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1 Complex Lie groups

Definition 1.1. A complex Lie group is a Lie group G equipped with the
structure of a complex manifold such that the structure maps

GxG—G:(gh)—gh, G—-Gigmg
are holomorphic.

Lemma 1.2. Let G be a connected Lie group. Assume that the Lie algebra
g := Lie(G) is equipped with a complex structure

g—g:{— i
and define the complex structure J on G by
Jgv = (ivg™')g

forv € T,G. Then the following are equivalent.
() (G, J) is a complex Lie group.
(ii) The Lie bracket g x g — g : (&,m) — [£,n] is complex bilinear, i.e.

i€, m] = [£,in] = i[¢, 0]

forall &, n € g.



Proof. For £ € g define the vector fields X¢, Y € Vect(G) by
Xe(g) =89, Yelg) = g€
We prove that
JXe = Xie,  (Lx,J)Xe = Xiewjiiens  Lvid = 0. (1)

Here the first equation is obvious from the definitions. The second equation
follows from the first and the identities [X¢, X;] = X, and

(Lx,))Xe = Lx,(JXe) — JLx, Xe = [J X, X, — J[Xe, X,
for £, € g. To prove the last equation in (1) note that
Jon(vh) = (Jyv)h

for all g,h € G and v € T,G. Hence the diffecomorphism G — G : g — gh
is holomorphic for every h € G. Differentiating with respect to h gives
Ly, J = 0 for every £ € g. Thus we have proved (1).

That (i) implies (ii) follows immediately from (1). Conversely assume (ii)
and denote by N; the Nijenhuis tensor of J. Then, for all £, € g, we have

NJ(XS’XU) = [XS’XU] + J[JXS’XU] + J[Xfa JXn] - [JX& JXU] = XC

where
¢ =& n] +ili&, n] + i[g, in] — [i€, in] = 0.

Here we have used (1) and (ii). Since the vector fields X, span the tangent
bundle this shows that N; = 0 and so J is integrable. It follows also from (ii)
that

g7 (i€)g = i(g'¢9)
for all ¢ € g and g € G (see Lemma 1.3 below) and hence

Jgv = (ivg™)g = g(ig™'v) (2)

for g € G and v € T,G. This implies that the multiplication map is holo-
morphic. Since 1 is a regular value of the multiplication map its preimage
is a complex submanifold of G x G and it is the graph of the map g +— ¢g~*.

Hence this map is holomorphic as well. This proves the lemma. O



Lemma 1.3. Let G be a connected Lie group and A : g — g be a linear map
on its Lie algebra g := Lie(G). Then the following are equivalent.

(i) For all € € g and g € G we have A(gég™") = g(A&)g~".
(ii) For all £,m € g we have A[¢,n] = [AE,n] = [, An].

Proof. To prove that (i) implies (ii) differentiate the itentity

Alexp(t&)n exp(—t€)) = exp(tS)(An) exp(—t€)
with respect to t at ¢ = 0. To prove the converse choose a path g : [0,1] — G
such that ¢(0) = 1 and an element ¢ € G. Define the maps 7,¢ : [0,1] — ¢
by
n:=g'¢y, (=g (Ag.

Since 0,(9~'¢g) = [97'€g, 97" g] we obtain

0(An) + (979, An] =0, aC+[97'9,¢),  An(0) = ¢(0) = A¢.
Here the first equation follows from (ii). It follows that An(t) = ((t) for all ¢.
This proves the lemma. O
Theorem 1.4. Let G be a compact connected Lie group and G¢ be a complex
connected Lie group with Lie algebras g := Lie(G) and g¢ = Lie(G®). Let
t: G — G° be a Lie group homomorphism. Then the following are equivalent.

(i) For every complex Lie group H and every Lie group homomorphism p :
G — H there is a unique holomorphic homomorphism p¢ : G¢ — H such that

p=pou:

G - Glrc.
\\ch
H

(ii) ¢ is ingective, its image (G) is a mazimal compact subgroup of G¢, and
the differential du(1) : g — g maps g onto a totally real subspace of g°.

Definition 1.5. A Lie group homomorphism ¢ : G — G¢ that satisfies (i)
and (ii) in Theorem 1.4 is called a complexification of G.

Theorem 1.6. Every compact connected Lie group admits a complezifica-
tion, unique up to canonical isomorphism.

Example 1.7. The inclusion of U(n) into GL(n,C) is a complexification.
The polar decomposition gives rise to a diffeomorphism

¢:U(n) xu(n) — GL(n,C),  ¢(g,n) = exp(in)g



2 First existence proof

Theorem 2.1. Let G C U(n) be a connected Lie subgroup with Lie algebra
g C u(n). Then the set

G :={exp(in)g|g € G, n € g} C GL(n,C)
is a complex Lie subgroup of GL(n.C) and the inclusion of G into G satis-
fies (ii) in Theorem 1.4.
Proof. The proof has nine steps.
Step 1. G° is a closed submanifold of GL(n,C).
This follows immediately from Example 1.7.
Step 2. 1€ G° and T1G = g G ig =: g°.

For &, m € g consider the curve (t) := exp(itn) exp(t§) € G°. It satisfies
4(0) = & 4+ in. Hence g¢ C T3G¢ and both spaces have the same dimension.

Step 3. T, G¢ = kg® for every k € G°.

Both spaces have the same dimension, so it suffices to prove that T;,,G¢ C kg°.
Let ¢ be the diffeomorphism of Exercise 1.7. Fix an element (g,7) € G X g
and let

k= ¢(g,n) = exp(in)g € G°.

Then, for every £ € g, we obviously have do(g, n)(g€,0) = exp(in)gé € kg°.
Now let 1 € g. We must prove that

do(g,n)(0,7) € kg“.

To see this consider the map ~ : R? — G¢ defined by

v(s,t) == ¢(g,t(n + s1)) = exp(it(n + s1)))g

and denote
£:=7"0, n=7""0.
Then 7(s,t) = g~ Yi(n + sn)g € g for all s,t and

3t€:5577+ [5777]7 5(570) =0.

€ g° this implies £(s,t) € g° for all s,¢ and, in particular,
=7(0,1)£(0,1) € kg®. This proves Step 3.

Since 7(s,

t)
de(g,m)(0,7)
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Step 4. Let a € GL(n,C). Then a € G° if and only if there exists a smooth
path o : [0,1] — GL(n, C) satisfying a(0) = 1, a(1) = a, and o(t)a(t) € g°
for every t.

To prove that the condition is necessary let a = exp(in)h € G¢ be given,
choose a smooth path g : [0,1] — G with g(0) = 1 and ¢(1) = h, and define
a(t) = exp(itn)g(t) = ¢(g(t), tn). This curve satisfies the required conditions
by Step 3. To prove the converse suppose that « : [0,1] — GL(n,C) is a
smooth curve satisfying «(0) = 1, a(1) = a, and a(t) " *&(t) € G¢. Consider
the set

I:={tel0,1]]a(t) € G}

this set is nonempty, because 0 € I, and it is closed because G¢ is a closed
subset of GL(n,C), by Step 1. To prove that it is open, denote n(t) :=
a(t)~ta(t) € g¢ and consider the vector fields X; on C™ " given by X;(A) :=
AE&(t). By Step 3, these vector fields are all tangent to G¢. Hence every
solution of the differential equation A(t) = A(t)n(t) that starts in G¢ remains
in G° on a sufficiently small time interval. In particular this holds for the
curve t — «(t) and so I is open. Thus I = [0, 1] and hence a = a(1) € G°.

Step 5. If a € G¢ and & € g° then a™'€a € gC.
Choose a : [0,1] — G as in Step 4. and denote

C(t):==a(®) '¢a(t),  n(t) = a(t)"'at).
Then
C+m¢=0,  ¢0)=¢eg"
Since n(t) € g° for all ¢ this implies that ((¢) € g° for all ¢ and, in particular,
a~'¢a=((1) € g
Step 6. If a € G¢ and € € g° then afa™! € g°.

The linear map £ — a~'€a maps g° to itself, by Step 5, and it is injective.
Hence the map g¢ — g°: € — a~'€a is bijective and this proves Step 6.

Step 7. Ifa,b € G° then ab € G°.

Choose two curves a, 3 : [0,1] — G€ as in Step 4 with «(0) = 4(0) = 1 and
a(l) = a, B(1) = b. Then the curve v := af : [0, 1] — GL(n, C) satisfies

Y =078+ 8 o ),
By Step 5, we have (t)"14(t) € g¢ for all ¢ and hence ab = (1) € G¢.
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Step 8. Ifa € G¢ then a™! € G¢.
Let « as in Step 4 and denote y(t) := «(t)~'. Then

—1.- d -1 .1

-1
=a—a = —aa  =oa(-«
T =ag (

a)at.

By Step 6, we have y(t)"'4(t) € g° for all t and hence a™! = (1) € G*.
Step 9. G is a maximal compact subgroup of G€.
Let H C G be a subgroup such that G C H. Choose an element h € H \ G.

Since H C G, there is a pair (g,n) € G X g such that h = exp(in)g. since
G C H and H is a subgroup of G¢ we have

P :=exp(in) € H.

The matrix P is Hermitian and positive definite. Since h ¢ G we also have
P ¢ G. But this implies 7 # 0 and so at least one eigenvalue of P is not
equal to 1. Hence the sequence

P* = exp(ikn) € H, k=1,2,3,...

has no subsequence that converges to an element of GL(n,C). Thus H is not
compact and this proves the theorem. O

The tangent space of the submanifold G¢ C GL(n,C) in Theorem 2.1 at
the identity element is obviously equal to

TG =gdig = g°

Since G°¢ is a subgroup we have that, for every pair 1,17 € g, the curve
t — exp(—in) exp(in + tin) lies in G and hence

A(n)h == % exp(—in) exp(in + tif) € g°.
t=0

It turns out that A € Q!(g,g°) is a flat connection 1-form that satisfies
A(n)n = i whenever n and 7 commute. Conversely, Theorem 3.5 below
shows that, for any Lie algebra g, the connection A is uniquely determined
by these conditions and that the group multiplication on G x g can be recon-
structed from A. This gives rise to a construction of a complexified Lie group
for any compact connected Lie group G that does not rely on an embedding
into the unitary group.



3 Second existence proof

Definition 3.1. Let X be a connected smooth manifold and g be a Lie
algebra. A flat connection A € Q'(X,g) is called an infinitesimal group
law if it satisfies the following conditions.

(Monodromy) The monodromy representation of A is trivial, i.e. for any
two smooth paths v : [0,1] — X and ¢ : [0, 1] — g we have

CH[AMA =0, 7(0)=~(1) = ¢(0) =¢(1).

(Parallel) A(x):T,X — g is a vector space isomorphism for every x € X.

(Complete) The vector fields Y, € Vect(X) defined by

Az)Ye(x) = €

are complete, i.e. for every smooth path R — g : t — £(¢) the solutions
of the differential equation (t) = Y (7(t)) exist for all time.

Example 3.2. Let G be a Lie group with Lie algebra g := T1'G = Lie(G).
Then the 1-form A € Q(G, g) defined by

is an infinitesimal group law. The vector fields Y, are given by Y¢(g) = g¢
and the curvature Fy € Q*(X, g) is

Fa(Ye,Yy) = dA(Ye,Y,) + [AY,, AY))]
= EYg (AYn) - EY,7 (AYE) + A[Yﬁa Yn] + [Sv 77]
=0

for £&,m € g. Thus the connection is flat. The (Monodromy) condition holds
because, for any path ¢ : [0,1] — G, the solutions of the equation

E+197'9,¢ =0

have the form

§(t) = g(t) 'Sy (t).



Example 3.3. Let g be a Lie algebra. Then there is a unique flat connection
A € Ql(g, g) such that

£é=0 = A©)E=¢ (3)

for all & ,é € g. In general, this connection is not an infinitesimal group
law. The idea behind this example is as follows. If we have a Lie group G
with Lie algebra g we might attempt to reconstruct the group multiplication
locally as an operation m : g x g — g such that exp(§) exp(n) = exp(m(&,n)).
While this is not possible globally in most cases, the associated connection
A(6)€ := exp(—&)d exp(€)€ does exist globally and satisfying (3).

To prove uniqueness note that a connection A € Q!(g, g) is flat if and
only if every smooth map 7 : R? — g satisfies the equation

Os(A(7)0ry) — 0:(A(7)0s7) + [A(7)057, A(7)9y] = 0. (4)

If in addition the connection satisfies (3) then, with (s, t) := t(£ + s€), we
obtain

Ay =E+5E Ay = A(H(E + sE)EE.
Setting s = 0 we find that the function
C(t) = A(te)t€
satisfies the differential equation
c+led=¢6 o) =0 (5)
Thus

A = ¢(1) = / exp(—tad())Edi = 3

Conversely, let A € Q'(g,g) be defined by this formula. If [§ ,éf] = 0 then
((t) = t€ is the unique solution of (5) and so A(§)§ = ((1) = &. To prove
that A is flat we fix three elements &, &, & € g, define (; : [0,1] — g as the
solutions of (5) with & = ¢;, and define (;; : [0,1] — g as the solution of the
linearized equation

Gij + 1€, Gl + (6. Gl =0, Gij(0) = 0.
Then A(¢)&; = ¢;(1) and (dA(£)&)E; = Gij(1). Moreover,

(+[6.¢=0, ¢:=Ca—Cu + [,
so 7 = 0 and thus A is flat.



Theorem 3.4. Let X be a connected smooth manifold, g be a Lie algebra,
and A € QYX,g) be an infinitesimal group law. Fiz an element 1 € X.
Then there is a unique Lie group structure on X with unit 1 such that

A(z)v = Azt
forx € X and v € T, X. Moreover, the map A(1) : T/ X = Lie(X) — g is a
Lie algebra isomorphism.
Proof. The proof has seven steps.
Step 1. There is a unique function ® : X — Aut(g) satisfying

®(0) =id, (dP(z)v)é + [A(x)v, P(2)E] =0 (6)
forallx e X, veT, X, and & € g.

Given z € X and £ € g choose a smooth path ~ : [0,1] — X with endpoints
7(0) = 1 and (1) = z, let ¢ : [0,1] — g be the unique solution of the
differential equation

C+HIAMA =0, ¢(0)=¢ (7)
and define
®(x)¢ = ((1).

The (Monodromy) axiom guarantees that ((1) is independent of the choice
of the path 7. The resulting function ® is obviously smooth and satisfies (6).

Step 2. For any two smooth paths 3,7 : [0,1] — X we have

B0)=501), Ay =AB)S — 7(0) =~(1).

Assume without loss of generality that 3(0) = $(1) = 1. Choose a smooth
path [0,1] — X : X\ — z) such that o = 1 and z; = (0). For A € [0,1] let
7 ¢ [0,1] — X be the solution of the differential equation

A(@)9a(t) = A(B(1))0:6(t),  7a(0) = 2.
Then A +— 7, is a smooth homotopy from [ to 7. We observe that

A (8)(t) = P(r0(1)) A(zx) O, (8)

where @ is as in Step 1. Namely, both the left and right hand side of (8),
as functions of ¢, satisfy the differential equation ¢ + [A(70)%0,¢] = 0 with
initial condition ((0) = A(z))O\zx. It follows from (8) with ¢ = 1 that
A(7a(1)0xya(1) = A(zr)0rxy for all A, Since vy(1) = 9 = 1 we obtain
Ya(1) = x5 = 7,(0) for all A. This proves Step 2.
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Step 3. For any four smooth paths By, B1,7,7 : [0,1] — X satisfying

Bo(0) = £1(0) and By(1) = 51(1) and A(v;)Y; = A(B;)B; we have
Y(0) = 71(0) — Yo(1) =7 (1).

Assume without loss of generality that v; and 3; are constant near the end-
points and that §y(0) = £1(0) = 1 and 70(0) = 71(0). Define 5 :[0,1] — X
by B(t) := [o(2t) for 0 < ¢t < 1/2 and B(t) := [1(2 —2t) for 1/2 < t <
1. Let v : [0,1] — X be the unique solution of the differential equation
A(v)% = A(B)S with initial condition v(0) = v(0). Then ~o(t) = ~(t/2) for
0 <t < 1. Moreover, since 3(0) = (1) = 1, it follows from Step 2 that
Y(1) = 7(0) = 7(0) = 1(0). Hence v(t) = v((1 —¢)/2). with ¢ =1 we
obtain that (1) and 70(1) both agree with v(1/2). This proves Step 3.

Step 4. There is a unique smooth map

X xX — X:(z,y) — ds(y) = ¥y ()

such that ¢,(1) = x and ¢p1A = A for every x € X. Moreover, ¢, and 1,
are diffeomorphisms for all x,y and 11 = ¢ = id.

Fix an element x € X. It follows from Step 3 that, for every smooth path
B :10,1] — X with 5(0) = 1, the endpoint of the path 7 : [0, 1] — X, defined
by
Ay =APE)B,  ~(0) ==, (9)
depends only on the endpoint of 3. Hence there is a well defined map
¢, : X — X satisfying
¢.(8(1)) =~(1)

whenever 3(0) = 1 and ~ is given by (9). Since the solutions of a differ-
ential equation depend smoothly on the initial condition and the parameter
it follows that the map (z,y) — ¢.(y) is smooth. (Namely, choose a local
smooth family of paths g, : [0,1] — X with §,(0) = 1 and §,(1) = y.) It
follows directly from the construction that ¢,(1) = x and ¢:A = A for every
x. That ¢, is a diffeomorphism follows by reversing the roles of the pairs
(1,3) and (x,7) to construct an inverse. That ¢, is a diffeomorphism follows
by interchanging 1 and y and reversing (3. That ¢, is the identity is obvious
from the definition (we get v =  when z = 1). That ; is the identity
follows by choosing (3(t) = 1. Uniqueness is left as an exercise. This proves
Step 4.
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Step 5. The map (v,y) — ¢.(y) = ¥y(x) =: vy in Step 4 defines a Lie
group structure on X with unit 1.

It suffices to prove associativity, i.e.

Ge(9y(2)) = Y=ty () (10)

for z,y, z € X. That 1 is the unit follows then from the fact that ¢; = ¢; = id
and that every element has an inverse follows from the fact that ¢, and 9,
are diffeomorphisms. The inverse map z — ¢, (1) is smooth by Step 4.

To prove (10) we fix z,y,2z € X and choose paths (3,7 : [0,1] — X
with endpoints 5(0) = v(0) = 1 and B(1) = y, ¥(1) = z. Define the paths
B9 9" :[0,1] — X by

A =AB)B, AW =AM = A,

and

B0)=z,  AY0)=y, 0)=pF(1)=d(y) = Vy(x).

We claim that
Pal(y(2)) = 7"(1) = (¢ (7).

To prove the first identity note that /(1) = ¢,(z) and so the catenation S#+’
(first B then ') runs from 1 to ¢,(2). The catenation 3'#~" is the lift of this
path starting at = and hence ends at 7"(1) = ¢,(¢,(2)), by definition of ¢,
in the proof of Step 4. On the other hand ~+” is also the lift of v starting at
¢, () and hence ends at v"(1) = v,(¢,(z)), by definition of ¢, in the proof
of Step 4. This proves Step 5.

Step 6. The map A(1) : T1 X = Lie(X) — g is a Lie algebra homomorphism
and satisfies A(x)zv = A(1)v forz € X and v € T1 X.
The formula A(z)xv = A(1)v with zv := d¢,(1)v follows immediately from
the fact that ¢fA = A and ¢,(1) = . This formula shows that the vector
fields Y € Vect(X) in Definition 3.1 satisfy £ = A(x)Ye(x) = A(1)a 'Y ().
Hence

Ye(x) = av, vi= A(1)7*¢ € Lie(X).
The map Lie(X) — Vect(X) that assigns to every tangent vector v € Lie(X)
the left invariant vector field x — zv is a Lie algebra anti-homomorphism.
Since A is flat we have

0= Fa(Ye, Yy) = dA(Ye, Yy) + [AYe, AY;] = A[Ye, Yyl + (€, 1)
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Hence the map g — Vect(X) : £ — Y is also a Lie algebra anti-homomor-
phism and so A(1) is a Lie algebra isomorphism. This completes the proof
of the existence statement.

Step 7. The Lie group structure on X is uniquely determined by A and 1.

Let X x X — X : (x,y) — xy be a Lie group structure with unit 1 such
that A(z)v = A(1)a=tv for z € X and v € T, X. Fix two elements x,y € X,
choose a path (§ : [0,1] — X such that 5(0) = 1 and 3(1) = y, and define
v(t) := z3(t). Then A(y)y = A(1)y Y% = A(1)37'8 = A(B)S. Hence the
Lie group structure on X agrees with the one constructed in Step 5. This
proves the theorem. O

Theorem 3.5. Let G be a compact Lie group with Lie algebra g := Lie(G)
and denote

G°:=G x g, g =gr C=gdig.
Then the following holds.

(i) There is a unique flat connection A; € Q' (g, g°) such that, for alln,n € g,
we have

mal=0 = Ami=1n (11)
(ii) If Ay is as in (i) then the 1-form A € QY(G®, g¢) defined by

Alg,n)(v,0) =g~ v + g~ (Au(n)i)g

s an infinitesimal group law.

(iii) Suppose G€ is equipped with the Lie group structure associated to A in
Theorem 3.4. Then G is a maximal compact subgroup of G°.

Proof. First assume that A; satisfies the requirements of (i). Let n,n € G
and define ¢ : R — g¢ by ((t) := Ay (tn)t7). Then

¢+l ¢l =1,  ¢(0)=0. (12)

(Apply equation (4) to the function (s,t) — t(n + sn) and set s = 0.) Thus
we must define A;(n)n = ((1) where ¢ : R — g is the unique solution
of (12). That this 1-form satisfies (11) follows from the fact that ((t) := itn
satisfies (12) whenever 7 and 7 commute. That it is flat follows from the
same argument that was used in Example 3.3. This proves (i).
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We prove (ii). First we observe that A is flat. Namely the g-connection
Ag on G defined by Ag(g)v := g 'v is flat by Example 3.2 and A; is flat
by (i). Hence, for two tangent vectors w; = (vj,7;) € T4 (G x g), j = 1,2,
we obtain

Fy(wy,wy) = dA(wy,wz) + [A(g, n)wy, A(g, n)ws]
= dAo(vi,ve) + g dAL (T, 1) g
+g7 Au(2)g, 97 1] = [97 Ar(in)g, g oo
+ g7 o+ g (A g, g v + g (Ar(n)iz)g]
Fuy(v1,v9) + g7 Fa, (1, %2)g
0.

For the (Monodromy) axiom it suffices to consider curves based at 1. Tt is
obviously satisfied for curves in G and hence follows from the fact that the
connection A is flat and that every based curve in G¢ is homotopic to one
in G. The (Parallel) and (Complete) axioms follow from the inequality

7] < [T (A (n)7)] - (13)

This inequality shows that the linear map A(g,n) : T{,,,G® — g° is invertible
for every pair (g,n) € G x g. It also shows that, for every curve ¢ : R — g€,
the solutions [0, 7] — G : t + (g(t),n(t)) of the differential equation

g(t)'g(t) + g(&) " (Au(n(t)n(t))g(t) = ¢(t)

satisfy supg<i<r [7(t) —n(0)| < T, where ¢ := supy,;«p [Im((t)|. Hence the
solutions must exist for all time. To prove (13) consider the imaginary part
¢ :=Im(() of a solution ¢ : [0, 1] — g of equation (12). It satisfies the second
order differential equation

E+ M &l=0 £0)=0,  £0)=n.

By Lemma 3.6 below every solution of this equation satisfies [£(1)| > |7| and
this is equivalent to (13). Thus we have proved (ii).
We prove (iii). The group operation on G x g associated to A satisfies

[, gng~'] =0 - (9.8 - (h,n) = (gh,E+gng™")  (14)

for all g,h € G and &,n € g. To see this choose a path « : [0,1] — G with
a(0) =1 and a(1) = h and define 3,7 :[0,1] — G x g by

B(t) = (a(t), tn), () = (ga(t), & +tgng™").
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Then v(0) = (g,&) and, inspecting the definition of A, we find.
AB)B = o a+ia 'na = A(7)5.

Hence (g,&) - (h,n) = (1) = (gh,& + gng™') as claimed. Thus we have
proved (14). The formula shows that G = G x {0} is a Lie subgroup of G°.
We prove that it is maximal compact. Suppose that H C G¢ is a subgroup
such that G C H. Then H contains an element of the form (g, ) with £ # 0.
Hence, by (14), the pair (1,€) = (g,€) - (¢71,0) is also an element of H and
hence, so is (1, k) for every integer k£ > 1. This sequence has no convergent
subsequence and so H is not compact. This proves the theorem. O

Lemma 3.6. Let g be a Lie algebra with an inner product (-,-) such that

(&, In, <) = (&0, ¢)

for all&,m,¢ € g. Fix an element n € g and let £ : R — g be a solution of
the second order differential equation

E+n.ngll=0,  €0)=0. (15)
Then |E(t)| > |t| |£(0)| for everyt € R.
Proof. We have

d /. . )
= (167 = Il mi?) = 26, 8) + 20, m). [n.€)) = .
Since £(0) = 0 this implies

@17 = 16O+ [[E@), n]l* = [€O)

for all t € R. Moreover, it follows from (15), by taking the inner product
with £ and integrating by parts, that

0 = / (€(s), E(s) + [, [, £(5)]) dis
= (e0.éw) - [ (16l aP) ds

t
. 0'
< {8(1),€(1)) — tlE(0)]%.
The last inequality holds for ¢ > 0. Hence

E®))* = 2/0 (€(s),€(s)) ds = 2/0 sIE(0)|* ds = %]¢(0)

for t > 0. Since equation (15) is time reversible, this proves the lemma. [

2
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4 Hadamard’s theorem

Theorem 4.1 (Hopf-Rinow). Let M be a connected Riemannian manifold
and denote by d : M x M — [0,00) the distance function associated to the
Riemannian metric. Fix a point po € M. Then the following are equivalent.

(1) The geodesics starting at py exist for all time.
(ii) For every p1 € M there exists a geodesic 7y : [0,1] — M such that

VO =po, A =p. L) = / 5(0)] dt = d(po, pr).

(iii) Every closed and bounded subset of (M,d) is compact.
(iv) (M, d) is a complete metric space.

The implications (i) = (i) = (w) = (i) are quite easy
to establish. The hard part is to prove that (i) implies (ii). A connected
Rimannian manifold satisfying the conditions of Theorem 4.1 is called com-
plete. In such a manifold any two points can be connected by a (minimal)
geodesic. If, in addition, M is simply connected and has nonpositive sectional
curvature, then any two points can be connected by a unique geodesic.

Theorem 4.2 (Hadamard). Let M be a complete, connected, simply con-
nected Riemannian manifold with nonpositive sectional curvature. Then, for
every p € M, the exponential map exp, : T,M — M is a diffeomorphism.

Proof. (Explained to me by Urs Lang.) There are three steps. The first step
asserts that there are no conjugate points. We denote by V the Levi-Civita
connection and by R € Q*(M,End(T'M)) the Riemann curvature tensor.

Step 1. If vy :[0,1] — M is a smooth curve and X : [0,1] — T'M is a vector
field along v (i.e. X(t) € TyyyM for all t) satisfying the Jacobi equation

ViViX + R(X,%)y =0 (16)
and the boundary conditions X (0) =0, X(1) =0 then X = 0.

We have

d -
5 (VX X) = VX" + (VVX, X) = [ViX]* = (R(X,4)3, X)

and hence .
| 05X = (rx4)3,0) e =
0
Since (R(X,7)%, X) < 0 everywhere, we obtain V,.X = 0 and hence X = 0.

15



Step 2. The differential dexp,(v) : T,M — Ty )M of the exponential
map 1s bijective for every v € T,M.

Let © € T,M be a tangent vector such that dexp,(v)0 = 0. Define the map
v :R? — M and the vector field X : R? — T'M along v by

v(s,t) == exp, (t(v + s0)), X(s,t) == 0,7(s, t) = dexp,(t(v + 50))t0.
Then

ViViX = ViVidsy
= V,Viory
= stﬁﬁ - R(as% @7)@7
= —R(X,07)0.

Here the second equation follows from the fact that the Levi-Civita con-
nection is torsion free, the third equation follows from the definition of the
Riemann curvature tensor, and the last equation from the fact that the curve
t — 7(s,t) is a geodesic for every s. Since X (0,0) = 0 and X (0,1) = 0, by
assumption, it follows from Step 1 that X (0,¢) = 0 for all £. By choosing ¢
small we find that v = 0.

Step 3. The exponential map exp, : T,M — M is a covering, i.e. it is
surjective and, for every continuous path v : [0,1] — M and every vy € T,M
with v(0) = exp,(vo) there is a unique continuous path v : [0,1] — T,M such
that v(0) = vy and y(t) = exp,(v(t)) for everyt.

That the map exp, : T,M — M is surjective follows immediately from the
Hopf-Rinow theorem. By Step 2 we may consider the space T,,M with the
pullback metric under the map exp,. Thus exp, is a local isometry for this
metric and so the rays ¢ — tv are geodesics in T, M for this metric (because
they are mapped to geodesics in M under expp). Now we can apply the Hopf-
Rinow theorem again to the pullback metric and obtain that it is complete
(use the implication (i) = (#v) in Theorem 4.1). This implies the covering
property by a standard open and closed argument (given ~, let I C [0, 1]
be the set of all ¢ such that the lift exists on the interval [0,1]. Then [ is
obvious nonempty and open. That [ is closed follows from completeness of
T,M with the pullback metric). This proves Step 3.

By Step 3, the map exp,, : T, M — M is a universal covering of M. Since
M is simply connected, this implies that exp, is a diffeomorphism. This
proves the theorem. O
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5 Proof of the main theorem

Lemma 5.1. Let G¢ be a complex Lie group with Lie algebra g¢ and G C G
be a mazximal compact Lie subgroup such that g := Lie(G) is a totally real
subspace of g¢, i.e. g° = g ®ig. Then the map

G xg— G°:(g,n) — exp(in)g

is a diffeomorphism. In particular the quotient space G¢/G is simply con-
nected.

The proof of Lemma 5.1 relies on Hadamard’s theorem for the quotient
space of G¢ by the right action of G. We denote this space by

G¢/G :={[k] | k € G}, [k] .= kG ={kg|g € G}.
The tangent space of G°/G at [k] is the quotient of the tangent spaces
TG TG
TikG ~ {ke[€ € g}

Throughout we use the notation Re(¢) = ¢ and Im(¢) = n for { = {+1in € g°
with &, 7 € g. Thus the equivalence class of a tangent vector [(] € T};G¢/G is
uniquely determined by Im(¢). Now choose an invariant inner product (-, -)
on G and define a Riemannian metric on G¢/G by

([k¢LIRCT) o= (nn)g. ¢ ¢ €9, m=Im(¢), 7' =Im(().

It is convenient to leave out the square bracket when writing [k(] with ¢ € ig.
Thus we write ki§ € TjG¢/G insetad of [ki€]. In particular, we use this
notation to avoid any possible confusion with the Lie bracket.

TGe/G =

g

Lemma 5.2. Let G¢ and G be as in Lemma 5.1 and choose a Riemannian
metric on the quotient G¢/G as above. Then the following holds.

(1) The geodesics in G/G have the form

Y(t) = [ko exp(itn)]
for kg € G° and n € g.
(ii) The Riemann curvature tensor on G¢/G is given by

R(Ki€, kin)ki¢ = ki[[€, 1], C]

for k € G¢ and £,n,( € g. In particular, G¢/G has nonpositive sectional
curvature.

17



Proof. The proof has three steps. The first step gives a formula for the
Levi—-Civita connection on G¢/G.

Step 1. Let k: R — G° and £ : R — g° be smooth curves and denote
A1) = RO € G5 X(1) = [R(OE®)] € Ty G/G.
Then

VX (1) = k0], 0(t) = &(t) + [Re(k(t) k(1) £(1)]-

To prove that the formula is well defined we must choose a smooth map
g : R — G and replace k, &, n by

ki=kg, =g  0&+Re(k'0,k),E

and show that 77 = gng~'. We must then show that the connection is Rie-
mannian, i.e.

O (X,Y) = (VX,Y) + (X, VY)

for ant two vector fields along a curve ~, and that it is torsion free, i.e.
VO = Vidsy

for any smooth map 7 : R? — G¢/G of two variables. This follows easily by
a direct calculation which is left to the reader.
Step 2. We prove (i).
A smooth curve y(t) = [k(¢)] is a geodesic in G°/G if and only if V5 = 0.
By Step 1 this is equivalent to the differential equation

O dm(k~0,k) + [Re(k™0:k), Im(k~*0,k)] = 0. (17)
A function k : R — G¢ satisfies this equation if and only if it has the form
k(t) = kqgexp(itn)g(t) for some kg € G¢, n € g, and g: R — G.
Step 3. We prove (ii).
Choose maps v : R? — G¢ and ¢ : R? — g° and denote & = k~10,k,
n:= k=10, and

vi=1k, X :=I[k] =0, Yi=[kn] =0y,  Z:=Ik(.
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Then 0sn — 0 + [£,n] = 0 and

ViZ = [kG], (o= 0.C + [Re(§), (],
ViZ = [k¢), Gt == 0:¢ + [Re(n), (].

Hence we obtain
R(X.Y)Z = VNiZ — V%2 = [ke],

where

[}
—~
=
~—
i

p = 0sG+[Re(§), G — G — [R

[Re(0:m), €] + [Re(€), [Re(n), C]]

— [Re(0:€), €] — [Re(n), [Re(§), (]]
= —[Re([&, 7)), €] = [C, [Re(€), Re(n)]
= [[Im(&), Tm(n)], ¢J.

Thus we have R(X,Y)Z = kilm(p) = ki[[Im(¢), Im(n )] Im(¢)] and the sec-
tional curvature is (R(X, Y)Y, X) = —|[Im(¢), Im(n)]|* < 0. This proves the
lemma. O

Proof of Lemma 5.1. We wish to prove that, under our assumptions, the
map G x g — G°: (g,n) — exp(in)g is a diffecomorphism. The proof has four
steps.

Step 1. Ifn € g and exp(in) € G then [£,n] = 0 for every & € G.
Define v : R? — G¢/G by
V(s,t) == lexp(is§) exp(itn)].

By Lemma 5.2 the curve ¢t — ~(s, t) is a geodesic for every s, and by assump-
tion it is periodic with period 1. Denote

X(S,t) = sy(s,t) S T«/(&t)GC/G.

Since t — (s, t) is a geodesic for every s we have that X satisfies the Jacobi
equation (16) Since X (s, + 1) = X(s,t) we may obtain as in the proof of
Theorem 4.2 that X satisfies

/1 (IMX[? — (R(X, 9)0y, X)) dt = 0.

0
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Since G¢/G has nonpositive sectional curvature, by Lemma 5.2, we deduce
that the function (R(X, 0yy)0yy, X) vanishes identically. With s =t = 0 we
have X (0,0) = [i¢] and 0yy(0,0) = [in] and hence

0 = (R(i&, in)in, i€) = |[¢, ]|
This proves Step 1.
Step 2. Ifn € g and exp(in) € G then n = 0.

This is the only place in the proof where we use the fact that G is a max-
imal compact subgroup of G¢. Suppose by contradiction that n # 0. Then
exp(itn) ¢ G for small ¢ and hence

0 < A:=inf{t > 0| exp(itn) € G} < 1.
By Step 1 we have [€,7n] = 0 for every £ € g and, since G is connected, this
implies g~'ng = n for every ¢ € G. Since G¢ is a complex Lie group we
obtain g~ling = in for every g € G and hence

exp(itn)g = g exp(itn)
for every ¢t € R. In particular, this holds for ¢ = A\/2 and so the element
h:=exp(iAn/2) € G\ G

commutes with every element of G. Hence H := GUAG is a compact subgroup
of G¢, contradicting our assumption. This proves Step 2.
Step 3. G¢/G is simply connected.

Suppose not. Then, by the usual variational argument, we can find a noncon-
stant geodesic 7 : [0, 1] — G¢/G based at v(0) = v(1) = [1]. By Lemma 5.2
the geodesic has the form ~(t) = exp(itn) for some n € g. Since v(1) = [1] we
have exp(in) € G and hence, by Step 2, n = 0. Thus the geodesic is constant
after all, a contradiction. This proves Step 3.

Step 4. The map G x g — G°: (g,n) — exp(in)g is a diffeomorphism.

This follows from Hadamard’s theorem. Namely the exponential map (the
Riemannian and Lie group meanings of the term coincide in this case)

T G*/G — G°/G - [in] — [exp(in)]

is a diffeomorphism by Theorem 4.2, and this is equivalent to Step 4. This
proves the lemma. O
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Proof of Theorems 1.4 and 1.6. Let G be a compact connected Lie group.
By Theorem 3.5, there is an embedding ¢ : G — G¢ into a complex con-
nected Lie group (diffeomorphic to G x g) that satisfies condition (ii) in The-
orem 1.4. We shall prove below that (ii) implies (i) in Theorem 1.4. When
this is established, we know that the embedding ¢ : G — G¢ constructed in
Theorem 3.5 satisfies both (i) and (ii) in Theorem 1.4 and hence is a com-
plexification, which proves Theorem 1.6. Secondly, any two embeddings of
G into a complex Lie group that satisfy (i) in Theorem 1.4 are isomorphic
by definition. And since we know that at least one of them also satisfies (ii)
it follows that they all do. Thus it remains to prove that (ii) implies (i) in
Theorem 1.4.

Suppose that G¢ is complex connected Lie group that contains G as a
maximal compact subgroup and such that its Lie algebra g¢ := Lie(G°) is
equal to g° = gdig, where g := Lie(G) C g°. (In the notation of Theorem 1.4
the map ¢ is the inclusion of G into G¢.) Let H be a complex Lie group with
Lie algebra h := Lie(H) and p : G — H be a Lie group homomorphism. We
use the following two basic facts to construct the homomorphism p¢ : G¢ — H
that extends p.

Fact 1. Since G¢ is connected there exists, for every a € G¢, a smooth path
a:[0,1] — G such that a(0) € G and a(1) = a.

Fact 2. Since G is connected and G¢/G is simply connected, any two smooth
paths o, oy = [0, 1] — G° as in Fact 1 can be connected by a smooth homotopy
{asto<s<1 satisfying the same conditions (with fived endpoint ay(1) = a).

We define p¢ as follows. Let ® := dp(1) : g — h be the induced Lie algebra
homomorphism and define

g —bh
as the complexification of ®. Given an element a € G¢ choose « as in Fact 1.
Then define 3 : [0,1] — H as the unique solution of the differential equation

=), B(0) = p(a(0)). (18)
Define
p°(a) = B(1).
We prove first that p¢ is well defined, i.e. that the endpoint (1) does not

depend on the choice of the path a. By Fact 2 any two paths ag and a; can
be connected by a smooth homotopy

[0,1]% — G (5,1) — as(t) = a(s, ).
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Define 5 :[0,1] — H by
pTlO6 = 2%(a™0),  B(s,0) = pla(s,0)).

We claim that
10,6 = @C(a_lasa) (19)

and hence, in particular, 9s/3(s,1) = 0. To prove this we denote
E=a 00,  ni=a O, &=p5710.8, 0 =pT100

Then

0" =0 + 1[50, 0P(E) = 9:2°(n) + [2°(), P°(n)].

Moreover, when ¢t = 0 we have dp(a)aé = p(a)PE and hence
5/(57 O) = 6(57 O)_laeﬂ(sa O) = @(O&(S, O)_lﬁsa(s, O)) = (13(5(8, 0))

Hence both functions ¢ +— &'(s,t) and t — ®°({(s,t) satisfy the same initial
value problem and hence agree. This proves that p¢ is well defined.

Next we prove that p¢ is a group homomorphism. This is done in two
steps. First one proves the identity

®°(a™"¢a) = p°(a)~'@%(€)p(a) (20)

for a € G and £ € g°. This follows by choosing a and (3 as in the definition
of p°(a) and then introducing the functions

n(t) = a(t) " alt),  n'(t) = BT 2(E)B().

Then one shows again that ®¢(n) and 7’ satsify the same initial value problem
7' +[3716,7'] =0 and hence have the same endpoints. The second step is to
prove that

p (araz) = p®(a1)p®(az) (21)
for a;,as € G° This follows by choosing «; and ; as in the definition of
p(a;) for j = 1,2. Then define o := ajay and 3 := (313. To verify that
BB = ®°(a'd) one then needs equation (20). This proves that p° is a
group homomorphism.
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That p¢ is smooth follows from the commutative diagram

GC

7

Gxg

where the map G x g — G€ is the diffeomorphism of Lemma 5.1 and the map
G x g — H is given by (g,n) — exp(i®°(n))p(g) and hence is smooth. That
the differential of p© at 1 is equal to ®¢ follows also from this diagram. This
proves the theorem. O
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