The Singular Set of 1-1 Integral Currents.

Tristan Riviere*and Gang Tian'

Abstract : We prove that 2 dimensional integer multiplicity 2 dimen-
sional rectifiable currents which are almost complex cycles in an almost com-
plex manifold admitting locally a compatible positive symplectic form are
smooth surfaces aside from isolated points and therefore are J—holomorphic
curves.

I Introduction

Let (M?,J) be an almost complex manifold. Let k € N, k < p. We shall
adopt classical notations from Geometric Measure Theory [Fe]. We say that
a 2k—current C in (M?P, J) is an almost complex integral cycle whenever it
fulfills the following three conditions

i) rectifiability : there exists an at most countable union of disjoint ori-
ented C!' 2k—submanifolds C = U;N; and an integer multiplicity 6 €
L} .(C) such that for any smooth compactly supported in M 2k—form

loc
1) one has
cw) =3 [ o
i N
ii) closedness : C'is a cycle

0C =0 i e YaecD* (M) C(da)=0
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iii) almost complex : for H* almost every point z in C the approximate
tangent plane T}, to the rectifiable set C is invariant under the almost
complex structure J i.e.

J(T,) =T,

In this work we address the question of the regularity of such a cycle : Does
there exist a smooth almost complex manifold (X%, 5) without boundary
and a smooth j — J-holomorphic map u (Vz € ¥ and VX € T3 du,j - X =
J - du,X) such that u would realise an embeding in M?F aside from a locally
finite 2k — 2 measure closed subset of M and such that C' = u,[X%], i.e.
Vi) € CP (A M)

cw) = [

In the very particular case where the almost complex structure J is inte-
grable, this regularity result is optimal (C' is the integral over multiples of
algebraic subvarieties of M) and was established in [HS] and [Ale|. There are
numerous motivations for studiying the general case of arbitrary almost com-
plex structures J. First, as explained in [RT], the above regularity question
for rectifiable almost complex cycles is directly connected to the regularity
question of J—holomorphic maps into complex projective spaces. It is con-
jectured, for instance, that the singular set of W12(M?  N) J—holomorphic
maps between almost complex manifolds M and N should be of finite (2p—4)-
Hausdorff measure. The resolution of that question leads, for instance, to
the caracterisation of stable bundle almost complex structures over almost
Kahler manifolds via Hermite-Einstein Structures and extends Donaldson,
Uhlenbeck-Yau characterisation in the integrable case (see [Do], [UY]) to the
non-integrable one. Another motivation for studying the regularity of almost
complex rectifiable cycles is the following. In [Li] and [Ti] it is explained how
the loss of compactness of solutions to geometric PDEs having a given confor-
mal invariant dimension ¢ (a dimension at which the PDE is invariant under
conforormal transformations - ¢ = 2 for harmonic maps, ¢ = 4 for Yang-Mills
Fields...etc) arises along m — ¢ rectifiable cycles (if m denotes the dimension
of the domain). These cycles happen sometimes to be almost complex (see
more details in [Ril]).

By trying to produce in (R?,.J) an almost complex graph of real dimen-
sion 2k in a neighborhood of a point o € R? as a perturbation of a complex
one (J,,—holomorphic), one realises easily that, for generic almost complex
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stuctures J, the problem is overdetermined whenever k£ > 1 and well posed
for k = 1. Therefore the case of 2—dimensional integer rectifiable almost
complex cycles is the generic one from the existence point of view. We shall
restrict to that important case in the present paper. After complexification of
the tangent bundle to M2 a classical result asserts that a 2—plane is invari-
ant under J if and only if it has a 1 — 1 tangent 2—vector. Therefore we shall
also speak about 1 — 1 integral cycles for the almost complex 2—dimensional
integral cycles. In the present work we consider the locally symplectic case :
We say that (M?,J) has the locally symplectic property if at a neighborhood
of each point xy in M? there exists a positive symplectic structure com-
patible with J : there exists a neighborhood U of 2y and a smooth closed
2-form w such that w(-, J-) defines a scalar product. It was proved in [RT]
that arbitrary 4-dimensional almost complex manifolds satisfies the locally
symplectic property. This is no more the case in larger dimension : one can
find an almost complex structure in S® which admits no compatible positive
symplectic form even locally see [Br].
Our main result is the following.

Theorem 1.1 Let (M?",.J) be an almost complex manifold satisfying the
locally symplectic property above. Let C be an integral 2 dimensional almost
complex cycle. Then, there exists J-holomorphic curve 3 in M, smooth aside

from isolated points, and a smooth integer valued function 6 on X such that,
for any 2 form ¢ € C§°(M),

C<w>:/20¢

In the “locally symplectic case” being an almost-complex 2 cycle is equivalent
for a 2-cycle of being calibrated by the local symplectic form w for the local
metric w(-, J-). Therefore the regularity question for almost complex cycles
is embeded into the problem of calibrated current and hence the theory of
area minimizing rectifiable 2-cycles. Therefore our result appears to be a
consequence of the “Big Regularity Paper” of F.Almgren [Alm] combined
with the PhD thesis of his student S.Chang [Ch]. Our attempt here was
to present an alternative proof independent of Almgren’s monumental work
[Alm] and adapted to the case we are interrested with. The motivation is to
give a proof that could be modified in order to solve the general case (non



locally symplectic one) which cannot be “embeded” in the theory of area
minimizing cycles anymore.

The attempt of writing a proof for the regularity of almost complex cycle
in the locally symplectic case, independent of the regularity theory for area
minimizing surfaces, was also the main purpose of the work Gr=—=SW of
C.Taubes [Ta] for p = 2. In this work a proof of theorem 1.1 was given in
the particular case where p = 2. Some argument happened to be incomplete
in that proof, and [RT] fills the missing steps in [Ta]. Theorem 1.1 has to be
seen as the generalisation to higher dimension (p > 2) of these works.

One of the main difficulties arising in dimension (p > 2) is the non-
necessary existence of J—holomorphic foliations transverse to our almost
complex current C'in a neighborhood of a point. This prevents then describ-
ing the current as a Q—multivalued graph from D? into CP~1, {(a¥(2))s=1r-1 }i=1-Q
in a neighborhood of a point of density N solving locally an equation of the
form

p—1
Oai = Y Alz,a)] - Va;+af(a;,2) (L.1)
=1

where A and « are small in C? norm, as we did for p = 2 in [RT]. What
we can only ensure instead is to describe the current C', in a neighborhood
of a point of multiplicity Q, as a “algebraic Q—valued graph” from D? into
CP~!: that is a family of points in CP~, {ay(2),- -, ap(2),b1(2), -+, bn(2)}
where only P — N = @ is independent on z (neither P nor N are a-priori
independent on z), a; are the positive intersection points and b; are the
negative ones. This “algebraic ()—valued graph” solves locally a much less
attractive equation than (I.1)

p—1 p—1
Ozak = Z Al(2,a;,Vag) - Val + Z Bi(z,a;)-Vad +C*(z,a;) . (12)
=1 =1
where A(z,a,p), B(z,a) and C(z,a) are also small in C? norm but the de-
pendence in p in A(z,a,p) is linear and therefore as Va; gets bigger, which
can happen, the right-hand-side of (I.2) can not be handled as a perturbation
of the left-hand one in steps such as the “unique continuation argument”.
This was used in [RT] for proving that singularities of mutiplicity @ cannot
have accumulation point in the carrier C of C.
The strategy of the proof goes as follows. A classical blow-up analysis
tells us that, for an arbitrary point xy of the manifold M?", the limiting
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density 6(xg) = lim,_or2M(CL B,(z0)) - Here M denotes the mass of a
current and L is the restriction operator - equals 7 times an integer (). Since
the density function r — r=2M(C'L B,(x¢)) at every point is a monotone
increasing function, the complement of the set Cg := {x € M ; 0(z) < Q}
is closed in M and this permits to perform an inductive proof of theorem 1.1
restricting the current to Cy and considering increasing integers (). A point
of multiplicity @ is called a singular point of C' if it is in the closure of
points of non zero multiplicity strictly less than (). The goal of the proof
is then to show that singularities of multiplicity less than () are isolated.
We assume this fact for () — 1 and the paper is devoted to the proof that
this then holds for @ itself. From a now classical result of B. White (see
[Wh]), the dilated currents at a point zo of density @ # 0 converge in flat
norm to a sum of @ flat J,,—holomorphic disks, moreover, for any ¢ > 0
and r sufficiently small C'L B,(x¢) is supported in the cones whose axis are
the limiting disks and angle . For @ > 1, if two of these limiting disks
are different it is then easy to observe that xy cannot be an accumulation
point of singularities of multiplicity ), this is the so called “easy case”. If the
limiting disks are all identical, equal to Dy, then we are in the “difficult case”
and much more work has to be done in order to reach the same statement.
Contrary to the special case of dimension 4 (p=2) considered by the authors
before in [RT], we could not find nice coordinates that would permit to write
C as a Q—valued graph over the limiting disk Dy. Considering then some
Jz,—complex coordinates (z,wy, - -+, w,_1) in a neighborhood Bgfc’o(:po) such
that N;w; {0} corresponds to Dy, by the mean of the “lower-epiperimetric
inequality” proved by the first author in [Ri2], one can construct a Whitney-
Besicovitch covering, { B2, (2i)}ier, of the orthogonal projection on Dy of the
points in Bf)fo (o) having a positive density strictly less than (). This covering
is such that for every i € I there exists z; = (z;, w;) € Bﬁfo (x) verifying that
the restriction of C' to the tube B2 (z;) x Bgfc’;Q(O) is in fact supported in the

ball Bgﬁi(:pi) of radius 2p;, two times the width of the tube. Moreover if one
looks inside B>P(x;), C'is “split” : this last word means that C' restricted to
B2P(x;) is at a flat distance comparable to p} from the @ multiple of any graph
over B2 (z;) - this comes from the fact that the density ratio p; >M(B,, (x;))
is strictly less than w() minus a constant o depending only on p, @, J and w
. We then construct an average curve for C'. In the 4-dimensional case since
C was a ()—valued graph over Dy we took simply the average of the () points



over any point in Dy. Here, in arbitrary dimension, the construction of the
average curve is more delicate and uses the covering. We first approximate
CI_Bzf’ (x;) by a J,,—holomorphic graph C; using a technique introduced in
[Ri3], and choosing a .J,, —holomorphic disk D; approximating Dy we can
express C; as a Q—valued graph over D; for which we take the average C;
that happens to be Lipschitz with a uniformly bounded Lipschitz constant.
Therefore the J,,—holomorphic curve C; can be viewed as a graph a; over
Bgi(zi). Patching the a; together we get a graph a that extends over the
whole B2 (0) as a C'** graph for any a < 1 which is almost .J—holomorphic
and which passes through all the Bﬁf (z;). The fact that the average curve
is more regular than the J—holomorphic cycle C' from which it is produced
is clear in the integrable case (since it it holomorphic) - (z, +/z) is a C%2
2-valued graph whereas its average (z,0) is smooth. This was extended in
the non-integrable case in the particular case of the 4 dimension in [ST]. The
points of multiplicity () in C' are contained in the average curve a. We then
show, by the mean of a unique continuation argument in the spirit of the one
developed in [Ta] in 4 dimension, that the points where C' get to coincide
with a are either isolated or coincide with the whole curve a. We have then
showed that any point xy of multiplicity () is either surrounded by points of
multiplicity @ only, and in Bgfc’o, C coincides with @) time a smooth graph
over Dy or xg is not an accumulation point of points of multiplicity ) and is
surrounded in Bﬁfo by points of multiplicity strictly less than ). It remains
at the end to show that it cannot be an accumulation point of singularities
of lower density. This is obtained again using an approximation argument
by holomorphic curves introduced in [Ri3].

The paper is organised as follows. In chapter II we establish prelimi-
naries, introduce notations and give the main statement, assertion Pg, we
are going to prove by induction in the rest of the paper. In chapter III,
with the help of the “upper-epiperimetric inequality” of B. White, we estab-
lish the uniqueness of the tangent cone and a quantitative version of it, see
lemma III.2. In chapter IV we prove the relative Lipschitz estimate together
with a tilting control of the tangent cones of density () points in a neigh-
borhood of a density @ point - see lemma IV.2. In chapter V we proceed
to the covering argument lemma V.3 which is based on the “splitting before
tilting” lemma - see lemma V.1 - proved in [Ri2]. In chapter VI we construct
the approximated average curve and prove the Ch® estimate for this curve -



lemma VI.3. In chapter VII we perform the unique continuation argument
that shows that singularities of multiplicity ) cannot be an accumulation
point of singularities of multiplicity ). In chapter VIII we show that singu-
larities of multiplicity ) cannot be an accumulation point of singularities of
multiplicity less than @ either.

II Preliminaries

Notations :We shall adopt standard notations from the Geometric Measure
Theory [Fe] such as M(A) for the Mass of a current A, F(A) for it’s flat
norm, AL FE for it’s restriction to a measurable subset E...etc, we refer the
reader to [Fe].

Preliminaries : Since our result is a local one we shall work in a neigh-
borhood U of a point xg, use a symplectic form w compatible with J. We
denote by g the metric generated by J and w : ¢(-,:) = w(-,J-). We also
introduce normal coordinates (x1, Zo, - - -, X9p_1, Tap) about zg in U which can
be chosen such that

0 0

84172z'+1 al’zi+2

at g I fori=0---p—1 . (I1.1)
Since C' is a calibrated current in (U,w, J), it is an area minimizing current
and it’s generalized mean curvature vanishes (see [All] or [Si]). One may
isometrically embed (U, g) into an euclidian space R?** and the generalised
mean curvature of C' in R*** coincides with the mean curvature of the
embeding of (U, ¢g) and is therefore a bounded function. Combining this fact
together with the monotonicity formula (17.3) of [Si] we get that

M(CL B, (x))

r2

= f(r)+0(r) , (11.2)

where f(r) is an increasing function, M denotes the Mass of a current and
C'L B,(xg) is the restriction of C' to the geodesic ball of center xy and ra-
dius r. There exists in fact a constant a depending only on g such that
eww is an increasing function in r (see [Si]). The factor e is a

perturbation of an order which will have no influence on the analysis below,



therefore, by an abuse of notation we will often omit to write it and consider

straight that w is an increasing function.

By the mean of the coordinates (x;---x3,) we shall identify U with a
subdomain in R? and use the same notation C for the push forward of C
in R* by this chart. For small radii r we introduce the dilation function

2o

A"P0(r) = #=* and we introduce the following dilation of C' about z, with

rate r as being the following current in R??

Crao i= (A",C)LBIP(0) . (I1.3)

Observe that r?My(C,.,,) = Mo(C'L B*(0)) where M, denotes the mass in
for the flat metric go in R?*. Since g = go + O(r?), we deduce from (I1.2)
that My(C, 4,) is uniformly bounded as r tends to zero. Again since g and
go coincide up to the second order, it does not hurt in the analysis below
if one mixes the notations for the two masses M and M, and speaks only
about M. Since now C' is a cycle in U, 9C, 4, L B(0) = 0 and we can apply
Federer-Fleming compactness theorem to deduce that, from any sequence
r; — 0 one can extract a subsequence ry such that C., ., converges in Flat
norm to a limiting current Cy ,, called a tangent cone of C' at zy. One of the
purpose of the next section will be to establish that Cj ,, is independent of the
subsequence and that the tangent cone is unique. The lower semi-continuity
of the mass under weak convergence implies that

lim MCEBr@0) M(Chpy) > M(Cozy) (I1.4)

r—0 T2 r—0

In fact, from the fact that C' is calibrated by w we deduce now that the
inequality (II.4) is an equality. Indeed

M (Cra) = 1 *CLBP(0)(w) = Crgy (r*(A™)"w)

It is clear that lim,_o [|r?(A\"™)*w — wyllee Where wy = Y7 dagi1 A dro
therefore C, ., (r*(\"*°)*w — wy) — 0 and we get that

lim M<Cr,:vo> = lim Cri“mo (Wo) = C(],xo (u)(]) (II5)

r—0 t'—+o00

Since the comass of wy is equal to 1, Cy 4, (wp) < M(Cp ). Combining this
last fact with (I1.4) and (II.5) we have established that

111’% M<Cr,:vo> = M<CO,10) = C(],xo (u)(]) (II6)
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which means in particular that C ,, is calibrated by the Kahler form wy in
(R?P, Jy) ~ CP which is equivalent to the fact that Co,z, is Jo—holomorphic.
Using the explicit form of the monotonicity formula (see [Si] page 202), one
observes that for any s € R7

S
CO,Z‘() - )\* Co,m()

which means that H? almost everywhere on the carrier Co 4, of Cp 4, = is in
the approximate tangent plane to Cj ,,, in other words, Cj 4, is a cone. Since
it is Jo—holomorphic, H*—a.e. = in Cy,,, the approximate tangent cone is

given by
0 0
Tx007m0 = Span {E’ JQE}

Integral curves of JO% are great-circles, fibers of the Hopf fibration
(zl =TI +ix27"'7zp) — ['Zla"'u’zp]

therefore we deduce that Cj,, is the sum of the integrals over radial exten-
sions of such great circles I'y - - - T in S?~! which is the integral over a sum
of @ flat holomorphic disks. We adopt the following notation (in fact iden-
tical to the one used in [Wh]) for the radial extensions in Bi*(0) of currents
supported in dB;”(0)

Co,xo = @?:10'1Fi

Then we deduce that

lim M(C, ) =7Q € 1Z . (IL.7)

r—0

For any x € U one denotes @), the integer such that
M(CLB,

L M(CLB, (@)

r—0 mr2

= Qs

Using the monotonicity formula, it is straightforward to deduce that for any
QeN
Co={relU st 0<Q,<Q}

is an open subset of C, = {x €U s. t. 0<@Q,}. For @ > 1, let us also
denote

Sing? ={reC, s t. Q,=Q andxisan acc. point of Co 1}
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Observe that, from Allard’s theorem, it is clear that C'L(U \ UgSing?) is the
integral along a smooth surface with a smooth integer multiplicity. Although
we won’t make use of Allard’s theorem this justifies a-priori our notation.
The whole purpose of our paper is to show that UgSing? is made of isolated
points. As we said, we won’t make use of Allard’s paper below since the
relative Lipschitz estimate we establish in lemma IV.2 gives Allard’s result
in our case which is more specific. Because of this nice stratification of C' (
Cg is open in C,) we can argue by induction on @ . Let Py be the following
assertion

Po : Ug<pSing? is made of isolated points . (I1.8)

From the begining of chapter IV until chapter VII we will assume either
@ = 2 or that Pg_; holds and the goal will be to establish Pg,.

III The uniqueness of the tangent cone.

The uniqueness of the tangent cone means that the limiting cone Cj,,, ob-
tained in the previous section while dilating at a point following a subse-
quence of radii ry, is independent of the subsequence and is unique. Since
our calibrated two dimensional rectifiable cycle is area minimizing, this fact
is a consequence of B. White upper-epiperimetric inequality in [Wh] (see also
[Ri2] for the justification of the prefix “upper”). We need, however, a more
quantitative version of this uniqueness of the tangent cone and express how
far we are from the unique tangent cone in terms of the closedness of the
density of area M(CL B,(z¢))/mr?* to the limiting density Q. Precisely the
goal of this section is to prove the following lemma

Lemma III.1 (Uniqueness of the tangent cone.) For any e > 0 and
Q € N there exists § > 0 and p. < 1 such that, for any compatible pair (J,w)
almost complex structure-symplectic form over B (0) satisfying J(0) = Jy(0),
w(0) = wp(0)

|J = Jollc2(sy) + [lw — wollezs) <0, (IIL.1)

for any J—holomorphic integral 2-cycle C' in B1(0) such that Qo = Q, if

M(CLB(0)) < 7Q +6
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then, there exists Q) Jy holomorphic flat discs Dy --- Dg passing through 0,
intersection of holomorphic lines of CP with B%p(O), such that, for any p < p-

F(Cpo— @2, Di) < (II1.2)
and for any 1 € C°(B'\ {z € B ; dist(z,U; D;) < e|z|}),
Cyolt) = 0 (111.3)

Before proving lemma II1.1, we first establish the following intermediate re-
sult

Lemma II1.2 For any ¢ > 0 and Q € N there exists 6 > 0 such that the
following is true. If (J,w) is a compatible pair of almost complex structure-
symplectic form over BP(0) satisfying J(0) = Jo(0), w(0) = wy(0)

1) = Jollc2sy) + [lw — wollezy <6,
for any J—holomorphic integer rectifiable 2-cycle C' such that Q, = Q, if
M(CLB?(0) <nQ+0

then, there exist Q) Jy holomorphic flat discs Dy ---Dg passing through 0,
intersection of holomorphic lines of CP with B*(0), such that,

F(CLB(0)—@2,D) <e

Remark I11.1 Lemma I11.2 give much less information than lemma II1.1.
Since a-priori in lemma I11.2 the disks D; may vary a lot as one dilate C
about 0, whereas lemma II1.1 controls such a tilting as one dilates the current
further.

Proof of lemma III.2 : We prove lemma III.2 by contradiction. Assume
there exists eg > 0, §,, — 0, compatible .J,, and w,, and C,, such that

i)

[T = Jollcz + [lwn — wollcz < by
ii)

lim 7~ 'r2M(C, L B,(0)) = Q

r—0
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i)
M(C,LBy) <7Q + 4,
iv)
inf {}“(Cnl_Bl — 02, D)) s.t. D; flat holom discs, 0 € Di} > &
(IIL.4)

Since 0C,, L B; = 0 and since the mass of C), is uniformly bounded, one may
assume, modulo extraction of a subsequence if necessarily, that C,, converges
to a limiting rectifiable cycle C',. Exactly like in section III we have the fact
that for any 0 <r <1

lim M(C,LB,) = M(CxLB,) = Co LB, (wp) (I1L.5)

n—-4o0o

We deduce then that C, is calibrated by wy and is therefore a Jy—holomorphic
cycle. Using ii) we deduce also that

lim 7' ?M(CL B.(0)) = Q

r—0

and finally, from iii) and the lower semicontinuity of the mass, we have that
M(Cy L By) = 7Q Thus, since 7~ 'r2M(C. L B,.(0)) is an increasing func-
tion, we have established that on [0, 1]

T ?M(Cu L B,(0)) = Q (I1L.6)

Let, for almost every r, ST =< Cy,dist(-,0),7 > be the slice current ob-
tained by slicing C, with 0B,.(0) (see [Fe] 4.2.1). By Fubini, we have that
forae. 0 <r<1

M(< Cu,dist(+,0),r >) < 27Qr
Let 0857, be the radial extension of S%_ in B,(0).

M(08S%,) = SM(Sk) = 7Qr? = M(CocL B, (0))

Since 0(Cy L B,.(0) — 0£S7.) = 0, and since C, L B,.(0) is area minimizing we
have that 0§57 is also area minimizing. Let a such that da = w.

M(0£5%,) = M(Co L B,(0)) = Coo L B,(0)(wo) = S5 (a) = (045%,) (wo)
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Therefore 0457, is an holomorphic cone which is a cycle. So we deduce like
in section II that 0457 is a sum of flat holomorphic disk for any . Thus C

is also a sum
Q

Cool B1(0) =) D;
i=1
where each D; is the intersection of a complex straight line in C? with B;”.
From Federer-Fleming compactness theorem we have the fact that the weak
convergence of C, to Cy holds in flat norm

Q
F(Cul By =) D;) —0
i=1
which contradicts iv) and lemma II1.2 is proved. |

Proof of lemma III.1 :

We first prove assertion (III.2). We first recall Brian White’s upper-
epiperimetric inequality adapted to our present context : Brian White’s
upper-epiperimetric inequality was proved for area minimizing surfaces in
R2P. Here, in the present situation, we are dealing with area minimizing cur-
rents which are J—holomorphic for a metric ¢ = w(-, J-) which get’s as close
as we want to the standard one because of assumption (III.1). Therefore
very minor changes have to be provided to adapt B.White theorem to the
present context. An adaptation of the epiperimetric inequality for ambient
non flat metric is also given in [Ch] Appendix A. So we have the following
result.

Given an integer (), there exists a positive number £ > 0, such that,
for any compatible pair w, J in B3*(0) satisfying ||w — wollc2(my) + |7 —
Jollc2(B,) < €@ and for any C' J—holomorphic 2-rectifiable integral current
in By¥(0), satisfying C'L B3? = 0, assuming there exist @ flat holomorphic
disks Dy ... Dg in (B;?(0),.J) ~ CP N B3?(0) passing through the origin such
that

Q
F <02,0|_Bl(0) = Di> <eg (I11.7)

=1
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(where we used a common notation for the oriented 2-disks D; and the cor-
responding 2-currents) then

M(CLB?) —7Q < (1 —¢q) (%M (a(CLB)) — FQ) (I11.8)

Remark I11.2 Observe that in the statement of the epiperimetric property in
Definition 2 of [Wh] the epiperimetric constant g may a-priori also depend
of the cone 2?:1 D;. It is however elementary to observe that this space
of cones made of the intersection of () holomorphic straight lines passing
through the origin with B%p (0) is compact for the flat distance. Now using a
simple finite covering argument for this space of cones by balls (for the flat
distance) permits one to obtain a constant g > 0 for which the epiperimetric
property holds independently of the cone Z?Zl D;.

Once again we shall ignore the factor e®” in front of r—2M (C'L B,.) which
induces lower order perturbations and argue as r—>M (C'L B,.) itself would be
an increasing function (observe also that o may be taken arbitrarily small
because J and w are chosen as close as we want to Jy and wy).

Let then € > 0 such that € < g and let § > 0 given by lemma III.2 for
that e. Assuming then M(C'L By) < 7@ + ¢ implies from the monotonicity
formula that for any r < 172M(C'L B,(0)) = M(C..) < (7Q+3). Applying
then Lemma II1.2 to Cy,. for r < 1/2 we deduce the existence of ) flat disks

D, --- Dg such that
Q

F(Corp — Z D) <e (IIL.9)

i=1
We can then apply the epiperimetric inequality to C,, and we get, after
rescaling, that

M(CLB,(0)) — 7Qr? < (1 — £0) <gM(8(CI_B,,(O))) - w@rfﬂ) (II1.10)

Denote f(r) = M(CLB,(0)) — 7#Qr?. f'(r) > M(3(CLB,.(0))) — 27Qr.
Therefore (I11.10) implies

1—8Q
2

r f(r) = f(r)

14



Integrating this differential inequality between s and o (1/2 > s > o), f(s) >

(i)qf(a). Let v = 1%5 — 2 >0, we then have

fs( s (U)V f;‘;) . (IIL.11)
Let F(z) = fa7- We have
M(F, <0L33<0>\B(,<o>>>=/3 o |xl|3 s e

where 7 denotes the unit 2—vector associated to the oriented approximate
tangent plane to C' and defined H?—a.e. along the carrier C of the rectifiable
current, 6 is the L'(C) integer-valued multiplicity of C' (i.e using classical
GMT notations :C =< C,0,7 >) and dH?LC is the restriction to C of the
2—dimensional Hausdorff measure. Using Cauchy-Schwarz and 5.4.3 (2) of
[Fe] (the explicit formulation of the monotonicity formula) and (II1.11), we
have

M(F, (CLB,(0)\ B,(0)))
< {M(CLBS(O)) M(CLBU(Q))]% [M(CLBS(O))F

82 0’2 0'2

(I11.12)

82 0'2

< {M_WQF {wr

< [L0] (2 MCLBON ¢

52 o2 s2

qlw

Let r < p < 1/2, applying (IT1.12) for s = 27*p and 0 = 27F!p for k < log, £
and summing over k we get

M(F, (CL B,(0)\ B,(0))) < Cp? (I11.13)

Observe that O(F, (C'LB,(0) \ B,(0))) = 0C,o—0C, . Therefore we deduce

F ((Cpp — Cro)LB1(0) \ B%(O)) < Cp? (I11.14)
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Since

F ((Coo = Cro) L By (0)\ By (0)) < (;) ' (30— Cs0)L B1(0)\ B (0))

applying then (II1.14) for p, r replaced by 27%p, 27%r and summing over
k=1,---00 we finally obtain

F ((Cpo — Cro)L B1(0)) < Cp? (I11.15)

which is the desired inequality (III.2).

It remains to show (II1.3) in order to finish the proof of lemma III.1.
We argue by contradiction. Assume there exists ¢g > 0, p, — 0 and
¥, € C§°(A?By) such that

supp ¢, C Ey = {x € B! dist(z,U; D;) < eolz|}
where Cp = @?ZlDi, and
Cpn,O(,@Z)n) # O

This later fact implies in particular that there exists x™ € FEjy such that
lim, o M(C,.4,) # 0. Using the monotonicity formula we deduce then that
‘/'En

M<Cpn|1'n|70 |—B€o/2(m>>

v

™
2
40

We may then extract a subsequence such that = — x.,. Thus we have

Tn

M(Cpn\xn|,0|—B3€0/4(xOO)) Z E%

N

We have

x‘ *
M(Cpn|mn|,0LB3€o/4(xoo)) = Cpn\xn|,0|—B3so/4(xoo) (7 )

wn
P |Tn |

Since ||wp, — wol|c2 — 0 and since w,(0) = wy(0) we clearly have that

T
—— Wy — Wolleo — 0
Pn|Tn|

16



Therefore

T *
Cprianlol B D0, -
pnlzn],0 350/4(417 ) </)n\l’n\ w wo)‘

< S M(Cppen ol Bseyjaltos)) | 557 wn — wolloo — 0,
Thus
CooL Bsey/a(Too)(wo) = lim O 12,10 Bseg/a(®oo) (wo) > £

n—-4oo

N

which contradicts the fact that Bs./4(%s) C Ey. Therefore (II1.3) holds and
lemma III.1 is proved. [ ]

IV Consequences of lemma III.1 : No accu-
mulation of points in Sing? in the easy
case - The relative Lipschitz estimate in
the difficult case.

In this section we expose two important consequences of lemma II1.1. Before
explaining them we first observe that proving the implication Pg_; = Py,
will require considering two cases separately. The first case (the easy one)
is the case where the tangent cone at the point xy of multiplicity @ (i.e.
7 r72M(B,(z0)) — Q) is not made of @Q times the same disk. The second
case is the case where the tangent case is made of () times the same disk.
In the first case we will deduce almost straight from lemma III.1 that such
an xy cannot be an accumulation point of points of multiplicity () also, see
lemma IV.1 below. In the second case, much more analysis will be needed
to reach the same statement and this is the purpose of chapters IV through
IX. We can nevertheless deduce in this chapter an important consequence of
our quantitative version of the uniqueness of the tangent cone (lemma I11.1)
for the difficult case : this is the so called “relative lipshitz estimate” (see
lemma IV.2 below). This property says that, given a point xy of multiplicity
() whose tangent cone is () times a flat disk and given an € > 0, there exists
a radius 7.5, > 0 such that given any two points of C. N B,_, (o), one
of the two being also of multiplicity (), the slope they realise relative to the

17



tangent cone of xg is less than €. The condition that one of the two points has
multiplicity @ (this could be x itself for instance) is a crucial assumption. It
is indeed straightforward to find counterexamples to any Lipschitz estimates
of multivalued graphs of holomorphic curves : take for instance w? = z in
C? ~ {(z,w) z,w € C} viewed as a 2-valued graph over the line {w = 0},
all points have multiplicity 1, (0,0) included of course, but the best possible
estimate is a Holder one C%2. We cannot exclude that such a configuration
exists as we dilate at a point xq of mupltiplicity Q) > 1.
We first then prove the following consequence of lemma III.1

Lemma IV.1 (no accumulation - the easy case) Let Q € N, Q) >
2. Let xg be a point in Cqo \ Co_1 (i.em 'r2M(B,(z0)) — Q asr — 0).
Assume that the tangent cone at xg, Cy 4., contains at least two different flat
Jzy—holomorphic disks (i.e. Coq, # Q D for the single flat J,,—holomorphic
disk D). Then, there exists r > 0 sucht that

B, (20) N (Cq \ Co1) = {70}

Proof of lemma IV.1.

Let zo be as in the statement of the lemma : x5 € Cg \ Cg—1 and Cp 4, =
®K,Q; D; (where D; # D, for i # j and K > 1). Let ¢ > 0 be a positive
number smaller than 1/4Q times the maximal angle o between the various
diks Dy, -, Dk in the tangent cones in such a way that there exists i # j
such that

E.(D;) N E.(D;) = {xo}

where we are using the following notation
E.(D;){z € R* ; dist(z, D;) < |z — 20|})

By taking ¢ as small as above, we even have ensured that UE.(D;) \ zo has
at least two connected components whose intersections with 0B (z) are at
a distance larger than /2. We prove now lemma IV.1 by contradiction : we
assume there exists x, € Co \ Co—1 such that z,, — z¢ and z,, # zo. Let
0 > 0 given by lemma III.1 for € chosen just above. Let p > 0 such that

18



p2M(CL B,(20)) < 7Q + §/2. For any z € Bpﬁ(xo) we have

M(CLB,,_ s (x)) < M(CLB,(1)) < p* (7Q + 3)

25)
< (p(1 = 125)* (1= £25) 2 (xQ + 2) (IV.1)
< (p(1 - 125))* (xQ +9)

Choose then x,, € Bp% (x0). Applying (II1.3) for xy we know that x,, is con-

tained in one of the E.(D;), say E.(D;). Denote E; the connected component
of UE.(D;)\ {xo} that contains E.(D;). € has been chosen small enough such
that UE.(D;) has at least two connected components. Therefore we can chose
D; such that E.(D;) is disjoint from the component containing F.(D1)\{zo}.
Let a be the angular distance, relative to zo, from E.(D;) and the compo-
nent containing F. (D) \{xo}. alis clearly bounded from below by a positive
number as one choses € smaller and smaller. Applying lemma III.1 this time
to z,, we know that in By, |(2,) \ Bjs,|(2,) the support of C'is at the €|z,|
distance from a union of flat disks passing through z,, (the tangent cone at
x). This implies that the angular distance between the tangent cone at z,
and D is less than Cpe, where Cg depends on @) only . Therefore

supp(C'L Byjg,,|(%n) \ Bja,|(25)) C Ey = {z; dist(z, D,) < Coelz,|} (IV.2)

Observe that dist{E.(D;) N (Bls,|(%0) \ Blzn|/2(20)) . By} > /4. This later
fact combined with (IV.2) contradicts (II1.2). Lemma IV.1 is then proved.m

From now on until the begining of chapter X we will be dealing with
the difficult case only : the case where the point zy of multiplicity ) has
a tangent cone which is made of @) time the same disk. As we have been
doing since chapter II, we will work in a neighborhood of xy where a com-
patible simplectic form w for J exists, and we shall use normal coordinates
for g(-, cdot) = w(-, J-) about x, compatible with .J,, at zy, satisfying (II.1),
and we can also assume that the tangent cone at x is

Co.eo L B1(0) = Q[Dy] (IV.3)

where Dy is the flat oriented disk whose tangent 2—vector is a%l A 8%2. From

now on we will also use the following notations for complex coordinates about
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To
z=ux1+ixe and w; = Topq + koo fork=1---p—1 . (IV.4)

We will also denote w = (wy, - - -, w,—_1). A second consequence to lemma ITI.1
is the following result :

Lemma IV.2 (the relative Lipschitz estimate) : Let o be a point of
multiplicity @ (i.e. xg € Co \ Cg-1), assume the tangent cone Cy 4, L B1(0)
at zo is Q times a flat disk (i.e. of the form (IV.3)). Let € > 0, then there
exists Tz, such that for any r < re .,

\V/l‘ c BT(ZL‘Q) N (CQ \CQ_l) f((CQx — Co7x0)|_Bl(0)) S £ (IV5)

and Vr = (z,w) € B,(z9) N (Cg \ Co-1) and 2’ = (', w') € B,(z9) NC, we
have
lw—w'| <elz— 7 (IV.6)

Proof of lemma IV.2. Let € > 0 and § > 0 given by lemma III.1. Choose
r1 such that

M(CL B, (x)) < 7? <7rQ + g)

This implies in particular that for any r < ry
F((Cruo — Cowy) LB1(0)) < (IV.7)

As in the proof of lemma IV.1, see (IV.1) we have that for any =z €
B, s (xg) and 7 < ri(1 — ﬁ)
47Q

M(CL B.(2)) < r*(7Q +6)

Let then » € B, _s_(w0) N (Cq \ Co-1), applying lemma III.1, we have then

4w
for r < (1 — &) =Ty

f((cr,ar - CO,x) LBl(O)) S € (IV8)

Choose now = € B, (20) N (Cq \ Co-1). Ch, . is fast eine e—translation from
C'y .z, therefore, since M(C, ,,) < 2wQ), we have

"T((Cm,aro - CTQ,JC)LBl(O)) < 27TQ (Ivg)
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Take 7. ;, = min{ery, ﬁrl}. Combining (IV.7), (IV.8) and (IV.9), we de-
duce that

Vo € By, (20) N (Co \Co-1)  F((Cow — Come) L B1(0)) < (2+ 27Q)e

(IV.10)
It remains to check (IV.6) which is in fact an almost direct consequence of
(III.3) and (IV.5). Lemma IV.2 is then proved. n

V The covering argument.

Let xy a point of multiplicity () > 1 whose tangent cone Cj,, is ) times
the integral over the flat disk Dy given by w; = 0 for i---@Q — 1 (we use
the system of coordinates introduced in the begining of chapter IV) . The
purpose of this section is to construct a Whitney-Besicovitch covering B2 (z;)
of II(Cqo-1) N B2(xo) where IT is the projection on Dy which gives the first
complex coordinate of each point (II(z, w; ---w,_1) = 2), for some radius p,
small enough depending on xy. This covering will be chosen in such a way
the following striking facts hold : first CLII"'(B? (z)) is in fact supported in
a ball of radius 2r;, Bgfi(xi), moreover C' I_Bgf,’i (x;) is “split”. This last word
means that the flat distance between C'LII"(B? (2;)) and the @ multiple of
any single valued graph over Dy is larger than K r} where K only depends
on p, J and w. This will come from the fact that r; may be chosen i such a
way that r; >M (B (z;) < m — K’ where again K’ > 0 only depends on p, @,
J and w. The existence of such a covering is a consequence of the “splitting
before tilting” lemma proved in [Ri2].

Let a be given by lemma V.1 and let € > 0 to be chosen small enough,
compare to « later. Let r.,, be the radius given by lemma IV.2. We may
chose also r. ;, small enough in such a way that

Vr < T M(Cy 4 LB1(0)) < 7Q + &% . (V.1)

Using the proof of lemma III.1 (from (II1.12) until the end of the proof), we
deduce that

Vr < e F((Cruy — Couy) LB1(0)) < Ke . (V.2)

(In fact § = O(g?) works in the statement of lemma III.1). In one hand, as
in the proof of lemma IV.1, see (IV.1) we have that for any = € B.,,, (o)
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and r < r. ., (1 —&?)
M(CLB,(z)) <7? (7Q +¢€%) (V.3)

and, on the other hand, arguing like in the proof of lemma IV.2, between

(IV.8) and (IV.10), we have, using also (V.23)
Vo € B.2(xg) F(C%%MLBl(O) —7Q [Dy]) < Ke . (V.4)

Having chosen Ke < « we are in a position to apply the “Splitting before
tilting” lemma of [Ri2] which is a key step in our proof of the regularity of
1-1 rectifiable cycles.

Lemma V.1 ( splitting before tilting) [Ri2] There exists a > 0 such
that for any xo € Co—1 and for any radius 0 < p < « satisfying

F(Copae L B1(0) = Q [Dy]) < (V.5)

where Dy is a flat J,,—holomorphic disk passing through xo. Then, for any
r < p and any J,,—holomorphic flat disk, Dy, passing through xo and satis-
fying

F([Do] = [D1]) = (V.6)

| =

we have

f<Cr,xoLBl<0> - Q[Dl]) Za . <V7>

Moreover, there exists ro < p and Ky a constant depending only on ||wl|c
and eg, the epiperimetric constants, such that

M(CTO,JBO LBl(O)) = 7TQ — K()Oé s (VS)

F(Croo L B1(0) = Q[Do]) < K v (V.9)

for some constant K depending also only on |wl||ct and 53. Finally, for any
Jzo—holomorphic disk D passing through 0

Vr<ry  F(CroyLBi(0)—Q D)) >a . (V.10)
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For any = € C,-1 N B, (29) we denote by r, the radius 7y given by the
lemma. We then have

M(C,, .LB1(0)) = 7Q — Koo (V.11)
F(C,, oL By(0) — 7Q[Do]) < K va (V.12)

for some constant K depending also only on ||w||c1 and 825. Moreover, for o
chosen small enough and e small enough compare to «, the following lemma
holds

Lemma V.2 Under the above notations we have that for any v € C,—1 N
Bfrs,xo (xo)

supp (CLIT (B2 (Il(x)) N B, , (%)) C B2 (Il(z)) x BX72(0) , (V.13)

and that
supp (CLIT (B2 (Il(x)) N By, (%)) C Cp1 (V.14)

Proof of lemma V.2. We claim that for any r between "% and r, one

2
has
1

supp(C,..LB1(0)) C E(aTs) (V.15)

where we use the notation
EXN) ={y=(z,w) € B1(0) s.t. Jw| <A} (V.16)

We show (V.15) arguing by contradiction. First of all from the proof of
lemma V.1 that we apply to z we have the fact that for any r € [r,, =]

F(Cral B1(0) = mQ[Do]) < K Vo . (V.17)

Let wo = Xa w = X ('%‘) w where x is a smooth cut-off function on R

ol
satisfying x = 1 on [0,1/2] and x =0 in [1,400). Let S and R be a 3 and a
2—current satisfying (C,. L B1(0) —7Q[Dy]) = 0S+ R with M(S)+M(R) <
2K +/a. We have

[(Crre L B1(0) — 7Q[Do])(wa)| = |S(w A dxa) + R(ws)]
< [IVXalloo lwsoll M(S) + |wallw M(R) < Kai
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Thus we get in particular

7Q — Kai < |Crul By(0)(wa)] < M(CroL Bi(0) N E(a))||wallso

< M(C,,LBi(0) N E(at))
(V.18)
Assuming now there exists y € (C,..)« N B1(0) N (R* \ E(a)). From the
monotonicity formula we deduce that

0o

M(CLB 4 (y) =

as r? (V.19)

N

Combining (V.18) and (V.19), we obtain that
2 1 T o1
M(CLB,(z)) > r (WQ ~ Kai+ ZaS) (V.20)

For a small enough (V.20) contradicts (V.11) and (V.15) holds true for any
r € [ry, =52]. From this later fact one deduces (V.13).

It remains to prove (V.14). Again we argue by contradiction. Assume
there exists y € (Cp \ Cp—1) NIT7H(B? (II(x)) N B, (7). Because of (V.3)
and since y € B,, (7o) we can apply lemma IV.2 to y in order to deduce
that C, N B, (x) is included in a cone of center y, axis parallel to Dy and
angle €. This cone of course contains x and then we can deduce that

supp(C,, .LB1(0)) C E(4e) . (V.21)

(The notation E()) is introduced in (V.16)). We have 0C, L B(0) = 0
moreover, because of (V.17), for a small enough we deduce that the inter-
section number of C'L B? (II(x)) x B?~2(0) with any vertical current II"*(z)
for = € B? is . Combining this fact with (V.21), using Fubini, one deduces
that

M(C,, . B(0)) > mQ — O(*) . (V.22)

For ¢ small enough compare to a we get a contradiction while compar-
ing (V.22) and (V.11) and (V.14) is proved. This concludes the proof of
lemma V.2. ]

In the following second lemma of this chapter, we show that the cover-
ing (Bzz(ﬂ(ff)))mecp_mB?Q (o) Of TI(Cp1 N Bffrg y (z9) has the “Whitney”
e4re,xq ’
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property : two balls intersecting each-other have comparable size. From now
on we adopt the following notation granting the fact that o and ¢ are fixed
small enough for the constraint mentionend above to be fulfilled :

Py 1= ETemy - (V.23)
Precisely we have.

Lemma V.3 (Whitney property of the covering.) There exists v > 0
depending only on Q) such that, given xy € Cp \ Cp—1 whose tangent cone is
Q[Do] and let (B? (I(x))) for x € C,.1 N B, (xo) the covering of II(Cp—1 N

Bifo (xo) described above, assuming for some z ,y €Cpo1 NB? g (0)

B (z)N B (y) #0

then
Ty >a'r, . (V.24)

Proof of lemma V.3. This lemma is again a consequence of the upper and

lower-epiperimetric inequalities. Assume for instance that r, < r,. From
(V.10) we have
F(CryLB1(0) = Q [Do]) 2 . (V.25)

Which implies that for all r <r,
F(CLB(z) x B} (0) — Q[B}(2,) x {0}]) > ar’ (V.26)

where y = (z,,w,). Since |z, — z,| < 2max{r,,r,} = 2r, and B, (z,) C
Bs,, (22), (V.26) implies that

F(CLBS, (%) x B (0) = QB2 (%) x {w,}]) > (v.27)

wIQ

This passage from (V.26) to (V.27) is obtained by applying some Fubini type
argument. Indeed, let A = CL B}, (2:) x B (0) - Q[Bfry( 2) X {w,}] and

let S and R such that A = 95+ R and M(S)+ M (R)2 < 2F(A). For almost

every r in [r,/2,r,] we have

O(SL B} (z) x B,? (0)) = 0SLB}(2,) x B, (0)) + (S, dist(, {z = 2,},7)
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where (S, dist(-,{z = 2,}),r) is the slice current between S and the boundary
of the cylinder B2(z,) x BifO(O) and dist(-,{z = z,}) denotes the distance
function to the axis to this cylinder (see [Fe] 4.2.1 pages 395...). Thus

AL BZ(zy) x B? (0)

= 0(SL BZ(z,) x Bii’o (0)) — (S, dist(-,{z = 2,},7) + RL B%(2,) X Bifo (0)
(V.28)
We have, see [Fe] 4.2.1 page 395,

Ty

| M((S.dist(-.{z = },1)) < M (Sl_(ny \ B3,) x B (o)) (V.29)

Using Fubini theorem we may then find r = r; € [r,/2,r,] such that

M ({8, dist(- {z = z,},m1)) < TEM (SwB2 \ BY) x B2 (0) < TEM(S)

(V.30)
Combining (V.28), (V.29) and (V.30) we deduce that

F(CLB; (z) x B, (0) = Q[B;, (%) x {0}]) = F(ALB}(z,) x B} (0))

2 3
< M(S) + (M(R) + T—M(S))i
y
(V.31)
Thus, combining (V.26) for » = r; and (V.31), we have M(S) + (M(R) +
2M(S))2 > arj and since F(CL B}, (2,) x B¥ (0)=Q[BY,, (2.) x {w,}]) >
1 [M(S) + M(R)2|, we obtain (V.27). Therefore we deduce that

2

1
f(CéLry,ml—Bl(O) - Q [DO]) Z 3 % 4304 . (V32>
Let % > s, > r, such that
M(Cs, L B1(0)) =7Q . (V.33)

Because of (V.3), arguing like in the prof of lemma IV.2, between IV.8) and
(IV.10), we have

Vs, <r <P F(C,,LB(0) - QD)) < Ke . (V.34)

e2
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Assuming, as we did above that o >> ¢, comparing (V.32) and (V.26) we
deduce that s, > 4r,. Let A = 4. From the proof of lemma V.1, in fact

from (V.9) precisely, for any r € [Ti, s,] we have
}—(027"796'—31(0) - WQ[DO]) <K \/a < 5é ) (V.35)

which means in particular that we are in the position to apply the lower-
epiperimetric inequality and the differential inequality (IT1.27) in [Ri2] de-
duced from it. Integrating then this inequality between 7, and 4r, we have

1 logy A
Q- M(Cha L BiO) < (=) Q- M(Cal BO)
2o (V.36)
1 logy A
NEES
225Q
Using now (II1.28) from [Ri2], we deduce from (V.36)
F((Cspo — Cary o) L B1(0)) < \/7Q — M(Cly, . B1(0))
logy A (V37)
()
2°Q
Combining (V.34) and (V.37) one gets that
log, A L
f(047»y7$|_31(0) — Q[Do]) S (2 _) az + Ke . (V38)
‘Q
Comparing (V.32) and (V.38) we obtain
1 1\
< 2 .
W (2%) a (V.39)

logy A
Since Ke < Gxﬁa we have 6X143a < (251@) az. Taking the log of this

last inequality we obtain

loo A 1 1
%a@ log 5 + 5 log o > log @ — log(6 x 4°)
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Thus 1 ]
3 log - + log(6 x 4%) > g log A

By taking « small enough, we may always assume that log i > 4 xlog(6x 4%)
and we finally get that

1 1
—log — > log A
€0 o

Which leads to the desired inequality (V.24) and lemma V.3 is proved. m

Constructing a partition of unity adapted to the covering.

From the covering (B (z)) for x € C,_1 N B, (x0) of II(Cp—1 N By, (o))
we extract a Besicovitch covering (B, (z;)) for @ € I (I is a countable set)

of TI(C,—1 N B, (70)) that is a covering such that

i

Vz € ngo (o) Card {z €l s.t. ze€B. (SL’Z)} <n , (V.40)

where N is some universal number (see [Fe|). To simplify the notation we will
simply write r; for r,,. Remark that since balls intersecting each-other have
comparable size (see lemma V.3), each ball B?(z;) intersects a uniformly
bounded number of other balls : there exists Ng , such that

viel Card {j €l st B (z)NB(z) # @} < Now . (V.41)

We now construct a partition of unity adapted to a slightly modified covering.
Considering the covering (B2 (z;)) for i € I (I is a countable set) of II(C,—1 N
Bzfo (x0)), we can apply lemma A.1 and obtain ¢ depending on o and @) such
that (A.3) holds true for some P € N. Let ¢ € I we can deduce from (A.3)
and (V.24) that the radii r; of balls B7 (z;) intersecting B7, 5 (2) satisfy
aPr; < r; < a "Pr,. From this later fact we deduce that there exists a
number M € N depending only on « and () such that

Card {j €l st B, (2i) N Bagey,(2) # @} <M . (V.42)
Indeed, assuming B,,(z;) N B, (z;) = 0, if B, (2:) N B(iys)yr, (2;) We just have

seen that a"" r; <rp < a~ P rj : the two radii have comparable size which
is of course also comparable with the distance |z — z;|. From (V.40) it
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is then clear that the number of such ball B, (z;) is bounded by a constant
depending only of the variables o and (). It is now not difficult to deduce that
<Bi~ (145 ))Z-e 1 realizes a locally finite covering of II1(C,—1 N Bgfo (o)) satisfying
viel  Card{jel s t Bus, (2)0 B, (5) #0) <M+ P
(V.43)
Indeed assuming for instance that r; > r;, then B(H%)ri(zi)mB(H%)m (z) £ 0
implies clearly that B(iis), () N By, (2) # 0 and the numer of such a j is
controled by P (see A.3), whereas if r; < r;, B(Hg)”(zi) N B(H%)Tj(zj) # ()
implies clearly that B, (2) N By, 144 (%) # 0 and the numer of such a j is
controled by M (see V.42). Thus (V.43) holds true. And we shall use from

now on the notation

Viel  pi=r (1 + g) . (V.44)

For any ¢ € I we define y; to be a smooth non-negative function satisfying

i)

xi=1 in Bfi(zi) ) (V.45)

i)
Xi=0 iR\ B, () (V.46)

iii)
VEEN  [Vhulle < TF (V.47)

(2

where K depends only on k£ and Q.

We define now

Xi
i = (V.48)
Zz‘e[ Xi
It is clear that (y;) defines a partition of unity adapted to B(21+§T_)(zz~) and
2 K3
satisfying the following estimates

K
VkeN  |[VPgile < =& | (V.49)

r

)

where K depends only on k£ and Q.
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V1 The approximated average curve.

This chapter is another step towards the proof that Pgy_y = Py which goes
until chapter VIII. We thus assume that Pg_; holds (or that @ = 1). Again
in this part we consider the difficult case which is the case where we are
blowing-up the current at a point xy of multiplicity ) > 1 whose tangent
cone Cj 4, is () times the integral over the flat disk Dy given by w; = 0 for
i---@Q — 1 (we use the system of coordinates introduced in the begining of
chapter II) and where xy belongs to the closure of Cg_;. The purpose of
this chapter is to approximate first our current over each ball of the covering
introduced in the previous section C'LII"'(B?2(z)) by a Q—valued graph
{af}r=1..q over B2 (z;) which is almost J—holomorphic (.J,, —holomorphic in
fact where z; € C, and Il(x;) = z;) and glueing the average curves a; =
%Zgzl a¥ of each of these J,,—holomorphic Q—valued graphs together we
shall produce a single-valued graph a over Bzzo (o) which approximates C
and for which we will study regularity properties that will be used in the
following chapter VII devoted to the unique continuation argument . Finally
in the second subsection of this chapter we construct new coordinates adapted
to the average curve.

VI.1 Constructing the average curve.

Let p., given by (V.23) and let (B2 (z;))ics be the Besicovitch-Whitney cover-
ing of II(Cq—1N B, (o)) obtained at the end of the previous chapter. As we
have seen above, for any i € I, C.NIT~'(B2 (2:)) C Co-1N B3 (2:) X Bgﬁi—Q(wi)
where x; = (z;, w;) is in C, (see lemma V.2). For convenience we shall adopt
the following notation

N} = B}(z) x B *(w;) . (VL.1)
Assuming Pg_1, C'L Ns,, is a J—holomorphic curve : there exists a smooth
Riemannian surface and a smooth .J—holomorphic map

\Ili . 2272‘ — NZ

2pi

§ — ‘I’z(f)

such that W,[X;] = CL Ny,,. Let H(X2;) be the sets respectively of
holomorphic and antiholomorphic functions on ¥; . We introduce now 7;

(VL2)
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the map from ¥, ; into R?P~2 chosen such that the perturbation ¥; + n; is
J; —holomorphic, precisely n; is given by

0 0
—\I/i—F i—|—in—\I’¢—|— 5 :0 inEl-
a£1< 77) 8£2< 77) 2,

(VL3)
822’1'

where ({1, &) are local coordinates on 3, ; compatible with the complex struc-
ture. The existence of 7, is justified in a few lines below. To this aim we shall
make use of the following notations. Since J is smooth the inverse function
theorem gives the existence of a smooth map A : Bf)fo (r9) x R? — R% -
for p,, chosen small enough such that

i)

Ay = A(z,.) is a linear isomorphism of R | (VI1.4)

i)
Agy =id (VL5)

iii)

Vo€ BY (o) o= - S = A T A

(VL6)
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We shall denote by (2" =z} + iz}, wi = x5 + ixf, - - -, w), = x5y, | +izh,) the
following complex coordinates in Ny,

7
SV T (VL7)
X x
2p—1 2p—1
xt x
2p 2p

We will also denote by II; the map that assign to any point x in N;i the
complex coordinate 2z’ and by D' we denote the J,,—holomorphic 2-disk

D':={z;Vk=1--p—1 w,=0}=A;'Dy (VL)

Using these complex coordinates in N}, (VI.3) means

2p;0
57’]2 = —51111 in 2272‘

(VL9)
82272'

The existence and uniqueness of 7; is given by proposition A.3 of [Ri3]. Since
U, is J—holomorphic we have 0 V; + J(¥;())0,V; = 0, thus |0, ¥; +
J(23)0e, V5| < |J(V;(€)) — J(x;)] |Vep|. Combining this fact with the second
part of proposition A.3 (i.e. estimate (A.13) of [Ri3]) we obtain

/ [Vnl* < Kr?/ IVU|> < Krj . (VL.10)
$oi 04

)T X )T

For A <2, we denote by X, ; the surface ¥, ,; = X9, N \Ili’l(Nipi) so that
U, [%] = CL B () x B, *(0) . (VL.11)

We then prove in [Ri3] the following lemma
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Lemma V1.1 Under the above notations one has

”ni”LOO(E%’i) < Kr} (VI.12)

where K is a constant depending only on ||V J || and the choice of a made
i the previous chapter.

Consider now the J,, —holomorphic curve C* given by the image by ¥, +
mi of B3 ;. Since OV;.[Ys ] is supported in H_l(ﬁBgm), we know from
Lemma VL1 that [n;|oc < Cr7 therefore 9W; +1;,[Zs ;] is supported in an r}
neighborhood of IT™'(9B3 | (0)) (for r; small enough : that holds if £ has been
chosen small enough in section VI). Thus we have that ¥;,[Ys ;]) is a cycle in
H;I(Bém(O)) and the part of the image of X3 ; included in H;I(Bépi (0)) by
U, +; is a J,, —holomorphic cycle and therefore it is a ()—valued graph over
D' for the complex coordinates given by (2, w"). We denote by {a} }r=1..g
this Q—valued graph (i.e. a}(2}) are the w’ coordinates, in the chart (2, w’),
of the () intersection points between the .J,, —holomorphic curve ¥, +ni(Z%7i)

and the .J,,—holomorphic submanifold given by 2’ = 2}). We now define C*
to be the J,, holomorphic curve in H;I(Bii) given by

Q
= {x = A;il <(z’,d§(zz) = %Zaz(zl)) + xl> Vi€ B%pi(O)}

k=1
(VI.13)
Observe that 9
~i : /(1R2
i = 0 in D (B%pi(O)) . (VI.14)
Moreover, the conformal invariance of the Dirichlet energy gives
Q . . . .
/ > Va2 de' A dZ
30, k=1 (VL.15)
= V(@i +m)[*(6) dE < K}
(Wit~ (GO (BS | (0))
We then deduce that
/ \Vai?(2") dz' < Kr} . (VI.16)
B% (0)

1ri
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Combining (VI.15) and (VI.16) and using standard elliptic estimates we get
that for any [ € N ‘
V'@ ez (o) < Koy ™' (VI.17)
§ei

The subscript i in the notation @ is here to recall that we express C? as a
graph in the (2%, w') coordinates. The same .J,,—holomorphic curve C' can
also, due to (VI.17), be expressed as a graph in a neighborhing system of
coordinate (27,w’) where B, () N B,,(z;) # (0 (indeed the passage from
(2%, w) to (2/,w’) is given by a transformation matrix in R? close to the
identity at a distance of the order ;). In such system of coordinates (27, w?),
we shall denote @(27) the graph corresponding to C".

Since C' is a graph over w’ = 0 given by (2%,d!(z")) whose gradient is
bounded (see (VI.17)), and since the passage from the (z,w) coordinates to
(2!, w') coordinates is given by a transformation A,, whose distance to the
identity is bounded by |z;| that tends to zero, C' is then also realised by a
graph over B%p_(H(:Ei)) that we shall now denote (z,a;(z)) :

i

LI (B2, (T(w) = (2, (2)). (B, ()] (VL1S)
Consider now ¢ and j such that B, (z;) N B, (z;) # 0. We shall compare a;
and a; in II71(B,,(z;) N By, (2;)). Precisely we have the following lemma
Lemma V1.2 Under the above notations one has

vieN ||Vi(a — @)l (B2 (zn, () < Kip>t . (VI.19)

Proof of lemma VI.2.

First of all we compare C; and C; in II"'(B,,(z) N B,,(2;)). We can
always assume that ¥o; and Xy ; are part of a same Riemannian surface X
with a joint parametrization ¥ = ¥; on ¥y; and ¥ = ¥, on Y, ; and such
that W.[S] = CLNj, UNj, . Let 9 := U~ (supp(C) N N3, N Ny, . We
consider the following mapping

EY %9 x[0,1] — Nj, NN3,

(V1.20)
(&1) — V(&) +tn;(&) + (1= E)ni(§)
Clearly for any A\ < %
OZ9,[£9] x [0,1]L N}, N NY,, = CY = C*LN}, N NY, . (VI.21)
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We have )
M(ZY,[%9] x [0,1]) = / / JZ9 (VI1.22)
0 PY)

where (J3Z%)? is the sum of the squares of the determinants of the 3 x 3
submatrices of D=%. Clearly

[JEV1(6 1) < K (lInillo + [Inglloc] [[VEE) + [V0il*(©) + [V *(©)]
(VI.23)
Combining Lemma V.3, Lemma VI.1, (VI1.22) and (VI.23), we get that for
any A < %

M(E7,[29] x [0, 1JL N}, N NS, ) < K rf (V1.24)

Therefore, combining (VI.21) and (VI.24), using a standard slicing and Fubini
type argument, we may find A € (2, 2) such that

102
F((C'= LN}, NNS,) < Krf . (V1.25)
We shall now compare C* and C7. Denote (z,z} - - -x,) the coordinates
given by (xf, 2% - 2b))" = Ay, - [(1, 22+ - 29,)" — 2] where we keep denot-

ing (x1,22---x9) our original normal coordinates vanishing at the center
xo introduced in (II.1) and A,, is the transformation matrix introduced in
(VL4). Observe that with these notations (29,29 ---29) = (af, 25 %))
that (z], 25 ---x3,) = (21,2} - - 23,) + Ay - (x; — ;) and that (2,25 - - - 2b)
has been chosen in order to vanish at a fixed point x;. Observe also that

< Kr;

d d d
'@Axt ; ”@xtHLw(Bifi(mi))_'_HaytHLw(Bzfi(mi)) < Kri . (VL.26)

We also adopt the notations z* := #{+izh andfork =1---p—1w' := a4, +
ixh;, 5. Observe then that 2 =constant or wj, =constant are J,+ —holomorphic
2p — 2 submanifolds, or simply complex variety in (R?, J,¢). In order to com-
pare C* and C7 we shall perturb 2% in the following way : denote first W,
n; and 7% the maps W,n; and 7; expressed in the coordinates (z',w'), and
consider the map st : (¥')¥ — CP solving

Ogs' = Og(W' + t; + (1 — t)y;)  in ()Y

) (V1.27)
Vh e H(SY) / stdh =0
oxii
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where $¥ := U~ (supp(C)) N Nép, N ng_. The existence and uniqueness of
2/ 2Fi

s’ is given by proposition A.3 of [Ri3] We shall now replace the map =% on
(¥)% by the map

(27 : ()7 x[0,1] — Nj, N N3,

(6.6) — AL [01(E) + tl(€) + (1 — Ot (€) — ') +
(VI.28)
Observe that for each ¢ € [0, 1] the map Z'%(-, t) is a J,« —holomorphic curve.
Observe also that, for t = 0 s = 0 and that for t = 1, 82(\111 + 'r]]l) = 0,
since W + n; is J,;—holomorphic and (2!, w') are J,; coordinates, thus we
have also s' = 0. One can easily verify, like for proving (VI.10) that for all
t e [0,1]

| 10w e - P < Kt
(E/)ij
and using lemma VI.1 we have

HSt”Loo((le)ij) S KT? s

where B ' A
() = W (supp(C)) N N, AN,
4P 1

Therefore for any \ < g we have
O(Z)7,[(2)7] x [0, 1JL N}, NN}, =C7 = C'LN;, NN, - (VI29)

We consider now the following interpolation between C* and C7 : let =¥ be
the following map

=7 I(((E")Y)) % [0,1] — Ny, NN,
(VI.30)
(Zv t) - A;tl ’ [(’27 &t(’z)] T,
where the p—1 complex components are given by the slices of C* := (Z')¥ [(X')¥]x
{t} by z' = ¢ evaluated on the functions w}. Precisely using the notations
of [Fe] 4.3
ap(z) == (C" 2", 2) (w}) . (VL.31)
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It is clear that for any A < g
Z9(I,(W((S)9))] x [0, 1L NL, mN{pj — (I G NiAp, mNipj (VI32)

In order to get a bound for F(C7 — C’iLNf\'pi N Nipj), it remains to evaluate

the mass of =4 [IL;(W((X)¥))] x [0, 1] L N3, ﬂNipj for A = ¢ for instance. We
have

QA;,} (z,a"(2)]| (2,1) [1 + |Vzdt(z)|2} ) (VL.33)

JaZ9 (2. 1) <
| 327](2,t) < By

Because of the same arguments developed to prove (VI.17), since a'(§) is
holomorphic, we have

Thus

MEI ()] x [0, 1] N'Ap; 0 N, ) // 1=
H(\Ij( 2// l]

1
<k [ [ |Gl
0 Juw(nm) [0
1 ~t
sk [ sleaon )
0 Jnee(ni) t

On the one hand, since II;(¥((X")¥)) |(z,a'(2))| < K r;, we have

1
L[ neael <l (V130
0 JI(W((%")))
On the other hand

/1 / da'
0 JI(w((s")i))

dz Ndz N\dt

(VIL.35)

N—
I; 1 j : ~ 1 Ll
N—>+OON - / W((277)id)) ‘aN(Z)_a " ( )| dz/\dz
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We have

€ +1
H <O 2N 2> (w) —w )

(VIL.38)
We have to control the sum over [ of the integral over II(W((X")¥)) of the 3
absolute values in the right-hand-side of (VI.38) one by one. For the ﬁrst term

of the r.h.s. of (VI.38) we have, using [Fe] 4.3.1, since ||wléV ||oo+||dw/éV loo <1,

/ |<C% —CF 2% 2> (w)| dz A dz
I(T((x)))

k+1 k k+1

< Lip(s¥) Fyy g, (CF —CF) <K Fyy g (CF = CF)

(VI1.39)
Similarly as the way we have established estimate (VI.25) we can show that

Loy

Fry, o, (Cy —CV)<K 57 (V1.40)

Thus
N-1

€
lim / | <C%—C%,z%,z>(w,§’)\ <Kr . (VL41)
(w((2")4))

N—+4o00
=1
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For the second term of the r.h.s. of (VI.38) we use 4.3.9 (3) of [Fe] and we
get

na L I+1 I+1

€
/ ) |<Cl§1 2N 2> (W)= <OV 2N 2> (w))]
T(W((%7)4))

l+1

K/ dt/ 2% — 2% | d||CF |
(Zt (E// m )

(V1.42)
r2
K M(cH LNZApmng)
4
re
<K=
- N
where we have used (VI.26). Therefore we obtain
L L
lim Z/ | <O~ 2V 2> (W)= <OV 28 2> (w))| < Kr!
——+400 (217)i9))
(VI.43)

Finally for the second term of the r.h.s. of(VI.38), we use again (VI1.26) and
4.3.2 (2) of [Fe] to obtain that

1 1 l i+l
/ |<C™ 2 2> (w) —w )|
(w((87))) (V1.44)
I+ i j 12 7,;1 '
< M(CF NApmNA,,)N <K

Combining (V1.35), (V1.36), (VL.37), (VL.38), (V1.41), (V1.43) and (VI1.44),
we obtain that

M (EZ[ITW((S)9)] x [0,1]LN3, N Ng‘pj) <7t . (V1.45)
Combining this last inequality with (VI.32) and a Fubini type argument we
obtain that there exists A € [6, 5] such that
F((Ci = CHLN ;N N, ) <) (V1.46)

From this fact we then deduce, since C; and C’j are single valued graphs with
uniformly bounded gradients

/ | o ai(zh) —al| < Kl (VL.47)
I (N*ZpiNNT )
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Using the notations introduced in (VI.4) and (VI.13), we have that for
any z there exists £ such that

(2 = 25, @i(2) —wi) = A1 (€ @(6)) (V1.48)

where |A,, —id| < K |2 < K py,. Let 2 := p;'(z — 2) and 4;(¢') =
p; H@i(2) — w;). Let also & := p; '€ and ai(¢') := ai(¢). Since @ is holomor-
phic (see (VI.14), @! is also clearly holomorphic and since ||@|| 15, (o)) < K,

we have that for any [ € N
V'@l ey ) < K- (VL.49)
Using the above notations we have
(< ai(2) = A7 (€, ai(€) (VI.50)
From the inverse function theorem, since |A,, —id| < K |z;] < K p,, can be

taken as small as we want by taking p,, small enough, we have that for all
[ € N there exists K; such that

IVLE oo < K (VL51)
Therefore, combining (VI.49), (VI.50 and (VI.51, we obtain
IVLai(2 )] < Ki (VL52)
From that estimate we then deduce
||vi’dl||L°°(BQ%pl(Zz)) < K] Tg_l . (VI53)
Since C? is J,,—holomorphic, we have the existence of X%, u#, Ny, 12, such that
( 1 1 0
ox ox oy
: ! f (VL.54)
\ dy Ox dy
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Writing J,, = Jo + (x;), we first observe that

10(z)| < ([l |wil < K pag

(VL.55)
Using this notation we deduce from (VI.54)
' 0
a,
)\Z —511 .TZ "—Zéll xz a
1=3
2 oa
M1—1+521£Uz 2521372%
= (VL56)
8a
No=—1+46 ; 01
+ 01,2(2; +; 1i(3) &y
2p
8&
ph = 8g.9(x;) + do(x;)
\ 9 = 022 Z 2,1 oy
Therefore the equation solved by a; is forany k =1---p—1
9a2ktl  pg2ht2 dal | oakt?
7 _ 7 5 i 5 Z 1
ox y (i) +Z”x or ox
2p ~ ~
oal | gak+?
921 (x5 09 ()= .
+ | 02,1 (23) + ; 2,(7;) 31’] oy
—0Oop2,1(T:) Z 52k+2l
2%k+1 2k+2 2%k+2 (VL57)
oa; 0a; oa;
% 7 ) : ) : %
dy + ox [12:1: lea: y] ox
azd dazkt?
doa(x;) + 0o -
. z y ay] -
il
—52k+2 1 SL’Z Z 52k+2l
\

Then we deduce that there exists a linear map

Al : RO RO 0 g (R ORI’
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and an element
B(x;,-) € Cr ! @p (R2 & RQP_Q)* )

such that a; solves

da; . . . -

5 = A(x;,Va;) - Va;, + B(x;, Va;) + D(x;, a4;) - (VI.58)
Observe also that the dependence of A and B in B,, (o) is smooth and that

A(xg,-) = 0, B(zo,) = 0, D(xy) = 0 and because of (VI.55) we have an
estimate of the sort

W e RZQRY  |A(wi,p)| + [Bup) < K lel(1+pl) . (VL59)

Consider now i and j such that B7 (z;,) N B (z;) # 0. On B%p () ﬁB%pv(zj)
6 67

i

a; — a; solves the following equation
Oz(a; — a;) = A(zi, Vag) - Va; + B(xi, Va,)
—A(l’j, VEL]) . VEL] — B(SL’]', Vd])
(VIL.60)
+E(z;, Va;) — E(x;, Vay)
where
C(I‘Z, V&Z, Vdj) : V(dz — &]) = A(ZL‘Z, de) : de — A(I‘Z, Vd]) . Vdj

"—B(.TZ, VELZ) — B(.TZ, VEL]) 5
(VL61)
(where we have used the linear dependance in p of A(z;,p) and B(z;,p)),
and where

E(x,p) = A(x,p) - p+ B(z,p) + D(z) . (V1.62)

Observe, on the one hand, that C(z, p, ¢) has a linear dependence in p and ¢
in R? ® R?’~2, that

Cz,p, @) < K[| (L+|p[+1al) (VL63)
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and that following estimates hold for D(z,p), forall [ € N
IVLE(z,p)| < K (1+[p]») . (VL64)
On B2 (p;'2:) N B3 (p; ' 2;) the function f(2') := a;(pi2’) — a;(pi2’) solves
6 6

osf =C(Z)-Vf=g() | (VI.65)
where
C(7') = C(z;,Va;, Vay)(piz')
and

9(2") := pi [D(i, Va(pi2)) — D(x, Va,(pi2'))]
Using (VI.53), observe that for any [ € N
IVE(C i, (Vi) (pi), (Vaa7) (pi2)) oo
(VI1.66)
< K Jai| p; [IIV:Hailloo + 1V 05ll0] < Ko pag

Therefore, for p,, small enough, L := 05 — C(2’) - V., is an elliptic coercive
first order operator with smooth coefficients whose derivatives are uniformly
bounded. Observe also that, using again (VI.53),

IV i [D(:, Vaj(piz')) — D(xj, Vai(piz'))] oo

[1/2] (VL.67)
<Kpl o IV asllee VSl + pf V5 510
s=0
Then we have
IVl < Ky p] . (VL68)

From (VI.46) we deduce that

/ f<KR . (VL69)
BQ% (pflzi)ﬂBQ% (7" 2))

Thus combining (VI.65)...(V1.69) and using standard elliptic estimates we
obtain that for any [ € N

HvlfHLOO(B%(pi_lzi)ﬂB%(pi_lzj)) < Kipi (VL70)
which yields, going back to the original scale, the estimate (VI.19) and
lemma VI.2 is proved. [ ]
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Definition of the approximated average curve. On ngo 0) =

II(B,,, (x9)) we define the approximated average curve as follows. Let ¢
be the partition of unity of II(Cq-1 N B,,, (70)) defined in (V.48). We denote

i(z0) ==Y _¢(2)ai(z)  Va € I(Coo1 N By, (20)) -
i€l (VL.71)
a(zy) =< C,z,z9 > (w) V2o € II((Cq \ Cq-1) N B,,, (70))

Observe that, because of lemma IV.2, for any 2, € II((Cq \ Co-1) N B,, (o))
the slice < C, z, zy > consists of exactly one point and a(zp) is simply the w
coordinates of that point. The following estimates for a holds :

Lemma V1.3 Under the above notations, for any q < +oo there exists a
constant K, independent of p, such that

/32 IVa|! < K, p2, - (VI.72)

Pz (0)
U

Proof of lemma VI.3.
We claim first that @ is a Lipschitz map over B; (0). In II(Cqo—1 N

B,, (70)), by the assumptions of the inductive procedure, we know that
a is smooth and using both (VI.53) and (VI.19), because also of (V.49), we
have

”VC~1”L0<>(II(CQ_mech @) <K . (VL.73)

Consider now two arbitrary points x and y of Bzzo(O), either the segment
[z, y] in Bgm (0) is included in TI(Cq -1 N B, (70)) and then we can integrate
(VL.73) all along that segment to get

ja(z) —a(y)| < Kle -yl (VL.74)

or there exists z € [v,y] NII((Cq \ Co-1) N By, (x0)) and using this time
(IV.6) we also get (VI.74), which proves the desired claim. Using the equation
(VI.58) solved by the ;s we obtain that, in II(Cq-1N B, (z9)), @ is a solution
of

Osa—A((z,a(2)),Va)-Va—B((z,a(z)),Va)—D(z,a(z)) = ((z) , (VL75)
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((2) = @i [A(x;, Vi) - Vi, — A((z,d(2)), Va) - Vi

+2_ [Bi, V) = B((2,a(2), Va)] (VL76)
+’:£:‘92¥% [az a]

Observe that ) .., 0zp;a was added at the end because this quantity van-
ishes. Since for any z; and r;, (V.10) holds, since also for any z € II((Cq \
Cq-1) N By, (20)) we have for an € as small as we want (recall a was fixed
independently of ), the relative Lipschitz estimate (IV.6) holds and granting
the fact that I1((Cq \ Co-1) N B,,, (o)) is a compact subset of B, (o), it is
clear that

Yn>0 d6>0 s.t.Viel

(VL.77)
dist(B,,(z:),I((Co \ Co-1))) <6 = |pil <
Observe that
€= <KDY wil2)e;(2) la; — w|
i,5€l
> wil2)ei(2) V(@ — a;)l (VL78)
i,J€1
> IVeil2)le(2) laiz) — a;(2)]
1,7€1

using (VI.19), we have that

((z)] < Kmax{r;i€l; s. t. z€ th(zl)} < K dist(z,1I((Co \ Cg-1)))
(VL.79)

Combining (VI.77) and (VI.79), we have that {(z) converge uniformly to 0

as z tends to II((Cg \ Co-1)). We then extend ¢ by 0 in II((Cg \ Cg-1)). C is

now a continuous function in Bgzo (x9) and we claim that

0-a— A((z,a(z)),Va)-Va— B((z,a(z)),Va) = ((z) in D’(Biwo (20))
(VL80)
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Since @ is a Lipschitz function in ngo (x0), 0sa — A((z,a(z)),Va) - Va —
B((z,a(z)),Va) is a bounded function in Bgzo (x9) and therefore, in order
to prove (VI.80), it suffices to prove that for H? almost every z in II((Cq \

Cq-1)) N B;, (o)
Do — A((2,a(2)), Va) - Vi — B((2,d(2)), Va) — D(z,d(z)) =0 . (VL81)

This later equality, because of the computations leaded between (VI.54)...(VL.58),
is just equivalent to the fact that the tangent plane of the graph (z,a(z)) at
that point is J—holomorphic, which is the case at every point of II((Cq \
Co-1)) N Bimo (x9) due to lemma IV.2. Thus (VI.80) is proved. Using again
(VI.19) we observe that

IV S KDY wil2)es(2) [IVay| + V)]

> el IVal(:) 193 - )l
> (I9%0()les(2) + IVl (T3 )] 1az) = ()] +1a; - wi
S K

(VI.82)
We claim now that ( is Lipschitz in ngo (zo). Indeed, arguing like for a,

given x and y in Bizo (x0), if the segment [x,y] has no intersection with
II((Cg \ Cg-1)), then, integrating (VI.78) on that segment gives

C@) —CI < K |z —y| . (VL.83)
Otherwise, if there exist z € [z, y] NII((Cg \ Co-1)), then, (VI.79) gives
CE@+ICWI < K |z =2 +y -2

which gives (VI.83) and the claim is proved. We claim now that a €

W2,Q(B[2)IO/2(O)) for any ¢ < +o00. Let e be a unit vector in B§z0/2<0)' For

small h we denote ay(z) := a(z + h) and (,(2) := ((z + h). We have, using
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the linear dependencies of
0:(a —an) —A((z,a),Va) - V(a—an) — A((z,d), V(i —a)) - Vi,
—B((2,a),V(a — an))
— (= G+ A((2,@), Vay) - Va, — A((z + b, @), Va) - Vay,

B((z,a),Vay) — B((z + h,an), Vay) + D(z,a) — D(z + h, ap)
(VI.84)
Denote A the right-hand side of (VI.84) and observe that there exists a
constant K such that
AW <K B . (VL85)
Let x,,, be a cut-off function such that x,, =1in B%%(O) and x,,, =0 in

R?\ Biwo (0). Let fn := Xy, (@— an), and let Lj, be the operator such that

th = a?f - A((’Zv &)7 V&) ' Vf - A((Z, d), Vf) -Vay, — B((’Zv d)v Vf) ’
(VI.86)

we have
Lnfn = Xpz Ay + (d - dh)&ZprO - A((Z’ d)v Vd) ) (d - dh)vxpxo
_A((Z’ d)v (d - dh)Vpro) -Vay, — B((27 d)? (d - &h)VprO) :
(VIL.87)
Since a is Lipschitz, using (VI.85) and (VI.59), we have that
|Lnfnl < K h . (VI.88)

Observe that |Ly fr| > |0z fn] — K pzo|V fr|. Since fr, =0 on 832900 (0), for any
p < +oo we have that

/ Vil <K, / O-flt < K, / Lufol? + Ko |V ]
B3, 0) B3, (0) B3, 0)

(VI.89)
Dividing by h? and making h tend to zero, we get that for p,, small enough
inequality (VI.72) holds and lemma V1.3 is proved. m
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V1.2 Constructing adapted coordinates to C in a neigh-
borhood of zy € Cy \ Co-1.

We consider a point xy in the support of our J—holomorphic current C'
and we assume, as above, that the multiplicity at x is ) and that the
tangent cone Cj 4, is () times a J,,—holomorphic disk D. We start with the
coordinates (z,wy,---,w,_1) chosen in (I.1) such that Cp,, = Q[D] is Q
times the “horizontal” disk given by w; =0 fort=1,---,p —1 and we work
in the ball Bﬁfo (o) whose radius py, is given by (V.23). The purpose of this
subsection is to construct new coordinates (£, Ay, -+, A\,—1) in Bf)fo (x¢) such
that the set \; =0 fori=1,---,p—1 coincides with the graph of the average
map a constructed in the previous subsection.

On the graph A(z) := (2, a(z)) we consider the complex structure j given
by the metric induced by ¢ := w(J-,-). Let X be a vector tangent to A at
(z,a(z)). We compare jX and JX in R*. Let n(z,a(z)) be the 2p — 2-unit
vector normal to T(Z,d(z))fl, making the identification between 2p — 1-vectors
and vector given by the ambient metric, we have

JjX =nAX

We have seen that
|Jn —n|(z,a(2)) < 7¢ae)

Therefore
JJX = JjX| < |[nANJX = JnAX)| < InAJX = InANJTX| < reac)| X

Thus we get that |(J — j)(J + J)X| < rea))|X| where we extend j to the
normal bundle to A again by the mean of the induced metric. Since |(J+7)X]|
and | X | are comparable independent of X, we have

VX € TeaenAd  I(J =X < Krizaey|X] (VL.90)

We choose now coordinates & = (&1,&) on A compatible with j (i.e. ja%l =
8%2). Let (2/,a(2") = (pp, prt(ps2')) and in Bi¥(0) we consider the met-
ric §(2/,w') = p;2(pue?’, paow’)*g Where g in Bng(O) is the original metric
g(-,-) =w(J-, ). After this scaling we have, using (VI.72)

/|V2a|p d < Kpp?, (VL91)
B?
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and
§9 =69 + b7 where h7(0,0) =0 and |VAY|w < Kps, . (VLO2)

We look for isothermal coordinates (£],&,) in A = {(/,a(2)) 2’ € B2(0)} of
the form ¢’ = 2’ + §(2’) where ¢ will be small in W?2?. On B(0) we consider
the metric k = (2, a(2))*§ = (1 + k1) (da})? + 2kyada! daly + (1 4 koo ) (dah)?.
From the estimates above we have for any ¢ > 0, (since Va(0,0) = 0 and
IV%allg < pay we have ||Vl < pa)

VKT < K p2t . (VL.93)

BY

Following [DNF] page 110-111 it suffices to find ¢; solving

o (1+ kfn)gi}l - k12§i}2 o (1+ kfm)?ié - k312§i}1 0
0y | /(1 + kny) (1 + kao) — K25 | 0%y | /(1 + ky1) (1 + ko) — K2y
(VI.94)

Taking §; = 0 on B%(0) we get a well-posed elliptic problem and we obtain
the existence of 9, satisfying

2

Z Al =F-Vi

a/ P —
— " QO

i=1

where a;; are Holder continuous [|ai; — dijllco.n(p2) < Kop® and F € L with
J|F|? < Kpp?l. Standard elliptic estimates give then

161llwa(m2) < Ko, (V1.95)

Therefore, going back to the original scale, we have found coordinates & =
T + Paoi(pyy 2) = x; + a;(2) such that

0 0

Valle < Kp?  and  j—— = —
Vol < Kp2, and g =5

(VL96)

We translate these coordinates in such a way that «(0,0) = (0, 0).
Inside GI(R?"), the space of invertible 2p x 2p matrices with real coeffi-
cients we denote U(p) the subspace of matrices M which commute with J.
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U(p) is a compact submanifold of GI(R?) and for some metric in GI(R?)
we denote 7y the orthogonal projection from a neighborhood of U(p) onto
U(p). We consider M(z) the matrix which is given by

M(z) = A(_Ag'%&(z))ﬂU(p)(A(z,&(z))) ) (VL.97)
where we recall that A, is given by (VI.6). We have clearly, since ||Va| < K
and fBg ) |V2a|? < qufm for any p < +o0,
Pz

2
VMo, on < K and [V2M)iaies,, o < Kook
(VI.98)
We keep denoting ey, eg, - -, €9, the canonical basis of R?. Let

en(z) = M(z) -e; . (VI.99)
We have for all i = 1---p that
J((2,8(2)) - £21(2) = J((2:6(2)) - ATy 009 (A eaion) - eaict

- A(iz}a(z))JowU(p) (Azaz)) - €2i1

= A aon T (Aae)Jo - €21 = Az Tom (M) - €2 = €2i(2)

(VI.100)
In Bifo (x9) we consider the new coordinates (£, \) given by
2p
U (6N — UGN = (2(6),a(2(6) + D Neral2(€)) - (VL101)
=1

Let J be the expression of the almost complex structure in these coordinates
(i.e. j(EA) -+ X = dU gy - dP - X), we shall now estimate |J — Jy| for
points satisfying |A| < ry ) - recall that r, was defined in the beginning
of chapter VI (see (V.11) and (V.12)) - which corresponds in Bifo (x0) to a

neighborhood of A(z) = (z,a(z)) containing the support of C'. We have first
for i = 1,2, using (VI.90),

AV Jeoe: = Jueo) - 5% = Jueo - oz + (Jueo) = jueo) - 5
| (V1.102)
= ()" 57—+ 0(re(&,0))
8€i+1
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where we are using the convention =2 We have then for 1 <1 <p

852 6527
AU T 01 = Jote 0= = Jae oyent = —eop g = —2 (VI.103)
(£,0)€21 B (£,0) D T(€,0)€2 2l—1 Do .
For |A| < rg(e,») we have for i =1,2
AV Jie nei = Juen - AV ene = Jueo) - A¥(e0)€i
+Jueo) - [dVene — dV e + [Juen — Jueo] - dPe e
(VL.104)

Using the fact that |Jye ) — J\y(g ol < [[Jler [¥(E,N) = ¥(E,0)] < Kryey
and that d\I/(g NEi — d\I/(g 0)€i = (f >\) — g—g(g’ O) = Zl:l )\la&gl_’_% we have
then )

AV Jener = Jueo) - AP oper] < O(rugen) (VL.105)

Using (VI.90) again, we have |[Ju(0) — j(¥(£,0))] - d¥ (e < O(ruep),
thus, since W is Lipschitz ry ) and g o) from lemma V.3 are comparable
and (VI.105) implies

|d\I/j(§7>\)61 - d\I/(gv)\) . 62| S |d\11j(§,)\)61 - d\I/(&O) . 62| + |d\11(§70) €y — d\I/(g)\) -62|

(VL106)
and using again the fact that [dW ¢ o)-ea—dW ¢ »)-€2| = ‘a§2< A)— 852 2 (£,0)| =
| > 11 MiOg,e142| < O(rwe,n)), we have finally that

‘d‘l’j(&)\)el — d\Il(g,)\) : €2| < O(T\p(g)\)) . (V1107)
Finally, we have for 1 <1 <p

AW Jie yea = Jugen) - dVexen = —dW¥ e xexn
+[d\p(£ A) d\I/ (£,0) ]621 1 + J\I} (£,0) [d\II(g ) d\P(g,o)egl] (VI]_08)

+HJwen — Jueo) - d¥en

Using the estimates we used in the above lines, (VI.108) becomes for 1 <[ <
p

‘d\l’j(gv)\)egl + d\I’(g,)\)egl,ﬂ S O(T\p(&)\)) . (VIlOg)
Thus combining (VI.107) and (VI.109), we obtain that
V(f, )\) s. t. |>\| S 7“\1;(57)\) |j(§’)\) - J0| S K Tq,(g)\) . (VI.IlO)
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VII The unique continuation argument.

In this part we show that, assuming Pg_; (recall that the definition is given
by (I1.8)), a point xq in Cg \ Cg-1 is isolated in Cg \ Co—1 unless all points
in C, in a neighborhood from xzy ar of multiplicity ). This fact has been
already proved in chapter IV in the case where Cy,, was not () times the
same flat holomorphic disk (the easy case). Here we assume that we are
in the difficult case Cp ., = Q[Dy] where Dy is the horizontal unit disk as
before. We adopt the coordinate system about xy constructed in section
VIIL.2. We denote by II the map that assigns the first complex coordinate
¢ = & + 1&. Assuming there exists a sequence of points z,, € Cg \ Co_1
different from xy and converging to zg, the goal of this chapter is to show
that C' in a neighborhood is a ) times the same graph. The strategy is
inspired by [Ta] chapter 1 : in our coordinates, the points in Cg \ Co-1 are
contained in the disk \; = 0 for i = 1,---,2p — 2 and we shall use a unique
continuation argument based on the proof of some Carleman estimate to
show that our assumption implies that the whole cycle in the neighborhood
of g is included in that disk. Let (¢,,0) be the coordinates of x,, — xy. We
can always extract a subsequence such that |&, 1| < |€,]?. We then introduce
the function gy (§) := va:l(é —&,). Because of the speed of convergence of
our sequence &, to zero it is not difficult to check that there exists a constant
K independent of N such that for any & € ngo the following holds

Ne—1 Ne—1

K1 K 1 1
{7 e - §N§|H\§J|—'9N = ey

(VIL1)

where N is the index less than N such that [{ — &y, | is minimal among the
|€ — &,]. Tt is also straightforward to check that

Ne—1

. K(N-N;) 1 1
Vg —
VawI(6) <~ |f—§N§\ 115

P Ne—1 Ne—1 | Ne—1
MR sNEP 11 il + 5N5| 2 = 11 o

(VIL2)
and we have a corresponding estimate for |V¥gy'|(¢) for arbitrary & in
general. Let § € TI(Cq-1). & belong to some B2 (&) of the covering con-
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structed in chapter VI. To every such a ¢ we assign k; an index such that
1€k, | + pr, < |&] — pi and such that |&, — &;| < Kp; and such that p; and py,
are comparable :

K 'pi <pw, <Kp;i . (VIL.3)
This is always possible due to the Whitney-Besicovitch nature of our covering,
moreover for every k there exists a uniformly bounded number of ¢ such that
k; = k. Observe also, because of the relative Lipshitz estimate (IV.6) with
constant ¢ and because of the “splitting stage” of Cy, ,, characterised by
(V.10) we have that for any 6 > 0 one may choose £ small enough compared
to a defined in chapter V such that for any £ € II(Cg_1)

dist (€,T1(Cq \ Co 1) > 679, (VL)
where ¢ € B2 (&). Combining (VIL3) and (VIL.4) we get that
Viel VY¢eB (&) V(e B (&)

%dist (& (Cq \ Co-1)) < dist (¢, 11(Cq \ Co-1)) < 2dist (€,11(Cq \ Co-1))

(VIL5)

From (VIIL.1), (VIL.2) and (VIL5) we get that for any N € N, for any £ €
Bgz(fz) and for any ¢ € Bikl(flﬂ)

031(6) < Klgil(©) - (VIL6)
nd Vgnl V2] |
A gn 2 gn
B SO <K (VILT)

Let x,,, be a cut-off function identically equal to 1 in Bixo /2(0) and equal
to 0 outside B} . In B2 (20) x R*~? we introduce the cycle C¥~ which is
given by

vEe B, (C™ILE) = gy'(€), (C.IL,8) (VILS)

In other words if ¥ : ¥ — Bizo (0) x R?~2 is a parametrisation of a
piece of C'; a parametrisation of the corresponding piece in C9 is given by
(Ve, gy oIl o W W) where (Ug, ¥)) are the coordinates of W. Since C9V is

a cycle in Bgm (20) x R*~2 we have, denoting ) := 5:11 dAo—1 A d)gy)
p—1
C9 (Xp,, 0 TL Q) = —=C9(dx,,, oTIA Y Ay_1ddar) (VIL9)
=1
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We split CIV(x,,, o1 Q) = C9 I_Bi 2 X x R#*72(Q) + C9V (B}, \szo/2) X
R*72(x,,, o I1 ) and we have
p—1
CNLB], pxRP2(Q) = CNLB] ,xR¥2(p0lly Q) , (VILI0)
el =1

where we recall that the partition of unity was constructed in (V.48) adapted
to the covering B> (&). Let ¥; : ¥ — B3 (&) x Bgﬁ;z(O) be a smooth
parametrisation of C'L B, (&) x Bﬁfo*z(O) and denote by 7; the map from ¥,
into R? given by [Ri3] - Proposition A.3 - such that ¥;+; is Jy—holomorphic.
Since J in BSZ,((&,O)) is closed to Jy at a distance comparable to p; - see
(VI.110) - we have

IVnllizcey ) < 7 (VIL1L)
where we recall that X5 ; = 3; N U (B3, (&) x R?). Using now lemma I1.2
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of [Ri3], which does not require J to be C in these coordinates but just the
metric g to be close to the flat one, one has

millas, ) < P} (VIL.12)
Using the parametrisation ¥; = (U, ¢, ¥; 5), we have
N I_Bp 2 % x R¥~2(p; o I Q)
/ % ] 2l—1 o ‘I/il)\ (VIIL.13)
We compare this quantity with
/ p 1 \11121)\ Ly 77221/\ 1 w2 42 (VIL.14)
d | —pA A A T A
o z T Wig+Mig) 9(Wie +nie)
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One has

p—1

(7™ = C) (i OHZd)\Ql 1 AdAg)| <
|: z)\+77@>\ :H ‘ |: z/\+7h,\ :H
z _'_ 3 Z + (]
&+ g g &+ i) (VIL15)
7 +772)\
i N
(Wig +mig)
[ Wir+ma Wi }2
z§ + 7]2,5) g<\pl,5>
We have
/ V{ Wir+mia Wi ]2
5 IG(Wie+1mie)  g(Wig)
g/ v[\pi( 1 1 )} 2 (VIL16)
by g(q/26+7h§) )
Vg|?
/|V772|sup563 §I)| /|7h SUP¢eB?, 61)||g|4| (f)

Let fo(&) be the flat norm of the slice of C9Y minus the average curve, ¥, = 0,
by II7(€) ,
In(§) = F(< C,ILE > —Qdo)

Using (V.8),(observe that the difference of the densities for the metrics w(-, J-)
and wy(+, Jo-) is as small as we want for p,, chosen small enough, using also
(VIL.11), (VIL.12), (VIL.6) and (VIL.7), we have

|Vgn!?

/|V7h| SUP¢eB?, (&) |2 /|TI| SUP¢eBZ (&) 14 lgn |t €)

(VH.17)
<K | fnl?
ngi (€k;)

where we have also used the fact that fEk, Ok |V A|> > Kp!. This lower

bound is a crucial point in our paper it comes from the fact that C restricted
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to By, (wy,) is split : we have that pI;QM(CI_Bpki (xk,)) is less that 7@ —
Koo (see (V.11)) where K, and a only depend on p, @), J and w. If Uy, 5
would have been too close to 0 in L? norm, since the intersection number
between (¥}.).[3x] and the 2p — 2-planes I171(&) for & € Biki (&) is Q,
p,;_QM (CL By, (wr;)) would have been too large would have contradicts the

upper bound (V.11). The first term in the right-hand-side of (VIL.16) can be
bounded as follows

/z,. v [\Ill <9N(‘1’z‘7§1+ mig) gN(il’i,s))]

2

_ / 1 1 2+ / ) v( 1 1 )
> - Pi -
s O (Wie +mie)  gn(Wig) o IN(Wie+mig)  gn(Wig)
2
|Vgnl|
<K / pi | sup 5| (6
s |eesg ) |on]
2
Vgn
i [ vl | s L
P ¢€BZ, (&) ‘9N|
2| 12 QN|2 ?
4K [ ool [T @
3 §6B |gN|
V| |®
oK [t s B (@
2 §eB3, \9N|

(VIIL.18)
Using (VIL.6) and (VIL.7) like above and combining (VII.15)...(VIL.18), we
have finally for every § > 0

p—1
(CIY — C)(pioTT Y dAar—y AdAy)| <
= . (VIL.19)
’l + 7
5K/ wi l 2 nAH+—K |fnl?
(Vi + i) 0 Jsz, &)

Since W;+n;/golloW,;+n; is an holomorphic map into C?, the A—coordinates
of it, ¥, x +min/g oIl oW, +n; is also a holomorphic map but into Cr~1! and
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one has

1 p—1
Uiy +min * 1 —
AT A ND gy A d)g Uiy ) [ S dA A dR,
Toctng O = el
Wi x + M

dg/\dZ

‘ 9(Wie + nig)

(VIIL.20)

where ¢ denotes local complex coordinates on ;, and A; is the complex

coordinate A; = Ay_; + iAy. Therefore, combining (VIL.19) and (VII.20) we
have for § chosen such that /K < %

p—1
C9N(p; o 11 Z dAgi—1 A dAgy) >

= ) (VIL.21)
5 o Vot - S P
2 s, | 9(Wig +mie) )

ngi (&k;)

Let {al(¢)}i=1..¢ be the holomorphic )—valued graph realised by (¥;¢ +
Mg In' (Wie + 1) Ui + 1mi), we have that

Wi+ Mix 2 s —
[ v;‘ [ e X Vi@ dsndE (i)
22 Bgi =1

9(Wig +mig)
Clearly this quantity is larger than [, ¢;|V fy|* where fy(¢) is the Flat

norm of the slice by II7'() of the difference betweenC?" and the average
curve. Replacing fy by fy itself, the slice by II71(¢), of C9 minus the
average curve, in the integral | B2, wilV fN|2 induces error terms which can

be controlled by [ B, (6, | Inl? hke in the computation of the error between

C9% and CgN above. Therefore we have

1 K
O (p; 011 Q) > 5/ ei |V x| — F/ | fnl? (VIL.23)
i B3, (k)

Because of the relative Lipschitz estimate, fy extends as a W12 function on
all of B;%IO(O)' Standard Poincaré estimates yield

/ \szofN|2§Kpio/ IV (oo NI (VIL24)
B2 B2

Pz Pz
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Taking pg, small enough we can ensure that Kp2 > O(d) and combining

(VIL.9), (VIL.23) and (VII.24) we finally get that

p—1

[oine<rf a4 IV e OO (A, O TTAS Dot 1)
B2 B2 \B2 -
Pz /2 Pz N pag /2 =1

(VIIL.25)

Where K is a constant independent of N. By taking the sequence &, such

that the largest |& | satisfies || < %2, if C' does not coincide with the av-

erage curve (fy is not identically zero) near the origin we would have that

(%)ZN = B | fv|? would tend to infinity, whereas, it is not difficult to check
Pz

that the right-hand-side of (VII.25) which involves quantities supported in
B;. \B§x0/2 is bounded by K, N (%)_QN. The multiplication of it by

(%)QN tends clearly to zero as N tend to infinity. We have then obtained
a contradiction and we have proved that any point inside Cg \ Cg-1 is sur-
rounded in C, by points which are all in Cg \ Cg—1 or by points which are all
in Cg_1. It remains to show that a point in Cg \ Co_; is not an accumulation

point of Uy<g-15ing?. This is the purpose of the next chapter.

VIII Points in Cg \ Cp_; are not accumulation
points of U,<g_15tng’.

In this chapter we prove, Assuming Pg_1, that points in Cg \ Cg—1 are not
accumulation points of U,<g_15ing? and combining this fact with the result
in the previous chapter we will have proved Py.

Let then zy € Co\Cg-1, and assume then that zg is an accumulation point
of Cg—_1, which means, using the monotonicity formula, lemma IV.1 together
with the result obtained in the previous chapter, that there exists a radius p
such that C, N B,(zy) C Cg and that (Cg \ Co—1) N B,(z9) = {xo}. From the
assumed hypothesis Pg_1, we have then that there exists a Riemann surface
¥ and a smooth J—holomorphic map ¥ such that C'L B,,(zo) = ¥.[X]. The
goal is to show that 3 has a finite topology and that it is a closed Riemann
Surface. The idea is to perturb ¥ by finding n € L*(X) such that ¥ + 7 is
Jo—holomorphic and (¥ + 7n).[X] is a cycle.

For any r < 1o, we denote X, the finite Riemann surface obtained by
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taking ¥ N U1(B,(x) \ Br(xo)) and we shall denote I', the part of the
boundary of X, which is disjoint from 9% C (|¥ — zg|)"*(rp). On X, we
consider 7, the map which is given by Proposition A.3 in [Ri3]. It satisfies
in particular, using the complex coordinates induced by Jy,

OV+n)=0 in X,

(VIIL1)
Vr < ro / |Vn,|? < |J(0) — Jo)*|VV|]? < Kry
T E’I‘

where we have used that, for the induced metric by ¥ on X, (¥ is an isometry)
we have [ |VV|? = M(CLB,,(x0)) < Kr§. Using local §; & coordinates in
Y., we have for all k =1---2p

Owk aqﬂ ok &

231 852 0 35 1

Taking respectively the &; derivative and the & derivative of these two equa-
tions we obtain

2p

Vk=1---2p Ay UF=x« (Z d(JF(P;)) A d@ﬁ) : (VIIL.2)

From (VIIL.1) we deduce that Ay, (¥ +7,) = 0 therefore this yields

Vhk=1---2p Agnf= (Zd JE(T)) A d@) : (VIIL3)

Let 6F given by

As, 68 =+ (307 d(JF(,)) A dWY) in Y,

(VIIL4)
ok =0 on 0%,
From [Ge] and [To] there exists a universal constant K such that
105 + V8125 < Kl or [ IVOP <Ko . (VIILS)
X
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Because of the above estimates, taking some sequence r,, — 0, one can always
extract a subsequence r,s such that n, , and d, , converge to limits 7y and dy
that satisfy in particular

OV +1m9) =0 in Y
As(no+d0)=0  inX (VIIL6)
HV5OHL2(E) + ”(50|’Loo(z) < KTS

For any k = 1, - - -, 2p we consider the harmonic function u* := n* +6*. Using
the coarea formula we have for any r < rg

/ds |Vuk|:/ |Vu"| |V|\If||§7“</ |W|2) . (VIILT)
0 T's T\Z, T\Z,

Therefore using a mean formula, for any € > 0 there exists s > 0 such that

/ VuF| <e . (VIILS)
I's
We have o o
0= [ Awr= [ ZL v VIIL9
/Es ok T, 61/ + on 81/ ( )

By choosing € smaller and smaller and taking the corresponding s given by
(VIIL.8), one gets
k
Gu” o (VIIIL.10)
oy 61/
Let m < M be two values such that supgsu® < m and consider the truncation
TMy* equal to m if u* < m equal to M if u* > M and equal to u* otherwise.

We have

k k
O:/ TMy Aguk:—/ \VTnj‘fuk|2+/ T%ukai—i—m u”
s s I's 8V B> 8V
(VIIL.11)
Therefore
/ |VTn]‘fuk|2§M/ |Vu| | (VIIL.12)
PIN I
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and by choosing againg s tending to zero according to (VIIL.8), one gets
that TMy* is identically equal to m and we deduce that v* < m in X.
Similarly one gets that u* is bounded from below and then we have proved
that ||ul[z(x)y < +00. Combining this fact with (VIIL.6) we have that

10| ooy < 400 (VIIL13)

Being more careful above by taking eventually ¥, instead of > for some
r € [ro/2, 7o), and using [Ri3] we could have shown that |no|pe() < K 3.
We claim now that O(V + 19).[2] = (¥ + n).[0%], that is : for any smooth
1-form ¢ equal to zero in a neighborhood of (¥ + 1,)(0%), one has

/(\I/ +m0)"dp=0 . (VIIL.14)
M
We have

/ZS(‘I’ + UO)*dcﬁ‘ =

/Fs(‘l’ +10)"¢

g}g/ VU +1| . (VIIL15)
I

Arguing like for proving (VIIIL.8), for any & we can find s such that st VW +
no| < e and we then deduce (VIIL14). Thus in B2(zg) \ ¥ + 1o(9%),
(¥ + no)«[X] is a integer-multiplicity rectifiable holomorphic cycle. Using
the results of Harvey-Shiffman and King ([HS] and [Ki]) we have that there
exists a compact Riemann surface with boundary 3’ and an holomorphic map
U’ such that (¥ + n9).[X] = ¥.[X]. (¢ +n)(X) is therefore an holomophic
curve - with boundary - in C*. We claim that ¥ + 1, is a holomorphic
simple covering of ¥'. Indeed let wy, be the pull-back by ¥ of the symplectic
form w in R* we have [jws, = [, V'w = [, |[VP|* > 7Qr], because of the
monotonicity formula (zg € Co \ Cg-1). Let wsr be the restriction of wy to
>, We have [o(¥ + mo)*wsy = [5(¥ 4+ n0)*wo = [5 [V(¥ 4 1o)[>. Because
of (VIII.1), we have that the holomorphic covering ¥ + 79 from ¥ onto >

satisfies
/WZ _/<‘I’+770)W2' = Op, </ wz) . (VIII.16)
¥ x x

Therfore, for rq small enough this covering has to be a simple one and X
is a compact Riemann surface. W is now a J—holomorphic map from a
compact Riemann surface Y into (B?,.J), it is then smooth and CI_B%’ is
a J—holomorphic curve.
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A Appendix

Lemma A.1 Let U be an open subset of R?, let 0 < A < 1 and let (B2 (%;))ier
a covering of U which is locally finite : there exists n € N such that

VeeU Card {z el st zeB (zl)} <N (A1)

moreover one assumes that
Vi,jel B, (z)N B, (2)#0 = 1> . (A.2)
Then there exists & and P € N depending on \ only such that
Viel  Card{j €Il s t B.(z)N Batsy(z)#0} <P . (A3)

Proof of lemma A.1. We argue by contradiction. Assume there exist
0, — 0, a sequences of coverings of U, (B} (2,;)) for i € I satisfying (A.1)

i

and (A.2) and a sequence of indices i,, such that

Card{j €l s.t. By (2n) N Bassyr, »(Zinn) 0} — +o0  asn — +oo

(A.4)
After a possible rescaling of the whole covering and a translation we can
assume that r; , = 1 and z;,,, = 0. After extraction of a subsequence, we
can ensure that there exists A € 9B;(0) such that for any r > 0

Card{j €l s.t. B (2j,) NB(A)#0} - +c0 asn— +oo .
(A.5)
For a given r and n we take the longest sequence of distinct balls of our
covering By, (2j,n) for p=0---P, satisfying

i)
By, (Zjom) = B1(0)
if)
Vp<P,—1 Brjp’n(sz,n) N Brjp+1,n(2’jp+1,n) <0
iif)

Vp < P, By, (zj,n) N B.(A) # 0
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It is clear that for a given r P, — +00, indeed if it would not be the case, i.e.
P, < P, < 400 this would imply that the minimal radius for the balls of the
covering intersecting B,.(A) is A™* and combining this fact with (A.5) would
contradict (A.1). Therefore we can then find r,, — 400 and n,, — +oo as
m — +o00 and sequences (B, ) for 1 <p < Qp and for m = 0---+ o0
such that

i)

V< Qur B () VB () 20 (AG)
i)
Vp<Qm  Bry .. (%) 0 B, (A) #0 (A7)
iv)
Qm — +00

Since A < rj, n,, < A7 and since the distance |zj, ,,, | is bounded, we can ex-
tract from n,, a subsequence that we still denote n,, such that B, (2} n,)
converges to a limiting ball B, _(z1,00) with A < 7o < A7 215 < 2 and
A € By, _(%1,00). This procedure can be iterated and using a diagonal argu-
ment we can assume that

VDEN 75 nn = Thoo  Zjpmm — Zpoo
such that
VpeEN N <1 <A 2,00/ <2 and A€ B, _(2p00)
Moreover because of (A.1) we have that

Vz € R? Card {p eN s t. ze€ pr,oo(zpm)} <N . (A.8)

Because of this later fact, since A € B, _(2p.00) for all p it is clear that
Tpoo — +00 as p — +00. Because of (A.8) again, the number of open balls
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B, .. (%p,00) containing A is bounded by N and we can therefore forget them
while considering the sequence and assume that

Vp Ae 633%00 (2p,00)

Let 1,(A) € S be the unit exterior normal to OB? (2poo) at A. Let f be

an accumulation unit vector of the sequence £,(A). Given a direction  and
an open disk containing A in it’s boundary and whose exterior normal at A
is given by t any other open disk containing A in it’s boundary and whose
exterior unit at A is not —f as a non empty intersection with that disk.
Taking ngo,o@(zpmoo) such that 1,,(A) # —t, there exists then infinitely

many disks B2

7 00(Zp,00) having a non empty intersection with pro (Zpg,00)

but then, because of (A.2) that passes to the limit, all these infinitely many
disks have a radius which is bounded from below by a positive number and
this contradicts the fact that r, .. — 400 implied by (A.8). Thus lemma A.1
is proved. [ ]

Acknowledgements : The authors are very gratefuhl to Robert Bryant
for having pointed out to them almost complex structures admitting no locally
compatible positive symplectic forms.

References

[Ale] H. Alexander ”Holomorphic chains and the support hypothesis conjec-
tures”, J. Amer. Math. Soc., 10 (1997), nol, 123-138.

[All] W.K. Allard, “On the first variation of a varifold”, Ann. Math., 95
(1972), 417-491.

[Alm] F. Almgren “Almgren’s Big Regularity Paper” World Sci. Mono. Series
in Math. vol. 1, Ed. V.Schefter, J. Taylor, World Scientific, 2000.

[Br] R.Bryant “Submanifolds and special structures on the octonians” J.Diff.
Geo. 17 (1982), 182-232.

[Ch] S.X.-D. Chang “Two dimensional area minimizing integral currents are
classical minimal surfaces” J. A.M.S., 1, no 4, (1988), 699-778.

64



[Do] S.K. Donaldson “Infinite determinants, stable bundles and curvature”

Duke Math. J. 54 (1987), 231-247.

[DNF]| B.Dubrovine, A.Fomenko and S.Novikov “Modern Geometry - Meth-
ods and applications” Part I, Springer, GTM 93, (1992).

[FK] H.M. Farkas and I. Kra “Riemann Surfaces”, GTM 71, Springer Verlag,
1991.

[Fe] H. Federer “Geometric Measure Theory”, Springer-Verlag, 1969.

(Ge] Y. Ge “Estimations of the best constant involving the L? norm
in Wente’s inequality and compact H—Surfaces in FEuclidian space.
C.0.C.V., 3, (1998), 263-300.

[Gi] M. Giaquinta “Multiple Integrals in the calculus of variations and non-
linear elliptic systems” Annals of Math. Studies, 105, Princeton Univer-
sity Press, (1983).

[HS] F.R.Harvey and B.Shiffman “A characterization of holomorphic chains”
Ann. of Math., 99, (1974), 553-587.

[Ki] J.R.King “The currents defined by analytic varieties”, Acta. Math. 127,
(1971), 185-220.

[Li] F.H.Lin ”Gradient estimates and blow-up analysis for stationary har-
monic maps” Ann. Math., 149, (1999), 785-829.

[Re] E.R. Reifenberg “An epiperimetric inequality related to the analyticity
of minimal surfaces” Ann. of Math., 80 (1964), 1-14.

[Ril] T. Riviere “Bubbling and regularity issues in geometric non-linear anal-
ysis” Proceedings of the I.C.M. Beijing, High. Edu. Press, 2002, vol. III,
197-208 .

[Ri2] T. Riviere “A lower Epiperimetric Inequality for Minimizing Surfaces”

C.P.AM., 57 (2004).

[Ri3] T. Riviere “Approximating J—holomorphic curves by holomorphic
ones” Calc. Var. P.D.E., 21 (2004).[?]

65



[RT] T. Riviere and G. Tian “The Singular set of J—holomorphic maps into
projective algebraic varieties” J. Reine Angewan. Math., 570 (2004).

[ST] B. Siebert and G. Tian “Weierstrass polynomials and plane pseudo-
holomorphic curves” Chinese Ann. Math. Ser. B, 23, (2002), 1-10.

[Si] L. Simon “Lectures on geometric measure theory” Proc. Center for
Math. Ana., vol. 3, Australian National University, 1984.

[Ta] C.Taubes “Seiberg-Witten and Gromov Invariants for symplectic 4-
manifolds” International Press (2000).

[Ti] G.Tian ”Gauge theory and calibrated geometry, I” Ann. Math., 151
(2000), 193-268.

[To] P. Topping “The optimal constant in Wente’s L estimate, Comm.
Math. Helv. 72, (1997), 316-328.

[UY] K.Uhlenbeck and S.T.Yau “On the existence of Hermitian-Yang-Mills
connections in stable vector bundles” C.P.A.M. 39, (1986), S257-5293.

[Wh] B. White “Tangent cones to two-dimensional area-minimizing integral
currents are unique” Duke Math. J., 50, no 1, (1983), 143-160.

66



