X ! X
is de�ned exactly as in the bounded case:
� (A) := f � 2 C j � 1 � A : dom(A) ! X is bijectiveg
� (A) = C n � (A)
P � (A) = f � j � 1 � A not injectiveg
R� (A) = f � j � 1 � A injective; im( � 1 � A) 6= X g
C� (A) = f � j � 1 � a injective; im( � 1 � A) = X; im( � 1 � A) 6= X g

Remark 2: X re
exive, A : dom(A) ! X closed, densely de�ned.

im A? = ker A � ? (im A � ) = ker A

im A = ? (ker A � ) im A � = (ker A)?

Remark 3:
� (A) = � (A � ) C� (A) = C� (A � )

R� (A) � P � (A � ) R� (A � ) � P � (A)

P � (A) [ R� (A) = P � (A � ) [ R� (A � )
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Example 1: X = `2
C 3 x = ( x1; x2; x3; : : :) D := f x 2 `2 j

P 1
n =1 n2jxn j2 <

1g
Ax := (2 x2; 3x3; : : :) A : D ! `2 closed.
P � (A) = C 3 � x � = ( �; � 2

2! ; � 3

3! ; : : :) 2 D Ax � = �x � .

Example 2: Ax := ( x1; 2x2; 3x3; : : :). Eigenvectors: en := (0 ; : : : ; 0;

n
z}|{

1 ; 0; : : :)
Aen = nen P � (A) = � (A) = N

Lemma 2: X complex Banach space. D � X dense subset. A : D ! X
closed operator. Assume� 0 2 � (A) (then R� 0 (A) := ( � 01� A) � 1 : X ! D � X
is bounded, cf. Closed Graph Theorem). Then the following holds:

i) If � 2 C n f � 0g then
ker(� 1 � A) = ker( 1

� 0 � � 1 � R� 0 (A))
im( � 1 � A) = im( 1

� 0 � � 1 � R� 0 (A))

ii) � (A) = f � 2 C n � 0 j 1
� 0 � � 2 � (R� 0 (A))g. Same forP �; R�; C� .

iii) � (A) is open, the map� (A) ! L (X; D ) : � 7! R� (A) is holomorphic, and
R� (A) � R� (A) = ( � � � )R� (A)R� (A)8�; � 2 � (A). Here D is equipped
with the graph norm of A: kxkD := kxkX + kAx kX for x 2 D .

Proof: � 6= � 0.

� 1 � A = � 01 � A + ( � � � 0)1

= ( � 01 � A)(1 + ( � � � 0)R� 0 (A))
( � )
= ( � � � 0)( � 01 � A)(

1
� � � 0

1 + R� 0 (A))

= ( � 0 � � )( � 01 � A)(
1

� 0 � �
1 � R� 0 � � 1 � R� 0 (A))

� 1 � A ) (i ); (ii )

Proof of (iii) j� � � 0j � kR� 0 (A)k < 1 ) 1 � (� � � 0)R� 0 (A) bijective
( � )
) � 1 � A = (1 � (� � � 0)R� 0 (A))( � 01 � A) : D ! X is bijective
Hence� (A) is open.

R� (A)
( � )
=

1
� 0 � �

R� 0 (
1

� 0 � �
1 � R� 0 (A)) � 1

So � (A) ! L (X; D ) : � 7! R� (A) is holomorphic. 2

De�nition: A closed, densely de�ned unbounded operatorA : dom(A) �
X ! X is said to have acompact resolventif � (A) 6= ? and R� (A) : X ! X is
compact 8� 2 � (A).

Remark 4: � 0 2 � (A) R� 0 (A) compact.
) R� (A) compact 8� 2 � (A), because

R� (A) = R� 0|{z}
compact

(1 + ( � 0 � � )R� (A))
| {z }

bounded

Remark 5: Suppose� (A) 6= ? and let D := dom( A) be equipped with a
graph norm. Then:

A has a compact resolvent, the inclusion D ! X is compact
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Remark 6: A : D = dom( A) ! X closed, densely de�ned.
X 0 := X kxk0 = kxkX

X 1 := D = dom( A) kxk1 := kxkX + kAx kX

X 2 := f x 2 D j Ax 2 X 1g kxk2 := kxk + kAx k + kA2xk
X 3 := f x 2 D j Ax 2 X 2g and so on with
: : : � X 3 � X 2 � X 1 � X 0.

Assume� (A) 6= ? , let � 0 2 � (A) and denote T := � 01 � A. Then T : X k+1 !
X k is an isomorphism for all K and
Moreover: (� 1 � A)m : X m ! X 0 and ker(� 1 � A)m � X 1 =

S 1
m =1 X m . And:

if the inclusion X 1 ! X 0 is compact, then X k+1 ! X k is compact 8k.

Lemma 3: A : dom(A) ! X closed, densely de�ned, compact resolvent)

(i) � (A) = P � (A)

(ii) The space E � (A) :=
S 1

m =1 ker(� 1 � A)m is �nite dimensional 8� 2 � (A).

(iii) � (A) is discrete.

Proof: Let � 0 2 � (A) and denoteK := R� 0 (A) 2 L (X ). Let � 2 � (A) ) � 6=
� 0 and � := 1

� 0 � � 2 � (K )
Moreover: � 6= 0 and E � (A) = E � (K ) �nite dimensional. ) (i ); (ii ) see Ch IV.
Let � n 2 � (A) � n 6= � m 8n 6= m
) � n := 1

� 0 � � 2 � (K )
Ch IV) � n ! 0 j� n j ! 1 . 2

X = H Hilbert space and dom(A) � H dense subset
A : dom(A) ! H closed linear operator.

De�nition: The Hilbert space adjoint of A is the (closed, densely de�ned)
operator A � : dom(A � ) ! H given by dom(A � ) := f y 2 H j 9c � 08x 2
dom(A); jhy; Ax ij � ckxkg with A � y := z, where z 2 H is the unique vector
with hz; xi = hy; Ax i .

Remark 7: A closed) A �� = A

De�nition:

a) A is called self-adjoint if A � = A, ie. dom(A � ) = dom( A) and Ax =
Ax 8x 2 dom(A)

b) A is called symmetric if hx; Ay i = hAx; y i8 x; y 2 dom(A).

Remark 8: A symmetric ) dom(A) � dom(A � ) and A � jdom( A ) = A.

Lemma 4: A : dom(A) ! H densely de�ned, self-adjoint )

i) � (A) � R

ii) If in addition, A has a compact resolvent, then� (A) = P � (A) is discrete
subset ofR and H has a ONB of eigenvectors ofA.

Proof: Easy exercise. 2
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Exercise 1: A 2 L (X ); U � C open, � (A) � U
f : U ! C holomorphic, 
 a path in U around � (A)

f (A) :=
1

2�i

Z



f (� )( � 1 � A) � 1 d�

Prove:

(i) fg (A) = f (A)g(A); 1(A) = 1 id(A) = A

(ii) � (A) = � 0 [ � 1 � 0; � 1 compact and disjoint

f (� ) =
�

0 � 2 U0

1 � 2 U1
where U0; U1 are disjoint open sets,Ui containing � i

) P := f (A) satis�es P2 = P P A = AP
X 0 := ker P X 1 := im P, so X = X 0 � X 1 and � (AjX i ) = � i

What is W 1;p ([0; 1])?
W 1;p ([0; 1]) := f f : [0; 1] ! Rjf cont. 9g 2 L p([0; 1]) : f (x) = f (0)+

Rx
0 g(t) dt 8xg

kf kW 1 ;p :=
� R1

0 jf (x)jp dx +
R1

0 jg(x)jp dx
� 1

p

Fact: f 2 W 1;p ) f is di�erentiable almost everywhere and _f (x) = g(x) for
almost all x 2 [0; 1]
Warning: f almost everywhere di�erentiable
_f 2 L p ; f 2 W 1;p (Cantor-function)

Remark: g 2 L 1;
Rx

0 g(t) dt = 0 8x 2 [0; 1] ) g � 0 a.e.
(measure and integration)

De�nition: A function f : [0; 1] ! R is said to have bounded variation if
Var [0;1] f < 1 where

Var [0;x ] f := sup
0= t 0 <t 1 <:::t n = x

n � 1X

i =0

jf (t i +1 ) � f (t i )j

sin( 1
x ) is not of bounded variation

' f (u) = lim � ! 0
P m � 1

i =0 u(t i )( f (t i +1 ) � f (t i )) =
R1

0 u df =
R

u d� f

where 0 = t0 < t 1 < : : : < t m = 1 and � := max
i

jt i +1 � t i j

Exercise 2: BV := f f : [0; 1] ! R j f is of bounded variation and right continuousg
kf kBV := jf (0)j + Var [0;1] f
Prove BV is a Banach space

Exercise 3: Every (right continuous) function of bounded variation is the
di�erence of two monotone (right continuous) functions.
Hint: Denote F (x) := jf (0)j + Var [0;x ] f
Show that F � f are monotone, right continuous.
f � := F � f

2 f = f + � f �

Exercise 4:

a) f : [0; 1] ! R monotone, right continuous, f (0) � 0
9! Borel measure� f on [0; 1] such that � f ([0; x]) = f (x)

b) f 2 BV ) 9 ! Borel measure� f such that � f ([0; x]) = f (x) 8x 2 [0; 1]

c) f (x) =
Rx

0 g(t) dt 8x 2 [0; 1], g 2 L 1

) � f (E ) =
R

E g d�  Lebesgue measure
hint for a): construct outer measure � f ;
� f ((a; b)) = lim

t % b
f (t) � f (a)  � f (open sets)
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6 Unbounded operators

Exercise 5 � : f 2 BV; F (x) := jf (0)j + Var [0;x ] f )

(i) j� f j = � F

(ii) f (x) =
Rx

0 g(t) dt ) F (x) =
Rx

0 jg(t)j dt

Hint: (i) ) (ii) P := f g > 0g N := f g < 0g
) j � f j(E ) = � f (E \ P) � � f (E \ N ) =

R
E \ P g �

R
E \ N g =

R
E jgj (� )

) F (x) = � F ([0; x])
( i )
= j� f j([0; x])

( � )
=

Rx
0 jgj

Proof of (i): Easy � F ([0; x]) � j � F j([0; x])
Hard " � "

Exercise 6: f 2 BV . Equivalent are:

(i) � f � �

(ii) 9g 2 L 1([0; 1]) such that f (x) =
Rx

0 g(t) dt

(iii) f (0) = 0 and f is absolutely continuousi.e.
8" > 09� > 08n 2 N 0 � s1 < t 1 < s 2 < t 2 < : : : < s n < t n � 1

X

i =1

jt i � si j < � )
nX

i =1

jf (t i ) � f (si )j < "

Hint: First assume f is monotone

Remark:

a) f abs. continuous, f is di�. a.e., f 2 L 1 and f (x) = f (0)+
Rx

0
_f (t) dt 8x

b) W 1;p ([0; 1]) = f f : [0; 1] ! R j f abs. continuous,f 2 L pg

kf kW 1 ;p =
�

kf kp
p + k _f kp

p

� 1
p

Lemma: p > 1 The inclusion W 1;p ([0; 1]) ! C([0; 1]) is a compact operator

Proof: jf (t) � f (s)j = j
Rt

s
_f (v) dvj �

Rt
s j _f (v)j dv �

� Rt
s j _f (v)jp dv

� 1
p

jt � sj
1
q

1
p + 1

q = 1

jf (t) � f (s)j � k _f kL p jt � sj
1
q

) The set f f 2 W 1;p j kf kW 1 ;p � 1g is bounded and equicontinuous, so the
result follows from Arz�ela-Ascoli 2

Example: H = L 2([0; 1]; C) hf; g i =
R1

0 fg dt
D := f f 2 W 1;2([0; 1]) j f (0) 2 R; f (1) 2 Rg
Af := i _f

Exercise 7: A is selfadjoint, � (A) = 2 � Z
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