INTERSECTION THEORY ON MODULI OF DISKS,
OPEN KDV AND VIRASORO

RAHUL PANDHARIPANDE, JAKE P. SOLOMON, AND RAN J. TESSLER

ABSTRACT. We define a theory of descendent integration on the
moduli spaces of stable pointed disks. The descendent integrals are
proved to be coefficients of the 7-function of an open KdV hierar-
chy. A relation between the integrals and a representation of half
the Virasoro algebra is also proved. The construction of the the-
ory requires an in depth study of homotopy classes of multivalued
boundary conditions. Geometric recursions based on the combined
structure of the boundary conditions and the moduli space are used
to compute the integrals. We also provide a detailed analysis of
orientations.

Our open KdV and Virasoro constraints uniquely specify a the-
ory of higher genus open descendent integrals. As a result, we ob-
tain an open analog (governing all genera) of Witten’s conjectures
concerning descendent integrals on the Deligne-Mumford space of
stable curves.
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1. INTRODUCTION

1.1. Moduli of closed Riemann surfaces. Let C' be a connected
complex manifold of dimension 1. If C'is closed, the underlying topol-
ogy is classified by the genus g. The moduli space M, of complex
structures of genus g has been studied since Riemann [37] in the 19"
century. Deligne and Mumford defined a natural compactification

M, C M,

via stable curves (with possible nodal singularities) in 1969. The mod-
uli My, of curves (C,py,...,p;) with [ distinct marked points has a
parallel treatment with compactification

/\/lg’l C Mg’l .

We refer the reader to [13} 24] for the basic theory. The moduli space
M, is a nonsingular complex orbifold of dimension 3g — 3 + (.

1.2. Witten’s conjectures. A new direction in the study of the mod-
uli of curves was opened by Witten [47] in 1992 motivated by theories
of 2-dimensional quantum gravity. For each marking index 4, a complex
cotangent line bundle

Li — ng
is defined as follows. The fiber of IL; over the point
[Oaplv s 7pl] € mg,l
is the complex cotangentl] space T¢,,, of C at p;. Let
7/11' S H2(mg,la Q)

denote the first Chern class of ;. Witten considered the intersection
products of the classes ;. We will follow the standard bracket notation:

(1.1) <Ta17a2...7al>g:/ g
My,

The integral on the right of (1.1 is well-defined when the stability
condition

20—2+1>0

1By stability, p; lies in the nonsingular locus of C.
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is satisfied, all the a; are nonnegative integers, and the dimension con-
straint

(1.2) 3g—3+l=2ai

holds. In all other cases, <H§:1 Tai>g is defined to be zero. The empty

bracket <1>1 is also set to zero. The intersection products are
often called descendent integrals.

By the dimension constraint , a unique genus ¢ is determined
by the a;. For brackets without a genus subscript, the genus specified
by the dimension constraint is assumed (the bracket is set to zero if
the specified genus is fractional). The simplest integral is

(1.3) (1) =(15)y=1"
Let t; (for i > 0) be a set of variables. Let v = >~ t;7; be the
formal sum. Let

00 ,yn
Fg(to,tl, ) — Z < n'>g
n=0 ’

be the generating function of genus g descendent integrals (1.1]). The
bracket <7”>g is defined by monomial expansion and multilinearity in
the variables t;. Concretely,

Fy(to, t1,...) = Z H #<T§“’T{”T§2 e >g,

{ni}i=1 """

where the sum is over all sequences of nonnegative integers {n;} with
finitely many nonzero terms. The generating function

(1.4) F=> u""F,
g=0

arises as a partition function in 2-dimensional quantum gravity. Based
on a different physical realization of this function in terms of matrix
integrals, Witten [47] conjectured F’ satisfies two distinct systems of dif-
ferential equations. Each system determines F' uniquely and provides
explicit recursions which compute all the brackets . Witten’s con-
jectures were proven by Kontsevich [30]. Other proofs can be found in
132, [36].

Before describing the full systems of equations, we recall two basic
properties. The first is the string equation: for 2g — 2 + 1 > 0,

l l
<TOHTa¢> - Z <Ta]-—1HTai> .
=1 g 7=1 1#£]

g
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The second property is the dilaton equation: for 2g — 2 +1 > 0,

(1.5) <71H7ai> =(29—-2+1) <Hra> .

The string and dilaton equations may be written as differential opera-
tors annihilating exp(F") in the following way:

) )
1.6 L, = —t t
(16) ! ot T 2 0+Z ot
30 21+1 0O 1
Ly = ———r S = .
0 28t1+2 > Yo T 16

Both the string and dilaton equations are derived [47] from a compari-
son result describing the behavior of the 1 classes under pull-back via
the forgetful map
I Mg,l—i—l — Mg,l .
The string equation and the evaluation together determine all
the genus 0 brackets. The string equation, dilaton equation, and the
evaluation

(1.7) (1), = i

determine all the genus 1 brackets. In higher genus, further constraints
are needed.

The first differential equations conjectured by Witten are the KAV
equations. We define the functions

0o 0 0
(1.9 (oo ) = Gy e

Of course, we have

((TarTaz =+ Tar))

The KdV equations are equivalent to the following set of equations for
n > 1

(2 + D (7 78)) =

= ((Tu-170)){(70)) + 2((ra-175)){(73)) + }1<<Tn—ﬂé‘>>~

For example, consider the KdV equation for n = 3 evaluated at t; = 0.
We obtain

= <7'a To '-'Ta> )
t;=0,u=1 e !

1
7<T3T02>1 - <7270>1<T(:)3>0 + Z<TQT§>0'
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Use of the string equation yields:

7n), = (n), + 3()y

Hence, we conclude . In fact, the KdV equations and the string
equation together determine all the products and thus uniquely
determine F'.

The second system of differential equations for F' is determined by
a representation of a subalgebra of the Virasoro algebra. Consider the
Lie algebra L of holomorphic differential operators spanned by

L, = —z"HQ

0z
for n > —1. The bracket is given by [L,, L,,| = (n — m) L1,

The equations may be viewed as the beginning of a representa-
tion of L in a Lie algebra of differential operators. In fact, with certain
homogeneity restrictions, there is a unique way to extend the assign-
ment of L_; and Lg to a complete representation of L. For n > 1, the
expression for L, takes the form

L, =
3.5.7---(2n+3) 0
- on+1 Oty
D
pr 2 ati—i—n
AR B DR D (220
9 £ - on+1 8252-825”_1_@' .

1=

The second form of Witten’s conjecture is that the above represen-
tation of L annihilates exp(F):

(1.9) Vn>-1, L,exp(F)=0.

The system of equations also uniquely determines F'.

The KdV equations and the Virasoro constraints provide a very sat-
isfactory approach to the products . The aim of our paper is to
develop a parallel theory for open Riemann surfaces. An open Rie-
mann surface for us is obtained by removing open disks from a closed
Riemann surface. See Section [L.3] below for a more detailed discussion.
Hence, the terminology Riemann surface with boundary is more appro-
priate. We will use the terms open and with boundary synonymously.

For the remainder of the paper, a superscript ¢ will signal integration

over the moduli of closed Riemann surfaces. For example, we will write
6



the generating series of descendent integrals (|1.4]) as

Fe(u,to, ty,...) = Z 29— 22 <7 >

We will later introduce a generatlng series F'° of descendent integrals
over the moduli of open Riemann surfaces.

1.3. Moduli of Riemann surfaces with boundary. Let A C C be
the open unit disk, and let A be the closure. An extendable embedding
of the open disk in a closed Riemann surface

f:A=C

is a holomorphic map which extends to a holomorphic embedding of an
open neighborhood of A. Two extendable embeddings in C' are disjoint
if the images of A are disjoint.

A Riemann surface with boundary (X,0X) is obtained by removing
finitely many disjoint extendably embedded open disks from a con-
nected closed Riemann surface. The boundary 0X is the union of im-
ages of the unit circle boundaries of embedded disks A. Alternatively,
a Riemann surface with boundary is defined like a Riemann surface ex-
cept that the coordinate charts are allowed to map homeomorphically
to an open subset of the closed upper half plane.

Given a Riemann surface with boundary (X, 0.X), we can canonically
construct a double via Schwarz reflection through the boundary [I]
Sec. II.1.3]. The double D(X,0X) of (X,0X) is a closed Riemann
surface. The doubled genus of (X,0X) is defined to be the usual genus
of D(X,0X).

On a Riemann surface with boundary (X, 0.X), we consider two types
of marked points. The markings of interior type are points of X \ 0.X.
The markings of boundary type are points of 0X. Let M, denote
the moduli space of Riemann surfaces with boundary of doubled genus
g with k distinct boundary markings and [ distinct interior markings.
The moduli space M, is defined to be empty unless the stability
condition,

20 -2+ k+20>0,

is satisfied. The moduli space M, ;; may have several connected com-
ponents depending upon the topology of (X,0X) and the cyclic or-
derings of the boundary markings. Foundational issues concerning the
construction of M, ;; are addressed in [31].

We view M, 1., as a real orbifold of real dimension 3g —3+k+2[. Of
course, M, is not compact (in addition to the nodal degenerations

present in the moduli of closed Riemann surfaces, new issues involving
7



the boundary approach of interior markings and the meeting of bound-
ary circles arise). Furthermore, M, ;; may not be orientable. Non-
orientability presents serious obstacles for the definition of a theory
of descendent integration over the moduli spaces of Riemann surfaces
with boundary.

We will often refer to connected Riemann surfaces with boundary as
open Riemann surfaces or open geometries (as the interior is open). The
genus of an open Riemann surface will always be the doubled genus.

1.4. Descendents. Since interior marked points have well-defined co-
tangent spaces, there is no difficulty in defining the cotangent line bun-
dles

]Li — Mg,k,l

for each interior marking, ¢ = 1,...,l. We do not consider the cotangent
lines at the boundary points.

Naively, we would like to consider a descendent theory via integration
of products of the first Chern classes ¢; = ¢;(L;) € H*(M, ;) over a

compactification M x; of M, ;. Namely,

(110) <Ta1Ta2 o 'Talak>z - / (111 (212 U lal :
M

g,k,l

when

l
2> a;=3g—3+k+2l,
=1

. o
and in all other cases <Ta1 C Ty ak>g = 0. Here, 7, corresponds to

l
the a'® power of a cotangent class ©® as before. The new insertion
o corresponds to the addition of a boundary marking.ﬂ To rigorously
define the right-hand side of ([1.10)), at least three significant steps must
be taken:

(i) A compact moduli space M, ;; must be constructed. Because
degenerations of Riemann surfaces with boundary occur in real
codimension one, candidates for ﬂg,w are real orbifolds with
boundary OM, ;.

(ii) For integration over M, 4; to be well-defined, boundary condi-
tions of the integrand must be specified along M, ;. That is,
the integrand must be lifted to the relative cohomology group
H39-3+420(Rg 0 OM, 100).

(iii) Orientation issues must be addressed.

2The power of o specifies the number of boundary markings.
8



The most challenging aspect of defining open descendent integrals is
the specification of boundary conditions (ii). At first glance, one might
hope to find a natural lift of ; to HQ(Mg,k,l, Qﬂg,k,l). However, this
does not appear feasible. Rather, consider the bundle

l
(1.11) E =L
=1

The Euler class of E is given by
o(B) = Upug v

So, it suffices to find a natural lift of e(E) to relative cohomology. This
is the approach we follow. Such an approach leads to considerable
difficulties in proving recursive relations between descendent integrals.
Indeed, for closed descendent integrals, the proofs of recursive relations
use heavily the factorization of the integrand as a product of cohomol-
ogy classes [47].

The need to specify boundary conditions and the orientation issues
impose serious constraints on the ultimate definition of M,,;. For
g > 0, it appears these constraints can only be satisfied if ﬂgw is
the compactification of a covering space of M, ; that arises as the
moduli space of open Riemann surfaces with an additional structure.
The construction of M, for ¢ > 0 will be given in [41]. In the case
g = 0 treated here, we take M 1 to be the space of stable disks studied
previously in the context of the Fukaya category [20, 311 [38].

In this paper, we complete steps (i-iii) in the doubled genus 0 case.
The outcome is a fully rigorous theory of descendent integration on the
moduli space of disks with interior and boundary markings. Moreover,
we prove analogs for ﬂo,k,l of the string and dilation equations as well
as the topological recursion relations, which allow us to completely
solve the theory.

1.5. Construction of the descendent theory of pointed disks.
By the Riemann Mapping Theorem, the open geometry of genus 0 is
just the disk with a single boundary circle. The simplest moduli space
is My 30 parameterizing disks with 3 boundary markings. There are
exactly two disks with 3 distinct boundary points (corresponding to the
two possible cyclic orders). Thus M, 3 is already compact, and it has
no boundary. So, we can evaluate the corresponding open descendent
integral without reference to boundary conditions. In our definition
of open descendent integrals , the geometric integral over My,
is multiplied by 23", In particular, for Mg3o the power is 271, We
9



FIGURE 1. A nodal disk with 3 disk components, one
sphere component, 5 internal marked points and 6
boundary marked points.

conclude that
(1.12) (o) =1.

Similarly, the moduli space M ; 1, parameterizing disks with 1 bound-
ary point and 1 interior point, consists of a single point. It follows that
also <7'00'>0 =1.

In general, the compact moduli space MOM of our construction is a
compactification of My ; stemming from ideas very close to Deligne-
Mumford stability. It allows for internal sphere bubbles and boundary
disk bubbles following the approach familiar from the Fukaya cate-
gory [20, 31, 38]. See Figure [1]

The boundary conditions we impose for our definition of the descen-
dent integrals are the most delicate aspect of the construction. As
mentioned above, our strategy is to lift the Euler class e(E) to the
relative cohomology group H**2=3(Mg 1, 0Mo ;). Here, E — Mo,
is the bundle given by equation . Such a lift can be given by con-
structing a non-vanishing section s of the restriction £ |8ﬂo,k,l‘ There is
no unique construction of such a section s. Rather, we give a construc-
tion that is well-defined up to non-vanishing homotopy. It follows that
the resulting lift of e(E) to relative cohomology is well-defined. Our

construction of s relies on the decomposition of the boundary 8M07k7l
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into products of moduli spaces of open Riemann surfaces with fewer
marked points.

A surprising feature of our construction is that the section s must be
multi-valued. Multiple valued sections are forced on us by a non-trivial
monodromy in the geometric constraint defining s. An explicit example
of how this comes about is given in Remark [3.5] In genus zero, the
moduli space MOM is always a smooth manifold. So, the phenomenon
of multi-valued sections is not the result of orbifold isotropy groups.

Another unintuitive aspect of the boundary conditions is the com-
plexity of their dependence on the boundary marked points. Indeed, we
consider only the cotangent lines IL; at interior marked points. So, by
analogy with the string equation, one would expect a simple geometric
recursion to govern the dependence of open descendent integrals on the
number of boundary marked points. This is not the case. To the con-
trary, in Section [1.7|we observe a parallel between the formulas for open
descendent integrals on M()’k’l and closed A\jA\,_1 descendent integrals
on MQJ, where g is proportional to k. That is, the number of bound-
ary marked points in open genus zero descendent integrals plays a role
analogous to the genus in closed A\;\;_; descendent integrals. This is
one indication of the complex dependency of the boundary conditions
on the boundary marked points.

Our proofs of the open analogs of the string, dilaton, and topological
recursion relations all use the boundary conditions in an essential way.
The boundary conditions are defined and constructed in Section[3] The
idea of the definition is outlined in Section [L.8.1]

1.6. Differential equations.

1.6.1. Partition functions. Though the resolution of the issues (i-iii) of
Section |1.4] for the moduli of pointed disks (the genus 0 case) requires
a substantial mathematical development, the evaluation of the theory
is remarkably simple. The answer guides the higher genus open cases.
We propose here an evaluation of the theory of descendent integration
over the moduli of Riemann surfaces with boundary for all g, k£, and
[. For the genus 0 case, we prove our proposal is correct using our
foundational development. The main conjectures of the paper concern
the g > 0 cases. Even before giving complete definitions resolving (i-iii)
for g > 0, we are able to conjecture a complete solution.

The solution is again via differential equations for the generating

series of descendent invariants. Recall the descendent series for the
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moduli of closed Riemann surfaces,

Fc(u,to,tl,... Zuzg 2FC t07t1,._,)_z 29-2 M’

n!
g=0 n=0

where v = >~ t;7;. Slmllarly, we define the open descendent series as

FO(U,S7t0,t1,...):Zugingo(to,tl,... Z 9= IZ n'k' y
g=0

where v = >"° t;7; is as before and 6 = so. The associated partition
functions are
Z¢ =exp(F°), Z°=exp(F°).
We define the full partition function by
Z=exp(F‘+ F°).

1.6.2. Virasoro constraints. Let L, be the differential operators in the
variables v and t; defined in Section [1.2] We define an s extension £,
of L, by the following formula:

ontt n 3n+3 , 0"
u
Osntl 4 Osn
for n > —1. Using the relations
[Lna Lm] = (TL - m)Ln—i-m

and the commutation of L, with the operators u, s, and %, we easily
obtain the Virasoro relation

[£n7 'Cm] = (7’L - m)£n+m
By Witten’s conjecture, L,, annihilates Z°.

(1.13) Ly =Ly, +u"s

Conjecture 1. The operators L,, annihilate the full partition function,
Vn>-1, L,Z=0.

The restriction of the full partition function Z to the subspace defined
by t; = 0 for all ¢ is easily evaluated,

3
_ _ _ _ /.3

(1.14) Z(s,tg=0,t1 =0,t5=0,...) = (o >0 3 = —! :

By a dimension analysis, the descendent <O’3>0, evaluated by ([1.12]),

is the only nonzero term which survives the restriction. The Virasoro

constraints of Conjecture[l]then determine Z from the restriction (1.14).

In other words, Z° is uniquely and effectively specified by Conjecture 1]

the restriction ((1.14)), and Z°.
12



Using our construction of the descendent theory of pointed disks, we
prove the genus 0 part of Conjecture [1}

Theorem 1.1. The operators L, annihilate the genus zero partition

function up to terms of higher genus. That is, for n > —1, the coeffi-
1

cient of u™" in
L, exp(u?F§ +u 'FY)
vanishes.

The proof of Theorem is presented in Section

1.6.3. String and dilaton equations. The string and dilaton equations
for F'° are obtained from the operators £_; and L, respectively. The
string equation for the open geometry is

o) A — OF°
1.15 =Y tig— +uls.
( ) 8150 ; +1 ati +u s

The dilaton equation is

8Fo_i(2i+1) OF° 2 OF° 1
3

ti—— .
8ti +38 0s +2

oty

The string equation implies that for 2g — 2 + k£ + 21 > 0,

l o o
k k
<TOH7'M0 > = E <Taj_1H7'aiU > .
i=1 g j

i#] g
The dilaton equation implies that for 29 — 2 + k + 21 > 0,

o

(1.16) <7'1H7'a¢<7k> =(g—-14+k+1) <H7aiak> :

g g

The string and dilaton equations for F¢ together with the Virasoro
relations

LAZ=LyZ=0
imply the string and dilaton equations for F°. The following result is

therefore a consequence of Theorem [I.1} It is also an important step
in the proof.

Theorem 1.2. The string and dilaton equations hold for .
13



1.6.4. KdV equations. We have already defined (1.8]) double brackets
in the compact case. For the open invariants, the definition is parallel:
(it 7)) = oo OO
ae Oty, Ola, Oty Os

Also,
o 0 o o

k o
TayTas " = . —F7.
(7 o, >> Oty Ota, Oty OsF 9
We conjecture an analog of Witten’s KdV equations in the compact
case.

Conjecture 2. Forn > 1, we have

et D () = wl(ram) ()
$2{(r)){(0))" + 2 (rar0))’
()

Together with the string equation (1.15), the system of differential
equations of Conjecture [2| uniquely determines F° from <a3>g and F*°.
For example, we calculate (using n = 1):

3

3y = AmoY - 5 (Yo =5

SO <7'1> = 5. In fact, the system is significantly overdetermined. We
speculate the differential equations for F'° of Conjecture [2| have a solu-
tion if and only if F° satisfies Witten’s KdV equations. The agreement
of Conjectures (1| and [2] is certainly not obvious. However, recent work
of Buryak [4] proves they are equivalent. Moreover, Buryak proves the
consistency of the open KdV equations.

Using our construction of the descendent theory of pointed disks, we
prove the genus 0 part of Conjecture [2]

Theorem 1.3. The open analogs of the KdV equations hold in genus
zero. Namely,

@0+ D){{rad)e = {ruamo)yo({To) e + 2({rac1 ) ({0))e

forn > 1.

A complete proposal for a theory of descendent integration in higher
genus will be presented in a forthcoming paper by J.S. and R.T. [41].
Via the construction of [4I], R.T. has found a combinatorial formula
that allows effective calculation of the descendent integrals in arbitrary

genus [44]. Several months after the first version of this paper appeared,
14



Conjectures || and [2] were proved by A. Buryak and R.T. [7] using
the combinatorial formula of [44]. A matrix model for refined open
descendent integrals distinguishing contributions from surfaces with
different numbers of boundary components has been conjectured in [2].

1.7. Formulas in genus 0. Descendent integration over the moduli
space of compact genus 0 Riemann surfaces with marked points has a

very simple answer,
c -3
ooy = (o)
e

The above evaluation is easily derived from the string equation for F*
and the initial value
3\ 0

Alternatively, the evaluation can be derived from the topological re-
cursion relations [47] for F§.
A explicit evaluation also can be obtained for the open invariants

k\O
<Ta1 - T O >0

in genus 0. Using the string equation for F° of Theorem [1.2] we can
assume a; > 1 for all 7. By the dimension constraint,

l
—3+k+2h:§:m%
=1

Theorem 1.4. We have the evaluation

S 20 —141)!

1=

Hi:1(2ai - i

(Tar . 1) = |

n case a; > 1 for all i.

The double factorial of an odd positive integer is the product of all odd
integers not exceeding the argument,

M=9.7-5-3-1.

While such double factorials also occur [22] in the formula for AgA,_;
descendent integrals over the moduli space of M,; of higher genus
curves, a direct connection is not known to us.

We derive Theorem as a consequence of the following topological

recursion relations for the open theory in genus 0.
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Theorem 1.5. For n > 0, two topological recursion relations hold
for Fy:

(TRRI) ({Ta0))g = ((Ta170))5 ((700)) + ((Ta=1))g ((0°))g 5
(TRR IT) <<Tn7—m>>(o) = <<7—n—17-0>>0 (10T >> <<Tn—1>>0 <<Tm0>>0'

As noted in [3], a straightforward manipulation of the above topo-
logical recursion relations gives the following.

Corollary 1.6. The following two open WDV'V relations hold for Fy :
{(TmTaT0))g ((700))g + ((TmT))g ((0%))g = ({Tma))g ({70 )5,

o

{(mm70))o ((T07))g + ((TiTm) ) ((Tn0))g =
= ((TmTa70))o ((1072))5 + {{TnTa) ) ((110))g -

The open WDVV equations of the preceding corollary are closely
analogous to the open WDVV equations for open Gromov-Witten in-
variants that have been studied extensively in [9, [10, 28, 40, 42]. In
fact, this analogy was one of the starting points for the present paper.

1.8. Context and motivation.

1.8.1. Boundary conditions. The original motivation for the definition
of the boundary conditions of this paper was the construction of open
Gromov-Witten invariants by Liu [31] in the presence of an S* action
on the target space. Roughly speaking, Liu shows that the induced S*
action on the boundary of the moduli space of stable .J-holomorphic
disks maps is free because it acts non-trivially on boundary nodes. So
one can reduce the dimension of the boundary from real codimension 1
to real codimension 2 by taking the quotient. This is crucial for the def-
inition of numerical invariants. In the context of the open descendent
integrals constructed here, the target space is a point, which does not
admit a non-trivial S! action. However, there is still a 1-dimensional
foliation of the boundary of the moduli space of stable disks reminis-
cent of the orbits of the induced S! action on the boundary of the
moduli space used in Liu’s construction. The leaves are paths traced
when boundary nodes of stable maps are allowed to change in a certain
way. We define the non-vanishing section s of E|;z7  mentioned in
Section by the property that it is pulled back from the leaf space of
the foliation. The leaf space is of real dimension two less than the real
rank of F, so any two non-vanishing sections pulled back from the leaf
space can be connected by non-vanishing homotopy. Consequently, the

open descendent integrals do not depend on the choice of s.
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1.8.2. Mathematical and physical corroboration. The open descendent
integrals fit nicely in the broader field of open Gromov-Witten theory.
The open WDVV equations for descendent integrals of Corollary
are closely analogous to the open WDVV equations for open Gromov-
Witten invariants that have been studied extensively in [9, [10] 28] [40]
42]. Open descendent integrals enter naturally in Zernik’s [33] 34] fixed
point localization formula for equivariant open Gromov-Witten invari-
ants of even dimensional projective spaces. The non-equivariant limit
of Zernik’s formula in dimension two gives Welschinger’s invariants [45]
of the projective plane. Since the open string, dilaton, topological re-
cursions, KdV equations and Virasoro constraints are highly overde-
termined, their existence is in itself an indication of the naturality of
the definition of open descendent integrals.

From a physics perspective, Witten and Dijkgraaf [I4] have explained
how the open descendent integrals of the present work arise in the
context of topological field theory in the spirit of topological sigma
models [46]. They have also derived the open Virasoro constraints
from random matrix models for topological gravity with vector degrees
of freedom that arise from including open strings. Connections with
condensed matter physics are described as well.

1.8.3. Open versus closed. The recursion relations for the open descen-
dent integrals exhibit behavior that does not have a direct analog in
the closed theory. This is most clearly visible in the open topological
recursion relations of Theorem [I.5 On the one hand, the closed-open
terms

(1.17) ({(Ta170))o ((T00))g ((Tae170))o ((T0Tm))o 5
from equations (TRR I|) and (TRR II|) are analogous to the right hand

side of the closed topological recursion relations,

(1.18) (TnTm))o = ((Ta=170))g ((T0Tm ™)) -

In both cases, the product of correlators arises from a stratum 7% in
the relevant moduli space consisting of two component stable Riemann
surfaces with a single interior node. The interior node contributes an
interior marked point to each component of the surface, and hence a
To insertion in each correlator of the product.

On the other hand, the open-open terms

(1.19) ((ra-))o ({0®))or  {mama))g ({Tma))g
from equations (TRR I)) and (TRR 1I)) exhibit unexpected behavior.

The product of correlators arises from a stratum 77 in the stable disk
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moduli space consisting of two component stable disks with a bound-
ary node. Unlike the case of the interior node, the boundary node con-
tributes a boundary marked point to each component of the surface,
but only contributes a ¢ insertion to one correlator of the product.

The unusual form of the open-open terms reflects a fundamental
difference in the way they arise. The proof of both the open and closed
topological recursion relations uses a special section ¢ of one of the
cotangent line bundles. The section ¢ vanishes on the stratum 7" giving
rise to the closed-open terms and the right hand side of .
Over the locus T°, the section t does not vanish, but rather it fails
to agree with the boundary condition. The open-open terms
quantify the lack of agreement.

The open dilaton equation also exhibits unexpected behavior.
According to the closed dilaton equation , a 71 insertion multiplies
the value of a descendent integral by the Euler characteristic of the
relevant surface after removing marked points. A natural guess would
be that a 71 insertion multiplies the value of an open descendent integral
by one-half the Euler characteristic of the closed double surface after
removing marked points. That would result in a factor of (¢g—1+4k/2+1)
in instead of the correct factor of (¢ — 1+ k+1). It will be seen
in the proof that this discrepancy directly reflects the definition of the
boundary conditions.

1.8.4. The obstacle to conjugation symmetry arguments. Before con-
sidering the approach to open descendent integrals based on boundary
conditions presented in this paper, we attempted to use a complex con-
jugation symmetry argument as in [11], 21l [39]. Roughly speaking, the
argument seeks to cancel certain boundary components of the stable
disk moduli space by gluing pairs of components related by complex
conjugation. For this to work, the gluing maps must always reverse
orientation relative to the bundle E of . However, in the case of
open descendent integrals, the signs of the gluing maps vary. Equiva-
lently, the possibility of defining open descendent integrals by integra-
tion over the moduli space of real stable curves obtained by a doubling
construction is obstructed by lack of orientability.

The phenomenon of boundaries that cannot be cancelled by complex
conjugation symmetry appears also in the context of open Gromov-
Witten invariants in dimensions greater than three [43]. The problem
occurs when the invariants include interior constraints of even complex
codimension or boundary constraints. Similarly, the problem with open

descendent invariants arises on account of even powers of the classes
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1; and boundary marked points. Genus zero open descendent invari-
ants necessarily involve boundary marked points. Otherwise, the real
dimension of the moduli space is odd, while the cohomology class to
be integrated is of even degree.

1.8.5. Beyond the point. Building on the present work, Buryak, Clader
and R.T. [0, [6] define a genus zero open r-spin theory and prove an open
analog of Witten’s conjectures [48]. Buryak, R.P, R.T. and Zernik [§]
define stationary open descendent invariants for (CP', RP') and cal-
culate them by fixed point localization. They also give conjectural
formulas for higher genus invariants.

Let X be a symplectic manifold. In forthcoming work of Giterman
and J.S. [23], descendent open Gromov-Witten invariants are defined
for a large class of Lagrangian submanifolds L C X. The definition re-
casts the construction of the present paper in the general framework for
open Gromov-Witten theory developed by J.S. and Tukachinsky [43].
The foliation used in defining the boundary conditions for open descen-
dent invariants is related to the unit in a deformation of the Fukaya A,
algebra of L that arises from descendent classes. The unit plays a role
in the definition of weak bounding cochains, which are used to cancel
boundaries of moduli spaces of stable disk maps. A major challenge
arises because the strict cyclic structure of the usual Fukaya A, alge-
bra deforms only in the homotopy sense in the presence of descendent
classes.

Basalaev and Buryak [3] have formulated a conjectural extension of
the open Virasoro constraints of the present work in any situation where
the open WDVV equations hold. For example, J.S. and Tukachin-
sky [42] showed that the genus zero open Gromov-Witten invariants
of [43] satisfy the open WDVV equations. So, the Virasoro constraints
of Basalaev-Buryak predict the behavior of conjectural higher genus
open Gromov-Witten invariants in that context.

1.8.6. Descendents in SF'T. Descendent classes in the context of mod-
uli spaces with boundary have previously been considered in the work of
Fabert [I7] and Fabert-Rossi [18, 19] on symplectic field theory (SFT),
based on ideas of Eliashberg [16]. A collection of homological invari-
ants is defined that satisfy analogs of the divisor, dilaton and string
equations as well as a version of the topological recursion relations.

A similar construction could be used to deform the Fukaya A, alge-
bra of a Lagrangian submanifold. However, to define descendent open
Gromov-Witten invariants within the framework of [43] additional steps
are required. The descendent deformation of the Fukaya A, algebra

must preserve the unit and the cyclic structure. The cyclic structure
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can only be deformed in the homotopy sense. Moreover, one must con-
struct a canonical class of bounding cochains in the deformed algebra.
These constructions are carried out in [23]. The open descendent in-
tegrals of the present work can be thought of as the descendent open
Gromov-Witten invariants of the point. The structures and construc-
tions used in the general definition of descendent open Gromov-Witten
invariants were found in part by unwinding the definition of boundary
conditions given here.

The works on descendent classes in SFT [17, [I8, 19] consider the
algebraic structures in SFT that arise from Riemann surfaces without
boundary. These structures are analogous to closed Gromov-Witten
theory. There are also algebraic structures in SF'T that arise from
Riemann surfaces with boundary, analogous to the Fukaya category
and open Gromov-Witten theory. Some aspects of the structures in
SFT arising from surfaces with boundary are outlined in Section 2.8
of [I5] with an emphasis on the new challenges that arise. The open de-
scendent integrals of the present work belong to open Gromov-Witten
theory. As explained in Section [I.8.3] phenomena that are unique to
Riemann surfaces with boundary play a central role.

1.9. Extension of multisections. H. Hofer brought to the authors’
attention a difficulty in proving the existence of a multisection of a vec-
tor bundle on a manifold with corners that smoothly extends a given
multisection on the boundary. The existence of such an extension is
used in the present paper in the construction of the boundary condi-
tions for descendent integrals. The boundary condition is necessarily
a multisection as explained in Section [1.5] Specifically, the extension
result is used in the proof of Proposition [3.49}

The difficulty with extension can be described as follows. Consider
the following two approaches to proving the existence of a section of a
vector bundle on a manifold with boundary that smoothly extends a
given section on the boundary.

(a) Choose a retract of a neighborhood of the boundary to the
boundary. Pull-back the section to the neighborhood. Extend
using a partition of unity to the whole interior.

(b) Extend locally. Glue local extensions using a partition of unity.

Approach @ fails for manifolds with corners because the retract can-
not be made smooth. Approach @ fails for multisections because the
natural sum operation on two multisections sums each branch of one
with each branch of the other. In particular the number of branches of

the sum is the product of the numbers of branches of the summands.
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So, patching local extensions with a partition of unity leads to a multi-
section that does not restrict to the given multisection on the boundary.
It does not have the right number of branches.

The recent book [27] presents in Chapters 13-14 a solution to the
extension problem for multisections. The main idea is to introduce the
notion of a structured multisection, which includes the information of
a local labeling of branches. Two structured multisections with com-
patible labeling schemes can be summed branch by branch without
multiplying the number of branches. Thus, approach to the ex-
tension problem can be salvaged. The cost is that the local extension
problem becomes considerably more difficult.

There is an additional difficulty with extending multisections noticed
by Hofer and J.S. The extension constructed in [27] is a structured mul-
tisection. However, the structure may not extend the given structure
on the boundary. This leads to difficulties in inductive constructions of
extensions, which are important in the present paper. Hofer and J.S.
are collaborating on a solution of this problem. A solution has been
found by slightly modifying the definition of structured multisection.
The modification affects each step of the construction of extensions
given in [27] and a full account is quite long. Recently, Hofer and J.S.
have reworked the definition of a structured multisection and the proof
of the extension theorem in the language of sheaves. The sheaf the-
oretic approach is expected to clarify the ideas behind the definition
and the theorem and make them easier to use and modify in the future.
The sheaf theoretic approach is the subject of the paper in preparation
of Hofer and J.S. [26]. A further discussion of multisections and their
extensions is given in Appendix [A]

1.10. Plan of the paper. In Section [2| we review the moduli space of
stable marked disks and discuss stable graphs. In Section |3| we define
the canonical boundary conditions and the open descendent integrals.
We then define the more subtle special canonical boundary conditions
and show they exist. We prove the string and dilaton equations and the
topological recursion relations using geometric methods in Section [
In Sections [5] and [6] we prove the genus 0 open Virasoro relations and
KdV equations using the string and dilaton equations and assuming
the genus 0 formula of Theorem Finally, in Section [7] we prove the
genus 0 formula using the open topological recursion relations and the
dilaton equation.
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2. MODULI OF DISKS

2.1. Conventions. We begin with some useful notations and com-
ments.

Notation 2.1. Throughout this paper the notation dimg¢ (rkc) will

mean di% (@)

Throughout this paper whenever we say a manifold, unless specified
otherwise, we mean a smooth manifold with corners in the sense of [29].
Similarly, notions which relate to manifolds or maps between them are
in accordance with that article.

Notation 2.2. We write A for the standard unit disk in C, with the
standard complex structure.

Notation 2.3. For a set A denote by A° the set
{z° for x € A}.

For [ € N, we use the notation [I] to denote {1,2,...,l}. We write [0]
for the empty set. We also denote by [I°] the set [[]°.

Notation 2.4. For a set A write 2?1-” for the collection of finite subsets
of A. We say that B C 2?1»” is a disjoint subset if its elements are
pairwise disjoint.

Notation 2.5. Put £ = 2%/7". Throughout the article we identify
i € ZUZ° with {i} € £, without further mention. We denote by

2% in.dis; the collection of finite disjoint subsets A of £, such that () ¢ A.
For A € 2% let UA € £ denote the union of its elements as sets.

fin,disj’
Remark 2.6. We use the set £ to label the marked points and nodal
points of stable disks. Here is an informal description of how the la-
beling procedure works. Typically, we begin with a stable disk with
boundary marked points labeled by single element subsets of Z° and

interior marked points labeled by single element subsets of Z. See, for
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example, Notation 2.20] Each nodal point of the stable disk, whether
boundary or interior, is labeled canonically on each of the two compo-
nents to which it belongs by a finite set. The finite set is the union of
the labels of the marked points on the components of the stable disk
that can be reached by starting from the given component and passing
through the given nodal point. A formal description of the labeling pro-
cedure for nodal points is given in Definition [2.28 Ultimately, we split
the stable disk into subdisks by cutting it apart at one or more nodal
points. The nodal points at which the splitting occurs become marked
points on subdisks. The new marked points inherit the canonical labels
of their parent nodal points. The splitting procedure is formalized in
Section [3.1] and more generally in Definition [3.10]

2.2. Stable disks. Throughout the paper markings will be taken from
£. We recall the notion of a stable marked disk.

Definition 2.7. Given B, I € 25, 4;,; with BNI = () and BUI disjoint,

we define a (B, I)—marked smooth surface to be a triple

(Z, {zi}iEB7 {Zi}ie])
where

(a) ¥ is a Riemann surface with boundary.
(b) For each i € B, z; € 0%.
(c) Foreachi € I, z; € int X.

We call B the set of boundary labels. We call I the set of interior labels.

We sometimes omit the marked points from our notations. Given a
smooth marked surface ¥, we write B (3) for the set of its boundary
labels. We also use B (X) to denote the set of boundary marked points
of X. Similarly, we write I (X) the set of interior labels of ¥, and again,
we also write I (3) for the set of internal marked points of 3.

Definition 2.8. Given B, [ € 2§‘m7di8j with BNI = () and BUI disjoint,

a (B, I)—pre-stable marked genus 0 surface is a tuple

Y= <{za}a€DHS y B> NI) )
where

(a) D and S are finite sets. For a € D, 3, is a smooth marked
disk; for a € S, ¥, is a smooth marked sphere.

(b) An equivalence relation ~p on the set of all boundary marked
points, with equivalence classes of size at most 2. An equiva-
lence relation ~; on the set of all internal marked points, with

equivalence classes of size at most 2.
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The two equivalence relations ~p and ~; taken together are denoted
by ~ . The above data satisfies

(a) B is the set of labels of points belonging to ~p equivalence
classes of size 1. I is the set of labels of points belonging to ~;
equivalence classes of size 1.

(b) The topological space [[,cp g Xa/~ is connected and simply
connected.

(c) The topological space [[, .y Xa/~p is connected or empty.

We also write X = [], cp g Xa/~ - If D is empty, X is called a pre-
stable marked sphere. Otherwise it is called a pre-stable marked disk.
We denote by Mg (¥,) the set of labels of boundary marked points of
Yo which belong to ~p equivalence classes of size 1. We define M (X,,)
similarly. The ~p (resp. ~;) equivalence classes of size 2 are called
boundary (resp. interior) nodes.

A smooth marked disk D is called stable if

|B(D)|+2|I(D)| > 3.

A smooth marked sphere is stable if it has at least 3 marked points.
A pre-stable marked genus 0 surface is called a stable marked genus 0
surface if each of its constituent smooth marked spheres and smooth
marked disks are stable.

Notation 2.9. In case B = A° for some A, we denote the marked
point z., for i € B, by x;. In this case we also use the notation
(¥,x,2) to denote a stable marked surface, where x = {#;};ocp(n) and

Z= {Zi}iEI(Z)-
Definition 2.10. Let X,Y’, be stable marked genus 0 surfaces with
B(X)=B((X) and I (X) =I1(X'). An isomorphism f : % — ¥/ is a
homeomorphism such that
(a) For each a € DU S, the restriction f|y, maps ¥, biholomor-
phically to some X for o/ € D'US".
(b) For each i € B (X) U I (X) there holds f (z;) = z/.

Remark 2.11. The automorphism group of a stable marked genus 0
surface is trivial.

2.3. Stable graphs. It is useful to encode some of the combinatorial
data of stable marked disks in graphs.

Definition 2.12. A (not necessarily connected, genus 0) pre-stable
graph I' is a tuple (V =Vouve, E,ZI,EB), where

(a) VO,V are finite sets.

(b) E is a subset of the set of (unordered) pairs of elements of V.
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()E[ V—)QS

£
fzndzsy’gB V — 2

fin,disj*

We call the elements of V' the vertices of I', where VO are the open
vertices, and V¢ are the closed vertices. We call the elements of E the
edges of I'. An edge between open vertices is called a boundary edge.
The other edges are called interior edges. We call £ (v) the interior
labels of v, and ¢ (v) the boundary labels. We demand that I" satisfies

(a) The graph (V, E) is a forest, namely, a collection of trees.

(b) If v,u € VO belong to the same connected component of I', they
also belong to the same connected component in the subgraph
of I" spanned by V°.

(¢) The sets ¢; (v) for v € V and £g(v) for v € VO are collectively
pairwise disjoint. That is, labels are unique.

(d) (i) For W C V spanning a connected component of I', the

subset Uyew (€5(v) U £r(v)) C 27, is disjoint.

(ii) For ¢ = 1,2, let W; C V span connected components of '
and let U; C Uyew,(¢p(v) U £r(v)) be proper subsets that
are disjoint. Then UU; # UUs,.

We say that I is connected if its underlying graph, (V, E') is connected.
Remark 2.13. Condition @ above means that each connected compo-
nent of closed vertices is a tree rooted in a neighbor of an open vertex.

Other vertices in this tree have no open neighbors. The root has a
unique open neighbor. This is a combinatorial analog of the geometric

condition [(c)] of Definition [2.8|
Remark 2.14. Condition [(d)]is designed to achieve the following:
e The operator B of Definition takes stable graphs to stable

graphs.
e The operator 0 of Definition takes stable graphs to stable
graphs.

Part |(i)| ensures the label sets E 1(v),€p(v) C 27, remain disjoint under
the above operations. Part |(ii)| ensures labels remain unique.

Notation 2.15. For a vertex v € V', denote by E, C E the set of edges
containing v. We denote by E! the set of interior edges of v and by E’
the set of all interior edges of I'. For v € VO, denote by EZ the set of
boundary edges of v. Denote by EP the set of all boundary edges of
['. We define

B(v)=t(p(v)UE],  I(v)={(v)UE,,
and we set k (v) = |B (v)|,l(v) = |I (v)|. We also write

(T) = Uevolp (v),  I(D)=Upevlr(v).
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We define k£ (I') = |B (I')|, 1 (I') = |1 (I")|. Finally, if i € I (I") we define
v; = v; (I') € V' to be the unique vertex v € V with i € ¢ (v).

For T a pre-stable graph, we write V ('), E (T') , £%, /%, for the sets of
vertices, edges, interior labels and boundary labels respectively. Sim-
ilarly, we write V(') and so on. We also use analogously defined
notation I'(v), BY (v).

Given a pre-stable graph I', we define

e=er: V() —{0O,C}

by € (v) = O if and only if v € VO. In specifying a stable graph, we
may specify ¢ instead of specifying the partition V = VO U V.

Although /g was defined only for boundary vertices, we sometimes
write {5 (v) = () for v € VC. Similarly, we set B (T') = 0 in case V° = ().

Definition 2.16. An open vertex v in a pre-stable graph I' is called
stable if k (v) + 20 (v) > 3. A closed vertex v in a pre-stable graph I' is
called stable if [ (v) > 3. If all the vertices of I" are stable we say that
I' is stable. We denote by G the collection of all stable graphs.

To each stable marked genus 0 surface Y we associate a connected
stable graph as follows. We set V¢ = D and V¢ = S. For v € V, we
set

lg(v)=Mp(%,), lr(v) = M;(%,).
An edge between two vertices corresponds to a node between their cor-
responding components. One easily checks that the associated stable
graph is well defined and satisfies all the requirements of the definitions.
Moreover, ¥ is a stable marked disk if and only if V© # (). Otherwise
it is a stable marked sphere.

Notation 2.17. The graph associated to a stable disk 3 is denoted by
['(%).

2.4. Smoothing and boundary.

Definition 2.18. The smoothing of a stable graph I' at an edge e is
the stable graph

dI'=di I =T"= (V' E' 1}, 0})
defined as follows. Write e = {u,v} . The vertex set is given by
V' =V \ {u,v}) U{uv}.
The new vertex uv is closed if and only if both v and v are closed.
Writing

E, = {{w,uww} {w,u} € E or {w,v} € F and w # u,v},
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we set
E' =(E\(E,UE,))UE,,.

Furthermore,

(w) = lr(w), we V'\ {uv},

O (uv) = Lr(u) U L (v),
and similarly for ¢p.

Observe that there is a natural proper injection £’ < E, so we may

identify E’ with a subset of E. Using the identification, we extend

the definition of smoothing in the following manner. Given a set S =
{e1,...,e,} € E(I), define the smoothing at S as

dsT =d, (...de, (d,T)...).

Observe that dgI” does not depend on the order of smoothings per-
formed.

Note that in case I' = dgI”, we have a natural identification between
E () and E(I")\ S.

Definition 2.19. We define the boundary maps
d:G— 29, 9:G—29, o8 .G — 29,
by
O ={I'|3# S C E(I"), I =dsI"}, 0T ={T}uar,
P = {I"|I" e oI, |[EB(I")| > 1}.
Denote also by 0 the map 29 — 29 given by
0{To}aea = | 0T
acA
and similarly for ', 0.
2.5. Moduli and orientations.

Notation 2.20. For B, I € 27, 4,; with BN I = ) and BUI disjoint,
denote by MQ B,1 the set of isomorphism classes of stable marked disks
whose set of boundary labels is B and whose set of interior labels is
I. Denote by Mo g the subset of My p s consisting of isomorphism
classes of smooth marked disks. We denote by M ; the set of isomor-
phism classes of stable marked spheres whose label set is /. Let M, s

be the set of isomorphism classes of smooth marked spheres with label
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set I. For I' € G, denote by Mr the set of isomorphism classes of
stable marked genus zero surfaces with associated graph I'. Define

Mr = H M.
I'ed'T
We abbreviate Mg, = M o), 5. We may also write Moy, Mo 5y,
with the obvious meanings. Similarly, we abbreviate /Vo,n = ng[n].

When we say that a stable marked disk belongs to WQ B,I, We mean
that its isomorphism class is in M g ;. The same applies to the other
sets defined above as well.

Notation 2.21. Given nonnegative integers k, [ with k+2[ > 3, denote
by Tox,; the stable graph with V¢ = {x} , V¢ =0, and with

lp(x)=[k°], ()=l

Remark 2.22. The above moduli of stable marked disks are smooth
manifolds with corners. We have

dimg Moy, =k + 21 — 3.

A stable marked disk with b boundary nodes belongs to a corner of the
moduli space M, of codimension b. Thus O My, consists of stable
marked disks with at least one boundary node. That is,

OMors= [ Mr.

FGaBFOYkJ

For foundational work on the manifold with corners structure of moduli
spaces of stable marked disks, several references are available. One
approach is Theorem 7.1.44 of [20]. A treatment based on hyperbolic
geometry is given in Section 4 of [31], which considers moduli spaces of
stable marked bordered Riemann surfaces of arbitrary genus. Moduli
spaces of stable disk maps to homogenous spaces are studied in [35]
using complex geometry. In the special case the target symplectic
manifold and Lagrangian submanifold are both the point, one obtains
moduli spaces of stable marked disks.

In the following, building on the discussion in [20}, Section 2.1.2], we
describe a natural orientation on the spaces Mo,k,l for £ odd. We start
by recalling a few useful facts and conventions. Let ¥ be a genus zero
smooth marked surface with boundary and denote by j its complex
structure. For p € X, and v € T,X, we follow the convention that
{v, ju} is a complex oriented basis. The complex orientation ¥ induces
an orientation of 0¥ by requiring the outward normal at p € 9% fol-

lowed by an oriented vector in 7,03 to be an oriented basis of 7),2. The
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orientation of 0% gives rise to a cyclic order of the boundary marked
main

points. Denote by My" C Mo, the component where the induced
cyclic order on the boundary marked points is the usual order on [k].
Denote by MS}?}” the corresponding component of Mgy,

The fiber of the forgetful map mo,k’l+1 — Mo,k,l is homeomorphic to
a disk. It inherits the complex orientation from an open dense subset
that carries a tautological complex structure. For k£ > 1, the fiber
of the forgetful map HO,HI,Z — MO,M is homeomorphic to a closed
interval. An open subset of this closed interval comes with a canonical
embedding into the boundary of a disk, which induces an orientation
on the fiber. The fiber of the forgetful map Hg?:g’l — Hgf,jfl” is
homeomorphic to [0, 1]%.
Ezxample 2.23. The space Wg? = Mog’l is diffeomorphic to an inter-
val. The endpoints are given by products of the form Mg ;1 X Mg 3.
See the bottom of Figure The space W;T is the fiber of the for-

——main ——main

getful map M07271 — Mo,1,1 .

The moduli space /\/log’iln is diffeomorphic to a hexagon. Boundary

main ——main ——main ——main

components can be either M3 x Mg,; or My g X Mgy . See the
top of Figure[2l ‘
The space Mogff is the fiber both of the forgetful map ﬂgfgf{l —

——main main ——main

Moy, and the forgetful map Mgy, — Mg . It is homeomor-
phic but not diffeomorphic to both D? and [0,1]%. The dotted line
in the hexagon in Figure [2| represents the fiber of the forgetful map
ﬂg’f;ff — ngln . It is diffeomorphic to the interval [0, 1]. The fiber
over the right hand endpoint of the interval is the union of three bound-
ary components, so it is not a smooth submanifold, but it is still home-

omorphic to the interval [0, 1].

——main

We fix the orientation of the fiber of the forgetful map Mg, o, —

ﬂgf,ffl” by identifying the first factor of [0, 1]* with the fiber of the map
forgetting the k£ 4+ 1 marked point and the second factor with the fiber
of the map forgetting the &£+ 2 marked point. This orientation is called
the natural orientation below.

Lemma 2.24. Let k be odd and [ arbitrary. There exists a unique
collection of orientations ooy, for the spaces Moy with the following
properties:

(a) In the zero dimensional cases k = 1,1 =1, and k = 3,1 =0, the

orientations oy are positive at each point.
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FIGURE 2. The hexagon represents ﬂg”‘glf and the line

segment represents Mgf;ff . The dotted line represents a
typical fiber of the forgetful map. Stable marked disks
are shown that represent a typical point of each space as
well as a typical point of each boundary component.

(b) 0o is invariant under permutations of interior and boundary
labels.

(¢c) 0o ki1 agrees with the orientation induced from oy, by the fi-
bration Mo’k,l_i_l — -/\_/lo,k,z and the complex orientation on the
fiber.

(d) 0g j+2,1 agrees with the orientation induced from og ., by the fi-

. —— main ——main . .
bration Mg, o, — Mgy, and the natural orientation on the

fiber.
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Remark 2.25. In the preceding lemma, it does not matter which order-
ing convention we use for the induced orientation on the total space of
a fibration. Indeed, the base and fiber are always even dimensional.

Remark 2.26. The orientation induced on the boundary of W;:ln by
00k, agrees with the orientation induced by the product structure up to
a sign computed in Proposition 8.3.3 of [20]. However, we will not need
to know this sign in the present work. Rather, we will use the compat-
ibility property of the induced orientation on the boundary proved in
Lemma, below. This compatibility property arises naturally in the
proof of the open topological recursion relations in Lemma below.

Proof of Lemma |2.24] If the orientations og ,; exist, properties
imply they are unique. It remains to check existence.
For property @ to hold, we must show that permutations of labels

that map the component H;”ZT to itself are orientation preserving.
Indeed, let

z= (21,0, 2) € (S, i F 2, UF]
w = (wy,...,w) € (int D', w; #wj, i#£5 [°

v ={Gw

Denote by U™ C U the subset where the cyclic order of 2, ..., 2,
on S' = 9D? with respect to the orientation induced from the complex
orientation of D? agrees with the standard order of [k]. Then

et = Um" [ PSLy(R).

Permutations of labels preserving the component ﬂgj‘,jfl” are powers
of the cyclic permutation (z1,...,2,) — (2k, 21,...,2k-1). The cyclic
permutation diffeomorphism Mg — Mg is induced by the diffeo-
morphism U™%" — ™" ohtained by restricting the diffeomorphism
w : (SH* — (S1)* given by cyclically permuting the factors. Since
dim S* = 1, the sign of @ is (—1)"*~Y_ Since k is odd, we see that @
preserves orientation. So, cyclic permutations of the boundary labels
preserve the orientation of U™*" and thus also M7 and WZT Sim-
ilarly, since dim D? = 2, arbitrary permutations of the interior labels

——main

preserve the orientation of Mg, ;"
A direct calculation shows that the orientation on M, 3 induced by
property from o0y 30 agrees with the orientation induced by prop-

erty @ from o0 1,1. See Figure S0 09,3, exists. Existence of og
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satisfying properties and @ for other k£, [, follows from the com-
mutativity of the diagram of forgetful maps

——main ——main

Mo,k+2,l+1 - MO,k+2,l

| |

——main ——main

Mo == Moy -
U

For the remainder of the paper, we always consider the spaces ﬂo,k,z
for k odd equipped with the orientations og .

2.6. Edge labels. In constructing the boundary conditions for open
descendent integrals, it is necessary to be able to refer to the edges of
a vertex and their corresponding nodal points unambiguously. We do
this as follows.

Notation 2.27. Let I' be a stable graph and let e be an edge connecting
vertices u,v € V(I'). That is,

e={u,v} € E(I').

We denote by I'. the (not necessarily stable) graph obtained from T’
by removing e. We denote by I'.,, the pre-stable graph which is the
connected component of w in I'.. We define I', , similarly.
Definition 2.28. Denote by il : I (v)UB (v) — £ the map defined by
(a) for x € 7 (v) ULlp(v), i (z) = =,
(b) for e = {u,v} € E, il (e) = UI (T.,) UUB (T..,),
When the graph I is clear from the context, we write i, instead of L.
Remark 2.29. It is easy to see that 7, is actually an injection. Hence,
we may identify I (v) U B (v) with its image under 4,. In addition, it
follows from Definition [2.12| part |(d)}(i)| that

i, (I (v)U B (v)) € 2%

fin,disj*

Definition 2.30. Let I' € G and A € d'T. In light of Definitions
and [2.19] we have canonical maps

s=qr: V(A) — V(D) t=1ra: E(I') — E(A).
Namely, let S C E(A) such that I' = dgA. Then V(I') is the quotient of
V(A) under the equivalence relation generated by u ~ v if {u,v} € S.
The map ¢ is the quotient map. Let

Sym?< : Sym? V(A) — Sym? V(')
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Ficure 3. We show the stable graphs from Exam-
ple [2.31l Boundary labels are shown as half-edges and
interior labels are shown as double half-edges.

{

w Q)

< O— B

denote the induced map on unordered pairs. Then
E(T) = Sym*¢(E(A)\ 9).
Since A is a forest, it follows that Sym?¢| E(A\S s injective. Thus, we

define ¢ = (Sym2 §|E(A)\s)_1 )

Alternatively, the maps ¢ and ¢ can be characterized in terms of
labels as follows. The map ¢ is uniquely determined by the condition
that for v € V(A), there exists a partition Im if(v) =P []...]] P.such
that

Imi, = {UP},.
If e = {u,v} € E(I'), then «(e) is the unique edge of the form {a, v}
where () = u and ¢(0) = v.

Example 2.31. To see how the edge labels of Definition [2.28 and the
maps ¢ and ¢ of Definition [2.30] work, it is helpful to consider concrete
examples. We refer the reader to Figure . Let I' € 0T'g 51 be given by

V() =Vol) = {u,v},  E() = {{u,v}},
(plu) = {{1°}, {2}, f(v) = {{3°}},
((u) =0, £i(v) = {{1}},
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Then,

15<{U7U}> = {307 1}7 ZE({U, U}) = {107 20}‘
Let A € OT be given by

VA) =Vo(A) ={z,y,2}, E(A) = {9} {y, 21},
(p(z) = {{1°}, {2}, Iely) ={{3°}},  ‘e(x) =0,

() =0, Gy) =0, G(z) ={{1}}.
Then,

ip({zy}) = {31}, iy({z,y}) = {1°,2°),

i;\({yaz}) = {1}’ iA({ya Z}) = {10720730}'
The map ¢ =¢or : V(A) — V(I') is given by

s(x)=u,  <(y)= (z) = 0.
The map ¢ = trp : E(I') — E(A) is given by
t({u, v}) = {z, y}.

To verify the characterization of ¢ in terms of labels from Defini-
tion [2.30] we observe that

Im!, = Im 42 = {{1°},{2°}, {3°,1}}
Im i} Imz = {{1°,2°},{3°}, {1}},
Imd® = {{1°,2°,3°}, {1}}.

So, to verify the characterization for ¢(x) = wu, and ¢(y) = v, the
required partitions of Im}, and Im i are trivial. To verify it for ¢(z) = v,
consider the partition

Imiy = {{1°,2°}, {3°}} [ T{H{1}}.

Definition 2.32. ForI' € G and U C V(I), let I'y be the stable graph
spanned by U with labels added in place of edges connecting U to its
complement. Specifically,

V(ly)="U, er, = €rlu, E(Ty) = {{u,v} € E(T')|u,v € U},
Vv e U, 04U (v) = L (v) U {iy(e)| e ={u,v} € EN(I),u¢ U},
((v) = 5(v) U {zg(e)| e={uv} € E°T),ugU}.

For v € V(I'), abbreviate I', = I'y,) and

M, = M.
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2.7. Forgetful maps. We now define forgetful maps for stable graphs.
Let " be a connected pre-stable graph. Set

k=k(), (=I1(I), I=I(T), B=B({).

In case VO = ), assume [ > 3. In case VO # (), assume k+2[ > 3. Define
the graph stab (') as follows. Take any unstable vertex v € VO U V.

(a) In case v € VO (VY) has no boundary or interior labels and
exactly 2 boundary (interior) edges

er = {v,u}, e ={v,w},

remove v and its edges from the graph and add the new bound-
ary (interior) edge {u,w}.

(b) In case v € V9 has a single boundary edge {v,u}, a single
boundary label ¢ and no interior edges or labels, remove v and
its edge from the graph and add i to ¢p (u).

(c) In case v € V¢ has a single interior edge {v,u} and a single
interior label i, remove v and its edge from the graph and add
ito lr(u).

(d) In case v has a single edge, and no labels, remove v and its edge
from the graph.

Other cases are not possible. We iterate this procedure until we get
a stable graph. Note that the process does stop, and that the final
result does not depend on the order of the above steps. We extend the
definition of stab to not necessarily connected graphs by applying it to
each component if each component satisfies the assumptions.

Definition 2.33. The graph stab (I") is called the stabilization of T.
Notation 2.34. Consider a stable graph I' such that
k(T +2(1(C)—1)>3.

If i ¢ I(T'), we define for;(I') =T. If i € I(I"), we define for; (I') to
be the graph obtained by removing the label ¢ from the vertex v; and
stabilizing.

Observation 2.35. Let I' € G. The natural map
T Mo— M,
veV(T)
is an isomorphism of smooth manifolds with corners.

We shall use the preceding observation to identify the two moduli

spaces throughout the article.
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Notation 2.36. Let I', IV, be stable graphs. Let
fov(I) —V(I),
and
£, - Im (zf) —Im (i),  veV(),
be injective mappings such that
(2.1) ScC f(S), WoeV(I), Selm (ZF) .

Given f, if the maps f, exist, they are unique by Remark [2.29] We say
that (I, f) is a stable subgraph of I'. When the map f is clear from
context, it is omitted from the notation. For example, for;(T') is a
stable subgraph of I'. Indeed, V(for;(I')) is a subset of V(I'), and one
verifies that the maps f, exist.

The map f, induces a forgetful map

Fory, : Mjsw) — M,, ve V().
Denote by
S H MU — H Mf(v)
veV(T) veV ()
the projection. We define the forgetful map
FOTF,F/ . M[‘ — MF/
by

FOTF,F/ = H FO?”v o T .
veV(IV)
We abbreviate

Fori = Forr for,r) : Mr — Mor,(r).

Observation 2.37. If T is a stable subgraph of IV and I" is a stable
subgraph of I", then
FF,F” = FF/,F” (@) FFI*/,

3. LINE BUNDLES AND RELATIVE EULER CLASSES

3.1. Cotangent lines and canonical boundary conditions. For
1 € I, denote by
L; — HO,B,I
the i"* tautological line bundle. The fiber of L; over a stable disk ¥ is
the cotangent line at the i marked point 7,.%. For any stable graph
[ with ¢ € I (I"), define
L, > Mr
36



using the canonical identification of Observation [2.35] This definition
of L; = Mr agrees with restriction of IL; — MW to Mr C ﬂo,k,l
for I' € Oy .
Let
E = @L?ai — Mo,k,lv
i€(l]

where a;, k, [, are non-negative integers such that

. == 20+ k-3
(3.1) rk(cE = Zai = dlm(c Mo,k,l = T,
1€(l]

kE+20—2>0.

In particular, since dime Moy, is an integer, k must be odd. We shall
begin by defining the vector space & of canonical boundary condi-
tions for E. It is a vector subspace of the vector space of multisections
of £ |8ﬂo,k,z‘ See Appendix |A| for background on multisections.

Consider a stable graph I' € 91'y ; corresponding to a codimension
one corner of Mo,k,l. Thus,

|[E(D)| = |E”(D)| = 1.

Write V(I') = {vy,v2}. Exactly one of k(vy), k(vs), is even. Without
loss of generality, it is k(vg). Let T be the stable graph with no edges
and two open vertices v}, v5, with

lp(vy) =iy (B(v1)),  {p(vh) = lp(vs)
Ur(vy) = Lr(vy),  r(vh) = r(va).
Here, I" is stable because of the assumption on the parity of k(vy). The
definition of I implies that My is the same as Mr except that the
marked point corresponding to the edge of I' on the component of vy
has been forgotten. Let E’ be the vector bundle given by
E = @L?ai — MF/.
1€(l]
Since the map Forp v does not contract any components of the stable
disks in Mr, we have
By, = Forf B

See Observation and the preceding discussion for details.
Recall that the boundary 0X of a manifold with corners X is itself
a manifold with corners, equipped with a map

leiaX—>X7
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which may not be injective. A section s of a bundle F©' — 0X is
consistent if

V p1,p2 € X, such that iy (p1) = ix (p2) we have s(p1) = s(p2).

Consistency for multisections is similar. For a vector bundle F' — X,
we write Flgx = ¢ F and similarly for sections of F.

Definition 3.1. A smooth consistent multisection s of F| Mo e, 18
called a canonical multisection if for each graph T' € 98T, with a
single edge,

s|MF = Forl’i,F,s',
where s’ is a multisection of £/ — M. The vector space of all canon-
ical multisections is denoted by S.

3.2. Definition of open descendent integrals.

Notation 3.2. Given a complex vector bundle F' — X, where X is a
manifold with corners, denote by C>° (F') the space of smooth multi-
sections. Given a nowhere vanishing smooth consistent multisection

s € Oy (Flox)

denote by
e(F;s) e H" (X,0X)
the relative Fuler class. This is by definition the Poincaré dual of the

vanishing set of a transverse extension of s to X. See Appendix [A] for
details.

Theorem 3.3. When condition holds, one can find a nowhere
vanishing multisection s € S. Hence one can define e (E;s). Moreover,
any two nowhere vanishing multisections of S define the same relative
Euler class.

Definition 3.4. When condition (3.1]) holds, define e (E;S) to be the
relative Euler class e(E, s) for any s € S. This notation is unambiguous
by the preceding theorem. The genus zero open descendent integrals

are defined by

(3.2) (Tar oo Tao®)o=2"5 | ¢(B,S)
Mo,k

when condition (3.1)) holds. Otherwise, they are defined to be zero.

The division by the power of 2 in the preceding definition is only for
convenience. When rg of the a; are equal to 0, r; of them equal to 1,
and so on, we sometimes use the notation (7g°r{"...o" >; for the above
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quantity by analogy with the widely used notation for the closed corre-
lators. When clear from the context, we may drop the genus subscript
or the o superscript, and write (75°m{*...o*)" or (rp°r{*...0*).

Remark 3.5. A surprising feature of our construction is the use multi-
sections rather than sections. The reason for this is that in general one
cannot find a non-vanishing section in S. This fact will be transparent
later when we calculate intersection numbers. We shall see that often
the intersection numbers will not be a multiple of the number of com-
ponents of MOM. However, each component contributes equally to the
intersection number, so each component must contribute a non-integer
to the intersection number.

But we want also to understand geometrically what happens. Con-
sider the case of ﬂo@l and £ = L$?. For simplicity we illustrate a
section of IL; as a tangent vector at the interior marked point. Consider
Figure[d We may take the interior marked point to be the center of the
disk, as a result of the PSLs (R) equivalence relation. Let I' € 0'g 54
be the unique stable graph with two vertices, vy, vo, both open, and

g[(Ug) = (Z), KB(U2> = {4,5}

Consider a non-vanishing section s of Ly, which is a component of a
canonical section of E|yxz, . .-

In item (a) of the figure, we depict a stable disk ¥ € Mrp, at
which s points to the boundary marked point z3. Note that point-
ing at x3 is preserved by the action of PSLy (R). When the bubble of
x4, Ts, approaches x3, while nothing else changes in the component of
z1, %1, To, T3, the section keeps on pointing towards xs by the defini-
tion of canonical boundary conditions. After the bubble reaches x3, we
move to item (b) of the figure. By continuity, the section still points in
the direction of x3, only that now there is a boundary node there. Con-
tinuous changes in the component of x3, x4, x5, do not affect s, again
by the definition of canonical boundary conditions. In particular, s
does not change when x5 approaches the node. After x5 reaches the
node we pass to item (¢). Again continuity guarantees no change in s.
Continuing in this manner, we finally reach item (d). When we finish,
s points at xs.

Now, let ¥ be the unique marked disk in Mr such that if we take
the interior marked point z; to be the center of the disk as before, we
have the angle condition

2m
41'121.’132 = K.I'QZlLEg = 4%321[[’1 = ?
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L3 T xIo
Ty Ty

FIGURE 4. A canonical multisection at different bound-
ary points.

If a canonical multisection of F|yz7, ., does not vanish at ¥, then with-
out loss of generality we may assume that its first component, s, does
not vanish there. Moreover, after possibly multiplying by a complex
scalar, we may assume s points at x3. So, we are in item (a) . Using the
above reasoning we see that on the surface ¥’ of item (d), the section
s must point at x,. As a consequence of the choice of %,

Y~y

which is a contradiction. Of course, this example generalizes beyond
My 51 and establishes the need for multisections.

3.3. The base. In order to prove Theorem [3.3| we need to understand
how canonical multisections behave on boundary strata of arbitrary
codimension. We encode the relevant combinatorics in an operation on
graphs called the base.

Definition 3.6. Let I' € G. A boundary edge ¢ = {u,v} € E(T)
is said to be illegal for the vertex v if k(I'.,) is odd. Otherwise it is
legal. Denote by Ejeg4q (v) the set of legal edges of v. Recall that a
boundary node in a stable curve > € My corresponds to a boundary
edge of I, and a component of ¥ corresponds to a vertex of I'. We

define a boundary node of ¥ to be legal for a component >, if the
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corresponding edge is legal for the corresponding vertex. Otherwise it
is ullegal.

Notation 3.7. Denote by G,4q the set of all I' € G such that for every
connected component I'; of T, either VO (T;) = 0 or k (T;) is odd.

Simple parity considerations show the following.

Observation 3.8. If T' € G,4q and e = {u,v} € EB(T), then e is legal
for exactly one of u, v.

Observation 3.9. Let I' € G,qq and v € VO(T'). Then the total number
of legal edges and boundary labels of v is an odd number. Moreover,
in case {7 (v) # (0, even if we erase from I" the edges which are illegal
for v, the vertex v remains stable.

Proof. Let e = {u,v} be a boundary edge of v. If e is legal for v, then
it is illegal for u, so k(I'.,) is odd. Otherwise, k(I ,) is even. Thus
0a(0) U Erega(0)] 2 [€p(0)] + > k()
€:{U,’U}€Elegal(’0)
> k() =1 (mod 2),
which is the first claim of the lemma.

Regarding stability, we have just seen that |[{5(v) U Ejegai(v)] is odd,
hence at least 1, and by assumption ¢;(v) # (). Stability follows. [

Definition 3.10. The base is an operation on graphs

B : Godd = Godd

defined as follows. For I' € G,44 the graph BT is given by
V(BT) ={v eI |2l(v) + |{p(v) U Ejegar(v)| > 3},
EBr = €F\V(Br), E(BF) = (Z),
7wy =1, (I'(), 5 (v) =14, ((5(v) U Bjey(v)) , v € V(BD).
We abbreviate
Fr = Forp gr : Mpr — Mapr.
Observation 3.11. A multisection s of
E =L — oMo,
i€(l]

is canonical if and only if for each I' € 9% Iy k1, there exists a multisec-
tion BT of
@L?ai — MBF
i€(l]
such that s|p,. = FyisPr.
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Proof. The case where I has a single edge is exactly the definition. The
general case follows from the continuity of s. O

Observation 3.12. Observation[3.9/implies that I(I") C I(BI). It follows
from the definition of B that there is a canonical inclusion

v 2 V(BD) — V(I).
The following observation is straightforward.

Observation 3.13. Recall Definition Let e = {u,v} € E(I') and
let A € OI'. Let € = tpp(e) and let @, 0 € V(A) be such that ¢y p(a) =
u, sor(0) = v and € = {u,0}. Then é is illegal for v if and only if e is
illegal for v.

The following is a consequence of the preceding observation.

Observation 3.14. We have
Bod =Bod oB.

The key to constructing homotopies between canonical multisections
is the following.

Observation 3.15. For I € Oy ;,; with k odd, we have
dimc MBF S dim(j Mo,k,l — 1.

In addition, for any v € V(BI'), we have dim¢ M, € Z. It follows that
dimc Mpgr € Z.

Proof. If T has at least one interior edge or two boundary edges, then
dim(c Mr S dim(c MUJCJ — 1. SO, since dim(c MBF S dim(c ./\/lr, the de-
sired inequality follows. It remains to consider the case that I' consists
of two vertices u, v, connected by a single boundary edge e. Then e is
illegal for exactly one of the vertices, say v. The stability of v and the
illegality of e for v imply k(v) > 4. So, dropping e in passing to BI'
does not destabilize v. Thus there is a corresponding vertex v in BT’
with k(v') = k(v) — 1. Tt follows that

1
dim(c MBF S dim(c Mr - 5 = dim(; Mo,k,l — 1.

This completes the proof of the first claim. The integrality follows

immediately from Observation |3.9] 0
Recall Lemma [2.24] Let k be odd, and let I' € 95T, consist of two

open vertices vff, connected by a single boundary edge that is legal for

v and illegal for vy . In particular, Mr is an open subset of M.

Denote by or the orientation on My induced by 0o,k and the outward
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normal vector, ordering the outward normal first. Furthermore, writing
kit = k(vl), kp = k(vp) — 1 and £ = I(vE), we have

(3.3) Mpr =~ Mg ot e X Mg -

where kljf are both odd. So we define the orientation ogr of Mpgr to be
the product of the orientations oy K The choice of isomorphism (|3.3))
does not affect or because of property @ of 0g,x,1. The fiber of the map
It is a collection of open intervals in the boundary of a disk, and thus
carries an induced orientation, which we call natural below.

Lemma 3.16. The orientation or agrees with the orientation induced
from ogr by the fibration Fr : My — Mpgr and the natural orientation
on the fiber.

Proof. The claim can be checked explicitly in the three cases when
dimg My x; = 2. We use induction on dimg My, to reduce to the two
dimensional case. Indeed, assume dimg Mg, > 4. Since ki are odd
and

4 < dimp Moy = ki +kp +2(1F +15) — 4,

either k" + 2" > 5 or kp + 2I; > 5. By property |(b)| of 0p x4, in case
kit +20F > 5, we may assume (g(vt) = {ky + 1,...,k}. Otherwise,
we may assume fg(vy) = {k{,..., k}. Again by property , it suf-
fices to prove the claim for op restricted to ME*" := Mp N MgP.
Denote by MES™ the corresponding component of Mpp. We choose
isomorphism so it induces an isomorphism

main main main
i = Mgt X Mgy

such that the k™ marked point of Mpr corresponds to either the kit
boundary marked point of MO,k?JF or the k. boundary marked point

of Mg If kit 420 > 5 and kit > 3, or if kp + 2l > 5 and kp > 3,
let (K',I') = (k—2,1). Otherwise, let (K',I') = (k,l—1). If ¥ = k—2, let
I[" € 9Ty 1 be the graph obtained from T by forgetting the boundary

markings k, k — 1. Otherwise, let I = for)(T"). Consider the following
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commutative diagram.

/ |
D/
A °B
——main ;
- main
MO,k,l MF
/a /b
——main ;
M Main
Fr
FF/ / )/
main main main
Br 0,k I X Mo o
/c / o
main ~ main mam
BIV - 0 k’+ l+ X M -

/! F/? I

The spaces A, B and C| are the fibers of the forgetful maps a, b, and c,
respectively. So, if ' = k — 2, then A ~ [0, 1]%. Otherwise, A ~ D2
The fibers B and C' are open subsets of A and the inclusions preserve
the natural or complex orientations. The spaces D, D’, are the fibers
of the maps Fr, Ftv, respectively. Both D and D’ are homeomorphic to
an open interval, and the open inclusion D < D’ preserves the natural
orientations. By our assumption on ¢ B(UF) the map ¢ is the identity
on one of the factors Mg}g?l% and the forgetful map on the other.

We say a fibration is oriented if the orientation on the total space
is induced by that on the base and fiber. Thus a and ¢ are oriented
by properties [(¢)] and [(d)] of the orientations oy . By the definition of
the orientations or and opgr, it follows that b and ¢ are oriented. By
induction Fp is oriented. So the diagram implies Fr is oriented as
well. 0

3.4. Abstract vertices. For proving theorems, a refinement of canon-
ical multisections is helpful. The relevant definition, given in Sec-
tion [3.5] uses the notion of an abstract vertex.

Definition 3.17. An abstract vertex v is a triple (g, k, I), where

(a) e € {C,0}.
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(b) k € Z>o.

(C) 1= {ila iz, ce ,il} S 2§in,disj'
We demand that if ¢ = C, then k = 0. We call k£ = k (v) the number of
boundary labels of the abstract vertex and [ = [ (v) = |I| the number
of interior labels. We also use the notation I (v) for I, and we call the
elements of I (v) the interior labels of v. An abstract vertex is said
to be open if € = O, and otherwise it is closed. An abstract vertex is
called stable if k + 21 > 3.

Denote by V the set of all stable abstract vertices.

Notation 3.18. Let v € V. We define

MO I(v)» € (U) )
M, =M
{Mo,k(v),l(v)7 e(v)=0.

We define M, similarly.

We turn to the boundary of an abstract vertex, soon to be related
with the boundary of a stable graph.

Definition 3.19. Given an abstract vertex v = (e, k, I) , we define the
boundary of v, denoted by dv, as the collection of abstract vertices
v' = (¢, k', I') # v which satisfy
(a) If e = C, then &' = C.
(b) K <k.
(c) Every element in I’ is a union of elements of I.
Definition 3.20. For I' € G, we define the map
n=nr:V({I[) =V
by
n(v) = ((v), k()i (v))
Here, i, is as in Definition [2.28
Definition 3.21. Let I' € G and v € V (I'). Each bijection
B (v) ~ [k (v)']
induces a natural diffeomorphism
gbv M, — ./\/ln(v).

For the rest of the article, we fix one such diffeomorphism for each
open vertex in each stable graph. For v € V¢ (T'), we have a natural
identification ¢, : M, — M) without making any choices. The
maps ¢, extend to the boundary of M,, and we use the same notation
for the extension:
gbv M, — Mn(v).
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Remark 3.22. The symmetric group S acts naturally on Mg, by
sending (E, {z )7, {zz}ll) to (E, (254}F {zz}l1> for o € Sk. In the same
way, given I' € G, the group HUGV(F) Sk(v) acts on Mr. In particular,
for every vertex v € V (I') , the symmetric group Sy, acts on M.

Thus, if we had chosen another map ¢', for a vertex v € V (I'), then
¢y, @', would differ by the action of some o € Sy(,). That is,

¢/v = ¢v o J,

where we denote the group element and its action by the same notation.

We also have a map v : V — G which takes the abstract vertex
v = (g,k,I) € V to the stable graph (V =Vou VC,E,KI,KB) such
that

(a) If e = C, then V = V¢ = {x}. Otherwise V = V© = {x}.
(b) E = 0.
(c) If e = O, then {5 (%) = [k°].

I
(d) £ () = 1.

One can easily verify that no v = id.

Notation 3.23. Denote by V,4q C V the set of all abstract vertices v
such that either (v) = C or k(v) is odd.

Notation 3.24. Let I' € Goqq and i € I(T). By Observation [3.12 we
have ¢ € I(BT"). So, we write
i (') = n(v;(BI)).
From Observations and [3.13], we immediately obtain the follow-
ing.

Observation 3.25. Let T' € Gogq,t € I (T'), and let v = v}(T"). Then v €
Voda- In addition, for every IV € 9T, either v (I") = v or v} (') € Ov.
In the latter case,

dim¢ MU:(I‘/) < dim¢ M,,.

Definition 3.26. Let I' € G,4q. The base component of the interior
label i € I (I') is My«ry. The base moduli of T" is the space Mpr.

Recall Definition [2.32 Let I' € Gogq, let v € V/(BT') and let i € I(T).
Define

(34) (bnv = ¢U ) FOTF,BFv . MF — MTI(U)’
(I)Fﬂ- = CI)F,UZ'(BF) : MF — MUL*(F)

We use the same notation for the natural extensions of these maps to

the appropriate compactified moduli spaces.
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Notation 3.27. Let v € V,44 be an abstract vertex. We define a map
av : godd — 2g0dd

by
O, '={A€dl'|FueV (BA), n(u)=0v}.

Moreover, for I € G,4q We write

ouMr = [ Ma.

A€o,

By abuse of notation, we define a map
8U : Vadd — 290dd

by
Oyt = 0, (v (u)) .

For u € V,4q an abstract vertex, we write
Oy M, = ¢V(u) (avMu(u)) C mu

A crucial property of the base is the following. Fix I' € G,44, a label
ieI(I'),and IV € OI". Write v = v} (I"). Let

Or; s M — My

be given by the composition

e 3
MF/ — Mr L) ./\/lv —(; Ml,(v).

The image of @F/l is a unique stratum My C M,(,), where A € d(v(v))
or A = v(v). Note that

v} (T) = v} (A),

7

and denote this abstract vertex by v’. Then by Observation we
have either v/ = v or v/ € 9v and A € d,v. See Figure [f|

Observation 3.28. In the scenario described above, the diagram

r’
CI’F 2

(35) Mr/ ’ MA

Ly A

My

commutes up to the action of o € Sjy(y).
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Ficure 5. (a) shows I', (b) shows v, (¢) shows I”,
(d) shows A, and (e) shows v'.

Proof. Let u = v;(I") and let w = v;(Bl'), so n(w) = v. By Defi-
nition [3.10] we have a canonical inclusion j : B(w) — B(u). Let
¢w : B(w) = [k(w)°] denote the bijection that induces the diffeo-
morphism ¢,, : M,, = M, as in Definition [3.2I] Recalling the map
soor 2 V(IY) — V(T) from Definition @7 let U = ¢ip(u) € V(IV).
Let I';; be the graph spanned by U as in Definition [2.32] Observe that
there is a canonical bijection h : B(I';;) = B(u). Let I'};,, denote the
stable subgraph of I'}, obtained by forgetting the boundary marked
points not belonging to h=!(j(B(w))) and stabilizing. So,

B(Ty,,) = h ' ((B(w))).
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¢

A A4 For A A w 4
My ——— Mpr, ——— M,

-1
¢u(v)
M)
of;
/\
/‘Ml"/ fMF/U,w T‘MA\
For Forl For
Bl Mesey, — Mry, ) 2 Msay, |
Pu¥(r7) bur ()
~ My
FIGURE 6.

More explicitly,
(3.6) B(I'y,) =

= Ub@u{EO]e= .0} € By ¢ U}

S
O ) U {i5(e)] e € Blfa(u)}

Let

~

w2 B(T,,) = [k(w)’]
be the bijection given by ¢2w = ¢ 07} o h. Since
|B(I'y)| = k(w),

we have T, € Goga. Also,

I(Ty,,) = 1(Ty) = iy, (I(u) = iy (I(w)) = I(v).

The stable graph A is isomorphic to Iy, as an

abstract graph, the

interior labels are the same, and the boundary labels are obtained by

applying ggw to the boundary labels of I, . Let
gb;v : Mpb w L) M A

denote the induced diffeomorphism. For a stable graph T and m €
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I(T), write T,, for the single vertex graph spanned by {v,,(T)}, that
is, T, = Yo, (7). It follows from the first equality of (3.6) that

(BL); = (BLy)i-
Since Iy, and A are the same up to applying ngSw to the boundary
labels, the same is true for (BT, ); and (BA);. Let
Gt Msry, )0 — M,

denote the induced diffeomorphism. We sum up the situation with
the diagram of Figure [6] All forgetful maps are labeled by For omit-
ting the usual subscripts since they are clear from context. The left
small square commutes by Observation 2.37 The right small square
commutes because the forgetful map does not change when QAbw is ap-
plied to boundary labels. The triangle commutes only up to the action
of Sk because the maps qbvi*(p/) and gzﬁvi*(A) depend on the arbitrary
choice made in Definition 3.21l The observation follows. O

Notation 3.29. For v € V, 44 write
0y = {v € V,u4|0pv # 0},
and
ov={v e o Iv|ieI(v)}.
For v' € 9¢/fv we define
Dyt Oy M,y — My

(I)v,v’: H (I)A,v"

Aeav/’u
Definition 3.30. Given C C §,44, define
Ve={n)jveV(Bl), I'eC}.

by

Define A
Ve=A{veVeliel(v)}.

3.5. Special canonical boundary conditions. We return to the line
bundles L; — HW in order to define special canonical boundary
conditions. We consider only the case k is odd, which is necessary for
dimg M x; to be an integer.

Denote by #r : Cr — My the universal curve. Thus 7' ([X]) = 2.
Denote by Ur C Cr the open subset on which 7 is a submersion, and let
7r = 7pjye. Thus mp ' ([X]) is the smooth locus of X2 For i € I(I'), denote
by p; : Mp — Ur the section of 7 corresponding to the i** interior

marked point. Denote by Lr — Ur the vertical cotangent line bundle,
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which is by definition the cokernel of the map dny. : T* Mp — T*Ur. So,
L; = p!Lr. Let I' be a stable subgraph of I'. Then the forgetful map
Forpp : Mp — My lifts canonically to a map Forpp : Upr — Up.
Let tr v be defined by the following diagram.

— %
EXgats * * * ~ EXeats
7TFT MF ﬂ-ltdFor* / WFFOTFI"T MF/ FOTFJ‘/WFT Ml“/
r,r
dr Forp prdr?,
— %
T Uy — Forp v/ T* Uy
dForp ’
— %
LF<__________:fr_F/ _________ FOTFF,LF/

The diagram implies the following.

Observation 3.31. The morphism ¢pp is an isomorphism except on

components of Ur that are contracted by F\Jrnp/, where it vanishes
identically.

For i € I(I"), Observation implies that ﬁ\o/w,gp and ﬁ\O-;’RB[‘u_ (0)

do not contract the component containing the i** interior marked point.
The following is an immediate consequence.

Observation 3.32. For I' € G,44, we have isomorphisms
given by yiitr gr and pitrsr, sr -

Remark 3.33. The natural action of the symmetric group Sk, r)) on
Mr by permutations of the boundary labels and edges lifts canoni-
cally to a natural action on the bundle I; — M. The same goes for
the natural action of Sy, ) on M, and M,,). The isomorphisms of
Observation |3.32| are equivariant with respect to these actions.

Notation 3.34. Let T € G,4q. For a subset C C M-, a vector bundle
E — C, a multisection s € C®° (C, E), and T € 9°7, we write

r._
s 1= 8|y -

Observation allows us to generalize the definition of canonical
multisection as follows. Let T € Goqq, let C C OM-~, and let

¢ ={I € 9%Y|C' N My # 0}
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Definition 3.35. A multisection s of
E = @ L% — C

i€(l]

is called canonical if for each I’ € C, there exists a section s®7 of

@ L?ai — Mpgr

i€l
such that st = FsPY| ooy
The following refinement of canonical multisections is useful in proofs.

Definition 3.36. A multisection s € C° (C,L;) is said to be pulled
back from the base component, or pulled back from the base for short,
if for every v € V% there exists sV € C%° (M,,L;) such that for every
I' € C with v}(T") = v, we have

SF = ¢;7iSU|CmMI“
A multisection s € C5° (Mo g1, L;) is said to be invariant if it is in-
variant under the action of the permutation group Sg.

A multisection s € C° (C,L;) is special canonical if it is pulled from
the base, and for every v € V} the multisection s is invariant. We write
S; = S, 1, for the vector space of special canonical multisections of L;
over C = 8M07k71. Below, we use the notation s” as in this definition.

Remark 3.37. Tt is straightforward to verify that a multisection which
is pulled back from the base is consistent.

Remark 3.38. Let s € C2(C,L;) be special canonical. By Observa-
tion [2.37, the map ®r; : Mr — M,xr) factors as the composition

Fr ®pr,;

Mpr

Mpgp

M (r)-

k3

So there exists s € C%°(Mgr, ;) such that
SF = FFSBF‘CQMF.

It follows from Observation that the vector space @Sy is a
subvector space of S. Below, we use the notation s as in this remark.

3.6. Forgetful maps, cotangent lines and base. We introduce no-
tations and formulate the basic properties of pull-backs of cotangent

lines by forgetful maps.
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Observation 3.39. Let I' € G,qq and i € I (I'). Then Bfor;(I') is a sta-
ble subgraph of for;(BI') and Fore,ar) sfor,r) is a diffeomorphism.
Indeed, vertices and markings are in one-to-one correspondence. More-
over, the following diagram commutes.

For;
My M for,(ry
LFr lFfomr)
For; Forfori(BF),Bfori(F)
Mpr ——= Mo, 81) MBgor,(r)

This is a consequence of Observation [2.3

Notation 3.40. Let k£ be odd, let I C [[ + 1] and let ¢ € I N [{]. If
l+1 € I, denote by D; C MOM the locus where the marked points
2, 2141, belong to a sphere component that contains only them and a
unique interior node. If I + 1 ¢ I, set D; = (. For I € Ol'g 1,141, define
D; C My, D; C Mgr, similarly.
Write
OD; = D; N OMo pi11-

Let Gp, C PT k41 be the subset such that

Observation 3.41. For I' € 95T 141\ Gp,, the following diagram com-

mutes.
FOT‘Z+1

MF - Mfo”nlJrlF

Lq)r,i lq)forH_lI‘,i

Foryq

Mo; ) — Mz (for 1)

Again, this is a consequence of Observation [2.37]
Notation 3.42. Write

L, = Fory L; — HO,M.
For I' € Ol ;141 write

L, = For},L; = My, L= For/L; — Mgr.
Denote by 8 = 8/, 111 C CX(OMoa41,1) the vector space of pull-
backs of sections in S, ;; by For;:1. Denote by
ti L — L,

the morphism given by &;| sy = K tr, for:(r)-
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Lemma 3.43.

(a) The morphism t; considered as a section of (IL})* ® LL; vanishes
transversally exactly at D;.

(b) Fory, maps D; diffeomorphically onto Mg, carrying the ori-
entation induced on D; by t; to the orientation 00,k;,] ON MM,I.

(c) The morphism t; satisfies

it =1,
and for T € 08T 1,41\ Gp,,

Here, we have used the isomorphisms of Observation to
identify relevant domains and ranges of t;.
(d) The morphism t; is invariant under permutations of the bound-

ary marked and nodal points as in Remark[3.33,

Proof. Observation implies that #; vanishes exactly at D;. It follows
from the definitions that For;,; maps D; diffeomorphically onto ﬂ(],k,l.
So the transversality and orientation statements are equivalent to the
following claim. Let p € Moy, let F), = Forljrll (p) and equip F, with
its complex orientation. Then ;| r, vanishes with multiplicity +1 at
the unique point p € D; N F},.

To prove the claim, we construct a map « : D* — F),, that preserves
complex orientations and calculate #; o o in an explicit trivialization of
a*L;. Indeed, let ¥ = ({3}, ~) be a stable disk representing p. Denote
by ¥ the component of ¥ containing the marked point z;. Denote by
B, C C the disk of radius r centered at 0. Let U C Y, be an open
neighborhood of z; with local coordinate

fZU;BQ, 5(21)20

For z € By, let ¥§ be obtained from X as follows. If z # 0, add the
marked point 2z, = £71(z). If z = 0, replace z; with a new marked
point zp. Denote by S the marked sphere (CU{o0}, z_1, 2, 2141) where
z.1 =00, 2 =0, and 2,1 = 1. For z # 0, let X% be the stable disk
({Xa}aro U{XE}, ~). For 2 =0, let

¥ = ({Za}a#o U {267 5}7 N0)>

where ~j is obtained from ~ by adding the relation zy ~ z_1. Define
a: By — F, by a(z) = X%

For z € By, the stable disk > is the deformation of the stable disk
Y% obtained by removing appropriate disks around the nodal points

20 € Y and z_; € S and identifying annuli adjacent to the resulting
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boundaries. More explicitly, denoting by ( the standard coordinate on
S =CU{oo}, we glue the surfaces

z -1
SN (By), B cs
—1
along the map ¢ — £ '(2() for ¢ € B\/W \ B\/le\' Thus we take
dC|., € T} S ~ T} ¥* as a frame for o*L;. On the other hand, d¢|., €
17 is a frame for a*IL;. Since { = 2(, we have t; (d€|.,) = zd¢
Thus ¢; vanishes with multiplicity 1 at z = 0, which is the point p, as

claimed. So we have proved parts [(a)| and [(b)] of the lemma.
Part |(c)| follows from Observation and part [(d)] follows from the

definition of t;. OJ
Notation 3.44. Denote by O (D;) the line bundle

Hom(L],L;) = (L))" ® L.
So t; is a section of O (D;). Write

zi

ti = ti‘aﬂo,k,lﬂ )
Lemma [3.43) shows that O (D;) is the trivial complex line bundle
twisted at D; as implied by the notation. Moreover, tautologically,
L; ~L; @ O(D;).
The following observation is a consequence of Observations
and [3.39 and the relevant definitions.

Observation 3.45. For I € Oy x1+1 and i € [I], we have
FrO(D;) ~ O(D;).

Observation 3.46. If ' € §], then s = s't; belongs to S; and vanishes
on D;.

Proof. Using Observation 3.41] we see that for I' € 0T'g ., \ Gp, we may
take .

S’U;(F) — Forl*_’_l (S/>'U;(f07"l+lr)ti‘
For T € Gp,, we take s (1) = 0. O

Remark 3.47. Recall Observation [3.11] and Remark 3.38 A multisec-
tion s € S/ behaves similarly. Namely, for each I' € 98441, there
exists
sP1 e C° (Mpr, L)
such that
st = FrsPl

This follows from Observation B.39]
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3.7. Construction of multisections and homotopies. In this sec-
tion we prove Theorem [3.3] namely, the open descendent integrals are
well defined. In addition we construct special canonical multisections
of special types, which we later use to prove the geometric recursions.

Notation 3.48. For a bundle £ — M, we denote by 0 its 0-section.
Given a multisection s, the notation s M 0 means that s is transverse
to the O-section. See Appendix [A]

Proposition 3.49. Consider L; — Mo,k,z, with k odd.

(a) For any p € 8ﬂ0,k71 one can find s € S; which does not vanish
at p. Hence, one can choose finitely many such multisections
which span the fiber of L; over each point of OMg .

(b) Fori € [l], and

pc aMo,k,lﬂ \ 0D;, q € 0D,
one can find s € S; of the form
s = s't;, ses;,

that does not vanish at p, vanishes on 0D; and such that ds|,
surjects onto (IL;),.

Hence, one can choose finitely many such multisections that
span the fiber of IL; over each point of 8ﬂ0,k7l+1 \ 0D; and such
that images of their derivatives span the fiber of IL; at each point
Of Dz

Proof. In both cases the ‘hence’ part follows immediately from the
previous part because of the compactness of 8ﬂo7k7l. We first prove
part @ To construct the special canonical multisection s, it suffices
to construct multisections 5V € C°(M,,L;) for each abstract vertex
v E VéBFO,k,l that have certain properties.

Let Mrp« be the boundary stratum of /Vo,k,z that contains p, let
v = 0 (1),
and write k* = k (v*) . Write
Dlyeeos Pt € My

for ®p«; (p) and its conjugates under the action of S+ on M.
The properties the multisections {5} should satisfy are as follows.

(i) For all v € Vis,  the multisection 5" is invariant.

(ii) For all v,v" € Vjp,  such that v’ € 9 v, we have

v _ FF v
5 \%MU = &7 5",
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(iii) No branch of 5" vanishes at py, ..., Pr1.
For v € VéBFO,k,l’ let
s =5"|m,-
Define the multisection s by
st = @;is”i*(r), I € 0PToy,

as in Definition So, if we show s is smooth, then it is clearly
special canonical. To show s is smooth, it suffices to show that

slxg, = q)lt,fv"*(r)y I'e 0T
Equivalently, we can prove
(3.7) Slvy = 1,800,  ['edl, I ed’Tou.
Consider the following diagram, which uses the notation of Observa-
tion [3.28, In particular, v' = v (I").
MF/( mr

!

N

i M\ ®r;
M., M,

The large triangle commutes by the definition of <I>11::i, and the small
triangle commutes up to the action of Sy by Observation . Us-
ing the definition of s and the commutativity of the large triangle,
equation (3.7 is the same as

(I)l*“/,isv:(rl) = ((I)ll::i)*gv;(r)-

P

By the compatibility property , this is equivalent to
N (I

The preceding equation follows from commutativity of the small trian-
gle in the diagram up to the action of Sj(,), the invariance property ,
Observation [3.25 and Remark [3.33] Consistency of s follows from Re-
mark . Property implies that s does not vanish at p.

We construct the multisections s¥ by induction on dim¢ M,. Start
the induction with dim¢c M, = —1. Then the multisections sV exist
trivially, since there are no such v.

Assume we have constructed multisections " that satisfy properties
(1)H(iii)[ for all u € VéBFO,k,L such that dime¢ M,, < m. Let v € VéBFO,k,L
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be an abstract vertex such that dim¢ M, = m + 1. By induction we
have defined 5 for all v’ € 9/ v, as for such v’ we have

dim¢ Mv/ < dim¢ Mv.
Define the section s; on

amv - U avlmv

v’Eafffv

by
(38) S1 |6U/m'u = CI);v/Ev'.
The induction hypotheses on compatibility and invariance , Ob-
servation [3.25], Observation [3.28 and Remark [3.33} imply that the sec-
tion s; thus defined is smooth on dM,. Consistency of s; follows di-

rectly from the defining equation . So, we may extend s; smoothly
to all M,. Here, we use the result on the extension of multisections
from [26] explained in Section and Appendix . If v = v*, we make
sure that the extension is non-vanishing at pi,...,pp1 € My, We
denote the resulting multisection by s; as well. It satisfies the compat-
ibility condition by construction.

Define 5 to be the Sy, symmetrization of s;. See Appendix @,
Definition[A.10] So 5" satisfies the invariance condition[(i)] But by the
induction hypothesis on invariance (i) and Remark S”| oM, = S1-
So, s¥ satisfies the compatibility condition as well.

For case @, write

Foria(p) =7/, Forii1(q) = ¢

Using case @, construct a special canonical multisection s; of
]Li — 0ﬂ0,k,l

that does not vanish at p’. Construct a second special canonical mul-
tisection sy of L; — OMyy, that does not vanish at ¢’. Denote by s3
a linear combination of s; and s, that does not vanish at p’,¢. Then
s = s3t; satisfies our requirements by Observation |3.46]

0

Another ingredient we need for the proof of Theorem is the fol-
lowing transversality theorem.

Theorem 3.50. Let V' be a manifold, let N be a manifold with corners,
and let E — N be a vector bundle. Denote by py : V X N — N the
projection. Let

F:V = C*(N,E), v F,,
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satisfy the following conditions:
(a) The section

F e C™(V x N, pyE), F (v,z) = F, (z),

s smooth.
(b) F< is transverse to 0.

Then the set
{veV|F,Mm0}

1s residual.

Remark 3.51. A similar theorem may be found in [25, pp. 79-80] in the
more general setting where C*°(N, E) is replaced by the space of smooth
maps between two manifolds. However, the manifolds considered do
not have boundary or corners. In [29], Joyce defines a notion of smooth
maps of manifolds with corners that guarantees the existence of fiber
products for transverse smooth maps. In Joyce’s terminology, a map
of manifolds with corners that is smooth in each coordinate chart is
called weakly smooth. To be smooth, it must satisfy an additional
condition at corners. Since we consider only sections of vector bundles,
the section F*’ is automatically smooth if it is weakly smooth. Thus
(F<")~1(0), being a transverse fiber product, is a manifold with corners,
and the proof given in [25] goes through for our case as well.

As a consequence, we have the following theorem on multisection
transversality. Relevant operations on multisections are reviewed in

Appendix [A] See, in particular, Definition for the definition of
summation.

Theorem 3.52. We continue with the notation of Theorem[3.50 in the
special case where V' is the vector space R™. Fix s¢, ..., s, € C°(N,E).
Take

F:V - C»(N,E)
to be the map
Mie = S0+ > Aisi.
If the multisection
F e Cx(V x N,pyE), F (v,z) = F, (x),
18 transverse to 0, then the set
{veV|F,Mmh0}

1s residual.
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Proof. Take p € N. There exists a neighborhood W of p such that each
multisection s;|y is a weighted combination of m; sections. Hence
Fe|yww is a weighted combination of appropriately defined sections
By forj=1,... .IT:=, mi. Apply Theorem m to each section Fyy;
individually to conclude that the set

Uw = {veVIFy,(v,-) ho}
J

is residual. Choose a countable open cover {WW;} of N. Then for every

vel=(Uw
l

we have F, M 0. Moreover, U is residual. The theorem follows. O
Lemma 3.53. Fiz a sequence of non-negative integers
ai,...,a, 22%’:]54'25—3,
and set £ = @221 ]L?“” — Mo,k,l.
(a) One can construct special canonical multisections
sij € S, iell], je€lal,

such that s = @s;; vanishes nowhere on 8ﬂ0,k,l. Hence, e (E;s)
18 defined.

(b) Moreover, we may impose the following further condition on the
multisections s;j. For all abstract vertices v € Vgsr, ,, and all

K< | {i} x [ay),
)

i€l(v
we have
@ sop 0.
abe K
Proof. We begin with the proof of part . Let
wijk € S, ielll, jelal, kelmyl,

be a finite collection of special canonical multisections of the Gt copy
of IL;, which together span its fiber (Li)p for all p € OMyy,. Such
multisections exist by Proposition [3.49] case @ We write
J = {5k} ieq sefad kepma)
Apply Theorem [3.52| with

N=0Mor;, E=E|y,, V=V=R’
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and F' given by
Fy = Z Aijk Wik, A = {Aiji fijkes € Vo
ijkeJ
Let Ag be the set of A € V such that F\ M 0. Theorem [3.52] implies

that Ay is residual. Dimension counting shows that for each A € Ay,
we have F, '(0) = (. Thus for any A € Ay, we may take

(3.9) Sij = Spy = Z AijkWijk-
k

We turn to the proof of part For an abstract vertex v € Vr,, ,
and a set K as in the statement of the lemma, write

Jox = {abclab € K, ¢ € [mgp|} C J.

Apply Theorem [3.52 with
N=M,, E = @ L, V =V, x =R"WK,
{abeK}
and I’ = F, g given by
(FU,K))\ = Z )\ijkw;jjka A= {)\z’jkz}ijker,K € Vik.

ijk€Jy Kk

Let
Ak = {X € Vo k|(Fy i) h 0}
Theorem implies that A, x is residual. Denote by p, x : Vo — Vi i
the projection. It follows that
A=A N mp;k (A i)
v, K
is residual.
For any A\ € A, take s;; = s as in equation (3.9). Then for any

]
abstract vertex v and set K, we have

B si, = (Fox)rho,

abeK

as desired. O
Lemma 3.54. Let E;, Ey — Mo,k,z be given by

Elz@L?i, E2:@]L?l

iell] i€[l]
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Put E = E, & Es, and assume tk £ = W Let C C 831“0,;6,[ and
C = H Mrp C OMg .
I'eC
Let s, r, be two multisections of E‘aﬂwl which satisfy

(a) s|, and r|, are canonical.
(b) The projections of s,r, to Ey are identical and transverse to 0.

Then one may find a homotopy H between s,r, which is transverse to
0 everywhere, does not vanish anywhere on C' x [0, 1] and such that its
projection to Ey is constant in time. Moreover, H can be taken to be
of the form

(3.10) H(p,t) = (1 —t)s(p) +tr(p) + t(1 = H)w(p),

where w(p) is a canonical multisection.

Proof. Denote by s; the projection of s to F;. Let
w;, i€ [m],
be a finite set of special canonical multisections which together span
the fiber (Eg)p for all p € OM ;. Such multisections exist by Propo-
sition , case |(a)l Denote by m : OMgy; x [0,1] — dMoy, the
canonical projection. Let h € C77 (7" E|,z7, . ) be given by
h(p,t)=(1—1t)s(p) +tr(p) pE€OMory, te(0,1).
Apply Theorem [3.52] with
N=0Mop % (0,1),  E=7"Blyg, . V=W=R"

and ' = F given by

Fapt) =h(p,t) +t(1 =) Xw;,  AE V.

By assumption @, the derivatives of F* in directions tangent to
OMo ., span the fiber (E1)p at each p where s; vanishes. Since the
multisections w; span (Es),, the derivatives of F* in the V' directions
span the fiber (E2)p for all p € OMo ;. Tt follows that F¢ th 0. Thus,
Theorem [3.52] implies the set A of all A € Vj such that F, M 0 is
residual.

Let I' € C. Denoting by Er — M pr the appropriate sum of cotangent
line bundles, Observation implies that FfEr = E. Write

NF = MBF X (O, 1)
and denote by 7 : N — Mpgr the canonical projection. Write

EF = TFEF.
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It follows from Observation B.11] and Remark [3.38 that there exists
FBY Vg — C°(Nr, Er) such that

‘FA’MFX(OJ) = (Fp X Id(071))*./—")l\3r, A€ VO
Apply Theorem [3.52 with
N = Ny, E = Er, V=1, F = FAr,

Since s; M 0, it follows that s®%" M 0. Thus the same argument that
shows F¢ th 0 also shows (FP1)® h 0. So, the theorem implies the
set Ar of X € V; such that PV M 0 is residual. By Observation m,
for A € Ar, the homotopy FPU does not vanish anywhere. Therefore,
the homotopy Fx|apx(0,1) also does not vanish anywhere. We conclude
that for

/\EAﬂﬂAF,

rec
the homotopy F) satisfies the requirements of the lemma. U

We will also need the following general lemma on the relative Euler
class. For a multisection s that is transverse to zero, we denote by Z(s)
its vanishing locus considered as a weighted branched submanifold. For
a zero dimensional weighted branched submanifold Z C M, we denote
by #Z its weighted cardinality. See Appendix [A] for details.

Lemma 3.55. Let E — M be a vector bundle over a manifold with cor-
ners with tk E = dim M, and let sy, sy € C2(OM, E) vanish nowhere.
Let p :[0,1] x M — M denote the projection and let

H € C32([0,1] x OM, piE)
satisfy
H’{i}xM = Si, 1=0,1.

Moreover, assume H is transverse to zero. Then

| eBis) [ elBis) =gz,

Proof. For i = 0,1, let §; € C°(M, E) be an extension of s; that is
transverse to zero. Recall that

0([0,1] x M) = {1} x M — {0} x M —[0,1] x OM.
So, the multisections Sy, 51, H, fit together to give a multisection

re C(0(0, 1] x M), pE)
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that is transverse to zero. Let 7 € C2°(]0, 1] x M, p{E) be an extension
of r that is transverse to zero. Then Z(7) is a weighted branched 1-
manifold with boundary. The weighted cardinality of the boundary
points of such a weighted branched manifold is zero. Thus

0= #02(7) = 42(r) = $2(51) — $72(50) — #2(H)
= /Me(E; s1) — /Me(E; So) — #Z(H).
U

Proof of Theorem[3.3. By Lemma/|3.53(a)land Remark there exists

a nowhere vanishing canonical multisection s € S. It remains to show
that e(E, s) is independent of the choice of s. By Lemma [3.55]it suffices
to construct a nowhere vanishing homotopy between any two canonical
multisections s, r, that each vanish nowhere. But the existence of such a
homotopy is a direct consequence of Lemma|3.54}, with the bundle F; =
0, and the collection of boundary strata C' being the entire boundary

8ﬂ0,kyl. O

We now consider slightly more general bundles, which we shall need
later on.

Lemma 3.56. Let 1 < h <. Let

E — Mok
be given by E = E; @® Fy ® E3 where
I+1 1 /
B=@L  B=QL)™,  EB=0(D)%,
i=1 i=1
and
k+20—1
ee€{0,1}, (a1—|—...+al+1)—|—(a’1+...a§)—|—5:T.
One can construct
sij € S, ie[l+1], j€lail,
s;; € S, iell]l, jelal,

such that
Do B o

does not vanish anywhere. In particular, the relative Euler class e(E};s)
is defined. Moreover, any two choices of such s, s;, define the same
relative Fuler class. Furthermore, the following statements are valid

simultaneously:
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(a) Suppose 1 < iy <l and 1 < jo < a;,. If e = 1, suppose that
19 # h. Then we may assume
Sigjo — Sltio, S/ € S;O.
and s;y; does not vanish anywhere on 0D, for j # jo.

b) Suppose a1 > 0. Then we may assume Sg1y1 does not vanish
+ Y (I41)
anywhere on 0D; for all i.
al ’

(c) Suppose rk(Fy ® E3) = 1. Thewe may assume @2:1 D1 s
does not vanish anywhere on OMg 141

Proof. The proof is very similar to that of Lemma[3.53]and Lemmal[3.54]
First, we prove cases and . Using Proposition case @,

choose

wijr € S, iell+1], jelal, kelmyl, (i 7)# (o, o),
such that for each i, j, the multisections w;;;, for k& € [m;;] span the
fiber (Li)p for all p € OMo 1. Choose

wy, €S

107

Wigjok = w;ctio S Siov S [miojo]v

as in Proposition [3.49] case @ that span the fiber (L;, ), for all p not
in D;,, and such that the images of their derivatives at every ¢ € D;,

span (L;,) .- Using Proposition case over My, and pulling
back by For;,q, choose

wi €8, iel1], jela], ke lmyl
such that for each i,j, the multisections wyy, for k € [m];] span the
fiber (L), for all p € OMo 1.
Write
J = {ijk}ie[l+1],j€[ai],k€[mij] ; J' = {ijk}ie[l],je[aélvke{méj] :

Apply Theorem [3.52 with

N=0Myi11, E=FE, V=R
and I’ given by

F)\ = Z )\ijkwijk -+ Z )\;]kwijk + (557175}“

ijkeJ igkeJ’
for
A = ({Nij Fijres, {Nigr Firesr) € V.

We claim that F* th 0. Indeed, if p € Mg g1\ (Di, U Dy,) then the
derivatives of F'*” in the directions tangent to V' span the fiber E,. If

p € D;,, then p ¢ Dj. So, the derivatives of F in the directions

tangent to 8M0,k7l+1 span the fiber of the ji" copy of L;, at p, while
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the derivatives in the directions tangent to V' span the complementary
summand of the fiber E,. If p € Dy, then p ¢ D;,. So, the derivatives
of F*” in the directions tangent to Mg ,+1 span the fiber O (Dh)ffg,
while the derivatives in the directions tangent to V' span the comple-
mentary summand of the fiber E,.

Theorem [3.52 implies there exists a residual subset A C V such
that if A € A then F\ M 0. By dimension counting, transversality is
equivalent to non-vanishing.

Write v; for the closed abstract vertex with

I(v;) = {i, 0+ 1, [[]\ {i}}.
So, v; = v}(T) for all T € Gp,. Let

Mok Wigh 0, J # o
A = {)\ cVv Zk 207 ZO]kU- ’ / .
Dk AWy 70, 1 <0<
Since M,, is a point, A’ is the complement of a finite union of linear
subspaces U;, W; C V, one for each inequality. By choice of the sections
w;jk, for each j > 2, there is a k € [m;,;] such that wfggk # 0. So U;
is a proper subspace for j > 2. Similarly, for each i € [I], there is
a k € [m(y1)1] such that wz’;ﬂ)jk # 0. So W; is a proper subspace for
i € [l]. Tt follows that A’ is open and dense in V. Thus we may choose

A€ AN A and set
. r_ / / ;. /
= > NigkWigk, S =) Mg, 8 =) Nigjorttl
k k k

This proves cases @ and @

Case|(c)|follows from a similar argument and the fact that the multi-
sections s;; are pulled back from 8ﬂo,k,l, which has complex dimension
one less. So, transversality implies non-vanishing even with one less
section.

Using Remark [3.47] the proof of the existence of non-vanishing homo-
topies in the present case is analogous to the proof of Lemma 0

4. GEOMETRIC RECURSIONS
4.1. Proof of string equation. Recall Notations and

Observation 4.1. D; N D; = ) for i # j. An immediate consequence is
the following. Let E — My +1 be a bundle containing O (D;)®0 (D;)
as a summand. Let s € C®°(0Moxi11, F) be a nowhere vanishing
multisection that upon projection to O (D;)® O (D;) agrees with t,&t;.
Then
e(E;s)=0.
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Observation 4.2. Let s; be a special canonical multisection of L; —
aﬂo,k,lﬂ that does not vanish on 0D;. Let £ — ﬂo,kHl be a bundle
that contains O (D;)®L; as a summand. Let s € C° (3%0,;@,1“, E) be
a nowhere vanishing multisection that upon projection to O (D;) & L,
agrees with s; @ t;. Then

e(E;s)=0.

The same holds if we replace s;, L;, everywhere with s;.1, 111, respec-
tively.

Proof. Let I'; € Oy ;. ;1 be the stable graph such that D; = Mri, and
let v; be the abstract closed vertex with

So v; = vf([;) = v7([) for I' € OI';. By the definition of a special

canonical multisection, there exists a multisection s" of L, — M,,
such that for each I' € Gp, we have s; = @ ;s%. So, we may extend
s; to a multisection §; € Cr° (Mo,k,,,Li) such that §i|ﬂp‘ = CIDiii’is“.
Since s; does not vanish anywhere on 9D;, it follows that s;" does
not vanish and thus §; does not vanish anywhere on D;. Therefore,
Z(3,) N Z(t;) = 0, which implies the Euler class of E vanishes. The
same argument works for the case of s;1, L. U

Lemma 4.3. Let E — X be a vector bundle over a manifold with
corners with tk E = dim X. Suppose that E = L & E’, where L —
X is a line bundle, and L = Ly ® Lo for line bundles Ly, Ly — X.
Let s € C(0X, E) vanish nowhere and satisfy s = s @ s', where
s € CX(0X,L), and s = s1 ® sy for sy € C®(0X,L1) and sy €
C>*(0X, Ly). Then

e(E;s)=e(Li®E;s1Ps)+e(La®E;s,@s).

Since the multisection s vanishes nowhere, the multisections s; ® s’ for
1 = 1,2 also vanish nowhere. Thus the relative Fuler classes on the
right-hand side are well-defined.

Proof. Let 51, 85 and §', be extensions to X of s1, s; and s’ respectively,
such that
508 M0, i=1,2, 51D 35, D8 MO.
By assumption rk L1 & Ly B E' > dim X, so §; $3§,P§’ vanishes nowhere.
Therefore,
ZGes)NZ(5es8)=10.
Setting § = 5139, it follows that § @ §' is transverse to zero. Thus
Zsos) =25 a8 UZ(5 a8,
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which implies the claim. 0

Remark 4.4. In the proof of the preceding Lemma, we cannot make s
by itself transverse to zero at any point where both §; and 5y vanish.
Such points are unavoidable in general, but generically they do not
intersect Z(§').

In the following, given pairs
& = (Eiayi)7 1=1,2,

of vector bundles F; — X and affine subspaces V; C C(FE;|ox), we
write

E1BE = (E1®EL V@ Vs).

For
a = (a'17 <o 7al+1) € Zl2+017
b:<b1,...,bl+1)EZl2+01, C:(Cla--'7cl70>€Z§)17
b+c=a,
write
I+1 l
Epe = @L?bi @ EB(L;)@” — Mogit1
i=1 i=1
Let
+1 l
b; i
Sb,c = @Sz@ D @(SZ/)GBC - C%o <Ebvc‘aﬂ0,k,l+1> )
i=1 i=1
and

gb,c = (Eb,ca Sb,c)-
Let e; € Zlgol be the vector with 1 for its i** coordinate and 0 for the
others. Let 0 € Z"*! denote the zero vector and abbreviate
Ea = Ea,Oa Sa = Sa,0> ga = €a70~
Let
é.: (al,...,al) 6 leo.
Thus & is a vector bundle over m(),k,l. Finally, let
O(D;) = (O(Dy), t;).

Write |a| = Y, a;. For |a] = k + 20 — 1, Lemma [3.56] shows that
there exists s € Sp. that vanishes nowhere, so the relative Euler
class e(Epc;s) is defined. Furthermore, the same lemma shows that
e(Ep;s) is independent of the choice of such s. So we define

e(€pe) = e(Epe;s).
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Similarly, for |a|] = k& + 2] — 3, Lemma allows us to define
e(Epe @ O(D;)) = e(Epe ® O(D;);s D),
for some s € Sp . such that s @ ¢; vanishes nowhere.

Proof of Theorem[1.9, string equation. We start with the open string
equation. Consider the intersection number

1 o
<7'0H7'ai0'k> =277 e(&a),
i=1 0

Mo, k141

where a = (ay,...,a;,0), and |a| = k + 2] — 3.
Let b,c € ZY} satisfy b+ ¢ = a. For ¢ € [[] such that b, > 1,

Lemma and case [(a)] of Lemma with ig = ¢ and jy arbitrary,
imply that

e(Ebc) = €<gb—eq,c—i-eq) + 6(‘c/‘b—eq,c ® O(Dy)).
For b, > 2, Observation implies the second summand vanishes.

Similarly, Lemma [3.56[(a)l Lemma [4.3]and Observation imply that
for g # r € [1],

e(Epec ® O(Dy)) = e(Eb—e, cte, B O(Dy)).
By induction,
(4.1) e(a) = €(E0a) + Y €(Eoae, ® O(D,)).
q€(l],
aqg>1
By definition,
e(€o.a) = PD[Z(s)],

where s is any transverse extension of a nowhere vanishing section
s € Sp,a- By definition of Sg 4, there exists 8 € S; such that s = For[,s.

Since rk Ey > dim M ;;, we can choose a nowhere vanishing extension
s of 8 by transversality. Taking s = Fory,_;s, we obtain

(4.2) e(Eoa) = 0.
Similarly,
¢(Eoa-e, ® O(Dy)) = PD[Z(t:) N Z(8)],

where s is any transverse extension of a nowhere vanishing section

s € Soa—e,- Such s exists by Lemma . Let s € Sa_¢, such
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that s = For[, ;8. Denote by § a transversal extension of 8 and choose
- o o ] .
s = Fory ;8. Using Lemma , we obtain

(4.3) / (Eone, ® O(D,)) = #2(1) N Z() =

Mo, k,i+1
=#7(8) = / e (gé_éq) — 9% Tag—1 HTaiUk )
mO,k,l Z#q 0
Equations (4.1]), (4.2)), (4.3]) together imply the open string equation.

4

4.2. Proof of dilaton equation. We continue with the notations of
the previous section. The following lemma is the key additional ingre-
dient in the proof of the dilaton equation. In the case k =3 and [ = 0,
the proof of the following lemma calculates the integral (r103) directly
from the definition.

Lemma 4.5. Let p € Moy, and F, = Forljrll(p) equipped with its
complex orientation. Let s be a nowhere vanishing special canonical
multisection of L;|op, and let § be an extension of s to F, that is trans-
verse to zero. Then

#Z(5) =k+1—1.

Proof. The section s is determined by its value at a single point. In-
deed, on each stratum of 0F), the section s is pulled back from a zero
dimensional moduli space. In particular, s can only vanish at a given
point if it vanishes identically.

It follows that if s’ is another section satisfying the same hypotheses
as s, then s and s’ can be connected by a non-vanishing homotopy.
Indeed, the complement of zero in a single fiber of ;| is connected.
Thus #Z(3) is independent of the choice of s by Lemma [3.55

To begin, we reduce the calculation to the case | = 0. Applying
Lemma [3.43(a)| with interior labels | and [ + 1 switched, we obtain a
canonical map of line bundles

t:ForfLyy, — Ly,

which vanishes transversally exactly at D;. Write t = {| Mo 111-

Let p = For/(p) and let F; = Forljrll(p) C ﬂo,k,[lﬂ]\{l}. Let 5 be
a special canonical multisection of Lyy1 — Mo i41)\(3 that vanishes
nowhere on 0Fj;. By Observation with interior labels [ and [ + 1
switched, we conclude that (For;$)t € S;41 and vanishes nowhere on

OF,. Thus we may take s = (For]§)t. Let ¢ € F, be the unique point
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in D; N F, and let ¢ = For;(q) € F;. Let § be a transverse extension of
§ that does not vanish at ¢. Then we may take § = (For}s)t and

#7(5|p,) = #Z(For{s|g,) + #Z(t|5,) = #Z(5|r,) + 1.

In the last equality, we have used the fact that For; maps F,, diffeomor-
phically to F} as well as Lemma . By induction, appropriately
relabelling interior marked points, it suffices to prove the lemma when
[ =0.

The case | = 0, k = 1, is exceptional. In this case we take F), =
My 11, which is a point, and the claim is trivial. Below, we assume
[=0and k > 3.

Let (X, x, (), where x = {x1, ..., 2.}, be a marked surface represent-
ing p € Moy,o. Then F), is diffeomorphic to the oriented real blowup
3 of X at the boundary marked points 21, ..., 2. Indeed, denote by
m . X — Y the blowup map. Denote by H C C the upper half-
plane. Denote by HB,(s) C H the half-disk of radius r centered at
seR=0H. Fori=1,...,k, let U; C ¥ be an open neighborhood of
x; with a local coordinate

&+ Uy — HBy(0), &i(w;) = 0.
Possibly shrinking the U;, we arrange that U; N U; = 0 for ¢ # j. Write
U; = 7 Y(U;). Then we have coordinates

ri:ﬁi—>[0,2), 9i:[7¢%[0,7r},

such that & o m(r;,0;) = r;eV=Y%_ For z € intY, denote by X, the
marked surface (X, x, {#1}) where z; = z. For z € 0¥\ x, denote by @Q,
the marked surface (X, {zo, z1,...,2x},0), where zo = z. For i € [k]
denote by P; the marked surface (3, (x\ {x;})U{z0}, D), where x¢ = z;.
For 6 = 0, 7, define

Riy = (HU{oo},{z_2,2_3,7;},0), z_o=o00, x_3=cost, z;=0.
Furthermore, we define

S = (HU{oo} {z1}{a}),  wa1=o00, z=vL,
7—;,9 = (H U {OO}, {x—17xi}a {21}), r_1 = OQ, xT; = 0, zZ1 = 6\/j19.

For z € 9% \ x, let ¥, denote the stable surface ({Q.,S},~) where

xo ~ x_1. For i € [k] and 0 € (0,7), let 3,y denote the stable surface

({P;,Tip},~) where g ~ x_;. For i € [k] and 0 = 0,7, let ¥, denote

the stable surface ({P;, R; 9, S}, ~) where xy ~ x_5 and x_y ~ x_3. We
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define a diffeomorphism f : I F, by
fe) = {[Ew(z)]’ zen ! (S\x)

[Ei,ei(z)] z € ﬂfl(xi).
Write g = f~!. Then there is a tautological isomorphism
g*T*Zhnti = ]Li|'1ntFp-

We aim to construct a section 5 of T*ilinti such that ¢*s extends to
a continuous section § of L;| F, With 3| or, special canonical. Indeed, let
v Y — R satisfy
v(z) >0, ze€intk, v(z) =0, z¢€0x%,
dv, #0, z€ 0%,

and set v = Dom : Y — R. Let {no,-..,nx} be a partition of unity
on Y subordinate to the cover {¥ \ 77 1(x), Uy, ..., Us}. Let

dv

_ a1} L _av

T="nN + zi:nze , S=T o

For w € 0F,, we calculate lim,,_,,, g*5(w") as follows. Write z = g(w)

and 2/ = g(w'). Suppose first that z € ¥ \ 7 !(x). Let U C X be an

open neighborhood of m(z) with a local coordinate £ : U = HB,(0)

such that £(m(z)) = 0. For € > 0 and a € R, let ., : H — H be given
by ¢ — €( + a. For n(2') € U, taking

e = e(w)) = In(§(r()),  a=a(w) = Re(§(x().
we have
foa(é(Z)) =V-1=2z€8.

For w' sufficiently close to w, the smooth surface ¥ ., is a deformation
of the nodal surface ¥, obtained by removing half-disks around the
nodal points z¢ € @, and x_; € S, and identifying half-annuli adjacent
to the resulting boundaries. More explicitly, let

Ac=HB_/7(0)\ HBy ) 5(0).

We glue the surfaces

Q:\ ¢ (HB_75(0)) . HB -(0) C 5,

along the map £~' o pueq|4,. The identification of Yir(>) With the above

deformation of Y. trivializes LL;| F, near w. We use this trivialization
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to compute

(4.4) wl/linw g's(w') = 11_1)% (7T_1 ot to Me,a)* E‘ﬁ €Ty=5=T,%..
a—0

Writing € =  + iy, we have v(z,y) = yx(z,y) where x(x,0) > 0. So,

(4.5) lim (7?‘1 ot to ,um) §| = lim (5—1 o Me,a) - -
e e V=
d d .
e XOCHlea | /=1

Here, the first equality holds because 7| oF\n-1(x) = L-

If z € 7 Y(x;) and 6;(z) # 0,, we proceed as follows. If 2/ € Uj,
taking € = e(w') = r;(2'), we have

lim pcg(&(n(2))) = e/ = 21 € Tip,co).
w—=w
Thus by reasoning similar to the above, we have
(4.6)  lim ¢g*5(w') =lim (7 'o& o /le,o)*g{ =T0,(2)
w'—w e—0 € ¢

iy
= 7(2) lim (f;l o pe’a)*fy

e—0 14

emgi (2)

_ 2l W
Yy
e—2vV=10i(2)

=———dy €T 0., Ti0,(x) = T i 6, ()-
sin 6;(z2) Y eV=10;(2) 14,0i(2) 21 244,03 (2)

eV=10;(2)

If 0;(z) = 0, 7, the situation is slightly more complicated because of the
double bubble, but similar reasoning still shows that
J}an g's(w') = dy € T? =S =T Sip,(2)-

Therefore, g*s does indeed extend to a continuous section § of L;]| F,-

Moreover, we deduce from the preceding calculations that 5|yg, is
special canonical. Indeed, for z € ¥\ 77!(x), equations (4.4)) and (4.5))
show that $(w) = dy, independent of w. Thus § is pulled back from
the base on the corresponding components of dF},. For z € 7~!(z;) and

0;(z) # 0,7, equation (4.6) shows that
o-2VT0:(2)

5(w) = sin 0;(z)
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The map to the base component forgets x_; € Tjg,(»). So the remaining
marked points z; and z; can be brought to a standard position by a
Mobius transformation. Explicitly, let 8y : H — H be given by

. C
BolC) = Ccosf +sinf’
So,
Bo(v/—1) = € = 2, € Ty, Be(0) =0=uxz; € Tjp.
Then -
pon sin
Bol(Q) = (Ccosf +sinf)?

In particular, 8)(v/—1) = —e>¥~"sin@. It follows that

independent of w. So, § is pulled back from the base on the remaining
components of JF),. The case 6;(z) = 0, 7, corresponds to a codimension
2 corner of F,, so it follows by continuity of s.

Finally, choose s to be a transverse perturbation of 5 that agrees with
5 in a neighborhood V' of 0F,, where § does not vanish. We calculate
#7(5) by expressing it as a winding number. Let = be a Riemann
surface, let L — = be a complex line bundle, and let v C = be a
homologically trivial curve. Then L|, has a distinguished trivialization.
Thus if ¢ is a section of L, the winding number W (o, ) of o around ~
is well defined. Let v C V Nint F,, be a curve isotopic to JF, and let 4

be the corresponding curve in int 3. Then
#2(5) =W(s,7) = W(3,7) =W(s,7) = W(dv, ) + k.

But it is well known that W (dv,#) is negative the Euler characteristic
of 3, which in our case is —1. The lemma follows. O

Proof of Theorem[1.2, dilaton equation. We have

1 o
k-1
2 2 TlHTCL,LO-k — / e(ga)’
i=1 0 Mo k141

where a = (ay,...,a;,1). Let b,c € Z5' satisfy b + ¢ = a. For all

q € [l] such that b, > 1, by Lemma cases [(a)] and [(b)} Lemma
and Observation [4.2] we have

6(((/‘b,c) - 6(((/‘b—eq,c-I—eq)-
By induction, we obtain

6(5a) - e(gel+1,a—ez+1 )
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Let s’ € Spa—e,, and s € S41 be such that s @ s" vanishes nowhere.
By definition of Spa—e,,,, there exists 8’ € S4 such that s’ = For; 8"
Let 8’ be a transverse extension of §' to Mo,k,z and let 8’ = Forf,,s'.
Since Z(8") C Moy, and ForlH]Fm | (Moe) is a submersion, it follows

that §' is a transverse extension of S Choose an extension 5 of s such
that § & §' is transverse. Then,

[ elunaan) = #2600 26E) = (b+1- )#2E) -
Mo, k141

:(k:+l—1)/ e(Ea) = (k+1—1)2 <Hm >
Mo,k 0

where in the second equality, we have used Lemma O

4.3. Proofs of TRR I and II. Let
E = @L?ai — MOJM?

with a1 = n, and

l
El = L?n_l (&) @ Ll@ai — Mo,k,l-

1=2

- D

i€(l] ,j€lai]

S1 = @ Sij-

Ze[l] vje[ai]v
(4,5)#(1,1)

The proof hinges on a section p € C®(Myy;,1L;) defined as follows.
At a smooth marked disk D = (D, x,z), which we identify with the
upper half plane, set

(47) ﬁ(D):dz( L 1_)

Z — X1 Z— 21

Take

with Sij € Si, and

eT:D.

We show the section p extends smoothly to the compactified moduli
space. Indeed, let (X, x,z) be a stable marked disk, and let

ECZEHE
ox

be its complex double, a stable marked sphere. Consider the unique
meromorphic differential wy; on the normalization of ¢ with the fol-

lowing properties. At z; it has a simple pole with residue 1. At z; it
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has a simple pole with residue —1. For any node the two preimages
have at most simple poles, and the residues at these poles sum to zero.
Apart from these points, wy, is holomorphic. Then p(3) is the evalua-
tion of wy, at z;. As z; never coincides with a node, z; or x1, it follows
that p is smooth. Write p = ﬁ’c’iﬂo,k,z'

Let T C Ol'o; be the collection of stable graphs I' with exactly
one open vertex vi and exactly one closed vertex vf, such that 1 €
lr(vg). So for T’ € f, we have Mp = va, X Mvg. Equip Mp with
the orientation or given by the product of 00, k(v2) (v2) and the complex
orientation on M.

Lemma 4.6. The zero locus of p is Uo7 My, ForT € f, the subspace
Mr C Mox,l 1s cut out transversally by p with induced orientation or.

Proof. On a component of ¢ containing z; or Zz;, the differential
wy. vanishes nowhere. Similarly, wy vanishes nowhere on components
whose removal disconnects x; from z;. On other components it van-
ishes identically. Thus, p vanishes exactly on stable disks > such that
in X¢ the component containing z; is not on the route of components
between the components of x; and z;. This is the case if and only
if z; belongs to a sphere component of ¥. So the vanishing locus of
p is as claimed. The proof of transversality is similar to the proof of
Lemma [3.43] The equality of orientations follows from induction on
dimension by an argument similar to the proof of Lemma [3.16] U

Choose s satisfying the strong transversality condition of Lemma|3.53
part @ Put r = p ®s;. We show that r does not vanish, so e (E;r)
is defined. Indeed, Z(p) consists of boundary strata of codimension
at least 3 in MOM. So, the transversality requirement of Lemma m
part @ guarantees that on such boundary strata s; does not vanish.
Thus, r does not vanish on 8M07k71.

Lemma 4.7. We have

/ e(Bir) =27 Y <H><THW>

MO,k,l SHR:{277Z} i€S 0 i€ER 0

Proof. Choose an extension §; of s; to MW that does not vanish
on Mp \ Mr for I' € T and such that ¥ = p @ 8, is transverse. Such

transversality is generic because p is transverse along Mr and non-zero
outside of Mr by Lemma Again by Lemma , we obtain

4y [ amn=#2e5) =% [ e(Blnsilm)-

Mo k1
76



Recall Definitions and . For I' € T, and A € O'T, abbreviate
A=A AN =A

sar(vf) Sar(vR)”
Thus we have a bijection

OT =5 9'T° x 9'T*, A — (A% A,
and a corresponding diffeomorphism

b: Mp — Mro X Mpe.

given by

B|MA = Forypo X Fory pe, A€ dT.
Additionally, we have a bijection
(4.9) IPT = 9PT° x 9'T™, A+ (A% A6,
and a corresponding diffeomorphism

b: OMp — OMro x Mpe
given by b = b| om.- Denote by
Do - Mo X Mpe —» Ml"o, Pe Mo X Mpe —» Mrc,
Po : OMro x Mre — amro, Pe - OMro x Mpe — MF%

the projection maps. Let

Ei=1L{""e P LM — M,

ielr(ve)\{1}
Ep= P L — M.
ielr(v2)
Thus
b (py B @ iE°) = Brlxg,

For A € 9'T, we have
vi(A) =0 (A°), i€ (N, vi(A) = v (A°), i€ l;(N),

Cr(A) = €7(A°) U Lr(A°).
So, bijection (4.9) implies
(4.10) Visr = Visro UV, i€ [l].

Since OPT C 9PT 4, by the definition of a special canonical multisec-
tion, we have

SZ» € Cror?(Mle)a v e VéBIW
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such that s = @3 sy for all A € 9PT with vf(A) = v. Let sf €
C>(Ef) and sf € COO(E°|8MFO) be given by

)= P e, weor
ielr(vR), j€lai;]
(4,5)#(1,1)

)%= P ehsi”, Qeodtre

iGZI(vl‘Z), je[aiﬂ

Here, SU ) and s ;( ) are predetermined because of equation (4.10)).

Smce we have chosen s to satisfy the strong transversality condition of
Lemma part @ the multisections sf and sF are transverse to 0.

For A € 8 . Observation and equation (3.4)) imply that
Dy, = CI)AO,Z' op,ob, (NS 41(012)7
Py =Pprc;0pe0b, i€ lr(vp).

It follows that for I' € T, we have
(4.11) s1loat, = 0" (Post ® pest)-

Choose a transverse extension % of s% to Mr.. Then equation 1}
implies that b* (%82 @ p*st) is a transverse extension of s, | onip 1o Mr.
Therefore,

412) [ e(Blmisilom) = #2050 0 255,
r

Dimension counting and transversality show this number vanishes un-
less rk 2 = dim¢ Mrpo and rk E& = dimc Mre. In that case, transver-
sality implies that sp vanishes nowhere. Thus

113) #2055 0 2615 = [ e ) ( | “(E) )

The graph I'? (resp. I'°) has a single vertex v (resp. vf). By construc-
tion, sf. is a canonical boundary condition. So,

(4.14) /M e(E;,s§):2’“51< 1 7o > ,

ielr(vR) 0
(4.15) / e(EL) = <7‘07'n_1 H Tai> )
Mre i€l (vs)
i#1 0
Equations (4.8), (4.12), (4.13)), (4.14) and (4.15)), together imply the
lemma. U

78



It remains to analyze the difference between p and a canonical mul-
tisection. Let U C 98T, be the collection of graphs I' with exactly
two vertices vljf, both open, such that

1 Egj(vl"_)7 1° GEB(UF),
and the unique edge er of T is legal for v{' and thus illegal for vy . Let
(4.16) V =0Ty, \ O'U.

Lemma 4.8. Let I' € V. Then p|p,. is canonical.

Proof. f T' € V and (¥,x,2) € Mr, then either z; and x; are in the
same component, or the nodal point is legal for the component of z;.
In the first case, wy, has does not depend on the position of the nodal
point, so neither does p. In the second case, wy, may have a pole at the
nodal point and so p may depend on the position of the nodal point on
the component of z;. But the nodal point is legal for that component.
In both cases, p does not depend on the position of an illegal nodal
point, so it is canonical. O

The following observation and lemma quantify the difference between
p and a canonical multisection on My for I € U. Let p € Mpr. Let F,
be the fiber over p of the map Fy : Mp — Mpgr equipped with its nat-
ural orientation. So F), is a collection of a = |[¢g(vp)| closed intervals
corresponding to the a segments between marked points where the ille-

gal nodal point can move. The following observation is a consequence
of Observation .32

Observation 4.9. The restriction of the tautological line L;| 5, is canon-
ically trivial.

So, we think of sections of LL;|r, as complex valued functions well-
defined up to multiplication by a constant in C*. The following obser-
vation is immediate from the definition of a canonical section.

Observation 4.10. A canonical section of L;| F, is constant.

On the other hand, the TRR section p twists non-trivially around £},
as follows. Fori € (g(vy), let I'; be the unique stable graph in 92T with
three open vertices v, v and two boundary edges e* = {v:¥, v9} such
that £5(v) = i. The boundary OF, consists of two stable disks modelled
on each graph I'; for i € {p(vy), one for each cyclic order of the 3 =
k(v?) boundary marked points on the component corresponding to v?.
Let Fp be the quotient space of F), obtained by identifying the two
boundary points corresponding to I'; for each i € £p(vy). Thus F) is
homeomorphic to the circle S'. The following observation follows from

the definition of p.
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Observation 4.11. The section p|p, descends to a continuous function
pp : F, = C*.

Lemma 4.12. The winding number of p, is —1.

Proof. We define a map from a subset B C (0, 27), to int F}, as follows.
To each b € B, we assign a surface ¥, = (X,,%"). The component
3T corresponds to the vertex vf and the component X corresponds
to the vertex vp. As implied by the notation, X7 is independent of b.
The exact form of XT is not important for the present calculation,
and its isomorphism class is determined uniquely by p. We fix ¥ as
follows. Let v = i, (er) € £ and choose an arbitrary ig € p(vr).

Identify X, with the unit disk D? C C in such a way that z; = 0 and
7;, = 1. The position of the remaining boundary marked points in §D?
is then uniquely determined by p. Take B to be the set of arguments
of the complement of the marked points in 9D?. The parameter b € B
determines the nodal point z, € 0%, by the formula z, = eV=1b,
The complex double (X, )¢ is naturally identified with the extended
complex plane C U co. The point conjugate to z; is oo and

dz dz

Wy - = = .
b|2b 2—x, y—e /—1b

So

(4'17) p(Eb) = wzb’m = _e_\/jlb'

The continuity of p, and formula (4.17) imply that p, rotates once in
the negative direction around the fiber F},. 0

Lemma 4.13. We have

/ e(E;s) —/ e(E;r) =
ﬂo,]m mo,k,l

) 1 o 0
o5 (Ol (1),
STIR={2,....1} i€S 0 \i€ER

0
ki1+ko=k—1
Proof. Let
Ey=1L; — ﬂo,k,l»
so B = FE; ® Es. Let C = V. Lemma [4.8| shows that s and r satisfy
the hypotheses of Lemma [3.54] with the preceding choice of F;, Es,C.

So, we obtain a homotopy H between s and r of the form (3.10]) that

is transverse to zero, vanishes nowhere on Mr x [0,1] for T" € V, and
80



such that the projection of H to E; equals s; independent of time. By

Lemma and equation (4.16]), we have

(4.18) /M e(E;s) — /M e(E;r) =
= —#Z(H)=-) #Z <Hlmpxm,u> '

reu
Denote by 7 : Mg, x [0,1] = OMoy, the projection. Decompose
H = H, ® H,, where H; € C°(n*E;). Then H, = 7*s;. Transversality
implies that
A (Sﬂmr) C Mp.
By Remark [3.38] for each I' € 98Ty ;; we have s} = FysPl. Write
#Z (si) = Y ).
pGZ(SIBF)
where €(p) is the weight of p as in Definition [A.4] It follows from
Lemma that for I' € U, we have
(4.19) 47 (HWMM]) = 47 (7 Frs®) N Z(H,)
= Z €(p) - #Z (Ha| pyxp0,1]) -
pGZ(sfF>
Since H is of the form (3.10)), we have
(4.20) Hs(gq,t) = p(g)t + s11(q)(1 — 1) + t(1 — t)wa(q),

where ws is a canonical multisection. Let p € Z(sP1). Tt follows from
equation (4.20) and Observations 14.10] and [4.11], that Hs|p, (0,1

descends to a homotopy Hs, on F, x [0,1], which we may think of as
taking values in C*. Thus

(4.21) #Z (H2|Fp><[0,l]) =H#Z (HQ,p) .

Since I:IQ,,,|FPX o is canonical and Hlpyﬁpx{l} = pp, Observation [4.10
and Lemma ﬁ imply that

(4.22) 47 (ﬁlp) - 1.
Combining equations (4.18)), (4.19), (4.21)) and (4.22)), we obtain

(4.23) /M e(E;s) — /M e(Eir) = #2Z(sF").

INS
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It remains to analyze #2 (s?r) for I' € U. Denote by of € V(BT') the
vertices corresponding to v € V(T'). Recall Definitions and [2.32]
For A € 0'BI’, abbreviate

+ _
A=A (

SN .
SA,BT ”F)

Thus we have a bijection
(4.24) O'Br =5 9'BI' x 0'BI'~, A (AT, A7),
and a corresponding diffeomorphism
d: mgr — m3r+ X m[ﬂ“f
given by
dliz, = Foraa+ x Fory -, A e d'Br.
Denote by
P+ - ﬂgm X MBF* — Mgpﬁ:
the projection maps. Let
Ef=L""'e @ L™ — Mar,
ielr(vf)\{1}
Egr = @ L — Mpr-,
i€ly (UF_)
!
EBF = L?n_l D @L?ai — mlgp.
i=2
Thus
d* (p.ET ®p*E~) = Egr.
Observation and bijection (4.24)) imply that
(4.25) Vg!r - Vé!sr - Vg’lﬂ”r U Vé’BF*'

Since 0'T C 0BT k1, by definition of a special canonical multisection,
we have

such that s = @3 ;s¥; for all A € 9PI with v} (A) = v. Let

S?r ey (Egr)
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be given by

(i)"= @ epe]® qedBr
iclr(vih), j€laij),
(4,5)#(1,1)
(sor)' = D hesi . Qe 0Bl

iEZI (v;), je[(liﬂ

Here, sf; @ are predetermined because of equation . Since we
have chosen s to satisfy the strong transversality condition of Lemma|3.53
part @, the multisections SEF are transverse to 0. For € 9'BI", Ob-
servation and equation (3.4) imply that

P = Por;0pyod, 1€ Ej(vri‘).
It follows that
st =d* (P’ Sir @ P-Sgr)-
Thus
(4.26) #Z (s7') = #Z (vishr) N Z (0" spr)

Dimension counting and transversality show this number vanishes un-

. wES . . .
less 1k B, = dimg Myp. In that case, transversality implies that
sir| o+ vanishes nowhere. Thus
BT o Mgy

(4.27) #Z (Pisfr) N Z (p"sgr) =

— + —
= (//\/{BF+ (& (EBF’ SBF+|6M§F>> (/M € <EBF7 Spr- |8M8F>) .

The graph BI'* has a single vertex U;str- By construction, s§F| O is a

BI—

canonical boundary condition. So,

(4.28) / e<E§F,sBFi\8M§F>:2’“<@§)‘1< 11 Taigk(a$)>°.

Mpr+ ief;(f}?) 0

For each T' € U, we have 1° € {p(v{) and er is legal for vf. It follows
that

k(of)>2, TeUl.
Keeping in mind that
k(of) +k(op) =k+1,  £0F)0l(0r) ={2,...,1},
equations (4.23)), (4.26)), (4.27) and , imply the lemma. O
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Proof of Theorem[1.5 The differential equation TRR I is equivalent to
the following recursion relation:

o

(4.29) <Tn 11 Taiak> -

0

= > } <ToTn1 11 Tai>c <¢0 Hma’“>o -

STIR=A{2,...,l 1€S 0 1ER 0
k o o
+ E (k ) <Tn_1 HTai0k1> <H Tai0k2+2> .
STIR={2,..0} N1 i€S o \ieR 0
ki+ko=k—1

By definition

l o
TnHTaiO'k = / e(E;s).
i=2 0 Mo,k

So, recursion (4.29) follows immediately from Lemmas and [4.13]
The proof of TRR II is similar, except that we define wys, to be the

unique meromorphic differential on the normalization of ¥ with the
following properties. At z; it has a simple pole with residue —1, and at
29 it has a simple pole with residue 1. For any node the two preimages
have at most simple poles and the residues at these poles sum to zero.
Apart from these points, wys, is holomorphic. As in the proof of TRR
I, the section p (X)) is the evaluation of wy at 2. O

5. PROOF OoF THEOREM [I.1]

5.1. Virasoro in genus 0. The open Virasoro operators £,, and the
partitions functions F; and F§ were defined in Section [I1.6] Define

G, =L, exp(u*F§ +u 'FY)
for r > —1. The genus 0 term of G, is defined by
Coeft ,—1 (Gr exp(—u2F§ — u_lFé’)> .
The claim of Theorem [L1] is:
Vr > —1, Coeff ,—1 (GT exp(—u2F§ — u_lFé’)) =0.

By the open string and dilaton equations, genus 0 terms of G_; and
G vanish. Using the Virasoro bracket, Theorem follows from the
vanishing

(5.1) Coeff -1 <G2 exp(—u2F§ — u_lFOO)> =0.
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However, for the proof of (5.1]), we will require the vanishing

(5.2) Coeff -1 (Gl exp(—u?Ff — u’1F§)> =0.

5.2. Vanishing for » = 1. By unravelling the definition of £;, we can

write the vanishing (5.2]) explicitly for G;. Using the Virasoro bracket
[C—laﬁl] = _2507

we need only check the vanishing of GGy at coefficients independent of
to. The resulting equation is

(5.3) — —<7'2 HTa, k>0 Z (2a; + 1{4(2@, + 3) Ta1+1 1—[7_&J k>0

J#i

IR0 GRS A [0) CELHS

SUT={1,...,l} €S i€l

for a; > 1 for all 7.
Following the notation ([7.4), the number of boundary markings in
(5.3), is set by the dimension constraint

k = 5+2A4—2
ks = 34245 —2lg,

where the conventions

l
A:Z(li, \V/ZCLZZl,

=1

As =) a,ls=|S,VS C{1,2,....1}
ies
are used.

After substituting the evaluation of Theorem [I.4] and cancelling fac-
tors and simplifying, we reduce (5.3 to the identity:

20 + 8A — 81
(5.4) W(BJJA—Z)!:
44242
S Ge2a-a( (14245 —1)/(1+2A7 1) .
2+ 245 — 2g
SUT={1,...,1}
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5.3. Closed TRR. In order to prove (j5.4)), we use the closed TRR
in genus 0 to derive combinatorial identities. The following identity is
obtained from closed TRR:

l
44+2A-21\C __
<7—27—27—0H7—2ai—1 To >0—

i=1
242Ag-aig\e [ 4+ 2A =21
Z l}<TlTOH72a¢—1 TO+ s S>0(2—|—2A5—2ls)

i€S
2 24+2A7—2l7p\ ¢

€T

After substituting the closed genus 0 evaluation, cancelling factors, and
simplifying, we find:

442A—1
(5.5) +T(3 +24 -1 =
yo o AERACIL AT AR (g 1 241!
4 2+2A5 —2s
SUT={1,...,I}

And Equation [5.5] is clearly equivalent to Equation [5.4] as needed.
The proof of the vanishing ([5.2)) for » = 1 is complete. Hence, the
open Virasoro constraint £, is established in genus 0.

5.4. Vanishing for r = 2. By the definition of L5, we can write the
vanishing ([5.1]) explicitly for G5. Using the Virasoro bracket

[L_1, L] = —3L,

and the validity of the constraint £; in genus 0, we need only check
the vanishing of G5 at coefficients independent of .

After unravelling the definition of £, (just as we did for £;), we must
prove the following identity:

42 +12A — 121
8

6+ 24 — 2
T+2A-9]
>, (T )<2+2AS—215,2+2AT—QZT,2+2AU—2LU)

(5.6)

(5424 —1)! =

(14 24s — I)I(1 + 247 — Ip)/(1 + 24y — Iy)! .
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By applying the closed TRR twice, we obtain the following relation
among closed descendent invariants:

l

6-+2A—21\C __

<7'27'27'2 HTzaﬁl To >0 =
i=1

Z 6+24—2]
24 2Ag — 25,2+ 2Ar — 2l7,2 + 2Ay — 2y

SUTUU={1,...,1}
2+42Ag5—2lg\ ¢
) <7'17'0 H T2a;—1 Ty >0

1€S

2 24247 —2l7\ €

€T
242Ay =2y \ ¢
. <T17'0 | | T2a;—1 T >0 .
ieU

After substituting the closed genus 0 evaluation, we find the identity

(5.7) %A_l(&s 24— 1) =

Z 6424 -1 6424 —2]
6 242A5 — 205,24+ 2Ar — 2lp, 24+ 2Ay — 2Ly

(14 24s — I)I(1 + 247 — Ip)/(1 + 24y — Iy)! .

Identity [5.7]is clearly equivalent to Identity [5.6]

The proof vanishing for r = 2 is complete. Hence, the open Vi-
rasoro constraint L, is established in genus 0, and the proof of Theorem
[1.1)is complete. O

6. PROOF OF THEOREM [L.3]

6.1. KdV. Our goal is to prove the open KdV relation in genus 0:

(6:1)  2n+1){(7a))g = ((Ta-170) ) ((70) ) + 2((Ta-1))0{ (@) g

for n > 1. After differentiating both sides by s, we obtain
(6.2) (2n+1){(Tno)), =

{{r1m0) ) ((700) ) + 2{{mn10) )6 ({7 + 2({m1) )5 () )
for n > 1. Since all nonvanishing genus 0 open invariants have at least
a single o insertion, equation implies the open KdV in genus
0.

Since we already have proven the TRR relation

{20y = (1)) o{ (o) + (1))



equation (6.2) follows from the differential equation

(63)  2n{(m0))s = 2((Ta-10))5{{@))g + ((70-1))5{{7*) )

for n > 1.
We observe equation (6.3)) holds trivially for n = 0. The compati-
bility of (6.3) with the open string equation is easily checked. Hence,

to prove equation ((6.3]), we need only consider additional insertions 7,,
with a; > 1. Using ([7.2)) for such insertions, we reduce (6.3 to the

relation

(6.4) (Qn — 1)<7-n7'a1 .. 'Ta10k>g =
o k-1 - °
2 Z (Tn1 HT(M 0k5>o (ks — 1><HTM - ks+1>0 .
0 icS €T

The sum is over all disjoint unions S U T of the index set {1,...,[}.
The number of boundary markings in (6.4]),

k= 2n4+2A-2[+1
]{ZS = 2n+2As—2l5—1,

is as in ([7.2). As before, we use the notation ((7.4)).

6.2. Binomial identities. Recall the evaluation of Theorem 3,
(2n 4+ 2A —1)!
n— DU, (2a; — D!

in case n > 1 and a; > 1 for all 2. After substituting evaluation
(6.5)), relation (6.4) reduces to the following binomial identity (after
cancelling all the equal factors on both sides):

(6.5) <Tn7'a1 .. .Talak>3 = 2

( 2n+2A-21 )

In+24g—2g—2
(6.6) 2n+24-1=2 Z R
Sur={1,...,l} (2n+2As—ls—2)

The sum is over all disjoint unions S U T of the index set {1,...,(}.

6.3. Closed TRR. As before, instead of a combinatorial proof of
(6.6)), we present a geometric argument using the following closed genus
0 topological recursion relation in genus 0,

(6.7) <<T2n—27072>>g = <<;82n—273>>(c)<<7071>>; :



Expanding (6.7 explicitly, we find

!
(6.8) (Ton_2m0T2 H Toa; 1 ° Tgn+2A—2l>(c) =

i=1

2 2n+2Ag—2lg—2\¢

E <7—2n727_0 HTQaFl *To >0
SUT={1,...,I} i€s

2n+2A -2l
2n + 2Ag — 2lg — 2

2A7—2lp+2\C
: <7071 H72arl "To >o :
i€T

We substitute the closed genus 0 formula

c m—3
e T = (bl,...,bm>

in . After cancelling equal factors on both sides, we arrive exactly

at the desired binomial identity . O
7. PROOF OF THEOREM [L4]

7.1. TRR. Our goal is to prove the evaluation

S 2a, — 1+ 1)

[T, (2a; — 1!

in case a; > 1 for all i. The dimension constraint for the bracket (7.1
yields

(7.1) (Tay - - - TalO'k>g = (

l
—3+k+2l:22ai.
=1

Hence, k must be odd (and at least 1). The dilaton equation,

o

<7’17‘a1 . .Tal0k>0 (=1+k+1) <7‘a1 . .Talak>g,

is easily seen to be compatible with the evaluation ([7.1J).
Writing the TRR relation

(a0} )y = ((T=170) o ({00 )y + {(Ta1))5 ({0

of Theorem 4 explicitly, we find

(7.2) <7'n7'a1 .. .Talak>g —

> el o ()T b

SUT={1,...,I} i€S
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The sum is over all disjoint unions S U T of the index set {1,...,[}.
The number of boundary markings in ([7.2]),

l

k= 2n+2Zai—2l+1
=1

ks = 242> a;—2|S|—1,
S

is set by the dimension constraint. The condition a; > 1 forces the

term

((7n-170) ) {(709) )
of the TRR to vanish. The right side of ([7.2]) is obtained from the
second term of the TRR.

7.2. Induction. We prove the evaluation by descending induc-
tion on the a;. The base of the induction is when a; = 1 for all . By
the compatibility of the evaluation and the dilation equation, the
base case is easily established.

By further use of the compatibility with the dilaton equation, we
need only consider invariants

k o
<ana1 T, O >0

where n > 2 and a; > 1. We will prove the induction step by applying
the TRR relation . We observe the right side of contains no
disk invariants with 7y insertions. To complete the induction step, we
need only prove the evaluation ([7.1)) satisfies the TRR relation ([7.2]).
We are left with a combinatorial formula to verify.

7.3. Binomial identities. The combinatorial formula which arises in
the induction step can be written as the following binomial identity
(after cancelling all the equal factors on both sides):

2n+2A-21
7.3 2n+2A -1 N (2n+2A5—2l5—1)
(7.3) n—1 Z ( 2n+2A—1—1 )
SUT={1,...,I} \2n+2Ag5—lgs—2

The sum is over all disjoint unions S U T of the index set {1,...,1},
and

l
(74) A= a;, As=> a, Ar=> a; ls=|S|, lr=IT]|.

i=1 €S €T

Instead of a direct combinatorial proof of (7.3]), we present a geomet-

ric argument using the closed topological recursion relations in genus
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0,
(7.5) ((T2n170m) )y = ((T2n-270)) o {(T371) )y -

First, we write ([7.5]) explicitly in the following specially chosen case:

!
(7.6) <7'2n_17'071 H Toa; 1 ° Tgn+2A—2l>(c) =

=1

2n+2Ag—2lg—1\¢
E <7_2n727—0 H T2a;,—1 " Tg >0

SUT={1,...,1} i€s

2n +2A - 21
2n +2Ag — 2lg — 1

2 2Ap—2p+1\¢
. <7'071 HTQQi,l N >0 .
i€T
Second, we substitute the closed genus 0 formula

c m—3

in ([7.6). After cancelling equal factors on both sides, we arrive precisely
at the binomial identity ([7.3]). O

APPENDIX A. MULTISECTIONS AND THE RELATIVE EULER CLASS

We summarise relevant definitions concerning multisections and their
zero sets. For the most part, we follow [I2]. As usual, all manifolds
may have corners.

Definition A.1. Let M be a n—dimensional manifold. A weighted
branched submanifold N of dimension k is a function

p:M—QnNJo0,00), supp(p) = N,

which satisfies the following condition. For each x € M there exists
an open neighborhood U of z, a finite collection of k—dimensional
submanifolds, Ny,..., N,,, of M which are relatively closed in U and
positive rational numbers 1, ..., t;,n, such that

VyeU, — ply=Y_ mixn.
=1

Here, u, is the characteristic function of NV;.

We call the submanifolds N; branches of N in U and the numbers
1; their weights.

A weighted branched submanifold is compact if the support of p is

compact.
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Throughout the article we refer to branched weighted manifolds by
their support, N. In this appendix, however, it is more convenient to
work with the representing function pu, and this is indeed what we do.
We say that N is represented by p and we use both notations for the
same notion.

Remark A.2. A usual submanifold N — M is a special case of a
weighted branched submanifold. Indeed, take

H = XN, m:17 leNa /1’1:1

Notation A.3. For a vector space V, denote by Gry (V') the Grass-
mannian of k-dimensional vector subspaces of V, and by Gr{ (V) the
Grassmannian of oriented k-dimensional vector subspaces of V. The
oriented Grassmannian of zero dimensional subspaces Gry consists of
two points labeled + and —. Given a vector bundle £ — M, we denote
the associated (oriented) Grassmannian bundle by

Gri (B) = {(x, W) )x e MW e Gri" (B,) } .
Definition A.4. Let M be a manifold of dimension n, and u a weighted

branched submanifold of dimension k.

(a) The tangent bundle of p is the unique k-dimensional weighted
branched submanifold Ty of Gry, (T'M), such that

% (.flf, W) = Z M,
Ty N;=W

where p;, N; are weights and branches at x respectively.
(b) An orientation of p is a function

wt e Grf (TM) — Q,
which satisfies the following condition. For all
(z, W) € Gryf (TM),

there exists an open neighborhood U of x in which there are
branches N; of u each with a given orientation, and weights u;
of i, such that

pta W)= > - Y
T.N;=W Ty N;=—W

Here, vector spaces are oriented and —W stands for the vector

space W with orientation reversed.
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(¢) If p is compact, oriented, of dimension 0 and (supp p)NOM = (),
the weighted cardinality of p is given by

#pu=> wh(w,+).
zeM

The existence of the tangent bundle was established in [12] .

Remark A.5. Again, the definitions generalize the standard ones for
submanifolds. Indeed, let p be as in Remark [A.2] We take Ty (z, W)
to be 1 if and only if p(z) = 1 and W = T, N. Otherwise, it is 0.
Similarly, if /V is oriented, we define
1, p(zr)=1and W =T,N,
pH(x,W)=<¢ -1, p(z)=1and W = —T,N,

0, otherwise.
We can now define weighted versions of unions and intersections.

Definition A.6. Let u, A\, be two branched weighted submanifolds of
M of dimensions k, [, respectively. We say that p is transverse to A
and write p h X if for all 2 € M, W € Gr, (TM),V € Gr; (T'M), with

Tu(x, W), TA(z,V) >0,

W and V intersect transversally.
If i A\, we define the intersection N A of p and X\ by

pA (@) = p(e)Alz).

Given orientations p*, AT of i, A, respectively, and given an orientation
on M, we define the induced orientation of N A,

AP Grlj—&-l—dimM - Q,
by

pEON (@, U) = > pt (W) AT (V).
U=vnw
Here, we need the orientation on M in order to induce the orientation
on VNW. It k+ 1= dim M, we define the intersection number by

<ﬂ7ﬂ+) ’ ()‘a )‘+) = #(N NA, M+ N /\+)
If k = [, we define the union of p and A\ by
1UA@) = )+ Ax).

The transverse intersection of branched weighted manifolds of di-

mensions k£ and [ has dimension k + [ — dim M.
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Remark A.7. It is easy to see that both intersection and union are
commutative and associative. In addition, we have the distributive
property. That is, any three branched weighted submanifolds A, u, v,
satisfy

(LUXN)Nv=(uNv)U(Anv).
We now move to multisections and operations between them.

Definition A.8. Let p : E — M be a rank k vector bundle over an
n-dimensional manifold. A multisection s of E, is a weighted branched
submanifold

o:F—QnNJ[0,00),

of the following special form. For all x € M there exists a neighborhood

U, smooth sections sy,...,s, : U — E called branches, and rational
numbers o ..., 0., called weights, with sum 1, such that
o(z,v)= Y o5, V(z,v)€E].
si(z)=v

That is, the total weight of the fiber is 1. We say that s is represented
by o and we use both notations for the same notion.

Given a submanifold N C M and a multisection s of & — M, we
define the restriction of s to N by

sly = olp10v) -
Let f: M — N be a map of smooth manifolds with corners and let
E — N be a vector bundle. Denote by f : f*F — FE the canonical

map covering f. Let ¢ be a multisection of E. Then the pull-back f*o
is the multisection of f*FE given by

(fro)(z,v) = o(f(z,v)).

A multisection is said to be transverse if it and the zero section are
transverse as weighted branched manifolds.

Definition A.9. Let x, denote the indicator function of the zero sec-
tion. Given a scalar a in the base field and a multisection o, we define
the product multisection ac by

o(z,a '), a#0,
X0, a = 0.

(ao)(z,v) = {

Given several multisections o4, ..., 0,,, we define their sum

o=01+...+0,
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by

o (z,v) = Z H o; (x,v;) .

v1+...+vm=v 1=1

The sum of multisections is commutative and associative.

Let pr: [0,1] x M — M denote the projection. A homotopy between
two multisections oy, 09, of E — M is a multisection o of

pr*E — M x [0,1],
such that

U|E><{O} =01, 0|E><{1} = 02.
We say that a multisection vanishes at a point if one of its branches
vanishes there.
Given multisections o; of E; — M for ¢« = 1,2, we define the multi-
section oy @ 09 of £y & Fy by

o ((z,01 B vy)) =01 (x,v1) 09 (z,09) .

Given a multisection o of F — M, and a section t of a line bundle
L — M, we define the multisection ot of F ® L, by

(ot) (z,v @ w) = 0 (2,V) O¢(z)—w,

where 6;(z)— = 1 if t (2) = w, and otherwise it is 0.

Let GG be a discrete group, and let £ — M be a G-equivariant vector
bundle. Given a multisection o of E, we define the multisection g - o
by

(g-0) (@.0) =0 (g7 (2.0)).
We say that o is G-equivariant if

oc=g-o0, Vg € G.

Definition A.10. In case G is finite we define the G—symmetrization
of o by

1
o (z,v) = EZg-a(m,v).
Gl 2=
The symmetrization is GG invariant.

Given a multisection s of £ — OM, an extension of s to all M is a
multisection s’ whose restriction to OM is s. It is shown in Chapter 14
of [27] that multisections that satisfy a condition called structurability
admit extensions. A multisection is structurable if one can equip it with
a collection of auxiliary data called a structure. See Definition 13.3.36
of [27]. A multisection that arises from an ordinary section admits a

natural structure, and the operations on multisections described above
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act naturally on structures as well. It will be shown in [26] that the
notion of structure can be modified so that if .% is a structure on the
multisection s, there exists an extension s’ with structure .’ such that
the restriction of .’ to OM coincides with .%. If multisections with
structures are given on the individual components of M that agree
with each other when restricted to the corners, then they piece together
to form a multisection with structure on the whole 9M.

Notation A.11. We denote by C° (E), the space of multisections
of E. If a group G acts on E, we use the notation C° (E)“ for the
G—invariant multisections.

In case M is oriented of dimension n, the image of a section s of
a vector bundle £ — M inherits a canonical orientation through the
diffeomorphism

s: M — s(M).

In a similar manner, every multisection s € C2° (E), carries a natural
orientation described as follows. Assume s is represented by o, take
x € MW € Gr} (T,M), and let U, 0;,s; be as in the definition of a
multisection. We define

ot (x, W) = ZJFC% — Ziai,

where 2% is taken over indices i such that
W ==+ (ds; (T,,U)) .

This definition agrees with the usual orientation for sections. With
these definitions in hand we define the zero set of a multisection as
follows.

Definition A.12. Let s € C°(E) be a transverse multisection. We
define its unoriented zero set Z (s) , as the intersection of the multisec-
tions s and 0 as branched weighted submanifolds.

In case M and E — M are oriented we define the zero set Z (s), to

be Z (s) with the orientation induced from the canonical orientations
of s and 0.

Remark A.13. Let E — M be a vector bundle with rk ¥ = dim M
and let s € C°(E) be transverse. Suppose that at a point z several
branches s;; vanish. Then the weight of z in the zero set of s is the
signed sum of o;,. The sign is the sign of the intersection of s;; and the
zero section at x.

We will use the following theorem. In [12], a proof of this theorem
is given in the case that M has no boundary. The proof for a manifold

with corners is similar and will be omitted.
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Theorem A.14. Let E — M be a rank n bundle over a manifold of
dimension n. Let s € Cy° (El|an) vanish nowhere and let 5§ € CO(E)
be a transverse extension. Then #7(8) depends only on s and not on
the choice of s.

In other words, the homology class [Z(§)] € Ho(M) depends only
on I and s. It is Poincaré dual to a relative cohomology class in
H"(M,0M), which we call the relative Fuler class of E with respect
to s.
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