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0 Introduction 25.10.2006

0 Introduction

Remark:  Functional Analysis can be viewed as a combination of linear alge-
bra and topology:

Linear Algebra | Topology Functional Analysis
vector spaces | metric spaces normed vector spaces
linear maps continuous maps | continuous linear maps
subspaces closed subsets closed subspaces

The vector spaces concerned in Functional Analysis generally have in nite di-
mension.
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1 Basic Notions

1.1 Finite dimensional vector spaces

De nition: A normed vector spaceis a pair (X; k k) where X is a vector
space (we consider only real spaces) and ! [0;1 );x 7! kxk is a norm, i.e.

1. kxk=0 | x=0
2. kxk=jj kxk8x2X; 2R
3. kx+ yk k xk+ kyk 8x;y 2 X

Remark: A norm induces ametric on the vector space, byd(x;y) := kx yk.

De nition: A Banach spaceis a complete normed vector spaceX; kik), i.e.
every Cauchy sequence inX;d) converges.

De nition: Two norms k Kkj;k ky on a real vector spaceX are calledequiv-
alent, if

9¢c>08x2 X : %kxkl k xko  ckxki:

Example:

X
kxkp := i, 1<p< 1
i=1

kxki :=maxfjxjjjl i ng
2. (M; A; ) measure space

z
LP( )= ff :M ! Rjf measurable; jfj°d < 1g=
M

where means equal almost everywhere.

z :
Kf ky = ifiPd 1 p<1
M

1.

3. Let M be a locally compact and hausdor topologic space.
C.(M):=ff :M ! Rjf is continuous and has compact suppog
kf ky = sup fj f (m)jg
m2M

Combine 2. and 3.:

Let B 2 be the Borel -Algebraand :B! [0;1 ] a Radon measure.
Then one can de nekf ky; kf ky for all f 2 C.(M). These two norms are
not equivalent, because there are Cauchy sequences convergingknky
which are not convergent ink kp, e.g.

(
f.:R! R fy= n° x2[0on]
0 otherwise
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X = CK(R")=ff :R"! Rjf 2CKand
sup j@f (x)j< 18 =( 1;::0 n)2Ng
X2 R"

kf ke« == sup supj@f (x)j = sup k@f kg
i j kx2Re ik

with j j:== 1+ 0+ .
The normed vector space Cg(R”); k:ke ) is called Sobolev space

Lemma 1: Let X be a nite dimensional vector space.
) Any two norms on X are equivalent.

Proof: w.l.o.g. X = R"

Let R" ! R:x 7'kxk be any norm and

U
X0
c:= t ke k2
i=1
X
Yk xk = k  xek (1)
i=1
X
kx; e k (2)
i=1
= jXijkek by Cauchy-Schwarz )
0
X X
t xIZ%J ke k2 (4)
i=1 i=1
= ckxky 5)

That proves one half of the inequality.
It follows that the function R" ! R : x 7! kxk is continuous with respect to the
Euclidian norm on R":

jkxk k ykji k x yk ckx yk;

The set S" := fx 2 R" j kxk, = 1g is compact with respect to the Euclidian
norm.
)9 Xp2S8x2S" :kxk k xgk=: >0

)8 X2R": = 2 g

ka2
and so
X
kX|(2
and therefore
kxk kx ko
Which is the other half of the inequality. 2

Lemma 2: Every nite dimensional vector space (X; k k) is complete.

Proof:  True for (R";k k).
) true for R" with any norm.
) true for any nite dimensional vector space. 2
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Lemma 3: Let (X; k k) be any normed vector space andY X a nite
dimensional linear subspace.
) Y is a closed subset oK .

Proof: Y is a nite dimensional normed vector space.
L 2 .
Y12y is complete.

(Yn)n2n Y, nI!ilm Yan=Yy2X

Y CC)mpIete y 2y

) Y is closed. 2
Theorem 1:  Let (X; k:k) be a normed vector space an® := fx 2 X jkxk 1g
be the unit ball. Then

dm(X)< 1 B is compact.

Proof of Theorem 1,5\ ) ™ Let e;;:::;e, be a basis ofX and de ne
T:R"! XbyT = [, &
) The function R"! R: 7!'kT kisanormonR"

Let (x ) 2n 2 B be any sequence and denote =( ;;:::; ,):=T x
)i i kT k=ckx k c
Heing:Borel "~y ,\ has a convergent subsequence ()zg: ;< ,<-:

) X k= J¥e;+ i+ ke, converges; sdB is sequentially compact.

We use that on metric spaces sequential compactness and compactness de ned
by existence of nite subcoverings are equivalent; that will be proven in Theorem

2. 2

Lemma 4: 0< < 1, (X;k k) a normed vector space,Y ( X a closed
subspace.

)9 x2 X sothathkzl;igikx yk> 1
y

Proof: Let xo 2 X nY. Denote
d:= ;r;fY kxo yk>0

(d > 0 becauseY is closed.)9yg 2 Y so that kxg Yok < li

Let x := 2o Yoo ) Kk xk=1

kxo Yok
_  Xo Yo _
x - yk= kXo Yok Y
1 d
—— kX k x k — > 1
ko yok 0 Yo K X, YoV G ok
2Y
I {z }

d
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Proof of Theorem 1,\ ( ™ Suppose dimiK)= 1
We construct a sequence;; X, ::: in B so that

1. .
kxi  xjk E8|6]

Then (Xj)i2n has no convergent subsequence.
We construct by induction setsfxs;:::;Xng B so that kx; x;k %8i 6]

Y :=spanfxq;:::;Xpg= i Xi i2R (X

) Y is closed.
So by Lemma 49x,+1 2 X so that

kXn+1 K=1;kxns YK % 8y2Y

1.
YK Xns1 Xik §8|: poon
This completes the inductive construction of the sequence. 2

1.2 Linear Operators

(X; k kx);(Y:;k ky) normed vector spaces.

De nition: A linear operator T : X ! Y is called boundedif 9¢ > 08x 2 X :
KT xky  ckxky

The number KTK := SUPy, yx g0 S

Tk is called thenorm of T.

Notation : L(X;Y):=fT : X ! Y jTisabounded linear operatog is a
normed vector space, and complete wheneve¥ is complete. (Analysis II)
Lemma5: T :X ! Y linear operator. Equivalent are

i. T is bounded

ii. T is continuous

iii. T is continuous at O.

Proof: i.) ii. KTx Tyky k Tkkx ykx ) Lipschitz continuous
ii. ) i trivial
iii. ) i."=1)9 > 08x2X:

kax ) k TXkY 1

X
2 X =
06 x2X) o )
Tx
) kax v !

)k TXkY } kax
{z}
C
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Lemma 6: Let X;Y be normed vector spaces of nite dimension) every
linear operator T : X ! Y is bounded.

Proof: Choose a basi®;;:::e, 2 X.

a)
X
C = kTe]_kY
i=1
b) The map
X
R" I R:(Xg;:i:%Xp)! X €
i=1 X
is a norm onR". By Lemma 1, 9¢c; > 0 so that
X
max jxijj ¢ Xi € 8(X1;:::Xp) 2 R"
i=1;:n i=1 .
P n
a)&b) )8 x= . Xig 2 X we have
X X
kKT xky = xiTeg iXij kTeky
i=1 Y i=1
X
(maxjxij) kTeky = ¢ maxjx;j < c1cokxky
I

i=1
What for in nite dimensions?

1.3 In nite dimensional vector spaces

Example 1: Let X = CI([0;1];X), kxkx := supy ; (jf(t)j, Y = R and
Tx := x(0). T is linear and not bounded. This is not a Banach space.

Example 2: X in nite dimensional.

9f e g2 basis of X with kek =1 8i 2 | (the axiom of choice is needed to prove
this for any vector space).

Choose sequencey;io;:::

K;i = iy

Dene ¢ := O;i2fiq;ig;iiig
Dene T:X ! Rby X X
T ie = iGi
ﬂ{z_} i21
nite sum
Tak = 0= k

We found three incidences where nite and in nite dimensional space di er:
Compactness of the unit ball (see Theorem 1)

Completeness (see Lemma 2)

Boundedness of Linear Functionals (see Lemma 6 and Example 1)
De nition: A metric space (M;d) is called totally bounded if

M
8"> 09X1;::;Xm 2 M :M = B-(x)
i=1
where
B-(x):= fx°2 M jd(x;x%) <"g
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Theorem 2. Let (M;d) be a metric space. Equivalent are:
i. Every sequence has a convergent subsequence (sequential compactness).
ii. Every open cover has a nite subcover (compactness).

iii. (M;d) is totally bounded and complete.

Proof: i.) i
T(M;d) 2™ set of open subsets oM .
Let U T (M;d) be an open cover ofM .

Step 1
9"> 08x2 M 9U 2U sothatB-(x) U

Suppose8" > 09x 2 M 8U 2 U so that B-(x) 6 U.
Pick " = %

)9 Xn2M 8U2U :Bi(Xn)6 U
By i. 9 convergent subsequenceg,, ! x2 M.

ChooseU 2 U so that x 2 U; choose" > 0 so that B-  U.
Choosek so that d(x;Xxn,) < 5 and & < 5.

) Bila) Bi(n) B(X) U

) contradiction.

Step 2 U has a nite subcover.

Suppose not.

Let "> 0 be as in Step 1.

Construct sequencesy; Xz;:::2 M and Uy;Uy;::: 2 U so that

B«(Xn) Upandxp 2Uq;:::U, 1

Xn can be chosen like that because otherwise thd,;::: U, 1 would form a nite
subcover.

Pick any x; 2 M.
By Step 19U; 2 U so that B-(x;) U;.
Supposexs;:::; Xy and Uyg;:::; U, have been found.

) Ui Uo[ :::[ Up 8 M

) Xn+1 2M n(Uo[ U [ t2:[ Un)

By Step 19U+ 2 U so that B+ (Xp+1)  Up+a
Given the sequencesXk)kzn; (Uk)kzn We observe:
For k<n :B-(xk) Ug;xn Z Uy

Sod(Xn;xk) "

) d(Xk;Xn) "8k6&n

) There is no convergent subsequence.

i) il
Assume every open cover has a nite subcover.

a. Take
U:=fB-(X)jx2 Mg

Then 9x1;:::Xm 2 M so that

So M is totally bounded.
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b. (M;d) is complete:
Let (Xn)n2n be a Cauchy sequence.
Assume (Kn)n2n does not converge.
) (Xn) has no convergent subsequence.
) (Xn) has no limit point.
)8 2 M 9"()> 0sothatthe setfn2 Njx, 2 B-()( )gis nite.
Take U:=fB-(y( )] 2Mag.
Then U has no nite subcover.

i) i

Assume (M;d) is totally bounded and complete.
Let (Xn)n2n be any sequence irM .

Claim: There is a sequence of in nite subsets

N To T
such that d(Xn;Xm) 2 ¥ 8xn:Xm 2 Tk.
Cover M by nitely many balls

M
Bi(i)=M
i=1

)9 i so that the setfn2 Njx, 2 B%( i)g=: Tp is in nite.
Then 8n;m 2 Ty we have

d(Xn;Xm) d(Xn; i)+ d( i;xm) <1

SupposeTg 1 has been constructed.
Cover M by nitely many balls

Then 9i so that the set

Tk =fn2Tk 1jXn 2B _4

2k +1

()g

is in nite.
)8 nym 2 Ty :
1
d(Xn;Xm) <d(Xn; i)+ d( i;Xm) < >
Claim ) 9 convergent subsequence.
Pick ny <n, <::: sothat ng 2 Ty.
) n;;ng 2 Tk 8l k
) d(Xn;Xn) 8k
) The sequence Xk )k2n IS Cauchy.

M cqmplete
3 "€ The sequence converges. 2

1.4 The Theorem of Arzela-Ascoli
De nition: (M;d) metric space. A subsetD M is called denseif

8x2M8">0:B-(x)\ D6 ?

De nition: A metric space (M; d) is called separableif it contains a countable
dense subset.

Corollary: Every compact metric space M;d) is separable.
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Proof: Givenn 2 N.

n

91 n2M M= Bi(})
i=1
De ne
D, =11 ngd
De ne
5
D = D, M

D is countable.
Given x 2 M;"> 0, pick n 2 N so that 2 <" .
Then 9 2 D, so that x 2 B%( ).

) x2B-(), 2D ) B-(x)\ D6 ?

SoD is dense. 2

Exercise: (X;dx ) compact metric space, {f; dy ) complete metric space and
CX;Y):=1ff :X ! Yjf continuousgy
d(f;g) = sup dv (f (x);9(x)) < 18 f;g 2 C(X;Y)
x2 X

Show that (C(X;Y );d) is a complete metric space.
This is exercis 1a) on Series 2.

De nition: A subsetF  C(X;Y) is called equicontinuous if

8'> 09 > 0:8xy2 X 8f 2F :dyx (x;x% < ) dy(f(x);f(x% <"

Theorem 3 (Arzela-Ascoli): (X;dx ) compact metric space and {;dy)
complete metric spacefF C(X;Y).
Equivalent are:

i. F is compact.
ii. F is closed, equicontinuous and-(x) := ff(x)jf 2Fg Y is compact
for every x 2 X.
Proof: i.) ii.
F is closed (every compact set in a metric space is closed).

Fix x 2 X. Then the evaluation map ek : F ! Y;ew(f) := f(x) is
continous. So ey (F) = F (x) is compact.

S
Pick "> 0. 9f1;:::;fm 2F sothat F moBe(fi)
Choose > 0 so that 8i8x;x°2 X :

dx 06x9 <) dy (Fi(x);Fi(x9) <
Givenf 2 F choosd sothat d(f;f ;) <" . Now for x; xwith dy (x;x9 <

dv (f (x); F (x9) F(f (X%'tfi(x)i + P(fi(xez'fi(x? + F(fi(Xc{));f (XO)% <3

<

i) i
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To Show: F is compact. Letf, 2 F be any sequence.
We know that X is separable, i.e. there is countable dense subsBt X with
D inthe form D = fx3;X2;:::0.

Claim 1 There is a subsequencey; = f,, so that the sequenceg(xx) 2 Y
convergesas !'1  for every k 2 N.

Proof of Claim 1 F (x;) is compact and f,(x1) 2 F (xj). Thus there is a
subsequencef(,,, ); so that (f,,, (x1)); converges. By the same argument there
is a subsequencef(,,, )i of (fn,; )i so that (fn,, (x2))i converges.

Induction: There is a sequence of subsequences,(, )&, so that

(f (Xk))L, converges as !1
(fre. s )k, is a subsequence offg,, )i for every k 2 N.

Dene g := f,, , that is the Diagonal sequence construction. This satis es
0 (xk) converges for allk 2 Nasi!'1 . But we want more: Namely, conver-
gence in the whole ofX , not only D, and uniform convergence.

Claim 2:  (g)i is a Cauchy sequence irC(X;Y ).

With Claim 2:

SinceC(X;Y ) is complete the sequencej; converges. Sincé- is closed, its limit
belongs toF.

Proof of Claim 2:

Choose" > 0 and > 0 as in the de nition of equicontinuity, i.e.

8x;x%2 X8f 2F : dx (x;x9Y < ) dy(f(x);f(x%Y <"
SinceD is dense inX we have

X

11
o8}
—
X
fa
~

By Theorem 2

™
IM2N: X = B (xk)
k=1

Since @ (xk))L; is Cauchy for everyk 2 f 1;:::ng:
ON 2 N8i;j>N 8k 2f1L:::mg:dy(g(Xk); g (Xk)) <"
We prove: i;j N ) d(g;g) < 3". Remember that
d(g;g) = sup dy (G (X); g (x))

Fix an elementx 2 X.
By Condition 2 9k 2 f 1;:::ng so that dx (X; Xk) <
By Condition 1

8i 2 N :dy (gi(x);g(xk)) <"

) N dv(Gi(x);g (x)
dy (Gi (X); 9 (X)) + dv (G (Xk); g (X)) + dv (G (Xk); g (X))
And this is, by Condition 3 and 4, smaller than " + " + " = 3",
2

Looking closely at the proof, one can weaken the three condition of the theorem
of Arzla-Ascoli.

10
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Theorem 3' (Arzla-Ascoli revisited): Let (X;dx ) be compact, (Y;dy)
complete metric spaces and= C(X;Y ). Equivalent are

(i) F has a compact closure.

(i) F is equicontinuous andF (x) Y has a compact closureBx 2 X .

Proof: F is the closure of F in C(X;Y ). From (i) it follows that F(x) =
F(x)8x 2 X.

F(x) F(x)is always true and an exercise.
F(x) F(x). Proof:

Lety2 F(x))9 sequenceyx 2F (X);yx ! .
)9 fx 2F sothat fi(x)= yk.

) fk has a convergent subsequenck, ! f 2 C(X;Y ) wherefy, 2 F
andf 2 F.

Soy = f (x) 2 F(x).

\(i)) ) (i)" F is equicontinuous by Theorem 4 forF .

F (x) = F(x) which is compact by Theorem 3.

\(ii) ) ()" Claim 1 and Claim 2 in Theorem 3 only use (ii) in Theorem 3. So
every sequence irF has a Cauchy subsequence. 2

Lemma 7: Let (M;d) be a complete metric spaceA M any subset. Equiv-
alent are

(i) A has a compact closure.

(ii) Every sequence inA has a Cauchy subsequence.

Proof:  \(i) ) (ii)" follows directly from the de nitions.
\(i) ) ()". Let x, 2 A be any sequencd 9 a, 2 A so that d(x,;a,) < i.

) 9 Cauchy subsequencedy,)-; . ) (Xn,){z; is Cauchy. Because M;d) s
complete) (Xn,) converges (to another element ofA). 2

Special case: Y = R", (X;dx) compact metric space. X = C(X; R") is a
normed vector space.
kf k := sup jf (X)jrn

x2X
Theorem 4" Let F  C(X; R"). Equivalent are
(i) F has a compact closure.

(ii) F is equicontinuous and bounded.

Proof: Theorem 3' (A subset of R" has a compact clousre if and only if it is
bounded). So condition (ii) in Theorem 4' implies Condition (ii) in Theorem 3'
with Y = R". Moreover an unbounded subset ofZ(X; R") cannot be compact.
2

Theorem 4: Let F  C(X; R"). Equivalent are
(i) F is compact.

(i) F is closed, bounded and equicontinuous.

11
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Proof:  Corollary of Theorem 4'. 2

This again highlights the di erence between nite and in nite dimensional vec-
tor spaces, as far as compactness is concerned.

1.5 The Baire Category Theorem

Example for an open and dense set: Q R. Let Q= fxy;Xp;:::0. Let
E " "
u:= Xk o Xk + x
k=1
2II "
Leb(U) 27 =2
k=1

U is open and dense.

Theorem 5.  Let (M;d) be a complete metric space.

() If Up;Uz;Us;::: M is a sequence of open and dense subset then

is dense in M.

(i) M 68 ? and A;; Az Az ;M is a sequence of closed subsets so that

Then 9i so that A; contains an open ball.

Example:
S
1. M =R=|,zfxgandR complete; soR uncountable.
S
2.M = Q= ,,,fxgis not complete.

The proof is not so hard. It depends on one ingenious observation which has
many important consequences.

Proof:

(i) Letx2 X and"> 0. To show: B-(x)\ D 6 ?.
Let B := B-(x)= fy2 M jd(x;y) <"g. SinceU; is denseB\ U; 6 ?. Choose
x12B\ U. B\ Upopen)9 ";>0;"; 3 sothat

B"l(Xl) B\ U

Since U, is dense,B-,(x1)\ U, 8 ?. Choosex, 2 B+, (x1) \ Up. Because
B-, (X)\ U, is open,9x, > 0 so that

B"z(XZ) B"l(Xl)\ U,
and 0<", 1.

By Induction one gets a sequence

1
Xk 2 M; 0<™" x

so that
B"k(xk) B"k 1(Xk 1)\ Uk

12
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In particular xx 2 B, ,(Xx 1), i.e.

1
ok 1
Soxg is a Cauchy sequence itM , which converges, becaus®l is complete. Let
X =limgn Xg. Note:
B, (x1) B, (x2) Br;(Xs)

Sox- 2 B--k(xlk)8‘ k and thus x 2 B~ (xx) Ux8k.
Sox 2D= [, Uc. Alsox 2B+ (x;) BsoB\DG§?.

d(Xi; Xk 1) <"k 1

(i) Let Uy := M nA;, open. Suppose (by contradiction) thatAdeoes not
contain any opeg ball for everyi. Soy) is open and dense. By (i) ilzl U is
dense; thusM n~ ", Ai 6?2 ) M6 | A, 2

Reminder LetA M,thenA =int( A)= fx2 M j9"> 0 such that B-(x)
Ag is the interior of A.
De nition:

Let (M;d) be a metric space. A M is called nowhere denseif A has
empty interior.

S
A M is said to be oflst categoryin the sense of Baire ifA = ilzl A,

whereA; M is nowhere dense.
A M is said to be of2nd categoryif it is not of the 1st category.
A M is calledresidual if M nA is of the 1st category.

Notation: cat(A) =1 or 2.

Example:
Z R is nowhere dense.

Q R s of the 1st category.

Rules:
1. fA B:cat(B)=1) cat(A)=1
2. cat(A)=2) cat(B)=2
3.A= 83:1 Ai; cat(Aj)=1) cat(A)=1

Lemma 8: (M;d) complete metric space,R M. Equivalent are:
() R is residual

T
(i) R, U with U open, dense.

Proof:

@) (i) Rresidual,A:=MnR) cat(A)=1

where A; is nowhere dense. Therl; := M nA; is open and dense.

L\ N\
) R=MnA Mn Ai = M nA; = Ui
i=1

13
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T
@i) ) (i) AssumeU; M open, dense and il:l U R
\ [
A=MnR) R=Mn U= (MnU)

with M nU; nowhere denseBi 2 N) cat(A) = 1.

2
Theorem 6 (Baire Category Theorem): Let (M;d) be a complete metric
space andM 6 ?. Then
() cat(M)=2

@i If A~ M,thencat(A)=1) cat(M nA)=2

(i) f A M,thencat(A)=1) M nA is dense

(iv) 2?6 U M open) Cat(U)=2

(v) A= Si1:1 Ai, A; closed withA, =? ) A =72

(viy U= Ti1:l Ui with Uy M open and dense U is dense inM
Proof:

S S, __
(i) SupposecatM)=1) M = i1:1 Aj = ilzl Aj

A; is nowhere densg (by Thm 5) one of the A; contains an open ball.
Contradiction.

(i) cat(M nA[ A)=cat(M)=2) cat(M nA) =2 using the above rules.
(i) Lemma 8 and Theorem 5 (ii)

(iv) U M open, nonempty) U contains an open ball) M nU is not dense.
) cat(U)=2

S
v) A= i1:1 Aj closedA; = ? ) cat(A)=1) (by(iv)) A does not contain
anopenball) A =72

(vi) Theorem 5 (i)

Exercise:  Even if (M;d) is not complete, we have (iii)), (iv), (v), (vi) An
Application of Baire's theorem is the following

Theorem 7 (Banach 1931):

R = ff :[0;1]! Rjf is continuous and nowhere di erentiableg

is residual in C(J0; 1]).

Proof: Denote

8
2 f(t+h) f(t .
Uy, = _f2C(0;1]) sup u >n 8t2][0;1]
. o<jhj 1 h >
t+h2[0;1]
-

Clam1 R |, U,

Claim 2 U, is open! . Exercise.

14
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Claim 3 U, is dense.

Proof of Claim 3 Fix n2 N. Let g2 C([0;1]) and " > 0.
To show: B-(g)\ U, 6 ?
By Weierstrass there is a polynomialp: R! R such that

kg pk= sup jg(t) p(t)j<"=2
t2[0;1]

We must nd an f 2 U, such that kf pk<"=2.
Trick: Dene z:R! Rbyz (t):= z (%)
jz(j=1and jz ()j= %

Idea: Choosef (t) = p(t) + z (t) then kf pk=kz j=

f(t+h) f() z(t+ h) z(t) p(t+ h) p(t)

" by b

L jf h is small SUPt2 0:17 ) aP(D)]=: ¢

1 c>nif issmall) f 2 U,

Proof of Claim 2 See Zehnder's notes. 2

1.6 Dual spaces

Let (X; k k) be a Banach space. Three examples for dual spaces:

Example 1: If X = H is a Hilbert space, i.e. there is an inner product
H H! R:(x;y) 7! hx;yi so that

kxk = P hx; Xi
Each x 2 H determines a bounded linear functional x :H ! R via
(1) x(y) = hyi

ThemapH ! H :x 7!  is a Banach space isometry, i.e. a bilinear map
preserving the norms, soH = H . The di cult part of the proof is that (1) is
onto (Proof in Measure and Integration).

Example 2: Let (M; A; ) be a -nite measure space and

n y4 0.
X=LP()= f:M! R ifird < 1
M
and
OZ 1%
kfky= @ jfiPd A ; 1 p<1
M
In the measure and integration course it was shown that
1 1
X =L9); 1<g 1 ; =+ ==1
() q 0" g

More precisely the map

LIC)! LP(C) g7l ¢
Z
of)= fgd
M

15
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is a Banach space isometry.
Again it's easy to prove that
fg d

kgkg = k k= sup M
% g 06f2pLP kf kp

and the hard part is that
8 2LP() :992 L9 )sothat = .
Proof in Measure and Integration.

Example 3: Let (M;d) be a compact metric space. ConsideX = C(M) =
ff :M ! Rjf is continuousy. Let

kf k := sup jf (p)j
p2M
That X is a Banach space is already known from Analysis | & II.

X = fAll real Borelmeasures onMg=: M

Let B 2 be the Borel -Algebra and a -additive :B! R a real (Borel)
measure.
Dene' :C(M)! R by

z
" (f)= fd
M
Easy: ' is bounded andk' k=k k=j j(M).
ThemapM! C(M) : ! ' s linear. But why is this map surjective?
Exercise with Hints:
1. U M open)U is -compact.
[
U= Kn; Kn::fx2MjBn;(x) Ug
n=1

2. Every nite Borel measure :B! [0;1 ) is a Radon measure because of

1.
3. Riesz Representation Theorem
":C(M)! R
positive linear functional, i.e. if f 2 C(M)andf> 0) ' (f)> 0, e.g.
z
"(f)y= fd
M

4. For every bounded linear functional' : C(M)! R there are two positive
linear functionals' :C(M)! R,st.' ="'*"

Hint: For f > 0 de ne
(F):=supf' (f1) " (fo)jfi+fa=Fff;f22C(M);f1 0;f2 Og
(f)2Rg. Clam: (f+g = (f)+ (g).

Forf : M ! R continuous denef (x):=maxf f(x);0g) f =1f"
f ,f continuous and nonnegative.

Dene (f):= (f*) (f ).
Toshow: :C(M)! R s bounded and linear.

fo0) () j"®p =50 ")

are positive.

16
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De nition: Let (M;d) be a metric space. Acompletion of (M;d) is triple
(M ;d ;) where

1. (M ;d)is a complete metric space

2. :M ! M is anisometric embedding i.e.
d ((x); (v) = d(x;y) 8x;y2M

3. The image (M) is dense subset oM .

De nition: (M1;dy); (M2; dy) metric spaces
Amap :Mi! M, is called anisometry, if it is bijective
and dz( (x); (¥)) = di(x;y) 8x;y 2 M:

Theorem 8:
(i) Every metric space (M;d) admits a completion.

(i) If (Mq;dy; 1) and (M3; dy; 2) are completions of M; d), then there exists
a unique isometry :Mj;! M, such that 1= 2

M %Ml
M,

Proof:

(i) Uniqueness! Exercise, the standard uniqueness proof for objects with
universal property.

(i) Existence

Construction 1 M := fCauchy sequence in M=

(Xn)  (Yn), limpy  d(Xn;yn) =0
(x) := f[(xp)] wherex; = x 8i 2 Ng
d ([(x0)I; [(yn)D) :=1im nin d(Xn;yn).
See Topology lecture.

Construction 2 LetBC(M; R):= ff :M ! Rj f is continuous and boundedj
and kf k = supy,m i (X)].

Fact: BC(M; R) is a banach space.

Fix a point x 2 M. For every x 2 M de ne the function fy :M ! R by
fx(y):= dixy) d(x 1y)

(a) fx is continuous.
(b) fy is bounded becausgd(x;y) d(x ;y)j d(x;x ).

©)i:M! BC(M;R):x! fy isan isometric embedding.
For all x;x°2 M we have:

d(Fxifxo) = Kby frok (6)
= sup jfx(y) fxo(y)] (7)
y2M
= sup jd(xy) d(x%y)j (8)
y2M
= d(x;x9 (sety = x9 )

Now dene M := closure(ffx j x 2 Mg) in B(M; R), d(f;g) :=
kf gkand (x):= fy.

17
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Exercise: The completion of a normed vector space is a Banachspace. Hints:
Let (X; k k) be a normed vector space and de ne the metric onxX
by d(x;y) = kx yk 8x;y 2 X

1. Let (X%d% ) be a completion of (X;d). Then there is a unique pair of
vector space structure and norm onX ° such that

() X1 XD0Yis linear
(i) k (x)k°= kxk 8x 2 X
(i) dUx%y9 = kx® yx%k°® 8x%y02 x©
2. If (X1;k kp; 1) and (X2;k kg; 2) are two completions of (X; k k) then
the isometry : X,! X5 in Theorem 9(ii) is linear.

Example: X = C([0;1]) 3 f
0 2 1 z
kfk:= @ jf(t)jPdtA 1 p<1
0
The completion of (X; k kp) is LP([0; 1]) with respect to the Lebesgue measure
on [0; 1].
More general: Replace [p1] by a locally compact Hausdor space M and
Lebesgue by a Radonmeasure.

Exercise: (X; k k) normed vector space.

The functions X ' R :x !k xk; X X I X :(xy)! x+yand
R X! X :(;x)7!' x are continuous.

Let M be any set. ThenB(M;X )= ff :M ! X j fis boundedy

with kf Kk :=sup,,y jf (X)j < 1 is a normed vector space.

X complete) B(M;X ) is complete.

(M;d) metricspace) BC(M;X):= ff :M ! X j fis continuous and bounded
is a closed subspace @ (M; X ). Recapitulation:

1. Any two norms on a nite dim. vector space are equivalent (Lemma 1).
2. Every nite dimensional normed vector space is complete (Lemma 2).

3. Every nite dimensional subspace of a normed vector space is closed
(Lemma 3).

4. A normed vector space K; k k) is nite dimensional if and only if the
unit ball B := fx 2 X jkxk 1g (resp. the unit sphereS = fx 2 X j
kxk = 1g) is compact (Theorem 1).

5. (X; k k);(Y;k k) normed vector spaceA : X ! Y linear operator.
X is nite dimensional , Every linear operator A : X ! Y is bounded
(Lemma 6).

De nition: L(X;Y)=fA:X ! Y jAislinear and bounded

kAXkY
kAKk := sup ——
von kxky

Xx60

Theorem 9:  Let X;Y;Z be normed vector spaces.
(i) L(X;Y ) is a normed vector space.
(i) Y complete) L (X;Y ) is complete.

(i) A2L(X;Y),B2L(Y;2Z2)) BA2L(X;Z)and
kBAK k BKkAkK ()
Moreover the mapL(X;Y) L (Y;2)!L (X;Z); (A;B) 7! BA is con-
tinuous.

18
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Proof:
(i) Verify axioms.

(iii) kBAxkz k BkkAxky k BkkAkkxky
This implies ( ). Moreover:

()
kBgAz B]_Alk k B> BlkkA2k+ kBlkkAz A]_k
Now do"; :::.
(i) Assume Y is complete. Let (An)n2n be a Cauchy sequence i (X;Y ).

kApx Amxky k Ap  Ankkxky

This shows: For eachx 2 X the sequence A,Xx)n2\ is a Cauchy sequence
inY.

BecauseY is complete the sequenceA,X)n2n converges for everyx 2 X .
Dene A: X! Y by Ax :=limpy  Apx ) A is linear.

Claim : A is bounded andA, converges toA in L(X;Y).

Proof : Let"> 0: There 9ng 2 N such that
8m;n2N:nym ng)k A, Apk<"
Hence forn;m ng:

kKApnx  Amxky

kAL X nI‘ilm A XKy
ni1

limsupkA, Amkkxky

n'l

"kx kx
So

kAX ky k Ax Apxky + kApxky
"kxky + kA, kkxkyx
= (" + kApk)kxky

SoA is bounded andkAk k Apk+ ", moreover

kA,x  Axky
kA, Ak:=sup —n~ 2TV
" vob  Kxky

Example: Y =R o
X = L(X; R) is a Banach space with the normkAk := sup,gg gf—::
X is called the dual spaceof X .

Example: (LP) =L%wherel p<1 and;+ ;=1 Seethe Measure and
Integration lecture for the proof.

Theorem 10: Let X be a normed vector spaceY Banach space.

Let (Aj)i2n be a sequencq:pf bounded linear operators such that i1:l kAik< 1
Thetp the sequenceS, = i”:l A; converges inL(X;Y ). The limit is denoted
by ilzl Aj =1lim A

19
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P

Proof: s, := il:1 kAik < 1 converges inR.
X X
i=m+1 i=m+1
) S, is a Cauchy Sequence i (X;Y ).
ThJ“ o Sn converges. 2

Example: X —-P\l( Banach space (X ) := L(X;X)

Supposef (2) izo @i Z' is a convergent power series with convergence radius
1
R=———>0
limsupjanj™

n'1l
P
Let A 2 L (X)be abounded linear operator withkAk < R . Then
L jajkAki < 1 M0
exists.

1:0PjaijkAik

. Py i . n i
the limit f(A) =, aA' =limq; i-o aA

Remark:  Works also with a; 2 C if X is a complex Banach space.

. _P1 i
Example: f(2)= 2= 15

Corollary: kAk< 1) 1 A is bijective with inverse

X
@ A = A2L(X)
i=0

Proof: S,:=1+ A+ A2+ 1+ A"

kAk< 1™ The §squences, converges.
S; =limpyr Sy = i=0 Al

S A)

1 A)S,
= 1+ A+ A%+ + A" A oAt
=1 A1 1
) Sl (1 A):(l A)Sl =1 2

Theorem 11: X Banach spaceA 2L (X))

(i) The limit ra ==lim 1 KA"ks =inf p» o KAk k Ak exists.
(It's called the Spectral radius of A.)

P . P A
(i) ra<1) [, kAk<1l and [, A =1 A)'!

Proof:
(i) Let :=inf > okAkn. Let "> O:
9m2 N KAMkm <+ "

Write an integer n > Ointheformn= km+1 k2 Np; 12f0;1;:::m 1g

kKA"ks = k(AM)kAlk~ (10)
k AMkn KAk (11)
1 km
cn( +")n (12)
_ 1 1l
= cn( +")on (13)
P + (14)
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)9 Ng2 N8n ng: KAk +2"
) liman  kAMki =

(i) ra < 1:Choose 2R:ra< < 1)9 ng2N8n ng:kA"kn < )
kAnk< ") Lo kAk< 1 ™)

1.7 Quotient spaces

De nition: Let X normed vector spaceY X closed subspace.
x+Y =fx+yjy2Y¥g X

x+Y=x%+Y, x° x2v, :x xO

X=Y =X= =fx+Yjx2Xg

Notation: [X] ;== x + Y for the equivalence class ok 2 X

Remark: X=Y is a normed vector space with

k[X]kx=y := i/r;fY kx + ykx

Exercise:
1. k kx=y is anorm

2. X Banach space,Y closed subspacg¢ X=Y is a Banach space.
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2 Functional Analysis

2.1 Basics

Theorem 1 (Uniform Boundedness): Let X be a Banach space)Y a
normed vector space and an arbitrary set. Let Aj 2 L(X;Y ) fori 2 1 and
assume8x 2 X :sup,, KAj(x)k< 1.

The conclusion says that9c > 0 such that sup,, kAjxk ¢ 8x 2 X with
kxk 1.

Lemma 1: (M;d) complete metric spaceM 6 ?,1 any set. f; : M ! R
continuous fori 2 1. Assume sup,, jfi(x)j <18 x2M )9 openballB M
such that

supsupjfi(x)j < 1
X2B i21

Proof of Lemma 1: Denote
Ani = fx2Mjjfi(x)j ngforn2Nandi?2l:
\

A, = Ani = fx2 M jsupjfi(x)j ng
i21 121

S
)8 X2 M 9n 2 Nsuchthatx 2 A,,i.e. M = r11:1 An.
Now Ani = f, ([ n;n]) is closed. SoA, is closed. So9n 2 N such that
int(A,) 6 ?

)9 Xo 2 int(An)

9" > 0 such that

B-(Xp) = fx2 M jd(x;Xp) <" Ang

Proof of Theorem 1: SetM := X;f(x):= kAjxk, sof; : X Aoy KR,
Sof; is continuous for everyi 2 |.
sup,, ifi(X)j< 18 x2X 299 pall B = B-(xo) X with Xxo2 X;"> 0
such that

c:=sup supkAjxk< 1

i21 x2B

)8 i 21 8x2 X we havekx xok ")k Ajxk c
Let x 2 X with kxk = 1.
Then k(xp + " X) Xok="
HencekAi(xp + "X)k cso
c+cC

kAixk = %kAi(xo + ")  Ajxok %kAi(xo + "x)k + %kAixok

Theorem 2 (Banach-Steinhaus): X Banach space,Y normed vector space
Ai2L(X;Y);i=1;23;:::
(i) Assume the sequenceA;x)L, converges inY for every x 2 X. Then:

sup,y kKAk< 1
9A 2L (X;Y)suchthat Ax =limj; Ajx, KAk liminf; kA;k

(i) Assume Y is complete and

sup,ykKAk< 1
9 dense subseD X such that (Ajx)L; converges for everyx 2 D

Then (A;jx); converges for allx 2 X
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Proof:

1. Since @Aix); converges we have

supkAixk< 18 x2 X ) supkAjk< 1

i2N i2N
Dene A:X ! Y by Ax :=limj;; A;jx. This operator is linear. Why is
A bounded?

kAxk = lim kAjxk =liminf kAjxk liminf kA;kkxk
i i i
I {f—}
<

2. Let x 2 X . Need to show that (Aix)L, is Cauchy. Let" > 0.
Denote ¢ := sup;,y KAk < 1 .
Choosey 2 D such that kx  yk< 4.
Chooseng 2 N so that 8i;j  ng:kA; Ajk< 3

)8 i;j  ng: KkAjx Ajxk kK Aix  Aiyk+ kAjy Ajyk+ kAjy  Ajxk
< KkAikkx yk+ kA; Ajkkyk+ kA;kkx yk

4 2 4
< v
2
Example 1. I* = fbounded sequence® Rg;x 2 11 with x = (X1;X2;X3;:::) =
(Xi)ilzi'
X :=fx=(x)i21* j9n2 N suchthatx; =0 8 ng
De ne

An X T X by ApX = (X1;2X2;3X3;:::;nXn;0;:00)

) limnr  Apx = Ax where Ax = (X1;2X2; 3X3;::2).

But kAphk=n!1 . Completeness of the domain is missing here.

So the assumption that X is complete cannot be removed in Theorem 1 or
Theorem 2.

Example 2: X Banach space)Y, Z normed vector spacesan® : X Y ! Z
bilinear. Equivalent are:

(i) B is continuous

(i) The functions X ! Z :x 7! B(x;y) is continuous 8y 2 Y and
the function Y I Z :y 7! B(X;y) is continuous 8x 2 X .

(i) 9¢c>08x2 X 8y2Y :kB(x;y)k ckxk kyk

This is exercise 2 on Sheet 4.

Theorem 3 (Open Mapping Theorem): X, Y Banach spacesA 2L (X;Y)
surjective ) A is open, i.e. ifU 2 X is an open set thenAU Y is open.

Corollary (Inverse Operator Theorem): X, Y Banach spacesA 2 L (X;Y)
bijective ) A !is bounded, i.e.A 2L (X;Y).

Proof: A open, A !continuous, A ! bounded. 2
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Example 3: X as in example 1;X is not complete. DeneB : X ! X hy
Bx := (X; 3X2; 5X3;1:1). Then kBxk k xk, soB bounded. B ' = A, as in
example 1, is not bounded.

Lemma 2: X, Y Banach spacesA 2 L (X;Y ) surjective
)9 > Osuchthatfy2 Y jkyk< g f Axjx2 X; kxk< 1g (*)

Remark: () means8y 2 Y9x 2 X such that Ax = y and kxk  Ykyk ( )

Exercise: (), ( )
Use () to prove the Corollary.

Proof (Lemma 2 ) Theorem 3): Let U X be open, andyy 2 AU )

9% 2 U such that yg = Axg (szﬁpenb "> 0 such thatB-(xq) U.
Claim: B (yo) AU. Let

)YYO<

y2B (Yo)

9x 2 X suchthatkxk < LandAx = ¥Y> )  Xxg+ "x 2 B-(Xg) U
A(Xg+ "X)= yo+ "AXx =y) y2AU. 2

Proof of Lemma 2:

Step 1 9r> 0 so that

fy2Y jkyk<rg fAxjx2X;kxk< 1g

Proof of Step 1:
Let

B::fx2Xjkxk<%g
C:=AB=fojx2X;kxk<%g
Note that
1.nC=fnyjy2Cg=fAxjx2X; kxk< 1g
2.y;y°2C) y y%22C
3.y;¥°2C) y y°22C
4. nC =nC

By Baire: 9n2 N:(nC) 6 2 ) (C) 6 2

9 2Y 9r> 0:B,(yog) C

24



2 Functional Analysis 16.11.2006

Soify2 Y andkyk<r theny,+y2 C.
Thus 8y 2 Y with kyk <r we havey = YO{; )J( |%Q3 2 2C

2C 2C

Yf y2Yjkyk<rg 2C

Step 2 () holds with = 5. Proof:
Lety 2 Y with kyk < 5.
To Show: 9x 2 X so that Ax = y and kxk < 1.

Denote 1
Bk := fx2 X jkxk< Z—kg k=1;2,3;:::

Then, by Step 1,
n _ ¢ O
y2Y jkyk< x

Sincey 2 Y and kyk < 5, by () with k =1:

ABy k=1:2:3;:::

91 2 X 1 kxik< Siky  Axgk< -
2 4
and by () with k=2
9%, 2 X 1 kxok < %;ky Ax1 Axyk < rg
So, by induction, using ( ), there is a sequencexx)k 2 X so that

kxkk<i ky Axi i1 Axgk<

2k 2k+1

We have

By Chapter 1, the limit

X p3
X = lim Xj = Xi
n!l
i=1 i=1
exists andkxk < 1. Since
X '
y A Xj < > 'l
i=1
we have proved Lemma 2. 2

2.2 Product spaces

Example 4: Let X be a Banach space andXi; X, both closed linear sub-
spaces. AssumeX = X; + X, and X1\ X, = f0g; these subspaces are called
transverse subspacesWe say X is the direct sum of X, and X, and write

X:X]_ X2

Every vector in X can be written as sum of a vector inX; and one inX; in a
unique way (Linear Algebra).
Dene A:X; X! X by A(X1;X2) = X1+ Xo. If X;Y are normed vector
spaces, thenX Y := f(x;y) jx 2 X;y 2 Yg is again a normed vector space
with
k(x;y)k := kxk + kyk

for (x;y) 2 X Y. Other possibilities are

k(x;y)ky = maxfk xk; kykg

K(x;y)kp := (kxkP + kykp)%; 1 p1
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All these norms are equivalent.
X;Y Banach spaceg X Y is a Banach space for any of these norms.

These are exercises.

Return to Example 4: X1;X, are closed subsets of a complete space, hence
complete. SoX; X, is complete by the exercise above and\ is a operator
between Banach spaces.

A is bounded and linear, because

KA(X1;X2)k = kxg + xok Kk x1k+ kxzk

A is surjective becauseX = X1+ X,
A is injective becauseX;\ X, = ?.
By the open mapping theorem (Theorem 3)A ! is bounded
)9 ¢c>0: 8x3 2 X18x22 Xy, kxik+ kxpk  ckxy + xok
So the projections 1 : X ! X;; 2:X ! X, are bounded.

Example 5: X =Y = C([0; 1]) with supnorm.
Ax = x A is only de ned on a subset of X nhamely on

D := fx 2 X j x is continuously di erentiable g =: C([0; 1])
D X;A:D! Y.
De nition: Let X;Y be Banach spaces.
D X linear subspace, a linear operatoA : D ! Y is calledclosedif its graph

=graph( A) := f(x;Ax) jx 2 Dgis a closed subspace ok Y, i.e. for any
sequence Xn)n2n in D and (x;y) 2 X Y we have:
)
Xn! X

) x2 D andy = Ax
Axp, !y

Example 5:
Xn 2 CY([0;1]) limpr  supy ¢ 1iXn(t) Xx(1)j=0 and

X,y 2 C([0;1]) limna  supy ¢ 1iXn(t) Y()j=0
) x 2 C!andx =y, so the operator in Example 5 is closed.

Exercise:  The graph norm on D is de ned by kxka = kxky + kAxky
Prove that (D; k ka) is complete if and only if A is closed.

Example 5:  The graph norm on C*([0; 1]) is
kxka = sup jx(t)j + sup jx(t)j
0Ot 1 0ot 1
The standard norm in C?.
What if D = X ?

Theorem (Closed Graph Theorem): X;Y Banach spaces
A : X ! Y linear operator. Equivalent are:

(i) A is bounded

(i) A has a closed graph
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Proof:

@) () X3xp! xandY 3 Ax,! vy
A cogtjnuous AXn! Ax

Uniquenesgj)f the limit Ax = y

@ ) @ :=graph( A) X Y; s a Banach space.
Dene : ! X by (xy)= X

) is a bounded linear operator with norm = 1.

is injective.
is surjective (becauseD  X).
™P3 1.x 1 isbounded )9 c> 0suchthatk (x)ka ckxky
But k 1(x)ka = k(x;Ax)ka = kxkyx + kAxky )k Axky ckxkx 8x 2 X. 2

Example 6 (Hellinger-Toeplitz-Theorem): H Hilbert space
A:H ! H linear operator which is symmetric,
i.e. h;Ayi = hAX;yi8x;y 2 H ) A is bounded.

Proof: To show: A is closed.

H 3 x, sequence. Assumeg, ! x 2 H;

Axp ! y2H:

To show: Ax = y.

hy;zi =lim 1 PAX,;zi =lim . X, Azi = KAz 8z2 H

Yhy Axzi=0 8z2H "} A)ky Axk=0) y= Ax 2

Example 5:  A:D! Y is closed but not bounded:
Xn(t) = t" kxXnK=SUpiz0.qpiXn(j =1
KAXnk = kxpk =sup g7 i%n(t)j=ntl

De nition: A:D X ! Y is called closable if there is an operator A° :
DO Y D DY%such that A®is closed andAYp = A.

Remark: Let := f(x;Ax)]jx 2 Dg:=graph(A)
A is closable

., is the graph of a closed operator

, . 1 X isinjective

, D3xp! 0,Ax,! yimpliesy=0

Example 7:  Let X = L?([0;1]), D = C([0;1]), Y = R. Let A:D ! Y;x7!
x(0) is not closable.

Example 8: X = L*R) D=fx2L?*R)j9c>0 8jtj>c: x(t)=0g

Y =R Ax= [ x(t)dt

jti n
jiti>n

OS|-

Xn(t) =

kxnk?, = 2 Ax, =2

Example 9: \Every di erential operator is closable.”
Let R" be an open subset.

Cy =ff: ! Rjf is smooth, suppf) is compacty
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with
supp(f) = fx2 9%, 2 suchthat f(x,)60;x,! Xxg
=cl (fx2 jf(x)600)
Cd ()  LP(). We know:

1. C() = ff : I R j f continuous;f has cpct supporg is dense in

LP().
2. C} () is densein Cc(), ie.
8f 2 C() 9K 2 ;K compact9f, 2 C} ()
such that

supp(fn) K; lim supjf,(x) f(x)j=0
n!l X2

Let X =Y = LP().
Let D := C} () X. p
Dene A:D! Y by (Af)(x)= i ma (x)@f (x)

where =( q1;:::; n)22", ; Oandj ji= 1+ i+ q.
- @ . @
@ : ar @x
Leta : ! R be smooth.

Claim A is closable.

Proof:  Integration by parts: f;g;2 C¢ ()

z x Z
) g(Af)d = ga fd
X Z
= (1) (ag) fd
Z x
= (1) (ag fd
Z
= (Bg) fd

Let (0;9) 2 Graph(A) LP() LP()
To show: g=0

9f, 2 C¢ () sequence such that (fy; Af «) £k

’ (0;0), i.e.

k|!i1m kfxkep =0 = LIIT KAF ¢ gkLp

)8 2C ()

g d lim (Afy)d

z
lim (B ) fid

1
o
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because
Z

©hd Bty

where%+%:1for1<p< 1.

So 7
d =0 8 2 (Cj
0 fody
dense in L4()
z
) gd =0 8 2LY9) ) g = 0 almost everywhere
z z
) gd = jgPd
= (sign(g)igi® * 2 L9() 2

2.3 Extension of bounded linear functionals

Theorem 5 (Hahn-Banach): X normed vector space oveFF = RorC. Y
X linear subspace :Y ! Flinear andc > O suchthatj (y)j ckyk8y2 Y
)9 : X! Flinear such that

1. jy =
2.j(x)] ckxk8x2X.

Question: If we replace the targetF by another Banach spaceZ over F, i.e.
Y ! Z bounded linear operator. 9? : X ! Z bounded linear operator,

iy = .
Answer: No!

Example: X =1',Y:=¢=2Z,F=R, =id: Y! Z does not extend!

Lemma 3: Let X;Y; ;c asin Theorem 5 withF = R.
Let Xo 2 X nY and denote

Z=Y Rxp=fy+ Xojy2Y; 2Rg
Then9 :Z ! R linear so that
a. jy =

b. ] (X)] ckxk8x2 Z

Proof: Need to nd a number a2 R so as to de ne

(X0) == a 1
Then
(y+ xo)= (y)+ a8y2Yand 2R (2)
is well-de ned by (2), becausexy 2 Y. Moreover jy = . To show: a can
be chosen such that
j (y)+ aj cky+ xok8y2Y 8 2R 3)
(3) is equivalent to
j ()t a cky+ xok8y2Y (4)
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(3) ) (4) is obvious.
4 ) () okfor =0.

60:) N+ aj=ij] ¥ +a g kL+xok=cky+ x ok
(4) is equivalent to
cky + Xok (y)+ a cky+ xok8y2Y
, (y) cky+ xpk a8y2Ya cky+ xgk (y)8y2Y,
(v9) cky® xok y°2Ya cky+ xok (y)8y2Y (5)
Is there a real numbera 2 R such that (5) holds, i.e.

0

sup( (yo) cky” Xxok a inf (cky + xgk )
yo2'Y y2y

This is true i

(6)
(v9) cky® xok  cky+ xok  (¥)8y;y°2Y (6)

Proof:  of (6)
WM+ O= (y+y9) cky+yk= cky+xo+y® Xok cky+ xok+ cky® Xok

2

De nition: Let P be a set. Apartial order on P is a relation (i.e. a subset
of P P ,wewritea binstead of (@;bh2 )
That satis es:

is re ective, i.e. a aBa2P
is transitive, i.e. 8a;b;c2P we havea b;b c¢) a ¢
is anti-symmetric, i.e. 8a;b2P:a b;b a) a=b

De nition: (P; ) partially ordered set (POS). A subset C P is called a
chain if it is totally ordered, i.e.

a;b2C) a borb a

De nition: (P; )POS,C P ;a2P ais called thesupremum of Cif
1.8c2C:c a
2.802P :(c b8c2C) a b

De nition: (P; )POS,a2P. ais called amaximal elementof P if 8b2 P
we havea b) b=a

Lemma Zorn's Lemma: Let (P; ) be a POS such that every chainC P
has a supremum. Leta2 P ) There exists a maximal elementb 2 P such that
a b

Remark:  Zorn's Lemma is equivalent to the axiom of choice.
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Proof of Theorem 5: Let X;Y; ;c be given as in Theorem 5.
De ne

P =1(Z )j Z X linear subspace
Y Z
:Z! Rlinear;
vy =
j (X)j ckxk8x 2 zZ g

) 2% 9., z z% 9z:=
jote that this is a partial order and every chain C P has a supremumZg :=
z )2 Z 3 X.

(Z; ) P ismaximal, Z = X byLemma 3
(Y; )2P)9 maximal element

(X; ) 2P suchthat(Y; ) (X;)

Proof of Theorem 5 for F= C: X complex normed vector spacey X
complex linear subspace
:Y! Csuchthatj (y)] ckyk 8y2Y

Fact : :Y ! Cis complex linear

, isreal lin. and (iy)=1 (y) 8y2Y (2)
Write  (y) = 1(y)+ i 2(y) where 1(y); 2(y) 2R

Then 1; 2:Y ! Rreallinear and

y)=11(y) 2y) (y)= aliy)+i 2(y)

) satises (1), a2y)=  u(ly) u(y)= o(iy)8y2Y )
We havej 1(y)j | (V)] ckykThm)S;F:% 1:X ! R R-linear

dv = 1 ] a(x)j ckxk 8x2 X

Dene : X! Chy ( x):= 1(x) i 1(ix))

1. is complex linear

2. Ify2Y then (y)= 1(y) i 1(iy)= (y)

3. Letx 2 X. Suppose (x) 60

Then 202 S1=fz2 Cjjzj=19
s09 2 R such that & =J-§§§j

) (e‘x):ei(X):j(X_)jZR ) )

)i (xi=je’ (0j=j(e =] ale’ Wi cke’ xk= cock

De nition: X real vector space. A functionp: X ! R is called seminorm if
L op(x+y) p(x)+ply) 8xy2X
2.p(x)=p(x) 8> 0;8x2X

Theorem 5. X real vector spacep: X ! R seminorm
Y X linear subspace, :Y :! R linear
Then 9 linearmap : X! Rsuchthat jy = and (x) p(x) 8x2X
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Sketch of Proof Theorem 5" AsinLemma3:Z:=Y RXg, Xo2VY

) 9+ (W)= (y+y) ply+y) ply+ xo)+ p(y° Xo)

) 9 pOY® x0) Pyt Xxo) (y) 8y;¥°2Y

)9 a2 Rsuchthat (y) p(y xo) a p(y+ Xo) (y) 8y2Y

) () ply xo) a ply+ xo) (y) 82Y;8>0

) (y) a ply xoand (y)+ a py+ xo) 82Y;8> 0
)

(y%;_t p(y + txo) 8t2R;8y2Y

= (y+txo)
ie. (Xo)=aso9 :Z! R jy= xX) p(x) 82z
For the remainder of the proof, argue as in Theorem 5 using Zorns lemma2

Remark:  Theorem 5' implies Theorem 5 with F = R; p(x) = ckxk

Notation: X normed vector space ovelF = R;C X := L(X;F)
Each element ofX is a boundedF-linear functional : X ! F. We write:

X 2X insteadof : X! F

hx ;xi 2 Finstead of (x)

Remark: Theorem 5 says, ifY X is a linear subspace andy 2 Y then
9x 2 X suchthatx jy =y andkx kx = ky ky

De nition: Y X linear subspace of a normed vector spack:
The annihilator of Y is the (closed) subspace” X de ned by
Y?:=fx 2X jhx ;yi=08y2Yg
Exercise:

1.Y =X =Y?

2. (X=Y) = Y? if Y is closed

3.Forz X ,dene ?Z:=fx2Xjhx ;xi=08x 22Zg

Prove that 7 (Y?) = Y wheneverY is a closed subspace of .

Theorem 6: X normed vector spaceA;B X convex, int(A) 6 ?,B 6 ?,
A\ B=7?
)9 x 2X ;9c2 Rsuchthathx ;xi <c 8 2Aandhx ;xi c8x2B

Proof:
Case 1: B =f0g Letxo?2int(A)anddene p:X ! Rby

p(x) :=inf ft> 0 xo + %2 Ag

Soxp+ ¥ 2 Afort>p(x)and xo+ ¥ ZA fort<p(x)
1.p(x)=p(x)8>0

2. p(x+y) px)+ p(y)
Given"> 09s;t> 0:s p(XxX)+ "t px)+"
) Xo+§2A X0+¥2A

Y 2 A (A convex)
p(x+y) s+t p(x)+ply)+2"8 >0

3. Choose > OsuchthatB (xo) A sop(x) “*X8x2 X
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4. Xo+ x2A) p(x) 1Ixp+x2A) px) 1
ChooseY := Rxg (X o):=
Check: 1= (xg) 0 p(xo) 1= ( Xo) p( Xp) (because 02 A)
™M"% . X1 Rsuchthat ( x) px)8x2 X, ( xo)= 1
(le. jy= )andx2A) (x) O:
Namelyx 2 A) p(x Xxo) 1
Soifx2Athen (X Xo) p(X Xo) 1=( xo)) (x) O
) Assertion with x = ;c=0
is bounded by 3.:  ( x) p( x) kxk

Case 2: A arbitrary

K:=fa bja2Ab2Bg) K convex, intftK)gé ?; 02K

“3°Y x 2 X suchthathx ;xi 08x 2 K

Yh x;ai hx ;b 8a2A;b2B

C:=Supgafx ;ai <1 (becauseB 6 ?)

Jhx;ai ¢ hx ;b 8a2A;b2B 2

Theorem 7: X normed vector space ovelF = R;C

Y X linear subspacexo2 X nY

Let = d(xo;Y)=inf oy kxo yk>0

)9 x 2 X suchthatkx k=1;h ;xoi = ; hx ;yi=0 8y2Y

Note: Hypotheses of Theorem 6 are satis ed withA = B (Xg); B = Y

Proof: DenoteZ :=fy+ Xojy2Y; 2Fg=Y FXp

Dene : Z! Fby (y+ xg):= 8y2Y; 2F)
1. is well-de ned and linear because xg 2 Y
2. (y)=08y2Y
3. ( Xo) =
4. SuUp2 7,60 %(Txk)] =
Because:
JCy+ Xo) j ]
sup ———== su — = Sup
(v 1800 KY+ X ok (y )00 ky+ X ok 0sy k¥ + Xok
=su 1

yze kxo + yk - infyoy kxo Yk -

™% x 2 X suchthatkx k=1and hx ;xi = ( x)8x2 Z
X ;Xoi = ( X0)= M ;yi=(y)=08y2Y 2

Corollary 1: X normed vector space,Y X linear subspacex 2 X.
Equivalent are:

(i) x2Y
(i) Forevery x 2 X we have:hx ;yi =08y 2 Y implieshx ;xi =0

Proof:

(1)) (i) x=limns yn Ya2Y
hx ;yi=08y2Y
Yh x ;xi = lim hx ;y,i =0
B . n'l
(ii)) ()
tvall 7 . .
x2Y T]QXZX hx ;yi=08y2Y Ix ;Xi&O0 2
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Corollary 2: X normed vector space,Y linear subspace
Y isdense, Y? = f0g

Proof:  Corollary 1. 2

Corollary 3: X normed vector space, 08 xo 2 X )9 x 2 X such that
kx k=1; I ;Xgi = kxgk

Proof: Theorem 7 with Y = f0g; = kxgk 2

2.4 Re exive Banach Spaces

X real Banach space
X =L(X;R)
X =L(X ;R)

Example: Every elementx 2 X determines a bounded linear functional  :
X I Rby x(x):=h ;xi.
Bounded becausg (x )j k x k kxk hence

k xk:= sup % k xk

x 60 Kx K

In fact: k yk = kxk, because8x 6 0 9x 2 X such that kx k = 1 and
hx ;xi = kxk (Cor 3). We have proved:

Lemma 4: Themap :X ! X dened by
(X)(x )= ;xi

is an isometric embedding.

De nition: A Banach spaceX is calledre exive if the canonical embedding
X I X (denedin Lemma 4) is bijective.

Example 1: X = H Hilbert space) H=H =H soH is reexive.

Example 2:  (M;A; ) measure spacep;q > 1, £+ ¢ =1) LP() =
LIC )L ) = LP().
SoLP( )is reexive for p> 1.
p=1:L%(0;1) =L* ([0;1])
L* ([0;1]) %L*([0;1])

soL1([0; 1]) is not re exive.

Example 3:
Go = f(Xn)n2n 2 RV lim x, = 0g

kxk = sup jXn]
n2N

(o) ="5CH =1 %
socy; L ° 1 are not re exive
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Theorem 8: Let X be a Banach space.
X isreexive , X isre exive

supposeX isreexive and Y X be a closed linear subspacg Y;X=Y
are re exive

Proof:

1. \X reexive ) X re exive"
Let :X ! Rbeabounded linear functional. Need to show9x 2 X
such that
(x )=l ;xi8x 2X
Consider the diagram
Xr X I R
Denotex := X! R
Let x 2 X and denotex := 1(x )2 X. Then

X )= ((X)=Mm; ;xi=hXxX;xi=mMk ;xi:

2. \X reexive ) X reexive"

Assume X is re exive, but X is not re exive. Then (X) $ X . Pick
an elementx, 2 X n (X).

Fact: (X) is a closed subspace oK , because (X) is complete by

Lemma 4.)9 bounded linear functional :X ! R such that:
() (x )=08x 2 (X),and
(i) (x0)=1

X reexive )9 x 2 X such that
x )=l ;xi8x 2X
)h x ;xi = h(x);x i =08x2 X
x =0
1= (xg) % o :xi=0
Contradiction.
3. \Y is re exive"
Let :X ! Y be the bounded linear map
(X )= Xjy
By Hahn-Banach is surjective. Lety 2 Y . Consider the diagram
X1 Y1 R
Letx =y : X ! R. Then, becauseX is re exive, 9y 2 X such
that (y)= X
)8 x 2Y?. Wehave (x )=0and so
b ;yi=h(y);xi=m ;xi=y ; (x)=0
Toshow: hy ;yi="hy;yi8y 2Y
Giveny 2Y choosex 2 X suchthat (x )=y
by ;yi = h(x)yi
by sy o= by (x)
= Mk ;xi
= h(y)xi
= hxyi
= hy i
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4. \Z = X=Y re exive"
Denote by :X ! X=Y the canonical projection, ie.
(X)=[x]=x+Y8x2X

De ne the bounded linear operatorT :Z | Y? byTz =z X! R
Note:

(@ imT Y? because ker = Y

(b) Infactim T = Y? and T is an isometric isomorphism (Exercise 1,b)).
Letz 2 Z . Consider the composition

vyaTlz1? R

This is a bounded linear functional onY? X , so by Hahn-Banach:
9x 2 X such that

bk ;xi=h ;T xi8x 2Y? 7)
hx ;z i=he ;zi18z 2Z (8)
(X re gxive)

) 9 x 2 X such that (x)= x
Denotez:= (x)=[x]2Z

IS

)8z 27 : te ;zi hx ;z i
= h(x);z i
= h xi
= h; (Xi
= e ;zi

Remark: Y =X =Y?

becauseX is re exive.

Recall A Banach spaceX is called separableif 9 countable dense subseD
X.

Remark:  Suppose there is a sequena® ; e;; e3;::: such that the subspace

(o )

Y :=spanfe ji 2 Ng= igjn2N; 2R
i=1

P
isdenseinX.) X isseparable. Indeed the seb := f i”:1 igjn2N; i2Qg
is countable and dense.

Theorem: X Banach space
(i) X separable) X separable.

(i) X separable and re exive) X separable.

Proof:
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(i) Let D = fx;;X,;X3;:::9 be a dense, countable subset oK . Assume
w.l.o.g that x,, 6 0 8n 2 N such that

kxnk = 1;jhx,; Xnij %kxnk

Denote Y =spanfx, jn 2 Ng
Claim: Y is dense inX
By Hahn-Banach
Y is dense, Y? = f0g

Letx 2Y? X . BecauseD dense inX :
)9 ng;np;ng;::: 1 such that iI!ilm kx, x k=0

Now:
kxp kK 2w, oxn i) = 2jhx,, x oxn i) kox,, x k=0

sox =limjy x, =0so Y? =0soY is dense inX soX is separable.

(i) X reexive and separable) X = (X) separable) X is separable?2

Example:

(i) co separable.
Co = ! separable.
(Y ="' not separable.

(ii) (M;d) compact metric spaceX = C(M) separable
X = M = f nite Borel measures onM g

not separable, except wherM is a nite set.

(i) X = LP() with Lebesgue-measure 1 p<1.7? 6 R" open) X
is separable.L? () is not separable.
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3 The weak and weak* topologies
3.1 The weak topology

De nition: A topological vector spaceis a pair (X; U), where X is a (real)
vector space andU is a topology such that the maps

X X! X (xy)7'x+y

and
R X! X (;x)7!x

are continuous.

De nition: A topological vector space K; U) is called locally convex if
8x2X8U2U;x2U9V 2U suchthatx2V U V convex.

Lemma 1: X topological vector space,K X convex
) K; int(K) are convex

Proof:

(@) int( K) is convex
Xo;X1 2 int(K); 0< < 1
To show: x =(1 )Xo+ X 12 int(K)
9opensetd X suchthat02 U andxg+U K;x;+U K
) x +U K) x 2int(K)

(i) K is convex
XoiX1 2 K: 0< < 1
Toshow: x 2 K: Let U X be an open set withx 2 U
W= 1f(yo;y1) 2 X X j(@ )yo+t y12Ug
) W X X isopen, (Ko;X1)2 W:
9 open setsUp;U; X suchthat: xg 2 Up;x32U; Uy U W

012Ky o g\ K 9ys 2 Ur\ K
) Yy =(1  )yo+ y12K\ U,soK\ U6 ?
Hencex 2 K:

Let X be a real vector space

Let F be a set of linear functionsf : X ! R

Let U= 2X be the weakest topology such thatf 2 F is continuous w.r.t. Ug
fF3f:X! Rwehavefora<bfx2 X ja<f (x)<bg2U

Let Ve 2X be the set of all subsets of the form

Vi=fx2Xja<fix)<b; i=1;:::;mg fi2F;a;b2R
fori=1;:::;m
Lemma 2:

(i) Let U X. Then U 2 Ug if and only if
8Xx 2 U9V 2Vg suchthatx2V 2 U ()

(i) (X; Ug) is alocally convex topological vector space

(iii) A sequencexp 2 X converges toxgp 2 X if and only if
f (xo) = rIlllrln f(xn)8f 2F

(iv) (X; Ur) is Hausdor if and only if 8x 2 X;x 6 09f 2 F such that
f(x) 60.
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Proof:

(i) Exercise with hint:
Dene U2 :=fU X j()g
Prove:

(@) UR is a topology
(b) Each f 2 F is continuous w.r.t. U2

(c) If U 2X is another topology such that eachf 2 F is continuous
w.rt. UthenU? U

(i) Each V 2 Vg is convex

scalar multiplication is continuous:
02R; X902 X
ChooseV 2 Vg such that oxg2 V 9 > 0 such that
(o )Xo;(0+ )x02Vand 6 0
) U= LV Lv2ve
If x2 U and]j o] < then x 2V (becauseV is convex)
addition is continuous:
X0; Yo 2 X; Xo+ Yo 2 W; W 2 Vg
Dene U:= JW + X Yo v = Iw + Yo Xo
) U V2VE; X2 U;yp2V
x2U,y2V) x+y2W

(i) Assume X, ™% Xo
Letf 2F,"> 0:DenoteU = fx 2 X jjf(xX) f(Xo0)j<"g2VE
X02U)9 ng2Nn ng:xp2U
)8 n nojf (x)  f(xo)j <"

Assumef (xp) ! f(xo)8f 2F

Let U2 Ug with x 2 UJ'd V 2VE with xo2 V 2 U
V=Ffx2Xja<fiX)<b; i=1;:::;mg
) a<fi(xo)<bj i=1;:::;m

)8 n ngx2V U

(iv) Exercise without hints

Example 1: | any set,X = R' := fx:1 ! Rg3fxg, is a vector space.
"product space". ;:X ! R projection ;(x)= x(i) linear map
U 2% weakest topology such that each ; is continuous

Example 2: X Banach space

F:=f :X! Rj' isbounded and lineag = X

Let UY be the weakest topology such that each bounded linear functional is
continuous w.r.t. U%

Facts:

a) US 2% strong topology; induced by the norm; U¥  2X weak topology:
uv us

b) (X; U%) is a locally convex vector space

c) A sequencex, 2 X converges toxg 2 X if and only if
X ;Xql = r!ilrln X ;xh,i 8x 2 X

Notation: Xn *X o Or Xg =w- lim X,
n!l
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Example 3: Let X be a Banach spacel. (X; R) dualspace

Let UV 2% Dbe the weakest topology onX such that each linear functional
of the form X ! Rx !'h x ;xi is continuous (in this caseF = i(X) X )
Facts:

a) US 2% strong topology
uv 2% weak topology)U W UW U S

b) (X ; UY )is a locally convex topological vector space

c) A sequencex,, 2 X converges tox, in the weak -topology if and only if
MXg; Xi = rlilrp hx,;xi 8x2X

Notation:  x, ¥x gorxg=w limy X,

Remark:  Suppose the sequenchx ;x,i converges8x 2 X
Does this imply that x, converges weakly?

No, denote' (x ) =Ilim 1 X ;Xpi

Then' : X ! R s linear and continuous

Xn converges weakly ' 2 i(X) X

Exercise: Find an example

Lemma 3: X Banach spaceK X convex
Assume: K is closed w.r.t. the strong topology) K is weakly closed

Proof: Letxp2 X nK,K 6 ?
9"> 0 such that B« (xp)\ K = ?

Chap. )” Thm % x 2 x ;9c 2 R such that hx ;xi < ¢ 8x 2 B-(xo) and
hx ;xi ¢ 82K

) U:=1fx2X jhx ;xi <cgweakly open andxo 2 U; U\ K = ? 2
Lemma 4 (Mazur):  Xx; se@encex; *x o)8 "> 09 1;::: 0 2R

i 0 =1 kxo Ly oixik<”

P n H P n
Proof: K :=f ., ixijn2N; >0, ;,; i=1gconvex
Lenjuma 1the strong closureK of K is convex

Len)1ma 3K is weakly closed) xg2 K 2

Lemma 5: X Banach space,l -dimensional
S=fx2X jkxk=1g B:=fx2 X jkxk 1g
) B is the weak closure ofS.

f: Xp2B;U2UYandxg2 U
\ S6 ?: Choose"j; x; such that
fx2 X jjhxj;xo Xxij<"ig U
E:=fx2 X jhx;;xo Xxi =0g nontrivial a ne subspace, E\ S6 ? 2

Proo
) U
V =
\Y

Example: X = 1! 3 x,, sequence)! 3 xq
Then X, *X o, Xn! Xo kxn Xoki! O

3.2 The weak* topology

Theorem 1 (Banach Alaoglu, sequentially): X separable Banach space
) every bounded sequence&, 2 X has a weak-convergent subsequence.
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Proof: D = fxy;X2;X3;:::g X dense, countable.

c:=supkx,k<1
n2N

)ih x,:x1f k x,k kxik  ckxik
)9 subsequence(y, ,)i;

such that h><ni; L+ X1i converges.

The sequencerv(ni; X212 R is bounded

9 further subsequence X, ,)iz1 such that hx,, ,;X2i converges.
Induction

)9 sequence of subsequencesy(, )&, such that
(Xn,, ., )i is @ subsequence ofx, , )i
the limit lim i1 h(ni:k ; Xk exists for everyk 2 N

Diagonal Subsequence

Xﬂi:z XHH

) (X, )i, is a subsequence ofx(,)i_; and the limitlim ji; X, ;i exists for
every k 2 N.

) By Chapter Il, Thm 2 (Banach-Steinhaus) with Y = R, 9x 2 X such that
hx ;xi = _Iig‘n hx, ;xi8x 2 X
il '

Sox,, *X

Example 1: (M;d) compact metric space withM 6 2, B 2V Borel -
algebra. X := C(M) separable

X := freal Borel measures : B! Rg

f:M ! M homeomorphism

A Borel measure : B! [0;1) is called anf -invariant Borel probability mea-
sure if

M)=1
B2B) (f(B)= (B)
M (f) := ff -invariant Borel prob. meas. onMg X

Fact1: 2 M (f)

Yk k=jjM)= (M)=1

Fact 2: M (f) is convex) Exercise.
Fact3: M (f) 6 ?

Proof: Fix an elementx 2 M. De ne the Borel-measure , :B! R
Z K 1
ud ,:= =  u(f*(x)8u2 C(M)
M k=0

whereszzf f{z::: t})k nk 1 n 0) (Thml)9weak convergent
k

subsequence ,, *
Claim: 2M (f)

0 ud = lim ud ,, 08u O
nll
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Z Z
(M)= 1d =lm 1d, =1
il
M M

(f(B)= (B)8B 2B

Z 1 X 1 X1
u fd =lim = uf*x)=Ilim = u(f ¥ (x))
i on; ion
M k=1 k=1
z z
u fd = udf 8u2C(M)
M M
)y f (B)= (B)SB 2B
andf (B)= (f (B)) 2

Example 2: X =1  elements ofX are bounded sequences = (x;)L; 2 R.
kxky =sup;,niXij

De nition: X! Rby p(X):=x,andk pk=1
Exercise: Show that , 2 X has no weak-convergent subsequence, ie. for
all subsequencesi; <n, <nsz<::::9x 2 X = "1 such that the sequence

( n, (X)), 2 R does not converge.

Theorem 2 (Banach-Alaoglu, general form): X Banach spacg the unit
ball B := fx 2 X jkx k 1gin the dual space is weak compact.

Remark: X with the weak topology is Hausdor .
) B is weak -closed. Prove it directly without using Thm 2.

Theorem 3 (Tychono ): Let | be anbindex set and, for each 2 1, let K;
be a compact topological spacg K := ", K; is compact wrt the product
topology.

Remark: K =fx=(x)iz1 jXi 2Kijg ;:K ! Kj canonical projection
product topology := weakest topology on K wrt which each  is continuous.

Proof Thm 3 ) Thm2: | = X. Ky :=[k xkjkxk] R
K := Y Ky=ff: X1 Rjjf(x)j k xk8x 2 Xg R*
x2X
L:=ff:X! Rjf islinearg R
By Thm 3: K is compact
L is closed with respect to the product topology. Forx;y 2 X; 2 R, the

functions
xy -R*1 R, v :R*! R
given by y (f):=f(x+y) f(x) f(y)and , =1f(x) f (x)are
continuous wrt product topology. So
\ \
L = %y (0)\ . (0)
Xy X;

is closed) K\ L = B is compact. Product topology onK \ L =
weak -topology on X

42



3 The weak and weak* topologies 06.12.2006

De nition: K any set. A setA 2 is called FiP if Aq;:::;AL 2 A)
A\ iV A, 6 ?. AsetB 2K is called maximal FiP if B is FiP and
8A  2X we have

B A andAFIP)A =B

Fact 1: If A 2 is FiP, then 9B 2K max FiP such that A B (Zorn's
Lemma)

Fact 2: Let B 2X is max FiP, then:

(i) C2K:C\ B6?8B2B) C2B

Fact 3: Let K be a topological space. TherK isr compact if and only if every
FiP collection A 2X of closed subsets satises ,,, A6 ?

Proof of Tychono 's theorem: K = Qi Ki. Let A 2% be a FiP collec-
tion of closed sets. By Fact 19 max FiP collection B 2¢ with A B (not
eachB 2 B needs to be closed).

To show: g, B 6 ?

Step 1: Construction of an elementx 2 K.
Fixi2l. ;:K ! K; projection. DenoteB; := f {(B)jB2Bg 25 )B ;
is FiP (if B1;:::;Bn 2B then {(By)\ :::\ (By) i(B1\ :::\ Br) 6 ?)

(K compe\ct ;Fact 3) )

. i(B)s ?

T -
Pick x; 2 5,5 i(B) Choosex = (X;)i2; 2 K (Axiom of Choice).

Step2: x2B 8B2B

Let U 2 K be open withx 2 U.

Toshow: U\ B& ? 8B 2B Uopenx2U) ()9 niteset J |

9 opensetsU; K;;i2Jsuchthatx2 ,; ; HU) U (like Lemma 2 (i)).

Xi = i(X)Z Ui\ i(B)8i 2J;,8B 2B

(Uiyopen) 1\ (B) & 28i 2 J8B 2B

) YU)\ B6?82J8B2B
12 1) 2B8i2J

\
T2 u)2s
i2J

Y(U)\ BB ?8B 2B
i2J
) U\B6?8B2B

Theorem 4: X separable Banach space X . Equivalent are:
() K is weak compact
(i) K is bounded and weak* closed
(i) K is sequentially weak* compact
(iv) K is bounded and sequentially weak* closed

Exercise: M (f) as in example 1) M (f) is weak* compact.

43



3 The weak and weak* topologies 07.12.2006

Proof of Thm 4: Exercise.

@) , (Thm 2) (ii): use uniform boundedness (Chapter Il, Thm 1)

(i) ) (Thm 1) (iii) ) (de nitions) (iv) ) (i)

Given x 2 weak* closureK ). Need to prove 9 sequencex,, 2 K with x, *x
Then, by (iv), x 2 K 2

Theorem 5: X Banach spacefE X linear subspace
AssumeE \ B is weak -closed, whereB := fx 2 X jkx k 1g
Let xo2 X nE. Let be suchthatO0< < ir;fE kxg x k

X

)9 Xo 2 X such that hxy;xoi =1, X ;x0i =0 8x 2 E, kxok %

Remark 1:  E is closed

Letx, 2 Eandx,! x 2X

9c > 0 such thatkx,k ¢ 8n2 N

) 2E\B

) %>2E\B =E\B ) x 2E

E closed 9 > 0 as in the hypothesis of Theorem 5

Remark 2: B is closed in the weak-topology.
Hence each closed bafix 2 X jkx Xk rgis weak -closed.

Proof:

Step 1 There is a sequence of nite setsS,, B = fx2 X j kxk 1g
satisfying the following condition for every x 2 X :

9
kx  Xpok n =
maxjix - Xgixij K .) x 2E ()

fork=0;:::;n 1 '

Proof of Step 1:n =1 Choose Sy = ?

Then ( ) holds forn =1

n 1: AssumeSy;:::;Sy 1 have been constructed such that () holds.

To show: There is a nite set S, B such that ( ) holds with n replaced by
n+1

For any nite set S B denote

g _ kx xpk (n+1) 2
E(S):=>x 2 E )[rg%iqhx Xg; Xi] k8k=0;:::n 1>

max jhx Xq; Xij n
XZSJ 0+ Xl

To show: 9 nite set S B suchthat E(S)= ?
Suppose, by contradiction, that E(S) 6 ?, for every niteset S B

a) ThesetK = fx 2Ejkx Xk (n +1)gis weak -compact.
Let R:= kxok+ (n+1) Then kx k R 8x 2K
soK E\RB =R(E\ B )= Egr

Er isweak -closed. SK = \f x 2 X jkx Xk n+1
R @} | J 2o ( )9

weak cl. by ass. weak -closed by Rem. 2

K is weak -closed and boundedﬂsm 2 K is weak -compact.

b) E(S) is weak -closed for everyS
E (S) is the intersection of K with the weak -closed subsets
fx 2 X jn;aslxjhx X Xij kg k=0;:::;n 1
X k
fx 2 X jmaxjhx  Xg;Xi] ng
x2S
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c) S B nitesetfor i 21,1 nite
T . S
E(S)=E S' 6 ? by assumption.
i21 i21

Let S:=fS B |jS nite g Then by c), the collection fE(S)jS 2 Sqg s
FIP and by b) it consists of weak -closed subsets of K.

By a) K is weak -compact) E(S)6 ?
T s2s
Let x 2 E(S)) x 2E; kx xgk (n+1),
s2s
maXxyzs, X Xg; Xij kk =0:::n landjhx  Xg;Xij n 8x2B

i.e. kx  Xgk  n This contradicts ( )

Step 2 Construction of xg
Chooge a sequencr; 2 B which runs successively through all points of the set
S= . %Sn
1=
Then nIlilm kxik =0
De ne a linear operator T : X | coby Tx :=(h ;Xji)ian
Claim: For every x 2 E there is ani 2 N such that jhix  Xg; Xiij
Let x 2 E and choosen %K)k x  xok n

St)epg; k n 19x 2 S such that jhx — xg; xij > k
Yih X Xgigij > )9 isuchthatx; = ¢
The claim shows: kTx  Txgk > 8x 2 E

) Txq2TE

Chap Iﬂ’ Thm ‘9 2 G = I*suchthat h;Tx 4i =1 h;Tx i =0 8x 2E
k kg %

Dene Xo:= i, iXi2X

P, P, .
NOtel i=lk iXik i:1J iJ<1

P
So by Chapter | Theorem 10, the sequence i1:1 iXj converges an !'1
Note 2
Py . .
a) Mg Xoi = o iXgiXii = h;Tx i =1
b) x ;xpi = h;Tx i=0 8x 2E

P o
c) kxok L jij=k kg 1

Corollary 1: Let X be a Banach space andE X a linear subspace.
LetB :=fx 2X jkx k=19
Equivalent are:

(i) E is weak -closed
(i) E\ B is weak -closed
(i) (*E)? = E

Exercise: X Banach space, : X I X  canonical embedding
)  (X) is weak -dense inX
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Proof of Corollary 1: () (i) obvious
(i)) (i) E (PE)? bydenition (PE =fx2 X jhx ;xi =08x 2 Eg)

CE)? E:Letxo6E MY xo2 X such that hxy;xoi = 1

hX ;xoi =08x 2 E

) X02 7E; Mo Xoi 60) o2 ("E)’

(i) ()E=(7E) = fx 2X
x2 ?E

{k71x ;xi:O? 2

weak -closed

Corollary 2: X Banach space; : X ! Rlinear
Equivalent are:

(i) * is continuous w.r.t. weak -topology
(i) * (0) 2 X is weak -closed
(i) 9x2 X8x 2X "(x)=k;xi

Proof:  (iii)) (i) de nition of weak -topology
(i) ) (ii) de nition of continuity

(i)) (ii)wlo.g' 60

E:=' 1(0) X isweak -closed

Choosexy 2 X such that ' (xg) =1, so xy 2 E

Tl‘Bm% Xo 2 X such that hxy; Xpi =1 X ;xoi =0 8x 2 E

Let x 2 X

) X (X )xg2E

Yh x " (X )Xg;Xoi =0

Yh x ;Xoi =" (X )X ;Xel ="' (X ) 2

Corollary 3: X Banach space, : X ! X canonical embedding
S:=fx2 X jkxk=1g
The weak -closure of (S)2 X isB =fx 2X jkxk 1g

Proof: K :=weak closure of (S)
1. K B becauseB is closed

2. K is convex:
Key fact: | {)é} ! ffz} is continuous
weak top  weak -top
Hence (B) K :x2B U X weak open, (x)2 U
)  Y(U) X weakly open andx 2 1(U)
) u)\ se ?
) U\ (5)6 25 (x)2K

SoK is the weak -closure of the convex set(B) Len}ma 1K is convex
3.B K
Xo 2K )9 weak -continuous linear functional* : X ! R such that

sup ' (x ) <" (Xo)

x 2K

C?r% Xg2 X suchthat (x )=t ;Xgi

) h Xg Xl > sup hx ;Xgi  suphXg;xi = kxgk) k xg k> 1) x, 2
x 2K x2S

B

46



3 The weak and weak* topologies 13.12.2006

Lemma 6: X normed vector space

(i) If xq;::0:%, 2 X are linearly independent, then9xs;:::;Xn 2 X such
that
X xji =
@ii) If xq;::05%, 2 X are lin. indep., then

Proof:

P
(i) for n) (i) for n: 8x 2 X we have:x i”:l hx; ;xix; 2 Xo

This shows: X = Xy sparnfxq;:::;X,0 and, moreoverx 2X§
X
) 0 = X ;x hx; ; Xixji
X
= I ;xi hx; ;xi hx ;xji
i
X
= X hx ;xiix;;xi8x 2 X
i=1
X
) x = hx ;xiix; 2 spanfxq;:::;X,0
i=1

(i) for n ) (i) for n+1: Let Xy;::1;Xq41 2 X belin. indep. fori =

Ofr X =spanfx; jj 6 ig

) X 2X7 )9 x; 2 X; such that hx; ;xi =1

)h X ixii =

2
Remark 1:  Converse ifx;;:::;X, 2 X are lin. indep., then 9x4;:::;%x, 2 X
such that hx; ; x;ji =
Remark 2. xy;:::1;%x, 2 X lin indep, C1;iiibn 2R
)9 x 2 X such that hx; ;xi = ¢ (namely: x = inzl G Xj with x; as in Lemma
6).
Lemma 7: X normed vector spaceXx;:::;X, 2 X ;€116 2 RjM 0.

Equivalent are:

(i) 8"> 09x 2 X such that
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Proof: (i) (ii):
X =x-2 X asin (i). Then

.X - .X ..
i iG] = ] i 5 X j
| X
= jh iXj s Xedj
Xi

= k iX; k kx-k
i

X
(M +"k  ix;k8"'>0

(i) ()
Assumexq;::ii; X, linindep (w.l.o.g)
Choosex 2 X such that hx; ; xi = ¢8i (Remark 2). X as in Lemma 6.

inf kx+ k = sup L

2Xo 06 X ZXP? kX k

sup i x5 Xij

i2R K i iXik
P

(by Lemma 6)

sup,ﬁL',
i J i iXiJ
M

Theorem 6: X Banach space. Equivalent are:
(i) X is reexive
(i) The unit ball B := fx 2 X jkxk 1gis weakly compact

(iii) Every bounded sequence inX has a weakly convergent subsequence

Proof: : X I X is an isomorphism from X with the weak topology to
X with the weak*topology.
U X weakly open, (U) X is weak*-open.

(0)) (i) (B)isthe unitballin X , hence is weak*compact (Thm 2), soB
is weakly compact.

(i)) (i) X separable and reexive) X separable (Chapter II, Thm 9).
(Xn) 2 X bounded sequenced (xp) 2 X is a bounded sequence. So, by
Thm 1, (Xn) has a weak*-convergent subsequencéx,, )

) Xn, converges weakly.

() ) (iii): The nonseparable case Let xn 2 X be a bounded sequence.
Np a]
Denote Y = E:l nXnJN2N; 2R

) Y is separable and re exive (Chapter I, Thm 8)
) Xn by separable case has a subsequenxg, converging weakly inY ,ie.

9X2Y8y 2Y :hy;xi= I!:r;n hy ;Xn,i
[

by Hahrj—Banach 8 x 2X :hx ;Xi = |!£n hx ;Xnii
il
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(i)) (i) Letx 2X ;x 60.
Claim: For every nite set S X there exists anx 2 X such that

hx ;xi=hx ;xi8x 2S kxk 2kx k

S:=fS X jS nite subsetgandK (S) := fx 2 X jkxk 2kx ki ;xi =
hx ;xi8x 2 Sg
Note:

K (S) is a weakly closed subset otB = fx 2 X jkxk cg wherec =
2kx k.

cB is weakly compact, by (ii).

The collection fK (S) j S 2 Sg is FiP, because

\
K(Sp)\ 12V K(Sh) = K(S1[ :::[ Sh) 68 ?) K(S)6 ?
s2s

)9 x 2 X such thathx ;xi = lx ;x i8x 2 X

Proof of claim:
Write S = fXxq;::5;X,0:G == X ;x0.
X X X X
j iGj=] i X =g iXiij ko x k koixk

Assumption of Lemma 7 holds withM = kx k> 0 Choose" = kx k> 0.

(i) ) (i) Letxy 2 X ;kxg k 1. DenoteE := fx 2 X jhxy;xi=0g
and B :=f?< 2X jkx k 1g
Claim 1: E B is weak*closed.

. by Cor 1 . b 2
claim 1 ¥ §”* E is weak*-closed” §*

o2 X8X 2 X Xy ;X i=M;Xoi) Xg = (Xo)

So :X ! X is surjective.

Proof of Claim 2 Denote Uy, := fx 2 X jjhx Xg i X1 < i =
1;:::ng

) Xg 2 Uny, Uy is weak*open. Moreoverkx, k 1.

Recall the Weak*closur? of (S);S := fx 2 X jkxk = 1g is the closed unit ball

inX (Cor3).) Un (S)867? 9xy, 2 X such that

1.
m1

kxmk=1 jhx;;xmi h Xg ;Xij < % i=1;:::;n
) by (i) 9 weakly convergent subsequencgy,, *X .
)k xk 1and
hx; ;xi = |!i|r1n X ;Xm0 = g ;%0 i =1;:::n

-
Proof of Claim 1 Let x, 2 weak*closure ofE B . We must prove that
Xg2 E B . Clearly kxpk 1. So it remains to provetx, ;Xyi =0

Step 1 Let "> 0. Then 9 sequencex, 2 X;n 1;x, 2 X such that
(1) kxnk Lkx,k 1;hxg ;x,i =0

(2) h;xpi = Xy ;x;1 1=05::5;n 1

3) jhx, Xe:Xilj <" i =1;::5n
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Proof of Step 1  Induction n = 1: a) By Claim 2, 9x1 ZX such that kka
1, g X1 = Xy ;Xoi b) Becausex, 2 weak*closure E B ) 9%, 2 E B
such that jhx;  Xg;Xaij "
) (1),(2),(3) hold for n = 1.

n 1: Supposex;; x; have been constructed fori =1;:::;n.
a) By Claim 2,
Mns1 2 X 11X Xnea i = X ;%1 1=05:005n Kxpaan k1
T
b) 9x,,1 2 E B suchthat jhx,,; Xg;xiij "i=1;::5;n

Step 2 Xy ;Xgi =0
By (iii) 9 weakly convergent subsequence

Xn: *X 02 X kxok 1

) q_yLemma49m2 NIQ im0
@ I i=1 kxo moixik<"
a) X, ;Xol = ,Iign X X0 = AIi:r;n Xy ;Xmi =0
il il
b)
* + * +
. . (ya ) xXn xn
iIXg 5 Xolj Xy ; Xol XM iXi ot Xps iXi Xo
I i=1
X . . . Xn
i1m0 ;xolbh X Xiij + iXi  Xo
! "by (3) | —{z }
(3) by(4)
on
2
3.3 Ergodic measures
(M;d) compact metric space,f : M ! M homeomorphism
M (f ) := ff -invariant Borel probability measure :B! [0;1 )g
B 2™ Borel -algebra, (M)=1; (f(E))= (E) S8E 2B
We know: M (f) nonempty, convex, weak -compact.
De nition: An f -invariant Borel-measure 2 M (f) is called ergodic,
if8 2B = f() ) () 2f0;1g
1 N2 1 S2
. _ 2 — —
Example: M = S? ()= 0 N2 s() = 0 g2  Where

N stands for north pole and S for south pole.

De nition: X vectorspace,K X convex
x 2 K is called anextrgmal point of K , if the following holds:
Xo;X1 2 K =

x=(1 Xo+ X1 ) Xo=Xp=X

0< < 1 '

Lemma 8: 2 M (f) extremal point) is ergodic
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Proof:  Suppose not.

)9 2B suchthat = f() ;0< () <1

Dene o 1:B! [01)by oE):= €5~ 1(E)= 55
0 12M(f); o6, 16

=1 )o+r 1 = ()

) is not extreme 2
Theorem 7 (Krein-Milman): X locally convex topological T2 vectorspace
K X nonempty, compact, convex

E := set of extremal poinf§ of K p

C :=convex hull of E :=f i”ll i€jg2E ;i 0 ., i=1g
) C = K (in particular C 6 ?)

Corollary: Every homeomorphism of a compact metric space has an ergodic
measure

Proof:  Apply Theorem 7 to the caseX = C(M) with weak -topology
and K = M (f) 2

Proof of Theorem 7:

Step 1 A;B X nonempty, disjoint, convex sets,A open) 9 continuous
linear functional * : X ! R such that' (a) < ggg (b) 8az2A

Proof of Step 1: Hahn-Banach as in Chapter Il Theorem 6

Step 2 8x2 X;x 60 9linear functional * : X ! R with ' (x) 60
Proof: Choose an open convex neighborhood X of 0 such that x 2 A.
Denote B = fxg. Now apply Step 1.

Step3 E6 7

Proof:

A nonempty compact convex subseK ® X is called aface of K if
X2 K%xgx12K =

KO Kand x=(1 )Xo+ X1 _ ) Xg;x12K?
0< < 1 ’

DenoteK := fK X j K is nonempty, compact, convexy

K is partially ordered by K°® K qefK Ois a face ofK

K 4 K
K4 K%K K) KO=K
K94 K% K4 K ) K% K

T
If C K is achain, thenKg := C2K!

cac
Because of the FIP characterisation of compactness we haw€, 6 ?

Zorns Lemma implies: For everyK 2 K, there is a minimal elementKy 2 K
such that Ko 4 K

Claim: Ko = fptg

SupposeKg 3 Xg; X1 X0 6 X3

Ste . :

t)pg ' X I Rcontinuous linear such that' (x1 Xo) > 0s0" (Xo) <' (X1)

Kii=Ko\ " (sup' (x))2K) K14 KgandKg8 Ky sincexg2 KonKj
Xx2Kg

So K is not minimal. Contradiction.
Claim) Ko = fx0og) Xo 2 E (by de nition of face)
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Step4 K=C
Clearly C K
SupposeC $ K, let xo2 K nC

Ste . .
t) P % " X! R continuous linear such that" (xo) > sup

[
Ko: =K\ "' I(sup')is aface of KandKo\ C = ?
K
St)ep 3K0 has an extremal pointe
) eis extremal point of K
Contradiction, becausee 2C 2
(M; d) compact metric space
f:M ! M homeomorphismus, 2M (f) ergodic
u:M ! R continuous,x 2 M
Question: 1 1_tu(f ¥(x)) "’ y ud
ﬁheorem (Birkho ?3 8u2C(M)9 2B suchthatf()= OH=1
wud = lim % " Lu(fk(x) 8x2
Without proof
Theorem 8 (von Neumann): (M;d) compact metric space,f : M I M
homeomorphismus, 2 M (f kergodic, 1<p< 1
. n 1 —_
) lim Lo u(fkx) -, ud L =0
Theorem 9 (Abstract Ergodic Theorem): X Banach spaceT 2L (X); c
1
AssumekT"k 8n 2 N

Denote S, := X F.TK2L(X)
Then the following holds:

(i) For x 2 X we have: SpX)n2n converges, (ShX)n2n has a weakly con-
vergent subsequence.

(i) The set Z := fx 2 X j Syx convergeg is a closed linear subspace ok
and
Z=Ker(l T) Im(1 T)
If X isreexive Z = X

(i) Dene S:Z! ZbyS(x+y):=x x2ker(l T);y2Im(1 T)
ThenSz:=limn,; S,z 822Z andST=TS=S2=S,kSk ¢

Broof of Theoregy 9 ) Theorem8 X =LP( ) Tu:=u f
wiu fiPd = juiPd , sokTuk, = kuk,

kTk=1 8k 2N

(Saw(x) = & Ly u(fE ()

To show: n!llm Syu v ud Lrg ) =0

Equivalently Claim 1: (Su)(x)= ,, ud 8x2M

(By Theorem 9 we haveS,u! Suin LP( ))

Claim2: Tv=v) v const.

Claig 2) Claim 1: 2Ker(l T)) S c

c:m Sud = Iim%l Spud = lim lﬁ“ Ry fkd =2 ud
M ni1 M n n'1 n k=0 M M

Proof of Claim 2:
v:M ! R measurable, ,, jvjifd < 1
[VI2LP() T[vl=[v], v f = v almosteverywhere
Eo:= fx& M jv(x) 6 v(f (x))g measure zero
) E:i=  f¥Eo (E)=0
k2N
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MnE= o[ +][ R
0o=fx2 M jv(x)= cg =fx2Mj v(x)>cgwherec:= , vd
) o; f invariant, ( o)+ ( «)+ ( )=1
ergodic
59 (0=1 R
because otherwige: ( +)=1so0 ,, vd >c
or ( )=1so ,,vd<c 2
Let A2L(X;Y).
De nition: The dual operator of A is the bounded linear operator A 2
L(Y ;X )denedby PA y ;xi = hy ;Axi fory 2Y andx2 X, ie.
X —A My y;g@
‘..__\A___y ______
Remark: kA k= kAk
Proof:
kA y k
kA k = su
J e Ky K
= sup supL‘ y ixi
y 60 x60 KxK Ky k
_ hy ;Axi
- S ky K kxk
x60
by Hahn-Banach su kAx k
weo Kxk
= kAk

Proof of Thm 9P X isspace. T 2 L(X);c 1kT*k ck=0;12:::.
— 1" n 1ok
Denote Sy = & o T

Step 1
1+c
kShk ckS,(1 Tk
Proof
1X1t
kShk =  kT*k ¢
n k=0
K 1 X
S\@ T)= 1 Tk 1 Tk = 1(11 ™)
n n n
k=0 k=1

Step 2 8x; 2 X with Tx = x we havekxk ckx + T k.

Proof x=Tx=T?x=:::) Syx=x8n2N.
Also, by Step 1, limyi;  kSp( T )k=0

)k xk= rlllrln I(Sn(x +{z T )? ckx + T k

ckx+ T k
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Step 3
x2ker(d T);y2im(@ T))k xk ckx+ yk

Proof
9,.2X suchthat , T,! vy

by Step 2kxk ckx + T ok
) by Step [
Ly

W) k xk ckx + yk

Step4 ker(d T)\ im(@ T)= fOg and the subspaceXy ;= ker(1 T)
im( T)is closed

Proof Forx 2 ker(1 T)\ im(@ T)choosey:= xinStep3) x=0
Let z, 2 Xp;z = Iilrln Zn 2 X.
nt
Write z, = Xp + Yn;Xn 2 ker(d  T);yn 2im@ T)
by ftepsk Xn Xmk ckz, zmk

) Xp is Cauchy
) The limits exist and x := rm"n Xn 2 ker(1 T);y:= rli‘rln Yo 2 im(d t);z=x+y2 Xg
Step5 Letz=x+y2 Xowherex2ker(d T);y2im@d T).
) Sh2Xgforalln2 Nandlimy; Spz= X
Proof
a) x=Tx) Syx=x2 Xy
b) Choose ( 2 X suchthat « T ¢! y. Then

Sy = Jim Si@ T)
= I Py
2im@ T)
2 im@@ T)
c) By Step 1,
l1+c
kS,(T )k k k8 2 X

n
SoSyy! 08y2im(d T)
) (by Chll, Thm 2 (ii)) S,y! 08y2im(@ T)
) Shz=x+Sy! x
Step 6 Let x;z 2 X. Equivalent are

(i) 9 subsequencen; <nj, <njz<::: such that

w I||1m Shz=X
1!

(i) Tx=x;z x2im@ T)
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Proof (i) ¥ 5 ° @) ¥ ().
@iy ) (i)
X ;Tx xi = hTr x X Xi
ll{“ hTr x X ;Sp, zi
1!
- “{n w ;Ir_{]zl)i} 4
kik e

= 0 8x 2X byStepl

) by Hahn-BanachTx x =0.
Supposex 2 (im(1 T))?

Yh x ; Ti=08 2X
)h x Tx;i=08
) x =T x =(T )% ;X =S, X 8i
X ;z xi(g)_lilmhx;z Sh, zi
i!

= Iﬁn bk S, x;zi=0
I

Soz x2° ((m@ T)?)=im@ T). °§°° Theorem 9.
Xo = X in the re exive case.
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4 Compact operators and Fredholm theory

4.1 Compact operators

Lemma 1: X;Y Banach spacesK 2L (X;Y ). Equivalent are:

(i) If x, 2 X is a bounded sequence theiKx , 2 Y has a convergent subse-
guence

(i) If S X is a bounded subset therKS is a compact subset ofY .
(i) The set fKx jkxk 1g Y is compact.

The operator K is calledcompact if it satis es these equivalent conditions.

Proof: (i) ) (ii):
To Show: Every sequence irKS has a Cauchy subsequence (see Ch I, Lemma
7). Let y, 2 KS. Choosex,, 2 S such that y, = Kx .

) Xp is a bounded subsequencfa') Kx n has a convergent subsequendéx ,, =
Yn. ) Yn, is Cauchy.

(i) ) (iii): take S:=fx2 X jkxk 1g

@ii) ) (i): xp 2 X bounded. Choosec > 0 such that kxphk ¢8n

(j" 'K 2 has a convergent subsequence Kx, has a convergent subsequence
2

Example 1: T : X ! Y surjective, dmY = 1) T not compact. (open
mapping theorem) fTx j kxk < 1g f y 2 Y jkyk g for some > 0 not
compact.

Example 2. K 2L (X;Y);imK nite dimensional ) K is compact.

Example 3: X = C(0;1]);Y = CO([0;1]);K : X ! Y obvious inclusion
) K is compact. Arzela-Ascoli.

Example 4: X =Y ="P;1 p 1 1, 2::::2 R bounded.
Kx = ( 1X1; 2X2; 3X3;::i)

K compact, nI!|1m n=0
(exercise).

Theorem 1.  X;Y;Z Banach spaces
(i) A2L(X;Y);B2L(Y;2)

A compact or B compact) BA is compact

(i) K 2L(X;Y)compact =1;2;3;::: K 2L (X;Y) such that
lim ; kK Kk=0) K is compact.

(i) K compact, K is compact.
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Proof:  (i): Exercise
(i): Xn 2 X bounded, ¢c:=sup,,nykxpnk< 1

Diagonal Sequence Argument9 subsequence,, such that (K Xp,

for every 2 N.

Claim: (Kx )L, is Cauchy.

"> 0. Choose suchthatkk —Kk< g.
ChooseN 8i; N kK Xn K xp k< 3.

") X Kxn, Kxn k k(KK + rK X, K X,

(ii): K compact) K compact.
DenoteM := fKx jkxk 1g Y.

is Cauchy
l}(+ i((K {7K)xnjk<
<kK K kkxnik<%k <3 <%
=Yimw 2

M is a nonempty compact metric space. Fory 2 Y denotef,

C(M). Let F:=ff, jky k 1g C(M).
Note:

kfy k = sup jfy (y)j
y2M

= suphy yi
y2M

= sup hy ;Kxi
kxk 1

= sup KK y ;xi
kxk 1

= kK yk
F is bounded

f=f, 2F)k fk=kK yk k K k k Kk
e

F is equicontinuous
f=1f, 2F;y 2Y ;ky k 1.

)i flyn) f(y2)i = Jhyyr yai
k'y kky:1 y2k
Ky Yok

Arzela-Ascoli) F is compact in C(M) )! K iscompact.y,2Y ;ky k 1

) fani=y,m 2F) f, has a convergent subsequends,,

KKy, k= kfn fn k) (K y, )iz isaCauchy sequencg K y, converges.

K compact) K compactK compact) K compact.
X — My

X

xK—/&

Si) y K=K x : X 1 Y iscompact.

If x, 2 X is bounded) vy (Kx,) has a convergent subsequence Kx, has a

convergent subsequence.

Lemma 2: X;Y Banach spacesA 2L (X;Y)
() Im A)? =Ker A ? (ImA )=Ker A
(i) A injective, ImA denseinY

(i) A injective , ImA is weak dense inX
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Proof:

() Lety 2Y

y 2 (ImA)? ,hy'Axi:O 8x2X, Ay =0

| —{z—
hA y iyi

Letx2 X. Thenx2 ? (ImA ),
Hahn-Banach Ax

;X =0 8y 2Y , =0
e

(i) A injective, KerA =0 " amA)? =0
Im A is dense inY (Chap. Il, Cor. 2 of Theorem 7)

TZA )?} = X

weak closure of im A

?
“|

(iii) A injective , KerA=0, f

Example 1: X =Y =H
AX = (X % %) X
A = Alinjective, mA6 H 1 i:l 212nimA

n

I
<

1
T

Example 2: X = 1% Y = ¢, A:I1*! ¢ inclusion
A 111 11 inclusion, ImA =11 ' not dense
A (') ! 11 notinjective.

When is ImA Z ?(Im A )or ImA 2 (Ker A)?

Theorem 2:  X;Y Banach spacesA 2L (X;Y)
Equivalent are:
(i) Im A is closed inY
(i) 9c¢ 08x 2 X Ain:f0 kx + k  ckAxk
(iii) Im A is weak -closed inX
(iv) Im A is closed inX
(v) 9c 08y 2Y Ainf:O ky + k ckAyk

If these equivalent conditions are satis ed, then:
ImA =7 (KerA ); ImA = (Ker A)?

Lemma 3: X;Y Banach spacesA 2L (X;Y);"> 0
Assumefy 2 Y j kyk<"g fAx | kxk< 1g ()
Then: fy 2 Y j kyk< 59 f Axj kxk< 1g

Proof:  Chapter I, Lemma 2, Step 2 2

Remark 1:  In Chapter Il we proved:
A surjectiveB)’j1Ire () Lerr)1ma 3A is open

Remark 2:  ()) A is surjective
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Proof of Theorem 2 (i)) (ii) Denote Xg := X=KerA; Yo :=Im A

A induces an operatorAg : Xo ! Yo by Ag[x] := Ax

Note: [x1]=[x2]) X1 Xx22 KerA) Ax; = AXy; soAp is well de ned
Ay is a bijective, linear operator

open mappmg thmAO 1:Yp! Xo bounded
)9 ¢ 08x2X: Ain_f0 kx + K= K[X]Ky_ ker o CKAg[X]k = ckAXK

(ii)) (iii) Claim: Im A = (Ker A)? = T fx 2X jhx ;xi =0g
x2 Ker A
Let x 2 (KerA)? ie. hx ;xi =0 8x 2 KerA
Dene :ImA! R (Ax):= Ix ;xi well de ned
is bounded: 8 2 KerA :
j (AX)j=jhx ;x+ i k x kkx + k

(i)
soj (AX)j k x K inf kx+ k " okx kkAXK

Hahn-)BanacB y 2Y suchthathy ;yi= (y) 8y2ImA
Jh Ay ;xi=h ;Axi = (Ax)= I ;xi 8x2X

) Ay =x 2ImA

(iii) ) (iv) obvious

(iv)) (v) follows from (i) ) (ii) with A instead of A

(v)) (i) Case 1:A is injective

If 9¢ > 08y 2 Y ky k ckA y k; then A is surjective
Claim: A satis es () in Lemma 3 with " = %
(Then by Lemma 3, A is surjective)

Proof of the claim: Denote K := f Ax j kxk < 1g closed, convex, nonempty
To show: yp 2 Y nK )k yok "

Let yo 2 Y nK Chap. BI’ Thm 69 Yo 2 Y such that hy,;yoi > suphy,;yi
y2K

)k A yok = sup PA yy;xi = sup hyy; Axi = suphygyi < hyg;yoi K yokkyok
k y2K

kxk< 1 kxk< 1
KA Yok 1 _n
)k y0k> Ky, K c -

Case 2: A not injective

Denote Yo := ImA Y, = Y =(ImA)? =Y =KerA

Ag: X! Yo Ag:Yy =Y =KerA I X

A, is the operator induced by A

By (v) we have: K[y 1Ky =ker A ckA y k

) A, satis es the hypotheses of Case 1

) Ag is surjective ImMA =1m Ag= Yo = ImA) ImA is closed

)y ImA= ? (ImA)?)= 7 (KerA) 2

Corollary: X;Y Banach spacesA 2L (X;Y)
(i) A is surjective if and only if 9¢> 08y 2Y ky k ckA y k
(i) A is surjective if and only if 9¢ > 08x 2 X kxk ckAxk

Proof:

(i) A is surjective, Im A closed and ImA dense
, (v)in Theorem 2 and KerA =0

(i) A issurjective, ImA weak closed and ImMA weak dense
, (i) in Theorem 2 and Ker A =0

Remark 1. X;Y;Z Banach spacesA 2L (X;Y);B2L(Z;Y);ImB ImA
)9 T 2L(Z;X)AT = B (Douglas Factorization)
Hint: T:= A 'B:Z! X isclosed
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Remark 2. A2L(X;Y);B2L(X;Z)
Equivalent are:

@) ImB ImA
(i) 9c 08x 2 XkBxk ckAxk

Hint for the proof: B = id see Corollary (ii)
() (ii) Douglas Factorization (when A is injective)
(i)) (i) Prove that

X 2ImA ,9 ¢ 08x2 X jhx ;xij ckAxk as in Proof of Theorem 2

Remark 3: X reexive, A2L(X;Y);B2L(ZY)
Equivalent are:

O ImB ImA
(i) 9c 08y 2Y kB yk ckAyk

Hint for the proof: (ii) Re,m 2Im B ImA

Example: X re exive cannot be removed in Remark 3:

X:CO;Y:IZ;Z:Rl
A:X! YAx:= o B:Z! YBz:= %

212
=1
A; B satisfy (ii) in Remark 3, but not (i)

1
n=1

4.2 Fredholm operators

De nition: X;Y Banach spaces andA 2 L (X;Y ). kerA .= fx2 X j Ax =
Og;imA = fAX j x 2 Xg. Dene cokerA := Y=A. A is called aFredholm

operator if
im A is a closed subspace of

ker A and cokerA are nite dimensional

The Fredholm index of A is the integer index(A) := dimker A dim cokerA.

Lemma 3: X;Y Banach spacesA 2L (X;Y)
dimcokerA< 1) imA closed.

Proof: dimcokerA< 1)9 vyj;:::;¥ym 2 Y suchthat[yi]2 Y nimA form a

basis

) Y=imA sparfyi;::i;ym0Q

Denote X = X R™;(x; )2 X

k(x; )kx = kxkx + k Kkgm. p

Dene A :X ! YbyA(x; ):i=Ax+ [, iy

) A 2L(X;Y). A is surjective and kerA =ker A f 0Og.

M9 ¢ 08x 2 X L inf oo+ kx ckAxky

8x 2 X8 2Rm:Ain_fka+ kx + k kgm  CkAX +

) inf ket ko ckAxky Thm2

Remark: Y Banach space,Yy Y linear subspace, dimy=Y < 1

6) Yy is closed.
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Lemma 4: X;Y Banach spacesA 2L (X;Y)
A Fredholm, A is Fredholm.
In this case: indexA ) = index(A).

Proof: By Thm 2 im A closed, imA closed. In this case we have ink ) =
(ker(A))? and ker(A ) = (im( A))P"P. Hence

(kerA) = X =kerA)? = X =(imA )= coker(A )

(cokerA) =(Y=imA) = (imA)’ =ker(A )
) dimcoker(A ) =dimker( A) dimker(A ) = dimcoker(A) 2

Example 1:  X;Y nite dimensional ) Every linear operator A : X ! Y is
Fredholm and index(A) =dim X dimY.

Proof: dim X =dimker A +dimim A (by Linear Algebra) 2

Example 2:  X;Y arbitrary Banach spaces,A 2 L (X;Y ) bijective ) A Fred-
holm and index(A) =0

Example 3: Hilbert spacesX = Y = H = 23 x = (X1;X2;::3)

Dene Ax : H! H by Acx = (Xk+1;Xk+2;:::) shift ) Ay is Fredholm and
index(Ax) = k p

H = H with hyi = i1:1 Xi¥i.- SOA :H'! H isdened by h;A vyi :=
hAX; yi.

index(A k)= k.

Lemma (Main Lemma) 5: X;Y Banach spaces and 2 L (X;Y ). Equiv-
alent are:

(i) D has a closed image and a nite dimensional kernel.

(i) 9 Banach spaceZ and 9 compact operatorK 2L (X;Z) and 9¢c 0 such
that 8x 2 X kxkyx  c(kDxky + kKx kz)

Proof: (i) (i): Z == R™ m :=dimker D < 1. Choose an isomorphism
“ker D! RM, MaManahg haunded linear operatorkK @ X ! R™ such that
Kx = x8x2kerD.Dene D :X! Y R™byDx :=(Dx;Kx)

) imD =imD R" closed and keD = f0og 'J"® ¢ 08x 2 X with

kxky  ckD xky gm = c(kDxky + KKX kgm)

(ii)) ()

Claim 1 Every bounded sequence in keD has a convergent subsequence.

() dimkerD < 1, by Chapter I, Thm 1)

Proof of Claim 1 Let X, 2 kerD be a bounded sequencc'g, C3mpamg subse-
quence n, )i, such that (Kx,, )i converges

) (Dxn.); and (Kx . ); are Cauchy sequences

) (Xn,) is Cauchy, because

KXn,  Xn; K ckDxpn,  Dxp k+ ckKxpn,  Kxp K

X |
YR (xn, ) cONVerges.

Clam2 9C > 08x 2 X :infp -0 kx + k CkDxk (By Thm 2, this implies
that im D is closed).
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Proof of Claim 2 Suppose not.) 8 n 2 N9x,, 2 X such that infp - kx, +
k > n kDx k.

Without loss of generality we can assume ing o kxp+ k=21and1 k x,k 2

)k Dxpk< i so0)

a) Dx,! O
b) 9 subsequencexp, )i such that (Kx ;) converges

) (Dxp,)i and (Kxp, )i are Cauchy

) (xn)i is Cauchy

) (Xn,) converges. Denotex :=lim ;1  Xp,

) Dx =limiy Dxn, 20and1=infp = kxn, + k k xn,  xk 2

Theorem 3:  (another characterization of Fredholm operators) X;Y Banach
spacesA 2 L (X;Y ) bounded linear operator. Equivalent are:

(i) A is Fredholm
(i) 9F 2L (Y;X)suchthatly FA;1y AF are compact.

Proof: (i) (ii):
Xo :=ker A X is nite dimensional. So 9 a closed subspaceX; X such
that X = Xo Xi.
Y1 :=im A Y is a closed subspace of nite codimension. S8 nite dimen-
sional subspaceY, Y suchthatY =Y, VYi.
Consider the operatorA; = Ajx, : X1 ! Yi. Then A 2 L(X41;Y1) and A is
bijective. " JHPTY AL L 2L (Y15 X 1)
Dene F:Y! X by F(yo+ y1):= Allyl for yo 2 Yo;y1 2 Yi.
Then F 2 L (Y; X):

FA(XO + X]_) = FA{X1 = Xq

AF (yo+y1)= AA Yy =y

)1)( FA = XD:X:XO X1 Xp Xandly AF = YO:Y:
Yo+ Y1! Yo Y compact

(i) ():

K:=1x FA 2L(X;Y) compact

)k xkx = KFAX + Kxkyx
k FAxkyx + kKx kyx
k Fk kAxky + kKX kyx
c(kAxky + kKx k)

where C := maxf 1; kKF kg

LeMa 5 A has a nite dimensionl kernel and a closed image.

L:=1y AF 2 L(Y)compactTk)]mlL iscompactandy =Ly +F Ay8y 2
Y

) with ¢:=maxf1;kLkg we have

ky kK o(kA y KkL y k) ™™ ® dimker A < 1 withdimker A = dim coker A.
2

Theorem 4:  X; Y; Z Banach spaces,
A2 L(X;Y); B 2L(Y;Z) Fredholm operators
) BA 2L (X;Z)is a Fredholm operator and indexBA) =index( A)+index( B)
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Proof: By Theorem 3,9F 2 L (Y;X); 9G 2 L (Z;Y) such that
1x FA; 1y AF; 1y GB; 1y BG are compact)

a) 1y FGBA = :}X_{ZF_% +F(f'Y—{ZEi)A compact by Theorem 1
compact compact
b) 1; BAFG =1; BG+ B(ly GB)A is compact
) BA is Fredholm by Theorem 3.

Proof of the index formula:

Ao : kerBA=kerA! kerB [x]! Ax

Bo:Y=imA! imB=imBA [y]! [By]

) Ao is injective, By is surjective

imAg =im A\ kerB

cokerAg = ker B=(im A\ kerB)

kerBo = f[y]2 Y=imA j By 2 imBAg

= f[y]2 Y=im A j9x 2 X such that By = BAx g

fly]2 Y=imA|j9x 2 X suchthaty Ax 2 kerBg=(im A +ker B)=imA
kerB=(im A\ kerB) = coker Ag

0 =dimker Bo dimcokerAg dimcokerBg +dimker Ag

index Ag +index By

dim(ker BA=kerA) dimkerB +dimcoker A dimim B=kerBA

=dimker BA dimker A dimkerB+dimcoker A dimkerY=imBA+dim Y=imB
=index BA indexA indexB 2

I 1n~1

Theorem 5 (Stability): X; Y Banach spaces, leD 2 L (X;Y ) be a Fred-
holm operator

(i) 9"> O suchthat8P 2L (X;Y) we have
kPk<" ) D + P is Fredholm and index(D + P) = index( D)

(i) If K 2 L(X;Y) is a compact operator, thenD + K is Fredholm and
index(K + P) =index( D)

Proof: (i) By Lemma 5, 9 Banach space Z9 compact operatorL 2 L (X;Z);
9c > 0 such that kxk  c(kDxk + kLxk) 8x 2 X
(because inD closed, dimkerD < 1)
SupposeP 2 L (X;Y ) with kPk < %
Then kxk  c(kDxk + kLxk) c(k(D + P)xk + kPxk + KLxK)
c(k(D + P)xk + kLxk) + ckPkkxk
) (1 ckPk)kxk c(k(D + P)xk+ KLxk)
Yk Xk 75 (K(D + P)xk+ kLxK)

Len}ma 5D + P has a closed image and a nite dimensional kernel

(provided kPk < 1)

(cokerD) =(Y=imD) =(im D)? =ker D

dimker(D + P) <1 for kPk = kP k su ciently small
(by the same argument as forD + P)

Index formula:

X =Xo X1 onkerD,Y:Yo Y1 leimD
P i X ) XFPyry,

Then P(Xo + X1) = Fooxof'z P01X} + FlOXO 3'7 Pllx}

2 Yo 2 Yl
P = D=
Pio Pu 0 Du

Dy : X1! Ypis bijective
) 1+ D,*P1; is bijective as well for kP11k small.

63



4 Compact operators and Fredholm theory 10.01.2007

) Di1 + P11 is bijective for kPk small.

Let X = Xg+ X1 Xg 2 Xp; X1 2 X1. Then:

(D+P)x=0, PooXo+ Poix1=0; P1oXp+ (P11 + D11)x1 =0

, X1 = (D11 + P11) 'PioXo; (Poo Po1(D11+ P11) 'Pig)Xo =0

Denote Ao = Poo Po]_(D]_]_ + Pll) 1P10 : Xo ! Yo

Then ker(D + P) = fXxo (Dll + P]_]_) 1P10X0j Xo 2 keerg

so dim ker(D + P)=dim ker Ag

Let X=X+ X1 X002 X0p;X12X1Y=VYo+Yy1 Yo2 Yo,y¥12 V1

Then: y =(D + P)X, Yo = PooXo+ Po1X1; Y1 = P1oXo + (D11 + P11)X1

. Yo = PooXo+ Po1(D11+ P11) *(y1  PioXo); X1 = (D11 + P11) *(y1 PioXo)
. Yo = AoXo+ Por(D11 + P11) y1; X3 =(Da1+ P11) Yy1  PioXo)

Hencey 2 im(D + P), Yo Poi(D11+ P11) y12imAo ()
This implies cokerAg = coker(D + P)!

Indeed, choose a subspac2 Yy Y suchthatYo=im Ay Z

Thenby ()Y =im(D+P) Z

im(D+P)\ Z=0:

Yy=Yo+Vy12im(D+ P)\ Z,theny, Po1(D11+ P11) 'y1 2imAg;y1 =0
soyp2Z\ imA soyp=0;y; =0

Giveny = yp+y; 2 Y, write

Yo Poi(D11+ P11) Yyi = AgXo+ 2z z2 Z; then

Yo 2)+yi=y z2imD+P)

Hence indexD + P) =index Ag =dim Xg dim Yy

=dimker D dimcokerD =index D

(iDBy Theorem 3 9T 2L (X;Y ) suchthat1x TD; 1y DT compact

) 1x T(D+K): 1, (D+K)T compact 1" 3D + K Fredholm
Fr:=fA2L(X;Y)]jA Fredholm, indexA = kg
apen subset ofL (X;Y ) by (i)

Fx = F(X;Y )= fFredholm operatorsX ! Yg
k2Z
We have provedD + tK 2 F (X;Y) 8t2R
Considerthemap :R!'F (X;Y)t! D+ 1tK
is continuous
Solx =g '(Fx)= ft2 Rjindex(D + K) = kg is open8k 2 Z
) R= |« disjoint union
k2Zz
) eachl is open and closed

9k 2 Z such that Iy = R) index(D)= k =index(D + K) 2

Example: X Banach spaceK 2 L (X) compact
) 1 K Fredholmandindex(l K)=0) dimker(1 K)=dimcoker(1 K)

Fredholm alternative
Either the equationx Kx =y has a unique solution8y 2 Y
or the homogeneous equatiorx Kx =0 has a nontrivial solution

R
Application to integral equations like x(t) + 01 k(t;s)x(s)ds=y(t) 0 t 1
Remark:  We well prove in Chapter V: 9m 0 such that:
index(1 K)™ =index(1 K)m*!

By Theorem 4 this implies mindex(1 K)=(m+1)index(1 K)
so it follows also index(1 K)=0
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5 Spectral Theory

5.1 Eigenvectors

For this whole chapter: X complex Banach space andk x k = j jkxk8 2 C.
L(X;Y) = fA : X ! Y | A complex linear bounded, X = L(X; C) and
L(X):= L(X;X).

Let A2L(X):

2 Ceigenvalue,9 x2 X x 60 Ax= X
De nition: Let X complex Banach space andA 2 L (x). The spectrum of A
is the set

(A):=f 2Cj 1 Aisnotbhiectiveg=P (A)[ R (A)[ C (A)

P (A)=f 2Cj 1 A isnotinjectiveg

R (A)=f 2Cj 1 Aisinjective andim( 1 A)6 Xg

C (A)=f 2Cj 1 Aisinjectiveandim( 1 A)= X;im( 1 A)6 Xg
(A):=Cn (A)=f 2Cj 1 A is bijectiveg

Remark: X real Banach space,A 2 L (X) bounded real linear operator.
spectrum of A: (A) = (Ac

Ac: Xc! X complexi ed operator

X=X X=X X 3x+liy

Ac(x + iy) = AX + iAy

Example 1: X = "2 3 (X1;X2;X3;:::)and  =( 1; 2;:::) bounded sequence
in C. SetAx :=( 1X1; 2;%2;::), P (A)=1 1; 25009, (A)=P (A)

Example 2: X ='%;D:=fz2Cjjzj 1g
AX = (X2;X3;::) Bx:=(0;x1;X2;::0)
P (A) =int( D) P (B)="?
R (A)=7 R (B)=int( D)
C (A)= st C (B)= st

(A) = D (B)

Lemmal: A2L(X). Then (A)= (A).

Proof:
(1 A =1 A
Claim
A bijective, A bijective (A 1) =(A) !
A bijective , imA closed mA=X kerA=0

ChlV;Thm 2;Lemma 2

point spectrum
residual spectrum

continuous spectrum
resolvent set

, imA weak*closed kerA =0 im A weak*dense

, A bijective

hx ;A lyi

M (A) XA lyi

HA ) x ;AA lyi

A ) *x ;yi8y2 X;8x 2 X

HA 1) x i
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Yy (A x =(A) x 8 2X

Remark:

a)P (A)
)

[ R (A)
R (A [

P (A)

P (A)[ C (A)
C@A) C®A
by P (A) (A)[R (A)
R (A) P
C (A) P

5.2 Integrals
Lemma 2: X Banach spacex :[a;h! X continuous

Zb
)9 I 2X8x 2X :hx;i= I ;x(t)idt

R
Notation: x(t)dt := is called the Integral of x.
a

P
Proof (exercise with hint): Dene , := i:o ! bznax(a+ k(gina))
n = SUPjg j b kx(t) x(s)k! O

Show that: K n+m nk (b a ,8m> 0) , is Cauchy.
Denote :=1Ilim 1 n and check (*). 2

Remark:

R R R
1 x()dt+ x@)dt= x(t)dt

a b a

N

R R R
x(t)+ y(t)dt = x(t)dt+ y(t)dt

3. :[; 1! [a;b Cl-map
x:[a;g! X continuous. Then R)x(t)dt = Rx( (s)) (s)ds
()

R
4. If x :[a;b ! X is continuously di erentiable, then  x(t)dt = x(b) x(a)

a

R R
.A2L(XY)and x s [a;b! X continuous. Then Ax(t)dt= A x(t)dt

a a

(2]

R R
6. k x(t)dtk  kx(t)kdt
a

a
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Proof: By denition: 8x 2 X .

Zb 70
hx ; x(t)dti = hx ; x(t)dt
a a
Zb
jhx 5 x(t)ij dt
a
Zb

kx k kx(t)kdt

Zb
= kx k kx(t)k dt

Now use: R
Zb johox(t)idt
t)dt = 2
XOdt = 38 Tk
a
2
Notation: Let X be a Banach space, C an open subsetf : ! X a
continuous map, and :[a;b! be continuously di erentiable.
R R
Denote: f(z)dz:= f( (1)) _(t)dt2 X
a
Remark:
z
f(z)dz [( ) supa t bkf( (t)k
Zb
I()=jjdt

a
De nition: C open set. X complex Banach spacef : ! X is called
holomorphic if the limit f%z) := lim cani o W exists for everyz 2
and the mapf%: | X is continuous.

Lemma 3: X;Y complex Banach spaces. 2 C open set. A 2 L(X;Y)
continuous. Equivalent are:

(i) A is holomorphic

(i) For every x 2 X and everyy 2 Y the function I C:z 77
hy ; A(z)xi is holomorphic

_ R
(iiiy Proof Bi(zo) = fz2 Cjjz zj rg then A(z) = A 2@ dz

Z Zp

where (t):= zo+r €&€";0 t 1.

Exercise: A: ! X holomorphic) AisC! and
AM(zy) 1 A(2) -
21 @z E dz as in (iii)
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Proof: of Lemma 3 (i)) (ii): obvious
(iiy) (iii): Cauchy integral formula of Complex Analysis.
(iii) ) (i): usual aﬁgument from Complex Analysis.

Denote B := - (ZA(ZZO))Z dz with  as in (i)

Claim For 0< jhj<r andc:=supj, ,j« KA(z)k we have

1 chj
S _ 1 R
This implies A%z0) = 7% 27 d2.
Continuity of A% Exercise.
Proof of Claim
1 iy 1 1 1 1 1
E(A(Z°+h) A(z0)) B = 2i ﬁ(z z h z Zo) (z 20)
A
1 h
S 2T @ iz m mid
1
) k H(A(Zo+ h) A(z)) Bk
1 jhikA( (t)k
— sup - — -
2 OSPT® 28 0 % N
ihj su KA( (t)k cjhj
rotajre2® hj r(r jhj
2

Lemma4: A2L(X)) (A) Cisopen, the function
(A)!IL (X): 7' (1 A) '= R (A)is holomorphic, and

R (A) R (A)=( JR (AR (A)8; 2 (A)

Proof:  Proof of (*)
(1 ARMA) RMANT A=(C1 A (1 A= ) 1) ()

(A) is open:

2 (AN k(1 A) k<1 M1e( ) (1 A) lis bijective,
where ( y=( 1 A)( 1 A ') 1 A bijective) 2 (A)
Also:

k(1 At (1 A) 'k ljj ij(k(llA)A)lkfk Continuity
(*)) lim | R (A) R (A) _ R (A)Z
ComTuny 7' R (A) is holomorphic. 2

Theorem 1: Let A 2L (X), then
1. (A)6 ? and

2. sup j j= lim KA"kn = inf KA"kn =: ra
2 (A) n!l n2N

(Spectral radius, Chapter I, Theorem 11)
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Proof:

1. supjj ra
2 (M)
Let 2Cwithj j>ra) r o<1

Chap LTMIL 1 1A pijective ) 2 (A)

2. 1p sup jj
2 (A)

1 1 .1
R(2) = (z 11 AO) zzezo(,)zz (A)
R: IL (X) = fijz2 (A)g[f 0g

Fact: openand R: !L (X) is holomorphic
Proof: Lemma 4 and removal of singularity for holom. nfOg! C
Or for small z : p
R(z)= z(1 zA) 1= L, z1Ak (Chap. |, Thm. 11
) RUO - an 1
n

Cauchy ihte?ral formula AP 1 %R Sn(i) dz (1)
= Le?it ¢ 2 [0;1] provided z2 Cjjz] 1 )

If r> sup j jthen (2) holds, so

2 (A)

R
kA" k= A BEdz 1() sup SR
jzj= ¢

=1( )t supk(z 1 A) *k=r"sup( 1 A) 'k

"zi= ¢ JI j=r z }

Yk A" 1k cr")k A"k o™l )k ANki rfc&nl*}
11

) lim KA"ks r 8r> sup j j
nll 2 (A)

3. (A)6?
Suppose (A)= ? and so (A)= C.
Pick x 2 X;x 2 X and dene
f:Cl C f()=m&;(1 A) i
Lemma 4 ¢ is holomorphic and
iFO)I Kk x kkxkk( 1 A) Tk R > kAK
Hoyille 't 9y (1 A) '=08 2 C Contradiction

H complex (real inner product) Hilbert space kixk = kxk8x 2 H ,
hix;iy i = hx;yi8x;y 2 H
recover inner product from norm: hx;yi = 3(kx + yk? k x  yk?)
yhixgyi+ hxiyi=0 8x;y2H
De ne the Hermitian inner product :
H H! C(y)!h x;yic by hx;yic = I yi + ihx;yi

a) real bilinear

b) h¢yic = hxyic

c) hx;yic= Myic, hxyyic= hyic

d) jhx;yicj k xkkyk

e) kxk = P hX; Xic
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Proof: Exercise 2

H =f" :H! Cj' complex, lineay

Dene :H! H h(X);yiu nu = Kyic

Riesz Representation Theorem: : H ! H isometric isomorphism
Warning: is anti-linear: (x)= (x) 8 2HS8 2C

The Hilbert space adjoint of a linear operatorA : H'! H is the operator
A :H! Hdenedby PA X;yic:= h;Ayic8x;y 2 H

Remark:
(i) Anew = ! AoId
(ii) ( A )old = A old (A )new = 7A new

(i) (Aga)= (A)  (Anew)= (A)

Proof: 1 An, 2 (1 Ay bijective

new
Lemma 1

, 1 A,y bijective 7, 1 A bijective 2

De nition: H complex Hilbertspace
An operator A 2 L (H) is called normal, if AA = A A, selfadjoint, if A = A
and unitary , if AA = A A=1.

Example 1: H = Ié; AX = ( 1X1; 2X2;::%)
n2C;supj nj<1
n2N
A=A, ,2R
Because = ; pi
>causesp x (1x15 2%z5:0)
X, yic= -1 XaYn
A is normal

Example 2 H =12
AX = (X2;X3;:::) A Xx=(0;Xy;X2;::1)) AA B8 AA

Example 3:  selfadjoint) normal
A unitary (kAxk = kxk8x 2 H) isomorphism) A normal, because
h; A Axi = kAxk? = kxk? ,h y;A Axi = hy;xi 8x;y 2 H

A onto )

, AA=1 A A =1 A=A"
In Example 2 we havekA xk = kxk but A 8 A 1 (A is not onto)

Lemma 5: H complex Hilbert space,A 2L (H)
Equivalent are:

(i) A is normal

(i) kAxk= kA xk 8x2H
Proof:

(i) (i) kAXxk?= bAX;Axic = ;A Axic = X AA Xic
= A X;A Xic = kA xk2

@iy ) () Same argument givedx;A Axic = hx;AA xic 8x 2 H
Yh y;A Axic = hy;AA Xic 8x;y 2 H
) A A=AA 2
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Theorem 2. H complex Hilbert space,A 2 L (H) normal )

() sup jj= KAk
2 (A)

() A=A ) (A) R

Proof:

(i) Claim: kA"k = kAkK"™ 8n 2 N (Then (i) follows from Theorem 1)

_ . 2 _ kAX k? _ A AXi
n=2: KAK® =sup oz = SUP —qz
x60 x60

CS
sup KAAXIKE Lemna s o, KAk — a2k
X 60 X 60
normal always
Yk A2K? k A2k k Ak2
n=2" Induction kA2" k = kAk?"
n arbitrary:

kAKk2" kA2" k KA'kkAZ2" Nk
KAK" = (A 7 = kAKRz™ 7 Ak o K ATK

(i) Assume A=A ,let 2CnR
To show: 2 (A)

Claim: kx Axk® (Im )%kxk?

. Chap. IY Thm 2
Claim "Y

AFA

1 A injective,im( 1 A) closed

1 A injective, so 1 A bijective

Proof of Claim: kx  Axk?®= hx AXx; X AXic

= X Xic hAXXic I AXic+ PAX;AXic

= | jkxk? 2(Re );Axic + kAxk? = (Im )2%kxk? + (Re )?kxk?
2(Re )hx;Axic + kAxk?

=(Im )%kxk?+ k(Re )x Axk (Im )%kxk?

Theorem 3: H complex Hilbert space,A = A 2L (H) selfadjoint. Then
a) R (A)= ? and
b) (1) sup (A) = Supxk=1 X AXi
(2) inf (A) =inf k=1 hX; AXi
(3) KAK = supyyk=1 jhx; AXij

Proof:
aR (A)=7?
2P (A) 1 A injective

., H=ker( 1 A)

= fx2Hjhg i =08 2ker(l A)g

= im@ A)

2C (A)

1) @

replaceA by A.
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(D&(2)) (3)

T 2

=]

kAk sup jj

2 (A)

= maxfsup (A); inf (A)g
W@ sup jhx: Ax i
kx k=1

Proof of (1)  Assume wlog
(4) h;Axi 08x 2 H
(replace A by A + kAk 1).
Clam1: 4)) (A) [01)
Claim 2: (4) ) k AK = sup,, =1 hx; AXi
Claims 1&2) (1)

sup hx; Axi = kAk by Claim 2
kxk=1

sup j j by Thm 2
2 (A)

sup (A) by Claim 1

Proof of Claim 1 Let "> 0. Then8x 2 H:

n 2 “) u 2 H
kxk kxk® + hx; AX i
= "X + AXi

k xk k"x + Axk

) "kxk k "x + Axk8x 2 H
"1+ A is injective and has a closed image (see Chapter V).
AYA "1+ A is bijective

) "2 (A)

Proof of Claim 2 Let a := sup,,x=1 ;Axi k Ak (Cauchy-Schwarz). To
show: kAk a.
For x;y 2 H we have

i Axi = 20+ VA YD X VA Y)i)
) For kxk = kyk = 1:

a %akx yk? %hx y:A(X y)i hy;Axi

%hx + y;A(X + y)i %akx +yk a

)jh y;Axij a8x;y 2 H and kxk = kyk =1

)k Ak = sup jhy;Axij a
kxk=1;
kyk=1
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Remark:  Given any operator T 2 L (H) we have
kTk?® = sup kTxk?
kxk=1

sup hrx; Txi
kxk=1

sup hx; T TxXi
kxk=1

kKT Tk
k T kkTk
k Tk?

Yk Tk suphT Txi ""M3PEA=T Tyr Tk
kxk=1

kTk = P kKT Tk. We can use this to computekTk.

5.3 Compact operators on Banach spaces

X complex Banach spaceA 2 L (X) bounded, complex linear.

Facts
a) ker( 1 A) ker( 1 A)? ker( 1 A)®
b) ker( 1 A)™ =ker( 1 A)™

) ker( 1 A)™=ker( 1 A)"*k8k 0
S
Notation: E =E (A) = :nzl ker( 1 A)™

Theorem 4. A 2L (X) compact

@i 2 (A); 60,then 2P (A)anddimE < 1.
Hence9m 2 N such thatker( 1  A)™ =ker( 1 A)™*L,

(ii) Eigenvalues of A can only accumulate at 0, ie
8 2 (A); 60;9">08 2C:

0<j j<") 2 A

Proof:

@ If 60) 1 Fredholm, index = 0.
C?'V 1 A Fredholm, index =0

Thm A et ither 1 A is bijective ( 2 (A)) or 1 A is not injective
(2P (A))P Moreover: dim(ker( 1 A)™) < 18 m 2 N, because
(1 A= L, % KA k= ™I+ cpet

LetK := AandE, =ker(1 K)"=ker( 1 A)".
To show: 9m such that E;, = Epn+1.
Suppose not. ThenE, $ Ep+18n 2 N

chitgnma gy 2 N9x, 2 E, such that

. 1
kxpk =1 ingl:lkxn xk >

Now: for m<n we have

KXm2Emn En i1 Xn Kxn2E, 2
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Yk Kxp Kxnpk=kx, Fxn K>i£+Kxn}k

2En 1

So (Kx n)n has no convergent subsequence: contradiction!

(i) Let

2 (A); 60.

J'& m2 Nsuchthatker( 1 A)" =ker( 1 A)"*
) Xkl g HT M L 4

= Xo = X1

This is an exercise (use Hahn-Banach).

AX o

Xo AX:1 Xi.

Note: (1 A)™: X! Xjis bijective

open YaPPNGg ¢ 5 08x; 2 X4
kxik  ok( 1 A)"xqk

Choose" > 0 such that forall 2 C:

i j<")k (1 A" (1 A)mk<%

) (1 A)™:X.! X is bijective for j j<"
(1 A™:Xo! Xpis bijective for 6

The rest by induction. Xy is nite dimensional. Ajx, =

) (1 A)™:X ! X only true if bijective!
) 1 A:X ! X is bijective.

H real or complex Hilbert space

Notation:

De nition:
if

Remark 1:

Remark 2:

Remark 3:

Theorem 5:

h;:i real or Hermitian inner product.

A collection of vectorsf e g, in H is called anorthonormal basis
he;gi = j

H =sparfe ji2lg

(2) holds if and only if
8x2H:hei=08121) x=0

H separable, | is nite or countable

X 2 H;fagi2| ONB

) x=  he;xie kxk®=  jhe;xij

i21 i2l

H real or complex Hilbert space. A = A 2 L selfadjoint,

compact. ) A admits an ONB fe g2, of eigenvectors

X
Aei= e, 2R Ax= ihe; xie
i2l
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Proof:
Step 1
Ax=x x 60 Ay=y y 60and 6
Yh x;yi =0
proof
( )h;yi = hx;yi hxyi
= hAX;yi h x;Ayi

Step2 ker(1 A)"=ker( 1 A)8m 1

proof
2R 2P (A) (1 A)x=0
)y O=h (1 A)xi
=h 1 Ax (1 A)xi=kx Axk?
Step 3
*) hx;yi =08y 2 ker( 1 A8 2R) x=0

Ho=fx2H ()3 Ho80 ) Aju, 60
Yk Ajugk2 (Ajug) or k Ajr,k2  (Ajy,

) Aju, has a nonzero eigenvalue, eigenvector. This is also an eigenvector of A:

contradiction! 2
De nition: A C -algebrais a complex Banach spacé\ equipped with
an assoziative, distributive product A AT A ‘(a;b ! abwith a unit

12 A such that kabk k ak kbk

a complex anti-linear involution A!A :a! a such that
(ah =ba;1l =1;andka k= kak

Remark: antilinear: (a) = a ,involution: a = a
Example 1: H complex Hilbert space, thenL(H) is a C -algebra

Example 22 A2L(H)

A = smallest C -algebra containing A

A=A ;p()=a+a +:::+a, " a2C

p(A) = ag+ ayA + i+ apnA" p(A) = ag+ @A+ i+ A"
(PA)(A) = p(A)a(A)

A :=closure(fp(A) jp:R! C)

Example 3: compact metric space

C()= ff: I Cjf continuousg

C -Algebra, sup-norm, involution: f ! f

Goa: A=A ; = (A))A =CO: p(A) p
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Theorem 6: H complex Hilbert space,A = A 2L (H) selfadjoint

= (A (R

=) There is a unique bounded linear operator

C() 'L (H)y: f! f(A) ()
such that (fg)(A) = f (A)g(A); Ir(A) = 14 (1)
f(A)=1(A) 2)
f()= 82 ) f(A)=A (3)

Denote A(f):= f(A)
Then () is the operator A :C() 'L (H)

1): afg)= a(f) al@ A(M)=1
@): a(f)= a(f)
(3): a(id: ! C)=A
Lemmat: H complex Hilbert space,A 2L (H)
p( )= E:o ay Xag 2 C complex polynomial)

P

@) P(A) =PA)P)= ka5 (PA(A) = p(A)A(A)
(i) (p(A)=p( (A)="1p( )] 2 (A)g
(i) A=A )k p(A)kit ( (a) = sup jp( )i
2 (A)

Proof:
(i) Exercise

@i 2 (A),toshowp( )2 (p(A)
The polynomial t ! p(t) p( ) vanishes att =
9 polynomial g such that p(t) p( )=(t )q(t)
) P(A) p()1=(A I)gA)= qA)A 1)
) p(A) p( )1is not bijective ) p( )2 (p(A))

2 (p(A))9 2 (A): =p()
n:=deg(p)) p(t) = a(t 1)ii(t n) aéo
p(A) 1=aA 110 (A n1) not bijective
)9 i such that A i 1 not bijective
) i2 (A),p(i) =0

(i) A=A ") p(A) =p(A)
) P(A) is normal: q(A)p(A) = (pA)(A)) = p(A)A(A)

sop(A)p(A) = p(A) p(A) "k p(A)k= sup |2 sup jp( )]
2 (p(A)) 2 (A)

Remark 1:  If p( )= q( )8 2 (A); then p(A) = g(A)
i.e. the operator p(A) only depends on the restrictionpj (a)

Remark 2. Whyis P():= fpj jp:R! C polynomialg dense inC()?
Stone-Weierstrass:
P () is a subalgebra of C()
P () seperates points (i.e. 8x;y 2 ;x6y9p2 P()s.t. p(x) 6 p(y))
P2P() ) P2P()
) P()isdensein C()
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Proof of Theorem 6:

1. Existence: Givenf 2 C() ; construct f (A) 2L (H)
By Remark 2, 9 sequencep, 2 P () such that ILrp1 kKf pnker(y =0

pn is a Cauchy sequence irC()

Lemmf e pn (A) is a Cauchy sequence il (H)
kpn(A)  pm(A)k=kpn  pmKkL: ()

) pn(A) converges inL(H)

Dene f (A) := rI]ier pn (A)

(This is the only way of de ning f (A), so we have proved uniqueness)

2. T (A) is well-de ned
If g, 2 P() is another sequence converging uniformly to f , then
kpn(A)  Gh(A)k=kpy ki) ! O
So lim pn(A) = lim " 6 (A)

3. f is linear, continuous and satis es (1), (2), (3)

P! fan! q

) P! fgipnta! f+g

) (fg)(A)= M pach(A)= lim pa(A) im ch(A) = T (A)g(A)
Same for addition and forf (tA) = tf (A)

1(A)=1
f I f(A) bounded, indeedkf (A)k = kf k.1 (y = sup jf( )j
2 (A)
True for f = p2 P(); pa! f
Yk f(A)k= lim kp,(A)k= lim kpnk_: ()
n'l n'i

(2) and (3)

(2) obvious, (3) true for polynomials, take limits 2
Theorem 7: LetA=A 2L(H); = (A) Randf 2C() )

i) (A= 1((A)

(i) kf(A)k=kfk.1

@iy Ax=x) f(Ax="f()x
(v) AB =BA) f(A)B = Bf (A)
(V) If f() Rthenf(A)=f(A)
(viy f O,h x;f(A)xi 08x2H

Proof:

(i) already proved, also follows from (i)

(iii) true for polynomials, hence true in the limit
(iv) true for polynomials, take the limit

(v) Use Theorem 3:
inff()=inf  (f(A)) =inf hx;f (A)xi

vi) (fF(A) f()
Let 2 f()
Dene g( ):= f(§ D2
) off  )=(f )g=1
) 9A)(F(A)  1=1=(f(A) 1)g(A)
) f(A) bijective, i.e. 2 (f (A))
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f() (f (A))

Let 2 = (A):Clam: f()2 (f(A))

Suppose not

) f()1 f(A)is bijective

Pick a sequence of polynomialg, 2 P() such that kp, fkii¢y ! O
) £C)1 f(A)=lim (pa( )1 pn(A)) (in norm topology)

) pn( )1 pn(A) is bijective for n large

Pn( ) 2 (pn(A)); this contradicts Lemma 6 (ii)

5.4 Spectral Measure

Let A=A 2L; = (A) R. We have de ned
C() = fcontinuous functionsf : ! Cg
B() = fbounded measurable functions: ! Cg
F() = fbounded functiond : ! Cg

kf k := sup jf ( )]
2

Remark 1: C() B() F () closed subspace andF () is a Banachspace.

Remark 2:  We take a sequencd, 2 F() bp-convergesto f 2 F() i

supkfok< 1; f( )= lim fa( )8 2
n2N n'l

We write
f = bp'llm n!l fn

1. B() is closed under bp-convergence.
2. C() is bp-dense in B().

Therefore

Remark 3:  B() is the smallest C -subalgebra inF () so that
1. C() B()
2. B() is bp-closed.

Recall from Theorem 6 that 9! continuous C -homomorphism A : C() !
L(H) so that

a(id)= A

Theorem 8: 9! C -homomorphism 4, :B() !'L (H) such that
L.Iff( )= 8 2 then A(f)=A.
2.k a(f)k k fk8f 2B()

3. f =bp-lim,; fn ) a(f)x=1limp; a(fr)x8x 2 H
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Remark: Let A, 2L(H)and A 2L (H). We say A,, convergesstrongly to
A if
Ax = lim Apx 8x2H
n'l
A, convergesin norm to A if

im KA Apk=0
n'l

Fact Norm convergence) Strong convergence.
Proof of Theorem 8, only sketch:

Existence

1. For every x 2 H there is a unique real Borel measure x on such that

y
b a(f)xic= fdy 8f 2C()

Namely
freal Borel measures on g= C( ;R)

=f :C() ! Cj complexlinear, bounded (f)= (f)8fg

That was discussed in detail when we introduced the dual space.

Therefore for every bounded complex linear function : C() ! C with
(f)= (f) 9! real Borel-measure on so that
z

(fy= fd 8f 2C()

Example «(f):= hx; a(f)xi.
(a)

x(f) e a(F)xi
hx; () xi
h A (f)x;xi
hx; A (f)xi

x(f)

(b)
ix(B)i = a(F)xi
k xk k a(f)xk
kK a(f)k kxk?
by Theorem 7 = kfk kxk?

This concludes the proof of the rst statement: Choose  so that
Z
«(f)y= fd 4 8f 2C()
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2. 9! complex linear operator 5 :B() 'L (H)sothatk Afk k fk8f 2

B() and 7

hx, a(f)xic= fdy 8f 2B
Namely: Letf : ! R be bounded and measurable. The mapi H !
R, 0

| Z Z
(y;x)7!Z@ fd ey fdy A

is bilinear and symmetric and bounded (which we will not verify).
Dene A(f) by

0Z 7 1

o1
hy; a(f)xi ::Z@ fd gy fdy A

z
Yhx; a(f)xi= fdy kfk kxk?

Yk a(f)k= sup jhx; a(f)xi k fk
kxk=1

This is the end of the proof of step 2.

Proof: Forf =f;+if,: ! C bounded measurable de ne
A(f)= a(f)+ 1 a(f2)

Exercise: A :B() 'L (H)is a C -algebra homomorphism

LfaPE)  a(fa)! alf) R
Ey Lebesgue dominated convergencs:llinhx; a(fo)xi =lim  fod « =

sigmafd x = hx; A(f)xi8x2H
Yhy: a(f)xi=lim ty; a(fa)xi 8xy2H
Also: k A(f)xk?=mx; A(f) a(f)xi =t A(ff )xi = lim fx; Afnfo)xi =

Tim K a(fo)xK? chap- I (F)x = lm  a(fa)x 8x2H
Here we use: Ifhn2Hand 2H, '.i{ﬁ hx; i =hy; i 8y2H,
nt
nI|i{“n k nk= k kthen nIlilm K n k=0. Apply thisto  := a(fp)X

Uniqueness: C() is bp-dense in B() 2

Exercise:
@ f 0) a(f) Oie.hx a(f)xi 0and A(f) selfadjoint
(i) Ax=x) a(f)x=1()x
(i) AB=BA) aA(f)B=B a(f)
Notation: f(A):= a(f)

Theorem 6: "continuous functional calculus"
Theorem 8: "measurable functional calculus”
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Remark:
1. Recallhx; A(f)xi = R fd
2. f continuous) k A(f)k= kfk
3. f bounded measurable k a(f)k= kfk

Warning:  B() 6 L' ( ; &)
Literature: Reed-Simon

Spectral projections

Let be a Borel set. De ne
_ 1 2
():= 0 2 n
Then 2 B()and 2 = = ) The operator P = A( )is an

orthogonal projection: P2 =P =P

Corollary: The orthogonal projections P 2 L (H) satisfy the following con-
ditions:

(i) P, =0 P =1

@i Py ,=P P,

s
(i) = Ty o (= ?k6 |

i \
|
) P x=lim " p, P x 82H
n:

Proof: Theorem 8 2

R compact set
B() 2 Borel -algebra
The mapB() !L (H) satisfying the axioms of the corollary above, is called a
projection valued measured on. The projection valued measure of the corollary
is called the spectral measure ofA

Remark:  From the spectral measure we can recover the operatoA via
z

«x()= bh¢P xi andhxf (A)xi = fd

Example: A compact and self-adjoint

= f o 1500¢ n! 0=0

E, = kerﬁ fl A); P, 2 (H) orthogonal projection onto E,
f(AX= " 5 f( n)Pnx

X
"P = Pn " (not convergent in the norm)

n2
De nition: x 2 H is called cyclic for A, if sparfx;Ax;:::g=H

Theorem 90 A= A2L(H);x2H cyclic
)9 Hilbert space isometry (unitary operator) U : H ! L?( ; ) such that

(VAU *f)( )= f ()
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R
Proof: x Borel measureon denedby fd 4 = f (A)xic 8f 2 C()

Claim: 9 isometric isomorphismU : H ! L?( ; ) such that
H ! H

2 A 2
? ?
vy yu ( £)()=f()
L2 1 L2

Dene T:C() ! HbyTf := A(f)x

KTEK2 = k A(fF)xk2= h A(F)x; a(f)xi

=h; a(f) a(f)xi=hg a(f) a(f)xi ()

Z Z

=hx; A(ff )xi=  fid x= jfj?d x = kfk%;

Recall: C() dense in L2( : )

S ‘1 extends uniquely to an isometric embeddingT : L?( ; 4x)! H

Claim: T is surjective: f( )= ") a(f)= A") Tf = A"x

HenceA"x 2 imT8n 2N

X c)VCI'C imT  sparf A"xg is dense inH

Moreover kTf ky = kf k- 8f; soT is injective and has a closed image

) T is bijective U:= T 1

To show: UAU ' = orequivalently AT =T

ATf = A a(f)x= a(id) a(f)x= A(df)x=T(@{df)=T f 2

Remark: In genergl, if A = A 2 L(H) and H is separable9 orthogonal
decomposition H = « Hk such that AH, = Hy and Ajy, admits a cyclic
vector.

Exercise: A compact and selfadjoint)
9 cyclicx 2 H, every eigenspace oA is 1-dimensional
Similar to the following example:

Example : A=A 2C" " A :KT;hx;yi;Fn 7Y,
9 ONB ey;:::e, of eigenvectors ofA; Agj = ;g JJ-:12 R
Assume ; 6 | for k6 j, then (LA) x = & is cyclic.
Afx = i i e -
= f 1000 ag f(A) =,Fa1f( ihei; ie

c()= L*) =C )
x 1S de ned by
R P . .
fd x=hf(A)xi f( i)hg;xihx; eji = f(i)
P, i=1 i

P
Example 22 H = 13(Z) = fX = (Xn)n2z jxnj? < 19
n=1

(LX)n = Xp+1 (L X)n = X 1

A=L+L selfadjoint (A)=[ 22]andH = H&" Hod

where H® := fx j X , = x,g and H°¥ := fx j x , = Xx,g are invariant
under A
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(AX)n = Xn 1+ Xp+1
X& = (:::0; |{2.} :0:::) and x°% :=(:::0;0; 1; |{9} ;1;0;0:::) cyclic vectors
for A]H ev ;AjH_od: o
P .

Dene U:H ! L2([0;1]) by (Ux)(t) := X €2 Nt

n=1
(ULx)(t) = e 2" (Ux)(t) (UL x)(t)= &" (Ux)(t)
(UAU f)(t) =2cos(2t)f (t)
A multiplication operators on L2([ 2;2]; 1) L2( 22]; »)
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6 Unbounded operators

X;Y Banach spacesP X dense,A:D ! Y closed graph
For x 2 D; kxka := kxkyx + kAxky graph norm
Then (D; k ka) is a Banach space andA : D! Y is bounded

In Spectral theory one studies 1 A :D ! X whereX Banach space,
D X dense subspace anéd : D! X linear

Recapitulation
1. graph(A) = f(x;Ax)jx2Dg X X
A closedfief graph(A) is a closed subspace ok X

2.B : dom(B) ! X is an extension of A, if dom(A) dom(B) and
Bjdom (A) =A

3. A is closable if A admits a closed extension

4. A is closable, graph(A) is a graphi.e. (Oy) 2 graph(A)) y=0
Denote by A the smallest closed extension of\, graph(A) = graph(A)

5. R" open,X = LP()1 <p< 1 D:=C}();
A:D ! X dierential operator
) A is closable

Adjoint Operator

A :dom(A) ) X densly de ned linear operator on a Banach space. The adjoint
operator A :dom(A )! X is de ned as follows:

dom(A ):= fy j9c> 08x 2 dom(A) jhy ; Axij  ckxkg

Fory 2 dom(A ) the linear functional dom(A) ! Rx!h y ;Axi is bounded
)9 x 2 X suchthat hx ;xi = hy ;Axi8x 2 dom(A)

Dene Ay =x

Note that PA y ;Xxi = hy ;Axi x 2 dom(A);y 2 dom(A )

Remark 1. Lety 2 X ,then

9c 08x 2 dom(A) jhy ;Axij  ckxk

,9 x 2 X suchtthat hx ;xi = hy ; Axi

In this case we havey 2 dom(A );x 2 dom(A)

Remark 2. (y ;x )2 graph(A ),h x ;xi = hy ;Axi8x 2 dom(A)
Jh x5y )i (xAX)i =08x 2 dom(A), ( x ;y )2 (graph(A))’
Hence graph@ ) X X = (X X) is always weak-closed

Remark 3: A closable) graph(A)? = graph(A)? = graph(A)?
Rej‘ﬂ. 2 K — A
Lemma 1: X reexive, A : dom(A) ! X densely de ned linear operator.
Then
(i) A s closed
(i) A closable, dom(A ) is dense inX
(i) A closable) A = A and

X dom(A) !

n
?

y
X dom(A ) ! R X

<00 X
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Proof: DeneJ:X X! X X byJXxy)=( y;x)
Then by Remark 2, graph(A ) = ( J graph(A))? = J graph(A)?
J(xiy)=(y: x)
(iiiy (J graph(A ))? =graph(A ) and
(3 graph(A ))? =(graph(A)?)? = x x(?(graph(A)?))= x x (graph(A))
(i) Assume dom(A ) is dense
Let (0;y) 2 graph(A) )9 x, 2 dom(A) such that x, ! 0O; Ax, ! vy
)8 y 2 dom(A ) we havehy ;yi = r!ilrln hy ;Axni = r!i|r1n hPAy ;xni =0

dom( A, ) dense

) y=0

Proof: of Lemma 1 (continued) X Banach space,A : dom(A) ! X linear,
dom(A) X dense supspaceX re exive.
A closable) dom(A ) is dense inX .

1. graph(A)? = f(x ;y )2 X X jhx ;xi+hy ;Axi =0g8x 2 dom(A) =
f( Ay;y)iy 2dom(A )g
2. graph(A) =7 (graph(A)?)
3. (x;¥) 2 graph(A)
h X ixi + hy ;yi =08(x ;y ) 2 graph(A)?
o Ay ;xi+h ;yi =08y 2dom(A)
4. BecauseX is re exive we have: dom(A )= X , ? dom(A )=0.
5.y 27 dom(A )
Yhy ;yi=08y 2dom(A)
)" (0;y) 2 dom(A)
A cljJsabIe y = 0

Remark 1:  The spectrum of an unbounded operatorA : dom(A) X ! X
is de ned exactly as in the bounded case:
(A)=f 2Cj 1 A:dom(A)! X is bijectiveg

(A)=Cn (A)
P (A)=f j 1 A notinjectiveg
R (A)= j 1 Anjective;im( 1 A)6 Xg

C (A= j 1 ainjective;im( 1 A)= X;im( 1 A)6 Xg

Remark 2. X re exive, A : dom(A) ! X closed, densely de ned.

imA? =kerA 7 (imA )=ker A
imA =7 (kerA ) imA =(ker A)’

Remark 3:
(A)= (A) C(A)=C (A)

R(A) P (A) R(A) P (A
PAIRMA=P (A)IR (A)
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P
Example 1: X = 23 x = (x1;x2;x3;::) D:=fx2°2j 1 nZx,j?<
1g
AX :=(2%2;3x3;::) A:D! “Zclosed.
(

P(A)=C3 x =(; 5ig::02D Ax = x

Example 2:  Ax = (Xg;2Xz;3X3;:::). Eigenvectors: e, :=(0;:::;0; 1 ;0;::2)
Ae,=ne, P (A)= (A)=N

Lemma 2: X complex Banach space.D X dense subset. A : D ! X
closed operator. Assume o2 (A) (then R j(A):=( o1 A) 1:X! D X
is bounded, cf. Closed Graph Theorem). Then the following holds:

i) If 2Cnf ogthen
ker( 1 A)=ker( —t-=1 R ,(A))
im( 1 A)=im( -1 R ,(A))
i) (A)=f 2Cn oj -2 (R ,(A))g. Same forP ;R;C

i) (A)isopen,themap (A)!L (X;D): 7!R (A)is holomorphic, and
R (A) R (A)=( JR (A)R (A)8; 2 (A). Here D is equipped
with the graph norm of A: kxkp := kxkyx + kAxkyx for x 2 D.

Proof: 6 o.

1 A = 01 A+( 0)1
= (ol A)I+(  o)R ,(A)
ol AX “1+R ,(A)
= (o ) ol AX 01 1 R, 1 R,(A)
1A ) ()i
Proof of (i) ]  of KR (A)k<1) 1 (  o)R ,(A) bijective

§9 1 A=@ (  oR.A) ol A):D! X is bijective
Hence (A) is open.

) 1 1
R (A) & Ro(——1 R,(A)*
0 0
So (A)IL (X;D): 7!'R (A) is holomorphic. 2
De nition: A closed, densely de ned unbounded operatorA : dom(A)

X 1 X is said to have acompact resolventif (A)6 ? andR (A): X ! X is
compact8 2 (A).

Remark 4: 02 (A) R ,(A) compact.
) R (A) compact8 2 (A), because

R (A)= Ez}o f1+( ° )R (A)i

compact bounded

Remark 5: Suppose (A) 6 ? and let D := dom(A) be equipped with a
graph norm. Then:

A has a compact resolvent the inclusion D ! X is compact
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Remark 6: A :D =dom(A)! X closed, densely de ned.
X0:= X kxkg = kxkx
X1:= D =dom(A) kxki := kxkyx + kAxky
X2:=fx2DjAx 2 X1 kxky := kxk + kAxk + kA2xk
X3:=fx2 D jAx 2 X,g and so on with

X3 X2 x1 XO

Assume (A)6 ?,let o2 (A)anddenoteT := o1 A. ThenT :X*11
XX is an isomorphism for allK and s
Moreover: (1 A)™ :X™! X%andker( 1 A)™ X! =71 XM And:
if the inclusion X1 1 X is compact, then X **1 I Xk is compact 8k.
Lemma 3: A :dom(A)! X closed, densely de ned, compact resolven}

@ (A)=P (A)

S

(i) The spaceE (A) = #:1 ker( 1 A)™ is nite dimensional 8 2 (A).
(i) (A) is discrete.
Proof: Let o2 (A)anddenoteK := R ,(A)2L(X). Let 2 (A)) 6
oand = —-2 (K)
Moreover: 60 and E (A)= E (K) nite dimensional. ) (i);(ii) see Ch IV.

Let 2 (A) L6 86 M
) 0= 2 (K)

A T I Y 2

X = H Hilbert space and dom@A) H dense subset
A :dom(A)! H closed linear operator.

De nition: The Hilbert space adjoint of A is the (closed, densely de ned)
operator A : dom(A ) ! H given by dom(A ) ;= fy 2 H j9c 08x 2
dom(A); jhy; Axij ckxkg with A 'y := z, wherez 2 H is the unique vector
with hz;xi = hy; Axi.

Remark 7:  Aclosed) A =A

De nition:

a) A is called self-adjoint if A = A, ie. dom(A ) = dom(A) and A* =
Ax8x 2 dom(A)

b) A is called symmetric if hx; Ayi = hAX;yi8x;y 2 dom(A).
Remark 8: A symmetric) dom(A) dom(A )and A jgom(a) = A.

Lemma 4: A :dom(A)! H densely de ned, self-adjoint)
i) (A) R

ii) If in addition, A has a compact resolvent, then (A) = P (A) is discrete
subset ofR and H has a ONB of eigenvectors ofA.

Proof: Easy exercise. 2
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Exercise 1: A 2L(X);U Copen, (A) U
f :U! C holomorphic, a pathin U around (A)

f(A) = % f() 1 A 'd

Prove:
() fg(A)=f(A)9(A); 1(A) =1 id(A)= A

(i) (A)= o[ 1 o; 1compactand disjoint
_ 0 2
FC)= 1 2y
where Ug; U; are disjoint open sets,U; containing |
) P:=f(A)satises P2=P PA= AP
Xo:=kerP Xi:=imP,s0X = Xy, Xjand (Ajx,)= |

What is  WLP([0; 1])? R
WLP([0;1]) := ff :[0;1]! Rjf cont. 9g 2 LP([0;1]) : f (x) = f (0)+ OX g(t) dt 8xg
kf kw e = Roljf (X)jP dx + Roljg(x)jpdx ’

Fact: f 2 WLP ) f is dierentiable almost everywhere and f{x) = g(x) for
almost all x 2 [0; 1]

Warning: f almost everywhere di erentiable

f_2 LP; f 2 WP (Cantor-function)

R
Remark: g2L% [gt)dt=08x2[0;1]) g O ae.
(measure and integration)

De nition: A function f : [0;1] ! R is said to have bounded variation if
Varp.q;f < 1 where
D4 1
Varp. f = sup if (ti+r) ()]

O=tp<t ;<iiit =X i=0

sin(%) is not of bounded variation

' . Pm 1 R1 R
f(u)=lim o 2o u(t)(f(tiva) f(t)= ,ud = ud;
where 0=ty <t;<:::<tp=21land :=maxXijtj+ tj
|

Exercise 2: BV := ff :[0;1]! R f is of bounded variation and right continuousg
kf kBV = ]f (O)J + Var [0;1]f
Prove BV is a Banach space

Exercise 3: Every (right continuous) function of bounded variation is the
di erence of two monotone (right continuous) functions.

Hint: Denote F(x) := jf (0)j +Var o f

Show that F f are monotone, right continuous.

fo=E0 f=f" f

Exercise 4:

a) f :[0;1]! R monotone, right continuous,f(0) 0
9! Borel measure ¢ on [0; 1] such that ¢ ([0;x]) = f (x)

b) f 2BV )9 ! Borel measure ; suchthat ¢ ([0;x])= f(x) 8x2[0;1]

c) f(x)= ROX o dt8x 2 [0;1], g2 L?
) (E)= cgd Lebesgue measure
hint for a): construct outer measure ;
(@) =lim f(t) f(a)  ¢(open sets)
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Exercise 5 : f 2 BV;F(x):= jf (0)j +Var px;f )

N Jji= F

; Ry Re. o

(i) f(x)= go(t)dt) F(x)= g jg(t)jdt
Hint: () ) (i) P:=fg>0g N :=fg<0g R R
)i fi(E)= ((ENP)  ((E\N)= 50 g y9= ¢lid ()

) FOO= e(0:x) 2 iqoix) € g
Proof of (i): Easy ¢ (0;x]) | rj(0;x])
Hard" "

Exercise 6: f 2 BV. Equivalent are:
M
R
(i) 9g 2 L([0;1]) such that f (x) = (;( o(t) dt

(i) f(0)=0and f is absolutely continuousi.e.
8'>09 > 08n2 N0 s;<t;<s,<tp<:ii<s,<t, 1

X
i sij< ) jtt) f(s)j<”

i=1 i=1
Hint: First assume f is monotone

Remark:
R
a) f abs. continuous, f isdi.ae., f 2 LYandf(x)= f(0)+ (;(f_(t) dt 8x
b) WLP([0;1]) = ff :[0;1]! R f abs. continuous,f 2 LPg
1

Kfkwie = KEKB+ Kfikp °

Lemma: p> 1 The inclusion WP ([0;1])! C([0;1]) is a compact operator

1

. . . Rt . Rt . . Rt . . P s
Proof: jf(t) f(s)j=] ¢ fLv)dy s JLv)jdv SJHV)jPdv "t sja

1 1 -
14 1=
p q 1

if(t) f(s) k fkuejt sjd
) The setff 2 WP jkfkw:» 19 is bounded and equicontinuous, so the
result follows from Arzla-Ascoli 2

R,
Example: H = L?([0;1];C) H;gi= Olfgdt
D := ff 2 WE([0:1])j f (0) 2 R:f (1) 2 Rg
Af = if—

Exercise 7: A is selfadjoint, (A)=2 Z
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