NEW TOPOLOGICAL RECURSION RELATIONS

XTAOBO LIU AND RAHUL PANDHARIPANDE

ABSTRACT. Simple boundary expressions for the k' power of the cotangent line class ¢/ on Mg,l
are found for £ > 2g. The method is by virtual localization on the moduli space of maps to P!. As a
consequence, nontrivial tautological classes in the kernel of the boundary push-forward map

bt AT (Mg2) — A (Mgy1)

are constructed. The geometry of genus g + 1 curves then provides universal equations in genus g
Gromov-Witten theory. As an application, we prove all the Gromov-Witten identities conjectured
recently by K. Liu and H. Xu.

0. INTRODUCTION

0.1. Tautological classes. Let M, ,, be the moduli space of stable curves of genus g with n marked

points. Let A*(M ) denote the Chow ring with Q-coefficients. The system of tautological rings
is defined in [5] to be the set of smallest QQ-subalgebras of the Chow rings,

R'(Mgy) C A (M),
satisfying the following two properties:

(i) The system is closed under push-forward via all maps forgetting markings:

7 R (Myn) — R (M, 1)

(i1) The system is closed under push-forward via all gluing maps:

bt R (M gy nyugsy) @ R (M gy naugey) = B (M gtegainiins )

by - R*(Mg,nU{*,o}> — R (Mngl,n)a
with attachments along the markings * and e.
Natural algebraic constructions typically yield Chow classes lying in the tautological ring. For ex-

ample, the standard 1, r, and X classes in A*(M ) all lie in the tautological ring. The tautological
rings also possess a rich conjectural structure, see [4] for a detailed discussion.
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The moduli space M ,,, admits a stratification by topological type indexed by decorated graphs.
The normalized stratum closures are simply quotients of products of simpler moduli spaces of

pointed curves. A descendent stratum class in R*(M ;) is a push-forward from a stratum S of a
monomial in the cotangent line classes of the special points' of S.

A relation in R*(M,,) among descendent stratum classes yields a universal genus g equation’
in Gromov-Witten theory by the splitting axiom. For example, the equivalence of boundary strata
in M 4 implies the WDVV equation. Several other relations have since been found [2, 7, 8, 12].

Let g > 1. Boundary expressions for powers ¢f € R*(M,,) of the cotangent line class are
the most basic topological recursion relations. For k > g, boundary expressions for ¢/ have been
proved to exist [5, 10]. While the arguments are constructive, the method in practice is very difficult.
The answers for k = g appear, for low g, to be rather complicated. *

The results of the paper concern simple boundary expressions for ¥¥ for k > 2g. The relations
have two interesting consequences. The first is the construction of nontrivial classes in the kernel
of the boundary push-forward map

e A°(M ) — A" (M ).

By the splitting axioms of Gromov-Witten theory in genus g + 1, we obtain universal equations
in genus ¢ from linear combinations of descendent stratum classes in the kernel of ¢,. The pos-
sibility for such Gromov-Witten equations was anticipated earlier in discussions with Faber, but a
nontrivial example was not found. The existence of such nontrivial equations now opens the door
to new possibilities. Are there equations in Gromov-Witten theory in genus ¢ obtained by boundary
embeddings in even higher genera? Are there new equations* waiting to be found in genus 0 and 1?

The second consequence of our new topological recursion relations is a proof of the Gromov-
Witten conjectures of K. Liu and H. Xu [13]. The conjectures are universal relations in Gromov-
Witten theory related to high powers of the cotangent line classes. We prove all the conjectures
made there.

0.2. Topological recursion. Let ¢ > 1. Let L; — MQJ be the cotangent line bundle with fiber
Ty (C) at the moduli point [C, p1] € My;. Let

|~
I =ci(lh) € A(My,)
be the cotangent line class. For a genus splitting ¢; + g» = g, let
L Al,@(glag2) = Mg 2 X Mg,1 — Mg
denote the boundary divisor parametrizing reducible curves
C = 01 U 02

IThe special points correspond to the n markings and the singularities of curves parametrized by the stratum.

A genus g equation is allowed to involve all genera up to g.

3Boundary relations in codimension g for certain linear combinations of Hodge classes appear in [1].

4The Gromov-Witten equations obtained from relations in R*(Wom) are known by Keel’s study [11]. Getzler has
claimed complete knowledge of relations in R* (M7 ).
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satisfying g(C;) = g; with a single meeting point,
Cl N 02 = Dx,
and marking p; € C}. Let

1/}*1 s 1/}*2 € Al (Al,(i)(gh 92))

denote the cotangent line classes at the point p,. Here, ¢/, is the cotangent line along 'y and 1, is
the cotangent line along C5.

Theorem 1. For g > 1 and r > (,

DD > (el 0 [Bralon )

91+92=g, 9:>0  a+b=2g—1+r
in AQngr(Mg,l)-

For » > g — 2, both sides of the above relation vanish for dimension reasons. Theorem 1 is
nontrivial only if ¢ > 2 and 0 < r < g — 2. On the right side of the relation, the marking 1 carries
no cotangent line classes.

Theorem 1 and several similar relations are proved in Sections 1.2-1.3 using the virtual geometry
of the moduli space of stable maps M, (P!, 1). Special intersections against the virtual class
[M, (P!, 1)]"" of the moduli space, known to vanish for geometric reasons, are evaluated via

virtual localization [9] and pushed-forward to Hgm to obtain relations. The technique was first
used in [3].

0.3. Consequences. Let g > 1 and r > 1. Consider the class
(1) Gor = D (Z1)"h € A9 (Myy).
a+b=2g+r
Let ¢ : M%Q — Mgﬂ be the irreducible boundary map. As a corollary of the new topological

recursion relations, we prove the following result in Section 1.4.

Theorem 2. For g > landr > 1, 1.(§,,) =0 € A2t 1(M ).

For r odd, the push-forward ¢,.(§, ) is easily seen to vanish by the antisymmetry of the sum (1).
We view the class &, as an uninteresting element of the kernel of

bt R (M) — R*(Mg4q).
The universal Gromov-Witten relation obtained from ¢, (&,,) = 0 is trivial in the r odd case.

The r even case is much more subtle. Here, . is a remarkable element. For r < g — 2,

§gr 70 € A" (My2)
since we can compute
1 1

§7T' QQTQ[ALz(Lg_l)]:/ w2/ 39*4:_'7—.
/Mgﬂ ! ? Ml,Q ' Mgflﬂ 2 24 249 1(9 - 1)'

The vanishing of ¢, (¢, ) is nontrivial — not a consequence of any elementary symmetry. Hence,
the associated Gromov-Witten relation is also nontrivial.
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0.4. Gromov-Witten theory. Let X be a nonsingular projective variety over C of dimension d.
Let {7/} be a basis of H*(X,C) with Poincaré dual classes {7'}. The descendent Gromov-Witten
invariants of X are

X * n *
(30 -7, ) = | B evi(an) - U Uev ()

[(Mg,n (X))
where ¢); are the cotangent line classes and

ev, : My, (X,0) — X
are the evaluation maps associated to the markings.

Let {t{} be a set of variables. Let FgX be the generating function of the genus g descendent

invariants,
1 ¢ ¢
Ff= > ¢ ] Y ot (T () - T (7)) e

BEHy(X,Z) n>0 {14y
k1..kn

Double brackets denote differentiation,

) 0

X
A
({7 () -+ (02,))), ot ot

The Gromov-Witten equation obtained from Theorem 2 is the following result (trivial unless 7 is
even) conjectured by K. Liu and H. Xu.

Theorem 3. For g > Oandr > 1,

> D (rtn()), 0.

a+b=2g+r (£

Theorem 3 and several related Gromov-Witten equations conjectured by Liu-Xu are proved in
Section 2. Proofs in case g < 2 or r > g — 2 were obtained earlier in [16].

0.5. Acknowledgments. We thank C. Faber, D. Maulik, and H. Xu for conversations about tau-
tological relations and Gromov-Witten theory. X. L. was partially supported by NSF grant DMS-
0505835. R. P. was partially supported by NSF grant DMS-0500187.

1. LOCALIZATION RELATIONS

1.1. C*-action. Let ¢ be the generator of the C*-equivariant ring of a point,
Al (o) =C[t].

Let C* act on P! with tangent weights ¢, —t at the fixed points 0, 00 € P! respectively. There is an
induced C*-action on the moduli space of maps M, (P',1). A C*-equivariant virtual class

[MQW(IEM? 1)]’0’” € A§;+n(Mg,n(Pl7 1))
is obtained. The C*-equivariant evaluation maps

ev;: M,,(P',1) — P!
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determine C*-equivariant classes

ev; ([0]), v} ([oc]) € Ag. (M (P, 1)).

Denote the C*-equivariant universal curve and universal map by
m:U— M,,(P'1), f:U—P.
There is a unique lifting of the C*-action to
Op1 (—2) — P!
with fiber weights to be —¢, ¢ over the fixed points 0, oo € P! respectively. Let
B =R'm f*(Op(-2)) — M,,(P',1).
The sheaf B is C*-equivariant and locally free of rank g + 1. Let
¢g(B) € AL (Myu(P',1))
be the ¢! Chern class.
A branch morphism for stable maps to P! has been defined in [6],
br: M, ,(P', 1) — Sym*(P").

The branch morphism is C*-equivariant. Let Hy C Sym* (P') denote the hyperplane of 2g-tuples
incident to 0 € P!. Since H is C*-invariant,

br*([Ho)) € Ag. (My,(P',1)).

The total space of Op1 (—2) — P! is well-known to be the resolution of the A; singularity C?/Z,
with respect to the action

—(21,22) = (=21, —22).
A localization approach to the corresponding (reduced) Gromov-Witten theory along similar lines
is developed in [17].

1.2. Proof of Theorem 1. We obtain a boundary expression for Y29+ € R*(M,,) by localization
relations on M, ;(P*, 1). Let
I, = evi(locl*7) Uy (B) Ubr ([Hy) € AL (M, (P, 1),
Since the non-equivariant limit of [0o]? is 0, the non-equivariant limit of 7, . is also 0. Let
€: My (P 1) — My,

be the forgetful map. The map € is C*-equivariant with respect to the trivial C*-action on Mg,l.
After push-forward,

) e (Ipr 0 [My1(PL 1)) € A (M),

The virtual localization formula [9] gives an explicit calculation of (2) in term of tautological
classes. Setting the non-equivariant limit to O,

(3) e (Ly n[Mg1(P', 1)]")]im0 = 0,

yields an equation in R29" (M, ;).
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The localization computation of (3) is a sum over residue contributions of the C*-fixed loci of

M, (P!, 1). The contributing C*-fixed loci M , are indexed by genus splittings g; + go = g. If
g1, g2 > 0, the C*-fixed locus is

C* ~

@ My, g, = Mg, 2 x Mg,1 C Mg, (P, 1),

parametrizing maps with collapsed components of genus g1, g, over oo, 0 € P! respectively and the
marking over co. The restriction of ¢ to the locus (4) is isomorphic to

v Arg(gr, 92) — Mg,

In the degenerate cases

(91,92) = (0, 9) or (g,0),
the C*-fixed loci are isomorphic to M, ; and M , » respectively.

By the virtual localization formula, we obtain
N T R S (L) ]
o 450 e(Normy" )
If g1, g2 > 0, the restriction of B to Ay y(g1,92) is
E;, ®(-t)@E;, ®(+t)®C

where [E denote the Hodge bundle. The class br*( Hy) restricts to 2go-t. The Euler class of the virtual
normal bundle is

1 _ (B @ (+1))cg, (BY © (—1))
e(Norm") — —2(t +¢,)(—t — y,)

Putting all the terms together and using Mumford’s relation® twice, we obtain

a(%ﬁ[ﬁggg])h:ozb*( S (—1)(=1)"20s ¢, EQQ[AL@(ghgz)D

e Normgl,gQ) atbe2g -1

for g1,¢92 > 0. Because of the 2g.t factor, the degenerate case (g1, 92) = (g,0) contributes 0.
Howeyver,

—C*

(o oo = (=112 w7

Norm

By the vanishing (3), we conclude

(1 (=129 w7+ Y S (D120 w20t 0 [Arelg1,92)]) =0

g1+t92=g, g:>0 a+b=2g+r—1

which is equivalent to Theorem 1. U

SMumford’s relation here is cg(By @ (1)) - cg(EBy @ (—t)) = t9(—t)?
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1.3. Variations. Let g > 0 and ny,ny > 2. Consider the moduli space Mg,nﬁm. Let Ny and N»
denote the markings sets
Nl = {17...,711}7 NQ = {n1+1,...,n1+n2}.
For g1, 90, > 0, let

L ANth [91792] - M97n1+n2
denote the boundary divisor parametrizing reducible curves

C=C,UCCy
with markings N; on C; satisfying ¢(C;) = ¢g; and C; N Cy = p,. Let
¢*1 ; wﬂ € Al (AN17N2 (917 92))
denote the cotangent line classes of p, along C'; and C5 as before.

Proposition 1. For g > 0 and ny,ny > 2 and r > 0,
> > (=)0 (5, 902, 0 [An, a1, 92)]) = 0
g1+g2=g, 9i>0 a+b=2g4+ni1+n2—3+r

: 2g+ni1+no—2+r (A 1
in A% <M97n1+n2>'

Proof. Consider the moduli space M ,,, 4., (P!, 1) with the C*-action specified in Section 1.1. Let
Ty = evi(loo*) 0 T evi(locl) u [] evi([0]) ucy(B) € A7 vt (BT, (B, 1),
1€EN1 1€EN2
Since the non-equivariant limit of [co]? is 0, the non-equivariant limit of .J, . is also 0. Let
€ Mg,nﬂrnz (P4, 1) — Mg,nﬁrnz
be the forgetful map. After push-forward,

(5) €x (‘]977“ N [Mgmﬁ—m (Pla 1)]Uir) € A(QC%+nl+n2_2+T(Mg7n1+n2)'

Setting the non-equivariant limit to O,

(6) €y (Jg,r N [Mg,nl-l—ng (Pla 1)]1}27‘) |t:0 = Oa

yields an equation in R¥+tmFn2=2+7(}f . Evaluating the virtual localization formula as in
the proof of Theorem 1 precisely yields Proposition 1. U

Since ny,ny > 2 in the hypothesis of Proposition 1, there are no degenerate cases. There is no
difficulty in handling the degenerate cases. We single out the following result with the same proof®
as Proposition 1.

Proposition 2. For g > 1 andr > 0,
T G V- S > (D (W, 0 [Ara(gr, g2)]) =0
g1+g92=g, ;>0 a+b=2g—1+r
in AQQJ”"(M%Q).

The proofs of Theorem 1 and Proposition 1 are almost identical. In fact, Theorem 1 can be derived from Proposition
1 using string and dilaton equations.
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Proposition 2 corresponds simply to the n; = ny = 1 case of Proposition 1. The first two terms
are the degenerate contributions.

1.4. Proof of Theorem 2. We start by pushing forward the relation of Proposition 2 in genus g + 1
to M 444 for odd r,

_2/{2(g+1)+r72 - Z Z (_1)%* (¢fl 22 N [A@,®(91,92)]) =0,
g1+g2=g+1, ;>0 a+b=2(9+1)—3+r
using the definition of the « classes and the string equation. Equivalently,

1 I
D) gty 3 S 1l Baplor g2)) = 0 € A (T ,0)

g1+g2=g+1, ;>0 a+b=2g—1+r

for odd 7.

The Chern characters of the Hodge bundle chy;_;(E,;;) on HQH vanish for [ > g + 1, see [3].
Hence, by Mumford’s GRR calculation,

B —1
2g+r+1
chyg i (Egy1) (m) =

Rog+4r + EL* (gg,r—l) + % Z Z (_1)GL* (Wjﬂﬁg N [A@,@(gla 92)]) =0

2 g1+g2=g+1, ;>0 a+b=2g—1+r
for » > 3 odd. Using the vanishing (7), we conclude

Le(&gr1) =0 € Aot (Mgﬂ)

for » > 3 odd, which are the only nontrivial cases of Theorem 2. ]

2. GROMOV-WITTEN EQUATIONS
2.1. Liu-Xu conjecture. Let X be a nonsingular projective variety. We prove here the following
result constraining the Gromov-Witten theory of X conjectured by K. Liu and H. Xu in [13].
Theorem 4. Let g > 0 and z;,y; € H*(X,C). Forall p;,q;,7,s > 0andm >2g —3+1r+s,

> > v << Tk(W)HTm(%) >> <<Tm—k(WZ)Hqu(yj) >> =0.

g2

Here, k is allowed to be an arbitrary integer. To interpret Theorem 4 correctly, the following
convention is used’:

(8) (T-2(m) >0,0 =1 and (T (Vo) T-1-m(75) >070 = <_1>max(mﬁlim)77aﬁ

for m € Z. All other negative descendents vanish. The sum over ¢ in Theorem 4 is implicit.

Since the genus O case of Theorem 4 has been proved® in [16], we will only consider the case
g > 1. By Theorem 0.2 of [16], Theorem 3 follows from the » = s = 0 case of Theorem 4.

T~y is the identity of the cohomology ring of X.
8The m > 39 — 3 4+ r + s case is also proved in [16], but the result will not be used here.
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2.2. Conventions. We will not use convention (8). Instead, we set 7,,(7,) = 0 for n < 0 and
separate the negative terms in the summation of Theorem 4.

The big phase space is the infinite dimensional vector space with coordinate t = (¢%). It can be
interpreted as an infinite product of the cohomology space H*(.X, C). The Gromov-Witten potential
FX is a function on the big phase space. We will interpret the symbol 7, (7,) as the coordinate

Vector field ata . Moreover, we also extend the meaning of (W) -+ Wy )) | from partial derivatives

of FgX to covariant derivatives of FgX with respect to arbitrary vector fields Wi, ..., W on the big

phase space. Here, the covariant differentiation is with respect to the trivial connection V for which

the coordinate vector fields Tn(7a) are parallel. More precisely, if W; = > | f, ,7(7a) where
i, are functions of ¢ = (¢7,), then we define

<< Wi - Wy »g - VI;V1,---,W1¢F;( - Z (H fﬁ“ al) T al) T (ak) >>9 ’

(CTRERIE L
Qe Qy

For a vector field of type 7, (7. ), the integer n is called the level of the descendent. A vector field
is primary if the level of the descendent is 0. The total level of descendents for a set of vector fields
is defined to be the sum of the levels of descendents for all vector fields in the set. For convenience,
we define the operators 7, and 7_ on the space of vector fields by the following formulas:

= Z fn,aTn:tl(/Ya) if W = Z fn,aTn (/Ya)~
Moreover, we define 7,(W) = 7 (W) for any vector field W.

2.3. Lower cases. We first prove a result about relations among different cases of Theorem 4.
Proposition 3. Let g > 0 be fixed. If Theorem 4 holds for r = v and s = s, then Theorem 4 holds
forallr <rands < 5.
Proof: We first rewrite Theorem 4 without using the special convention (8). Define

Eg = tg - 5a,15n,1-

Let W;, V; be arbitrary coordinate vector fields on the big phase space of the form 7,(y,). For
r,s,g,m > 0, define

(9) \Ilr,s,g,m(wla' t aWT | Vla o 7V5) =

Yoo D EUNmOI W W)y (T () V- Vi),

k=0 g1+g2=g, 9:>0

- @OZt (Tarmer(7) Vi Vi by = 01 s W) V12 W) ),

+5s,o(—1)m“2ti (Tasmt1 (V) W == Wa g + 0sa (1) W - Wr 1nn (V1) ), -

n,x
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The function satisfies the symmetry
(10) \Pr,s,g,m(wl e WT | Vl e Vs) - (_]-)m\lls,r,g,m(vl Tt Vs | Wl Tt Wr)

Moreover, ¥ ¢ 4. s identically equal to 0 if m is odd.

Theorem 4 can be restated as
(11) \Ijr,s,g,m(wl te Wr | Vl te Vs) =0
ifm >2g+r+s—3,see[14].

Suppose for fixed integers » > 0 and s > 0, equation (11) holds for all integers m > 2g+4r+s—3.
Then, we must prove that equation (11) holds if r is replaced by » — 1 forall m > 29 +r + s — 4.
By an inverse induction on r, if Theorem 4 holds for » = 7 and s = s, then Theorem 4 holds for
r < 7 and s = 5. By equation (10), we can switch the role of  and s. Hence, the Proposition will
be proved.

Consider the string vector field,

S=- Z thn—l(’yoc)'
n,o
The string equation for Gromov-Witten invariants can be written as

1 (0%
(S Ny = Soacmastits

where 7,5 = [ « Ya U7 1s the usual pairing. Taking derivatives of the string equation, we obtain

k
1
(12)  (SWr Wiy = (Wa o {m- W)} - Wiy + 000 Vi o, (5naﬁt3té*) -
i=1
Note that
k 1 B
VWL--- Wy 577aﬁt0 tO =0
if £ > 2 or if at least one of the vector fields Wi, - - - , Wi has a positive descendent level.

Since equation (11) is linear with respect to each W; and V;, we can replace them by any vec-
tor fields on the big phase space. Assume r > (0. We consider what happens if W, = S in
\I]r,s,g,m(Wla e 7W7‘ | Vla e 7Vs>-

Lemma 2.4. Forr > 0,

(13) \I/r,s,g,m(wl . WT—IS ‘ Vl . Vs) —
_ qu—l,s,g,m—l(wl e Wr—l | Vl e Vs)

r—1
+ Z \I’rflvsvgvm(wl (W) W [ Vi V).
i=1
for all vector fields W; and V;.

Assuming the validity of Lemma 2.4, we can prove the Proposition by induction. Indeed, assume
\Ilr,s,g,m<W1 T erls ‘ Vl te Vs) = 07
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for all vector fields W;, V;, and all integers m > 2g — 3 + r + s. By linearity, we may assume that
all vector fields W; are coordinate vector fields of type 7,,(7,). Note that 7_(W;) = 0if W, is a
primary vector field. Hence equation (13) implies

(14) \Pr—l,s,g,m—l(wl T Wr—l | Vl T Vs) =0

for all integers m > 2g — 3 +r + sif Wy, -+, W,_; are all primary vector fields.

Since the total level of descendents for vector fields in the second term on the right hand side of
equation (13) is strictly less than that in the first term, an induction on the total level of descendents

for Wy, - - -, W,_1 shows that equation (14) also hold for all (not necessarily primary) vector fields
Wi, -+, W,_1. Hence, if Theorem 4 holds for » > 0 and s > 0, then Theorem 4 holds if r is
replaced by r — 1. The Proposition thus follows from Lemma 2.4. U

2.5. Proof of Lemma 2.4. Using equation (12), the result is straightforward for » > 2. The cases
r < 2 are more subtle because of the last term in equation (12).

We consider the case r = 2 first. If VV is a primary vector field, then

1
o (168 ) (Tos ) Vi -+ VL, = b (W) V),

This will produce the extra term in ‘I’l,s,g,mq(W | V1, -+, V,). Therefore by equation (12),
\IIQ,s,g,m(WS | Vy-- 'Vs) = —\111737977”71(]/\) | V- .VS)

when W is a primary vector field.

If W has a positive descendent level, then

1
Vv ) (57%“15515’0‘) =0
for all £ > 0. Equation (12) again implies

(15) WysgmWS | V- V) =
— Ui gma OV | Vi V) + Wi gm(T—- (W) | Vi V).

When passing from ¥y, ., to Wy ., an extra term will emerge. The summations which we
obtain from applying equation (12) to Wy , (W, S | V1, - - -, Vs) have some missing terms when
compared to the definition of Wy g g1 (W | Vi---Vs) and Wy g gm(7-(W) | Vi---Vs). The
missing term for Wy 1OV | Vi Vy) is — (7,(W) V1 - V), while the missing term for
Vi s,gm(T-OV) | Vi - Vs) is = (i1 (T-(W)) Vi - -+ Vs ). The missing terms cancel in (15)
when WV has a positive descendent level.

Since we have checked that equation (15) holds for all primary and descendent vector fields W,
Lemma 2.4 is true for r = 2.
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Consider next the case »r = 1 and s > 0. We have
\Ill,s,g,m(s ‘ Vl v Vs) -
— (T (S) Vi - Vo )y + 81 ()" (S T V1)),

Y D EDMNmO) Sy, (T3 VL Ve,
In the definition of S, 3 is not included since 7_1(7,) = 0. Hence

(16) (Tms1(S)Vy - ZZt Totm(Ya) V1 -+ Vi), -

n=1 «

By equation (12), (S 7n41(V1) ), = (7m(V1) ), and

(7(1a) S gy = € mh-1(va) Dy, + Sgr.00k0Masty-

The effect of the second term on the right hand side of this equation is just to compensate for the
missing case n = 0 in the summation for n in equation (16) when computing

\Illvsvgvm<8 | Vl? e 7VS>'
Therefore we have
\I/Ls,g,m(S | Vi VS) = _\I’O,s,gm@fl(vl o Vs)

Hence, Lemma 2.4 is true for r = 1 and s > 0.

Now only the case = 1 and s = 0 is left. By definition,
\1117079’”1(8) = - « Tm41 (S) m+1 Z t 7—n—l—m-i-l /Ya) S >>g

D IS VNS CICRE I CRRCEPI

91+92=g, 9:=0
By equation (12), we have

Ui09m(S) = {1 + (_1>m+1} Zfﬁ { Tntm(Va) >>g

e DD DR 1Ll CACAT I CARNCOP

- _g’0707g7m71'

The proof for Lemma 2.4 is complete. U

2.6. Proof of Theorem 4. Relations in R*(M,,) can be translated into universal equations for
Gromov-Witten invariants by the splitting axiom and cotangent line comparison equations. Define
the operator 7" on the space of vector fields by

TOW) =7 (W) = (W ) Ya

for any vector field VW. Properties of 7" have been studied in [15]. The operator is very useful for
the translation into universal equations. In the process, each marked point corresponds to a vector
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field, and the cotangent line class corresponds to the operator 7'. Each node is translated into a pair
of primary vector fields 7, and 4. In particular, the relation of Proposition 1 is translated into the
following universal equation

an > > EDEHW W T ), (T O Ve V), =0

k=0 gi1+g2=g, 9:>0
for all vector fields W; and V; if ny,ny > 2 and m > 2g + ny + ny — 3.

Let P and () be two arbitrary contravariant tensors on the big phase space. The following formula
was proved in [16, Proposition 3.2]:

D (FUFP(TH) QT () = Y (=) P(7(%) Q7))

m
k=0 k=0

for m > 0. In particular, if we take P(U) = (W -+ Wy, U )), and QU) = (U Vi -V, ),
then the left hand side of equation (17) is equal to

Yo D MM W () )y, (s ()Y Vi) =

k=0 g1+g2=g, g:>0

\Ijnhng,g,m(wl e Wnl | Vl te Vng)

Therefore equation (17) implies that Theorem 4 is true for r = ny > 2 and s = ny > 2. By
Proposition 3, all other cases of Theorem 4 follow. U
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