A PROOF OF THE MULTIPLICITY ONE CONJECTURE FOR
MIN-MAX MINIMAL SURFACES IN ARBITRARY CODIMENSION

ALESSANDRO PIGATI AND TRISTAN RIVIERE

ABSTRACT. Given any admissible k-dimensional family of immersions of a given closed
oriented surface into an arbitrary closed Riemannian manifold, we prove that the
corresponding min-max width for the area is achieved by a smooth (possibly branched)

immersed minimal surface with multiplicity one and Morse index bounded by k.

1. INTRODUCTION

Recently, a new theory for the construction of branched immersed minimal surfaces
of arbitrary topology, in an assigned closed Riemannian manifold M™, was proposed in
[13]. This method is based on a penalization of the area functional by means of the second

fundamental form A of the immersion.

Namely, for a fixed parameter o > 0, one first finds an immersion ® : ¥ — M"" which is

critical for the perturbed area functional

(1.1) A% (D) ;:/Zdvolgq) +02/E(1+\A|3¢)2dvolg¢,

where Y is a fixed closed oriented surface and g¢ is the metric induced by &, with
volume form voly,. This functional A? enjoys a sort of Palais-Smale condition up to

diffeomorphisms.

We should mention that the idea of considering perturbed functionals goes back to the
paper [I7] by Sacks—Uhlenbeck, where a perturbation of the Dirichlet energy is used to
build minimal immersed spheres. However, in order to find minimal immersed surfaces
with higher genus, one should give up working with the Dirichlet energy and use a more
tensorial functional like : among closed orientable surfaces, only the sphere has a
unique conformal structure (up to diffeomorphisms) and, as a consequence, a harmonic map
(i.e. a critical point for the Dirichlet energy) ® : ¥ — M™ could fail to be conformal and
minimal if 3 has positive genus. In principle, one can overcome this issue by introducing the
conformal structure as an additional parameter in the variational problem: this program

was carried out by Zhou in [21].
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Considering any sequence o; | 0, one gets a sequence ®; : ¥; — M of conformal
immersions (with area bounded above and below), where ¥; denotes ¥ endowed with the
induced conformal structure. Assuming for simplicity that we are dealing with a constant
conformal structure (in general one gets a limiting Riemann surface in the Deligne-Mumford
compactification), the sequence ®; is then bounded in W12 and we can consider its weak
limit ®., up to subsequences. A priori it is not clear whether the strong W'2-convergence
holds, even away from a finite bubbling set. However, in [13] the second author shows that,
if the sequence o; is carefully chosen so as to satisfy a certain entropy condition, then the
surfaces ®;(X;) converge to a parametrized stationary varifold (a notion introduced in
[13, 12] and recalled in Section 4| below) which we call (Xo0, O, Noo) in the present paper.
The limiting multiplicity N, a priori could be bigger than one.

A consequence of the main regularity result contained in [12] is that the multiplicity Noo
is locally constant. This result, which is optimal for the class of parametrized stationary
varifolds, leaves nonetheless open the question whether one can have N, > 1 on some

connected component of Y.

This question should be compared with the multiplicity one conjecture by Marques and
Neves. In [I0], the following upper bound for the Morse index of a minimal hypersurface

with locally constant multiplicity is established: if

y4
Y= anEj
7j=1

is a minimal hypersurface with locally constant multiplicity, given by a min-max with k

parameters in the context of Almgren—Pitts theory, then
l
index(supp (X)) < k, supp (2) := |_| ;.
j=1

In other words, this is a bound for the Morse index of the hypersurface obtained by
replacing all the multiplicities n; with 1. In order for this estimate to give more information

about X, or at least its unstable part, the authors make the following conjecture.

Conjecture 1.1 (Multiplicity one conjecture). For generic metrics on M™t, with
3<n+1<7, two-sided unstable components of closed minimal hypersurfaces obtained by

min-max methods must have multiplicity one.

It is natural to demand for extra information for one-sided stable components with
unstable double cover, as well. Marques and Neves were able to prove this conjecture for
one-parameter sweepouts, leaving the general case open. For metrics with positive Ricci
curvature, related results were already obtained by Marques and Neves in [9] and later by
Zhou in [20].

Further results, such as the two-sidedness of > when the metric has positive Ricci

curvature, were obtained by Ketover, Marques and Neves in [7], using the catenoid estimate.
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We also mention that Ketover, Liokumovich and Song in [0, [19] started to settle the
generic, one-parameter case for the simpler and more effective Simon—Smith variant of

Almgren—Pitts theory, specially designed for 3-manifolds.
Very recently, in [I], Chodosh and Mantoulidis established the conjecture for bumpy

metrics in 3-manifolds, i.e. when n = 2, in the setting of Allen—Cahn level set approach.
Also, half a year after this paper was written, Zhou announced a proof for bumpy metrics

in all dimensions 3 <n+ 1 <7, in the context of Almgren—Pitts theory (see [22]).

The importance of this conjecture in relation to the Morse index of ¥ is twofold. First
of all, there is no satisfactory definition for the Morse index of an embedded minimal
hypersurface with multiplicity bigger than one: such 3 could be thought as the limiting
object of many qualitatively different sequences, e.g. the elements of the sequence could
realize different covering spaces of the limit, or more pathologically they could be minimal
and have many catenoidal necks (hence ¥ would be the limit of a sequence of highly

unstable hypersurfaces).

Also, if one is able to establish a lower bound on the Morse index such as
k < index(supp (X)) + nullity(supp (X)),

then the multiplicity one conjecture gives infinitely many geometrically distinct minimal
hypersurfaces, provided there exists at least one for every value of k. This was precisely
the strategy used in [I] to prove Yau’s conjecture for generic metrics: in [I] the authors
obtained the multiplicity one result and the equality index(X) = k (the nullity vanishing
automatically for bumpy metrics). This was later extended to higher ambient dimension

(but in codimension one) in [22].

In this work we establish the natural counterpart of this conjecture in our setting, namely

for minimal surfaces produced by the viscous relaxation method.

Theorem 1.2. We have Ny, = 1.

We stress that this result holds in arbitrary codimension and without any genericity
assumption. This should be seen as a multiplicity one statement from the perspective of the
parametrization domain, in that localization in the domain (away from branch points) gives
a genuine embedded minimal surface, but a priori it does not exclude multiple covers of the
image surface O (X ) globally. It seems to be optimal for a min-max approach involving
parametrizations, rather than e.g. approaches involving level sets of functions, and it is
sufficient to obtain an upper bound on the Morse index. This bound, detailed in [I5], relies
on having a branched immersion at our disposal, for which a good definition of Morse index
is available.

We remark that, in view of earlier work in [14], Theorem would imply by itself the
main result of [12], for parametrized stationary varifolds arising as a limit of stationary
points for the relaxed functionals. However, the proof of Theorem relies substantially

on the regularity result obtained in [I2], needed in several compactness arguments.
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The main idea is to define a sort of macroscopic multiplicity, on balls Bg(p) in an ambient
Euclidean space R? O M™, before passing to the limit (i.e. looking at the immersed
surfaces ®; rather than their limit). This macroscopic multiplicity is roughly the closest
integer to the average of a projected multiplicity, issued by the map Il o éj‘ B2(2)" where
B2(z) is a small domain ball and IT a 2-plane close to the image of ®; ‘ OB2(2)" Then we will
use a continuity argument to show that this number stays constant as we pass from scale 1
to scale \ /. At the latter scale we have a very clear understanding of the behaviour of ®;
and in particular we are able to say that here the macroscopic multiplicity equals 1. Thus

the same holds at the original scale and this is sufficient to get N, = 1.

Most of the work is contained in Section [6] A more detailed discussion of the strategy,
together with an informal explanation of the technical statements contained in Section [6] is

deferred to the beginning of that section.

On the other hand, Section [5| contains two auxiliary facts about harmonic maps, the
second of which is rather technical in nature, while Section [7]is more standard and uses a

simple covering argument, together with some ideas similar to those in Section [6]

Corollary 1.3. If there is no bubbling or degeneration of the underlying conformal structure,

we have strong W12-convergence ®;, — ®o.. In general we have a bubble tree convergence.

Theorem and Corollary pave the way to obtain meaningful Morse index bounds.
Indeed, although Theorem does not rule out the possibility of having a surface covered
multiple times by @, a crucial advantage of having a parametrization at our disposal is
that we have a reasonable definition of Morse index and nullity: they are defined with
respect to the area functional and variations in C2°(Xs \ {#1,. .., 2s}), the points z1, ..., zs

being the branch points of the immersion @ooH

The natural expected inequalities would be
index (P ) < k < index(Poo) + nullity (Poo).

An abstract framework to show upper bounds for the Morse index, dealing with general
penalized functionals on Banach manifolds, is developed in [I1]. Combining Corollary
with the general result obtained in [I1] and with [I5], we reach the following conclusion (we

refer the reader to [I1] for the notion of admissible family).

Corollary 1.4. Given an admissible family A C P(Imm(X, M™)) of dimension k and

calling

W4 := inf sup area(®)
AcApeca
1Although we are dealing with a weakly conformal map ®, for which area and energy are the same, it
is important to remark that the Morse indices for area and energy, denoted indexs and indexg respectively,
should not be expected to agree. The relationship between the two is a subtle problem: in this direction, we
mention the inequality indexg (V) < indexa (V) < indexg(¥) + r established in [2], for a branched minimal

immersion ¥, where r = r(g,b) depends on the genus and the number of branch points of W.
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the width of A, there exists a (possibly branched) minimal immersion ® of a closed surface
S into M™ such that

(i) genus(S) < genus(X),
(ii) W4 = area(®),
(iii) index(®) < k.

However, proving the second inequality, namely k < index(®) + nullity(®), seems to
require a finer understanding of the convergence & — ®,,. We hope to be able to deal

with this question elsewhere.

Also, it would be interesting to adapt Gromov’s notion of volume spectrum (and higher
codimension generalizations), used to produce infinitely many minimal hypersurfaces in
many settings, to the present situation. To this aim, a natural topological question concerns
how much genus is needed to realize a nontrivial p-sweepout (in the sense of Gromov—Guth),
and how to realize the sweepout within the space of immersions or in an appropriate closure
of it.
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3. NOTATION

e We will assume, without loss of generality, that M™ is isometrically embedded in some
Euclidean space R?. Given p € M™ and £ > 0, we set M, := =HM™ —p).

e In what follows, II will always denote a 2-plane through the origin, which we identify
with the corresponding orthogonal projection IT : R? — II. We call IT* the orthogonal
(¢ — 2)-subspace, identified with the corresponding orthogonal projection. Given 2-planes
IT, I, we denote by dist(IT,IT") an arbitrary distance on the Grassmannian Gr(2,RY), e.g.
the one induced by Pliicker’s embedding of Gr(2,R?) into the projectivization of AoRY.

The adjoint maps, which are just the inclusions IT < RY and IT+ < RY, are denoted
IT* and (IT1)*, so that

idge = IT*IT + (I1H)*IT+.
Also, Ty is the canonical 2-plane, so that IIy : RY — R? is the projection onto the first
two coordinates, while H& : R? — R%72 is the projection onto the remaining g — 2.

e We call B2(x) the ball of center  and radius r in the plane C = R?, while B(p)
will denote the ball of center p and radius s in R?. Given p € II, we call BI'(p) the
two-dimensional ball with center p and radius s in II, i.e. B(p) := B(p) NII. When the

center is not specified, it is always meant to be the origin.
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e Given a function ¥ € W'2(B2(z)) and 0 < s < r, the notation \P’aBQ(m) always refers to
the trace of ¥ on the circle 9B2(x).

e Given K > 1, we define the following set of Beltrami coefficients:

K-1
= L : o < ——— 5.
ici= {ue 15O Il < 311 |
We let Dy denote the set of K-quasiconformal homeomorphisms ¢ : C — C such that
A0)=0,  min fp(x)] = 1.
x€0B;

If ¢ € Dk, we have ¢ € VVllOCQ(C) and dzp = pd,p for some u € €k, in the weak
sense; we refer the reader to [5l, Chapter 4] for the basic theory of K-quasiconformal
homeomorphisms in the plane. Moreover, it is immediate to check that ¢ is a linear map
in D if and only if p(e1) = €] and p(ez) = Aeh, for suitable orthonormal bases (e1, e2),

(€], €5) inducing the canonical orientation and a suitable 1 <\ < K.

e We define
-2 . _ 1
D(K) := Sup{lcp(x)! ;o€ Bi,p€ DK}, s(K) = mf{\so ‘)il = 50 € DK} :

so that @(E?) - E%(K) and ‘P<§§(K)) C E;Q for all ¢ € Dg. The fact that D(K) < oo
and s(K) > 0 is guaranteed by Corollary We also set

n(K) = iinf{hp(a:)] ;X € 8B§(K)2,g0 € DK} > 0.

e We let DL denote the set of maps having the form II* o R o ¢, where ¢ € Dk and
R : R? — Il is a linear isometry. Given 0 < § < 1, we call T\’,?( s the set of maps in
WL2(B2 RY) which are close to some 1) € DI on the circles of radii 1, s(K),s(K)?,
namely we set

REL =W e WH2(BZ RY) : min max
’ peDIL re{1,s(K),s(K)?}

|9y pa(r) = ) < 5}.

L>=(0B})

e Given ¥ € C'(,RY), a ball B%(z) cC Q and a 2-plane II, we define the projected
multiplicity function
N(V,BZ(2),1) : T = NU{oc},  N(¥,B}(2),I)(p) := #((Ilo ¥)"!(p) N B}(2))

and, given p € Il and t > 0, we also define the macroscopic multiplicity
1

(3.1) n(W. B2 Blw) = | § N B+ | e
Bf(p) 2

The mean appearing in (3.1)) is finite by the area formula and |-] denotes the integer
part. Note that, if the mean is close to an integer k, then the macroscopic multiplicity is
precisely k. Note also that for any p € R? we have

(0, B2(:), B = o (YEEI L 5 Y.
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4. BACKGROUND ON PARAMETRIZED STATIONARY VARIFOLDS

Let M™ C R? be a (smooth, closed) embedded submanifold. Assume we have a smooth
conformal immersion ® : B — M™, critical for the functional
(4.1) s [ dvoly, +<72/ (1+ |Ag, |2, )? dvolg,
B} B}
with respect to smooth variations (®;) such that ®; is an immersion agreeing with ® outside
some compact set F' C B} (independent of t). Here go := ®*grs and Ay, is the second
fundamental form of ®. Assume that the following entropy condition

(4.2) o’ log(a_l)/ (14 |A*)*dvoly, < 5/ dvolg,
B B

1 1

holds for some € > 0. This condition plays a fundamental role in the viscosity approach
presented in [I3], and can be enforced ultimately owing to Struwe’s monotonicity trick (see
[13, Section II] and the references therein). Note that

1 1
= _|VO|*s dvoly, = = [ |V®|*
o= glvefs [ vy, =g [ 9o
by conformality of ®.
Given any 0 < £ < 1 and p € M™, recall that ./\/lgff = (~1(M™ — p). The rescaled map

U:B > MY,  Ui=01(D-p)
is critical for the functional
(4.3) dvolg, +7% [ (0* + |A[*)? dvoly,, 7= ol >

B} B}

and, being 72log(77!) < £7*0?log(c™1), it satisfies

(4.4) 72 log(T_l)/ (0?4 |AP*)? dvoly, < 5/ dvolg,,
B2 B?

1

where now A denotes the second fundamental form of ¥ in M7, and its norm is meant
with respect to the induced metric gg.

In the sequel, we will establish many intermediate results on maps ¥ arising in this
way, by means of compactness arguments. The starting point in these arguments is that,
heuristically, if we have sequences Wi, pg, {x — 0, 7 — 0 and g — 0, then by and
U should have a subsequential limit ¥, (in some weak sense) which is critical for
the area functional in the tangent space 1),  M™ (where po, is a subsequential limit of the

sequence py), i.e. Yo should be a minimal parametrization.

The kind of limiting object that we get is specified by the following definition.

Definition 4.1. A triple (2, ®, N), with Q@ C C open, ® € WH2(Q, R?) weakly conformal
and N € L*(Q,N\ {0}), is a local parametrized stationary varifold if for almost every
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w CC €2 the rectifiable 2-varifold
Vu = ((I)(g N (.d), ew)7 Hw(p) = Z N(ZL')
z€GNwNd®—1(p)
is stationary in the open set R?\ ®(dw), where G denotes the set of Lebesgue points for
both & and d®. We also require the technical condition
1

Vol Bio) =5 [ NIV de? o),
®~1(Bi(p))

uniformly in p € RY.

We refer the reader to [12 Definition 2.1] for the notion of almost every domain, as well
as to [12], Definitions 2.2 and 2.9] for another possible definition (in the global and local
versions, respectively), whose equivalence with Definition is detailed in [12, Remark 2.3].
The latter formulation will not be used here.

As already mentioned in the introduction, the main result of [12] is that ® is harmonic
(namely, it coincides a.e. with a harmonic map) and N is (a.e.) constant on those connected

components of  where ® is not itself (a.e.) constant.

Since these facts are crucially used in many intermediate steps towards the proof of
Theorem we give a precise statement that summarizes all the information we need to
extract from the works [I3] and [12].

Theorem 4.2 (limiting behaviour of almost flat critical immersions). Assume that
vy € CQ(EZ,M;’; 0.) 18 a sequence of conformal immersions such that Wy, is critical for
the functional ([&.3) on the interior B% (with Ty, {y in place of T,) and

® Wilopz = Yoo uniformly, for some oo : OB% — RY,

1
. / VU, > < E,
2 B2

R
o 2log(r) / A* dvoly, 0,
B%
o (1 — 0.

Then, up to subsequences, ¥y — ¥, in Wl’Q(BIQ%,Rq), for some Vo, which is continuous

(in the interior), has trace Voo, and satisfies the convex hull property, namely
Voo (@) C co(Vuo(Ow)) for all w CC B%,.
The image measures (Vi) (2[VW[2L?) in R? form a tight sequence.

Given w CC B} with Uoo (@) C R\ 7 (0B%), there exists a quasiconformal home-
omorphism ps of R% and a locally constant multiplicity Noo € L>®(w,Z%) such that
the 2-varifolds induced by \I'k‘w subsequentially converge on R?\ ¥y (0w) to a (local)

parametrized stationary varifold

(Poo(w), Uoo 0 ‘Pgol,Noo © 90501)-
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in the varifold sense, namely in duality with CO((R?\ ®.(0w)) x Gr(2,RY)). Also, on w

we have the convergence of Radon measures

1 %
(4.5) 3 VU2 L2 5 Ny |01 W00 A DU oo | L2
Setting I'o := 700(8312%), we have Ny < wdist(\I/of(w),Foo)? a.e. and the distortion constant

2
of oo 18 bounded by (Wdist(‘llooE(G),Foo)Q) .

Proof of Theorem[{.2 The proof is essentially already contained in [13] and [12], so we
just present the required adaptations.

Up to subsequences, we can assume that Uy has a weak limit ¥, in I/VL?(BIQ%7 RY), with
trace Yoo, and that the varifolds v induced by Wy converge to a varifold v, in RY.

The arguments used in [I13, Section III] and in [I2, Section 2] show that ¥, has a
continuous representative (on the interior B%), satisfying the convex hull property. Also,
from [13, Section III] we have that

(4.6) Voo is stationary in U := RY \ 7o (0B%)

and is an integer rectifiable varifold. We claim that the measures [|vg| = (¥g)s (5[V¥y[?)
on RY form a tight sequence. If this were not true, up to subsequences we could find points
qr € R? with |gi| — oo and such that the argument of [13, Lemma II1.3] applies (with g in
place of ¢), on the region R?\ W, (0B%). Hence,

lim inf v, (B () > 0.
k—o00

So the varifolds v — g converge subsequentially to a nontrivial varifold v/_ in RY, stationary
on U’ := RY%: indeed, the proof of can be repeated with Wy — ¢x in place of ¥y (and
U’ in place of U), using the fact that, for all s > 0, the image of W, B2 — Ok is eventually
disjoint from B{. Its total mass ||[v/_||(RY) must be bounded by lim infy_, ||vk||(R?) < E;
however, the monotonicity formula implies that ||[v/_|[(RY) = oo, a contradiction.

We also claim that the bubbling set is empty in our setting. Indeed, by tightness of
the measures ||vg||, a bubbling point would produce, in the limit, a nontrivial stationary
varifold in RY. Again, its mass would be bounded by F, contradicting the monotonicity

formula.

Now [13, Lemma IIL.5] gives, up to further subsequences, the limit
1
vy = i\V\Ilk\Q A Vo, With ve = m L2

in the sense of Radon measures (i.e. in duality with C2(B%)). The function m(z) > 0
equals Noo(2)|01Poo A 02Poo|(2) a.e., for a positive integer Noo(2z) which is bounded by the
density of v at Woo(z) whenever ¥ (z) € U.

Let w CC B% be such that ¥oo(w) C R?\ I'se. Defining s := dist(¥oo (@), ['so) > 0, note
that

Bi(q) CU  forall g € Uoo(@).
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Hence, by the monotonicity formula, the density of v at such points ¢ is bounded by rfz
This gives the upper bound for No,. As explained in detail in [I2] Section 4], there exists a
quasiconformal homeomorphism ¢, of the plane, with distortion constant bounded by the
square of the (essential) supremum of Ny |, such that W., o ¢3! is weakly conformal on
¢Yoo(w). Finally, it is the main outcome of [13] that the 2-varifolds induced by ®|,, converge
to the (local) parametrized stationary varifold (e (w), ¥oo © 95, Neo © o) (Whose mass

measure is bounded above by ||v]|), in the complement of \Iloo(aw)ﬂ [

Theorem 4.3 (regularity of parametrized stationary varifolds). In the situation of
Theorem U 00t t poo(w) — RY ds harmonic. Also, if w is connected and V|,
is not constant, N, equals a constant integer (a.e.) on w and W, o o3} is a minimal

branched immersion.

Proof of Theorem[].3. This is a special case of the main theorem in [12], namely [12]
Theorem 5.7]. |

5. TWO LEMMAS ON HARMONIC MAPS

Lemma 5.1 (uniform convergence for Dirichlet problem with variable domain).
Let v, € CY(OB2,R?) be a sequence of Jordan curves converging (in C°) to a Jordan curve
Yoo and let fi € CY(OB2) be a sequence converging uniformly to a function fs. Let Dy be
the domain bounded by i, let u, € C°(Dy) be the harmonic extension of f o 7];1, and
similarly define Doy and uso. Then up — Uso N CZOOC(DOO). Moreover, if yr — Yoo wWith
Yk € D and Yoo € Doo, then ug(yr) — oo (Yoo )-

Note that such harmonic extensions exist and are unique, since by Carathéodory’s theorem
there exist homeomorphisms E? — Dy, restricting to biholomorphisms B? — Dy (and
similarly for D), allowing to reduce matters to the well-known existence and uniqueness

of the harmonic extension on the unit disk.

Proof of Lemmal5.1 Since the functions fj are equibounded, from the maximum principle
and interior estimates it follows that the functions uy are equibounded in C?(w), for any
w CC Dy, and hence by Ascoli-Arzela theorem the convergence uy — oo in CZ%C(DOO)

follows from the second claim.

It suffices to show that the second claim holds for a subsequence: once this is done, it can
be obtained for the full sequence by a standard contradiction argument (given a sequence
Yk — Yoo, if ug(yx) does not converge to us (Yoo ), we can find a subsequence such that it
converges to a different value; then we reach a contradiction along a further subsequence

where the second claim holds).

Up to removing a finite set of indices, we can suppose that there is a point p such that

p € Dy, for all k € NU {oco}. By Carathéodory’s theorem, we can find homeomorphisms

2The convergence actually holds on all of R? (or, more precisely, on R? x Gr(2, R?)) if veo (dw) = 0.
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U - E? — Dy, restricting to biholomorphisms from B? to Dy, so that Uk’832 = 7 o Bk, for
1
suitable homeomorphisms 8y, : 9B? — dB? (for all k € N), and v(0) = p.

Since the maps v, and vk_l are equibounded and harmonic, we can assume that
(5.1) Ve — Voo, (= vk_l — (oo

in C2(B?) and Cf2(Dw), respectively. Note that vs is a holomorphic map taking values
into D, while (s is holomorphic and takes values into B% (by the maximum principle,
since (oo (p) = 0 and (x| < 1). So for any w € Dy the set {(x(w) | k € N}U{C(w)} C B?

is compact and we infer
(5.2) Voo © Coo(w) = lim vy o (p(w) = w.
k—00

Hence v, is surjective and thus an open map. So v (B?) = Dy and, by [16, Theorem 10.43]
(applied with f := ve — w, g := v — w, for a fixed w € Dy and an arbitrary circle
0B? C B? avoiding vy!(w), with k large enough), it is also injective. By Carathéodory’s
theorem, it extends continuously to a homeomorphism (still denoted vo) from E? to Do

and we have voo‘ a2 = Yoo © Poo for a suitable homeomorphism So : 83% — 8Bf.
1

Up to subsequences, applying Helly’s selection principle to suitable lifts 5, : R — R,
we can assume that G — 500 everywhere, for some order-preserving Eoo On the other
hand, since sup;, [ B2 |U,/€‘2 = supy, £2(Dy) is finite, we have weak convergence vy — vno in
W12(B?) and thus weak convergence i 0 i — Yoo © Boo in L?(0B?). The everywhere
convergence i © Br — Yoo © B;O implies Yoo © oo = Yoo © Eoo a.e. and thus [, = Eoo a.e.
In particular, S is also order-preserving. Since 5 is continuous and both maps are
order-preserving, we conclude that S, = Eoo everywhere. Using again the continuity of S,
as well as the everywhere convergence of the order-preserving maps S — Boo, We also get
that B — Bso uniformly.

Being vy the harmonic extension of v o B (for &k € NU{oo}), we conclude that vy, — vso
in C° (Ei) Let Uy, € CO(E?) be the harmonic extension of fi o 5 and note that Uy — Ux
in CY (E?) By conformal invariance, uy := Uy o Uk_l is the harmonic extension of fj o7y, !
on Dy, (for k € NU {o0}).

Finally, we claim that in the situation of the second claim we have vy ' (yx) = V! (¥oo)-
This easily follows from the injectivity of veo: if we had ’U,Zl(yk) — U (Yoo)| > € along
some subsequence (for some € > 0), we would have a subsequential limit point xo, € B} with

’xoo — vzl (yoo)‘ > € and Voo (Too) = limg_yo0 Yk = Yoo, Which is a contradiction. Hence,

(5.3) wr(yr) = Ur(v, ' (4r) = Uso(Ung (Y00)) = thoo (Yoo
as desired. [

3The map Boo could also be order-reversing: this happens precisely if Si reverses the orientation along

the subsequence. For simplicity, we assume Sy, Boo to be order-preserving (the other case being analogous).
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Remark 5.2. In the situation of Lemma 5.1} if D D D for all k € NU {oco} then uj — oo
uniformly on D. Indeed, if this were not true, then we could find points vy, € D C Dy, such
that |uk(yx) — ueo(yx)| > € (along a subsequence) for some € > 0. Assuming without loss of
generality yr — Yoo, we would get

lim inf |ug (yg) — too(Yoo)| > €
k—o0
by continuity of us, on D. This would however contradict the last part of Lemma
Lemma 5.3 (injectivity under a boundary constraint). Given K > 1 and s,e > 0,

there exists a constant 0 < §y < €, depending only on q, K, s, &, with the following property:

whenever

e Uewhin CO(E?,RQ) has H\IJ‘BB% - w(&)‘aB% < & for some ¢ € DL,

CY(0B?)

1

e Uo o ! is harmonic and weakly conformal on p(B?), where p : R? — R? is a K-

quasiconformal homeomorphismﬁ
then 1o W o =1 is a diffeomorphism from @(E?/Q) onto its image and
(5.4) dist(IL II(z)) < e, I(x) := 2-plane spanned by V(¥ o o~ 1)(x),

for all x € @(ET/Q). In particular, I1o W is injective on Ef/z-

Proof of Lemmal[5.3 Assume by contradiction that, for a sequence dj, | 0, there exist maps
U, : B? — RY, planes IIj,, homeomorphisms ¢ : R? — R? and coefficients u; such that the
claim fails with 6y = ;. By Corollary [A4] up to subsequences we have II; — I, and
\Ilka% — T (uniformly), where ' : 9B? — R? is the restriction of a map in Dln(w.

We can assume that ¢ € Dg (replacing ¢, with — ‘p’; Tz:fgk Ql ). By Corollary [A.4}
aBl

1

— =t in O (R?), for some homeomorphism

we can assume that ¢ — Yo and ¢ Ioc

Voo : R?2 = R2.

By harmonicity, up to subsequences we get Oy := Uy o cp,;l — O in CF (poo(BY)), for
some O : Yoo (B?) — R, 5o that O is weakly conformal and harmonic.

On the other hand, by Lemma applied to the sequence of harmonic maps Oy on the
Jordan domains gok(B%), O« is the harmonic extension of Fogogol and ¥y — Oy 000 =: Voo
in CY (E?): see Remark By the maximum principle we have ITL o ©,, = 0 and thus
[y 0 O is either holomorphic or antiholomorphic on ¢ (B?) (once Il is identified with
C).

Now, given two Jordan domains U,V C C, if a holomorphic map h : U — C extends to
a continuous map h : U — C mapping OU onto OV homeomorphically, then h maps U

1The maps ¢ and ¢ are not necessarily related to each other.
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diffeomorphically onto Vﬂ Being 11, o =Ty ol oyl a Jordan curve, we

Ocolppe (82)
deduce that Il 0 O is a diffeomorphism from ¢, (B?) onto its image.

Fix now a compact neighborhood F' of ¢ (E? /2) in ¥oo(B?), with smooth boundary.
Since O — O in CL (¢oo(B?)), we obtain that eventually ITj, o O is a diffeomorphism of
F onto its image, with

dist(ITg, Ik (x)) < €, x € F.

The fact that eventually ¢y (E? /2) C F yields the desired contradiction. |

6. TECHNICAL ITERATION LEMMAS

6.1. Informal discussion of the results. Since the intermediate results contained in
this section have rather involved statements, with several different constants and thresholds
appearing along the way, we find it helpful to provide an informal explanation of the
meaning of these statements and constants, as well as a rough sketch of the underlying

ideas in the proofs.

This section contains four important intermediate results, namely Lemmas and
which all invoke Theorem (except for Lemma by means of a compactness-and-
contradiction argument. All statements are about a conformal immersion U : Ei(z) — M7,
critical for the functional (on the interior). For simplicity, in this discussion we assume

z =0 and r = 1. The first three statements require the following:

(i) a control of the shape of the images of three circles, dictated by a distortion constant K;

namely we require that
I
U e RK,(SO

for some 2-plane Il and some small dg; recall from Section |3| that this means (assuming
II = R?2 C RY, up to rotations of R?) that ¥ is C°-close to a K-quasiconformal
homeomorphism ¢ € Dy, ¢ : R? — R? C RY on the three circles B2, BBSZ( K)’ 6352

(it would be far too restrictive to ask for C%-closeness on all of B?);

(K)?

(ii) an upper bound E on the Dirichlet energy %IB% V%
(iii) an upper bound V on the area (divided by 7) of the immersed surface ¥(B%) N BY,

taking into account multiplicity; namely,

1
/ dvoly, = / V|2 <V,
vo(BY) 2wy

SIndeed, h|U must be an open map, hence h(U) \ 9V is closed and open in C\ OV and it follows that
h(U) = V. We can find biholomorphisms u : Bf — U and v : Bf — V extending to homeomorphisms of the
closures. The map g := v~ ' o h o u satisfies g(Bf) C B} and maps dB7 to itself homeomorphically. Given
w € B}, for r < 1 close enough to 1 the loop g(re™) — w is homotopic to g(e*?) in C \ {0}, so the classical

argument principle gives #¢~ ' (w) = 1.
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where gy is the pullback of the Euclidean metric, which equals %|V\IJ|25 by conformality;
this upper bound will give a crucial improvement on the last conclusions of Theorem (4.2

as discussed below.

Also, in the same spirit as Theorem these lemmas assume 7,¢ < 1 and

721og(71)/ |A|* dvoly, <</ dvoly, .
B? B2

i
In Lemmas and the closeness in (i) is measured by a threshold §p (which will be
specified according to Lemma , while other closeness or smallness constraints will be
measured by thresholds ey, &f), £(; in Lemmas respectively.

Observe that the hypotheses guarantee that II o W maps Bz( K) to a subset of Bln/2 and
OB? to a subset of 1T\ BI! (approximately), hence \I/(Bg( K)) is far away from U(0B?).
Hence, when arguing by contradiction, we can apply the last part of Theorem and
obtain in the limit a parametrized stationary varifold close to ¥|,, (we will choose either
W= Bg( K) Or the smaller domain w := Bg( K)Q). The reason to impose the geometric control

on three circles, rather than two, is merely technical and is convenient for the proofs.

Lemma says that the projected multiplicity N (¥, BS2( K> IT) (introduced in Section D
issued by ¥ from the ball Bg( K)2 has an average close to a positive integer k, on the ball
BH
n(
the corresponding macroscopic multiplicity will be precisely k.

K)' It also asserts that this holds for 2-planes IT' close enough to II. As a consequence,

Observe that the hypotheses guarantee that IT o ¥ maps BSQ( K)2 approximately to a
superset of B}?( K) (see Section |3| for the definition of these geometrical constants). Hence,
arguing by contradiction, we obtain in the limit a (parametrized) stationary varifold which
is close, in the varifold sense, to \IJ(BSQ( K)g). The constraints on ¥ force this limiting varifold
to lie on a 2-plane, so by the constancy theorem it has constant integer multiplicity on

B}?( K)’ giving a contradiction. Note that the volume constraint V' is not used here.

As already mentioned in the introduction, we would now like to find a decreasing sequence
of radii g :=1,..., 7, = /7, with r; comparable to 7,1, such that the maps ¥(r;-) satisfy
the same assumptions (with different scales £y := ¢, ..., ¢ in the target). The strategy to
get Theorem is then to show that the corresponding macroscopic multiplicities n; do
not change from one scale to the next one: ng = ny = --- = ng. At the smallest scale, we
will be able to say that the immersed surface ZEI\I/(BTQIC) has small second fundamental
form in L?, implying a strong graphical control that allows to conclude n; = 1 and thus
no = 1. In the situation where we will apply this strategy (namely, in Section , upon

careful selection of the center z, it will be easy to impose the “maximal” bounds
(E')_2/ dvoly, <V, 72 log(T_l)/ |A|* dvoly, <</ dvolg,,
v-1(By) B2 B2

for all 0 < ¢ <1 and 0 < v’ < 1, by means of covering arguments. However, we cannot a
priori impose similar bounds on the Dirichlet energy and on the shape of the images of
small circles (items (ii) and (i)). Note that if (¢/)~1W¥(+'.) satisfies (i), then we can bound
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the Dirichlet energy of this rescaled map on the ball BSQ( K) in terms of V, as ¥ maps
BS2( k) i0to By, (approximately). So (i) would give (ii) for free (on a smaller domain ball),

with a uniform bound (depending on K, V') in place of E.

Lemma [6.3] is the main technical workhorse, and essentially says that we can circumvent
this difficulty: namely, the hypotheses (i)—(iii) are still satisfied for a smaller radius 7’ < §
in the domain, with a smaller scale £'¢ < % in the codomain. Note that the reference point
p also changes; this will in principle destroy the maximal volume bound, but we can still
recover (iii) in the new situation, exploiting the fact that the multiplicity is quantized in
the limit (see the proof of Lemma and Definition for the details).

The idea of the proof of Lemma [6.3]is that, up to a quasiconformal homeomorphism ¢,
U is close (in the weak W2-topology) to a conformal harmonic map with small oscillation
with respect to II. Hence, by Lemma [5.3], it will be arbitrarily close to an affine injective
conformal map L on smaller and smaller balls Bf,. If ¢ were the identity, given a (finite)
collection of circles centered at 0 we would get C°-closeness of ¥(r'-) to L on all these

circles, for some r’ small, and we would be done.

The important observation now is that the distortion constant of ¢, can be bounded
solely in terms of V: indeed, as in the proof of Theorem U(B?) N Bf is close to a
stationary varifold v (in B{), whose density on B} /9
‘ll(Bf( K)) C BY /2 (approximately), the upper bound on the distortion constant given by
Theorem [4.2| can be improved to a constant K'(V') depending only on V. Hence, we get (i)

also for a smaller radius r’ (with K’(V') replacing K) and, as already said, this gives also

is bounded in terms of V. Since

(i) with a bound E’(V') in place of E. Our sequence of radii is now obtained by iterated
application of Lemma with parameters K'(V'), E'(V), V.

Given constants K”, E” and V', which will be chosen when applying these results in
Section 7], we then fix Ko := max{K'(V), K"} and Ej := max{E'(V), E"}, so that all the

statements apply for all radii ro,71,...,7%.

Lemma [6.5] says that the macroscopic multiplicity does not change after applying Lemma
namely when replacing the domain and codomain scales r, £ with /, £¢' (and p, IT with
p/,I'). Tts proof uses Lemma to claim that W is approximately a graph over II, and
then applies the constancy theorem (in the limiting situation).

Finally, as it will be clear along the proof of Theorem Lemma concerns the
behaviour of a conformal immersion ® : B? — M™ at a scale (comparable to) £ := /o in
the codomain, when @ is critical for (4.1)). Assume that ®(B?) has diameter approximately

22, and assume the smallness

(6.1) 02/ |A|* dvoly, <</ dvolg,
B2 B2

and the bound [ gz dvolgy < C/f?. When dilating the codomain by a factor £, (6.1))
becomes [, [Au|* dvoly, < 1, for ¥ := ¢~1(® — ®(0)). As ¥ is conformal, we have
AT = 2Hge?* (where e’ is the conformal factor). Thus, we get that AV is small in L*
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provided we can obtain an upper bound on A; once this is done, by Sobolev’s embedding we

obtain a C'-control on ¥, which implies that the macroscopic multiplicity is 1 at this scale.

In order to bound A, we use a result by Hélein (belonging to a broad class of phenomena
of integrability by compensation, whose study dates back to the discovery of Wente’s
inequality), guaranteeing the existence of an orthonormal frame {e;(z),ea(z)} for the
tangent space of the immersed surface ¥, with a bound on ||Ve;||;» depending only the

L2-norm of the second fundamental form. Then we show that
— Al = 8161 . (9262 — 8261 . 6162

and we compare \ with the solution u to the same equation, with zero boundary conditions
on a ball. A pointwise bound for p now follows from Wente’s inequality, from which one
easily deduces the desired upper bound for A. Although not necessary, we will also show

how to obtain a pointwise lower bound on A in this situation.

While reading Sections [6] and [7], it can be useful to refer to the following diagrams,

illustrating how the constants depend on each other:

~ K" K'(V) E(V) B

Y TN S

€y — €

K\ o N

(an arrow A — B means that B depends on A).

6.2. Rigorous statements and proofs. We now make the above discussion rigorous.
In a first reading, it can be helpful to pretend that all quasiconformal homeomorphisms

appearing in the proofs coincide with the identity.

Definition 6.1. Given V > 0 with V = | V| + 3, we define the constants
K'(V):=@4V)?,  E(V):=2rK'(V)D(K'(V))%

In the sequel, it will be convenient to assume always that V € N + %, so that V = |V] +

N[

Lemma 6.2 (almost integrality of averaged projected multiplicity). There exists
0 < e9 < n(K), depending on E,V > 0, K > 1 and M™, such that whenever ¥ €
CQ(EE(Z’), o) s a conformal immersion, critical for the functional on B2(2), and
IL, 1T are 2-planes satisfying

o U(z+1)€ R%EO,

. 1/ IVU|? < E,
2 JB2(2)
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1
. / dvolg, = / IVO|? <V,
v-1(BY) 2 Ju-1(BY)

o 72 log(T_l)/ |A[* dvoly, < &g for some 0 < 7 < &,
B2(2)
o dist(I,II') < g and 0 < £ < o,

then the projected multiplicity N (¥, BSQ(K)%(Z)’H) satisfies

(6.2) dist ( ]{9

J

where Z7T is the set of positive integers.

bl

N(W, B2 o2, (2),T0), ZF) <

0| —

il
n(K)

1
(6.3) i N(W, B jy2,(2), 1T) — ][H, <3
n(K) By (k)

N, B o, (2), 1)

Proof of Lemma[6.9 We can assume z = 0 and r = 1. Suppose by contradiction that there
exist sequences ¢y | 0, 7y, {k, points py, maps ¥ and planes I, IT} making the claim
false for eg = ;. Up to subsequences, we can assume that IIj, IT} — I, that ¥y has a
weak limit U, in WH2?(B2 RY), with traces \Iloo‘aBQ(s-) = 1)(s-) for some ) € DIH((’o and all
s € {1,s(K),s(K)?} (thanks to Corollary , and that the varifolds v induced by Uy

converge to a varifold v, in RY.

We now invoke Theorem Recalling the definition of Dg‘” and s(K) from Section
the convex hull property satisfied by W, gives

(6.4) Voo (Bire) € c0 (Voul0B ) ) = co (0(0B% ) € Bl o,

so that, being oo = ¥, (0B%) = 9(9B?) disjoint from B (as |[¢(z)| > 1 for z € dB%, by
definition of D),

: 1 —=2
(6.5) dist(Voo(z), o) > 3 for z € B (k).

. . * *
Theorem gives the varifold convergence vj, — v, and v} — v as k — oo, as well
as the tightness of the sequences of mass measures ||v, | and ||v}|, where v} and v} are

the varifolds issued by \I/k‘ g2 and \Ilk| B2 respectively, while v/ and v’ are the ones
s(K) s(K)2

issued by (gooo(Bs(K)), Voo 09zl Noo 0 03 }) and (@OO(BE(K)Q), U0zl Ny o gp;})ﬁ
Although not needed in the present proof, let us remark the following improvement on
the last statement in Theorem which will be used in the proof of Lemma [6.3} we have
Vr

and the distortion constant of ¢, is bounded by K'(V) = (4V)2. Indeed, since v is

stationary in B} and ||veo|(B}Y) < V', by the monotonicity formula its density is bounded

6The fact that one can choose the same multiplicity Noo and the same quasiconformal homeomorphism
Poo : R2 — R? for both domains is evident from the proof of Theorem
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by ﬁ at any p € B. In particular, (6.4) gives an upper bound 4V at points in

\I/OO(BE( K)), which implies our claim.

The support of v7 is contained in the plane Il by the convex hull property enjoyed by
¥ and the fact that ¥, maps 8352( K)? to IIs. Since \IJOO((?B?( K)Q) does not intersect Byl;[((’;(),
the varifold v/ is stationary here and thus, by the constancy theorem [I8, Theorem 41.1],
it has a constant density ¥ € N. We must have v > 0, since \I'OO(BE( K)Q) is a superset of

BTI?("I‘%) by Lemma (applied to n(K) ' (s(K)?-)). The area formula and the tightness

of |[v{|| then give

][ N, 5 H):H<Hk>*vgu<B}}@q>%H(Hoo)*vzo\\(B&og)):
Bk fr Ps(R)20 Tk (K2 mn(K)?2

n(K)

Similarly, fBH; N (U, Bg( K)2 IT,) — v as k — co. Hence the claim is eventually true,
n(K)

yielding the desired contradiction. |

We now specify dg so that Lemma applies, with € := ¢g and s := s(K). Note that
dp < g9 < n(K) and that g9 and g still depend on V', K and E.

Lemma 6.3 (existence of a smaller good scale). Given E > 0 and K > 1 there exists
a constant 0 < g < o (depending on E,V,K, M™) with the following property: if a
conformal immersion ¥ € CQ(Ei(z), ) is critical for the functional (4.3) (on the

interior) and satisfies

o U(z+r)€ RIHQ;O,

1

b / |VIIJ|2 S E7
2 JB2(2)
3/ I

o — dvoly,, ——= dvoly,, <V,
T Jw-1(BY) v mn(K)? TL(B) k) o

o 72log(t™ 1) /BQ( : 1A dvoly, < e for some 0 < 1 < ¢,

o 0</(<g,
then there exist a new point p' € MYy, new scales ' 0 and a new 2-plane 11" with

o cr <1’ < s(K)r,

1

27

dist(I1, IT') < &0,

(@) Wz +1") = 1) € Rty 60

1/ ’V\IJ"Q < E' V), for ¥ = (0)~Y(V —p') (defined on B%(z)),
BE/('Z)

o o<l <

2

1 1 n(K) )2 1
- dvol, ,. / dvol, , < ( V|+-=.
i /( )~1(BY) W n(K)? (TH)=1(BY ..) I L n(K) — o J 2

n(K)
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Proof of Lemma[6.3 We can assume z = 0 and = 1. By contradiction, suppose that there
is a sequence ¢y, | 0 such that the claim fails (with e, = gy) for all radii ¢ < 1’ < s(K), for
some Y and Il satisfying all the hypotheses. As observed in the proof of Lemma 6.2} up to
subsequences we get a limiting local parametrized stationary varifold (Qs0, © s, Noo © 0t)
in R, where O, = Uy, 0 o} and Qy = @OO(BSQ(K)) for a suitable K’(V)-quasiconformal
homeomorphism ¢, of the plane. By Theorem O is harmonic. Also, it takes values
in the tangent space T' at po, (translated to the origin).

Moreover, assuming also that Il — Il and py — peo, by Corollary [A-4] we still have

U, € 7?,?(‘7’30: indeed, if ¢, € Dg’“ are such that H\Ilkag(s-) - wk(s')HLw(an) < ¢g for

s=1,s(K),s(K)?, then there exists 1o € Dg‘” such that 1, — 1o (up to subsequences),
uniformly on the three circles; for any bounded measurable function x : 9B? — R? with
lIx|lz1 < 1, weak convergence of the traces \I’k’832 — ‘IJ°°|832 in L? gives

e X el ) el = Jim [ (Bl o) < 0

for s = 1,s(K), s(K)?; thus, being x arbitrary, the desired inequality holds also for k = co.
We can assume that ¢, (0) = 0. By definition of Jy and Lemma , applied to

VU (s(K)-) and @oo(s(K)-), O is a diffeomorphism from cpoo(Ei(K)/Z) onto its image and
the differential VO, (0) is a conformal linear map of full rank, spanning a plane II' with
dist(Ilse, IT') < 0.
Since s(K)? < s(
by (gpoo(Bsz(K)Q), Oco; Noo 0 03}). Using Lemma applied to 7(K) My o Uuo(s(K)?2),
and the fact that 6y < n(K), we deduce the existence of a point y € Bg( K)2 such that

K)
2

, the varifolds v induced by \Ilk’ B2 converge to v, induced
s(K)2

Il 0 Yoo (y) = 0. By the convex hull property enjoyed by ¥, it follows that
Voo (y)] = [T © Was )] < 00,
as \Iloo(ﬁBg(K)z) C{p:|IL(p)| < do}. Since [|veoll (BZ(K)) < Vmn(K)?, the stationarity

of v On Bf]( K) implies that its density at Uoo(y) is at most

Vn(K)? n(K) \?
(n(K) — o) = <n(K) - 50) v

Being v, stationary in the embedded surface @OO(@OO(BE( K)Q))’ the constancy theorem

(6.6)

gives that its density 6 is a constant integer here. Thus we have

— K) \? 1
6.7 BI(p.)) < L ) VJ ) = 0.(0)eT,
67)  Ivaoll (BI)) ( o) VItg ) =00
for all ¢ > 0 small enough. Fix now any ' < s(K) such that we have the strong convergence
Ui(r') = Ueo(r's) in C°(OBF U 8B32(K) U 8B§(K)2) along a subsequenceﬂ Note that

"This can be obtained by applying e.g. [12, Lemma A.5] to the weakly converging R3%-valued maps
(Wre, Ui (s(K)-), Wi (5(K)™)) = (Woo, Woo(5(K)-), Voo (s(K)™)).
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A oo () € Dir(vy, where A := minjg_, [poo()]. Also, the fact that Uoo = O 0 oo
and the smoothness of O, give
do ‘VGOO(O)

/ / ’ / /
(6.8) ‘\I’oo(r T) — Woo(0) — (VO(0), poo(r 1‘)>‘ < W’(V)) ’cpoo(r 3:)’ < dol

if 7’ is chosen small enough, where ¢ := VOOl )\ and » € E?. This implies

V2
()" (Wr(r") = Ph) € RiEny) a0

by conformality of VO, (0). Shrinking 7', we can also ensure that ¢ < %, as well as

K/
/ Noo|01Woo A O Wog| < (V)/ VO, |?
B2, 2 2

(6.9) Bhacrva
< K'(V)(D(K'(V)A) 7 [VO(0).
Calling v/, the varifold induced by (¢oo(B2), (¢) ™ (O — Pl)s Noo © o5 ), in view of (6.7)
we can even guarantee that
IVl B Iveell Brare)) (-5 Yy L
T T om(K)? n(K) — eo 2

Calling pj the closest point to pl, in M» , (eventually defined and converging to pl,
since M , — T), thanks to and A1 (1) € Dgr(v), eventually we have

Pk Lk
(5/)_1(‘1%(7",') —p)) € RH//(V),(SO-

Moreover, and (4.5)) give

1

/ |V\I/k|2—>/ Nao |01 0o A Do | < (E)2E/ (V).
2 B2 (2) B2, (2)

From the convergence of the varifolds v}, induced by (¢')~' (¥ — p})| 2, 1O vl we get

v || (BY) . Vil (B k) n(K) \? 1
LR imsup 1 {<77(K)—80> VJ+§'

lim sup
k—oc0 ™ k—oo 7777(K)2

So eventually (¢)~1 (W (r"-) — p).) satisfies all the conclusions. This yields the desired

contradiction. [ |

Definition 6.4. Given constants K’ > 1 and E” > 0, we define K := max {K'(V), K"}
and Ey :=max {E'(V), E"}. We also let sg := s(Kp) and ng := n(Kp).

We fix g9 (and thus dp) and &), so that Lemmas and apply with K := Ky, F := Ej.
Since €¢ depends on V', we can assume that it is chosen so small that

o\ 1 1

(6.10) L(no_g()) vJ+§=m+§=v.
This makes the last conclusion of Lemma match one of the hypotheses, making it
possible to iterate that result. On the other hand, the constants V, K, E” (upon which
all the aforementioned constants depend) will be fixed only in Section
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Lemma 6.5 (n(-) does not change from one scale to the next one). There exists

/)2
a constant 0 < g < (a%) < g( with the following property: if a conformal immersion
S Cz(Ff(z), g,le) satisfies the hypotheses of the previous lemma (with €(, Ey, Ko in
place of €, E, K ), then the new point p’, the new radius r' and the new scale £’ provided by
0

Lemma [6.3 satisfy
(611) 'I’L(\Ij, ngr(Z), BTI;{]) = TL(\I] — p/, BS2(2]T" (Z), B,'I;IOE/) = n(\I/ — p/, BS2(2]T" (Z), B,'I;IOE/)

Proof of Lemmal[6.5 The second equality in follows immediately from Lemma
(applied with (¢')~'(¥ — p’) on B%), which gives

n(¥ —p', ngrn B};Toe') =n(¥ -p, BE(Q)T” Bg[olé’)
since dist(IT', IT) < &o.

Assume again z = 0, r = 1 and, by contradiction, that the first equality in fails, so
that we have again two sequences €, | 0 and ¥j. We can assume that II, — I, pj, — plo,
0, — 0 and 1), — rl, with pi, € M™, &) <, < 1 and &) < 1, < so. Moreover, as in
the proof of Lemma [6.3] up to further subsequences we get a limiting local parametrized
stationary varifold (s, oo, Neo © ) in R?, with Qu, = gpoo(Bgo). From Theorem
we know that O, is harmonic and Ny, = v is constant, so Lemma [5.3] gives that II,, 0 O
is a diffeomorphism from <poo(§§0 /2) onto its image.

Calling vy, the varifold issued by \Ilk‘BQ and v, the one issued by (gooo(ng), Oco, V), We
22 0

have the varifold convergence vi — Voo as k — 0o. The area formula gives
(T ) «vie|| (Bpk) _, 10 To0) s veo|| (Big™) _ ,
3 s ’

]ink N(qfk,ng,Hk) =
710

since (Il ).Vs equals an open superset of B1171000 in II, (by Lemma , equipped with

the constant integer multiplicity v. Hence, n(¥y, B§2, BT%’“) = v eventually.
0

Similarly, calling v} the varifold induced by \I’k’ B2, and v/ the varifold induced by
50"k

(()OOO(BE(%T:)O), O, ), we have v, A vl as k — 00, as is readily seen by approximating with

domains which do not vary along the sequence. Since (£.,) (Voo (rh-) — ply) € R?(‘S" 5o

again (Il ).V, equals a superset of B};{)";, in I, with constant density v. This gives

again
m
][ N(¥, B, L) Ik )x vl (Byir (ax)) ICEORA (Bl (00)) )
k> g ) = =,
Bf,lok% (gx) " w5 (£},)? 3 (0)?

where g, = II;(p),) for k € NU {co}. Hence, n(¥j — p}, ng’“fc’ Brr]i’“%

the first equality in ([6.11]) holds eventually, giving the desired contradiction. |

) = v eventually. So

Lemma 6.6 (n(-) =1 when 7 = 1). Assume that ¥ € COO(EE(Z),M;”Z) is a conformal
immersion and II is a 2-plane with V(z + r-) € R%M;O and %fB,%(z) VO|? < E. If
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fo |A|4 dvolg, and { are sufficiently small, then I1o W is a diffeomorphism from Figr(z)

onto its image.

Proof of Lemma[6.6. We can suppose z = 0, » = 1. Assume by contradiction that the claim

m

does not hold, for a sequence of 2-planes Il — II,, and immersions Uy : E? — Mpk A

with ¢, — 0 and second fundamental forms Ay satisfying

(6.12) /32 Ak dvolg, — 0.

1

Let A\ € COO(E?) be defined by |0, W] = [02¥y| =: e* and let A, and A}, denote the
second fundamental forms of MZZ C RY and of the immersion ¥, in RY respectively, so
that Ay, = A,,_s, + Ag. Note that

(6.13) [ Apy.0 |l oo < C(M™)l — 0,
so that

(6.14) /B %

With a slight abuse of notation, let us drop the dependence on k in the subsequent

~ |4
Ay| dvoly,, 0.

computations. We define the orthonormal frame
(6.15) €1 := 67)\81\11, €9 1= 67)‘82‘1’
for the tangent space of the immersed surface W. It is straightforward to check that the

map €1 A €9 :E? — AoRY has |V(e1 A )| = e }g‘, SO

~12
62’\‘14’ d£2:/

~12
A‘ dvoly, — 0
B}

(6.16) /B V(e A )2 dC? = /

B}
by Holder’s inequality, since [ g2 dvoly, < E. We identify the Grassmannian Gr(2,R?) of
1

2-planes in R? with a submanifold of the projectivization of AsRY, by means of Pliicker’s
embedding. For k large enough [3, Lemma 5.1.4] applies and provides a rotated frame
(e1,e2), given by

(6.17) ec = e1 + ies = e, €c = ey + iea,

for a suitable real function § € W2?(B%) minimizing fo |V 4 &, - Véo|? (in particular,
0 and ec are smooth functions on E?) and with HVBCH%Q becoming arbitrarily small

as k — co. We will assume in the sequel that ||Vec||7. < 1. Observe that, whenever
o, B € CY(BY),

010023 — D018 = i(@la + 82,8)2 + i(@ga — 81,3)2
= [0:(a +iB)[* — 0z(a +iB) .

— i(@la — 82,3)2 — %(8204 + 816)2
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Hence, being ¢; + i€y = 220V and 0,V - 9,V = 05V - ;¥ = 0 by conformality, we get
— (01€1 - Ogea — Oqey - O1€2)
= 40:(e71020) - 0.(e 10, W) — 495(e 1D, V) - 9, (e~ D)
= 4e7MNOLV - Q20 — 92U - 02U — N0 T - 02U — 9,00, T - 9L 0)
+ 2e7 P2 0N0:(0.V - 0,T) + 27220\, (05T - ;)
=4 MNOLV - Q2 W — 2 W - 92U — 9NV - 92U — 90D,V - 92 ).
On the other hand we have

2e220,\ = 0.(e**) = 0.(20:V - 9.0) = 9:(0,V - , W) + 205V - 92, ¥ = 20V - 92U,

A(e?) = 402, (2050 - 9,T) = 80:(0=T - 02, 1) + 40%.(9. T - 9. 7)
so we arrive at
~ ~ ~ ~ A(e”)
(618) 6161 : 8262 - 8261 . 0162 = _QQT + 8(93)\82)\ = —A.

Alternatively, since the projections of ;€1 and Jie2 onto the tangent space of the immersion
VU are orthogonal (being the projection of d;e; a multiple of e and the projection of die2 a

multiple of €7), we have
8151 . 3252 - 6251 : 8152 == €2>\(;4V(51,g1) . g(gg,gz) - g(gl,gz) . Av(gl,gg)) = €2>\K,

by Gauss’ formula, K denoting the Gaussian curvature of the immersed surface. But, by

the well-known formula for the curvature of a conformal metric, we have K = —e 22 A\,
which gives again (6.18]). Moreover,

rer - Ooes — Daer - Dies = I (Veg; Veg) = S <v§ _ T ® V6, Vég + ite © ve>

=g <v%; ng> — 18] - Doy — Dad) - D10,

since <% ® Vb;ec ® V0> is real and <—i% ® Vi, V€@> = <V%; iec ® V9>. Thus, calling
e C® (E?) the solution to

—AM = 8161 . 8262 — 8261 . 8162 on B%

p=0 on B3,
we obtain that A — p is harmonic and, by Wente’s inequality,
(6.19) Il = < Cla) (I9erls + Vel ) < Cla).
Since A < €2}, for all z € §§/4 we get
2 E
©200 Q=@ =F G- Pl < g +C@)
33/4(@ 7/a(@) ( 1/4)
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Together with (6.19), this gives an upper bound for A on Bg J4 depending only on F,q.
Although this is sufficient for the present purposes, one can also get a lower bound for A

on BZ . Indeed, calling M the right-hand side of (6.20)), we obtain that M — (A — ) is a

nonnegative harmonic function on B§ e Moreover, the length of the curve \I/‘ a2 1S
S0

(6.21) / et > 2mn,
B2,

since the composition of II o \If‘ o2 With the radial projection onto (‘)B,% (which does not
S0

increase the length) is surjective (being a generator of the fundamental group of 8B717IO).
Hence, there exists some = € 8B§O such that A\(z) > log (sa 1770). We deduce that
(6.22) inf (M — (A= p)) < M+ C(q) — log(sg '10)

S0

and so, by Harnack’s inequality, the supremum of M — (A — ) on B?O is bounded by a

constant depending only on FE, sq, 19, q. This, together with (6.20)) and (6.19)]), gives

(623) H)\||L°°(B§O) < C(E7 SOanOaQ)‘

The mean curvature of the immersion ¥ is H = 26%(2(81\11, V) + E(@g‘ll, hV)) = AY

T 22X

(note that AWV is already orthogonal to the tangent space of the immersion, since 0,¥ - AV =
40,V - 92U = 20:(9,¥ - 9,¥) = 0). So we get

~ 14
AW, [* dL? =16 Hy| €8 dvol
5 5 g,
B3/4 B3/4

(6.24) ,
< C(E,q)/ ‘Ak‘ dvolg, — 0.
B2 i

3/4
Since sg < 3, this implies that (¥}) is a bounded sequence in W4(B2 ) (by Lemma
applied to Wy (2+)), so by the compact embedding W?4(B2 ) — Cl(Eio) we obtain a strong
limit ¥, in Cl(Eio), up to subsequences. Thus V¥, is weakly conformal and, by , it
is also harmonic. Lemma [5.3| applies (with Woo(so-) and idge in place of ¥ and ¢) and
gives that I o ¥, is a diffeomorphism from Eio /2 2 Egg onto its image, hence the same

is eventually true for II; o ¥y, giving the desired contradiction. |

7. MULTIPLICITY ONE IN THE LIMIT

Theorem 7.1 (n(-) =1 for small o2log (o~ 1) [ |A|*). Assume ® € Coo(Ei(z),Mm)
is a conformal immersion, critical for (&.1]) on B%(z) and satisfying
o I"H®(2+1)—p) € R?(W;O for some \/o/ef <l <1 andpe M™,

1
/ Vo[ < Eof?,
2 /B2

(03]

[
. / dvoly, < Vrl? cmd/ dvoly, < Vr(nol)?,
“1(BI(p)) o-1(BY (7))
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1

. o2 log(a_l)/ A" dvoly, <

< 0/ dvolg, for all 0 < s <.
B2 Ey Jp2

Then, if o and £ are small enough (independently of each other), we have

n(qD - D ngr,«(z)v B}%@) =1
Proof of Theorem[71] Let ro:=r, po:=p, bo:={, 79 := U€a2 and Iy := II. Note that
Uy = g—l(@ —p) = Eal(q) — Do)

is critical for (4.3)), with 7 := 79 < j. Thus Lemma applies to Uy (if £ is small enough),
giving a new radius ejro < r1 < Soro, a new point p’ € M;’:}, a new scale g < ¢/ < % and
a new 2-plane II'. Setting r := 7/, p1 := po + bop’, 01 := by, 71 := UEIQ, II; :=1II' and
recalling (6.10)), the map

U= () (o —p) =471 —m)
still satisfies the hypotheses of Lemma with the parameters rq, 71, p1, £1, 111, provided
that 7 < &f;: indeed, note that (assuming 7 <¢f < 1)

log(ri!) [ JAw, [ dvoly,, < Floglo™) [ [du, [ dvol,
B2 (2) B? (z)
4 e -2 e 5
= {;%0? log(a_l)/ |As | dvolg, < OEI / dvolg, = 2}%/ VU, % < &f.
B2 (2) 0 JB? () 0 /B (2)
Hence, we can iterate and define r;,7;,p;,¢;,1I;, for j = 0,1,..., up to a maximum

index k > 1 such that 7; < ¢ < ¢ for 1 < j < k and 7, > &: such k exists since
T = KJ-_QJ > 4715. With the same computation as above, this implies
ey 1
7.1 At dvol,, < 0 < :
= o A" 30, = 27500 < it

If o and £ are small enough, Lemma applies to the map ¥y, := 6,21(\11 — pi), on the ball
B? (z): indeed, note that £, < ¢ and [ B2 (2) | A dvolg, can be assumed arbitrarily small
(by taking o and ¢ small enough), by virtue of ([7.1]). This, together with Lemma gives
2 1
n(¥g, Bsgrk(z), BT]Ok) =1.
Also, Lemma [6.5] applies for all 7 =0,...,k — 1, giving
n(® = p, Bk, (2), Bytg) = n(Vo, B, (2), By)

nol E}
:n(\IllaBQ (Z)7B717_{)1)

sgrl

= n(Vg, Bfgrk(z), B
=1. u
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As in Section [ assume now that @ : ¥ — M™ is a sequence of critical points for

(7.2) /Edvolgq,k +a,2/2(1+ |A[)? dvoly,,

with controlled area, namely

A S/ dvolg, <A,
» k
and with

or 0, o 1og(g,;1)/(1 A1) dvoly, 0.
>

By the main result of [13], up to subsequences the varifolds v induced by @} converge
to a parametrized stationary varifold (see e.g. [12, Definition 2.2] and [12], Remark 2.3] for

two equivalent definitions of this notion).

As explained in [I3], there could be bubbling points, and also the conformal structures
induced by @, could degenerate (in the space of conformal structures up to diffeomorphisms).
The latter cannot happen if ¥ is a sphere, while it can yield a cylinder C/Z (or, equivalently,
C\ {0} = C \ {0,00}) in the limit when ¥ is a torus. While both of these statements are
easy consequences of the uniformization theorem for Riemann surfaces, if the genus is at
least two then the general picture of degenerating conformal structures is more complicated;

we refer the reader to [4, Section IV.5] for its descriptionﬁ

In the remainder of the paper, we will assume for simplicity that there is no bubbling
and no degeneration of the conformal structure. Note that the arguments will apply also to

the general case, working on appropriate domains different from EH

Up to precomposing ®;, with suitable diffeomorphisms of ¥, we can thus assume that
there exist metrics g; of constant curvature (1, 0 or —1, depending on the genus of X)
such that @y : (X, gx) — M™ is conformal, and such that g, converges smoothly to a
limiting Riemannian metric go.. The limiting varifold v, is a parametrized stationary
varifold, of the form (Y, O, Noo), Where O : Yoo — M™ is a smooth branched minimal
immersion. Also, calling ®,, € W12(X, M™) the weak limit of ®; (up to subsequences),
O = P 0 apgol for some quasiconformal homeomorphism ¢, : 3 — ¥, with respect to
Joo- Here Y is a Riemann surface homeomorphic (by means of ¢,) to X: see the proof of

[13, Lemma III.13]. In particular, ®., is continuous.

8Given a sequence of closed hyperbolic surfaces, we can assume that they have been decomposed into
marked pairs of pants, with a constant combinatorial configuration (see e.g. [4, Section IV.3]). We can then
cut them open along the marked geodesics whose length converges to zero and apply [4, Proposition IV.5.1]
to the resulting surfaces with boundary.

9Namely, if the conformal structure does not degenerate, on the complement of suitable small disks
centered at the bubbling points, or (as in a standard bubble tree analysis) on such small disks (suitably
rescaled to bigger and bigger disks converging to C), again working far from children bubbles; if the
conformal structure degenerates, one also has to discard small tubular neighborhoods of collapsing geodesics

(see also the previous footnote).



MULTIPLICITY ONE FOR MIN-MAX MINIMAL SURFACES IN ARBITRARY CODIMENSION 27
In local conformal coordinates for (X, g ), as in (4.5) we have

. 1
(7.3) volg, — Nao [01®Poo A Oa®so| L2 > 5|V<I>0012£2.

9o,
By the regularity result of [12], which was already exploited in Section @ Ny is locally a.e.
constant and thus a.e. constant (being ¥, connected).

Setting vy, 1= vol_%k and Ve := Nao|01Poo A O2Poo| £2 (in local conformal coordinates
for ¥), by we have v}, = v. We can find a conformal disk U C (3, goo ), which we
identify with B} C C and fix in the sequel, such that Z/OO<B%/2) > 0.

Definition 7.2. We denote by v the constant value of N,. Also, we call T" the set of bad
points z € B? which are not Lebesgue for V@, or such that V®,,(z) does not have full

rank, or such that

(7.4) max (Voo (2),z)| > 2v min (Voo (2), z)|

We have £2(T) = 0, since VO, has full rank a.e. by conformality (hence the same holds
for @, by the chain rulﬂ and since (7.4) implies 1|0 e A DoPoc|(2) < 3[VPuo|*(2) (as

it can be immediately verified using a singular value decomposition for V®.,(z)).

Definition 7.3. We now specify K" := 2v and we set E” := wv((K")? + 1). Finally, we
choose V > 0 such that V = [V | + 1 and

(7.5) Vool (B () < Vrt?

for all # > 0 and all p € M™. Such V exists by the monotonicity formula satisfied by the
stationary varifold vs.. Note that now also the constants K, Fy, sg, 1o, as well as &g, g,

g and g7, are determined.

Theorem 7.4 (multiplicity one). We have Noo =1 a.e., or equivalently v = 1.

Proof of Theorem[7.4 Let By be the Borel set of points z € B%/z such that

1/

2 —1 4 €o
1 Al* dvol > dvol
Uk Og(ak )\/;g(z) ’ ‘ Vo 9o, — EO /B%(z) Vo 9o,

for some radius 0 < r < % By Besicovitch’s covering lemma, we get a collection of points
zi € By andradii 0 < r; < % such that

1/

2 -1 4 o /
o; log(o Al* dvol > dvolg, |, 15 < E 1p2 () <M,
k g( k )/Bgi(%) | Al 9o, = Eo B2 () 9o, By, : B2 (2:)

for some universal constant 91. Thus we get

E _
(B) < 3 vl (B () < Zpoflogei )Y [ AT vl
i 0 i 7 (Zi

EgNn _ 4
S 676,0']% log(ak 1)/2 ‘A| dV019q>k — 0.

105¢e e.g. |5, Lemma 4.12] and [8, Lemma I11.6.4].
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Up to subsequences, we can assume that B% /2 \ By, converges in the Hausdorff topology

to some compact set S C Ei /2- We remark that Voo(S) > 0: indeed, for any compact
neighborhood F of S in B?, we have Bf/Q \ Br, C F eventually and so

Voo (F') > limsup v (F') > lim sup(uk(B%/Q) — v(Bg)) = limsup yk(B%/z) > I/OO(B%/Q) > 0.

k—o0 k—o0 k—o0

It follows from that £2(S) > 0.

We now show that No, = 1 a.e. on S\ 7', which has positive Lebesgue measure. This
will show that v = 1, as desired. Fix any z € S\ T and take a sequence zj € B%/z \ Bi
with z; — 2. Locally we can find conformal reparametrizations ®; of ®(zx + -), by means
of diffeomorphisms converging smoothly to the identity on a small neighborhood of OE By

weak convergence CAISk =P (z4+)in W2 for a.e. radius r > 0 we have
(7.6) By (1) = Boo(z + 1) in CO(OBFUIBZ U ang)

up to further subsequencesm Using [12] Lemma A.4] and the fact that z € T, we can

assume that r satisfies

(7.7) Do (2 + 72) — oo (2) — (VO (2),72)| < 6ol for x € IB? U 83520 U 8B§%,

1
(7.8) s /Bz( V@l < (117) [V0ec () < () 4 1),

with £ := rminj,—; (V@ (2),r)|. Note that (7.7) will guarantee (below) that the first
assumption in Theorem holds for ®. Setting p := ®.(2), note that (7.5)) gives

Ivill (Bi(p)) < Val®,  |lvi|l (By ,(p)) < V(not)?

eventually, which trivially implies

(7.9) /~ dvoly. < Vrl?, /~ dvoly, < V(nol)*.
&, (B(p) k &' (B () *
Also, (7.3) and (7.8) give
.1 = |2 . 2 v 2 1" p2
khm B V@k‘ = lim 1 (BZ(2)) < B Vo |” < B0~
700 2 JB(z) hree B3(2)

Thanks to the fact that z; & By and the above inequalities, eventually :ISk satisfies the
hypotheses of Theorem on the ball B2, provided that r (and thus ¢) is chosen small
enough. Setting Wy, := ¢~1(®), — p), we infer that

(7.10) n(Vy, B

29
sgT

1
B,) =1,
where II is the 2-plane spanned by V& ().

Hpor instance, one can isometrically identify a neighborhood of zj in (X, gx) with a neighborhood of z in
(X, go), by means of the exponential map.
12This can be obtained by applying [12] Lemma A.5] to the weakly converging R3%-valued maps

(@1, Pr(s0°), Br(s5)) = (Poo(z + ), Poo (= + 50°), Poc (2 + 50-))-
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Since r can be chosen arbitrarily small (possibly changing the subsequence guaranteeing
(7.6))), the argument used in the proof of [I3, Lemma III.10] shows that Noo(z) = 1.

Alternatively, (7.10) gives
vl (Byg)

-1
mnd

<3
8

where the varifold v}, is induced by \I/k‘ B2, and converges to the varifold v/ induced by
807"

(cpoo(Bsng(z)), (71O — p),v). Assuming without loss of generality that VO . (puo(2)) # 0,
IT 0 O is a diffeomorphism from gooo(B§QT(z)) onto its image (for r small enough). Hence,
0
at a.e. point of II the varifold II,v., has density either 0 or v. Since I o CIDOO(Bng(z)) is a
0
superset of Bg{) ,(II(p)) (by Lemma , it follows that

TLvio |l (By)

2
™
v ||(BY v/, ||(BI . )
The convergence I 7':7‘7‘2( m) — It ;’r"n”g( m) thus gives |[v — 1] < %, and again we conclude
0 0
that v = 1. |
APPENDIX.

Lemma A.1 (big image under a boundary constraint). Assume that F' € C° (E?, R?)

satisfies

(A1) |F(x) — ()| <d for all € OB}

for some 0 < 6 < 1 and some homeomorphism ¢ : R? — R2, with ©(0) = 0 and

min,—1 [p(z)| > 1. Then

(A2) F(B}) 2 BL,.

Proof of Lemma[A-]] It suffices to show that, for a fixed y € B} ;, the closed curve

.= F‘aBQ is not contractible in R? \ {y}: once this is done, if we had y ¢ F(B?), i.e.
1

y & F(E?), then F' would provide a homotopy from I" to the constant curve F'(0) in
R?\ {y}, yielding a contradiction.

Letting I' := @‘832 and v :=I" — T, we have |y(z)| < 6 for all x € 9B?. Hence, I is
1
homotopic to I in R? \ B ; C R?\ {y} by means of the homotopy

T+ty, 0<t<Il.

So we are left to show that T is not contractible in R?\ {y}, i.e. that I'—y is not contractible
in R?\ {0}. The curve I' — y is homotopic to I' in R? \ {0}, by means of the homotopy

T —ty, 0<t<l,

which avoids the origin since |y| < 1. Finally, I' is not contractible in R? \ {0}, since ¢
(once restricted to a homeomorphism of R?\ {0}) induces an automorphism of 71 (R?\ {0})
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sending the class of the generator id, B2 to the class of I'. Hence, I' — y is not contractible
in R?\ {0}, too, as desired. [ |

Lemma A.2 (elliptic W24-estimate). For a function ¥ € C*(B1) and a 0 < 7 < 1

we have
1922y < CEVUAE g + [Vl ) + 192 )

Proof of Lemma[A.3 Given two radii 0 < r < s < 1, let us choose a cut-off function
p € C°(B?) with p = 1 on B2. Since p¥ € C(R?), standard Calder6n—Zygmund
estimates give
HVZ\I/HLP(Bg) S Hv2(plII)HLP(R2) < C) 1Al Lo (r2)

< Cpsry ) 1AV | Lo g2y + IV Lo sy + 11 Lo (2y)
for all 1 < p < oo. Setting t := HTT and applying with p: =2, r:=t% and s:= 1 we
get

(A.3)

V22 L2 g2) < CEOUAL 2 (s2) + IV L2s2) + 1191 2 2))

hence H\IIHWQ,Z( B2) is bounded by the desired quantity. Using Sobolev’s embedding
W22(B?) — W'4(B?) and (A.3)) with p:=4, r := 7 and s := t, we obtain

192z < CEVUAY gz + [l se)
< CEONIATI a2 + 19U a2y + 1] 22,)- .

Lemma A.3 (compactness of normal solutions to Beltrami equation). Given a
sequence ¢y : C — C of K-quasiconformal homeomorphisms with the normalization

conditions

Yr(0) =0, Yr(1) =1,

there exists a K-quasiconformal homeomorphism v, : C — C satisfying the same nor-
malization condition and such that, up to subsequences, V¥ — Vs and ¢;1 — Yt in

co (C).

loc

Proof of Lemma[A.3 Let py € Ex be defined by dz¢y = Mkazwkﬁ Existence and unique-
ness of a K-quasiconformal homeomorphism satisfying this equation and the normalization
conditions is shown in [5, Theorem 4.30].

Given M > 0, we consider the set £ := {,u €€k :pn=0ae on (C\BZQ\/[}. If F* de-
notes the normal solution to the equation 0zF* = pud,F* (in the sense of [5, Theorem 4.24]),
then F* satisfies estimates (4.21) and (4.24) in [5]. Applying them with the points 0 and 1,

we infer that also the map f* := F¥(1)"!F* satisfies estimates of the form

(A.4) |f#(21) — fH(z2)] < Clar — 2| + Clz1 — 2],

1?’Actually, the coefficient u is uniquely determined a.e., as 9,9x # 0 a.e. (this follows from id¢c = w;lowk
and the chain rule [8] Lemma II1.6.4], together with |0z | < [0:29k]).
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(A.5) |21 — 22| < C[f*(21) — fH(22)|* + Cf"(21) — fH(22)],

with C' and 0 < a < 1 depending only on K and M. Given a sequence of homeomorphisms
fr : C — C satisfying these estimates, Ascoli-Arzela theorem applies to fi and f; L and so

we can extract a subsequence (not relabeled) such that
fk_>f007 fk_l_>foo in Clooc((c)
Fromf,;lofk_fkofl;l idc we get fooofoo_fooofoo:id@ and thus foo : C — C is

a homeomorphism, with foo = f!. Also, since fk( ) fr (2 1( ) — 00 uniformly as z — 00,
we deduce that the canonical extensions fk C-C converge uniformly to fOO and that the
same holds for fk .

We now closely examine the proof of [5, Theorem 4.30]: let i, € £} be given by equation
(4.25) in [5], with ju1¢y g2 in place of i, and

g :CoC  gilz) = (!
This map corresponds to the map f#! in the aforementioned proof (with py in place of p).
The lower bound (AZF)), applied with f# and z1 := fF(z71), 29 := 0, shows that |gj(2)| is
bounded above by some M’, for all k£ and all 2 € E?. Hence, defining p, 2 as in equation
(4.27) in [5] (with g in place of ), we get o € EM'. Calling hy, : C — C the associated
quasiconformal homeomorphism, normalized so that hy(0) = 0 and hg(1) = 1, by the above

argument (with M := M') we obtain the uniform convergence
Gk = Goor it = s k= hoo,  hit = o)

up to subsequences, for suitable homeomorphisms g, and hs, of the Riemann sphere C.
Setting Yoo 1= hoo © goo| ¢ and observing that ¢y = hy o gk‘c, we get the desired convergence
Yk — Yoo and P — Y3t in CP (C).

Finally, we show that 1. is a K-quasiconformal homeomorphism. Given an open
rectangle R CC C, [5, Lemma 4.12] gives

C2(y(R)) = / (1042 — B=ta]?) > /R (1— B2) 0ul? = (1 — K2k /R O,

where k := K+1 Since L£2(1x(R)) = L2(1o0(R)), we deduce that 1, is bounded in W12(R),
thus 14 is the limit of 1 in the weak I/Vli’f((C)—topology. Given p,y!,? € C(C),
integration by parts shows that

(A6) /(C P11 0% — Dy Oy ?) = /C (Oup O — Do 01 ).

Writing ¢y, = go,lC + iw,%, a standard density argument shows that (A.6]) still holds with
Y1, 4? replaced by ¥}, 9?2, for k € NU {oo}. Hence, observing that |8Zwk|2 — |65¢k‘2 =
(O1pL 0202 — Dol On1p?), we get

(A7) / o100 2 — 0 ?) / P(10:000l? — |0pcol?):
C C
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Defining the positive measures vy := (|8.¢5|* — [9=¢x]*) L2, up to further subsequences we
can assume that 1, — s as Radon measures. For any rectangle R such that Voo (OR) = 0,

approximating 1 from above and below with smooth functions and applying (A.7]) we get

/ (1020 ? — 10ztu?) — / (1000l — 1000l?).
R R

By monotonicity of both sides, this actually holds for every rectangle R. On the other

hand, by lower semicontinuity of the L?-norm,
/(1 — k2) |0.000)* < liminf/(l — k%) |0.43]* < lim /(|az¢k12 — |0z %)
R k—o0 R k—o0 R

:/(‘azwoo|2 - ’851/100‘2)
R

Since R is arbitrary, we get |0z00| < k |0.10]| a.e., as desired. [ ]

Corollary A.4 (compactness of D). Given a sequence gy, € Dy, there ezists oo € D

such that, up to subsequences, Qi — Yoo and cp,;l — poa in C) (C).

Proof of Corollary[A7 Let up € Ex be defined by dzpr = prd.pr for all k and let
Y : C — C be the unique K-quasiconformal homeomorphism satisfying the same differential
equation, as well as 1;(0) = 0, (1) =1 (see [5, Theorem 4.30]).

By Lemma up to subsequences there exists a K-quasiconformal homeomorphism
Yoo such that ¥y, — oo and ¥, ' — ! in CP (C).

By the chain rule (see [8, Lemma II1.6.4]), the map )y, O‘PEI : C — C is a biholomorphism
and fixes the origin, so it equals the multiplication by a nonzero complex number Ag, i.e.
UV = Ak@r- On the other hand,

|Ak] = min [Yg(z)] = min |¢Ye(z)| € (0, 00).
xEBB% acG(?B%

Hence, up to further subsequences we can suppose that A\ — Ao € C\ {0}. The statement
follows with ¢oo 1= )\golwoo. |

Remark A.5.In general, given @) € Di (for k € NU{oo}) with ¢ — ¢ and gplzl — ot
locally uniformly, it is not true that the corresponding Beltrami coefficients satisfy f1p — Lo
in L°°(C). For instance, let p19(z) := £ if R(2) € U,ez [n.n + 1) and po(2) := —3 otherwise.
Then the bi-Lipschitz homeomorphism vy : C — C given by

( ) n+2x—-n)+2iy=n+2i(z—n)+2(z-n) n<uz
pole ) nt+i+22 4 3iy=n+1+2(z-n)—1(z-n) n+i<z
satisfies Oz1pg = po0.1, with the normalization vg(0) = 0 and (1) = 1. So ux = po(2*-)
and 1y, := 2 %o (2F) satisfy dzp = pupd.1hy, with the same normalization. Moreover, they
converge uniformly to Vo (z + iy) = = + %zy = %z + %E, together with their inverses. The
homeomorphism 1 satisfies 0200 = fhoo02 Voo With pis 1= %, but g =00. Dividing each

Yy by minp,|—; [{x(2)|, we obtain a counterexample in the class Ds.
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