VERLINDE FLATNESS AND RELATIONS IN H*(M,)

CAREL, ALINA, RAHUL (IN PROGRESS)

1. VERLINDE BUNDLES

1.1. Flatness constraint. Let M, be the moduli space of nonsingular curves of genus
g > 2. Let

p:Ug(r,d) — M,
be the moduli space of rank r degree d semistable bundles on nonsingular genus g curves.

The space Uy(r,r(g — 1)) carries a canonical theta divisor
©, = {(C,E — C) with h°(C, E) # 0}.

For levels k > 1, the divisors ©F are known to have no higher cohomology on the fibers
of . The p-pushforwards of the powers of the associated line bundle give the Verlinde
vector bundles on M,
Vrk = M*@ff :

The rank of V,;, is given by the well-known Verlinde formula [9].

For all ranks r and levels k, the Verlinde bundle V., carries a projectively flat connec-
tion defined by Hitchin [1, 3, 5]. As a basic consequence, the Verlinde bundle satisifes
the topological constraint

Cl(Vr,k)

(1) ch V. = rankV,; - exp <rank Vir

> € H*(M,),

where ch; V,.;, is the ith Chern character.
1.2. Fixed determinant. We specialize now to the case of bundles of rank 2 and fixed
determinant. We denote by

pSUG(2,2g —2) — M,
the moduli space of semistable rank 2 bundles over nonsingular curves C' with determi-
nant equal to the canonical bundle we. In the fixed determinant situation, the push-
forward

Vr,k = M*@S

is also projectively flat [1, 5], so the Chern character again satisfies (1) on M,.
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We will study the moduli of semistable bundles over the moduli space M ;. Let
SUy1(2,29 — 2) = SU,(2,29 — 2) X1, My
be the fiber product, and let
pSUG1(2,29 —2) — Mgy
be the projection. Similarly, we let
o SUg1(2,29) — Mg

be the moduli space of rank 2 bundles E on nonsingular pointed curves (C, p) satisfying

det E ~ wc(2p).
There is a canonical isomorphism,

a:SUG1(2,29) — SUG1(2,29 — 2)
defined by
(C,p, E—C)— (C,p, E(—p) = C).

Certainly, we have

M*Oﬁ*@]zc = ﬂ*(')g»
so the Chern classes of j,a*®% are pulled back to M, 1 via

t:Mg1 — My,

and satisfy (1) on M.

2. THE WALL-CROSSING CALCULATION

2.1. Overview. In the rank 2 case with fixed determinant, we will calculate the Chern
character of the level £ Verlinde bundle by geometry independent of projective flatness.
The idea is to employ the wall-crossing method of Thaddeus (used to prove the Verlinde
formula) uniformly over the moduli of curves. Where Thaddeus studies rank, we will
require K-theory. The final result computes the Chern character of the Verlinde bundle
in the tautological ring R*(M,1). The projective flatness condition (1) then produces
non-trivial relations.

More precisely, the pairs construction of Thaddeus [8] determines the Verlinde vector
space

H(SUc(2,A), ©F)
associated to rank 2 and level k with fixed determinant A on a fixed curve C. We will
carry out the construction of Thaddeus canonically for the universal family of curves
over M, to study
I Su971(2’ 29) — Mg
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with determinant equal to we(2p). The universal theta divisor ©4 on SUy.1(2,2g) which
arises from the construction of Thaddeus must be related to the divisor a*@5 above by

a possible twist

(2) 0,200, L

by a line bundle £ on the base M, ;. Since the associated Verlinde bundle
@2,16 = M*C:)g

is still projectively flat, the constraint (1) again holds,

(3) Ch@gyk = rank@zk - exp (W) € H*(Mgy,).
rank Vo j,
On the other hand, by the main result of the wall-crossing method of Thaddeus, we
can write
g—1
(4) Vor = Y _(-1)'N;
i=0

in the K-theory of M, . The objects IV; and their Chern characters will be discussed
below. In fact, equation (4) allows effective computation of the Chern character of gfu;.
Relation (3) certainly implies the Chern character of Vy, lies in the tautological ring

in cohomology
RH*(Mjg,1) C H*(Mj,1) .

However, equation (4) together with the analysis of the N; implies the following refined

result.

Theorem 1. The Chern characters of §~727k lie in the tautological Chow ring
chi V) € R*(M,,) .

The parallel result, ch; Vo, € R*(M,), is an easy corollary. Of course, we expect
the Chern characters of the Verlinde bundles to be tautological in Chow for higher rank
r > 2 as well.

The main point of our investigation is not Theorem 1. Our hope, rather, is to combine
the constraints (3) with the calculation (4) to force new relations in the tautological ring
of the moduli space of curves [2, 6]. In light of recent progress [7] in the study of R*(M,),

of particular interest is the genus 24 case.
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2.2. The bundle Ny. We denote the universal curve over M, 1 by
m:C— Mgy;.
Let o¢ be the universal section, and let w be the w-relative canonical bundle. Let
V =m (Oc(200) @ 2w)
The bundle Ny is a push-forward to M ; from the projective bundle
p:PV* — Mgy,.
Specifically, letting Op(1) be the hyperplane bundle on PV*, we define
No = px (Op(kg)) = Sym* V.,

2.3. The objects N;~o. The wall contributions N;-q are push-forwards from the sym-
metric products

i el o1
where 1 <14 < [d—gl] = g — 1. We consider the fiber product

cll x ¢
over M, 1, and let
D; c cllxc
be the universal divisor. We denote by 7 all projections from the universal curve, for
instance
m:C— My, and 7: clil x ¢ — ¢l
As before, og is the universal section on the second factor of the product Cl/ x C.

In order to define N;~q, we will require several vector bundles on the symmetric

product Cl. The first two arise via cohomology along the fibers of 7
(5) W, = R'm (Op,(—D;+200) ®w) ,

W = R'm (0c(2D; — 200) ® (—w)).
Let U denote the sum
(6) U=w; eWw;”
and define the line bundle
(7)  Li=det "R, (Oc(—D; + 200) ® w) @ det "' R, O¢(D;) ® det® Eg ® L.
The rank g Hodge bundle E, and the cotangent line L, at the marking
Ey — My, L, — Mgy

enter in the definition of L;.
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Finally, we define the objects NN; in the K-theory of M, by
(8) N; = Re, (Lf ® AW, ® SymFe—)-i Ui) ,
with the convention N; = 0 when k(g — i) —i < 0.

2.4. Chern classes. We start by defining several classes on the universal product
Ei : CZ — Mg71.
The most basic is the diagonal divisor class A, for indices x # y. Furthermore,
e U, is the cotangent line class on the 4§ factor of C* — My,
e U is the cotangent line class on My 1,
e 0, is the class of the section of the j'* factor of C* — M, 1,
° Aj = Alj + -+ Aj—l,j7 with A1 = 0.
In order the calculate the Chern character of Ny, we calculate the Chern character of
V' by Riemann-Roch applied to ,

—Ww
h _ 20042w
chV Ty (e -

1—e 2 2w —W
= 7T*(<1+w0'0>€w16w>

w e 1—e2¥ o
== — Ty — (&

1—ev 1— eV

2w ~

we ]

e —W*(l_ew>+1+€ .

Here, w is the cotangent line class on the universal curve over M, 1. The Chern character
of Sym*9 V is then determined by the symmetric product formula.
We calculate next the Chern roots of the bundles (5)-(7) after pull-back to C? via the

natural map
¢:C'—cll,
To start, in K-theory,
W, = Rm (Op,(—=Dj+ 200) ®w)
= Rm (Oc(—Dj + 200) ® w) — R, (Oc(—2D; + 200) @ w)
= Rm, (0c(2D; — 200))* — Rmy (Oc(D; — 200))* .
Over the point [C, p, p1 + --- + p;] € Cl, the virtual sheaf Rr, (O¢(2D; — 200)) is the

formal difference

H(Oc(2p1 + -+ 2p; — 2p)) — H' (Oc(2p1 + -+ + 2p; — 2p)).
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We calculate the Chern roots of the pull-back to the ordered product C?, by taking the

cohomology of the following two exact sequences on C,

0— Oc(=2p + 2p1 + -+ 2pj—1+ pj) —
Oc(—2p+2p1 + -+ 2pj_1 + 2p;) —
Oc(=2p+2p1+---+2pj1+ 2pj)|pj — 0,

0= Oc(—2p+2p1 + - +2pj_1) —
Oc(—=2p+2p1+ -+ +2pj-1+pj) —
Oc(=2p+2p1 + -+ + 2pj—1 + pj)lp, — 0,

for 1 < j <. Leaving out the contributions of the K-class of Rm,O¢(—20¢) pulled-back
from M, 1, we can therefore write the Chern roots as

Just as above, excluding the contributions of Rm,O¢(—20¢), for the virtual sheaf

R7y (Oc(D; — 200)), we can write the Chern roots as
—20j+Aj—\I/j, 1< <.

Since the two Rm,O¢(—20¢) terms cancel, we have
i
(9) ch m— — Z G\I/j+20‘ijj (G\I/ijj + efAj o 1) ]
j=1

Over the point [C, p, p1 + - - - + pi] € C¥, the bundle WZ-+* is
H(Oc(2p —2p1 — - — 2p;) ® 2we).

We write the Chern roots of the pull-back to the ordered product C* by taking the

cohomology of the following two exact sequences on C,

0— wg ®O0c(2p —2p1 — -+ — 2pj—1 — 2p;) —
we ® Oc(2p —2p1 — -+ — 2pj_1 — pj) —
we ® Oc(2p—2p1 — -+ — 2pj_1 — pj)|p, — 0,
0= w ®O0c(2p—2p1 — -+ — 2pj—1 — pj) —
w% ®Oc(2p—2p1 — -+ —2pj_1) —

we @ Oc(2p — 2p1 — -+ — 2pj—1)|p, — 0
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for 1 <j <i. We find

i
(10) ch W, = chm,(2w) +e¥ +1 — Z e2Vjt+20i—24; (e‘I’j +1),
j=1

where U is the cotangent line on Mg 1. From (9) and (10), we conclude

(11) chU; = chm (2w) + eV 114 Zeq’j'ﬂ”f_QAj (1- e — eAj) .
j=1

Finally, L; is a line bundle with Chern class determined by Riemann-Roch. Let A on
C' be the sum of all the diagonals

A=A,y
<y

The following basic push-forwards are easily calculated,

i i
mW(DY) = =D W24, m(Diw) =3
j=1 Jj=1
i R ~
TF*(Di 0'0) = ZO']', 7'['*((4) O'()) = \117 7'['*(0'(2)) = -V,
j=1

Using the above, we calculate

c1(det RmO¢(D;)) = s <€Di ad >
¢9)

1—ew

D? W w?

B D? Diw+w2
- ™7 2 12

= A= (U 4+ 1)

K1
+ G
Similarly, for ¢; (det Rm, (Oc(—D; + 200) @ w)), we find

7. —Ww
s (e Di+200+w - w) _
ARG

D? 9 w  w?
T [(1—Di+2> (1 + 200 + 207) <1+2+12>L1) —

D? s wr Dw
7r*<2+ 207 + 2 9

A—(\I/1+"'+\I’i)—(1\1—2(014-"'4-0'1')4-

— 2D; 09 + WO'()) =

K1
12°
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The two calculations together with (7) yield

~ K ~
(12) c1(Ly) = =20+ 20U+ 4+U) + 2001+ +05) + ¥ — E1+2)\1—\I/

= 20+ 20U+ + W) + 2(01 + - + 03).

We have used here

detEg = )\1 = %, Ci(]Lp) = ‘/I\’ .

2.5. Riemann-Roch. The Chern character of IV, is given by Riemann-Roch
ch N; = €l (ch LF - ch A'W; - ch Sym* (=97 1J; . td Tem)

for the morphism

il el — g1

Here, td is the Todd class.

We prefer to calculate the push-forward via €l after pull-back via ¢ to C*. Since we
have already determined the Chern characters of L;, W, and U; after pull-back via ¢,
the only term left to discuss is the Todd class class ¢*T.;;;. The bundle ¢*T ;) has fiber
HY(Op(D)) over the divisor

D:p1+...—{—pi.

The Chern roots have been calculated in [4] to be
A -, 1<j<i

We can then write a formula for the Chern character of IV;,

_ 1y k T — k(g—i)—i ! A=
(13) ChNZ_Jei ChLZ ChAzm ChSym g ZU%HW s

j=1
with respect to the push-forward via
e€:C— Mgy .

Every term of the right side of (13) is determined, so the push-forward can be calculated
explicitly in terms of tautologcal classes on M, 1.

Together with the flatness relation (3), we obtain relations in the tautological ring
R*(Mg1) which can be pushed-down to yield relations in R*(M,).
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3. CONSTRUCTION OF THADDEUS

3.1. Comparison. The objects W™, Wf*7 U, and L; all appear in the study of pairs
moduli spaces by Thaddeus [8]. Since he considers only a fixed curve C, the factors
det? Ey ® IL, are absent in his definition of L;. However for us, the additional twisting
of L; over My 1 plays a crucial role. The treatment by Thaddeus of W, and W;“* is
sufficiently canonical to be valid over M, ;.

We record here the difference in the calculation of our L; and the line bundle L; of
Thaddeus. For ease of comparison, we follow here the terminology of [8]. Of course for

us,
d=2g and A =w(20p).

Also, we write m for Rm,.
In Section 5.4 of [8], Thaddeus selects a point of the curve C. Since we are working
over M, 1, a marking is always there for us. However, the equations of 5.4 must be

corrected for twists over M, 1. We have

N(Bo)p = Oo(—1,0)®Ls,
N (E1), = 01(0,-1)®L}

where we follow the notation of [8] for the universal sheaves Ey and E; and the line
bundles O;(m,n). A more important correction appears in the calculation of det mE; in
the middle of 5.4,

(14) det mB; = O1(—1,9 — d) ® det’ Eg ® L3

A factor det E; comes from det mO(E;") in the computation of Thaddeus, and a factor
det E, ® L% comes from det mA(—1)(E;). Putting the above together, we find

O1(m,n) = det ™ mE; ® ® (det? By @ L) ™ @ (A2(Ey),) 9" " @ Lik-9m—n
We turn now to Section 3.3 of [8] and consider the restrictions of
detmE; and A? (Ei)p

to PW, . Following Thaddeus, we drop the subscript 4 in the notation for E;. From the

main extension equation at the end of the proof, we see
det mE = det W;A(—Di) & Hi—img+1 ® det Wg@c(Di)
where H is O(1) on the projective bundle PW, . Using the same extension, we also find

N(E),=H®L} .
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The changes in 3.3 imply corrections for Section 6.5,
Oii(myn) = det™™mE® (det’ B, @ L3)" @ (A2(E),) """ @ Lid-oIm—n
= (det™' mA(=D;) ® det ™! mOc(D;) ® det’ Eg @ L3)™
QH —mMd—i—g+1) o prld—g)m-n o (]L;)(d*g)m*n ® Lp(d*g)m*n
= L@y
where we must take now
L; = det ' mA(=D;) ® det ™! mOc(D;) ® det’ Eg @ L) .
While the above modifications are somewhat subtle, the main construction of Thad-
deus is very natural for M, and goes through beautifully.
3.2. Twisting the Verlinde bundle. Following the terminology of Section 2.1, the
Verlinde bundles V5 ;, and ¢*Vy, differ by a twist
(15) Vor & 0'Vop ® L
by a line bundle £ on M, .
Proposition 1. We have @g,k > 1 *Vo i @ (NIEy)2

Proof. Since both ég and a*©s restrict to the positive generator of the Picard group of
each fiber of
Sug»1(2’ 29) - 9717
a line bundle £ on M, ; satisfying
(:)2 = Oz*@g

and thus (15) must exist.

Following the notation of [8], let M,, be the last space of rank 2 stable pairs of fixed
determinant wc(2p) over My 1. Let

v My — SUG1(2,29)

be the contraction. By Section 5.9 of [8], the universal theta divisor ©y which arises

from the construction of Thaddeus satisfies

(16) 702 =2 Oy(l,9—1) .

By definition, the canonical theta divisor 7*a*©y arises from the determinant of coho-
mology,

(17) Y*a*@y = det ™! (mEy(—00)),

where E,, is the univeral sheaf.
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Our calculation of the difference between (16) and (17) can be carried out on any of

the stable pairs moduli spaces. We choose to work on My which is the simplest. Then,

Y*a*@y = det™! (mEi(—0y))
= det ' (mE1) ® A*(Ey),
Using the identification of det(mE;) and (E;), from Section 3.1, we find
Y0y = 0i(l,g-1)® (AEy)
= YO, ® (NE,) 2
which is equivalent to the claim of the Proposition. ]

As a direct consequence, we conclude a result which is not at all obvious from the
formulas for the Chern character of V.

Proposition 2. The first Chern class of g’g,k on My 1 is proportional to k1.

The class k1, pulled-back from M, via ¢, is the generator of H 2(Mg). Let us now find
a formula for chy §/27k

4. GENUS 2

4.1. Level 1. The genus 2 case is not of much interest to us since R~%(Ms) and R>(M3 1)
vanish. There is no room for any further non-trivial relations. Nevertheless, we can cal-

culate the Chern character of the Verlinde bundle in level 1. Since
(g—1)—i=2—-2i
is non-negative only for ¢ = 1, we see
@2,1 =No— M

in the K-theory of My by (4).

We use the formulas of Section 2.4 to find the nonvanishing Chern characters of V,

ChoV = 5,

13 ~
h = — v,
C 1V 12H1+

Since Nj is the second symmetric power of V,

Ch() NQ == 15,

13 ~
chi Ny = ?/{14-6\1/.
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To calculate the Chern character of Ny, we use formula (13),

_ ~V
chN; = e <chL1-chA1W1 -ChSymOUl-l_el\pl)

-
= 6}( (ChLl . Cth_ . 1}111> .
— €

By equations (9) and (12), we have
ch(L;) = e2¥1t201 anqg ch W = e2¥1t201

After calculating the push-forward, we find

Cho N1 = 11,
73 ~
hy Ny = — v,
chy Ny T +6
Putting the above equations together yields
Ch() @271 = 4,
chy V -
V21 = 5k

Since the chy is the rank, we recover the Verlinde rank calculation by Thaddeus. The

Verlinde formula here is

~ 3 3
KVoy = [—2 S )
ramk ¥z <2sin2(g)> * (%m?(?g))

By the first Chern class calculation, the line bundle £ of equation (2) is pulled-back
from M. Hence our Verlinde bundle is also pulled-back from M.

4.2. Level 2. For the Verlinde bundle in level 2,
20g—1)—i=4-31
is non-negative only for ¢ = 1. Again, we have
§72,1 = No— M
in the K-theory of My by (4).

In level 2, Ny is the fourth symmetric power of V. Hence
chg Ng = 70,
chi Ny = %/ﬁ + 560,
To calculate the Chern character of Ny, we use formula (13),

_ —v
chN; = ! <chL%-chA1W1 -ChSymlUl-l_el\I/l>

-
e <chL%-chW;-chU1-lgl> .
— €
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By equations (9) and (12), we have
ch(L}) = eMW1tior and  ch W = e2¥1 1201,
The Chern character of the bundle U; is determined in (11) by
chU; = chm,(2w) + eV 41— BVit201

After calculating the push-forward, we find

Cho N1 == 60,
231 -~
Chl N1 = Tﬁl +56\I/

Putting the above equations together yields

Ch() %1 = 10,
~ 35
Ch1 V271 = Elﬁ.

We have agreement here with the Verlinde formula,

N 4 4 1
N B N 4 = 10.
rank Vo 1 (251112(1)) <2sin2(2f)> (251n2(31)>

5. EXAMPLE IN GENUS 3

5.1. Flatness constraint. We study here the rank 2 and level 1 Verlinde bundle on
R*(Ms3). By the Verlinde formula,

2 2
_ 3 3
kVoi1 = —— _— = 8.
rankVa, <2sm2(g)> " <2sm2(2;)>

Genus 3 is still too low for the flatness constraint to be of much interest. Nevertheless,

the calculation will not go unrewarded.

5.2. The bundle Ny. We turn now to the geometric calculation of the Chern characters

of @'2,1. Since
(9g—i)—i=3—-2i
is non-negative only for i = 1, we see
Vo1 =No—Np

in the K-theory of My by (4).
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In order to calculate the first few Chern characters of Ny, we use the formulas of
Section 2.4 to find the nonvanishing Chern characters of V,

chgV = 8,
13 ~
h = = U
CIV 12"11“‘ 5
1~
chy V. = 5\1:2,

where we have used the well-known vanishing of xy in R*(M3) and thus in R*(M3z ).
We will impose the vanishing of R*(Ms) and R3(Ms) in all our calculations. Since Ny
is the third symmetric power of V,

Cho NO == 120,

195 ~
chi Ny = TK1+45\IJ,

65 ~ 65~
Ch2 NO = F/{lqj + ?\PQ

5.3. The object N;. Our next task is to calculate the Chern character of Nj. By

formula (13), we see

-
hNy = el (Chh ~ch AWy - chSym' Uy 1_e§>

= ei (chLl ~chWi -chU; - 1:\1;1\111> .
By equations (9) and (12), we have
ch(Ly) =e®V1291 and  ch W = e2¥1 1201,
The bundle U; is determined as a K-theoretic difference in (11),

chU; = chm,(2w) + e¥ £ 1 — 3Vrt2on

Putting the above equations together yields

Cho N1 = 112,
565 ~
Ch1 N1 = ﬁ’ﬁl +45‘1’,
151 -~ 51~
cha N1 = —r ¥+ =02

12 2



VERLINDE FLATNESS AND RELATIONS IN H*(Mg) 15

5.4. Flatness constraint. We now have enough information to calculate the Chern

characters of the Verlinde bundle,

chg i\72,1 = 8§,
ch, V = §/<;
1Va1 = gh1,
_ 7T~
chy Vg,l = —Zl‘il\p + TU2.

The flatness constraint (3) requires

~ 1 ~ 25
chy V271 = Ech% V271 = m/ﬁ% =0€ H4(M3’1) .

Since R*(Ms5,1) = Q, we can check the vanishing after push-forward to Ms,
[ M371 — M3 .
We easily calculate

L*(Chg @271) =—-Tk1+7k1 =0 € Rl(Mg) .

6. EXAMPLE IN GENUS 4

6.1. Flatness constraint. We compute here the Chern character of the Verlinde bundle
@2,1 on R*(My,). By the Verlinde formula,

3 3
~ 3 3
kVoi1 = —— + | ———— = 16.
rant Va1 (281n2(§)) (2sin2(2§r)>

The flattness constraint (3) takes the following form:

~ hy (V
(18) chVy; = 16exp <Cl(1621)>

~ 1 ~
= 16+chi(Va1) + —=cly (V2,1)2 +

v 3
3 Chl(VgJ) +... .

1536

6.2. The bundle Ny. We now consider the geometric calculation of the Chern charac-

ters of @271. Since
(g—i)—i=4—-2i
is non-negative only for ¢ = 1 and 2, we see
Va1 = No— Ny + No

in the K-theory of My by (4).
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In order to calculate the first few Chern characters of Ny, we use the formulas of

Section 2.4 to find the nonvanishing Chern characters of V,

chgV = 11,

ch V= %mw

chy V. = %ﬁﬁ;qﬂ
1~

chyV = 6\1/3,

where we have used the well-known vanishing of k3 in R*(My4) and thus in R*(My).
We will impose the vanishing of R3(My) and R*(My 1) in all our calculations. Since Ny

is the fourth symmetric power of V/,

Ch(] NO = 1001,
1183 ~
Ch1 NO = 3 K1+ 364\11
455 15379 1183 - ~
ho Ng = — K2 U+ 27302
cho Ny 5 K9 + 9883 K] + B KW+ ,
105 ~ 1183 1547 ~, 497 ~
hs Ny = ——koWU + K2+ kU2 4+
s 2Y0 9 MYy g MY

6.3. On Sym and A. Suppose C'is a bundle written in K-theory as a virtual difference
C=A-B

of two bundles. We can calculate the Chern character of Sym*C' and A*C' in terms of

the Chern characters of A and B. For example, we have in K-theory
Sym?A = Sym?C 4 Sym*B+ C ® B .
After rewriting, we find
Sym?C = Sym?A — Sym’B - A® B+ B® B
which easily leads to the desired Chern character formulas. Similarly,
AC=MANA-AN’B-A®B+B®B.

Formulas for the higher symmetric and wedge products are obtain in the same manner.
Since the bundles W;, Wi+, and U; have been determined in K-theory in Section 2.4

as virtual differences, we will require such formulas in the computations below.



VERLINDE FLATNESS AND RELATIONS IN H*(Mg)

6.4. The object N;. Our next task is to calculate the Chern character of Nj.

formula (13), we see

- ~U
ch Ny = ¢} (chLl-chI/Vl ~ch Sym* Uy - _efpl) :

By equations (9) and (12), we have
ch(Ly) = e2¥1™291 and ch W[ = e2¥11271,
The bundle U; is determined as a K-theoretic difference in (11),
chU; = chm(2w) + eV 41— SVt
We can write Uy = A — B where A is rank 11, B is rank 1, and
ch A = chm,(2w) + e‘j +1, chB= e3V1t201

More explicitly, the Chern characters of A are

ChoA = 11,

chi A = %Iﬂ—i—@,

Ch2A = %Hg—i—%\/l}z,
1~

chs A = 6\1/3,

with higher Chern characters vanishing in R*(My1) and thus in R*(C'). We find
choSym24 = 66,
chy Sym?A4 = 13k, + 12V,

13 169 13 ~ =~

chy Sym?A = ?Hg—i-@/ﬁ%—i-ﬁmlll—l—?\lﬂ,
1 ~ 13 - -

chy Sym?A = 5h2 ¥+ ﬁm\p? + 303,

By the discussion in Section 6.3,
ch Sym?U; = chSym?A4 —ch A-ch B .

Putting the above equations together yields

Ch0N1 = 1155,
2675 ~
chy Ny = 6 k1 + 4200,
203 20423 237~ ~
ho Ny = — R4 kU 4 16502
chy Ny 2/{2+2881<51+4/£1+65 ,
159 =~ 91 5~ 2251 = ~
chg Ny = 7@\y+§f@%w+ 51 W% — 27503,

17
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6.5. The object N>. In order to calculate the Chern character of No, we use the equa-

tion

1—e¥l 11— A+0

1 U A—VU
ch Ny = 563 <ChL2'ChA2W2'ChSymOU2. 1 2 >

1 -V A—-TU
= 563 (cth-chdetWQ_- ! 2 )

1—e¥1 1 — e At0:
By equations (9) and (12), we have
Ch (LQ) _ €—2A+2\I/1+2\I/2+20'1+20'2

Ch det WQ_ = 6_3A+2\Ijl+2‘1}2+201 +202 .

Putting the above equations together yields

Cho N2 = 170
329
Ch1 N2 = ?Kll +56\II
27 5329, T3 o ~,
chg Ny = —TKQ—I— 144 K] + 51\11—113\1/ s
511 1652A
chy Ny = 42koW + Em\lﬂ — T\IJ?’.

6.6. Chern characters. We now have enough information to calculate the Chern char-
acters of the Verlinde bundle,

Cho @7271 = 16,
~ 10
chi Vo = 3
~ 15 95 5 =~ ~
cho Vo1 = —?ng + %n% + 6”1‘1’ — 5\112,
~ 91 53 - ~
ch3Vy, = 15ky0 — T W+ i k102 — 11003,

The flatness relation occuring in degree 2 is
v L og 4
chy V271 — @Chl V2’1 =0 €eH (M4’1).

After expanding the left side, we find the relation

_2 U-502=0¢c H: M
5 H2 T 5ghi T ght € H (Ma)

which can be checked to hold. The flatness relation in degree 3 is

Ch3 Vg 1= h2 V2,1

6
1536 =0€ (M)

25
3456

which is also true.
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7. EXAMPLE IN GENUS 5

The results for the Verlinde bundle of rank 2 and level 1 on the moduli space M5 1 are

given below:

chg %72,1 = 32,

chy “72,1 = %Hla

chy %72,1 = 252 + %/{%,

chyVy, = 1773203 K3 — %fﬁzm + %73%/1?
—gm@ + %n?@ - %m@? +198%°,

chy Vo, = _%553@ + %H@ _ %Fg@
—¥@@2 + %R%\Tﬂ - gmiﬂ +21920%,

The associated flatness relations can be verified to hold in H*(Ms5 1) by known results

governing the tautological ring in genus 5.
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