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Introduction

Our intention in this thesis is to study some important problems related to the “toplogical
singular set” of the maps in a given function space. This object, which is to be defined
without ambiguity for some categories of these mappings, is the obstruction which char-
acterizes the non-approximability of a mapping in this space by the smooth mappings.
These topological singularities and their properties are the base of some interesting re-
sults on the weakly harmonic maps into the sphere or on the weak or strong density of
smooth maps in function spaces. They have become an independent subject of study with
important questions to solve, related to different domains such as Functional Analysis,
Geometric Measure Theory, Topology and Geometry.

Here we limit ourselves to the Sobolev spaces between manifolds. But remark that
the same problems are worthy to ask for any other function space. Consider two compact
riemannien manifolds M and N of respective dimensions n and k, such that N is closed
and isometrically embedded in some euclidien space RN . for p ≥ 1, the Sobolev space
W 1,p(M, N) is defined by

W 1,p(M, N) := {u ∈ W 1,p(M, RN); u(x) ∈ N p.p. dans M }.

This space is equipped with the induced weak and strong topologies of W 1,p(M, Rn) and
is closed under the convergence in these topologies. The p-energy functional is defined by
Ep(u) :=

∫
M |∇u|p and is called the Dirichlet energy E(u) :=

∫
M |∇u|2 for p = 2. Also,

for a map ϕ ∈ C∞(∂M, N) we set

W 1,p
ϕ (M, N) := {u ∈ W 1,p(M, N); u|∂M = ϕ }.

For definitions concerning the Geometric Measure Theory the reader can refer to [16] or
[28]. Meanwhile, we will refer to integer multiplicity rectifiable currents (respectively real
multiplicity currents) with finite mass by the term i.m. rectifiable (respectively normal)
currents.

Harmonic mappings into the sphere

Let us begin with a variational problem which leads us, in a natural way, to problems
related to topological singularities.

7



8 INTRODUCTION

Consider the Sobolev space H1(Ω, S2) where Ω ⊂ Rn, n ≥ 3, is a bounded open set
and S2 is the 2-dimensional unit sphere in R3. We call u a weakly harmonic map if it is
a critical point for the functional E, i.e. if and only if we have

d

dt
E

(
u + tv

|u + tv|

)

|t=0

= 0 for all v ∈ C∞
c (Ω, R3) .

In other words, u is weakly harmonic in the Sobolev space H1(Ω, S2) if it satisfies the
following equation in the sense of distributions :






−∆u = u|∇u|2 in Ω

u(x) ∈ S2 a.e.

Let ϕ : ∂Ω → S2 be a smooth map which has a regular extension into Ω. The existence
of a weakly harmonic map equal to ϕ on the boundary can be easily proved by a straight-
forward minimizing argument. By the way, the uniqueness and regularity questions for
weakly harmonic maps in H1

ϕ(Ω, S2) have not the same answers as in the classic cases,
i.e. when the target manifold is an euclidean space.

The smoothness of harmonic extensions into S2

One of the important problems which is still open is if smooth harmonic extensions of ϕ
into Ω exist. In the first step one may want to minimize the Dirichlet energy in H1

ϕ(Ω, S2)
and prove the regularity of the solution. But in fact if we define

µϕ := inf
H1

ϕ(Ω,S2)
E(u) ≤ inf

C∞
ϕ (Ω,S2)

E(u) =: µ̄ϕ ,

the strict inequality
µϕ < µ̄ϕ

happens sometimes (See [22]). Thus minimizers of E are not necessarily smooth and
we should find other harmonic maps which could be a suitable candidate for a smooth
solution. Meanwhile R.Schoen and K.Uhlenbeck ([35]) proved that these minimizers are
smooth in Ω except on a finite set of points.

In trying to attack this problem, another functional on H1
ϕ(Ω, S2) has been studied

which is called the “relaxed energy”. In fact, the relaxed energy is the largest sequentially
lower semi-continuous functional on H1

ϕ(Ω, S2) which is less than E on C∞
ϕ (Ω, S2) :

Definition 1 The relaxed energy F of E on H1
ϕ(Ω, S2) is defined to be

F(u) := inf
{

lim inf
n→∞

E(un) ; un ∈ C∞
ϕ (Ω, S2) , un ⇀ u

}
. (0.1)
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Since the smooth maps which take ϕ as their boundary value are weakly sequentially dense
in H1

ϕ(Ω, S2) (See [2]), we observe that F is well defined. Moreover F is sequentially lower
semi-continuous with respect to the weak topology in H1

ϕ(Ω, S2) and we have

inf
H1

ϕ(Ω,S2)
F = inf

C∞
ϕ (Ω,S2)

E . (0.2)

This equation shows the importance of study of F . Since the infimum of F in H1
ϕ(Ω, S2)

is achieved, the question which should be considered then is whether a minimizer of F is
weakly harmonic and to what extent it is regular.

In this line, F.Bethuel, H.Brezis, J.M. Coron and E.Lieb (See [5] and [10]) showed the
striking fact that, for n = 3, the relaxed energy achieves the following elegant algebric
formula :

F(u) = F (u) := E(u) + 8πL(u) (0.3)

where

L(u) :=
1

4π
sup

ψ : Ω → R

|dψ|∞ ≤ 1

{∫

Ω

u∗ωV ∧ dψ −
∫

∂Ω

ϕ∗ωV ∧ ψ

}
(0.4)

where ωV is the volume form on S2 (or can be replaced by any 2-form ω,
∫

S2 ω = 4π). In
particular this yields that the critrical points of F are weakly harmonic. F.Bethuel and
H.Brezis showed also that the minimizers of F are smooth in Ω except on a finite set of
points (See[4]).

The intuitive approach for L(u) is that if u ∈ H1
ϕ(Ω, S2) is smooth in Ω except on a set

of finite points {p1, ..., pm}, taking the degree di on the point pi, then L(u) is the minimum
length of the segments connecting these singularities with respect to the multiplicities (See
[10]). In other words

L(u) = mi

(
m∑

i=1

di [[pi]], Ω

)

where mi(Ω, S2), for the i.m. rectifiable 0-current S, is defined by

mi(S,Ω) := inf
{
M(T) ; T ∈ R1(R

3), sptT ⊂ Ω , ∂T = S
}

.

In the first chapter, we study the same approach for n > 3 but this generalisation
meets obstacles. One may introduce for ω, any 2-form on S2 which satisfies

∫
S2 ω = 1 :

L(u) := sup
ψ ∈ Ωn−3(Ω)
|dψ|∞ ≤ 1

{∫

Ω

u∗ω ∧ dψ −
∫

∂Ω

ϕ∗ω ∧ ψ

}
(0.5)

as a generalization of L(u) in the 3-dimensional case. Observe that L is independant of
the choice of ω and is continuous on H1

ϕ(Ω, S2) for Ω ⊂ Rn and the functional

F (u) := E(u) + 8πL(u) (0.6)
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would still be weakly lower semi-continuous. But we have this theorem :

Theorem 1 (I.1) For every Ω ⊂ R4 and every map ϕ ∈ C∞(∂Ω, S2), smoothly extendable
onto Ω, there exists u ∈ H1

ϕ(Ω, S2) such that

F (u) < F(u) .

Moreover there exists a domain Ω ⊂ R4 and ϕ ∈ C∞(∂Ω, S2), smoothly extendable onto
Ω, for which this gap phenomenon exists :

inf
H1

ϕ(Ω,S2)
E < inf

H1
ϕ(Ω,S2)

F < inf
C∞

ϕ (Ω,S2)
E .

The difference with the case n = 3 lies in the value which L(u) represents. We shall
consider a map u ∈ H1

ϕ(Ω, S2), which is smooth except on a finite union of (n − 3)-
dimensional submanifolds of Ω : {σ1, ...σm} (We say that u ∈ R∞(Ω, S2)). The degree di

of u on each σi is well defined and we set the topological singularity of u, Su, to be

Su :=
m∑

i=1

di [[σi]]. (0.7)

Calculating L(u), we see that

L(u) = sup
|dψ|∞≤1

∫

Su

ψ ≤ sup
‖dψ‖∗

∞
≤1

∫

Su

ψ = mr(Su,Ω) (0.8)

where ‖.‖∗ is the co-mass norm on the space of forms and

mr(Su,Ω) := inf
{
M(T) ; T ∈ Dn−2(R

n) , ∂T = Su, spt T ⊂ Ω
}

is the mass of the minimal normal (real) current in Ω with boundary Su.

Meanwhile, mi(Su,Ω), the minimal mass of i.m. rectifiable currents in Ω which are
bounded by Su, is still proportional to the energy needed for removing the singularities of
u and estimating it weaky by smooth maps (See the further proposition 1 ). Here arises
the main question which should be answered if we want to continue as above, that is if

mr(S,Ω) = mi(S,Ω) ∀S ∈ Rn−3(Ω).

But contrary to the case n = 3, the answer is no for n > 3. Specially, for n = 4, there
exists a curve [[Γ]] in R4 for which

mr([[Γ]]) ≤ 1

2
mi(2[[Γ]]) < mi([[Γ]]).

This gap phenomenon was firstly proved by L.C.Young in [42]. F.Morgan in [27] and
B.White in [37] have given other examples of such curves in R4. This is then the origin
of the facts proved in theorem 1.
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Remark 1 We have always the relation

sup
‖dψ‖∗

∞ ≤ 1
sptψ ⊂ Ω

∫

S

ψ = mr(S,Ω)

which is due to the fact that there exists always a calibration for minimizing normal
currents (See Chapter I for the references).

The topological singularities and the relaxed energy

The question which arises then is to find the equivalent formula for (0.3) for the relaxed
energy when n > 3. Regarding (0.8), we can consider L, for n = 3 as a continuous exten-
sion of mi(Su,Ω) (= mr(Su,Ω)) into all H1(Ω, S2). Therefore, for generalizing the result
to higher dimensions, one should extend the definition of the topological singularities over
H1(Ω, S2) :

Definition 2 Let u ∈ H1
ϕ(Ω, S2). We define the topological singularity of u to be the

current Su ∈ Dn−3(Ω) defined by

Su(α) :=

∫

Ω

u∗ω ∧ dα ∀α ∈ Dn−3(Ω).

Here Dk(Ω) is the set of smooth k-forms on Ω with compact support (See[16], 2.2.3) and
ω is some 2-form on S2 for which

∫
S2 ω = 1.

Remark 2 F.Béthuel, J.M.Coron, F.Demengel et F.Hélein ([6]) proved that “Su = 0”
is the necessary and sufficient condition for u ∈ H1(Ω, S2) to be approximable by smooth
maps in the strong topology. This is the reason behind the choice of “topological singular-
ity” as the name for Su.

This definition coincides with the one given for R∞ maps in (0.7) (See [16], vol II
section 5.4.2. The reader can also find the detailed proof of this fact in Chapter II).
Observe that the expression mi(Su,Ω) has a meaning for any u ∈ H1

ϕ(Ω, S2) only if Su is
a boundary for an i.m. rectifiable current. Although this necessary condition is satisfied
for n = 3, the proof for n > 3 is not the same and we are forced to use the methods
developed in [16] for the cartesian currents to prove it. The difficulty lies on the fact that
the question of the strong continuity of mi for n > 3, even over R∞(Ω, S2), is still open.
This is also the obstacle to identify the functional

F̃ (u) := E(u) + 8πmi(Su,Ω)

with the relaxed energy.

Open Question 1 Is F = F̃?
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Precisely we have this proposition proved in Chapter II :

Proposition 1 (II.3.1) Let u ∈ H1
ϕ(Ω, S2), then Su is the boundary of some i.m.rectifiable

current. Set
F̃ (u) := E(u) + 8πmi(Su,Ω).

F̃ is lower semi-continuous with respect to the weak topology in H1
ϕ(Ω, S2) and its critical

points are weakly harmonic. Moreover

F̃ (u) ≤ F(u) , ∀u ∈ H1
ϕ(Ω, S2).

We will talk about the problem of topological singularities for maps into spheres in a
more general context.

The multiplicity of S2-valued harmonic extenstions

In the second chapter, we will answer to the question of multiplicity of harmonic extensions
into S2 for a smooth mapping ϕ : Ω → S2, n = dimΩ > 3. Here is the theorem we prove
in this chapter.

Theorem 2 (Theorem II.1) Let Ω be a regular bounded domain in Rn, n > 3, and ϕ
a non-constant smooth map from ∂Ω into S2. Then ϕ admits infinitely many weakly
harmonic extensions.

Remark 3 This result is independent of the choice of the metric on S2 .

In [21], R. Hardt, D.Kinderlehrer and F.H.Lin had proved the existence of infinitely many
weakly harmonic extensions to an axially symmetric boundary condition in H1(B3, S2)
where B3 is the unit ball in R3. The method consists in constructing a non-axially sym-
metric harmonic extension and then one obtains infinitely many different harmonic maps
with the same boundary data by rotating this extension around the symmetry axis.

Another method consists in finding new weakly harmonic maps minimizing the variants
of the relaxed energy already presented in this Introduction. This has been done by
F.Bethuel, H.Brezis and J.-M.Coron in [5] where they introduced such functionals which
they called “relaxed energies”. Using these functionals they proved for n = 3 that if ϕ is
not homotopic to a constant or if we have this gap condition

min
H1

ϕ(Ω,S2)
E(u) < inf

C∞
ϕ (Ω,S2)

E(u)

then ϕ admits infinitely many weakly harmonic extensions inside Ω. Using the same gap
condition, T.Isobe proved the corresponding result for the case n ≥ 4 in [26], still using
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the relaxed energies whose definition was extended to higher dimensions.

At last, using his strict dipole insertion lemma, (the 3-dimensional version of the
furthur lemma 1) proved in [32], T.Rivière showed that if Ω is a regular bounded domain
of R3, a non constant smooth boundary data ϕ : ∂Ω → S2 admits always infinitely many
weakly harmonic extensions (Appeared in [33]).

Let us consider the same method for n ≥ 4. Although the F -energy presented in
(0.6) is not the relaxed energy, its minimizers are still weakly harmonic. Proving this
fact in Chapter II, we will produce new weakly harmonic maps using this energy. But
the difficult step consists in finding some equivalent construction in any dimensions of
the insertion of 2 singular points with the strict inequality like in [32] for n = 3. In the
first sight it seems that we should insert this time a couple of singularities of dimesnion
n − 3 (e.g. two circle-singularities for when n = 4). But the dipole for n = 3 is nothing
else than the sphere S0 = Sn−3 in 3 dimensions. So it appears that ([32], lemma A.1)
can be generalized by inserting this time an (n − 3)-dimensional singular sphere. This
lemma, technically more involved than the 3 dimensional case, is the main step to prove
theorem 2.

Lemma 1 (II.4.1) Let Ω be a bounded regular domain in Rn and u a regular non-constant
map from Ω to S2. Let x0 be a point of Ω for which ∇u(x0) += 0. Then for every ρ > 0
there exists a map v ∈ H1(Ω, S2) and 0 < δ < ρ such that

(i) v = u on Ω\Bρ(x0)

(ii) Sv = [[σ]]

(iii) E(v) < E(u) + 8πωn−2δn−2 = E(u) + 8πL(v, u)

where σ is an (n − 3)-dimensional sphere of center x0 and radius δ and ωk is the vol-
ume of the unit k-dimensional disk.

Topological singularities in W 1,p(M, Sp)

Considering the characteristics of Su, the topological singular set defined in the previous
section for any map u ∈ H1

ϕ(Ω, S2), it is interesting and natural to consider the problem
of the topological singular set Su for the maps u ∈ W 1,p(M, Sp) when p is any integer and
M a compact manifold.



14 INTRODUCTION

Any map u ∈ W 1,p(Bn, Sp), p < n, is the strong limit of smooth maps if and only if
d(u∗ωSp) = 0 in the sense of distributions (See [6]). By this, we can generalize definition 2
for this space. :

Definition 3 Let u ∈ W 1,p(M, Sp). We define the “local” topological singularity of u,
Su ∈ Dn−p−1(M), to be the current defined by

Su(α) :=

∫

M

u∗ω ∧ dα ∀α ∈ Dn−p−1(M).

Here Dk(M) is the set of smooth k-forms on M with compact support (See[16], 2.2.3) and
ω is some p-form on Sp for which

∫
Sp ω = 1.

We recall that mi(S) (resp. mr(S)) is the minimal mass of i.m. rectifiable (resp. nor-
mal) currents supported in M and bounded by S. Two questions regarding the topological
singularities in W 1,p(M, Sp) are still open for almost all values for p :

Open Question 2 Is Su the boundary of some i.m. rectifiable current, when M is a
closed manifold?

Open Question 3 Assume that the answer to the previous question is positive. Then,
do mi(Sum) tend to mi(Su) if um → u strongly in W 1,p?

Minimal normal and i.m. rectifiable currents

Su is effectively the boundary of some normal current in W 1,p(M, Sp) and

mr(Sum − Su) → 0

for any convergent sequence in W 1,p(M, Sp). As a consequence, if for any i.m.rectifiable
current S of dimension n − p − 1, mi(S) ≤ Cmr(S) for some constant C > 0, the two
above questions will have positive answers. But, except for p = 1 or p = n − 1, we do not
know if this constant exist.

Open Question 4 Assume that k += 0, n − 2. Is the quantity

mi(S)

mr(S)
= sup

l∈N

lmi(S)

mi(lS)
,

equi-bounded uniformly over all i.m. rectifiable k-currents supported in a compact subset
of Rn?

Remark 4 As we already mentioned, mi(S) = mr(S) is always true if k = 0, n − 2 (For
the references see the discussion about the calibrations in the first chapter).
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A geometric interpretation for Su

M.Giaquinta, G.Modica and J.Soucek gave another definition for Su, which is equivalent
to the ours (See [16], vol II, section 5.4.2). Su is defined to be the horizontal part of ∂Gu,
when Gu is the rectifiable graph of u, considered as a cartesian current in M × Sp (See
[16], vol I). Considering this fact and using the characteristics of the cartesian currents
and the polyconvex envelopes of the Dirichlet energy discussed in [16], we proved that the
Question 2 has a positive answer for p = 2 (See the above proposition 1).

And if Sp is an H-space?

In Chapter III we answer to the two above questions regarding the topological singularities
of u ∈ W 1,p(M, SP ) for p = 3 and 7. The particularity of these two cases reside in the
fact that S3 and S7 (alongside with S1 and S0) are the only spheres which are H-spaces,
i.e. there is a smooth multiplication

κ : Sp × Sp → Sp

such that the induced homotopic homeomorphism

κ∗ : πp(S
p) ⊕ πp(S

p) → πp(S
p)

is the sum of elements in πp(Sp) ([8], section VI.15). As a result, the method we use does
not work for other values of p. Here is our main result

Theorem 3 (III.1) Let p = 3 or 7, p < n = dim M and u ∈ W 1,p(M, Sp), ∂M = ∅. Then
Su is the boundary of an i.m. rectifiable current in M . Moreover, mi(Sum − Su) → 0 if
the um converge strongly to u in W 1,p(M, Sp).

A new perspective for the topological singularities

In the last chapters of this thesis we will try to generalize the notion of the topological
singular set for certain categories of Sobolev spaces W 1,p(Bn, N). We will explain how
these efforts let us to prove some theorems about the sequentially weak density of smooth
maps in these spaces. We will use locally lipschitz projections of N over its [p]-skeletons,
the results of F.J.Almgren, W.Browder and .Lieb about the inverse images for the Sobolev
maps into spheres ([1]) and the singularity removing propositions adapted to our situation.
We recall that the topological singularities should be defined to identify the obstruction to
the non-approximability of a Sobolev map between M and N by the smooth maps from M
into N . The singularities we consider detect the local obstructions of the approximability,
therefore we will emphasize in the Chapter IV on the case M = Bn, where Bn is the
n-dimensional unit disk. F.Hang and F.H.Lin [20] have recently showed the possible
existence of “global” obstructions when the topology of the domain M is not trivial.
So one should be careful when considering the Sobolev spaces W 1,p(M, N) for generic
compact smooth manifold M .
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Flat chains with coefficients in normed groups

In [7], F.Bethuel and X.Zheng proved that smooth maps are not dense in W 1,p(Bn, N), if
p < n and π[p](N) += 0. In this case, the best one can do is to approximate the maps in
W 1,p(Bn, N) by maps which are smooth away from a finite union Σ =

⋃r
i=1 Σi of smooth

(n − p − 1)-dimensional submanifolds of Bn. This set of maps is called R∞,p(Bn, N). A
map v ∈ R∞,p(Bn, N) realizes elements σx of π[p](N) on the [p]-spheres centered at any
point x ∈ Σ(v) and contained in the normal [p]+1 plane to TxΣ(v). If for some x ∈ Σ(v),
σx is non trivial, then v can not be approximated by smooth maps in the strong topology
(See [2]).

As an example, the smooth maps are not dense in W 1,1(B2, RP2) since π1(RP2) += 0.
Then, v ∈ R∞,1(B2, RP2) is smooth except on a finite number of points in B2 : {p1, . . . , pr}.
If v has the non-zero homotopy type of π1(RP2) = Z2 around one of these points, it can
not be approximated by the smooth maps in W 1,1(B2, RP2) (We can construct such v).
The idea is then to identify and define properly the “topological singular set” of such v,
which allows us to extend the definition to any map u ∈ W 1,1(B2, RP2).

The usual method, using the differential forms and proposed by F.Bethuel, J.M.Coron,
F.Demengel and F.Hélein in [6] is not helpful since π1(RP2) is not torsion free and the
homotopy cycles in RP2 are not detected by the 1-forms. For the same reasons, the ap-
proach of ([16], vol II, section 4.4.2) by M.Giaquinta, G.Modica and J.Soucek, using the
graph of Sobolev maps is not satisfactory.

The idea would be to use the flat chains with coefficients in a normed abelian group
G, which are the generalizations of normal (G = R) and rectifiable (G = Z) currents.
This theory was first introduced by H.Federer [13] and W.Fleming [15]. Recently there
have been remarkable advances by B.White ([38] and [39]). In fact, we can imagine the
topological singular set of v, Sv, as a 0-chain with coefficients in Z2 :

Sv :=
r∑

i=1

σpi[[pi]] (σpi := [v(∂Bδ(pi))]π1(RP2) ∈ Z2).

The question would be to understand the behaviour of Svm for a convergent sequence
vm → u ∈ W 1,1(B2, RP2) and possibly to prove a convergence of the chains Svm in the
flat norm to some Z2-chain we would call the topological singularity of u.

Naturally, regarding what we mentioned about the realizations of elements of π[p](N)
by v ∈ R∞,p(Bn, N) around its singularities, we can proceed in the same way for maps
in W 1,p(Bn, N), i.e. to define the topological singularities of v ∈ R∞,p(Bn, N) as a
π[p](N) -chain and to study the behaviour of these chains for the convergent sequences
vm → u ∈ W 1,p(Bn, N). Nevertheless, this program is not suitable for all Sobolev spaces,
as shows the example W 1,3(B4, S2) treated by R.Hardt et T.Rivière (See [24]).
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In Chapter IV, we will prove this theorem :

Theorem 4 (IV.1 and IV.1 bis) Assume that Bn is the unit disk in Rn and that N is a
compact riemannian manifold of dimension k ≥ [p], ∂N = ∅. We assume also that either
[p] = 1 and π1(N) is abelian, or [p] = 3, 7, n − 1 and N is ([p] − 1)-connected, i.e.

π1(N) = · · · = π[p]−1(N) = 0.

Then Su, the topological singularity of u ∈ W 1,p(Bn, N) is well defined as a flat π[p](N)-
chain and the flat norm of Sum −Su converge to zero if um → u in W 1,p(Bn, N). Moreover,
u is the strong limit of maps in C∞(Bn, N) if and only if Su = 0. Also, if u|∂Bn = ϕ is
smooth and smoothly extendable over Bn, Su will be the boundary of some flat π[p](N)-
chain of finite mass (and as a result of rectifiable support) and “Su = 0” would be the
necessary and sufficient condition for u to be the strong limit of maps in C∞

ϕ (Bn, N).

Remark 5 Regarding W 1,1(B2, RP2), we have this remarkable fact that we can identify
Su for any map u in this space to a Z2-valued Borel measure of total finite variation. The
reader can refer to [38] where B.White give the conditions on G for which a finite mass
flat G-chain has a rectifiable support.

We should add some other remarks. First, the reason we can not state the same re-
sults for all values of [p] is what we explained in the previous section, i.e. [p] = 1, 3, 7
and n − 1 are the only values for which there is a proof for the integral flat convergence
of the topological singularities of a convergent sequence in W 1,[p](Bn, S [p]). Second, we
can extend these results for [p] = 3, 7 and n − 1, even if π1(N) += 0, under certain con-
ditions (See the proof of theorem 4 in Chapter IV). At last, we should recall that there
are examples of ([p] − 1)-connected manifolds whose [p]-th homotopy group is not torsion
free otherwise the cases we consider would reduce to those already studied in [6]. As an
exmaple, the Stiefel manifolds Vk(Rn), when n − k is odd, are (n − k − 1)-connected and
πn−k(Vk(Rn)) = Z2 is not torsion free (See [25])

F.Hang and F.H.Lin [20] have found examples where the absence of the local obstruc-
tions in not sufficient for that a map u ∈ W 1,p(M, N) be strongly approximable by smooth
maps. Precisely, there is a map in H1(CP2, S2) for which d(u∗ω) = 0 but u is not in the
strong closure of smooth maps in this space. Also there are maps in W 1,3(CP3, CP2) which
are not strongly approximable by smooth maps though π3(CP2) = 0. The necessary and
sufficient conditions for that a Sobolev map between two manifolds be approximable by
the smooth maps are still unknown for the general case.

Finally we ask this question for which we have no definite answer :

Open Question 5 How should one define the topological singular set of maps in W 1,1(Bn, N)
when π1(N) is not abelian? The same question can also be asked about the functional
spaces H

1
2 (M, N).
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In Chapter V, when we consider the problem of weak density of smooth maps in
W 1,1(Bn, N) for non-abelain fundamental group, we will try to explain the obstacles
regarding this situation and to put the bases for a future response to this question.

Weak density of smooth maps and the connections

While the question of flat convergence for the singularity chains of a sequence of conver-
gent maps vm ∈ R∞,p(Bn, N) remain to be answered (See theorem 4), one can ask also a
weaker question : Does the flat norm of Svm remain bounded as vm → u? This is another
problem we address in Chapter IV about the uniform boundedness of the mass M(Tm)
of a minimal connection Tm (∂Tm = Sm) as vm → u.

Related to this question is the problem of the weak density of smooth maps in
W 1,p(M, N). Although the density of smooth maps for the weak topology can be easily
handled from the one for the strong topology (See [2]), the question of the density of
smooth maps in W 1,p(M, N) for the sequentially weak topology , where p ∈ N, is more
involved : For p ∈ N, πp(N) += 0, does there exist for any u ∈ W 1,p(M, N) a sequence
um ∈ C∞(M, N) such that um ⇀ u in W 1,p? The case M = B3, N = S2, p = 2 was
treated by F.Bethuel, H.Brezis, J.M.Coron and E.Lieb in [10], and [3]. F.Bethuel men-
tioned that the answer is yes for M = Bn, N = Sp, p ≥ 2 in [2]. In [19], P.Hajlasz proved
that if N is (p − 1)-connected, any map in W 1,p(M, N) is the weak limit of a sequence of
smooth maps in this space. Observe that this result can be also deduced from the work
of F.Bethuel, J.-M.Coron, F.Demengel and F.Hélein in [6] for when M = Bn and πp(N)
is torsionless.

As we will explain in Chapters IV and V, the control of the mass of the minimal chain
connecting Svm for vm ∈ R∞,p(Bn, N) converging strongly to u permits to give a positive
answer to the sequentially weak density of smooth maps. This appraoch is different from
the one used by P.Hajlasz and can be used for proving his theorem and some other partial
results regarding the weak sequential denstiy of maps in W 1,p(Bn, N). Specially, Hajlasz’s
method is not adapted when we wish to approach u ∈ W 1,p

ϕ (Bn, N) in the weak topology
by a sequence of maps in C∞

ϕ (Bn, N) (He does not mention this question in [19]). The
case p = 1 is more involved when π1(N) is non-abelian and we will discuss it in an in-
dependent chapter (Chapter V). The reason is that in this case we can not identify an
element of π1(N) without fixing its base point, so defining the topological singularities as
the flat chains with coefficeints in π1(N) meets obstacles. There are some other technical
complications which we will mention in Chapter V.

In theorems 2 bis, 3 bis in Chapter IV and in the theorem 1 bis in Chapter V we will
prove :

Theorem 5 Assume that Bn is the unit disk in Rn and that N is a compact riemannien
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manifold of dimension k ≥ [p], ∂N = ∅, and either [p] = 1 or N is ([p] − 1)-connected,
i.e.

π1(N) = · · · = π[p]−1(N) = 0.

Also assume that ϕ : ∂Bn → N admits a smooth extension over Bn. Then, for any map
u ∈ W 1,p

ϕ (Bn, N), there exists a sequence of smooth maps um : Bn → N , um|∂Bn = ϕ,
such that ‖um − u‖Lp → 0 and that ‖um‖W 1,p is bounded by a constant.

Remark 6 Naturally if p ≥ 2, we can always find a subsequence of such a sequence,
converging weakly to u. But the question of sequentially weak density of smooth maps in
W 1,1(Bn, N) is still open.

We can extend the results of theorem 5 for p ≥ 2 when π2(N) is finitely generated.
Specially for p = 2

Theorem 6 (IV.4 et IV.4 bis) If π2(N) is finitely generated, we have the sequentially
weak density of C∞(Bn, N) (resp. C∞

ϕ (Bn, N)) in H1(Bn, N) (resp. H1
ϕ(Bn, N)).

The recent developments by F.Hang and F.H.Lin [20] have shown that one should
consider the global topology of M for extending these results to any smooth compact
manifold M as the domain using the same methods. We hope to expose in near future
how our proofs for the sequentially weak density of smooth maps in the Sobolev spaces
can be adapted to any domain.

Remark 7 We do not have always the equi-boundedness of the mass of minimal connec-
tions for Svm when vm → u in W 1,p(Bn, N) : For instance, there exist vm ∈ R3,∞(B4, S2)
such that

inf {M(Tm) ; Tm is a Z − chain such that ∂Tm = Svm} −→ +∞

as vm → u in W 1,3(B4, S2) (See [24]). However it is not excluded that the smooth maps
be sequentially weakly dense in W 1,3(B4, S2).

Open Question 6 Are the smooth maps are sequentially weakly dense in W 1,3(B4, S2)?
Also, regarding the results obout the sequentially weak density of smooth maps in H

1
2 (S2, S1)

by T.Rivière ([34]), we ask the same questions about H
1
2 (Bn, N).

Remark 8 Meanwhile, using a global obstruction, F.Hang and F.H.Lin proved that the
smooth maps are not sequentially dense in W 1,3(CP2, S2) (See[20]) .

This question remains open too for some other cases which are not put forward in this
thesis.
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We consider various ways of relaxing the Dirichlet energy of maps into sphere.

1 Introduction

Let Ω ⊂ Rn be a bounded open set with regular boundary and let

H1(Ω, S2) = {u ∈ H1(Ω, R3) ; u(x) ∈ S2 a.e. onΩ}

and

H1
ϕ(Ω, S2) = {u ∈ H1(Ω, S2) ; u = ϕ on ∂Ω}

where ϕ is a given boundary data. For u ∈ H1
ϕ(Ω, S2) the Dirichlet energy is given by

E(u) =
∫
Ω |∇u|2. We assume that ϕ is in C∞(∂Ω, S2) and can be extended into Ω by a

smooth map.

21
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We call u to be a weakly harmonic map if it is a critical point for the functional E,
i.e. if and only if we have

d

dt
E

(
u + tv

|u + tv|

)

|t=0

= 0 for all v ∈ C∞
c (Ω, R3) .

In other words, u is weakly harmonic in the Sobolev space H1(Ω, S2) if it satisfies the
following equation in the sense of distributions :






−∆u = u|∇u|2 in Ω

u(x) ∈ S2 a.e.
(1.1)

Assuming ϕ : ∂Ω → S2 is as above, one of the important problems which is still open
is if smooth harmonic extensions of ϕ into Ω exist. In the first step one may want to
minimize the Dirichlet energy in H1

ϕ(Ω, S2) and prove the regularity of the solution. But
in fact if we define

µϕ := inf
H1

ϕ(Ω,S2)
E(u) ≤ inf

C∞
ϕ (Ω,S2)

E(u) =: µ̄ϕ ,

the strict inequality
µϕ < µ̄ϕ

happens sometimes (See [22]). Thus minimizers of E are not necessarily smooth and
we should find other harmonic maps which could be a suitable candidate for a smooth
solution. Meanwhile R.Schoen and K.Uhlenbeck ([35]) proved that these minimizers are
smooth in Ω except on a finite set of points.

In trying to attack this problem, another functional on H1
ϕ(Ω, S2) has been studied

which is called the “relaxed energy”. In fact, the relaxed energy is the largest sequentially
lower semi-continuous functional on H1

ϕ(Ω, S2) which is less than E on C∞
ϕ (Ω, S2) :

Definition 1.1 The relaxed energy F of E on H1
ϕ(Ω, S2) is defined to be

F(u) := inf
{

lim inf
n→∞

E(un) ; un ∈ C∞
ϕ (Ω, S2) , un ⇀ u

}
. (1.2)

Since the smooth maps which take ϕ as their boundary value are weakly sequentially dense
in H1

ϕ(Ω, S2) (See [2]), we observe that F is well defined. Moreover F is sequentially lower
semi-continuous with respect to the weak topology in H1

ϕ(Ω, S2) and we have

inf
H1

ϕ(Ω,S2)
F = inf

C∞
ϕ (Ω,S2)

E . (1.3)

This equation shows the importance of study of F . Since the infimum of F in H1
ϕ(Ω, S2)

is achieved, the question which should be considered then is whether a minimizer of F is
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weakly harmonic and to what extent it is regular.

In this line, F.Bethuel, H.Brezis, J.M. Coron and E.Lieb (See [5] and [10]) showed the
striking fact that, for n = 3, the relaxed energy achieves the following elegant algebric
formula :

F(u) = F (u) := E(u) + 8πL(u)

where

L(u) :=
1

4π
sup

ψ : Ω → R

|dψ|∞ ≤ 1

{∫

Ω

u∗ωV ∧ dψ −
∫

∂Ω

ϕ∗ωV ∧ ψ

}
(1.4)

where ωV is the volume form on S2 (or can be replaced by any 2-form ω,
∫

S2 ω = 4π). In
particular this yields that the critrical points of F are weakly harmonic. F.Bethuel and
H.Brezis showed also that the minimizers of F are smooth in Ω except on a finite set of
points (See[4]).

The intuitive approach for L(u) is that if u ∈ H1
ϕ(Ω, S2) is smooth in Ω except on a set

of finite points {p1, ..., pm}, taking the degree di on the point pi, then L(u) is the minimum
length of the segments connecting these singularities with respect to the multiplicities (See
[10]). In other words

L(u) = mi

(
m∑

i=1

di [[pi]], Ω

)

where we define for the i.m. rectifiable 0-current Su =
m∑

i=1

di [[pi]] :

mi(Su,Ω) := inf
{
M(T) ; T ∈ R1(R

3), sptT ⊂ Ω , ∂T = Su

}
.

Here we study the same approach for n > 3 but this generalisation meets obstacles.
One may introduce for ω, any 2-form on S2 which satisfies

∫
S2 ω = 1 :

L(u) := sup
ψ ∈ Ωn−3(Ω)
|dψ|∞ ≤ 1

{∫

Ω

u∗ω ∧ dψ −
∫

∂Ω

ϕ∗ω ∧ ψ

}
(1.5)

as a generalization of L(u) in the 3-dimensional case. Observe that L is independant of
the choice of ω and is continuous on H1

ϕ(Ω, S2) for Ω ⊂ Rn and the functional

F (u) := E(u) + 8πL(u) (1.6)

would still be weakly lower semi-continuous. But we have this theorem :

Theorem 1 For every Ω ⊂ R4 and every map ϕ ∈ C∞(∂Ω, S2), smoothly extendable
onto Ω, there exists u ∈ H1

ϕ(Ω, S2) such that

F (u) < F(u) . (1.7)
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Moreover there exists a domain Ω ⊂ R4 and ϕ ∈ C∞(∂Ω, S2), smoothly extendable onto
Ω, for which this gap phenomenon exists :

inf
H1

ϕ(Ω,S2)
E < inf

H1
ϕ(Ω,S2)

F < inf
C∞

ϕ (Ω,S2)
E . (1.8)

The difference with the case n = 3 lies in the value which L(u) represents. We shall
consider a map u ∈ H1

ϕ(Ω, S2), which is smooth except on a finite union of (n − 3)-
dimensional submanifolds of Ω : {σ1, ...σm}. The degree di of u on each σi is well defined
and we define Su :=

∑m
i=1 di [[σi]]. Calculating L(u), we see that

L(u) = sup
|dψ|∞≤1

∫

Su

ψ ≤ sup
‖dψ‖∗

∞
≤1

∫

Su

ψ = mr(Su,Ω) (1.9)

where ‖.‖∗ is the co-mass norm on the space of forms and

mr(Su,Ω) := inf
{
M(T) ; T ∈ Dn−2(R

n) , ∂T = Su, spt T ⊂ Ω
}

is the mass of the minimal normal (real) current in Ω with boundary Su. The last equation
in (1.9) is due to the fact that there exists always a calibration for minimizing normal
currents, which we shall discuss later in this paper (See proposition 2.3). Meanwhile,
mi(Su,Ω), the minimal mass of i.m. rectifiable currents in Ω which are bounded by Su,
is still proportional to the energy needed for removing the singularities of u. Here arises
the main question which should be answered if we want to continue as above, that is if

mr(S,Ω) = mi(S,Ω) ∀S ∈ Rn−3(Ω).

But contrary to the case n = 3, the answer is no for n > 3. Specially, for n = 4, there
exists a curve [[Γ]] in R4 for which

mr([[Γ]]) < mi([[Γ]]).

This gap phenomenon was firstly proved by L.C.Young in [42]. F.Morgan in [27] and
B.White in [37] have given other examples of such curves in R4.

Remark 1.1 Meanwhile, in [29], we observed that the critical points of F are still weakly
harmonic in H1

ϕ(Ω, S2) and we used this to prove the existence of infinitely many weakly
harmonic extensions of ϕ onto Ω.

Finally we may search for the amount of energy needed to relax the Dirichlet energy.
In section 3 we prove that the topological singular set Su of any u ∈ H1

ϕ(Ω, S2) is the
boundary of some i.m. rectifiable current. Then the evidences we discuss in this paper
propose that F coincides with

F̃ (u) := E(u) + 8πmi(Su,Ω).

We can only prove that F̃ ≤ F , the inequality in the other direction being still an open
problem (See proposition 3.1 and the remark following). Meanwhile, we can prove F̃ ≥ F
when we consider the problem of relaxing the 3-energy of maps into S3. We will present
this example in a forthcoming paper.
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2 Preliminaries

2.1 The subspace R∞
ϕ (Ω, S2)

Definition 2.1 We say that u ∈ H1
ϕ(Ω, S2) is in R∞

ϕ (Ω, S2) if and only if u is smooth
except on B =

⋃m
i=1 σi ∪ B0 , a compact subset of Ω, where Hn−3(B0) = 0 and the

σi , i = 1, · · · , m are disjoint smooth embeddings of the open (n − 3)-dimensional unit
disk. Moreover we assume that any two σi and σj can meet only on their boundaries.

Remark 2.1 According to ([2], theorem 2 bis), R∞
ϕ (Ω, S2) is dense in H1

ϕ(Ω, S2).

Definition 2.2 Let u ∈ H1
ϕ(Ω, S2). We define the current Su ∈ Dn−3(Ω) to be the current

defined by

Su(α) :=

∫

Ω

u∗ω ∧ dα ∀α ∈ Dn−3(Ω). (2.1)

Here Dk(Ω) is the set of smooth k-forms on Ω with compact support (See[16], 2.2.3) and
ω is some 2-form on S2 for which

∫
S2 ω = 1.

A simple observation shows that the definition of Su is independent of the choice of ω due
to the fact that the difference of two closed forms on S2 is exact. The existence of the
integral (2.1) is a direct consequence of the following inequality :

|u∗ω| ≤ 1

8π
|∇u|2 a.e. onΩ (2.2)

where 4πω = ωV is the standard volume form of S2.

Definition 2.3 Let u ∈ R∞
ϕ (Ω, S2) and let B =

⋃
σi ∪ B0 be the singular set of u.

Suppose that each σi is oriented by a smooth (n−3)-vectorfield ,σi. For a ∈ σi and Na the
3-dimensional plane orthogonal to σi at a. Consider the 3-disk Ma,δ = Bδ(a)∩Na oriented

by the 3-vector ,Ma such that ,σi(a) ∧ ,Ma = (−1)n,ξRn . Then the topological degree of u on
the 2 dimensional sphere Σa,δ = ∂Ma,δ is well defined and is independent of the choice of
a for δ small enough. We should call this integer the degree of u on σi and denote it by

degσiu .

We shall mention here some useful facts which we have already proved in [29]. Recall
that any k-dimensional rectifiable subset M of Rn considered with a multiplicity θ and
oriented by a unit k-vector field ,ξ defines a rectifiable current as follows

τ(M, θ, ,ξ)(α) :=

∫

M

< ,ξ, α > θ dHk ∀α ∈ Dk(Rn).
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Lemma 2.1 Let ω = 1
4πωV and u ∈ R∞

ϕ (Ω, S2). Then the (n−2)-vectorfield ,D(u) defined
on Ω\B by the equation

< ,D(u)(x),Ψ > ωRn := u∗ω(x) ∧ Ψ ∀Ψ ∈ Λn−2(Rn) (2.3)

is a simple (n − 2)-vectorfield tangent to the smooth manifold u−1(y) for all regular value
y = u(x) ∈ S2. Meanwhile

| ,D(u)| =
1

4π
|J2u| a.e. on Ω. (2.4)

An element of Λk(Rn) is called simple if and only if it equals the exterior product of
k vectors of Rn ([13], 1.6.1).

In the view of lemma 2.1, for any y ∈ S2 a regular value of u ∈ R∞
ϕ (Ω, S2), the current

Tu
y := τ

(

u−1(y), 1,
,D(u)

| ,D(u)|

)

(2.5)

is well defined. Moreover

Proposition 2.1 Consider u ∈ R∞
ϕ (Ω, S2) and Tu

y as in (2.5), then for almost all y ∈ S2

, Tu
y is a rectifiable current in Rn with support in Ω and

∂Tu
y = Su + τ

(

ϕ−1(y), 1,
,D(ϕ)

| ,D(ϕ)|

)

(2.6)

where the (n − 3)-vectorfield ,D(ϕ) on ∂Ω is defined by the equation

< ,D(ϕ)(x),Ψ > ωEx := ϕ∗ω(x) ∧ Ψ ∀Ψ ∈ Λn−3(Ex)

where Ex = Tx(∂Ω) is the tangent space to ∂Ω at x and ωEx is its unit volume form.

Proposition 2.2 Let u ∈ R∞
ϕ (Ω, S2) and B =

⋃
i σi ∪ Bo its singular set. Then

Su =
∑

i

(degσiu)τ(σi, 1, ,σi).
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2.2 Calibrations and minimizing real currents

Let T be a normal current in Dm(Rn) with support in a compact set : K.

Definition 2.4 The measurable form α in Ωm(Rn) is called to be a calibration for T in
K if 





(i) α is exact ,

(ii) ‖α|K‖∗
∞ ≤ 1 ,

(iii) T(α) = M(T) .

(2.7)

We say then that T is calibrated in K.

We have this interesting proposition which shows the importance of calibrations in the
study of minimal currents :

Proposition 2.3 The real current T is calibrated in K if and only if it has the minimal
mass among all the real currents supported in K and taking the same boundary. Specially
for any open bounded set Ω in Rn and any real flat chain S in Ω we have

mr(S,Ω) = sup
‖dψ‖∗

∞
≤1

S(ψ). (2.8)

We omit the proof since it is the same as the proof for ([18], proposition 4.35, p. 59).
The interesting fact is that, as a result, a minimal i.m. rectifiable current is calibrated if
and only if it is also a minimal real current for the same boundary. The only cases where
this always happens are when the minimal current is of dimension or codimension 1 in Ω.
In other words if dimS = 0 or n − 2, then

mr(S,Ω) = mi(S,Ω). (2.9)

For the proof and some counterexamples when the conditions are not satisfied see ([14],
section 5). The readers can refer to ([16], vol II, section 1.3.4) for more details. In [1],
the authors present an interesting proof of (2.9) for dimS = n − 2. Also different proofs
for the zero dimensional case can be found in [10] and [12]. For other counterexamples
see [27], [37] and [42].

2.3 The F -energies

For any 2-form ω on S2 satisfying
∫

S2 = 1 and u ∈ H1
ϕ(Ω, S2) we define

L(u) := sup
ψ ∈ Λn−3(Ω)
‖dψ‖∞ ≤ 1

{∫

Ω

u∗ω ∧ dψ −
∫

∂Ω

ϕ∗ω ∧ ψ

}
(2.10)
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and

L∗(u) := sup
ψ ∈ Λn−3(Ω)
‖dψ‖∗

∞ ≤ 1

{∫

Ω

u∗ω ∧ dψ −
∫

∂Ω

ϕ∗ω ∧ ψ

}
(2.11)

where |.| and ‖.‖∗ are respectively the euclidean and the co-mass norms on the space of
forms. The definitions are independent of the choice of ω (See [29]), so from now on we
put ω = (1/4π)ωV .

Remark 2.2 L and L∗ are both continuous with respect to the H1 norm in H1
ϕ(Ω, S2).

The proof is the same as for the case n = 3 in [5].

We have

Lemma 2.2 For any u ∈ H1
ϕ(Ω, S2), Su is a real flat chain. Moreover we have

L(u) ≤ L∗(u) = mr(Su,Ω) . (2.12)

Proof : Set

Du(α) :=

∫

Ω

u∗ω ∧ α ∀α ∈ Dn−2(Ω).

Since by (2.2) we have 8πM(Du) ≤ E(u), Du is a normal current. Moreover, by definition,
Su = ∂Du, so Su is a real flat chain. We have, using (2.8),

mr(Su − Sv,Ω) = sup
ψ ∈ Λn−3(Ω)
‖dψ‖∗

∞ ≤ 1

(Su − Sv)(ψ)

≤ C‖∇u‖2‖∇v‖2(‖∇u − ∇v‖2),

where the last inequality is obtained by the same method as in ([5], theorem 1). As a
result mr(Su,Ω) is continuous with respect to the strong topology in H1

ϕ(Ω, S2).

Meanwhile, if u ∈ R∞
ϕ (Ω, S2), using the co-area formula and proposition 2.1 succes-

sively we obtain
∫

Ω

u∗ω ∧ dψ −
∫

∂Ω

ϕ∗ω ∧ ψ =

∫

Ω

u∗ω ∧ dψ −
∫

Ω

φ∗ω ∧ dψ

=

∫

S2

(Tu
w(dψ) − Tφ

w(dψ)) dw

= Su(ψ).
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This implies

L∗(u) = sup
ψ ∈ Λn−3(Ω)
‖dψ‖∗

∞ ≤ 1

{∫

Ω

u∗ω ∧ dψ −
∫

∂Ω

ϕ∗ω ∧ ψ

}

= sup
‖dψ‖∗

∞
≤1

Su(ψ) = mr(Su,Ω).

Since L∗(u) and mr(Su,Ω) are continuous in H1-norm and considering the fact that
R∞

ϕ (Ω, S2) is dense in H1
ϕ(Ω, S2) for the strong topology, we deduce the equality in (2.12).

Moreover, L ≤ L∗ as ‖ψ‖∗
∞ ≤ ‖ψ‖∞ for all differential forms.

Definition 2.5 We define the F -energies to be

F (u) := E(u) + 8πL(u)

and
F ∗(u) := E(u) + 8πL∗(u).

2.4 Sequentially weak density of smooth maps in H1
ϕ(Ω, S2)

Let us recall some facts about maps in R∞
ϕ (Ω, S2) :

Proposition 2.4 There exists C > 0 such that for all u ∈ R∞
ϕ (Ω, S2) we have

8πmi(Su) ≤ E(u) + C. (2.13)

Moreover there exists a sequence um ∈ R∞
ϕ (Ω, S2) such that






Sum = 0

um = u on Km

µ(Km) → 0 as m → ∞

E(um) ≤ E(u) + 8πmi(Su) +
1

m

um ⇀ u in H1

(2.14)

(2.13) is proved in [1]. In ([2], section VI), the author, suggesting (2.14) and consider-
ing (2.13), remarked that smooth maps are sequentially dense in H1

ϕ(Ω, S2) for the weak
topology, as in the case n = 3 (See [3]). Recent developments by F.Hang and F.H.Lin
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showed that this argument should be modified for when the domain is not contractible.
They remarked that “Su = 0” is not always the sufficient condition for the strong approx-
imability of u ∈ H1(M, S2) by smooth maps and we should consider global topological
obstructions too (See [20]). But the arguments used in [6] work locally and therefore if Bn

is the n-dimensional unit disk in Rn, for any map u ∈ H1
ϕ(Bn, S2), there exists a sequence

of smooth maps um ∈ C∞
ϕ (Bn, S2) such that





(i) um ⇀ u in H1

(ii) E(um) ≤ 2E(u) + C + O(
1

m
)

(2.15)

We will present our method for proving (2.14) in a forthcoming paper where we will
treat the question of sequentially weak density of smooth maps in Sobolev spaces between
manifolds ([31]).

3 A lower bound for the relaxed energy

Proposition 3.1 Let u ∈ H1
ϕ(Ω, S2), then Su is the boundary of some i.m.rectifiable

current. Set
F̃ (u) := E(u) + 8πmi(Su,Ω). (3.1)

F̃ is lower semi-continuous with respect to the weak topology in H1
ϕ(Ω, S2) and

F̃ (u) ≤ F(u) , ∀u ∈ H1
ϕ(Ω, S2). (3.2)

Remark 3.1 We do not prove that F̃ is the relaxed energy. A stronger result for the case
Ω = Bn would be to show that mi(Su,Bn) is continuous in H1

ϕ(Bn, S2), which is still an
open problem (Compare with Remark 2.2 and lemma 2.2).

Proof : For the sake of simplicity we prove the proposition for Ω = Bn, the n-
dimensional unit disk. For the general case we can replace smooth maps by maps satis-
fying the condition Sum = 0.

Let u ∈ H1
ϕ(Ω, S2) and consider a sequence of smooth maps converging weakly to u

as in (2.15). Since um is smooth, ∂Gum = 0, where Gum is the graph of um. Also since
the Dirichlet energy is regular (See [16], vol II, section 5.2.1), the Gum are equi-bounded
in mass. By the Compactness theorem, there is an i.m. rectifiable n-current T supported
in Ω × S2 such that Gum ⇀ T up to some sub-sequence. By ([16], vol I, section 5.5.2,
proposition 3), Gum ∈ cart2,1(Ω × S2) for all m. So by the closure theorem ([16], vol I,
section 5.5.2, theorem 6) and the Structure theorem ([16], vol II, section 5.2.1) we have

T = Gu + LT × [[S2]] ∈ cart2,1(Ω × S2)



3. A LOWER BOUND FOR THE RELAXED ENERGY 31

while LT is an (n−2)-dimensional i.m. rectifiable current in Ω. From ([16], vol II, section
1.2.4, proposition 15) and (2.15) we deduce that

8πM(LT ) ≤ E(u) + C. (3.3)

Now let π and π̂ be the respective projections of Ω × S2 on Ω and S2. Since ∂T = 0, for
any 2-form ω on S2 and any compactly supported (n − 3)-form α in Ω we have

∫

Ω

u∗ω ∧ dα = Gu(π
∗(dα) ∧ π̂∗ω) = ∂Gu(π

∗α ∧ π̂∗ω) = −∂LT (α).

So Su = ∂(−LT ), which proves the first claim of the proposition. Moreover, as a conse-
quence, F̃ is well defined for the maps in H1

ϕ(Ω, S2).

Let um be a sequence of maps in H1
ϕ(Ω, S2) converging weakly to u. We will prove

that

F̃ ≤ lim inf
m→∞

F̃ (um). (3.4)

Put

β := lim inf
m→∞

F̃ (um).

Passing to some subsequence of um if necessary, we have F̃ (um) → β < +∞. Let −Lm be
the mass minimizing i.m.rectifiable current taking Sum as its boundary. The um are equi-
bounded in energy while the Lm are equi-bounded in mass. So, using the same argumets
as above, we see that the cartesian currents

Tm := Gum + Lm × [[S2]]

converge to some current T := Gu + L × [[S2]] in cart2,1(Ω × S2), up to a subsequence.
By ([16], vol II, section 1.2.4, proposition 15) we get

F̃ (u) = E(u) + 8πmi(Su) ≤ E(u) + 8πM(L)

≤ lim inf
m→∞

(E(um) + 8πM(Lm))

= lim inf
m→∞

(E(um) + 8πmi(Sum))

= β.

This proves (3.4). Thus F̃ is lower semi-continuous with respect to the weak topology.
(3.2) follows immediately as F̃ coinsides with E on smooth maps.
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4 Proof of theorem 1

4.1 Proof of (1.7)

We observe that regarding lemma 2.2 and proposition 3.1, it suffices to prove the
existence of a map u ∈ R∞

ϕ (Ω, S2) which satisfies

mr(Su,Ω) < mi(Su,Ω). (4.1)

This happens for n = 4. Specially there is a curve Γ in R4 for which mr([[Γ]]) < mi([[Γ]])
(See [42], [14] and [16], vol II for more details). For any Ω ⊂ R4 and boundary data ϕ, we
can construct a map u ∈ R∞

ϕ (Ω, S2) which is smooth except on such a curve, supported
in a small ball in Ω. The method is almost the same as the one used by the authors in
[1] for constructing a map with prescribed singularities and constant boundary value, so
we will not expose the details in this paper. This map will satisfy (4.1).

4.2 Sketch of the proof for (1.8)

a) For 0 < δ′ < δ, we construct a domain Ωδ,δ′ ⊂ R4 and a map ϕδ,δ′ ∈ C∞(∂Ωδ,δ′ , S2)
which is extendable onto Ωδ,δ′ . We put

H1
δ,δ′ := H1

ϕδ,δ′
(Ωδ,δ′ , S

2)

and
C∞
δ,δ′ := H1

δ,δ′ ∩ C∞(Ωδ,δ′ , S
2).

b) We prove that
inf
H1

δ,δ′

F ∗ − inf
C∞

δ,δ′

E = O(δ) − k

when k > 0.

c) Regarding the fact that F ≤ F ∗ the theorem is proved by choosing δ small enough.

4.3 Construction of Ωδ,δ′

Let B be an integer multiplicity m-rectifiable current in Rn, without boundary. Put

mi(B) := min {M(T) ; ∂T = B , T ∈ Rm+1(R
n)} (4.2)

where M(T) is the mass of T. By [42] there exists Γ, a closed curve on K ⊂ R4, a surface
homeomorph to the Klein bottle and A, integer multiplicity rectifiable surface in R4 such
that : 





(i) ∂A = 2[[Γ]]

(ii) M(A) < 2mi([[Γ]])

(iii) sptA = K

(4.3)
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where
[[Γ]] := τ(Γ, 1, ,v)

is the integer multiplicity rectifiable current based on Γ and oriented by the unit tangent
vectorfield ,v. By slight modifications of Γ and K around their singular subsets, we may
consider them to be smooth. Let ,n be a smooth normal vectorfield on K ⊂ R4. We recall
that Γ ⊂ K and we put :

Σδ := {x + t,n(x) ; 0 ≤ t ≤ δ , x ∈ Γ}
and

Γδ := {x + δ,n(x) ; x ∈ Γ}
We observe that for Σδ and Γδ suitably oriented and δ sufficiently small we have :

∂[[Σδ]] = [[Γδ]] − [[Γ]]. (4.4)

Let Vδ be the tubular neighborhood of Γδ :

Vδ := {y ∈ R
4 ; d(y,Γ) ≤ δ}.

For each y ∈ Γ and 0 < δ′ < δ let B(δ, δ′, y) be the 2-dimensional disk in R4 centered at
y and with radius δ′ which is orthogonal to Σδ and observe that

B(δ, δ′) :=
⋃

y∈Γ

B(δ, δ′, y)

is a 3-dimensional submanifold of R4. We shall construct Ωδ,δ′ such that B(δ, δ′) ⊂ Ωδ,δ′ .

Let T be a smooth surface such that






(i) ∂T = [[Γδ]]

(ii) T ∩ B(δ, δ′) = ∅

(iii),n(x) is the outward tangent to T at x + δ,n(x) ∈ ∂T , ∀x ∈ k.

(4.5)

Such T exists : As π1(R4\Vδ) = 0 , there exists some smooth T0 ⊂ R4\Vδ such that
∂T0 = [[Γ]]. So if T1 = Σδ ∪ T0 we get ∂T1 = [[Γδ]]. T is obtained by smoothing T1 in a
neighborhood of Γ. Let ,e1, ,e2 be 2 smooth orthonormal vectorfields on T such that for
each y ∈ Γδ , ,e1(y) and ,e2(y) be tangent to B(δ, δ′, y). We put

Uδ := {x + t1 ,e1(x) + t2 ,e2(x) ; (t21 + t22)
1
2 ≤ δ}.

We choose δ small enough and some δ′ < δ such that

B(δ, δ′) ∩ Wδ′ = ∅



34 CHAPTER I. RELAXING THE DIRICHLET ENERGY

where Wδ′ := {x ∈ R4 ; d(x, K) ≤ δ′}. This is possible since Γδ has no intersection with K.

For every x ∈ Γ, y = x + δ,n(x), let C(δ, δ′, y) be the cone with the vertex x and the
base B(δ, δ′, y) and put

C(δ, δ′) :=
⋃

y∈Γδ

C(δ, δ′, y).

We define the map π : C(δ, δ′) → B(δ, δ′) as follows : For every z ∈ C(δ, δ′, y), π(z) is the
intersection of the line x − z and the disk B(δ, δ′, y), where x is the vortex of the cone
C(δ, δ′, y). Then we put

Ωδ,δ′ := C(δ, δ′) ∪ Uδ′ ∪ Wδ′ . (4.6)

Ωδ,δ′ is a domain in R4 which contains a tubular neighborhood of K and a one of T while
∂Ωδ,δ′ contains the set B(δ, δ′).

4.4 Construction of ϕδ,δ′

Let B be the unit disk in R2 and ν : B → S2 be the smooth covering map as defined
in [4], which satisfies these conditions :






(i) ν|∂B = const. = e ∈ S2 , ν(0) = −e

(ii)

∫

B

|∇ν|2 = 4π

(iii) For z += e in S2, #ω−1(z) = 1 and deg (ν, B, 0) = 1.

(4.7)

We define the map φδ,δ′ ∈ C∞(Ωδ,δ′ , S2) as follows :

φδ,δ′(z) :=






ν

((
t1
δ′

,
t2
δ′

))
if z = x + t1 ,e1 + t2 ,e2 ∈ Uδ′

e if z /∈ Uδ′

And we put
ϕδ,δ′ := φδ,δ′ |∂Ω

.

4.5 Estimation for inf E on C∞
δ,δ′

Let u ∈ C∞
δ,δ′. By (2.2), (2.4) and the co-area formula we get :

∫

Ωδ,δ′

|∇u|2 ≥ 8π

∫

Ωδ,δ′

|u∗ω| = 2

∫

Ωδ,δ′

|J2u|

= 2

∫

S2

dw

∫

u−1(w)

1 = 2

∫

S2

M(Tu
w) dw.

(4.8)
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while considering the propositions 2.1 and 2.2 we have

∂Tu
w = [[ϕ−1

δ,δ′(w)]]. (4.9)

Meanwhile, for each w += e ∈ S2, there exists some surface Sw,δ ⊂ B(δ, δ′) such that

∂[[Sw,δ]] = [[ϕ−1
δ,δ′(w)]] − [[ϕ−1

δ,δ′(−e)]] = [[ϕ−1
δ,δ′(w)]] − [[Γδ]].

for suitable orientations. Using this and regarding (4.4) we get

|mi ([[Γ]]) − mi ([[ϕ
−1
δ,δ′(w)]]) | ≤ |mi ([[Γ]] − [[ϕ−1

δ,δ′(w)]]) |

≤ |Σδ| + |B(δ, δ′)| = O(δ).

This estimation, combined with (4.8) and (4.9) gives :

E(u) ≥ 2

∫

S2

mi ([[ϕ
−1
δ,δ′(w)]]) dw = 8πmi([[Γ]]) + O(δ) ∀u ∈ C∞

δ,δ′

and as a result

inf
C∞

δ,δ′

E ≥ 8πmi ([[Γ]]) + O(δ) . (4.10)

4.6 Estimation for inf F ∗ on H1
δ,δ′

We put for z ∈ Ωδ,δ′ :

uδ,δ′ :=






ϕδ,δ′(π(z)) if z ∈ C(δ, δ′)

e if z /∈ C(δ, δ′)

We have for K > 0 independent of δ and δ′ :






|∇uδ,δ′| = 0 on Ωδ,δ′\C(δ, δ′)

|∇uδ,δ′| ≤ |∇ϕδ,δ′| |∇π| ≤ K

δ′
on C(δ, δ′)

uδ,δ′|∂Ωδ,δ′
= ϕδ,δ′

(4.11)

Therefore

E(uδ,δ′) ≤
∫

C(δ,δ′)

K2

δ′2
≤ K2

δ′2
|C(δ, δ′)| = O(δ). (4.12)

As a result uδ,δ′ ∈ H1
ϕδ,δ′

(Ωδ,δ′ , S2). We should estimate L∗(uδ,δ′) : Pay attention that

uδ,δ′ ∈ R∞
ϕδ,δ′

(Ωδ,δ′ , S2) as it is smooth on Ωδ,δ′\Γ. Proposition 2.2 and a simple topological
observation show that if Γ is suitably oriented we have

Suδ,δ′
= [[Γ]].
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Recall that ∂A = 2[[Γ]] and that sptA ⊂ Wδ′ ⊂ Ωδ,δ′ (See (4.6)) . So referring to lemma
2.2 and using (4.12) we have :

F ∗(uδ,δ′) = E(uδ,δ′) + 8πmr(Suδ,δ′
,Ωδ,δ′) ≤ 4πM(A) + O(δ)

and as a result
inf
H1

δ,δ′

F ∗ ≤ F ∗(uδ,δ′) ≤ 4πM(A) + O(δ) . (4.13)

4.7 End of the proof

Combining (4.10) and (4.13) we get

inf
H1

δ,δ′

F ∗ − inf
C∞

δ,δ′

E = O(δ) − 4π(2mi ([[Γ]]) − M(A)) .

But regarding (4.3) we know that

2mi ([[Γ]]) − M(A) > 0 .

Therefore by choosing δ small enough, for Ω = Ωδ,δ′ and ϕ = ϕδ,δ′ we get :

inf
H1

ϕ(Ω,S2)
F ∗ − inf

C∞
ϕ (Ω,S2)

E < 0 .

This shows that
inf

H1
ϕ(Ω,S2)

F < inf
C∞

ϕ (Ω,S2)
E (4.14)

as F ≤ F ∗.

Now F is coercive and weakly lower semi-continuous (As we mentionned in [29], the
proof is as in [5] for n = 3). So its minimum is achieved by some v ∈ H1

ϕ(Ω, S2). We
claim that Sv += 0. If not,

F (v) = F̃ (v) ≥ inf
H1

ϕ(Ω,S2)
F̃ ,

where F̃ (u) = E(u) + 8πmi(Su). Meanwhile using the same arguments as above we can
prove that

inf
H1

ϕ(Ω,S2)
F < inf

H1
ϕ(Ω,S2)

F̃ .

This leads to a contradiction, so Sv can not be zero. As a result,

L(v) = sup
ψ ∈ Ωn−3(Ω)
|dψ|∞ ≤ 1

∫

Ω

Sv > 0 ,

which implies :

inf
H1

ϕ(Ω,S2)
E ≤ E(v) < E(v) + 8πL(v) = F (v) = inf

H1
ϕ(Ω,S2)

F.

This completes the proof of theorem 1.
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We prove existence of infinitely many weakly harmonic maps from a domain of Rn

into S2 for non-constant smooth boundary data.

1 Introduction

Consider the Sobolev space :

H1(Ω, S2) = {u ∈ H1(Ω, R3) ; u(x) ∈ S2 a.e. onΩ}

where Ω ⊂ Rn is a bounded open set and S2 is the 2-dimensional unit sphere in R3. For
u ∈ H1(Ω, S2) the energy E(u) =

∫
Ω |∇u|2 is well defined. We call u a weakly harmonic

map if it is a critical point for the functional E, i.e. if and only if we have

d

dt
E

(
u + tv

|u + tv|

)

|t=0

= 0 for all v ∈ C∞
c (Ω, R3) .

39
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In other words, u is weakly harmonic in the Sobolev space H1(Ω, S2) if it satisfies the
following equation in the sense of distributions :






−∆u = u|∇u|2 in Ω

u(x) ∈ S2 a.e.

Let ϕ : ∂Ω → S2 be a smooth map which has a regular extension into Ω. The existence
of a weakly harmonic map equal to ϕ on the boundary can be easily proved by a straight-
forward minimizing argument. By the way, the uniqueness and regularity questions for
weakly harmonic maps in H1

ϕ(Ω, S2) have not the same answers as in the classic cases,
i.e. when the target manifold is an euclidean space.

In this paper we consider the question of uniqueness of such extensions. In [21], R.
Hardt, D.Kinderlehrer and F.H.Lin had proved the existence of infinitely many weakly
harmonic extensions to an axially symmetric boundary condition in H1(B3, S2) where
B3 is the unit ball in R3. The method consists in constructing a non-axially symmetric
harmonic extension and then one obtains infinitely many different harmonic maps with
the same boundary data by rotating this extension around the symmetry axis.

Another method consists in finding new harmonic maps by defining new functionals
whose critical points are still weakly harmonic. This has been done by F.Bethuel, H.Brezis
and J.-M.Coron in [5] where they introduced such functionals which they called “relaxed
energies”. Using these functionals they proved for n = 3 that if ϕ is not homotopic to a
constant or if

min
H1

ϕ(Ω,S2)
E(u) < inf

C∞
ϕ (Ω,S2)

E(u)

then ϕ admits infinitely many weakly harmonic extensions inside Ω. Using the same gap
condition, T.Isobe proved the corresponding result for the case n ≥ 4 in [26], still using
the relaxed energies whose definition was extended to higher dimensions.

At last, using his strict dipole insertion lemma, proved in [32], T.Rivière showed
that if Ω is a regular bounded domain of R3, a non constant smooth boundary data
ϕ : ∂Ω → S2 admits always infinitely many weakly harmonic extensions (Appeared in
[33]). The method, first proposed by F.Bethuel, H.Brezis and J.-M.Coron, consists in
producing infinitely many distinct weakly harmonic maps in an inductive process by min-
imizing the relaxed energies.

The main difficulty in adapting the approach in [33] to higher dimensions is first
generalizing the concept of relaxed energies as appeared in [5] to what we will call the
F -energies in a suitable way and proving the desired properties for these new energies.
Another difficult step consists in finding some equivalent construction in any dimensions
of the insertion of 2 singular points with the strict inequality like in [32] for n = 3. It
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appears that ([32], lemma A.1) can be generalized (via some technical difficulties) by in-
serting this time (n − 3)-dimensional singular spheres. Our main result is the following

Theorem 1 Let Ω be a regular bounded domain in Rn, n ≥ 3 , and ϕ a non-constant
smooth map from ∂Ω into S2. Then ϕ admits infinitely many weakly harmonic extensions.

Remark 1.1 This result is independent of the choice of the metric on S2 . For the details
compare with [33].

Remark 1.2 It seems that the main difficulty to overcome in order to extend the result
for p-harmonic maps into Sp, using the same method, is to prove the lower semi-continuity
of the generalized relaxed energies which can be defined also in these cases in a natural
way.

The paper is organized as follows. In section 2 we recall some elementary facts needed
for our work using concepts of Geometric Measure Theory. In section 3 we introduce
the F -energies and discuss their characteristics. The readers can refer to [16] for more
elaborated discussion of these subjects. Then in section 4 we prove our main result using
the strict insertion lemma which we shall prove in the last part of the paper.

2 Preliminaries

Let Ω ⊂ Rn, n ≥ 3 , be a bounded open set and let

H1(Ω, S2) = {u ∈ H1(Ω, R3) ; u(x) ∈ S2 a.e. onΩ}

and

H1
ϕ(Ω, S2) = {u ∈ H1(Ω, S2) ; u = ϕ on ∂Ω}

where ϕ is a given boundary data. For u ∈ H1
ϕ(Ω, S2) the Dirichlet energy is given by

E(u) =
∫
Ω |∇u|2. We assume that ϕ is in C∞(∂Ω, S2) and can be extended into Ω by a

smooth map.

2.1 The subspace R∞
ϕ (Ω, S2)

Definition 2.1 We say that u ∈ H1
ϕ(Ω, S2) is in R∞

ϕ (Ω, S2) if u is smooth except on
B =

⋃m
i=1 σi ∪ B0 , a compact subset of Ω, where Hn−3(B0) = 0 and the σi , i = 1, · · · , m

are smooth embeddings of the unit disk of dimension n−3. Moreover we assume that any
two different faces of B, σi and σj, may meet only on their boundaries.

Remark 2.1 In ([2], theorem 2bis), F. Bethuel has proved that R∞
ϕ (Ω, S2) is dense in

H1
ϕ(Ω, S2) for the strong topology.
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Definition 2.2 Let u ∈ H1
ϕ(Ω, S2). We define the current Su ∈ Dn−3(Ω) to be the current

defined by

Su(α) :=

∫

Ω

u∗ω ∧ dα ∀α ∈ Dn−3(Ω). (2.1)

Here Dk(Ω) is the set of smooth k-forms on Ω with compact support (See[16], 2.2.3) and
ω is some 2-form on S2 for which

∫
S2 ω = 1.

Let ω1 and ω2 be two such forms on S2. We have ω1 −ω2 = dβ where β is some smooth 1-
form on S2 extendable to R3. Let u ∈ H1

ϕ(Ω, S2) and consider a sequence um ∈ C∞(Ω, R3)
converging to u in H1. We have

u∗
m(dβ) = d (u∗

mβ)

and by passing to the limit, we observe that this holds true for u in the sense of distribu-
tions. This proves the independence of Su from the choice of ω as we have :

d(u∗ω1) − d(u∗ω2) = du∗(dβ) = 0

in the sense of distributions. Now the existence of the integral (2.1) is a direct consequence
of the following inequality :

|u∗ω| ≤ 1

8π
|∇u|2 a.e. onΩ (2.2)

where 4πω = ωV is the standard volume form of S2.

We shall give a description of Su for u ∈ R∞
ϕ (Ω, S2). Clearly if u is smooth a standard

operation on pull-back yields
d(u∗ω) = u∗(dω) = 0

and as a consequence we deduce for u ∈ R∞
ϕ (Ω, S2) that

sptSu ⊆ B.

Definition 2.3 Let u ∈ R∞
ϕ (Ω, S2) and let B =

⋃
σi ∪ B0 be the singular set of u.

Suppose that each σi is oriented by a smooth (n − 3)-vectorfield ,σi. For a ∈ σi let Na be
the 3-dimensional plane orthogonal to σi at a. Consider the 3-disk Ma,δ = Bδ(a) ∩ Na

oriented by the 3-vector ,Ma such that ,σi(a)∧ ,Ma = (−1)n,ξRn . Then the topological degree
of u on the 2 dimensional sphere Σa,δ = ∂Ma,δ is well defined and is independent of the
choice of a for δ small enough. We call this integer the degree of u on σi and denote it by

degσiu .

Our first goal is to show that for u ∈ R∞
ϕ (Ω, S2) , Su is the integer multiplicity rec-

tifiable current
∑m

i=1(degσiu) τ(σi, 1, ,σi). Recall that any k-dimensional rectifiable subset
M of Rn considered with a multiplicity θ and oriented by a unit k-vector field ξ defines
a rectifiable current as follows

τ(M, θ, ξ)(α) :=

∫

M

< ξ, α > θ dHk ∀α ∈ Dk(Rn).
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Lemma 2.1 Let ω = 1
4πωV and u ∈ R∞

ϕ (Ω, S2). Then the (n−2)-vectorfield ,D(u) defined
on Ω\B by the equation

< ,D(u)(x),Ψ > ωRn := u∗ω(x) ∧ Ψ ∀Ψ ∈ Λn−2(Rn) (2.3)

is a simple (n − 2)-vectorfield tangent to the smooth manifold u−1(y) for all regular value
y = u(x) ∈ S2. Meanwhile

| ,D(u)| =
1

4π
|J2u| a.e. on Ω. (2.4)

Remember that an element of Λk(Rn) is called simple if and only if it equals the ex-
terior product of k vectors of Rn ([13], 1.6.1).

Proof : Write
u∗ω =

∑

i<j

uij dxi ∧ dxj a.e. on Ω

and uij = 0 for i ≥ j. For almost all x ∈ Ω , u∗ω(x) is in Λ2(Rn). Using (2.3) a short
calculation shows that

,D(u)(x) =
∑

σ∈Sn

1

(n − 2)!
uσ(1),σ(2)

∂

∂xσ(3)
∧ · · · ∧ ∂

∂xσ(n)

and we get
,D(u)(x) ∧ ,η =< ,η, u∗ω(x) > ,ξRn ∀,η ∈ Λ2(R

n). (2.5)

So if y ∈ S2 is a regular point for u we have ,D(u)(x) += 0 and if ,v is any vector tangent
to u−1(y) at x by (2.5) we obtain

,D(u)(x) ∧ ,v ∧ ,w =< ,v ∧ ,w, u∗ω(x) > ,ξRn ∀,w ∈ Λ1(R
n)

and since Du(x) · ,v = 0

< ,v ∧ ,w, u∗ω(x) >=
1

4π
< Λ2(Du)(x) · (,v ∧ ,w), ω(y) >

=
1

4π
< Du(x) · ,v ∧ Du(x) · ,w, ω(y) >= 0

Therefore ,D(u)(x) ∧ ,v = 0 for any ,v tangent to u−1(y) at x and as a result ,D(u)(x) is
a simple (n − 2)-vector associated to tangent space of u−1(y) at x (See [13], 1.6.1). Now
using (2.5) and by duality we get (2.4) as ω = 1

4πωV and so

| ,D(u)(x)| = |u∗ω(x)| =
1

4π
|Λ2(Du)(x)| =

1

4π
|J2u(x)| a.e. on Ω.
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For any y ∈ S2, regular value of u ∈ R∞
ϕ (Ω, S2), we define the current

Tu
y := τ

(

u−1(y), 1,
,D(u)

| ,D(u)|

)

. (2.6)

Proposition 2.1 Consider u ∈ R∞
ϕ (Ω, S2) and Tu

y as in (2.6), then for almost all y ∈ S2

, Tu
y is a rectifiable current in Rn with support in Ω and

∂Tu
y = Su + τ

(

ϕ−1(y), 1,
,D(ϕ)

| ,D(ϕ)|

)

(2.7)

where the (n − 3)-vectorfield ,D(ϕ) on ∂Ω is defined by the equation

< ,D(ϕ)(x),Ψ > ωEx := ϕ∗ω(x) ∧ Ψ ∀Ψ ∈ Λn−3(Ex)

where Ex = Tx(∂Ω) is the tangent space to ∂Ω at x and ωEx is its unit volume form.

Proof : First observe that by Sard’s theorem, for almost all y ∈ S2, u−1(y) is a

countable union of smooth submanifolds supported in Ω. Moreover by lemma 1,
)D(u)

| )D(u)|
is

associated to the tangent space of u−1(y). So by co-area formula we have
∫

S2

M(Tu
y) dy =

∫

Ω

|J2u| ≤ 1

2

∫

Ω

|∇u|2

and we deduce that M(Tu
y) < +∞ for almost all y, i.e. Tu

y is rectifiable. The claim about
∂Tu

y is proved in 4 steps :

(i) We prove that ∂Tu
y is a flat chain.

(ii) We give an expression for ∂Tu
y of the form

∑

i

ri
y τ(σi, 1, ,σi) + τ

(

ϕ−1(y), 1,
,D(ϕ)

| ,D(ϕ)|

)

using the constancy theorem.

(iii) We prove that ri
y = degσiu .

(iv) At last (2.7) would be proved using the definition of Su and the co-area formula.

Step (i) : Since u is smooth on Ω\B we observe that

spt(∂Tu
y) ⊆ ∂Ω ∪ B (2.8)
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if y is a regular value for u. We know that u is smooth near ∂Ω and we have u−1(y)∩∂Ω =
ϕ−1(y) , ,ξRn = (−1)n−1,ξEx ∧,n for all x ∈ ∂Ω. Using (2.5) for ,D(u) and ,D(ϕ) we get that

,D(u) = (−1)n−1 ,D(ϕ) ∧ ,next for regular points x ∈ ∂Ω

when ,next is the outward unit tangent vector to u−1(y) at x. So considering the rules of
orientation of manifolds we get

∂Tu
y!∂Ω = τ

(

ϕ−1(y), 1,
,D(ϕ)

| ,D(ϕ)|

)

(2.9)

which is a rectifiable current for the regular values of u and ϕ.

For proving the claim we put Sy = ∂Tu
y − τ

(
ϕ−1(y), 1,

)D(ϕ)

|)D(ϕ)|

)
and consider the set

Bε = {x| d(x, B) < ε}

the ε-neighborhood of B in Ω. By (2.8) and (2.9) we get

∂(Tu
y!Bε) = Tu

y!∂Bε + Sy , sptSy ⊆ B. (2.10)

Since u is smooth on ∂Bε , Tu
y!∂Bε is an (n − 3)-dimensional normal current. Now using

the co-area formula we get
∫

S2

M(Tu
y!Bε) dy =

∫

Bε

|J2u| ≤ 1

2

∫

Bε

|∇u|2 → 0 as ε → 0.

So for almost all y ∈ S2 , M(Tu
y!Bε) → 0. By (2.10) we deduce that Sy is a flat chain as

it is a flat-norm limit of normal currents Tu
y!∂Bε .

Step (ii) : Sy is a flat chain in Ω without boundary. By the Constancy Theorem ([16],
5.3.1, theorem 3) applied successively to the σi, there exist real numbers ri

y such that

spt(Sy − ri
yτ(σi, 1, ,σi)) ⊆ Ω\σi i = 1, · · · , m

and as a result

spt(Sy −
m∑

i=1

ri
yτ(σi, 1, ,σi)) ⊆ Ω\

m⋃

i=1

σi .

Meanwhile B =
⋃

i σi ∪ B0 where Hn−3(B0) = 0. So since the support of Sy lies in B,
Sy −

∑m
i=1 ri

yτ(σi, 1, ,σi) is an (n − 3)-dimensional flat chain supported in B0, therefore

Sy =
m∑

i=1

ri
yτ(σi, 1, ,σi)

and so

∂Tu
y =
∑

i

ri
y τ(σi, 1, ,σi) + τ

(

ϕ−1(y), 1,
,D(ϕ)

| ,D(ϕ)|

)

. (2.11)

Step (iii) : We begin this part by proving the following lemma.
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Lemma 2.2 Let M be a 3-dimensional smooth manifold supported in Ω oriented by ,M a
smooth 3-vectorfield. Let M = τ(M, 1, ,M) and Σ = ∂M. Then for almost all y ∈ S2,

k(∂Tu
y ,M) = (−1)n

∫

Σ

u∗ω

where k(S,T) is the kronecker index of S and T as defined in ([16], vol. 1, 5.3.4).

Proof : For almost all y ∈ S2 regular value for (u|Σ) (2.11) is valid and Σ transversally
intersects u−1(y) at each point of their intersection. So we have :

∫

Σ

u∗ω =
∑

x∈Σ∩u−1(y)

< ,Σ(x),
u∗ω(x)

|u∗ω(x)| >= k(Tu
y ,Σ) (2.12)

Consider the translation τa : Rn → Rn, τa(x) = x + a. Considering the definition of the
kronecker index and ([16], 5.3.4, theorem 2) we observe that there exists a small enough
such that

(i) spt τa
#Σ ⊂ Ω\B , spt τa

#M ⊂ Ω,

(ii) Tu
y ∩ τa

#Σ , Tu
y ∩ τa

#M and ∂Tu
y ∩ τa

#M exist,

(iii) k(Tu
y ,Σ) = k(Tu

y , τ
a
#Σ) , k(∂Tu

y ,M) = k(∂Tu
y , τ

a
#M) and

(iv) ∂(Tu
y ∩ τa

#M) = ∂Tu
y ∩ τa

#M + (−1)n−3Tu
y ∩ τa

#Σ.

Therefore by (2.12)

k(∂Tu
y ,M) = k(∂Tu

y , τ
a
#M) = (∂Tu

y ∩ τa
#M)(1)

= (−1)n(Tu
y ∩ τa

#Σ)(1) = (−1)nk(Ty, τ
a
#Σ) = (−1)nk(Tu

y ,Σ)

= (−1)n

∫

Σ

u∗ω.

which proves the lemma.

Now take Ma,δ = τ(Ma,δ, 1, ,Ma,δ) as in the definition 3. Applying lemma 2 and (2.12)
to Ma,δ we get :

degσiu =

∫

Σa,δ

u∗ω = (−1)nk(∂Tu
y ,Ma,δ) = ri

y . (2.13)
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Step (iv) : Let α ∈ Dn−3(Ω). By the co-area formula and (2.4) we get :
∫

Ω

u∗ω ∧ dα =
1

4π

∫

S2

dy

∫

u−1(y)

u∗ω ∧ dα

|u∗ω|

=
1

4π

∫

S2

dy

∫

u−1(y)

<
,D(u)

| ,D(u)|
, dα > dHn−2

=
1

4π

∫

S2

Tu
y(dα) dy =

1

4π

∫

S2

∂Tu
y(α) dy

and since α|∂Ω = 0 using (2.11) and (2.13) we obtain :

∫

Ω

u∗ω ∧ dα =
1

4π

∫

S2

dy
m∑

i=1

(degσiu)τ(σi, 1, ,σi)(α)

=
m∑

i=1

(degσiu) τ(σi, 1, ,σi)(α)

(2.14)

which completes the proof of proposition 1 regarding the definition of Su and the formula
for ∂Tu

y in (2.11).

Corollary 2.1 Let u ∈ R∞
ϕ (Ω, S2) and B =

⋃
i σi ∪ Bo its singular set. Then

Su =
∑

i

(degσiu)τ(σi, 1, ,σi).

Proof : Refer to the relation (2.14) in the proof of proposition 1.

3 The F -energy on H1
ϕ(Ω, S2)

In this section we define for any v ∈ H1
ϕ(Ω, S2) a functional Fv on H1

ϕ(Ω, S2) which
has two interesting properties. First, it is lower semi-continuous and second, its critical
points are also the critical points of the energy E, i.e. the critical points of F , in particular
its minimizers, would be weakly harmonic maps. In fact this “F -energy” is a natural
generalization of the “relaxed energy” in dimension 3 introduced in [5], except that in
higher dimensions the functional F may not be a relaxed energy for H1

ϕ(Ω, S2) : i.e. there
exist cases where

inf
H1

ϕ(Ω,S2)
F < min

C∞
ϕ (Ω,S2)

E ,

(See [30]).
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Definition 3.1 Let u, v be two maps in H1
ϕ(Ω, S2). We define the connection between u

and v to be

L(u, v) = sup
ψ ∈ Ω∞

n−3(Ω)
|dψ|∞ ≤ 1

{∫

Ω

u∗ω ∧ dψ −
∫

Ω

v∗ω ∧ dψ

}
(3.1)

where ω is any 2-form on S2 with
∫

S2 ω = 1. We will often take ω = 1
4πωV which is more

suitable for computations.

Remark 3.1 We recall that the mass of currents is in fact the dual of the comass norm
of differential forms (See[13], 4.1.7). So, from Geometric Measure Theory point of view,
it would be more natural to use the comass norm of dψ instead of its euclidean norm in
the definition of L. Meanwhile the euclidean norm is preferred for the relative simplicity
of the proof of lower semi-continuity of Fv .

Proposition 3.1 We have the following inequality :

L(u, v) ≤ C‖∇u − ∇v‖2(‖∇u‖2 + ‖∇v‖2) ∀u, v ∈ H1
ϕ(Ω, S2). (3.2)

Proof : We write

dψ =
∑

1≤i3<i4<···<in≤n

ψi3i4···indxi3 ∧ dxi4 ∧ · · · ∧ dxin

and we have ∑

i3<i4<···<in

|ψi3i4···in |2 = |dψ|2 ≤ 1.

Now by simple calculations we obtain :

< ,ξRn, u∗ω ∧ dψ >=
1

8π

∑

i3 < i4 < · · · < in
{i1, · · · , in} = {1, · · · , n}

u · (uxi1 ∧ uxi2 )ψi3i4···in

and the proposition is proved using the same method used in [5], Theorem 3.

Now let u ∈ H1
ϕ(Ω, S2) and for u0 ∈ C∞

c (Ω, S2) consider the variation u(t) = u+tu0
|u+tu0|

.

As a consequence for t small enough u(t) ∈ H1
ϕ(Ω, S2) and we have :

Lemma 3.1 For all u, v ∈ H1
ϕ(Ω, S2) and for t small enough L(u(t), v) = L(u, v).
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Proof : Pay attention that if un → u in H1 then for t small enough we have un(t) →
u(t) in H1. So in the view of the proposition 2 and by using the fact that R∞

ϕ (Ω, S2)
is dense in H1

ϕ(Ω, S2) (See Remark 3), it suffices for us to prove this lemma for u, v ∈
R∞

ϕ (Ω, S2). For such u and v we get by the co-area formula and proposition 1 :
∫

Ω

u∗ω ∧ dψ −
∫

Ω

v∗ω ∧ dψ =
1

4π

∫

S2

(Tu
y − Tv

y)(dψ) dy = (Su − Sv)(ψ). (3.3)

Meanwhile for u ∈ R∞
ϕ (Ω, S2), using the corollary 1, we have Su = Su(t) as u and u(t)

have the same singular set and the same degrees on its components. By (3.3) we get :

L(u(t), v) = sup
|dψ|∞≤1

(
Su(t) − Sv

)
(ψ) = sup

|dψ|∞≤1
(Su − Sv) (ψ) = L(u, v)

and the lemma is proved.

Proposition 3.2 For fixed v ∈ H1
ϕ(Ω, S2) let

Fv(u) := E(u) + 8πL(u, v).

Then Fv is a lower semi-continous functional on H1
ϕ(Ω, S2) and its critical points are

weakly harmonic maps.

Remark 3.2 T.Isobe has proved the lower semi-continuity of the functionals

Fψ,λ(u) = E(u) + 8πλ

{∫

Ω

u∗ω ∧ dψ −
∫

∂Ω

ϕ∗ω ∧ ψ

}

for λ < C(n), n ≥ 4 (See [26]). But what we need here is the same result for λ = 1 for
which we have to prefer another argument.

Proof : Again as in the proposition 2, the proof of lower semi-continuity of Fv is the
same as the proof of lower semi-continuity of the relaxed energy in [5]. Using lemma 3 we
obtain

d

dt
Fv(u(t))|t=0 =

d

dt
E(u(t))|t=0 + 8π

d

dt
L(u(t), v)|t=0 =

d

dt
E(u(t))|t=0

so as a result the critical points of Fv are those of E.

4 Proof of the main theorem

We shall state here the main result of the paper.

Theorem 1 Let Ω be a regular bounded domain in Rn, n ≥ 3 , and ϕ a non-constant
smooth map from ∂Ω to S2. Then ϕ admits infinitely many weakly harmonic extensions.
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For proving this theorem we apply a method proposed by F. Bethuel, H. Brezis and J.-
M. Coron which uses the F -energy as an efficient tool for finding the new weakly harmonic
maps and a technical lemma which we shall prove in the following section.

Lemma 4.1 Let Ω be a bounded regular domain in Rn and u a regular non-constant map
from Ω to S2. Let x0 be a point of Ω for which ∇u(x0) += 0. Then for every ρ > 0 there
exists a map v ∈ H1(Ω, S2) and 0 < δ < ρ such that

(i) v=u on Ω\Bρ(x0)

(ii) Sv = τ(σ, 1, ,σ)

(iii) E(v) < E(u) + 8πωn−2δn−2 = E(u) + 8πL(v, u)

where σ is an (n − 3)-dimensional sphere of center x0 and radius δ and ωk is the vol-
ume of the unit k-dimensional disk.

This lemma, called the strict insertion of singularities, was firstly proved for the case
n = 3 by T. Rivière in [32]. The computations used rely on the previous computations
for inserting coverings of S2 in dimension 2 (See [9]). The axially symmetric version of it
was proved in [23].

Proof of theorem 1 : Two situations may take place :

(1) There are infinitely many distinct minimizers for E in H1
ϕ(Ω, S2) and so the prob-

lem is solved.

(2) There are only a finite number of minimizers for E on H1
ϕ(Ω, S2).

In this case let w1, · · · , wm be the minimizing maps. By the partial regularity theory
of [35] and considering the fact that ϕ is not constant we deduce the existence of Ω1, an
open subset of Ω, on which w1 is smooth and some x0 ∈ Ω1 for which ∇w1(x0) += 0. For
some ρ > 0 which will be fixed later we apply the lemma 4 to w1 on Ω1 and name the
transformed map v1. So we have

E(v1) < E(w1) + 8πL(v1, w1). (4.1)

Now suppose that u1 is a minimizing map for Fv1 on H1
ϕ(Ω, S2). By proposition 4

such maps exist and are weakly harmonic. We shall prove that for ρ sufficiently small u1

is different from all the wi. We distinguish two cases :

(a) L(wk, w1) = 0 : By (4.1) we obtain

Fv1(u1) ≤ Fv1(v1) = E(v1) < E(w1) + 8πL(v1, w1). (4.2)
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Moreover subadditionality of L gives

|L(v1, w1) − L(v1, wk)| ≤ L(wk, w1) = 0, (4.3)

so L(v1, w1) = L(v1, wk) and using the fact that E(w1) = E(wk) , (4.2) implies

Fv1(u1) < Fv1(wk).

This strict inequality proves naturally that u1 += wk when L(w1, wk) = 0.

(b) L(wk, w1) > 0 : We have

L(wk, v1) + L(v1, w1) ≥ L(wk, w1), (4.4)

meanwhile by the lemma 4

L(v1, w1) = ωn−2δ
n−2 < ωn−2ρ

n−2, (4.5)

thus

Fv1(wk) = E(wk) + 8πL(wk, v1)

≥ E(w1) + 8π(L(wk, w1) − ωn−2ρn−2).
(4.6)

Now it is sufficient to choose ρ > 0 such that for all wk verifying L(wk, w1) > 0 we
have the inequality

0 < ωn−2ρ
n−2 <

L(wk, w1)

2
, (4.7)

then by (4.5) we have L(wk, w1) − ωn−2ρn−2 > ωn−2ρn−2 > L(v1, w1) and this, added to
(4.6) implies :

Fv1(wk) > Fv1(w1) ≥ Fv1(u1),

which combined with part (a) proves that u1 is different from all the wk .

We construct by induction a sequence uj of distinct weakly harmonic maps in H1
ϕ(Ω, S2)

which are also different from the wi, using the same method. Choose ρj+1 such that





0 < ωn−2ρ
n−2
j+1 < Min

{
L(wk, w1)

2
; for k verifying L(wk, w1) > 0

}

and

0 < ωn−2ρ
n−2
j+1 < Min

{
E(ui) − E(w1)

8π
; i = 1, · · · , j

} (4.8)

Let uj+1 be a minimizer of Fvj+1 when vj+1 is the transformed map of w1 on Bρj+1(x0) as
in lemma 4. Again the first inequality in (4.8) assures that uj+1 is distinct from the wi.
For seeing that uj+1 += ui for i ≤ j , using the strict inequality of lemma 4 we observe
that

Fvj+1(uj+1) ≤ Fvj+1(vj+1) = E(vj+1) < E(w1) + 8πωn−2ρ
n−2
j+1 . (4.9)
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Moreover from (4.8) we have

8πωn−2ρ
n−2
j+1 < E(ui) − E(w1). (4.10)

Thus combining (4.9) and (4.10) imply that E(uj+1) ≤ Fvj+1(uj+1) < E(ui). This yields
that uj+1 += ui for i ≤ j and completes the proof of the theorem.

5 The strict insertion of a singular sphere

We would follow the method used by T. Rivière in [32] for the case n = 3.

5.1 Notations

We replace x0 by 0 using a suitable translation in Rn. We choose also an orthonormal
basis (,i,,j,,k1, · · · , ,kn−2) for Rn such that

ux(0) += 0, ux(0) · uy(0) = 0. (5.1)

(See [9]). Let (x, y, z1, · · · , zn−2) be the coordinates in the new basis. We introduce also
the polar coordinates (r, θ) , (R, θ1, · · · , θn−4, ϕ) as follows






x = r cos θ
y = r sin θ
z1 = R cos θ1

z2 = R sin θ1 cos θ2

.

.

.
zn−3 = R sin θ1 · · · sin θn−4 cosϕ
zn−2 = R sin θ1 · · · sin θn−4 sinϕ

(5.2)

where 0 ≤ θi ≤ π , 0 ≤ ϕ ≤ 2π and |z| = R for z = (z1, · · · , zn−2).

Now for δ sufficiently small and R ∈ [0, δ + δ2] we define two unit vector fields

I(z) =
ux(0, 0, z)

|ux(0, 0, z)| , K(z) = u(0, 0, z). (5.3)

Since u takes its values in S2, I and K are orthogonal. Let a = |ux(0)| and b = |uy(0)|.
We define J(z) to be a smooth vectorfield such that (I, J, K) form an orthonormal basis.
We verify then

ux(0, 0, z) = (a + O(R))I(z)
uy(0, 0, z) = O(R)I(z) + (b + O(R))J(z).

(5.4)
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5.2 Sketch of the proof

We shall transform u in the region

Cδ = {(x, y, z) ∈ Ω | 0 ≤ R ≤ δ + δ2, 0 ≤ r ≤ 2δ2}.
For δ sufficiently small , the transformed map v would be singular exactly on the (n − 3)-
dimensional sphere σ = {(0, 0, z); R = δ} and will satisfy

degσv = 1, E(v) < E(u) + 8πωn−2δ
n−2. (5.5)

For this aim we define the map uδ as follows

(a) u = uδ outside Cδ

(b) In the region

cδ = {(x, y, z) |R < δ − δ2, 0 ≤ r ≤ 2δ2}

uδ would be an interpolation between u ouside cδ and a conformal map on each disk
centered at (0, 0, z) and of radius δ2 in the region

cδ1 = {(x, y, z) |R < δ − δ2 , 0 ≤ r ≤ δ2}

exactly as it is described by T.Rivière in [32], following the method of H.Brezis and J.-M.
Coron in [9] .

(c) For the region c̃δ = Cδ\cδ , uδ will be the conjugation of the value of uδ on ∂c̃δ

with the projection Π : c̃δ → ∂c̃δ which is defined as follows : For p ∈ c̃δ , Π(p) is the
intersection with ∂c̃δ of the line orthogonal to σ which passes through p.

It will be showed that v = uδ for δ small enough is a desired map. In the last step we
will prove that L(u, v) = ωn−2δn−2, the volume of the (n − 2)-disk of the boundary σ.

5.3 The construction of uδ in cδ

For (x, y, z) ∈ cδ we define

(i) If r < δ2 :

uδ =
2λ

λ2 + r2
(xI(z) + yJ(z) − λK(z)) + K(z) (5.6)

where λ = cδ4 and c will be fixed later.

(ii) If δ2 ≤ r ≤ 2δ2 :

uδ = (A1r + B1)I(z) + (A2r + B2)J(z)

+
√

1 − (A1r + B1)2 − (A2r + B2)2 K(z)
(5.7)
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where Ai and Bi depend only on z, θ, r as follows :





2δ2Ai + Bi = ui(2δ
2 cos θ, 2δ2 sin θ, z)

for i = 1, 2 (ui is the i-th coordinate of u in (I(z), J(z), K(z))

δ2A1 + B1 =
2λδ2

λ2 + δ4
cos θ

δ2A2 + B2 =
2λδ2

λ2 + δ4
sin θ.

(5.8)

The estimates for E(uδ) in cδ2 = cδ\cδ1
Following the same computations as in [9] or [32] we have the following estimates on cδ2

for fixed z :






∫

δ2≤r≤2δ2
|∇xyu

δ(x, y, z)|2 dxdy

= 4πδ4(a2 + b2 − 2c2 + (a2 + b2 + 8c2 − 4ac − 4bc) ln 2) + O(δ5).

∣∣∣∣
∂uδ

∂zi
(x, y, z)

∣∣∣∣ =
∣∣∣∣
∂u

∂zi
(0, 0, z)

∣∣∣∣+ O(δ2) for i = 1, · · · , n − 2.

|∇uδ| ≤ C for C > 0 independent of δ.

(5.9)

Note that by ∇xyu we mean the matrix of first partial derivatives of u in x and in y. As
a result we have the following estimate for the energy on cδ2 :

∫

cδ
2

|∇uδ|2

= 4πωn−2δ
n+2(a2 + b2 − 2c2 + (a2 + b2 + 8c2 − 4ac − 4bc) ln 2)

+π((2δ)2 − (δ2))

∫

0≤R≤δ−δ2
|∇zu(0, 0, z)|2 dz + O(δn+3).

(5.10)

The estimates for E(uδ) in cδ1.

Firstly for a fixed z, uδ is a conformal diffeomorphism from the disk B2((0, 0, z), δ2)
into S2 and we get :

∫

r≤δ2
|∇xyu

δ(x, y, z)|2 dxdy = 2 Area(uδ(B2((0, 0, z), δ2), z))

= 8π − 8πc2δ4 + O(δ5).

(5.11)
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and by integration on z we obtain :
∫

cδ
1

|∇xyu
δ(x, y, z)|2 dxdydz1 · · · dzn−2

=
ωn−2

(n − 2)

∫ δ−δ2

0

Rn−3dR

∫

r≤δ2
|∇xyu

δ(x, y, z)|2 dxdy

= 8πωn−2(δ − δ2)n−2 − 8πωn−2c
2δn+2 + O(δn+3).

(5.12)

Meanwhile we estimate the z-derivatives of uδ in cδ1. Firstly we have

∂uδ

∂zi
(x, y, z) =

2λ

λ2 + r2
(x

dI

dzi
+ y

dJ

dzi
− λ

dK

dzi
) +

dK

dzi
for i = 1, · · · , n − 2. (5.13)

We estimate ∂uδ

∂zi
(x, y, z) in two regions :

(a) r ≤ δ3 : Using (5.13) we observe that for 0 ≤ r ≤ δ2 :

|∇ziu
δ| ≤
∣∣∣∣
dK

dzi

∣∣∣∣+
2λ

(λ2 + r2)
1
2

≤ C independent of δ (5.14)

and as a result ∫

r≤δ3
|∇zu

δ|2dxdy = O(δ6), (5.15)

which implies ∫

cδ
1

|∇zu
δ|2 = O(δn+4). (5.16)

(b) δ3 ≤ r ≤ δ2 : We have
∣∣∣∣

2λ

λ2 + r2
(x

dI

dzi
+ y

dJ

dzi
)

∣∣∣∣ ≤ 2λr

λ2 + r2
≤ C

λ

r
= O(δ). (5.17)

So using (5.13)

∂uδ

∂zi
(x, y, z) =

(
r2 − λ2

r2 + λ2

)
∂u

∂zi
(0, 0, z) + O(δ) for δ3 ≤ r ≤ δ2,

and we get

∫

δ3≤r≤δ2
|∇zu

δ|2 dxdy =

(

2π

∫ δ2

δ3

(
r2 − λ2

r2 + λ2

)2

r dr

)

|∇zu(0, 0, z)|2 + O(δ5)

= πδ4|∇zu(0, 0, z)|2 + O(δ5).
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This last estimate combined with (5.16) yields
∫

cδ
1

|∇zu
δ|2 = πδ4

∫

0≤R≤δ−δ2
|∇zu(0, 0, z)|2 dz1 · · · dzn−2 + O(δn+3) . (5.18)

At last combining (5.12) and (5.18) we obtain :
∫

cδ
1

|∇uδ|2 = 8πωn−2(δ − δ2)n−2 − 8πωn−2c
2δn+2

+πδ4

∫

0≤R≤δ−δ2
|∇zu(0, 0, z)|2 dz + O(δn+3) .

(5.19)

The evaluation of E(uδ) on c̃δ

As briefly mentioned above in the the sketch of the proof, uδ in the region c̃δ is defined
as follows : We define the projection h : c̃δ → σ by

h(x, y, z1, z2, · · · , zn−2) = (0, 0,
δz1

R
, · · · , δzn−2

R
) (5.20)

Then the projection Π , defined on

c̃δ = {(x, y, z) |δ − δ2 ≤ R ≤ δ + δ2 , 0 ≤ r ≤ δ2}

sends each point p to the intersection between ∂c̃δ and the line passing through p and
h(p). We take

uδ =
(
uδ|∂c̃δ

)
◦ Π.

Pay attention that the points p and Π(p) lie in the 3-plane orthogonal to σ at h(p).

Using the co-area formula we have
∫

c̃δ

|∇uδ|2 =

∫

σ

dHn−3

∫

h−1(w)

|∇uδ|2

|Jn−3h|
dH3 (5.21)

Moreover |Jn−3h| =
(
δ
R

)n−3
and

h−1(w) = {(x, y, R, θ1, · · · , θn−4, ϕ) ∈ c̃δ | δ − δ2 ≤ R ≤ δ + δ2 , 0 ≤ r ≤ 2δ2 ,

θi = const. for i = 1, · · · , n − 4, and ϕ = const. }

is a cylinder of the height 2δ2, of radius 2δ2 and of center w ∈ σ. We now estimate the
value of

∫
h−1(w) Rn−3|∇uδ|2 dx dy dR.

We write h−1(w) as the union of two separate regions Gw and Hw :
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(1) Gw = Π−1(∂cδ1 ∩ h−1(w)) is the little 3-cone of vertex w, lying in the plane orthog-
onal to σ at w, whose end is the disk Dδ2 of center (0, 0, δ − δ2, θw

1 , · · · , θw
n−4, ϕ

w) and of
radius δ2. Pay attention that on this disk uδ is the conformal map defined in (5.6).

(2) Hw is the complementar of Gw in h−1(w): i.e. Hw = Π−1(∂c̃δ\∂cδ1 ∩ h−1(w)).

See Fig.1 and Fig.2 to visualize these regions for n = 4. For estimating |∇uδ| on Gw

we proceed by changing the coordinates. Let R′ be the distance of the point p =
(x, y, z1, · · · , zn−2) ∈ Gw from w, the vertex of the cone, and let x′ and y′ be the two
first coordinates of Π(p) in Dδ2 (See Fig.2). We have






x′ =
δ2x

δ − R

y′ =
δ2y

δ − R

R′ =
√

r2 + (δ − R)2

θi = θi , ϕ = ϕ

and






x =
x′R′

√
δ4 + r′2

y =
y′R′

√
δ4 + r′2

δ − R =
δ2R′

√
δ4 + r′2

(5.22)

Now uδ is constant on the rays passing by w, so we get

uδ(x′, y′, R′, θ1, · · · , θn−4, ϕ) = uδ(x′, y′,
√
δ4 + r′2, θ1, · · · , θn−4, ϕ) (5.23)

i.e.
∂uδ

∂R′
= 0. Also by a simple calculation of the derivatives using (5.22) we have for the

point (x, y, z) ∈ Gw :






∂uδ

∂x
=

(√
δ4 + r′2

R′

)
∂uδ

∂x′
(x′, y′,

√
δ4 + r′2)

∂uδ

∂y
=

(√
δ4 + r′2

R′

)
∂uδ

∂y′
(x′, y′,

√
δ4 + r′2)

∂uδ

∂R
=

(
x′

√
δ4 + r′2

δ2R′

)
∂uδ

∂x′
(x′, y′,

√
δ4 + r′2)

+

(
y′

√
δ4 + r′2

δ2R′

)
∂uδ

∂y′
(x′, y′,

√
δ4 + r′2).

(5.24)

and in the same line by calculating the Jacobian of the new coordinates we have :
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dx dy dR =
δ2R′2

(δ4 + r′2)
3
2

dx′dy′dR′. (5.25)

Using (5.2) and doing the same work, we get :

|∇uδ|2 =

∣∣∣∣
∂uδ

∂x

∣∣∣∣
2

+

∣∣∣∣
∂uδ

∂y

∣∣∣∣
2

+

∣∣∣∣
∂uδ

∂R

∣∣∣∣
2

+ I (5.26)

where

I =
1

R2

(∣∣∣∣
∂uδ

∂θ1

∣∣∣∣
2

+
1

sin2 θ1

∣∣∣∣
∂uδ

∂θ2

∣∣∣∣
2

+ · · ·+ 1

sin2 θ1 sin2 θ2 · · · sin2θn−4

∣∣∣∣
∂uδ

∂ϕ

∣∣∣∣
2
)

.

Using (5.23) and applying (5.14) and (5.26) to the points of Dδ2 we obtain

I(x′, y′, R′) =
(δ − δ2)2

R2
I(x′, y′,

√
δ4 + r′2)

≤ (δ − δ2)2

R2

∣∣∣∇zu
δ(x′, y′,

√
δ4 + r′2)

∣∣∣
2

≤ C
(δ − δ2)2

R2

(5.27)

Therefore by integrating directly over the cone Gw we deduce from (5.27) :

∫

Gw

Rn−3I dx dy dR = O(δn+3). (5.28)

Furthermore considering (5.22), (5.24), (??) and (5.26) we estimate the integral

J =

∫

Gw

Rn−3(|∇uδ|2 − I)
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as follows

J =

∫

Gw

Rn−3

(∣∣∣∣
∂uδ

∂x

∣∣∣∣
2

+

∣∣∣∣
∂uδ

∂y

∣∣∣∣
2

+

∣∣∣∣
∂uδ

∂R

∣∣∣∣
2
)

dx dy dR

=

∫

Dδ2

dx′ dy′

∫ √
δ4+r′2

0

Rn−3 δ2R′2

(δ4 + r′2)
3
2

[
δ4 + r′2

R′2

∣∣∣∇x′y′uδ(x′, y′,
√
δ4 + r′2)

∣∣∣
2

+

(
δ4 + r′2

δ4R′2

)(
x′

∣∣∣∣
∂uδ

∂x′

∣∣∣∣+ y′

∣∣∣∣
∂uδ

∂y′

∣∣∣∣

)2
]

dR′

=

∫

Dδ2

δ2

√
δ4 + r′2

∣∣∇x′y′uδ
∣∣2
∫ δ

−δ2

√
δ4 + r′2

δ2
Rn−3 dR

+

∫

Dδ2

dx′ dy′ 1

δ2
√
δ4 + r′2

(
x′

∣∣∣∣
∂uδ

∂x′

∣∣∣∣+ y′

∣∣∣∣
∂uδ

∂y′

∣∣∣∣

)2 ∫ δ

δ−δ2

√
δ4 + r′2

δ2
Rn−3 dR.

(5.29)

Using the inequality

|∇xyu
δ|2 ≤ C

δ8

(δ8 + r2)2
on Dδ2 (5.30)

which is established in [9] we obtain

∫

Dδ2

dx′ dy′ 1

δ2
√
δ4 + r′2

(
x′

∣∣∣∣
∂uδ

∂x′

∣∣∣∣+ y′

∣∣∣∣
∂uδ

∂y′

∣∣∣∣

)2 ∫ δ

δ−δ2

√
δ4 + r′2

δ2
Rn−3 dR

≤ C

∫ δ2

0

δn+3 r3

(δ8 + r2)2
dr = O(δn+3 ln(1/δ)).

(5.31)

And combining (5.11), (5.26), (5.28), (5.29) and (5.31), finally we get :

∫

Gw

Rn−3|∇uδ|2 =
8π

n − 2
(δn−2 − (δ − δ2)n−2)

− 8π

n − 2
c2δn+2 + O(δn+3 ln(1/δ)).

(5.32)

Now, using the estimates in (5.9) and the fact that uδ = u on ∂c̃δ\∂cδ we observe that
|∇uδ| is bounded on ∂Hw and therefore following the same method as the one used for
Gw we get ∫

Hw

Rn−3|∇uδ|2 = O(δn+3). (5.33)
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which conjugated with (5.21) and (5.32) yields
∫

c̃δ

|∇uδ|2 = 8πωn−2(δ
n−2 − (δ − δ2)n−2)

−8πωn−2c
2δn+2 + O(δn+3 ln(1/δ)).

(5.34)

The estimate for the energy of u in Cδ

Similarly as in [32] we have the following estimate :
∫

Cδ

|∇u|2 = 4πωn−2δ
n+2(a2 + b2)

+4πδ4

∫

0≤R≤δ−δ2
|∇zu(0, 0, z)|2dz + O(δn+3).

(5.35)

5.4 The end of proof of lemma 4

Conjugating (5.10), (5.19) ,(5.34) and (5.35) we obtain :
∫

Ω

|∇uδ|2 = 8πωn−2δ
n−2

−4πωn−2δ
n+2(4c2 − (a2 + b2 + 8c2 − 4ac − 4bc) ln 2)

+O(δn+3 ln(1/δ))

(5.36)

and by choosing a suitable c such that

4c2 − (a2 + b2 + 8c2 − 4ac − 4bc) ln 2 > 0

we can be sure that for δ small enough v = uδ would satisfy the strict inequality (5.5).
For example put c = max

{
a
2 ,

b
2

}
. It is easy to verify that the degree of v on its only

singular set, i.e. σ = {(0, 0, z) |R = δ} is one. By the way as in (??) :

L(v, u) = sup
ψ ∈ Ω∞

n−3(Ω)
|dψ|∞ ≤ 1

{∫

Ω

v∗ω ∧ dψ −
∫

Ω

u∗ω ∧ dψ

}

= sup
ψ ∈ Ω∞

n−3(Ω)
|dψ|∞ ≤ 1

Sv(ψ)

(5.37)

as Su = 0. Meanwhile using the corollary 1 :

|Sv(ψ)| = |τ(σ, 1, ,σ)(ψ)| = |T(dψ)| ≤ M(T) (5.38)
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for every current T which takes σ as its boundary, using the fact that |dψ|∞ ≤ 1. Putting
T = T0 = τ(Bδ, 1, ,Bδ) where Bδ is the (n − 2)-ball of the center 0 and of radius δ , we
obtain combining (5.37) and (5.38) :

L(v, u) ≤ ωn−2δ
n−2. (5.39)

Now take ψ0 = z1 ∧ dz2 ∧ · · · ∧ dzn−2. A simple observation shows that T0(dψ0) =
M(T0) = ωn−2δn−2, so again using (5.37) and (5.38) we obtain easily that

L(v, u) ≥ ωn−2δ
n−2

which completes the proof regarding (5.39).

The author is grateful to Tristan Rivière for having drawn his attention to this problem.
This research was carried out with support provided by the French government in the
framework of cooperation programs between Université de Versaille and I.P.M., Institute
for studies in theoretical Physics and Mathematics, Iran.
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We prove that the topological singular set of a map in W 1,3(M, S3) is the boundary
of an integer multiplicity rectifiable current in M , where M is a closed smooth manifold
of dimension greater than 3. Also we prove that the mass of the minimal i.m. rectifiable
current taking this set as the boundary is a strongly continuous functional on W 1,3(M, S3).

1 Introduction

Let M be an oriented smooth closed riemannien manifold of dimension n, and N any
closed riemannien manifold isometrically embedded in RN . Let

W 1,p(M, N) := {u ∈ W 1,p(M, RN ) ; u(x) ∈ N a.e. onM}.

For u ∈ W 1,p(M, N) the p-energy is given by E(u) =
∫

M |∇u|pdvolM .
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In [7], F.Bethuel and X.Zheng proved that smooth maps are not strongly dense in
W 1,p(M, N) if p < n and π[p](N) += 0, [p] being the integer part of p. In this case, one
may want to characterize the maps in W 1,p(M, N) which are approximable by smooth
maps and identify the obstruction for maps which are not. Precisely, we would like to
associate to any map u ∈ W 1,p(M, N) a topological singualr set, Su, which characterizes
the approximability of u by smooth maps, i.e. u would be the strong limit of smooth
maps if and only if Su = 0.

In this line, F.Bethuel proved in [3] that u ∈ W 1,2(Bn, S2) is strongly approximable
by maps in C∞(Bn, S2), if and only if d(u∗ωS2) = 0 in the sense of distributions. Here
Bn is the n-dimensional unit disk. The same result holds for the space W 1,p(Bn, Sp)
for any other integer p (See [6]). Thus, the “local” topological obstruction for maps in
W 1,p(M, S [p]) can be defined as a current :

Definition Let p < n and u ∈ W 1,p(M, S [p]). The topological singular set of u, Su ∈
Dn−[p]−1(M), is the current defined by

Su(α) :=

∫

M

u∗ω ∧ dα ∀α ∈ Dn−[p]−1(M).

Here Dk(M) is the set of smooth k-forms on M with compact support (See[16], 2.2.3) and
ω is any [p]-form on S [p] for which

∫
S[p] ω = 1.

Remark 1.1 Recent developments by F.Hang and F.H.Lin [20] showed that the condition
“Su = 0”, though being necessary for the strong approximability of a map u ∈ W 1,p(M, Sp)
by smooth maps in this space, is not always sufficient due to some obstructions lying
in the “global” topological structure of certain domains. Precisely, there is a map u ∈
H1(CP2, S2) for which d(u∗ω) = 0 while u is not in the strong closure of smooth maps in
H1(CP2, S2).

Two important problems about Su, u ∈ W 1,p(M, Sp), are still open for almost every
integer p. First, we do not know whether Su is always the boundary of an i.m. rectifiable
current, i.e. if it is an integral flat chain. This has been proved for p = 1 or n − 1 (See
[16], vol II, section 5.4.3) or p = 2 (See [30]). The second problem arises if the answer to
the first one is positive. Set for S, any integral flat chain in M of dimension k,

mi(S) := inf {M(T) ; T ∈ Rk+1(M), ∂T = Su} ,

the minimal mass of i.m. rectifiable currents taking S as the boundary. Then the ques-
tion would be to determine whether mi(Sum − Su) → 0 if um converges strongly to u in
W 1,p(M, Sp). The answer is yes for p = 1 or n − 1, (See [5] and [16], vol II, section 5.4.2),
while we do not know whether this is the case for the maps in H1(B4, S2). We encounter
this case when considering the problem of relaxing the Dirichlet energy for maps into S2.
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As we saw in [30], generalizing to higher dimensions the algebraic formula given in [5] for
the relaxed Dirichlet energy from a 3 dimensional domain into S2 is possible if we prove
that mi(Su) is strongly continuous on H1(Bn, S2).

Another case where the second problem shows its importance is when we try to de-
fine a topological singular set for maps in W 1,p(Bn, N). In [6], F.Bethuel, J.M.Coron,
F.Demengel and F.Helein gave a discription of this set for when N is ([p] − 1)-connected
and π[p](N) is torsion free. Considering the problem for when π[p](N) has torsions, the
author and T.Rivière ramarked that we can define this set as a flat π[p](N)-chain if these
two questions come to have a positive answer for [p]. As an example, the topological
singular set of any map in u ∈ W 1,1(Bn, RP2) is a flat Z2-chain, and is equal to zero if
and only if u is a strong limit of smooth maps in W 1,1(Bn, RP2) (See [31]).

In this paper we solve these problems for p = 3 and 7. The particularity of these two
cases reside in the fact that S3 and S7 (alongside with S1) are the only spheres which
have this property : There is a smooth multiplication

κ : Sk × Sk → Sk

such that the induced homotopic homeomorphism

κ∗ : πk(S
k) ⊕ πk(S

k) → πk(S
k)

is the sum of elements in πk(Sk). As a result, the method we use does not work for other
values of p. Here is our main result

Theorem 1 Let p = 3 or 7, p < n = dim M and u ∈ W 1,p(M, Sp). Then Su is the
boundary of an i.m. rectifiable current in M . Moreover, mi(Sum −Su) → 0 if um converges
strongly to u in W 1,p(M, Sp).

If M is not closed we set

W 1,p
ϕ (M, N) := {u ∈ W 1,p(M, N) ; u = ϕ on ∂M}

where ϕ is a given boundary data. We assume that ϕ is in C∞(∂M, N) and can be
extended into M by a smooth map. Then we have

Theorem 1 bis Let p = 3 or 7, p < n = dim M and u ∈ W 1,p
ϕ (M, Sp). Then Su is

the boundary of an i.m. rectifiable current in M . Moreover, mi(Sum − Su) → 0 if um

converges strongly to u in W 1,p
ϕ (M, Sp).
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Considering the question of topological singular sets, using the methods of [31], we have
these corollaries. The readers may refer to [15], [38] and [31] respectively for definitions
and more details.

Corollary 1.1 Let Bn be the n-dimensional unit disk, n > [p] = 3 or 7, and assume that
N is a closed ([p] − 1)-connected riemannien manifold of dimension equal or greater than
[p]. Then Su, the topological singular set of any u ∈ W 1,p(Bn, N), is well defined as a flat
π[p](N)-chain and the flat norm of Sum − Su converges to 0 if um → u in W 1,p(Bn, N).
Moreover u is a strong limit of smooth maps in W 1,p(Bn, N) if and only if Su = 0.

Remark 1.2 The cases where N is not ([p]−1)-connected are more involved. The readers
can refer to [24], where T. Rivière and R. Hardt have treated the relatively difficult case
of W 1,3(B4, S2).

Corollary 1.1 bis Let Bn be the n-dimensional unit disk, n > [p] = 3 or 7, and assume
that N is a closed ([p] − 1)-connected riemannien manifold of dimension equal or greater
than [p]. We assume also that ϕ ∈ C∞(∂Bn, N) is smoothly extendable into Bn. Then u
is a strong limit of smooth maps in W 1,p

ϕ (Bn, N) if and only if Su = 0.

2 Some known facts

Definition 2.1 We say that u ∈ W 1,p(M, Sp) is in R∞,p(M, Sp) if u is smooth except on
B =

⋃m
i=1 σi∪B0 , a compact subset of M , where Hn−p−1(B0) = 0 and the σi , i = 1, · · · , m

are smooth embeddings of the unit disk of dimension n − p − 1. Moreover we assume that
any two different faces of B, σi and σj, may meet only on their boundaries.

Theorem 2 (Bethuel,[2]) R∞,p(M, Sp) is dense in W 1,p(M, Sp) for the strong topology.

We recall the definition of Su, the topological singular set of u :

Definition 2.2 Let u ∈ W 1,p(M, Sp). We define the current Su ∈ Dn−p−1(M) to be the
current defined by

Su(α) :=

∫

M

u∗ω ∧ dα ∀α ∈ Dn−p−1(M). (2.1)

Here Dk(M) is the set of smooth k-forms on M with compact support (See[16], 2.2.3) and
ω is some p-form on Sp for which

∫
Sp ω = 1.
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Let ω1 and ω2 be two such forms on Sp. We have ω1 − ω2 = dβ where β is some
smooth 1-form on Sp extendable to Rp+1. Let u ∈ W 1,p(M, Sp) and consider a sequence
um ∈ C∞(M, Rp+1) converging to u in W 1,p. We have

u∗
m(dβ) = d (u∗

mβ)

and by passing to the limit, we observe that this holds true for u in the sense of distribu-
tions. This proves the independence of Su from the choice of ω as we have :

d(u∗ω1) − d(u∗ω2) = du∗(dβ) = 0

in the sense of distributions. Now the existence of the integral (2.1) is a direct consequence
of the following inequality :

|u∗ω| ≤ 1

pp/2αp
|∇u|p a.e. on M (2.2)

where αp := |Sp| and αpω = ωV , is the standard volume form of Sp.

We shall give a description of Su for u ∈ R∞,p(M, Sp). Clearly if u is smooth a
standard operation on pull-back yields

d(u∗ω) = u∗(dω) = 0

and as a consequence we deduce for u ∈ R∞,p(M, Sp) that

sptSu ⊆ B.

Definition 2.3 Let u ∈ R∞,p(M, Sp) and let B =
⋃
σi ∪ B0 be the singular set of u.

Suppose that each σi is oriented by a smooth (n − p − 1)-vectorfield ,σi. For a ∈ σi let
Na be any (p+1)-dimensional smooth submanifold of M , orthogonal to σi at a. Consider
the embedded (p + 1)-disk Ma,δ = Bδ(a) ∩ Na oriented by the (p + 1)-vectorfield ,Ma such

that (−1)n−p,σi(a) ∧ ,Ma is the fixed orientation of M . Then the topological degree of u on
the p-dimensional topological sphere Σa,δ = ∂Ma,δ is well defined and is independent of
the choice of a and Na for δ small enough. We call this integer the degree of u on σi and
denote it by

degσiu .

Remember that any k-dimensional rectifiable subset M of M considered with a mul-
tiplicity θ and oriented by a unit k-vector field ξ defines a rectifiable current as follows

τ(M, θ, ξ)(α) :=

∫

M

< ξ, α > θ dHk ∀α ∈ Dk(M).

We should recall some useful results.
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Lemma 2.1 If um is a sequence of maps in W 1,p(M, Sp) converging to u, Sum tends to
Su in the sense of currents. That is, for any α, smooth (n − p − 1)-form in M , we have

Su = lim
m→∞

Sum(α).

Equivalently
mr(Sum − Su) → 0 if um → u in W 1,p(M, Sp),

where mr(S) is the minimal mass of normal currents taking S as their boundary.

Lemma 2.2 Let M be a compact riemannien manifold. Then for any u ∈ R∞,p(M, Sp),
Su is the integer multiplicity rectifiable current

∑m
i=1(degσiu) τ(σi, 1, ,σi). Meanwhile, if

∂M is empty, or if u|∂M is homotopic to a constant, then Su is the boundary of some i.m.
rectifiable current of finite mass.

The reader can find the proofs of these statements for the case p = 2 in [29] and [30],
M being a domain in Rn. The proofs are essentially the same for other values of p and
any smooth compact manifold.

Remark 2.1 By lamma 2.1, theorem 1 would come true for any p if mi(S)
mr(S) < C, for

any integral flat (n − p − 1)-chain S in M . The existence of such a constant is an open
problem except for when dim S = 0, n − 2, where we have the equality mi(S) = mr(S)
for any integral flat chain. Refer to [1], [10], [12], [14] and [16], vol II, section 1.3.4 for
proofs and different aspects of the problem.

Theorem 3 (Almgren, Browder and Lieb, [1]) Let M be as above, u ∈ R∞,p(M, Sp),
such that either ∂M is empty or u|∂M is constant, then

mi(Su) ≤ 1

pp/2αp

∫

M

|∇u|pdvolM

3 Proof of theorem 1

We identify S3 (respectively S7) with the unit spheres in quaternions (respectively Cayley
numbers) and observe that they inherit the product structure on these spaces. If we show
the quaternion product (respectively Cayley product) by κ(x, y) := x • y, κ will be a
smooth map from Sk × Sk → Sk, k=3,7, and will satisfy this condition : The induced
homotopic homeomorphism

κ∗ : πk(S
k) ⊕ πk(S

k) → πk(S
k)
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is the sum of elements in πk(Sk). The spheres of dimensions 0, 1, 3 and 7 are the only
spheres for which such κ exist (See [8], section VI.15, p. 412). By x−1 ∈ Sk we mean the
right inverse of x ∈ Sk. Set for u, v ∈ W 1,p(M, Sp) and x ∈ M

u • v−1(x) := u(x) • v(x)−1.

Lemma 3.1 Let u, v ∈ W 1,p(M, Sp), p=3,7, then u•v−1 ∈ W 1,p(M, Sp). Moreover if
{um} is a strongly convergent sequence in W 1,p(M, Sp), then E(um • u−1

k ) → 0 if m, k →
+∞.

Proof : Straight computations show that

∇(u • v−1) = ∇u • v−1 − u • (v−1 • (∇v • v−1))

which yields
|∇(u • v−1)| ≤ |∇u| + |∇v|

as |u| = |v| = 1. Thus u • v−1 ∈ W 1,p(M, Sp). The smoothness of operations and the
Lebesgue dominant convergece yields the second part of lemma.

Lemma 3.2 If u, v ∈ R∞,p(M, Sp), p=3,7, then u • v−1 ∈ R∞,p(M, Sp) and we have

Su•v−1 = Su − Sv (3.1)

.

Proof : That u • v−1 ∈ R∞,p(M, Sp) is a direct result of smoothness of the product.
The relation (3.1) can be deduced from lemma 2.2 and the fact that for any (n − p − 1)-
dimensional face of B(u • v−1) we have :

degσ(u • v−1) = degσu − degσv.

Now we present the proof of theorem 1. Let u ∈ W 1,p(M, Sp), p=3,7. By theorem 2
there exists a sequence of maps um ∈ R∞,p(M, Sp) such that um → u in W 1,p(M, Sp). By
lemma 3.1, there exist a subsequence umk

of um such that

E(umk
• u−1

mk+1
) ≤ pp/2αp

2k+1.

Meanwhile, using theorem 3 and (3.1), we observe that there is an i.m. rectifiable current
Lk such that 





∂Lk = Sumk•u
−1
mk+1

= Sumk
− Sumk+1

M(Lk) ≤ 1

2k
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Choose a finite mass i.m. rectifiable current L0 such that ∂L0 = Sum1
and put

L := L0 −
+∞∑

i=1

Li.

So M(L) < +∞ and L is also an i.m. rectifiable current. Observe that if

Ik := L0 −
k∑

i=1

Li,

then
∂Ik = Sumk+1

.

Meanwhile M(Ik − L) → 0. This, using lemma 2.1, yields

∂L = Su.

(So far we have proved that Su is the boundary of some i.m. rectifiable current in M).
Moreover,

mi(Sumk+1
− Su) ≤ M(Ik − L) → 0 as k → +∞.

Consequently, for any convergent sequence um ∈ R∞,p(M, Sp),

mi(Sum − Su) → 0 (3.2)

As a result, for any u ∈ W 1,p(M, Sp), mi(Su) ≤ CE(u) for C > 0 independent of u.
Meanwhile, by the strong density of R∞,p(M, Sp) in W 1,p(M, Sp) and lemma 2.1, lemma
3.2 is true for maps in W 1,p(M, Sp) too. Using the same method and the proved facts
about Su, we can prove (3.2) for any convergent sequence um ∈ W 1,p(M, Sp), i.e.

mi(Sum − Su) → 0 if um → u in W 1,p(M, Sp).

Theorem 1 bis is proved following the same ideas.

The author is grateful to Tristan Rivière for having drawn his attention to this problem.
This research was carried out with support provided by the French government in the
framework of cooperation programs between Université de Versaille and I.P.M., Institute
for studies in theoretical Physics and Mathematics, Iran.
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We consider the problem of topological singularities for Sobolev maps into closed
manifolds. Using this approach, we prove that smooth maps are weakly sequentially
dense in the Sobolev space W 1,2(Bn, N) for any closed manifold N whose second homotopy
group is of finite type.

1 Introduction

1.1 Aspects of the problem

Questions regarding the density of smooth maps in a given function space between
manifolds arrised in calculus of variations. It is becoming a field on its own with widely
open problems.
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The most studied function spaces are the Sobolev spaces W 1,p(M, N) of maps from
a compact n-dimensional manifold M into a closed riemannien manifold isometrically
embedded in some RN :

W 1,p(M, N) :=
{
u ∈ W 1,p(M, RN) ; u(x) ∈ N a.e. x ∈ M

}
.

In [36], [7], and [2], respectively R.Shoen, K.Uhlenbeck, X.Zheng and F.Bethuel shed
light on the approximability or non approximability by smooth maps of maps in W 1,p(Bn, N),
where Bn is the n-dimensional unit disk. They showed that the lack of approximability
is due to the existence of “topological singular set” for u which is characterized by local
realizations by u of non-zero elements of π[p](N) around points in Bn, where [p] is the
integer part of p. (The notion of topological singular set is still vague and remains to
be precisely defined). In particular they proved that if π[p](N) = 0 then any map in
W 1,p(Bn, N) can be approximated by smooth maps for the strong topology.

In the case π[p](N) += 0, the best one can do is to approximate the maps in W 1,p(Bn, N)
by maps which are smooth away from a finite union Σ =

⋃r
i=1 Σi of smooth (n−p−1) di-

mensional submanifolds of Bn. This set of maps is called R∞,p(Bn, N). A map v ∈
R∞,p(Bn, N) realizes elements σx of π[p](N) on the [p]-spheres centered at any point
x ∈ Σ(v) and contained in the normal [p] + 1 plane to TxΣ(v). If for some x ∈ Σ(v), σx

is non trivial, then v can not be approximated by smooth maps in the strong topology
(See [2]). Furthermore one can assign to v a π[p](N)-chain which is carried by Σ(v) with
“multiplicity” σx at each point x of Σ(v). This π[p](N)-chain can be called the topological
singular set Sv of v in R∞,p(Bn, N). One of the major questions would be to under-
stand the behavior of Svm for a sequence of maps vm ∈ R∞,p(Bn, N) converging to any
u ∈ W 1,p(Bn, N) and eventually to prove a “flat-norm” convergence of Svm to a unique
flat π[p](N)-chain Su we could call the topological singular set of u.

In this paper, we prove the convergence of the π[p](N)-chains Svm for any convergent
sequence of maps in W 1,p(Bn, N) when [p] = n − 1 if N is ([p] − 1)-connected, i.e.

π1(N) = · · · = π[p]−1(N) = 0

or when [p] = 1 if π1(N) is abelian. The problem is still open for almost every other value
for [p]. In fact, if we set for S, any integral flat chain in Bn of dimension k,

mi(S) := inf {M(T) ; T ∈ Rk+1(B
n), ∂T = Su} ,

the minimal mass of i.m. rectifiable currents taking S as the boundary, the question would
be to determine whether mi(Sum −Suk

) → 0 if um converges strongly to u in W 1,p(Bn, Sp).
The answer is yes for p = 1 or n − 1, (See [5] and [16], vol II, section 5.4.2), while we do
not know whether this is the case even for the maps in H1(B4, S2).

Meanwhile, the above program should not work in the described picture for any p and
N (See [24]). But one can ask also a weaker question : Does the flat norm of Svn remain
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bounded as vm → u? This is another problem we address in this paper about the uniform
boundedness of the mass M(Tm) of a minimal connection Tm (∂Tm = Sm) as vm → u. In
this paper we will restrict to the cases where p ∈ N, πp(N) += 0, πq(N) = 0 for 1 < q < p
and when p = 1 we assume that π1(N) is abelian.

Related to this question is the problem of the weak density of smooth maps in
W 1,p(Bn, N). Although the density of smooth maps for the weak topology can be eas-
ily handled from the one for the strong topology (See [2] : Smooth maps are dense for
the weak topology if and only if p ∈ N), the question of the density of smooth maps in
W 1,p(Bn, N) for the sequentially weak topology , where p ∈ N, is more involved : For
p ∈ N, πp(N) += 0, does there exist for any u ∈ W 1,p(Bn, N) a sequence um ∈ C∞(Bn, N)
such that um ⇀ u in W 1,p? The case N = S2, p = 2 was treated by F.Bethuel, H.Brezis,
J.M.Coron and E.Lieb in [10], and [3]. F.Bethuel mentioned that the answer is yes for
N = Sp, p ≥ 2 in [2]. In [19], P.Hajlasz has proved that the answer is yes when N is
(p − 1)-connected. No counter example to the above stated question is known.

As we will explain below the control of the mass of the minimal chain connecting
Svm for vm ∈ R∞,p(Bn, N) converging strongly to u permits to give a positive answer to
the sequentially weak density of smooth maps. This appraoch is different from the one
used by P.Hajlasz and can be used for proving his theorem and some other partial results
regarding the weak sequential denstiy of maps in W 1,p(Bn, N).

Remark 1.1 We do not have always the equi-boundedness of the mass of minimal connec-
tions for Svm when vm → u in W 1,p(Bn, N) : For instance, there exist vm ∈ R3,∞(B4, S2)
such that

inf {M(Tm) ; Tm is a Z − chain such that ∂Tm = Svm} −→ +∞

as vm → u in W 1,3(B4, S2) (See [24]). However it is not excluded that the smooth maps
be sequentially weakly dense in W 1,3(B4, S2).

Recent developments by F.Hang and F.H.Lin in [20] showed that one should be careful
while considering a generic smooth compact manifold M as the domain. Specially there
are cases when the condition “Su = 0” is not sufficient to guarantee the strong approxima-
bility of u by the smooth maps in W 1,p(M, N), even when N = Sp. This happens because
the condition Su = 0 is a local one and can not “detect” probable “global” topological
obstructions in a topologically non-trivial domain.

1.2 Main results

Our first main result is the following :

Theorem 1 Let Bn be the unit disk in Rn. Assume that [p] = 1 and π1(N) is abelian or
[p] = n − 1 and N is a closed ([p] − 1)-connected riemannien manifold of dimension equal
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or greater than [p]. Then Su, the topological singular set of any u ∈ W 1,p(Bn, N), is well
defined as a flat π[p](N)-chain and the flat norm of Sum − Su converges to 0 if um → u in
W 1,p(Bn, N). Moreover u is a strong limit of smooth maps in W 1,p(Bn, N) if and only if
Su = 0.

Remark 1.2 The approach used in ([16], vol II, section 5.4.2) for defining a topological
singualarity for Sobolev maps considers only the real homological singularities. This is
not adapted when the homotopy type singularities are not seen by the real homology, as in
the case W 1,1(Bn, RP2) discussed below.

Remark 1.3 We can extend these results to [p] = 3 or 7. This will be treated in a
forthcoming paper.

We may also ask the same questions about the spaces of maps with fixed boundary
value : For ϕ ∈ C∞(∂Bn, N), admitting a smooth extension φ : Bn → N , we define

C∞
ϕ (Bn, N) := {u ∈ C∞(Bn, N) ; u = ϕ on ∂Bn}

and

W 1,p
ϕ (Bn, N) :=

{
u ∈ W 1,p(Bn, N) ; u = ϕ a.e. on ∂Bn

}
.

Theorem 1 bis Let Bn be the unit disk in Rn. Assume that [p] = 1 and π1(N) is abelian
or [p] = n − 1 and N is a closed ([p] − 1)-connected riemannien manifold of dimension
equal or greater than [p]. We assume also that ϕ is smoothly extendable into Bn. Then
u ∈ W 1,p

ϕ (Bn, N) is a strong limit of smooth maps in C∞
ϕ (Bn, N) if and only if Su, its

topological singular π[p](N)-chain, is zero.

In this paper, we give a new proof of this theorem :

Theorem 2 (Hajlasz, [19]) Let Bn be the unit disk in Rn. and N be any k-dimensional
closed manifold. Assume that for some integer 2 ≤ p ≤ k, N is (p − 1)-connected, i.e.

πq(N) = 0 for q < p.

Then for every u ∈ W 1,p(Bn, N) there is a sequence of maps um ∈ C∞(Bn, N) such that
um converge weakly to u in W 1,p(Bn, N).
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Remark 1.4 The result can also be deduced from [6] when πp(N) is torsion free, which
is not always the case. As an example, the Stiefel manifolds Vk(Rn), when n − k is odd,
are (n − k − 1)-connected and πn−k(Vk(Rn)) = Z2 is not torsion free (See [25]).

Meanwhile, our method has this privilege that it can be used also for the fixed bound-
ary case. This result is not mentionned by P.Hajlasz and can not be deduced directly
from his proof.

Theorem 2 bis Let N be a closed smooth manifold. Assume that for some integer 2 ≤
p ≤ k, N is (p − 1)-connected. Also assume that ϕ : ∂Bn → N is a smooth map,
smoothly extendable to Bn. Then for every u ∈ W 1,p

ϕ (Bn, N) there is a sequence of maps
um ∈ C∞

ϕ (Bn, N) such that um converge weakly to u in W 1,p
ϕ (Bn, N).

We can extend the above results on the sequentially weak density of smooth maps
to the Sobolev spaces W 1,p(M, N) when M is a smooth compact manifold of dimension
greater than p and N satisfies the above conditions, using the same methods. But the
proofs should be modified to surmount the obstacles related to the “global” topological
structure of M .

If p = 1, we do not prove that smooth maps are sequentially dense in W 1,1(Bn, N).
Meanwhile, assuming that π1(N) is abelian, by controling the mass of connections for a
convergent sequence in W 1,1(Bn, N), a weaker result is obtained. The non-abelian case is
more involved and will be treated in a forthcoming paper.

Definition 1.1 Let Ω be a domain in Rn and let um be a bounded sequence in #L1(Ω).
um is said to converge in the biting sense to u ∈ L1(Ω) if for every ε > 0 there exists a
measurable set E ⊂ Ω such that µ(E) < ε and um ⇀ u weakly in L1(Ω\E).

Theorem 3 Let Bn be the unit disk in Rn and N be any closed manifold. Assume
that π1(N) is abelian. then for every u ∈ W 1,1(Bn, N) there is a sequence of maps
um ∈ C∞(Bn, N) such that ∇um tend to ∇u in the biting sense.

Theorem 3 bis Let Bn be the unit disk in Rn and N be any k-dimensional closed man-
ifold. Assume that ϕ ∈ C∞(∂Bn, N) is smoothly extendable to Bn. If π1(N) is abelian,
for every u ∈ W 1,1

ϕ (Bn, N) there is a sequence of maps um ∈ C∞
ϕ (Bn, N) such that ∇um

tend to ∇u in the biting sense.
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Further observations showed that we can solve the problem for any closed manifold N
when p = 2 if π2(N) is of finite type.

Theorem 4 Let Bn be the unit disk in Rn and N be any closed manifold for which π2(N)
is finitely generated. Then for every u ∈ W 1,2(Bn, N), there is a sequence of smooth maps
um : Bn → N converging weakly to u in W 1,2.

Theorem 4 bis Let N be a s above. Assume that ϕ ∈ C∞(∂Bn, N) is smoothly ex-
tendable to Bn. Then for every u ∈ W 1,2

ϕ (Bn, N), there is a sequence of smooth maps
um ∈ C∞

ϕ (Bn, N) converging weakly to u in W 1,2.

For some technical reasons, we will prefer to replace in the proofs the domain Bn by
the n-dimensional cube Cn. Naturally this does not affect the results as these two domains
are diffeomorph to each other.

2 Preliminaries

2.1 Flat chains over a coefficient group

Let G be an abelian group. | . | : G → R+ is called a norm on G if

(i) ∀g ∈ G, | − g| = |g|,

(ii) ∀g, h ∈ G, |g + h| ≤ |g| + |h| ,

(iii) |g| = 0 if and only if g = 0.

We assume that G is a complete metric space with respect to the metric d(g, h) := |g −h|.

Let K be any compact convex subset of Rn. We introduce the spaces of polyhedral
k-chains, flat k-chains and finite mass flat k-chains in K, with coefficients in G. The
readers can refer to [15] and [37] for more details.

Definition 2.1 Pk(K, G) is the space of all G-linear sums of oriented k-dimensional
polyhedras in K. For P =

∑m
i=1 gi[[σi]] ∈ Pk(K, G), where gi ∈ G and σi, i = 1, . . . , m,

are non-overlapping k-dimensional polyhedras, we define the mass and the boundary of P
respectively to be :

M(P ) :=
m∑

i=1

|gi| vol(σi),

∂P :=
m∑

i=1

gi ∂[[σi]] ∈ Pk−1(K, G).
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Definition 2.2 Let P ∈ Pk be a polyhedral G-chain. The flat norm of P is :

F(P ) := inf {M(P − ∂B) + M(B); B ∈ Pk+1 } .

Definition 2.3 The space of flat k-chains, Fk(K, G), is the F-completion of Pk(K, G).
For A ∈ Fk(K, G), we define the mass of A to be :

M(A) := inf
{

lim inf
n→∞

M(Pn) ; Pn
F−→ A, Pn ∈ Pk(K, G)

}
.

Mk(K, G) is the set of flat k-chains in Fk(K, G) with finite mass and is a complete metric
space with respect to the flat norm. Finally, for Ω being any open set in Rn, we define
Fk(Ω, G) to be the union of all the Fk(K, G) among convex compact sets K ⊂ Ω.

We recall some usefull results :

Lemma 2.1 The boundary map ∂ : Pk → Pk−1 is continuous with respect to the F-norm
and so it can be extended to a unique F-continuous map ∂ : Fk → Fk−1.

Lemma 2.2 Any homomorphism χ : G → H between groups, which is continuous with
respect to their norms, induces a F-continuous group homomorphism

χ∗ : Fk(K, G) → Fk(K, H).

Moreover, χ∗ commutes with ∂, i.e. :

χ∗(∂A) = ∂χ∗(A), ∀A ∈ Fk(K, G) (2.1)

and
M(χ∗(A)) ≤ CM(A), ∀A ∈ Mk(K, G)

if |χ(g)| ≤ C|g| for all g ∈ G.

2.2 The subspaces R∞,p(Cn, N) and R∞,p(Cn, N)

Definition 2.4 Let Cn := [−1
2 ,

1
2 ]

n be the unit cube in Rn. u ∈ W 1,p(Cn, N) is in
R∞,p(Cn, N) if u is smooth except on Σ(u) =

∑r
i=1 Σi, where for i = 1, . . . , r, Σi is a

subset of a linear subspace of Rn of dimension n − p − 1 and ∂Σi is a subset of a inear
subspace of dimension n − p − 2.

Theorem (Bethuel, [2]) R∞,p(Cn, N) (respectively R∞,p
ϕ (Cn, N)) is dense in W 1,p(Cn, N)

(respectively W 1,p
ϕ (Cn, N)) for the strong topology.
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Let u ∈ R∞,p(Cn, N). There is some compact subset of Cn, B =
⋃µ

i=1 σi, where the σi,
i = 1, . . . , µ are non-overlapping (n − p − 1)-dimensional polyhedras, such that Σ(u) ⊂ B
and that every n − p − 2 dimensional face of B belongs to at least two σi. Moreover we
can assume that any two different faces of B intersect only on their boundaries. Let

‖x‖ := max
i=1,...,n

|xi| forx = (x1, . . . , xn) ∈ R
n

and for δ > 0 put

V δ := {y ∈ Cn; ‖y − B‖ ≤ δ}

where

‖y − B‖ := inf{‖y − x‖; x ∈ B}.

Also for δ > 0 and some orthonormal base {ei
1, . . . , e

i
p+1} orthogonal to σi, set

σδi :=

{

x +
p+1∑

j=1

tje
i
j ; x ∈ σi , max

j=1,...,p+1
|tj| ≤ δ

}

and define πi : σδi → σi to be the smooth projection

πi

(

x +
p+1∑

j=1

tje
i
j

)

:= x.

For δ0 small enough, we consider a lipschitz projection π : V δ0 → B with the following
properties :

(i) V δ =
⋃µ

i=1 V δ
i , where the V δ

i := π−1(σi) ∩ V δ are non-overlapping n-polyhedras in
Rn which intersect only on lower dimensional faces.

(ii) There are lipschitz diffeomorphisms

fi : V δ0
i → σδ0i ,

such that






fi(V
δ
i ) = σδi ∀δ < δ0

π|V δ
i

= πi ◦ fi|V δ
i

fi([x, π(x)]) = [fi(x), π(x)] ∀x ∈ V δ
i

where by [p, q] we mean the segment joining the two points in Cn.
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Definition 2.5 For y ∈ V δ\B, let hδ(y) be the unique point on ∂V δ which is on the ray
from π(y) to y. Then naturally π(hδ(y)) = π(y) and hδ is locally lipschitz on V δ\B. We
set

uδ(y) :=






u(hδ(y)) if y ∈ V δ

u(y) otherwise
(2.2)

Definition 2.6 We set

R∞,p(Cn, N) := {uδ ; u ∈ R∞,p(Cn, N)}

and we say u is radial if u ∈ R∞,p(Cn, N).

By computing the integral of uδ on V δ
i by the mean of fi as new coordinates we observe

that for δ1 > 0 sufficiently small, there is some constant K, depending only on B, for
which : 





∫

∂V δ

|∇u|p ≤ K

δ1

∫

V δ1

|∇u|p

∫

V δ

|∇uδ|p ≤ δK

∫

∂V δ

|∇u|p
(2.3)

for δ ∈ I0, a positive measure subset of [0, δ1].

Remark 2.1 As a result, R∞,p(Cn, N) is also dense in W 1,p(Cn, N) for the strong topol-
ogy.

We recall that there are canonical isomorphismps between πp(N, x) and πp(N, y) for
x, y ∈ N if and only if π1(N) is abelian for p = 1 and π1(N) = 0 for p > 1. We assume
that these conditions are satisfied so that we can talk about the homotopy classes of maps
from Sp into N as elements of πp(N).

Definition 2.7 Let u ∈ R∞,p(Cn, N) and Σ(u) ⊂ B =
⋃µ

i=1 σi be its singular set. Assume
that each σi is oriented by a smooth (n − p − 1)-vectorfield ,σi. For a ∈ σi, let Na be the
(p+1)-dimensional plane orthogonal to σ at a. Consider the (p+1)-disk Ma,δ = Bδ(a)∩Na

oriented by the (p + 1)-vector ,Ma such that ,σi(a) ∧ ,Ma = ξRn. u is continuous on the
p-dimensional oriented sphere Σa,δ = ∂Ma,δ. The homotopic singularity of u at σi is

[u, σi] := [u|Σa,δ
]πp(N) , (2.4)

i.e. the homotopy class of u|Σa,δ
in πp(N), which is independent of the choices of a and δ.

Definition 2.8 We define the topological singularity of u ∈ R∞,p(Cn, N) to be the πp(N)-
polyhedral chain

Su :=
µ∑

i=1

[u, σi] [[σi]] ∈ Pn−p−1(Cn, πp(N)),

where Σ(u) ⊂ B =
⋃µ

i=1 σi is its singular set.

Remark 2.2 u suffices to be continuous on Cn\B for Su to be well defined.
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2.3 A useful lemma

Let Bl be the unit disk in Rl. We denote

U l :=
{

(x, y) ∈ Bl × Bl ; x += y
}

and
U l
δ :=
{
(x, y) ∈ U l ; y /∈ B(x, δ)

}
.

Definition 2.9 For (x, y) ∈ U l, we define p(x, y) to be the unique point on ∂Bl which is
on the ray from x to y.

Clearly p is well-defined and smooth on U l. As U l
δ is compact, we have for some

constant C(l, δ) > 0 :
sup

(x,y)∈U l
δ

|∇p(x, y)| ≤ C(l, δ) < +∞.

We have

Lemma 2.3 Let 1 ≤ p < l be an integer. Then

∫

B(0,1−δ)

|∇y p(x, y)|p dx ≤ C(l, p, δ) (2.5)

when C(l, p, δ) depends on l, p and δ and not on y.

Proof : Let x ∈ B(0, 1 − δ). We distinguish two cases :

(i) y /∈ B(x, δ). Then (x, y) ∈ U l
δ and we get

|∇yp(x, y)| ≤ C(l, δ) ≤ 2C(l, δ)

|y − x| . (2.6)

(ii) Otherwise y ∈ B(x, δ) ⊂ Bl. Then

p(x, y) = p

(
y − x

|y − x|δ + x, x

)

and so

|∇yp(x, y)| ≤
∣∣∣∣∇yp

(
y − x

|y − x|δ + x, x

)∣∣∣∣
δl

|y − x| ≤ δlC(l, δ)

|y − x| , (2.7)

as (
y − x

|y − x|δ + x, x

)
∈ U l

δ.

Using the inequalities (2.6) and (2.7), the lemma is proved.
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3 An example : W 1,1
ϕ (C2, RP2)

3.1 Notations

Let f : S2 → R6 be the map :

f(x, y, z) := (

√
2

2
x2 ,

√
2

2
y2 ,

√
2

2
z2 , xy , yz , zx). (3.1)

f induces an embedding of the 2-dimensional Real Projective Space, RP2, into R6. A
property of this embedding is that the minimum length of the cycle homotopic to the
non-zero element of π1(RP2) 6 Z2 is π, independent of the choice of the base point. We
define a norm on the 2-group π1(RP2) :

|a| := 1 if a += 0, := 0 otherwise. (3.2)

Also we define the map g : B2 → RP2 as follows :

g(x1, x2) := f

(
x1, x2,

√
1 − (x2

1 + x2
2)

)
. (3.3)

Now let w0 = f(1, 0, 0) ∈ RP2 and put

G = f
({

(x, y, z) ∈ S2 ; z = 0
})

.

G is a length minimizing generator of π1(RP2) passing through w0. For w ∈ RP2\G we
define the projection

pw : RP
2\{w} → G

as follows :
pw(w′) := g((p(g−1(w), g−1(w′))) ∀w′ ∈ RP

2\{w} (3.4)

where p is the map given in definition 2.9. Observe that pw is well defined for w′ ∈ G as
in this case we would have pw(w′) = w′ independent of the choice of g−1(w′). Let us fix
ε > 0 such that

V ol(RP
2\Gε) > 2π ,

where
Gε :=

{
y ∈ RP

2 ; d(y,G) < ε
}

is the ε-neighbourhood of G in RP2.

Lemma 3.1 Let G and pw be as above. Then :

(i) pw : RP2\{w} → G is well defined and smooth.

(ii) For any cycle G′ ⊂ RP2\{w} we have :

[G′]π1(RP2) = χ([pw(G′)]π1(G)) (3.5)
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where χ : π1(G) 6 Z → π1(RP2) 6 Z2 is an onto homomorphism.

(iii) For any w′ ∈ RP2 we have :

∫

RP2\Gε

|∇pw(w′)| dw = C0 = C0(ε) < +∞. (3.6)

Proof : We observe that g−1 is well defined and smooth on RP2\G, while in a neigh-
bourhood of G, pw is a projection along smooth curves orthogonal to G. This proves the
first part of the lemma. Now observe that the injection map i : G → RP

2 induces a
homomorphism

χ : π1(G) → π1(RP
2)

which is onto as [G] is the generator of π1(RP2). So, since pw is smooth on RP2\{w}, we
get

[G′]π1(RP2) = [pw(G′)]π1(RP2) = χ([pw(G′)]π1(G))

which proves (3.5).

Now let
Nε := RP

2\Gε

and observe that for g : B2 → RP2 as in (3.3) :

(i) Nε/2 = g(B(0, 1 − δ)), for some 0 < δ < 1,

(ii) g|B(0,1−δ) is an embedding.

We prove (3.6) : Let w ∈ Nε ⊂ Nε/2. If w′ /∈ Gε/2 then since g−1 is smooth on Nε/2,
using (2.5) and (3.4), we get for some C0(δ) > 0 :

∫

Nε

|∇pw(w′)| dw ≤
∫

Nε/2

|∇pw(w′)| dw ≤ C0(δ).

If not, the map p̃ : Nε × Gε/2 → G :

p̃(w, w′) := pw(w′)

is smooth on its compact domain because Nε ∩Gε/2 = ∅. So there exists K > 0, indepen-
dent of w, w′ for which

|∇pw(w′)| ≤ K

if w′ ∈ Gε/2, w ∈ Nε. This completes the proof of (3.6).
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3.2 Study of R∞,1
ϕ (C2, RP2)

Let u ∈ R∞,1
ϕ (C2, RP2). We observe that Su ∈ P0(C2, π1(RP2)) is is in fact the

sum
∑µ

i=1[u, pi] [[pi]] where {p1, ..., pµ} are the singularities of u and [u, pi] is the class of
u(∂B(pi, δ)) in π1(RP2) for δ small enough.

Definition 3.1 I ∈ F1(C2, π1(RP2)) is a connection for u if ∂I = Su.

Proposition 3.1 For u ∈ R∞,1
ϕ (C2, RP2), there exists I ∈ P1(.2, π1(RP2)) such that






∂I = Su

M(I) ≤ C

∫
|∇u| + C

(3.7)

for some constant C > 0 depending only on ϕ.

Remark 3.1 Any I ∈ P1(C2, π1(RP2)) is a set of non oriented segments while M(I) is
simply the total length of these segments.

Corollary 3.1 For any u ∈ R∞,1
ϕ (C2, RP2), there exists a connection Iu ∈ F1(.2, π1(RP2))

of minimal mass which satisfies

M(Iu) ≤ C

∫
|∇u| + C.

(Use the compactness result of [13], section 4.2.26, p. 432.)

Proof of proposition 3.1 : First we assume that ϕ ≡ w0 is constant. Let u be a
map in R∞,1

ϕ (C2, RP2) for which Su =
∑µ

i=1[u, pi] [[pi]]. Let A be the set of regular values
of u in RP2. By Sard’s theorem, H2(A) = vol(RP2) = 4π. We estimate the integral

J :=

∫

RP2\Gε

∫

C2

|∇(pw ◦ u)(x)| dx dw. (3.8)

We have by (3.6) :

J ≤
∫

C2

∫

RP2\Gε

|∇pw(u(x))| |∇u(x)| dwdx ≤ C0

∫

C2

|∇u|.

As a result, considering (3.8), there exists some positive measure set W ⊂ RP2\Gε such
that : ∫

C2

|∇(pw ◦ u)| ≤ C0

2π

∫

C2

|∇u| for all w ∈ W. (3.9)

Since u is radial, for some regular w ∈ A ∩ W , u−1(w) is a finite subset of C2. We have :
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2RP
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Fig.1
Projection of u into S1

Lemma 3.2 There exists w ∈ W such that the map

ũ := pw ◦ u : C2 → G

is in R∞,1
w0

(C2,G). Moreover if we consider the additive group Z with its usual norm, for

some Ĩ ∈ P1(C2, Z), for which ∂Ĩ = Sũ, the following properties hold :






L(Ĩ) = inf
{
L(Ĩ ′) ; Ĩ ′ ∈ F1(C2, Z) , ∂Ĩ ′ = Sũ

}

L(Ĩ) ≤ 1

π

∫

C2

|∇ũ|.
(3.10)

where L(Ĩ) is the Z-mass of Ĩ.

Remark 3.2 Observe that π1(G) 6 Z. Moreover L(Ĩ) is the length of minimal connec-
tions connecting the singularities of ũ, introduced in [10].
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Fig.2
Connections for u and for pw ◦ u

For a proof of this lemma, see [11], propositions 1 and 2. Observe that the best con-
stant in inequality (3.10) is achieved by the mean of co-area formula as in [1].

Using lemma 3.2, we finish the proof of the proposition : Consider the homomorphism
χ in (3.5). By lemma 2.2, χ induces a group homomorphism

χ∗ : Pk(C2, Z) → Pk(C2, π1(RP
2)).

We consider Ĩ as in lemma 3.2 and we set I := χ∗(Ĩ). We deduce that

∂I = χ∗(Sũ). (3.11)

Meanwhile, by lemma 3.1, part (ii), we observe that, for all points p ∈ C2, there exists δ
small enough for which :

[u, p] = [u(∂Bδ(p))]π1(RP2) = χ([ũ(∂Bδ(p))]π1(G)) = χ([ũ, p])

and as a result :
Su = χ∗(Sũ). (3.12)

For visualizing this phenomenon see Fig.1 where we compare the singualrities of u and
pw ◦ u. Comparing this with (3.11) we obtain

∂I = Su .

Observe that |χ(z)| ≤ |z| for all z ∈ Z, thus we have by lemma 3.2 :

M(I) = M(χ∗(Ĩ)) ≤ L(Ĩ) ≤ 1

π

∫

C2

|∇(pw ◦ u)| .

So using the inequality (3.9), we get

M(I) ≤ C0

2π2

∫

C2

|∇u|.
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This completes the proof for constant boundary datas. In Fig.2 we have illustrated two
connections for u and one for pw ◦u. We show how the minimal polyhedral connection for
u (the thin dashed segments) comes to be lesser in mass from the image of any connection
of pw ◦ u under χ∗ (the thick curves).

Now consider the case of non-constant ϕ. We extend u over the cube

C̃2 := {x ∈ R
2 ; ‖x‖ ≤ 1

2
+ ε}

for some ε > 0 as follows :

u(x) := φ

(
1/2 + ε − ‖x‖

ε
x

)
∀x ∈ C̃2\C2 ,

while φ is the smooth extention of ϕ onto C2. Now u is constant on the boundary of C̃2

and we have clearly ∫

eC2

|∇u| ≤
∫

C2

|∇u| + C1

where C1 depends only on ϕ. Applying the proposition to u on C̃2 as above, we obtain
some I ′ ∈ P1(C̃2, Z2) for which ∂I ′ = Su and M(I ′) ≤ CE(u) + C. Now since spt Su is a
compact set in C2, we observe that there is an open U ⊂ C2 such that spt Su ⊂ U and ∂U
is a convex polygone. Let Π denote the lipschitz map which leaves U fixed and radially
projects points outside U onto its boundary. This map induces a map

Π# : Pk(C̃2, Z2) → Pk(C2, Z2)

which commutes with the boundary map. Moreover

M(Π#(I ′)) ≤ lipΠM(I ′).

So as spt Su ⊂ U , it is easy to see that I := Π#(I ′) satisfies the conditions of proposition
3.1.

Now we present another important result concerning the maps in R∞,1
ϕ (C2, RP2). The

same singularity removing proposition was proved in [3] for H1(B3, S2).

Proposition 3.2 Let I ∈ P1(C2, π1(RP2)) be a connection for u ∈ R∞,1
ϕ (C2, RP2). Then

there are maps vm ∈ C∞
ϕ (C2, RP2) such that





vm = u on C2\Km ,

|Km| ≤ 1

m
,

∫

C2

|∇vm| ≤
∫

C2

|∇u| + CM(I) +
1

m
·

(3.13)

for some constant C > 0 independent of u.

This proposition is a special case of proposition 5.1 which is proved in the next section.
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3.3 Topological singularities for maps in W 1,1+s(C2, RP2)

We give a proof for theorem 1 for M = C2, N = RP2 and [p] = 1. Let u be a map
in W 1,p(C2, RP2) such that [p] = 1. We intend to define Su, the topological singular
chain of u as a flat Z2-chain. In fact we are to prove that for any sequence of maps
um ∈ R∞,p(C2, RP2) ⊂ R∞,1(C2, RP2), Sum is a convergent sequence in F0(C2, Z2) and
that the limit is independent of the choice of the sequence um.

Let um be such a sequence. Set as in (3.8)

Jm :=

∫

RP2\Gε

∫

C2

|∇(pw ◦ u)(x) − ∇(pw ◦ um)(x)| dx dw.

We are to prove that Jm → 0. First observe that for fixed x ∈ C2

|∇(pw ◦ u)(x) − ∇(pw ◦ um)(x)| ≤ C(|∇pw(u(x))| + |∇pw(um(x))|) ∈ L1(RP
2\Gε)

(See 3.6). Now, since ∇(pw ◦ um) converge for almost every w ∈ RP2\Gε to ∇(pw ◦ u), by
Lebesgue dominant convergence we get

∫

RP2\Gε

|∇(pw ◦ u)(x) − ∇(pw ◦ um)(x)| dw → 0

for almost every x ∈ C2. Also we have
∫

RP2\Gε

|∇(pw ◦ u)(x) − ∇(pw ◦ um)(x)| dw ≤ C0(ε)(|∇u(x)| + |∇um|) ∈ L1(C2).

Thus, again using the Lebesgue dominant convergence, we obtain that Jm tends to 0 for
m → +∞. As a result, there exists w ∈ RP2\Gε such that

pw ◦ um → pw ◦ u in W 1,1(C2, S1)

and that w is a regular value for all um, i.e.

pw ◦ um ∈ R∞,1(C2, S1).

Meanwhile, any flat chain with multiplicity in Z is also a real current, defining a dual
functional on the space of compactly supported smooth differential forms. Now if we set
Spw◦u to be the real 0-current (distribution) defined as follows :

Spw◦u(α) :=
1

2π

∫

C2

(pw ◦ u)∗(dθ) ∧ dα ∀α ∈ C∞
c (C2, R),

we get
mr(Spw◦um − Spw◦u) → 0
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where by mr(S) we mean the minimal mass of normal currents getting S as their boundary
(See [16], vol II, section 5.4.2, theorem 2). Moreover, for a 0-dimensional integral flat chain
S in Rn the minimal i.m. rectifiable current taking S as the boundary is also the minimal
real current, i.e. we have

mr(S) = mi(S) := inf{M(T);T ∈ R1(R
n), ∂T = S}

(See [14]). As a result, Spw◦u is the boundary of some i.m. rectifiable current (Spw◦u ∈
F0(C2, Z)) and we get

F(Spw◦um − Spw◦u) ≤ mi(Spw◦um − Spw◦u) → 0 .

Using lemma 2.2 and (3.12) we obtain that the flat Z2-chain

Su := χ∗(Spw◦u) = lim
m→∞

χ∗(Spw◦um) = lim
m→∞

Sum

is independent of the choice of w and that F(Sum − Su) → 0. Since any two sequences
converging to u can be restructured to a single converging sequence, Su is independent of
the converging sequence um too.

Now suppose that Su = 0. Consequently for any sequence of maps um converging to
u in W 1,p(C2, S1), there is polyhedral Z2-chains Im such that

M(Im) → 0

and that spt (∂Im − Sum) ⊂ ∂C2 (This is what we call a connection when we do not fix
a boundary data). Using the same method as for the singularity removing proposition
3.2, we prove the existence of a sequence of smooth maps vm : C2 → RP2 which converge
to u in W 1,1 (Here we use the fact that M(Im) → 0). Consequently, u is homotopical
to constant on any generic 1-skeleton of C2. Using this and referring to [2], the proof
of theorem 1, we can approximate strongly u by smooth maps in W 1,p(C2, RP2). This
completes the proof of theorem 1 for this special case.

3.4 Study of sequential weak density in W 1,1
ϕ (C2, RP2)

We prove theorem 3 bis for n = 2 and N = RP2 : For every u ∈ W 1,1
ϕ (C2, RP2), there

are um ∈ C∞
ϕ (C2, RP2) such that um → u in L1(C2) and ∇um converge in the biting sense

to ∇u.

Proof : First we approximate u by a sequense uk ∈ R∞,1
ϕ (C2, RP2) (See remark 2.1).

Passing to a subsequence if necessary, we can assume that energies of uk are bounded
by the same constant. So, by proposition 3.1, there are polyhedral connections Ik for uk

such that their masses are equi-bounded. Using proposition 3.2, we construct maps uk,m,
which converge almost everywhere to uk and have equi-bounded energies too. As a result,
um,m tend in L1 to u and their gradients are equi-bounded in L1 norm. By ([16], Vol I,
section 1.2.7), ∇um,m converge in L1 in the biting sense. Furthermore the limit can not
be other than ∇u, since um,m converge strongly to u in L1.
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4 Controling the mass of connections

We assume that p > 1 and that N is a (p − 1)-connected smooth compact manifold of
dimension k ≥ p, i.e.

πq(N) = 0 for q < p.

Using the fact that N is (p − 1)-connected, we generalize the result of proposition 3.1 to
maps in R∞,p

ϕ (Cn, N). This is what we prove in proposition 4.1. As before, the main idea
is to conjugate u with a projection of N on the generators of its p-homotpy group.

Consider some triangulation of N and for 1 ≤ l ≤ k, let N l be the l-skeleton of N . So
N = Nk. Observe that by ([40], theorem (1.6), p. 215), Np is (p − 1)-connected and the
homomorphisms

χp,l : πp(N
p) → πp(N

l),

induced by the injection maps ip,l : Np → N l, are onto. As a result, using ([17], Corollary
3.5, p. 38) , Np is of the homotopy type of a bouquet of p-spheres and we obtain that
πp(Np) is finitely generated. Let g1, . . . , gβ be its generators. As a result, πp(N l) is finitely
generated too. We choose its generators among {χp,l(g1), . . . , χp,l(gβ)} and we define a
norm on πp(N l), p ≤ l ≤ k, as follows : For a ∈ πp(N l), |a| is the smallest length of
a product of generators of πp(N l) representing a. Observe that there is some constant
C > 0 such that

|χp,l(g)| ≤ C|g|, ∀g ∈ πp(N
p). (4.1)

Since π1(N) = 0, Su ∈ Pn−p−1(Cn, πp(N)) is well defined for any u ∈ R∞,p
ϕ (Cn, N) (See

definition 2.8). We proceed as before by generalizing the concept of connections :

Definition 4.1 We say that T ∈ Fn−p(Cn, πp(N)) is a connection for u ∈ R∞,p
ϕ (Cn, N)

if ∂T = Su.

We write

N l =
sl⋃

i=1

ξl
i(B

l),

where
ξl
i : Bl → N l

i := ξl
i(B

l), i = 1, . . . , sl

are diffeomorphisms and each two N l
i are rather disjoint or intersecting on a lower dimen-

sional face in N l−1.

Now let w ∈ N l
1 × · · · × N l

sl
, w = (w1, ..., wsl

) be such that wi /∈ N l−1. Define

pl
w : N l\{w1, . . . , wsl

} → N l−1

as follows :

pl
w(y) :=






ξl
i(p((ξl

i)
−1(wi), (ξ

l
i)

−1(y))) if y ∈ N l
i\N l−1

y otherwise

where p is the projection defined in definition 2.9.
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Lemma 4.1 Let p + 1 ≤ l ≤ k, then

(i) pl
w is well defined and locally Liptchitz on N\{w1, . . . , wsl

}.

(ii) For any p-dimensional cycle G′ ⊂ N\{w1, . . . , wsl
} we have :

[G′]πp(N l) = χl([pl
w(G′)]πp(N l−1) (4.2)

where
χl : πp(N

l−1) → πp(N
l)

is the homomorphism induced by the injection map il : N l−1 → N l.

(iii) For any w′ ∈ N l :
∫

N l
1,ε×···×N l

sl,ε

|∇pw(w′)|p dw ≤ C(p, l, ε) < +∞ , (4.3)

where for 1 ≤ i ≤ sl and 0 < ε < 1 :

N l
i,ε := ξl

i (Bl(0, 1 − ε)) .

Remark 4.1 Since N is (p − 1)-connected, πp(N) ≡ Hp(N, Z) (Hurewicz theorem). So
the homotopy class of p-cycles in N is well defined.

Proof : Using (2.5), the lemma is proved as for lemma 3.1.

Now let us estimate the integral

J :=

∫

N l
1,ε×···×N l

sl,ε

∫

Cn

|∇(pw ◦ u)(x)|p dxdw. (4.4)

for u ∈ W 1,p(Cn, N l), for p < l. By (4.3) we have

J ≤
∫

Cn

∫

N l
1,ε×···×N l

sl,ε

|∇pw(u(x))|p|∇u(x)|p dwdx

≤ C(p, l, ε)

∫

Cn

|∇u|p.

As a result, by considering (4.4), there is some positif measure set W ⊂ N l
ε := N l

1,ε ×
· · · × N l

sl,ε
⊂ Rlsl for which :

∫

Cn

|∇(pw ◦ u)|p ≤ C(p, l, ε)

Hlsl(N l
ε)

∫

Cn

|∇u|p ∀w ∈ W. (4.5)
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Lemma 4.2 Let l > p and ul ∈ Rp,∞
w0

(Cn, N l) for some w0 ∈ N l−1. Then there is a map
ul−1 : Cn → N l−1 and C > 0, independent of ul, such that

(i) ul−1 ∈ R∞,p
w0

(Cn, N l−1),

(ii)

∫

Cn

|∇ul−1|p ≤ C

∫

Cn

|∇ul|p ,

(iii) Sul = χl
∗(Sul−1)

where χl : πp(N l−1) → πp(N l) is the homomorphism induced by the injection map il :
N l−1 → N l.

Proof : Let us fix 0 < ε < 1 and consider the set W ⊂ N l
ε as in (4.5). Also we fix ε1,

ε2, ε3 > 0 and 0 < δ < δ1 such that

C(l, p, ε)

Hlsl(N l
ε)

(
K2

∫

V δ1

|∇ul|p + δKε2 + ε1

)
+ ε3 ≤

∫

Cn

|∇ul|p (4.6)

where K, δ and δ1 satisfy (2.3). For almost all w = (w1, . . . , wsl
) ∈ W , wi’s are regular

values for ul|Cn\V δ and ul|∂V δ , which are smooth on their domains. Using (2.3) and by
the co-area formula we obtain that for almost all w ∈ W , (ul)−1(wi) ∩ (Cn\V δ) is a finite
mass smooth submanifold of Cn\V δ, of dimension n− l, while its boundary is also a finite
mass submanifold of ∂V δ, of dimension n − l − 1. We fix such w and we observe that for
all ε′ > 0, there is fε′, some lipschitz diffeomorphism of Cn, such that fε′ is the identity
map except on a small neighbourhood of

⋃sl
i=1(u

l)−1(wi), and we have :






fε′(V
δ) = V δ , fε′(∂V

δ) = ∂V δ

(ul ◦ fε′)
−1(wi) ∩ (Cn\V δ) is a polyhedral (n − l)-submanifold of Cn\V δ

(ul ◦ fε′)
−1(wi) ∩ (∂V δ) is a polyhedral (n − l − 1)-submanifold of ∂V δ.

∫

Cn

∣∣∇(ul ◦ fε′) − ∇ul)
∣∣p < ε′

∫

∂V δ

∣∣∇(ul ◦ fε′) − ∇ul
∣∣p < ε′

(4.7)

Let ε′ = min{ε1, ε2} and denote vl := (ul ◦ fε′)δ. Using (2.3) and (4.7) we get :
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∫

Cn

|∇vl|p =

∫

V δ

|∇(ul ◦ fε′)δ|p +

∫

Cn\V δ

|∇(ul ◦ fε′)|p

≤ δK

∫

∂V δ

|∇(ul ◦ fε′)|p +

∫

Cn\V δ

|∇ul|p + ε1

≤ δKε2 + δK

∫

∂V δ

|∇ul|p +

∫

Cn\V δ

|∇ul|p + ε1

≤
∫

Cn

|∇ul|p + (δKε2 + ε1 + K2

∫

V δ1

|∇ul|p).

(4.8)

We observe that vl is continuous on Cn\B and since fε′ is a diffeomorphism, it has the
same homotopic singularity as ul on components of B. Now by (4.5) we have :

∫

Cn

|∇(pw ◦ vl)|p ≤ C(l, p, ε)

Hlsl(N l
ε)

∫

Cn

|∇vl|p . (4.9)

So as a result vl−1 := pw ◦ vl ∈ W 1,p
w0

(Cn, N l−1). Observe that by construction vl−1 is
locally lipschitz away from

Σ(vl−1) =
sl⋃

i=1

(ul ◦ fε′)
−1
δ (wi) ∪ B.

Moreover by (4.7), (ul ◦ fε′)
−1
δ (wi) is a finite union of (n − l)-dimensional polyhedrals

supported in Cn. Thus, since n − l ≤ n − p − 1, we can find some ul−1 ∈ R∞,p
w0

(Cn, N l−1)
such that ul−1 has the same topologic singularities as vl−1, and

∫

Cn

|∇ul−1 − ∇vl−1|p ≤ ε3 .

This fact, combined with (4.6), (4.8) and (4.9) yields :
∫

Cn

|∇ul−1|p ≤
(

C(l, p, ε)

Hlsl(N l
ε)

+ 1

)∫

Cn

|∇ul|p .

We have proved so far parts (i) and (ii) of lemma 4.2. Part (iii) is a direct consequence
of (4.2) and the construction of ul−1, using the same argument as in proof of proposition
3.1 (See (3.12)).

Lemma 4.3 Let N be a (p−1)-connected smooth compact manifold. Let u ∈ R∞,p
ϕ (Cn, Np)

such that ϕ is constant. Then there exists polyhedral chain T ∈ Pn−p(Cn, πp(Np)) such
that 





∂T = Su

M(T ) ≤ C

∫

Cn

|∇u|p
(4.10)

for some constant C > 0 independent of u.
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Proof : As we observed above, Np is (p−1)-connected too and it is finitely generated.
Let g1, . . . , gβ be its generators. By ([17], Corollary 3.5, P.38), we observe that there are
smooth maps pi : Np → Sp, i = 1, . . . , β, such that

[pi(G)]πp(Sp) = αi([G]πp(Np)) for any p − cycle G ⊂ Np, (4.11)

where, for every a ∈ πp(Np),

a =
β∑

i=1

αi(a)gi

is its unique decomposition. Meanwhile, for every u ∈ R∞,p
ϕ (Cn, Np), pi◦u is in R∞,p

ϕ (Cn, Sp).
Since ϕ is constant, by [1] and the approximation theorem (5.6) in [15], there is Ti ∈
Pn−p(Cn, Z) such that 





∂Ti = Spi◦u

M(Ti) ≤ Ci

∫

Cn

|∇u(pi ◦ u)|p
(4.12)

where Ci > 0 is independent of u. (See also [29] for detailed discussion for S2).

Now consider the injectif group homomorphism κi : Z → πp(N), i = 1, . . . , β, defined
by κi(n) = ngi . Observe that we have

β∑

i=1

κi(αi(a)) = a ∀a ∈ πp(N
p),

which combined with (4.11) gives :

κi
∗(Spi◦u) = Su .

Moreover, κi
∗ satisfies

M(κi
∗(T )) ≤ C ′

i M(T ),

for some constant C ′
i independent of T . We set

T :=
β∑

i=1

κi
∗(Ti).

So T is a polyhedral πp(Np)-chain, of dimension n−p and supported in Cn. Using lemma
2.2 and (4.12) we obtain

∂T =
β∑

i=1

κi
∗(Spi◦u) = Su

and

M(T ) ≤
β∑

i=1

C ′
iM(Ti) ≤

β∑

i=1

C ′
iCi

∫

Cn

|∇(pi ◦ u)|p .

This completes the proof since the pi are smooth.
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Using the above stated lemmas, we prove the following important result :

Proposition 4.1 For any integer p, 2 ≤ p ≤ k, let N be a k-dimensional (p−1)-connected
compact smooth manifold. Let Cn be the unit cube in Rn. Then for u ∈ R∞,p

ϕ (Cn, N), there
is T ∈ Pn−p(Cn, πp(N)) such that






∂T = Su

M(T) ≤ C

∫
|∇u|p + C

(4.13)

for some constant C > 0 independent of u.

Corollary 4.1 For any u ∈ R∞,p
ϕ (Cn, N), there is a minimal connection Tu ∈ Fn−p(Cn, πp(N))

which satisfies

M(Tu) ≤ C

∫
|∇u|p + C.

(See corollary 3.1).

Proof of proposition 4.1 : It is sufficient to prove the proposition for ϕ = w0 ∈ Np,
constant. Using the same method as in the proof of proposition 3.1, combined with the
approximation theorem (5.6) in [15], the proof is generalized for any smooth boundary
data.

Write Nk = N and uk = u. Using lemma 4.2 successively we obtain a map up ∈
R∞,p

w0
(Cn, Np), which satisfies






∫

Cn

|∇up|p ≤ C1

∫

Cn

|∇u|p

χ∗(Sup) = Su

(4.14)

where χ : πp(Np) → πp(N) is the natural homomorphism and C1 is independent of u. We
apply lemma 5.1 to up and get some Tp ∈ Pn−p(Cn, πp(Np)) such that

M(Tp) ≤ C2

∫

Cn

|∇up|p

and
∂Tp = Sup.

Combining with (4.14) and applying lemma 2.2, using (4.1), we observe that T := χ∗(Tp)
satifies (4.13).
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5 Removing the singularities using finite energy

In the section, we prove that we can remove the singularities of a map u ∈ R∞,p
ϕ (Cn, N)

by modifying it along one of its polyhedral connections and using an energy almost pro-
portional to the mass of the connection. The idea first appeared in [3] for H1(B3, S2).
Our proof uses a different approach since the situation is technically more involved. Note
that we use the same norm defined for πp(N) as in section 4 and the method may not work
for non-equivalent norms. This is the exact statement of what we prove in this section :

Proposition 5.1 Let p > 1 be an integer and let N be a k-dimensional simply connected
closed manifold. Assume that πp(N) is finitely generated. If T ∈ Pn−p(Cn, πp(N)) is a
connection for u ∈ R∞,p

ϕ (Cn, N), there are maps um ∈ C∞
ϕ (Cn, N) such that






um
Lp

−→ u as m → ∞
∫

Cn

|∇um|p ≤
∫

Cn

|∇u|p + CM(T) + O(
1

m
)

(5.1)

for C > 0 independent of u. The same result holds when p = 1 if π1(N) is abelian.

First we prove two lemmas necessary for the proof of this proposition.

Lemma 5.1 For every g ∈ πp(N), there exists an open covering of N , {Ug
1 , . . . , Ug

νg
},

and smooth maps
ωg,j : Bp × Ug

j → N, j = 1, . . . , νg

such that 




ωg,j(.|∂Bp, y) ≡ y ∀y ∈ N

[ωg,j(., y)]πp(N) = g ∀y ∈ N

∫

Bp

|∇xωg,j(., y)|pdx ≤ C|g| ∀y ∈ N

|∇ωg,j|∞ ≤ Cg

(5.2)

where C > 0 is independent of g and j.

Proof : Let h1, . . . , hγ be the generators of πp(N). Since N is compact we can find a
finite open covering of N , {U1, . . . , Uν}, and smooth maps

ωi,j : Bp × Uj → N
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such that for all i, j and all y ∈ N we have





ωi,j(.|∂Bp, y) ≡ y

[ωi,j(., y)]πp(N) = hi .
(5.3)

Now we write g ∈ πp(N) in its minimal length decomposition

g = hi1 + · · ·+ his ,

where s = |g|. For y ∈ N , x ∈ Bp and ρ = 1, . . . , s, we set

ωg,x(y) := ωiρ,jρ

(
sx − (ρ− 1)

x

|x|
, yρ

)
if

ρ− 1

s
≤ |x| ≤ ρ

s
,

where ys := y ∈ Ujs and for ρ = 1, . . . , s − 1,

yρ := ωiρ+1,jρ+1(0, yρ+1) ∈ Ujρ .

Observe that by slightly modifying ωg,x : Bp → N , we can assume that it is smooth on
its domain. Moreover it will satisfy






ωg,y|∂Bp ≡ y

[ωg,y]πp(N) = g

∫

Bp

|∇ωg,y|p ≤ Cs = C|g|

for C > 0 independent of g and y. Another observation shows that ωg,y depends smoothly
on y in small neighbourhoods. Since N is compact, we can find a finite open covering for
it, {Ug

1 , . . . , Ug
νg
}, such that for j = 1, . . . , νg

ωg,j(x, y) := ωg,y(x), if y ∈ Ug
j

satisfy (5.2).

Lemma 5.2 Let u ∈ R∞,p
ϕ (Cn, N) and Σ ⊂ Cn be an oriented polyhedral of dimension

n − p such that u is continuous on Σ except probably on its boundary. Then for every
g ∈ πp(N), there is a sequence um ∈ W 1,p

ϕ (Cn, N) and C > 0 independent of g and u such
that






um = u on Cn\Km

|Km| → 0 as m → ∞
∫

Cn

|∇um|p ≤
∫

Cn

|∇u|p + C|g||Σ| + 1

m

(5.4)

and
Sum = Su − g[[∂Σ]].
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Proof : We identify Rn with Rn−p × Rp with variables X ∈ Rn−p, Y ∈ Rp. Without
loss of generality we can assume that Σ lies in the plane Rn−p × {0}. We divide Σ in
polyhedrals of equal dimension

Σ :=

νg⋃

j=1

ij⋃

i=1

Σi
j

such that u(Σi
j) ⊂ Ug

j for all i, j. We choose B as in section 2.2 such that

νg⋃

j=1

ij⋃

i=1

∂Σi
j ⊂ B

and we replace u by uδ1 for δ1 small enough (See definition 2.5). This doesn’t change
much the energy of u and Suδ1

= Su, so it is sufficient to prove the lemma for u = uδ1 .
Since u is radial, we have for some constant C1 > 0

|∇u(x)| ≤ C1 if x ∈ Cn\Vδ1 , |∇u(x)| ≤ C1

‖x − B‖ if x ∈ Vδ1 . (5.5)

We set for η << δ < δ1 and (X, Y ) ∈ Cn\Vδ

vδ,η(X, Y ) :=






u(X, Y ) if (X, 0) /∈ Σ or if |Y | ≥ η

u

(
X, 2Y − η

Y

|Y |

)
if (X, 0) ∈ Σ and η

2 ≤ |Y | ≤ η

ωg,j

(
2

η
Y, u(X, 0)

)
if (X, 0) ∈

⋃ij
i=1 Σi

j and |Y | ≤ η
2

(5.6)

We set
Ση := {(X, Y ); (X, 0) ∈ Σ, |Y | ≤ η}.

and we observe that vol(∂V δ ∩ Ση) = O(ηp). Using (2.2), (2.3) and (5.5) we get
∫

Vδ

|∇(vδ,η ◦ hδ) − ∇u|p ≤ δK

∫

∂Vδ∩Ση

(
CgC2

η
+ C1

)p

≤ O(δ)

for C2 > 0 independent of δ. Moreover for fixed δ we have
∫

Cn\Vδ

|∇vδ,η − ∇u|p ≤ C|g||Σ| +
∫

Ση

(
CgC2

δ
+ C1

)p

≤ C|g||Σ| + O(η).

As a result, by choosing successively suitable δ and η, um := (vδ,η)δ will satisfy (5.4).
Moreover we have

Sum = Su ± g[[∂Σ]].

If necessary, we get the good sign by replacing g by −g above.
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Proof of proposition 5.1 : We write

T =
θ∑

i=1

gi[[Σ
i]].

Put u0
m := u and for i = 1, . . . , θ, let ui

m be the m-th element of the sequence obtained by
applying lemma 5.2 to ui−1

m for Σi, gi. We get

Suθ
m

= Su −
θ∑

i=1

gi[[∂Σ
i]]

= Su − ∂T = 0.

and we observe that uθ
m satisfy (5.1). Pay attention that Suθ

m
= 0 means that uθ

m, restricted
to almost every small enough p-cycle in Cn, is homotopic to constant in N . Using this
and referring to [2], the proof of theorem 1, we can approximate strongly uθ

m by smooth
maps in C∞

ϕ (Cn, N). This completes the proof.

6 Proof of theorems 1,2 and 3

Theorems 1 and 1 bis are proved using the same arguments as for W 1,1+ε(C2, RP2),
regarding the fact that we have developped the necessary tools above. Observe that the
equality

mi(Su) = mr(Su)

holds true for any integral flat chain S in Rn if and only if S is of dimension 0 or codi-
mension 2 in Rn (See [14]). Thus our method can not be used for [p] taking a value other
than 1 or n − 1.

Considering propositions 4.1 and 5.1, theorem 2 bis is proved the same as in section
3.4. The only difference is that since p > 1, a bounded sequence in W 1,p

ϕ (Cn, N) has a
weakly convergent subsequence. Theorem 2 is proved following the same ideas. The only
important difference is that a chain T is said to be a connection for u ∈ R∞,p(Cn, N) if
spt (∂T − Su) ⊂ ∂Cn (Compare with definition 4.1).

Propositions 4.1 and 5.1 hold for p = 1, abelian π1(N), thus theorems 3 and 3 bis are
proved with the same method.

7 Proof of theorem 4

Let N be any closed manifold. We prove that the smooth maps are sequentially weakly
dense dense in W 1,2(Cn, N). Regarding what we proved above, we should prove the the-
orem for π1(N) += 0. Trying to adapt the method used for proving theorem 2 , the first
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problem we confront is that in this case there are not canonical isomorphisms between
the homotopy groups πp(N, x) with different base points. Thus, we can not talk about
[u, σi] as in definition 2.7 without fixing a base point in N . Another difficulty is that N2

may not be of the same homotopy type as a bouquet of spheres.

For surmounting these problems we consider the smooth riemannien manifold Ñ , the
universal covering of N , and the corresponding fibration F : Ñ → N . We assume that
Ñ is embedded isometrically in some RN ′

and that F is a local isometry. We consider
N2 as defined in section 4 and again using ([40], theorem (1.6), p. 215) we observe that
π1(N) = π1(N2) and for 2 ≤ l ≤ k, the homomorphisms

χ2,l : π2(N
2) → π2(N

l),

induced by the injection maps i2,l : N2 → N l, are onto. Meanwhile, since N is compact,
π2(N) and π2(N2) are finitely generated. Set

Ñ2 := F−1(N2).

Since π1(N2) = π1(N) and using the homotopy theory, we deduce that Ñ2 is the universal
covering of N2 as a CW-complex and that F |fN2 is the corresponding fibration. Observe
that this diagram is commutative :

π2(Ñ2)
eχ2,k

−→ π2(N)

↓ (F |fN2)∗ ↓ F∗

π2(N2)
χ2,k

−→ π2(N)

(7.1)

where χ̃2,k : Ñ2 → Ñ is induced by the injection map ĩ2,k : Ñ2 → Ñ and is onto. Also

F∗ : π2(Ñ) → π2(N) and (F |fN2)∗ : π2(Ñ2) → π2(N
2)

are isomorphisms. Thus, since π1(Ñ2) = π1(Ñ) = 0, using ([17], Corollary 3.5, P. 38) and

the fact that π2(N2) is finitely generated, we obtain that Ñ2 is of the homotopy type of
a finite bouquet of spheres.

Any u ∈ R2,∞(Cn, N) can be lifted to a map ũ : Cn → Ñ as π1(Cn\Σ(u)) = 0.
(Remember that π1(Cn) = 0 and that Σ(u) is of codimension 3 in Cn). Since F is a local
isometry, we get that ũ ∈ R2,∞(Cn, N) and that

∫

Cn

|∇ũ|2 =

∫

Cn

|∇u|2 . (7.2)

Since π1(Ñ) = 0, Sũ is well defined as in definition 2.8.
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Let u ∈ W 1,2(Cn, N) and um ∈ R2,∞(Cn, N) a sequence converging strongly to u.
Using the same method as in proposition 4.1 we can prove the existence of some constant
C > 0 independent of um, and maps u2

m ∈ R2,∞(Cn, N2) such that
∫

Cn

|∇u2
m|2 ≤ C

∫

Cn

|∇um|2. (7.3)

Meanwhile, if we consider the liftings ũ2
m ∈ R2,∞(Cn, Ñ2), we get

χ̃2,k
∗ (Sũ2

m
) = Sũm . (7.4)

This is a result of the commutativity of diagram (7.1) and the construction of u2
m, using

the same method as in lemma 4.2. Since Ñ2 is of homotopy type of a bouquet of spheres,
using the arguments of lemma 5.1, we observe that for any map ṽ2 ∈ R2,∞(Cn, Ñ2) we

can find T2, a π2(Ñ2)-chain, supported in a finite union of smooth submanifolds of M of
dimension n − 2 and connecting Sṽ2 , such that

spt(∂T2 − Sṽ2) ⊂ ∂Cn and M(T2) ≤ C

∫

Cn

|∇ṽ2|2 , (7.5)

where C is independent of v2. Regarding (7.2), (7.3), (7.4) and (7.5), we prove the same
result for any map ũ ∈ R2,∞(Cn, Ñ) which is a lifting of a map u ∈ R2,∞(Cn, N), this
time using π2(Ñ)-chains.

Also, the equivalent statement of proposition 5.1 is proved for maps from Cn into
Ñ , though Ñ may not be compact. This is possible as π2(Ñ) is still finitely generated.
(Here we use countable proper open covers of Ñ in place of finite covers and remove
the singularities by modifying the maps in neighbourhoods of smooth (n−2)-dimesnional
polyhedrals in Cn. Applying the singularity removing proposition to ũm and its connection,
we deduce the existence of some maps ṽk

m ∈ R2,∞(C2, Ñ) such that Sṽk
m

= 0, ṽk
m → ũm in

L2-norm and
∫

Cn

|∇ṽk
m|2 ≤ C

∫

Cn

|∇ũm|2 + O(
1

k
) (7.6)

are equi-bounded. Set
vk

m := F ◦ ṽk
m ∈ R2,∞(Cn, N).

Since Sṽk
m

= 0, the vk
m do not realize any non trivial homotopy class of π2(N) around

their singularities. So we can apprximate them strongly by maps uk
m ∈ C∞(Cn, N). By

(7.6), the uk
m are equi-bounded in Dirichlet energy and for a suitable subsequence uk(m)

m ,

they converge strongly to u in L2. So there is a subsequence of uk(m)
m ∈ C∞(Cn, N) which

converges weakly to u in W 1,2.

Theorem 4 bis is proved using the same method. Also, using the same arguments we
can prove that smooth maps are sequentially dense in W 1,p(Bn, N), if πp(Ñ), being the

first non-trivial homotopy group of Ñ , is of finite type.
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We prove that smooth maps are dense in the sense of biting convergence in W 1,1(Bn, N)
when N is a closed riemannien manifold.

1 Introduction

Let Bn be the unit disk in Rn and N a closed riemannien manifold isometrically em-
bedded in RN . Set

W 1,1(Bn, N) := {u ∈ W 1,1(Bn, RN); u(x) ∈ N for a.e.x ∈ Bn}

This space inherits the strong and the weak topology of W 1,1(Bn, RN) and is closed under
the weak convergence of maps in W 1,1. The energy of a map u ∈ W 1,1(Bn, N) is defined
to be

∫
Bn |∇u|.

Based on the work of R.Shoen, K.Uhlenbeck, X.Zheng and F.Bethuel in [36], [7],
and [2], we know that smooth maps from Bn into N are not dense in W 1,1(Bn, N) if

101
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π1(N) += 0. In fact, they showed that the lack of approximability is due to local re-
alizations by u ∈ W 1,1(Bn, N) of non-zero elements of π1(N) around points in Bn. In
particular they proved that if π1(N) = 0 then any map in W 1,1(Bn, N) can be approxi-
mated by smooth maps for the strong topology. A major question would be to determine
a criteria for a map to be approximable by smooth maps in W 1,1(Bn, N), i.e. we try to
define Su, “the topological singular set ” of u, which would be equal to zero if and only if
u is a strong limit of smooth maps in W 1,1(Bn, N).

In the case π1(N) += 0, one can approximate the maps in W 1,1(Bn, N) by maps which
are smooth away from a finite union Σ =

⋃r
i=1 Σi of smooth (n − 2)-dimensional sub-

manifolds of Bn. This set of maps is called R∞(Bn, N). A map v ∈ R∞(Bn, N) realizes
elements σx of π1(N, y) on the circles centered at any point x ∈ Σ(v) and contained in
the normal bidimensional plane to TxΣ(v). If for some x ∈ Σ(v), σx is non trivial, then v
can not be approximated by smooth maps in the strong topology (See [2]). In [31], the
author and T.Rivière observed that if π1(N) is abelian, one can assign to v a π1(N)-chain
which is carried by Σ(v) with “multiplicity” σx at each point x of Σ(v). This π1(N)-chain
is called the topological singular set Sv of v in R∞(Bn, N). Moreover, for a sequence
of maps vm ∈ R∞(Bn, N) converging strongly to any u ∈ W 1,1(Bn, N), Svm converges
in the flat norm to a unique flat π1(N)-chain Su we called the topological singular set of u.

2C

 0 w=u(x )

x 0 b  -1

 a -1

-1b  -1 a b   a  

u

  a  
b 

  a  

b 

Fig.1
An (aba−1b−1)-type singularity dipole

This approach confronts important obstacles when π1(N) is not abelian. The major
problem is the following : If π1(N) is abelian, its elements are well defined independent
of the choice of the base point in N , i.e. we can define isomorphisms γ# between π1(N, y)
and π1(N, y′) with the aide of smooth curves γ joining y and y′ in N . These isomorphisms
do not depend of the choice of γ and so we can identify π1(N, y) and π1(N, y′) in a natural
manner. In this way, e.g. we can compare the topologic singularity of u ∈ R∞(B2, RP2)
around different points in the square B2 without ambiguity, though the values of u in
RP2 near these points might differ. But, if π1(N) is not abelian, there is no canonical
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isomorphism between π1(N, y) and π1(N, y′) for two different points y, y′ ∈ N . The iso-
morphisms γ# would depend on the homotopy class of γ and even a closed curve γ joining
y to itself may produce a non-trivial isomorphism of π1(N, y) onto itself. So, talking about
the topologic type of a singularity without fixing the base points in Bn and in N is impos-
sible and we can neither compare the topological type of different singularities nor talk
about connecting them by chains with coefficients in π1(N) as before.

Another problem we encounter in the study of this case is that u ∈ R∞(Bn, N) may
have singularities of the type aba−1b−1 which are not removable by strong convergence of
smooth maps. Meanwhile, following the method used in [31], the conjugation of u with
pa (or pb), the projections of N on the generating cycles of a (or b), will not “see” these
singularities in the first instance, since pa ◦ u (or pb ◦ u) would realise the cycles aa−1 (or
bb−1) in their respectable circle-type targets.

2C

 a -1  a  b b  -1

Fig.2
A bad connecting set for the dipole

(Not suitable for removing the singularities)

In this way, the question of defining a topological singular set for maps in W 1,1(Bn, N)
is still open for non-abelian π1(N). In this paper, we try to pave the way for understand-
ing the situation by answering another related question. If π1(N) is abelain, we can prove
that for any map u ∈ W 1,1(Bn, N), there is a sequence of smooth maps, vm ∈ C∞(Bn, N),
such that u is the W 1,1-weak limit of vm outside arbitrary small positive measure subsets
of Bn (See definition 1.1 below). The method consists in controling the mass of chains
which connect the singular chain of a map u ∈ R∞(Bn, N) to the boundary of Bn and
then removing the singularities, spending en energy proportional to the mass of these
connections (See [31]). The question is then whether this method can be modified to
prove the same result for the non-abelian π1(N) case.

For surmounting the above described problems for non-abelian π1(N), we should in-



104 CHAPTER V. STUDY OF W 1,1(BN , N) FOR NON-ABELIAN π1(N)

troduce new elements into the proof. In fact, we search a kind of connecting set Au ⊂ Bn

of dimension n − 1 for the singularities of a map u ∈ R∞(Bn, N) so that for any point
x ∈ Au we can identify a(x) : the elements of π1(N, u(x)) which should be introduced
into u (transversally to Au at x) such that the singularities of u are removed. These
connecting sets should also take into account the problems provoked by aba−1b−1-type
singularities described above. And, last but not least, the one-energy of inserted curves
producing a(x) at x ∈ Au should be controled uniformly (independent of the choice of
x and u) so that the total energy of the modification be uniformly proportional to the
volume of Au, which in its turn is controled by the energy of u. All this is possible for a
converging sequence um → u ∈ W 1,1(Bn, N). So here is the main results of this paper :

Definition 1.1 Let Ω be a domain in Rn and let um be a bounded sequence in #L1(Ω).
um is said to converge in the biting sense to u ∈ L1(Ω) if for every ε > 0 there exists a
measurable set E ⊂ Ω such that µ(E) < ε and um ⇀ u weakly in L1(Ω\E).

Theorem 1 Let Bn be the unit disk in Rn and N be any k-dimensional closed manifold.
Then for every u ∈ W 1,1(Bn, N) there is a sequence of maps um ∈ C∞(Bn, N) such that
∇um tend to ∇u in the biting sense.

Assume that ∂Bn is not empty. We may also ask the same questions about the spaces
of maps with fixed boundary value : For ϕ ∈ C∞(∂Bn, N), admitting a smooth extension
φ : Bn → N , we define

C∞
ϕ (Bn, N) := {u ∈ C∞(Bn, N) ; u = ϕ on ∂Bn}

and
W 1,1

ϕ (Bn, N) :=
{
u ∈ W 1,1(Bn, N) ; u = ϕ a.e. on ∂Bn

}
.

Theorem 1 bis Let Bn be the n-dimensional unit disk and N be any k-dimensional
closed manifold. Assume that ϕ ∈ C∞(∂Bn, N) is smoothly extendable into Bn. Then for
every u ∈ W 1,1

ϕ (Bn, N) there is a sequence of maps um ∈ C∞
ϕ (Bn, N) such that ∇um tend

to ∇u in the biting sense.

As a simplified example, consider the space W 1,1(Bn,S2), where S2 := S1
a ∨ S1

b is the
bouquet of two circles based on the point w ∈ R2. π1(S2, w) is the free (thus non-abelian)
group generated by two generators a and b. Let pa and pb be the projection of S2 onto S1

a

and S1
b . The idea is to associate to any sequence um ∈ R∞(Bn,S2), converging strongly

to u ∈ W 1,1(Bn,S2), two points ya ∈ S1
a and yb ∈ S1

b such that

Aum := Aa
um

∪ Ab
um

:= (pa ◦ um)−1(ya) ∪ (pb ◦ um)−1(yb)

is a finite union of smooth submanifolds of Bn and that for a uniform constant C > 0

vol(Aum) ≤ C

∫

Bn

|∇u| + C.
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2C

 0 w=u(x )

y
b 

y
b 

ya 

ya 

 a -1

u

  a  b 

-1 u (   )

-1 u (   )

b   a  b  -1

Fig.3
Inverse Images are good connecting sets for the dipole

Then the topological considerations detailed in the paper show that Aum satisfy the above
necessary conditions for suitable connecting sets. Observe that as the image of these “con-
nections” are constant in S2, the homotopy groups π1(S2, um(x)) for x ∈ Aum would have
a fixed base point. For a visulaisation of this problem compare Figures 1,2 and 3.

For generalizing these results to any smooth compact manifold M as the domain one
should be careful as there may be some global topological obstructions we did not con-
sider in this paper. Refer to the recent work of F.Hang and F.H.Lin [20] where they show
that the absence of “local” topological obstructions does not mean the approximability
by smooth maps in the strong topology. We hope to extend these results to any domain
by adapting our proofs to the new cases.

Finally we mention that the same questions about the density of smooth maps and
the topological singularities can be asked about the functional spaces H

1
2 (Bn, N), which

is also an interesting case.

2 Preliminaries

2.1 The non-abelian fundamental group

Let N be a closed smooth manifold and y, y′ ∈ N two base points. Any curve

γ : [0, 1] → N

for which γ(0) = y and γ(1) = y′, induces a natural isomorphism

γ# : π1(N, y′) → π1(N, y)

which depends only on the homotopy class of γ. If π1(N, y) is abelian, these isomorphisms
are canonic, that is they do not depend on the choice of the curve γ. In this case we can
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talk about π1(N) without ambiguity. Otherwise, for referring to a specific element of
π1(N), we are obliged to fix a base point for π1(N). Now let us assume that y = y′ and
consider a curve γ as above. We have

γ#(a) = [γ]a[γ]−1, ∀a ∈ π1(N, y) (2.1)

where [γ] is the homotopy class of γ in π1(N, y). Naturally if π1(N, y) is not abelian, these
isomorphisms may not be trivial for [γ] += 0. See ([8], section VII.7) for more details.

2.2 The subspace R∞(Bn, N)

Definition 2.1 We say that u ∈ W 1,1(Bn, N) is in R∞(Bn, N) if u is smooth except on
B =

⋃m
i=1 σi ∪ B0 , a compact subset of Bn, where Hn−2(B0) = 0 and the σi , i = 1, · · · , m

are smooth embeddings of the unit disk of dimension n−2. Moreover we assume that any
two different faces of B, σi and σj, may meet only on their boundaries.

Theorem 2 (Bethuel,[2]) R∞(Bn, N) is dense in W 1,1(Bn, N) for the strong topology.

Definition 2.2 Let u ∈ R∞(Bn, S1) and let B =
⋃
σi ∪ B0 be the singular set of u.

Suppose that each σi is oriented by a smooth (n−2)-vectorfield ,σi. For a ∈ σi let Na be any
2-dimensional smooth submanifold of Bn, orthogonal to σi at a. Consider the embedded
disk Ma,δ = Bδ(a)∩Na oriented by the 2-vectorfield ,Ma such that (−1)n−1,σi(a)∧ ,Ma is the
fixed orientation of Bn. Then the topological degree of u on the closed curve Σa,δ = ∂Ma,δ

is well defined and is independent of the choice of a and Na for δ small enough. We call
this integer the degree of u on σi and denote it by

degσiu .

Theorem 3 (Almgren, Browder and Lieb, [1]) Let u ∈ R∞(Bn, S1), then for any
regular value y ∈ S1,

∂[[u−1(y)]] − [[u−1(y)]]!∂Bn =
m∑

i=1

(degσiu) [[σi]]

and ∫

S1

Hn−1(u−1(y)) dy ≤
∫

Bn

|∇u| .



3. PROOF OF THEOREM 1 107

3 Proof of theorem 1

As in the case where π1(N) is abelian, we should prove the existence of sets with bounded
volume, connecting the singularities of a map in R∞(Bn, N), along which we can mod-
ify the map for removing its singularities. Meanwhile, for some technical reasons, we
should use the same process for the elements of any strongly convergent sequence um ∈
R∞(Bn, N) when defining these sets.

Let us consider any map u∈ W 1,1(Bn, N) and a sequence of maps um ∈ R∞(Bn, N)
converging strongly to u. As we mentionned above, such a sequence always exist. We
should show the existence of smooth maps vm : Bn → N , such that ∇vm tend in the
biting sense to ∇u.

Step 1 : Projection of maps into some one skeleton of N

Consider some triangulation of N and for 1 ≤ l ≤ k, let N l be the l-skeleton of N . So
N = Nk. Observe that by ([40], theorem (1.6), p. 215), the homomorphism

χ : π1(N
1, y) → π1(N, y), (3.1)

induced by the injection map i : N1 → N , is onto. Also using ([17], Corollary 3.5, p. 38),
N1 is of the homotopy type of a bouquet of circles and we obtain that π1(N1) is finitely
generated. Let f : N1 → Sβ :=

∨β
i=1 S1

i be a homotopy equivalence between N1 and
the bouquet of β circles, S1

1 , . . . , S
1
β, embedded in some euclidean space and based on the

fixed point w.

Definition 3.1 We set

U l :=
{

(x, y) ∈ Bl × Bl ; x += y
}

.

For (x, y) ∈ U l, we define p(x, y) to be the unique point on ∂Bl which is on the ray from
x to y.

Let us write

N l =
sl⋃

i=1

ξl
i(B

l),

where
ξl
i : Bl → N l

i := ξl
i(B

l), i = 1, . . . , sl

are diffeomorphisms and each two N l
i are rather disjoint or intersecting on a lower dimen-

sional face in N l−1. Let w ∈ N l
1 × · · · × N l

sl
, w = (w1, ..., wsl

) be such that wi /∈ N l−1.
Define

pl
w : N l\{w1, . . . , wsl

} → N l−1
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as follows :

pl
w(y) :=






ξl
i(p((ξl

i)
−1(wi), (ξ

l
i)

−1(y))) if y ∈ N l
i\N l−1

y otherwise

where p is the projection defined in definition 3.1. Set for 1 ≤ i ≤ sl and 0 < ε < 1

N l
i,ε := ξl

i (Bl(0, 1 − ε))

and
N l

ε := N l
1,ε × · · · × N l

sl,ε
.

We proved in [31] that
∫

N l
ε

∫

Bn

|∇(pl
w ◦ u)(x)|dx dw ≤ C(l, ε)

∫

Bn

|∇u|,

where C(l, ε) is independent of u. Moreover, for any sequence of maps um ∈ R∞(Bn, N)
converging to u we have

Jm :=

∫

N l
ε

∫

Bn

|∇(pl
w ◦ um)(x) − ∇(pl

w ◦ u)(x)| dx dw → 0 as m → +∞ .

The proof is the same as the one given for W 1,1(B2, RP2) in [31]. Meanwhile, observe that
for fixed w ∈ N l, the isomorphisms

κy := γ# : π1(N, pl
w(y)) → π1(N, y), (3.2)

where γ : [0, 1] → N , γ(0) = y, γ(1) = pl
w(y) is any smooth curve, are independent of the

choice of γ if its trajectory lies entirely in (pl
w)−1(pl

w(y)). This is because any connected
component of (pl

w)−1(pl
w(y)) is simply-connected. Moreover, for any curve α : [0, 1] → N ,

α(0) = α(1) = y, we have
κy ◦ χ ([pl

w ◦ α]) = [α], (3.3)

where χ is as in (3.1).

Proposition 3.1 Let u and um ∈ R∞(Bn, N) be as above. Then, there are wl ∈ N l
ε,

1 < l ≤ k, such that for all m

(i) ul−1 := pl
wl

◦ ul ∈ W 1,1(Bn, N l) and ul−1
m := pl

wl
◦ ul

m ∈ R∞(Bn, N l−1)

(ii) ul−1
m → ul in W 1,1

(iii)

∫

Bn

|∇ul−1
m | ≤ K(l, ε)

∫

Bn

|∇u| + K

(iv) We have
κum(x) ◦ χ ([u1

m ◦ α]) = [um ◦ α],

where α : [0, 1] → Bn, α(0) = α(1), is any smooth curve avoiding the singularities of u1
m.
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Regarding the above statements, the proof of this proposition is straightforward.

Step 2 : Defining the inverse images which connect the singularities of um

Fix suitable ε > 0 and consider the sequence u1
m according to proposition 3.1. Observe

that u1
m = P ◦ um where

P := p2
w2

◦ . . . ◦ pk
wk

.

Set
ũm := f ◦ u1

m : Bn → Sβ .

f can be assumed to be smooth, so ũm ∈ R∞(Bn,Sβ). Also, again by propositon 3.1, for
some constant C > 0 independent of m

∫

Bn

|∇ũm| ≤ C

∫

Bn

|∇u| + C. (3.4)

We have then

Proposition 3.2 For i = 1, . . . , β, there is yi ∈ S1
i , yi += w, a regular value of f ◦ P,

such that yi is a regular value for any ũm and that for a subsequence of um we have

Hn−1(ũ−1
mk

(yi)) ≤ C ′

∫

Bn

|∇u| + C ′,

for C ′ > 0 independent of m.

Proof : Observe that we can project smoothly Sβ on each of the circles S1
1 , . . . , S

1
β.

Composing ũm with these projections we obtain maps um,i : Bn → S1
i of energies lesser

than that of ũm. Also for y ∈ S1
i , different from w, ũ−1

m (y) = u−1
m,i(y). So by theorem 3

and (3.4) we obtain ∫

S1
i

Hn−1(ũ−1
m (y)) dy ≤ C

∫

Bn

|∇u| + C.

Thus, by Fatou’s lemma

∫

S1
i

lim inf
m→+∞

Hn−1(ũ−1
m (y)) dy ≤ C

∫

Bn

|∇u| + C.

As a result, the subset

{
y ∈ S1

i ; lim inf
m→+∞

Hn−1(ũ−1
m (y)) ≤ 1

2π
(C

∫

Bn

|∇u| + C)

}

is of positive measure in S1
i . This, combined with Sard’s theorem, completes the proof.
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Now observe that we can write

ũ−1
m (yi) =

µi⋃

j=1

Ai,j
m ⊂ Bn

and

(f ◦ P)−1(yi) =
νi⋃

k=1

Bi,k ⊂ N

where Ai,j
m and Bi,k, respectively the connected components of ũ−1

m (yi) and (P ◦ f)−1(yi),
are smooth submanifold of Bn and N . Moreover, it is obvious that um(Ai,j

m ) ⊂ Bi,k for
some 1 ≤ k ≤ νi.

Using the isomorphisms κy defined above, we want to associate a unique, well defined
element of π1(N, y), ai,k

y , to any y ∈ Bi,k. Since f is a homotopy equivalence, the f−1(yi)
are simply-connected. As a result, since P(Bi,k) ⊂ f−1(yi), the Bi,k are simply-connected
too (See (3.3)). Let ai ∈ π1(Sβ , yi) be the homotopy class representing the curves which
make only one turn over S1

i in one fixed direction. Let y′ ∈ f−1(yi). Since f is a homotopy
equivalence,

ai
y′ := (f#)−1(a) ∈ π1(N

1, y′)

is well defined. We set for y ∈ Bi,k

ai,k
y := ky ◦ χ(ai

P(y)) ∈ π1(N, y)

which is well defined by (3.2). Observe that by ([8], section VII, theorem 7.2), for any
γ : [0, 1] → Bi,k we have

γ#(ai,k
γ(1)) = ai,k

γ(0) . (3.5)

Step 3 : Modifying a map along the connecting sets

Here is the main result of this step :

Proposition 3.3 Let um and Ai,j
m as above. Then there are maps vm,m′ ∈ C∞(Bn, N)

such that





vm,m′

L1

−→ um as m′ → ∞

∫

Bn

|∇vm,m′ | ≤
∫

Bn

|∇um| + C
β∑

i=1

µi∑

j=1

Hn−1(Ai,j
m ) + O(

1

m′
)

for C > 0 independent of u.
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This singularity removing proposition is proved using the same methods as in ([31],
proposition 2.4) with slight modifications. The only major difference is that we need a
new version of ([31], lemma 2.9) :

Lemma 3.1 For every 1 ≤ i ≤ β, and avery 1 ≤ k ≤ νi, there exists an open covering
of Bi,k, {U i,k

1 , . . . , U i,k
ri,k

}, and smooth maps

ωi,k
r : [0, 1] × U i,k

r → Bi,k, r = 1, . . . , ri,k

such that 




ωi,k
r (0, y) = ωi,k

r (1, y) = y ∀y ∈ Bi,k

[ωi,k
r (., y)]πp(N,y) = ai,k

y ∀y ∈ Bi,k

∫ 1

0

|∇xω
i,k
r (., y)|dx ≤ C ∀y ∈ Bi,k

|∇ωi,k
r |∞ ≤ C

where C > 0 is independent of i and k.

Using the compatibility condition (3.5) the proof of this lemma is straightforward.

Step 4 : End of proof for theorem 1

Remember that ũ−1
m (yi) is the distinct union of the Ai,j

m . So, by propositions 3.2 and
3.3, vm,m tend in L1 to u and their gradients are equi-bounded in L1 norm. By ([16], Vol
I, section 1.2.7), ∇vm,m converge in L1 in the biting sense. Furthermore the limit can not
be other than ∇u, since vm,m converge strongly to u in L1.

Theorem 1 bis is proved following the same method.

The author is grateful to Tristan Rivière for having drawn his attention to this problem
and for the fruitful discussions we had about it. This research was carried out with
support provided by the French government in the framework of cooperation programs
between Université de Versaille and I.P.M., Institute for studies in theoretical Physics and
Mathematics, Iran.
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