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A Explicit Formulas for the Local Example

A.1 Recursions

The recursive description of the number n;(d) is simplified below from the original one using
Lemmas 1 and 2 below.! The main statement of interest is Conjecture 1, which implies that
n1(d)=S(d)V(d) and thus confirms the BPS integrality prediction for the local Calabi-Yau 5-fold
30(—1) — P2

For each d, denote by P(d) the set of odd prime numbers dividing d and by ¢(d) the exponent of
the largest power of 2 dividing d. If d>1, define

4, ifd=1;
1, if6(d)=0, d#1;
Al(d)zl [[Ta—=2*) =< ' (d)=0, d#1; (A1)
4 S —4, if 6(d)=1;
0, if 6(d)>2;
0, if d=1;
—1, ifd=2;
Ap(d) =-S5 JJ(-2)-q1,  if&(d)=0, d#1; (A.2)
if 0(d)=1, d#2;
. if £(d)>2.

For dl, dQ > 1, let

1, if £((dy,dy))=0;
Bi(di,dy) = =3dy  [] (1—2)-{ =3, if (({d1,da))=1; (A.3)
xE'P((dl,dg)) _%a if €(<dl) d2>) Z 2.

'The original recursions for As(d) = ng(4?, H?) and Bi(di,d2) = na,a, (|; H) do not involve any of the other
terms. Using Lemma 1, the formulas (A.2) and (A.3) can be shown to satisfy the two recursions. The original
formula for A;(d) = na(pH?) expresses Ai(d) in terms of Bi(di,d2). The formula (A.1) follows from (A.3) and
Lemma 2. Originally, there are also the terms nd(lzJH, H2)7 but it is not hard to see that

na(YH,H?) = dna(pH?) ¥V d>3;

so we are able to eliminate these terms.



The following is the initial data for the remaining A-terms:

The following equations apply to d >3 (the last two hold for all d); the sums are taken over dy,dy > 1:

d®As(d) = —dAy(d) + Y diBu(dy,dy);

di1+dso=d
d*Ay(d) = Ag(d) —2d Ag(d) + Y di(Bs(dr, da) + Bs(di,da));
di+do=d
As(d) = d( ~ A~ 6 As(d) + S A~ Y (2Bs(dr,d) + 2B5(d1,d2>))
di1+do=d
+ Ag(d) - > (%BQ(dl,dQ) + 2B4(d1,d2)>.
d1+da=d

The following equations apply to di,ds>1; the sums are taken over d,d > 1:

( Bi(dy—di,di) + Y dC(di—d,d,dy—d)
d<d1,d2 .
1 if d2>d1;
+d1<B6(d2—d1,d1)+§ ZCd d,d)),

By(dy,dp) = — dtd'=dy—dy

A5(d1)+ Z dC(dl—d,d,dz d), if dy =da;
d<di,da

—Bg(dg,dl), if d2<d1;

d3Bs(dy,d2) = By(dy,d2) — 2daBa(dy, ds) + Z d*C(dy,d ,d

dtd'—ds

dyBy(dy,d2) = daBa(dy,d2) — Bi(dy,dp) + . dd'C(dy,d,d);
d+d'=ds
Bs(di,dp) = — ) CO(di,d'.d
d+d'=d2
B6(d1,d2) = —3B1(d1,d2) + 2B5(d1,d2) + Bg(dl,dz) + Bg(dg,dl).



The following formulas apply to dy, ds,d3>1:

C(dg—dl,dl,dg), ifd3>d1;
cW(dy,dy,d3) = { C(dy—ds,ds,dy), if ds<di;

Bg(da, dy), if d3=dy;

C(dy,dz,dz—ds), if ds > do;
C(2)(d17d27d3): C(dy,ds,da—d3)+C(dy,dy—ds,ds), if ds<dy;

—3B1(d1,d2) + 2B5(dy, d2), if d3=dy;

C(ds—di—da,dy,d2), if d3 > di+dy;

C(di+dy—ds,ds—dsy, d if do <ds<dy+ds;
C(12)(d1,d2,d3) — ( 1+ 2 35 U3 2 2)7 1 2< 3< 1+ 2

BG(dQ,dl), if d3:d1+d2;

0, otherwise;

C(dy,dz, d3) = = (dy, d, d3) + P (dy, do, d3) + 1 (dy, do, ds).
A.2 Main Conjecture
For each d<1, let
Ag(d) = 3A1(d) — Ag(d) + D Bs(dy,dy);

di+do=d
Yo =3 dt;

d=

H
it
I

(—=1)", if d is the product of r distinct primes;
0, otherwise;

S(d) = {u(d), %f d % 4 (mod 8);
p(d/4), if d =4 (mod8);

2 Kol ifd=k, 2 Jk;
V(d) = x VAT i =2k, 2 Jk;

2k2+1, if d=4k, 2 Jk.

Conjecture 1 (G. Martin) For all d>1,

—1)¢ o(r
(8;) S (T)S(d/r)V(d/r)—i-% > %Aa(d/r)-

r<d,r|d r<d,r|d




A.3 Some General Identities

For each d, denote by P(d) the set of odd prime numbers dividing d and by ¢(d) the exponent of
the largest power of 2 dividing d. If d>1, define

1, if £(d)=0;

m(d) = [[Q-=z)-{-3/2, ifed)=1
2€P(d) —1/2, if 6(d)>2;

1, if 4(d)=0;

m(d) = JJA-2%) x ¢ —4, if(d)=1;
z€P(d) 0, ifl(d)>2

Lemma 1 Ifd>3,

r=d
Z m (gcd(r, d)) =0.
r=1

Lemma 2 Ifd>3,

dip(d) = —6 Y didym (ged(ds, da)).

di+do=d
dy,do>0

Proof of Lemma 1: (1) We first show that Lemma 1 is satisfied if d=p® for some prime p and a>1
(a>2if p=2). If p is odd, then

r=d
> m(ged(r,d) = p*tm(p) + (0" = p* ) -m(1) = p* - (L=p) + (p" —p") -1 =0
r=1

If p=2, then

r=d
> omlged(r,d)) =272 mu(4) + (27" =2772) - (2) + (2* = 2°7") - m(1)
r=1

— _% .2a—2 _ g .2a—2+2a—1 :0

(2) Let ¢p: ZT — Z* denote the Euler ¢-function:
o(d) = H’I“EZJFZ r<d, ged(r,d) = 1}‘
Since ¢(d) is the number of generators of the cyclic group Z,=7Z/dZ,

o(ab) = ¢(a) - 6(b)  if ged(a,b) = 1.



The function 7; satisfies the same identity. Suppose a,b€Z" are relatively prime and Lemma 1 is
satisfied for d=a: Then,

r=ab
> om(ged(rd) => " > me) =Y é(d/c)m(e) =D é((a/cr)(b/e2))m(crca)
r=1 cld gC(li(STr;l)d cld cila ca|b
-(x ¢<a/cl>m<q>) (X otvreaim(ea))
cila calb

_ <§m (ged(r, a))> (gm (ged(r, b))> _

Lemma 1 now follows by induction on the number of factors in d.

Proof of Lemma 2: (1) This will be a direct computation. Note that for any d € Z" and a finite
nonempty set S,

> r(d-r) = g(dQ—l), > (-l =o. (A.4)
r=1 JCS
If deZ+, let
P(d), if £(d)=0; Sid) — o . '
(d) ={ICP(d):2€l if 4e1};
P(d) = d , if £(d)= N
(@) Ediigz}’ " fEd;Z; 5*(d) = {I1eS(d): 4¢1).

If ICP(d), let

.%'[ZH.%'-{? 1f4¢[’ d[:d/x], (1—1‘)12 H(l—x).

zel 2 ’ zelNP(d)
Note that for any JCP(d),
> D=2y = ()M, ()Yl = [T -2, (A.5)
IcJ JCP(d) z€P(d)

Furthermore, for any I€S(d),

d , S*(d), if2¢1I,
Z r(d—r) = oI Z (_1)\J—I\xj_1(d2j—1), where & = {S(Sl),) if2ZI; (A.6)

P(ged(r,d))=I IcJeS (d)
o<r<d

this follows from (A.4).

(2) We break the sum in the statement Lemma 2 into sub-sums with fixed P(gcd(r, d)) € S(d), as
m(ged(r,d)) is determined by P(ged(r, d)). If I CP(d), by (A.6)

Z r(d—r)m (ged(r,d)) = %xf(l—x)l Z (—1)‘J_I‘xj_](d2j—1). (A.7)

Plged(r,d))=I ICJeS*(d)
o<r<d



If JCP(d), the coefficient of (d%—1) in the sum of (A.6) over all I CP(d) is
d
Loy > )2y = (1)
1cJ
by the first identity in (A.5). Summing over all JCP(d), we obtain

4 S (1) = -2 {Hwep(d)(l_w’ 0 (A8)

2
1EP ) 6 |1-d%, if P(d)=0;

see the second identities in (A.4) and (A.5). This concludes the proof of Lemma 2 in the ¢(d)=0
case.

(3) Suppose £(d)>1. If 2€ [ € §*(d), by (A.6)

Z r(d—r)m (ged(r,d)) = —; . ng(l—x)j Z (—1)|J_I|xJ_[(d2J—1). (A.9)

P(ged(r,d))=1 I1CJES(d)
o<r<d

If JCP(d), the coefficient of (d%/4—1) in the sum of (A.6) and (A.9) over all possibilities for I is

é _ _§_ W2 (2 74—1) = g Hzep(d)(1_$2)a if P(d)#0;
(-2-52) JCZP:(d)( VI3 (&5 /4-1) = 52 {1_d2/4’ epag A0

Along with (A.8), (A.10) implies Lemma 2 in the ¢(d)=1 case.

(4) Finally, suppose ¢(d)>2. If I€S(d)—S*(d), by (A.6)

1 d
> r(d—r)m(ged(r, d)) = —5 gr(-)r S (=)W, (dF-1). (A.11)
P(ged(r,d))=I ICJES(d)
0<r<d
If J CP(d), the coefficient of (d%/16—1) in the sum of (A.9) and (A.11) over all possibilities for I
is

a3, 1, 2 (2 16—1) = —a2 . [Lep@1—2%), if P(d)#0;
6(2 -3 4>ch7>:(d)( 1)la3(d5/16-1) = 45 {1—d2/16, it P(d)=0. (A.12)

The £(d)=2 case follows from (A.8), (A.10), and (A.12).



