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Abstract

We interpret the degrees which arise in Tevelev’s study of scattering
amplitudes in terms of moduli spaces of Hurwitz covers. Via excess inter-
section theory, the boundary geometry of the Hurwitz moduli space yields
a simple recursion for the Tevelev degrees (together with their natural
two parameter generalization). We find exact solutions which specialize
to Tevelev’s formula in his cases and connect to the projective geometry
of lines and Castelnuovo’s classical count of g}’s in other cases. For al-
most all values, the calculation of the two parameter generalization of the
Tevelev degree is new. A related count of refined Dyck paths is solved
along the way.
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1 Introduction

1.1 Hurwitz numbers

The counting of Hurwitz covers of P! with fixed degree and branching data has
been studied for more than a century [I6]. The question is connected to complex
geometry, topology, and the representation theory of the symmetric group. In
the last few decades, there has been an resurgence of interest in Hurwitz covers
motivated by connections to Gromov-Witten theory and the geometry of the

moduli space of curves, see [4, 9] [1T], 12| 15} 20, 21].

The moduli space Hgy, 4., parameterizes Hurwitz covers
7:C — P!

where C' is a complete, nonsingular, irreducible curve of genus g with n distinct
markings py,...,p, € C, the map 7 is of degree d with 2g + 2d — 2 distinct
simple ramification points

qis - qag+2d—2 € C,
and all the points
m(p1),. -7 (), w(q1), - - - T(q2g42a—2) € P*
are distinct. There is a natural compactification
Hydn C Hgdn

by admissible covers [15].
The moduli space of admissible covers has two canonical maps determined
by the domain and range of the cover:

My 2g42d—24n Mo 2g4+2d—24n

The Hurwitz number of [I6], in connected form, is defined using the degree of
the second map,

deg(ep) .

Hurg)d = dn



The denominator d” removes the dependence on n/T]

1.2 Tevelev degrees

A different degree was introduced by Tevelev in his study of scattering am-
plitudes of stable curves [28] motivated in part by [I]. Tevelev’s degree, from
the point of view of the moduli spaces of Hurwitz covers, is defined as follows.
Consider the map

Tg,dmn * Hg,d,n — Mg,n X MO,n

defined by €, and €y forgetting the ramification points g; of the domain of the
cover and the branch points 7(g;) of the range. When

d=g+1 and n=g+ 3,

both the domain and range of 74441 4+3 have dimension 5g. The number of
forgotten ramification points on the domain is 4g. Tevelev’s degree is

deg(7g,9+1,9+3)
(49)!

The denominator (4¢g)! reflects the possible orderings of the forgotten ramifica-
tion points. One of the central results of [28] is the remarkably simple formula

Tevy, =

Tev, = 29 (1)

for all ¢ > 0. Tevelev provides several paths to the proof of involving
beautiful aspects of the classical geometry of curves
Our goal here is to study Tevelev’s degrees using the boundary geometry
of the moduli space of Hurwitz covers. To start, we observe the dimension
constraint required for the existence of a degree holds more generally. For ¢ € Z,
let
dlg,f] =g+1+¢ and nl[g,¢]=9g+3+2¢.

Consider the associated 7-map (again forgetting ramification and branch points),
7ot Hodlg ) mig.0) = Mgnis.a X Mongr -

The domain and range of 7, ¢ are both of dimension 5g 4 4¢. We can therefore
define
deg(74,¢)

(29 4 2d[g, (] — 2)!”
where we once again divide by the possible orderings of the forgotten ramifica-
tion points.

Our first result is that the simplicity of the degree that Tevelev found for
¢ = 0 continues to hold for all non-negative /.

Tevg e =

IThe standard definition of the Hurwitz number is for the n = 0 geometry.
2The translation of Tevelev’s definition to ours requires a change of language. See Section
for a discussion.



Theorem 1. For all g > 0 and £ > 0, we have
Tevy = 29.

The proof of Theorem [I]involves a recursion which arises from the analysis of
the excess intersection theory of a particular fiber of 75 . The study of another
naturally related degree is necessary for the argument.

For 1 < r < d, let Hgy4n, be the moduli space of admissible covers with
n markings of which r lie in the same fiber of the cover. See Figure [I| for an
illustration.

Figure 1: A curve C — P! in Hj 44,0 with n = 4 markings in C of which r = 2
lie in the fibre over the same point of P!,

Since r markings lie in the same fiber, the range of the map ¢q is altered,
€p : ﬁg,d,n,r - M072g+2d—2+n—r+1 .
For ¢ € Z, let the T-map
Toe * Hydlg.anig.olr = Mgnlg.a X Monfg,0-rt1-

be obtained as before by forgetting all the ramification points of the domain
and branch points of the range of the cover. The domain and range of 7, ¢, are
both of dimension 5g + 4¢ — r 4+ 1. The degrees

deg(q,0,r)
(29 + 2d[g, ) — 2)!

Tevg,“ =

appear in the proof of Theorem [I]



In case r = 1, we recover the previously defined Tevelev degree
Tevge1 = Tevge.
In case £ = 0 and r = 1, we recover Tevelev’s original count
Tev970,1 = Tevg .

We therefore have a two parameter variation of the Tevelev degree.
The study of Tevgy ¢, separates into two main cases depending upon whether
£ is non-negative or non-positive.

1.3 Results for ¢ >0

The following two results completely determine the degrees Tevg ., in all cases
where ¢ > 0.

Theorem 2. For allg>0,{=0, and1 <r < g+ 1, we have
r—2
Tevg o, =27 — ; (‘(Z]) .
Theorem 3. For allg>0,£>0, and1 <r <g+1+£, we have:
Tevge, = 29 if £>r,
Tevger = Tevgor—s if £<r.

We have already seen that the £ = 0 and r = 1 case recovers Tevelev’s result.
If we take r = g 4+ 1 + ¢, then Theorems [2| and [3] yield

Tevgvg,g_;,_l_:,_z =1 (2)

for £ > 0. For a Hurwitz covering

[r: C = P € Hyapg.t) mig..r=dg.e]

a full fiber of 7 is specified by the r markings. The r» markings determine a line
bundle L on C. The evaluation can also be obtained by studying a classical
transformation related to the associated complete linear series P(H?(C, L)). See
Section [4.3] for a discussion.

1.4 Results for ¢ <0

The calculation of Tev, ;. for £ < 0 has a more intricate structure. As before,
we require

1<r<dg,f]=g+1+¢. (3)

Since the range of 744, is

Mg;n[g,ﬁ] X ﬂo,n[g,é]frJrl ;



we also require
nlg, ] —r+1=9g+3+20—r+1>3. (4)

If either or is not satisfied, then Tev, ., = 0 by definition.
In fact, » > 1 and condition can be written together as

1<r<g+1+20 (5)

which implies the upper bound of when ¢ < 0.
Suppose £ < 0 and r > 1 are both fixed. Let

gll,rj=r—20-1

be the minimum genus permitted by . We express the solutions to the asso-
ciated Tevelev counts for all genera as an infinite vector

Tf,r = (Tevg[f,r],é,r y TeVg[E,T]Jrl,Z,T s TeVg[Z,'r]+2,Z,T ; Tevg[@,r]JrS,f,r y o ) .
The jth componentﬂ of Ty, is
TZ,r[j] = Tevg[e,r]+j,€,r .

We will write a formula for Ty ..
Define the infinite vector E; for s > 1 as

5—2 s—2 s—2
E, = <2sl—zg<3il>, 2—2(?) 25“—2;(5?1), ) .

The ;" componentﬂ of E, is

s—2 .
i s+j—1
Es[]}_2+] 1__ ( Z )

=0
The first few vectors are
E, = ( 1, 2, 4, 8, 16,...)
E, = 1, 3, 7, 15, 31, ...
Es = 1, 4, 11, 26, 57, ...
The leading components are always 1,
Es[0]=1.

Moreover, the components of the full set of vectors E; is easily seen to satisfy a
Pascal-type addition law

Est1lj + 1] = Es4a[j] + Eslyj + 1]

3We start the vector index at 0, so Ter = (TZ,T[O],T&T[IL Ter[2], Ter[3],.- )
4 Again, the vector index is started at 0.




Figure 2: Possible paths from (0, 1) to (—3,1). There are exactly C3 = 5 possible
paths, where Cj is the third Catalan number. Our paths are equivalent to Dyck

paths [27].

By Theorem we have E4[j] = Tevgyj_1,0,s, SO
TO,r = ET‘ . (6)

Our first result for £ < 0 expresses Ty, as a finite linear combination of the
vectors Eg. The coefficients are non-negative integers and are given by a simple
path counting formula.

The path counting occurs on the integer lattice Z2. We are only interested
in the lattice points

A={(r)|<0,r>1}cz?. (7)

Our paths start at the point (0, 1), must stay on the lattice points of A and take
steps only by the vectors

U=(0,1) and D=(-1,-1).

Let P(¢,7) be the set of such paths from (0, 1) to (¢,r), see Figure 2.
Let v € P(¢,r). The indez Ind(y) is the number of points of v which meet
the boundary d.A,

AA={(,1)[£<0} U {(0,r)]|r>1} C A.

Theorem 4. Let ¢ <0 and r > 1. Then,

Tf,r = Z Elnd('y) .

YEP(L,r)

Theorem [4] takes the simplest form in case (¢,7) = (0,7). The set P(0,r)
contains a unique patlﬂ of index r. Theorem || then just recovers @

For all £ < 0 and r > 1, the set P(¢,r) is finite. Moreover, the index of a
path v € P(¢,r) is bounded by

Ind(y) <r—£¢+1.

The following result is then a consequence of Theorem [

5The unique path in the (¢,1) = (0,1) case is degenerate and consists only of the single
point (0, 1).



Corollary 5. Let £ <0 and r > 1. Then, Ty, lies in the Z>o-linear span of
the vectors E1,... Er_pyq.

The first examplesﬁ with £ < 0 and r = 1 are:
T_171 = E3 s T_271 = 2E4 s T_3,1 = 2E4 + 3E5 y T_471 = 4E4 + 6E5 + 4E6 .

In fact, if £ < 0, then Ty, lies in the span of Es,...,E,_;1; since every path in
P(¢,r) has index at least 3.

The leading coefficient of T, ; for £ < 0 has an alternative geometric inter-
pretation: Tg1[0] is the number of g‘le| 418 carried by a general curve of genus

2|¢|. The above examplesﬂ show
T_11[0]=1, T_21[0]=2, T_31[0]=5, T_41[0] =14,

which are recognizable as Catalan numbers. By the well-known counting of
Dyck paths [10] 27],

Tea[0] = |P(4,1)] = ML(I%I) ’

which, of course, agrees with Castelnuovo’s famous count of linear series [6].

The coefficients of the expansion of T, in terms of E; determined by The-
orem [4| may be viewed as a refined Dyck path counting problemﬂ An exact
solution in terms of binomials is presented in Section [5.3] For example, the
coefficients of the expansion

—0+2
Tg71 = E CZI ES
s=3

for £ < —1 ard’]
o (52)(53)( |2¢] — s >
61 o] -1 |+2-s/)"
In fact, the summation over paths in Theorem [4] can be exactly evaluated to
yield closed formulas for the Tevelev degrees.

Theorem 6. The Tevelev degrees for { <0 and g >r —2¢ —1 are
o forg>0andr=1,

Tyen =29 —2:22 (f) + (—E—Z)(f 1) +£(g€) :

o forg>0andr >1,

Tty =29 —zij (‘j) (L7 —3) (Eg 1) + (- 1)<gg> - T§2 (f) :

6 A table of values of Ty, can be found in Section

"Remember E;[0] = 1.

8See [I0] for the study of various refined Dyck path counting problems.

9The coefficient formula for £ = —1 and s = 3 is also valid if the 0’s are cancelled.




The r = 1 formula of Theorem [6] can be viewed as the r = 1 specializatior["]
of the r > 1 formula. In fact, the formulas for ¢ > 0 of Theorems can also
be seen as specializations of the r > 1 formula of Theorem|[6] The r > 1 formula
of Theorem [6] therefore represents a complete calculation of the Tevelev degrees
Tg.0,- A unified point of view for all £ is presented in Section [6}

1.5 Hurwitz cycles

Both Hurwitz numbers and Tevelev degrees are aspects of a more general ques-
tion. Via the diagram

Hg,dm
% X
Mg 2g4+2d—24n Mo,2g12d—24n »

we always have a map
T Hgan = Mgagi2d—2+n X Mo 2g+2d—24n -

The dimension of the range of 7 usually exceeds the dimension of the domain.
A basic question here is to compute the push-forward of the fundamental class:

Te[Hgan] € CH* (Mg 2g42d—24n X Mo,2g+2d—24n) - (8)

It follows from the main result of [I2] that the push-forward is given by tauto-
logical classed™]

Tu[Hgan) € R* (Mg 2g42d4-24n) @ R* (Mo 2g124-24n) »
but very few complete formulas are knownB Hurwitz numbers and Tevelev
degrees give slivers of cohomological information about the push-forward .
1.6 Subsequent developments

Cavalieri, Markwig, and Ranganathan [7] have proposed a tropical calculation
of the Tevelev degrees T, . Another calculation of the Tevelev degrees is given
by Farkas and Lian in [I3] via degenerations and the Schubert calculus. Farkas

10Care has to be taken for the meaning of 7 = 1 specialization of the last sum.

HF¥ormally, the results in [I2] only show that the push-forward to ﬂg,2g+2d_2+n is tau-
tological. However, using the cellular structure of ﬂ29+2d_2+n, the Chow groups on the
right hand side of split as the tensor product of Chow groups of the factors. Combin-
ing the results of [12] with techniques from [I9], each individual term in the tensor product
decomposition of can then be seen to be tautological.

12There are several other natural variations. We could consider more complicated ramifi-
cation profiles of the Hurwitz covers. Another idea is to consider relative stable map spaces.
The result along these lines which is closest to the spirit of question is Pixton’s formula for
the double ramification cycle [I7]. For further aspects of the study of Hurwitz moduli spaces
and their associated cycles on the moduli spaces of curves, see [3| 18 [19] 22| 23] 25| 29].



and Lian analyse a different fiber of 74, than we do, but in the end recover
the same formulas.

More generally, Farkas and Lian consider an enumerative Tevelev degree
for maps to P™ and calculate it in high degree cases. Motivated by their con-
struction, a parallel Tevelev degree can be defined for all target varieties in
Gromov-Witten theory using the virtual fundamental class of the moduli space
of stable maps [5]. Calculations of the Gromov-Witten Tevelev degrees for flag
varieties and complete intersections are obtained [5] by quantum cohomology
techniques.

Together, the papers [13] and [5] place the study of Tevelev degrees in a much
wider setting. The common theme is that the Tevelev degrees are surprisingly
computable in closed form.
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2 Tevelev degrees

Tevelev [28] arrives at the numbers Tev, from a slightly different point of view.
Below we describe his perspective and how it relates to definitions presented in
Section
To start, let g > 0 and n = g + 3. Fix a general curve
(071717 e 7Pn) S Mg,n .
Then a line bundle £ on C of degree d = g + 1 satisfies
X(C, L) =h(C,L) =h'(C,L) =g+1+1—-g=2

by Riemann-Roch. For a general such line bundle £ € Pic/T(C), the first
cohomology vanishes, so £ has precisely two sections. For general £, the two
sections do not have a common zero and therefore define a degree d map

or:C =P =PHC,L)Y).

10
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Tevelev [28] constructs a rational scattering amplitude map A,
A PngJrl (C) - MO,H ) L (]P)la Soﬁ(pl)v ey Soﬁ(pn)) . (9)

In [28, Definition 1.7], A is shown to be dominant and generically finite, and
Tev, is defined to be the degree of A. The result

Tev, =29

is [28, Theorem 1.14].
To relate Tevelev’s definition to the definition of Section let Pic ;{n be
the universal Picard stack over Mg , parameterizing the data

(C7p17"' apnaﬁ)

of a nonsingular, n-pointed genus g curve C' together with a line bundle £ of
degree d = g + 1. The morphism

Hgdn — 'Picfi

g,m?’

(ﬂ— : (Cvplv cee vpn) - ]Pl) = (Capla <oy Pn; L= W*OPI(]-))
is dominant and generically finite of degree b!, where
b=2g—-2+2d=4g

is the number of (simple) ramification points of a Hurwitz cover m. Indeed, for
L € Pic g,n general, the fiber will be the map m = ¢, together with the bl many
choices of ordering the b simple ramification points.

To conclude, consider the map

Tg.dn : Hgdn = Mgn X Moy

from Section For (C,p1,...,pn) € My, general and every £ in the fibre of
the map A of (9) over a general point (P!, q1,...,q,) € Mo, we have precisely
b! points in the fibre

Tg_é,n((c’yph R apn)a (P17Q17 ) aqn)) .

Hence, we obtain
d n
Tev, = 7%(79*"1* )
(49)!
as defined in Section [[.2

3 Recursion via fiber geometry

In this section, we prove a recursion satisfied by the Tevelev degrees (see Propo-
sitionbelow). In the proof, we need to perform some intersection computations
involving the Hurwitz stacks above. In the description of this computation, we
need some information on the boundary stratification of the spaces of Hurwitz
covers from [25] [I8] which we recall below.

11



3.1 The boundary stratification of Hurwitz stacks

Recall that the space ﬂg,d,nﬂ- parameterizes tuples
(01) D,p1,...,pn € C) ,

where 7 is a degree d admissible cover from the genus g curve C' to the genus 0
curve D and py,...,p, are smooth points of C such that p,_,41,...,p, map to
the same point under 7. Let I', IV be the dual graphs of C, D, respectively. Then
the combinatorics of the cover 7 can be described by a graph cover I' — I'V. The
data of such a cover is given by

e maps V(I') —» V(I'Y), H(T') — H(I) from the vertices/half-edges of " to
those of I, corresponding to the action of 7 on the components and nodes

of C,

e local degrees at vertices and half-edges of I', describing the degree of m on
the components, and the ramification order at the nodes of C, respectively.

Associated to the graph cover I' — I, there exists a gluing morphism
Herry = Hodnr (10)

parameterizing the closure of the locus in Hg, 4. » with dual graph cover I' — I".
Here, the space ﬁ(p,p) is a fibre product of spaces of Hurwitz covers (one for
each vertex of I') over a product of moduli spaces of stable curves (one for each
vertex of I'V). The reason for this fibre product structure is that for any two
vertices vy, v9 in I mapping to the same vertex v in I'/, the associated subcurves
Cy,, Cy, of C must cover the same subcurve D, of D. For more details see [25],
Section 3.4] in the setting of Galois covers and [I8] Section 2.3.4] in the setting
of Hurwitz covers.

In the computation below, we will see that the pullback of a boundary stra-
tum in M, ,, under the map

€9 Mg dnr = Mgn

has an effective description via a disjoint union of gluing morphisms ([10)), see
[18, Proposition 3.2]. For the combinatorial description of this disjoint union, we
need to make precise the concept that a given stable graph I' is a specialization
of a graph I'y. This is encoded in the notion of a I'g-structure on I'; which is
specified by maps

pv: V(T) = V(To) and g : H(Ty) = H(T),

such that the graph obtained from I' by contracting all edges formed by half-
edges not in the image of ¢g is isomorphic to I'y via the map ¢y . See [14]
Appendix A] for a formal definition and further discussions of this notion.

12



Then, when pulling back the boundary stratum of Mg’n associated to the
stable graph I'g under the map €,, we obtain the disjoint union of boundary
strata H(p r/) such that I" carries a I'g-structure satisfying that the composition

H([o) 2% H(T) — H(I)

is surjective. However, instead of introducing these result for pullbacks of bound-
ary strata under €4 in full generality here, we recall the relevant formulas as they
come up in the proof.

3.2 Recursive formulas for Tevelev degrees

The basic property satisfied by the Tevelev degree which is used in the proofs
of Theorems is the following recursion.

Proposition 7. Let g,r > 1. Let £ € Z satisfy
nlg,f]—r+1=g+3+20—r+1 > 3.
Then, we have the recursion
Tevger = TeVg_1 s max(1,,—1) + T€Vg—1 011,041 - (11)
Proof. Up to a combinatorial factor, Tev ;. is defined as the degree of the map
Tor * Hodigflmlg.tlr = Mynfe.q X Monfg,q-r+1-

To prove the recursion , we compute the degree by analysing the fiber over
a particular point

(O, D) € mg,n[g,f] X ﬂ0,n[g,l]fr+1 .
The degree of 744, is simply the degree of the zero cycle
7o, [(C, D)) € CHo (Hg,ag.t1.mig.0r) -

The actual fiber 7'9_)51’7[(07 D)) will have excess dimension, so some care must be
taken in the analysis.

e The pointed curve C in m%n[g’g] is chosen to have the following form:

Pnlg,0

13



The curve C consists of a general curve C’ € ﬂg_Ln[g,g]_l_i_Q attached at two
points to a rational curve R. All the markings lie on C” except for the last mark-
ing py[g,¢ Which lies on R. The marking p,4 ¢ is the last of the distinguished
subset of r markings.

e The pointed curve D in M07n[g7g]_r+1 is any general point (in particular, the
curve D is nonsingular).

To compute the cycle 7, .[(C, D)], let

- 1)

be the stable graph of the curve , and let
€ro : Mry = Mg_1mig-142 X Mos = My niga

be the associated gluing map, sending the point (C’, R) € Mr, to the curve C.
We consider the following commutative diagram:

HHwry —— Hodlg,0nl0.0.r

| I

&ry

[T Mg, ——= My niasofo.0 (13)
_- ¢ _
Mr, —— My e

The upper right vertical arrow is the map remembering the domain of the ad-
missible cover together with the n[g, ¢] markings and the

blg,f] = 29 — 2+ 2d[g, 4] = 4g + 2¢

simple ramification points. The bottom right vertical arrow is the map forgetting
these extra markings, so the composition on the right is the familiar map e,.
The disjoint union on the left side of the diagram is over all stable graphs fo
that can be obtained by distributing b[g, ] legs to the two vertices of I'y. The
lower square in the diagram is then not quite Cartesian, but the disjoint union
of the ﬂfo maps properly and birationally to the corresponding fibre product.
This property will be sufficient for the intersection theoretic computations below
(see [2, Lemma C.7] for a formal argument).

The upper square is a fibre diagram on the level of sets, as proven in [I8]
Proposition 3.2]. Here, the disjoint union is over boundary strata ﬁ(p’p/) of
ﬂg7d[g7g]7,,b[g7g]7,,. which, as we saw in Section parameterize maps from a curve
with stable graph I' mapping to a curve of stable graph I'". The index set of the
disjoint union consists of isomorphism classes of I'g-structures on I' such that

the induced map N
E(y) = E() — E(I)

14



is surjective. The lift of the upper fibre diagram to the level of schemes is
described in [I8 Proposition 3.3].
Our strategy is now as follows. To compute

700, [(C: D)) = ¢5[CT - 5[ D],

we consider [C] = (ér,)«[(C’, R)] and use the diagram to decompose €, [C]
into terms supported on the spaces ﬁ(p’p/). Only three types of contributions
survive after taking the product with €j[D]. We begin by describing these three
surviving cases and computing their contributions. Multiplicities and excess
intersections appear.

Contribution 1. The Hurwitz cover degenerates as indicated in diagram
with the degrees of the map written in greenE The last » markings are in blue,
and the last marking is starred.

(14)

Each of the two rational components mapping with degree 2 must carry two of
the ramification points. The total number of loci of the form is therefore

siven by L/ b, g 1 b, !
2(2,2,1)[617,4] —4> e (15)

with the factor 1/2 corresponding to the fact that the two pairs of branch points
going to the outer components can be exchanged without changing the locus.
For r > 1, the locus is parameterized by the space

Q(F,F’) = ggfl,d[g,é]717n[g7€]71+2,7“71 x Hoo22 X Hoo22 - (16)

={pt}

131n the picture , the preimage of the rightmost component of the bottom curve consists
of a single rational curve mapping with degree 2 and d — 2 rational curves mapping with
degree 1. Here, and in the following pictures, we only draw one representative of such rational
components mapping with degree 1.
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The unique point of Hp 222 is given by the map

222

(P 1,-1) 2= Pt

and the cover has no remaining automorphisms.

On the other hand, for r = 1, the position of marking p,,[4 is no longer
determined by the map and markings on the genus g — 1 component. If r =1,
let

€0 Hg—1,d[g.0-1,n]g,0)—1+2,r—1 — Mo, ag4+20—44n[g,0)—1
be the map remembering both the 4g + 2¢ — 4 branch points and the images of
the n[g,¢] — 1 markings on the target of the cover. Then the locus fits into a
diagram

Hery ————————— Mo agro0—a4n[g,0

l | &

Hg—l,d[g,f]—lm[gl]—1+271 ? M074g+2€—4+n[g,f]—1

where the right vertical arrow is the map forgetting the last marking.

Since, independent of 7, the map is unramified at all the nodes, we
see from [I8, Proposition 3.3] that the locus ﬁ(np) appears with multiplicity
1 in the upper fibre diagram . On the other hand, there are 8 different
fo—structures on the graph I' of the domain curve in that satisfy the as-
sumptions of [I8, Proposition 3.2]. Indeed, the image of the first edge of fo can
be chosen freely among the 4 nonseparating edges of I', and then the second
edge must go to one of the 2 edges on the other side. So overall, in the disjoint
union in the top left of the diagram (L3), there are

bld, £]!
(b[d, €] — 4)!
many components that can contribute.

By the strategy explained above, we see that the contribution to the degree
of 77, .[(C, D)] coming from each of the components is given by the degree of
the map

Hirry = Mg 1ng.0+1 XMonfgg-ri1 (18)

—Mr,

e For r > 1, the locus Hr ) is given by and the above map fits as the top
horizontal arrow into a commutative diagram

Hg—1,d[g,0-1,n[g,0+1,,—1 — Mg_1n[g.0+1 X Mo,n[g0—r+1

o |

Hg—17d[g,f]—1,n[9,€]—17r—1 ? Mg—lm[gl]—l x MO,n[g,Z]—T-H
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mapping birationally onto the corresponding fibre product. So the degree of the
top map is the same as the degree of the bottom map. Using

d[g7£]71:d[9717£]7 n[g,ﬂfl:n[gfo]’

the bottom map is precisely 74_1,¢,r—1.
e For r = 1, we must distinguish two more cases:

o For nlg,¢] > 4, the map appears as the top horizontal arrow in the
commutative diagram

Hr,r) M1 nig.0+1 X Mo g

o |

Hg—l,d[g,ﬁ]—l,n[g,@]—l,l ? Mg—l,n[g,@]—l X MO,n[g,@]—l

mapping birationally to the associated fibre product, and so the degree of
is given by the degree of the bottom map 74_1,¢,1.

o For n[g, ] = 3, the map factors through the left vertical map in ((17).
Since the vertical map drops dimension by 1, we know that the morphism (18]

can no longer be dominant and thus yields a zero contribution. The vanishing
here is compatible with our original definition, since Tevy_1 4,1 is defined to be
zero since nlg — 1,4 = 2.

Overall, we see that the total part of the degree arising from Contribution
1 is given by

bld, £]!
(b[d[E]LW deg Tg—1,6,max(1,r—1) = b[da é]' : Tevgfl,é,max(l,rfl) .

Contribution 2. The second type of locus that can contribute parameterizes
covers of the form illustrated in diagram .

o
Q>

C - oD
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The rational component mapping with degree 2 must carry two of the ramifica-
tion points. The total number of loci of the form is given by

bd. e\ 1 bld0
(2 )_Q@Mamr (20)

The locus ﬂ(np/) is parameterized by the space

Hg—1,dlg.0)mlg.0+1,r+1 X Ho 232 - (21)

The r+1 index in is explained by the following basic important observation:
all 741 nodes of the genus g—1 domain component connecting to rational curves
containing blue markings map to the same point (which is the node of the range
curve).

The space ﬂ072)3’2, parameterizes double covers

f : (P1»P7272/7Q1aCI2) — ]Pl (22)

such that f(z) = f(2’) and such that ¢, go are ramification points of the cover.
The natural map o o
0:Hozos32 =+ Moa

sending the point to
(]P)17 f(p)a f(Z)7 f(q1)7 f(QQ)) € ﬂ0,4

has degree 2, corresponding to the two choices z, 2z’ of preimage of f(z).

By the same argument as before, the loci appear with multiplicity 1 in
the upper fibre diagram . On the other hand, there are 2 fg—structures on
the graph I' of the domain curve in , corresponding to the two choices of
sending the edges of fo to the two nonseparating edges e, ¢’ of I'. However, these
two [g-structures are isomorphic (since the cover I' — IV has an automorphism

exchanging the two edges e, e’). So overall, in the disjoint union in the top left
of the diagram there are

1 b0
2 (b[d, €] — 2)!

many components that can contribute.
However, a new phenomenon (not seen in Contribution 1) appears here:
a dimension count shows that the loci only have codimension 1 in their
ambient space, whereas the gluing map &p, had codimension 2. The excess
class is given by
_ww ®l1-1® 'Lbz

where w, z are the preimages of one of the nonseparating nodes in , see [25]
Section 4.2] and [I8] Proposition 3.3]. The class ¢, on Hp 232 is the pullback
of 12 on My 4 under the map 6 above. We calculate

/ b —deg(®)- | wm—2-1-2.

Ho,2,3,2 Mo,a
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The contribution to the degree of 7, , . [(C, D)] coming from each locus above
is given by the degree of the excess class capped with the preimage of a point
under the map

Hg-1,d[g.0n[g.0+1,r+1 X Ho,2,32 = Mg_1ng.g+1 X Monjg.—r+1-

Since the above map does not depend on the factor Hp 2 32 in the domain, the
only nonzero contribution can come from the term —1 ® 1,. After eliminating
the factor ﬁ0727372 by integrating —1 ® ¢, (and obtaining a factor —2 from the
degree of —1),), we are left with the degree of 7y_1 11 r41.

The total part of the degree arising from Contribution 2 is given by

1 bld, ¢]!
5 . (b[d[f]—]Q)' . (—2) . deng,174+1’r+1 = —b[d7 6]' . TeVg,172+1,r+1 .

Contribution 3. The third type of locus that can contribute parameterizes
covers of the form illustrated in diagram .

The rational component mapping with degree 2 must carry two of the ramifica-
tion points. The total number of loci of the form is given by

bd. e\ 1 bld,0
( 2 )_Q(b[d,e]z)!' (24)

The locus ﬁ(]“vr‘/) is parameterized by the space

Hg—l,d[g,@],n[g,€]+1,r+1 X ﬁ0,2,2,2 . (25)
———
={pt}

Again the multiplicity is 1, but there are 4 non-isomorphic To-structures on the
graph I': one of the two edges of I’y must go to the edge of I' connecting the
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genus g — 1 vertex to the vertex containing the last marking. The other can go
to either one of the two edges incident to the vertex with the degree 2 map. So
overall, in the disjoint union in the top left of the diagram there are

bld, (]!

200, 1 - 2)!

components that can contribute.
By the strategy explained above, the contribution to the degree of Tyt [(C, D)]
coming from each locus above is given by the degree of the map

Hy—1,dlg.0nlg.0+1.0+1 = Mg—tnlg.g+1 X Monfg-r+1
The total part of the degree arising from Contribution 3 is given by

1 b[d, 4!
92 2 (bld, €] —2)! “2-degTy—1,0+1,0+1 = 2b[d, €]! - Tevg_1 041,041 -

Exclusion of other components.

To conclude, we must prove that Contributions 1, 2 and 3 are the only loci
in the diagram that can contribute.
Let Hr vy be a locus in dominating the moduli space

Mg—l,n[g,é]—i—l X MO,n[g,Z]—T-‘rl .

There must then be a vertex vg_1; € V(I') such that the corresponding factor
of ﬂ(np/) parameterizes covers from a genus g — 1 curve. Since the n[g,¢] — 1
first markings will go to the vertex vy_; after forgetting the ramification points
and stabilizing, their images in I will similarly stabilize to a unique vertex vg.
Therefore, in the cover I' — I", the vertex vy_; maps to vy. Next, we observe
that the map

Hrry = My_1 n[gg+41 X Mo njg,g—r+1 (26)

only depends upon the factors of ﬁ(l“yp/) lying over the vertex vg. Indeed, the
map to Mgfl’n[g’[]+1 only depends on the factor for v4_;. On the other hand,
since the stabilization of I”, after forgetting the branch points, consists of the
single vertex vg, the factors of ﬂ(np/) over vy determine the component of the
map to MO,n[g,Z]7T+1~

Since the factors over vy form a finite cover of the moduli space ﬂo,n(vo)
associated to vg, the valence n(vg) must satisfy

’I’L(’Uo) -3 Z dim ﬂg—l,n[g,é]-l—l X ﬂO,n[g,@]—r-&-l = b[gaa + Tl[g,é] —r—4

in order for the map to be dominant.
A short computation shows that the valence condition is only possible in one
of the following cases:
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(i) TV has two other vertices w1, ws, both of valence 3,
(ii) T has one other vertex w, of valence 4,
(iii) I has one other vertex w, of valence 3.

We further observe that for a simple branch point at the vertex vy whose
ramification point is not on the component associated to vg_1, the position of
the branch point does not affect the image under the map . Therefore, in
cases (i) and (ii) all the simple ramification points over vy are located at the
vertex vg_1, whereas in case (iii) at most one of them can be on a separate
component.

Finally, we observe that for every leaf of the graph I which is not equal to
vo (so one of the vertices w, w1, wq above), the leaf must contain at least two of
the simple branch points. Indeed, by the condition that there is a fo structure
on I' - I, there must be a circular path from v,_; to itself in I" whose edges
surject to the edges of I'V. Thus over a leaf there must be a vertex with at least
two edges adjacent, which needs at least two ramification points on that vertex.

Case (i) There are two possibilities T'y and T', for the graph I'.

By the general comments above, the two markings at ws must be branch points,
and we see that there are at least b[g, ] — 3 simple ramification points at vg_.
The configuration is only possible if the degree at the vertex vy—; remains at
d[g, ], otherwise the number of ramification points would drop by at least 4.
The marking at w; is then forced to be the image of the marking p,,[, ¢, since
otherwise this marking would be contained in the genus g — 1 component of the
curve, contradicting the shape we have fixed before. We conclude that only
the pair (I', T"}) of Contribution 3 has the specified shape.

The markings at w1, we belonging to branch points, so we have precisely b[g, ¢]—4
branch points at vg. Then the component vy_; must have degree dlg, ] — 1, so
that there is an additional vertex of genus 0 over vy mapping with degree 1. We
are then forced to be in the case of Contribution 1.

Case (ii) The shape of the graph I" is as follows:

r/—
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Since there are at least b[g, /] — 3 simple branch points at vy, the component
vg—1 must map with full degree d[g, ¢]. Therefore, one of the three markings at
w is forced to be the image of marking p,, 4 ¢. Moreover, the point p,4 ¢ must
lie on the unique loop in I'" which goes through the vertex over w containing the
two ramification points. We are in the case of Contribution 2.

Case (iii) The graph I' has the following shape:

r’:

The markings at w are branch points, so the remaining b[g, £] — 2 branch points
are at vo. As we have seen before, in case (iii), at most one of the associated
ramification points can be on a component not equal to v4_1, which still forces
blg, £] — 3 ramification points on vg_;. The component v,_1 must map with full
degree d[g,f]. Hence we arrive at a contradiction, since the marking py4 ¢ lies
over vy and thus in vy_;. The curve can not have the shape ([12]).

Contributions 1,2, and 3 are therefore the only nonvanishing terms in the
intersection. After summing the three contributions to the degree of 74, and
dividing by b[d, ¢]! , we obtain the recursion stated in the Proposition. O

4 Proof of Theorems for (>0

4.1 The genus 0 case

The recursion of Proposition [7] reduces the calculation of the degree of 744, to
the genus g = 0 case. Indeed, for n[g,¢] —r + 1 > 3, we can apply the recursion
and lower the genus and, for nfg,f] —r+ 1 < 3, Tev, g, is defined to be 0. In
genus 0, since

1<r<d0,4=0+1

by 7 we must have ¢ > 0. The Tevelev degrees in genus 0 for £ > 0 are
determined by the following result.

Proposition 8. For{ >0 and 1 <r </{+1 we have
Tevoe,r = 1.
Proof. Let (PY,py,...,p,) be a genus 0 curve with n distinct markings, for
n=mn[0,{] =3+2¢>3.
Let M, be the moduli space of maps

ﬂ':(]P’l,pl,...,pn)—HP’l
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of degree d[0,¢] =1+ ¢ satisfying

T(Pn—ry1) = ... =7w(ps) = [1,0] € P*.

The moduli space Mg, is the nonsingular n — r dimensional quasi-projective
subvariety
M, CP(H (B, Opi (d)) & H* (P!, Op: (d)))

defined by pairs of sections (sg, s1) of H?(P!, Op:(d)) satisfying:
(i) sp and s; have no common zeros,
(ii) s1 vanishes at the r points p,—r41,. .., DPn.

Conditions (ii) are linear, so Mg, C P2+1=r = pn-r,
The tangent space of Mg, at [7] € Mg, is

Tan, = HO(P', 7" (Tanp1 ) (—prn—rs1 — -+ — Dn)) -
The degree of the line bundle 7*(Tanp: )(—pp—r41 — ... — pp) is
2044 —r=n—r—1.

Since the points pi,...,p,—, impose independent conditions on sections of
7 (Tanp1 ) (—pr—rt1 — - .. — Pn), the differential of the evaluation map

ev: Mg, = (P, 7] (7(p1), . 7 (pnr))

is surjective.
Let 21 ...,%n_r € P! be general points. For 1 <i<n —r, let

Hi C ./\/ldﬂa
be the locus of maps 7 satisfying
w(pi) = x5 .

The closure H; C P2?t7~" ig a linear space of codimension 1. Since

ev Hz1,...,p_y) C Ma,r (27)
is both transverse and linear, ev='(xy,...,7,_,) is either empty or a reduced
point. Since the image of ev is dense, ev=!(z1,...,7,_,) must be a reduced

pointE
Finally, a dimension count shows the single reduced point corresponds
to a map with only simple ramification points. Therefore, Tevg ¢, = 1. O

14 Alternatively, the empty case is easily seen to be impossible. The hyperplane closures
have to intersect in the linear space

My, =P""" CP(HO (P!, Op1(d)) @ HO(P, Op1(d))) .
Using the standard description of
aﬂd,r = md,'r' \ Md,r

via maps of lower degrees, the intersection of HiN...NH,_, is easily seen to be disjoint from
OMg,, using the genericity of q1,...,qn—r.
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4.2 Induction argument

We are ready to completely calculate the Tevelev degrees in case ¢ > 0. Because
of the form of the recursion , we consider all the cases with ¢ > 0 at once
instead of proving Theorems and [3] separately.

Theorem. Forg>0,¢{>0and1 <r <{+1+4 g, we have

29— Y120 (9)  for =0,
TeVgJ»T = Tevg,O,max(r—l,l) for ¢ < T,

29 for £ > r.

Proof. We proceed by induction on g. The g = 0 case is covered by Proposition
Bl Suppose g > 0.

Step 1 We consider the case £ > r > 1. If we start with £ > r, the same inequality
persists for the recursion, and we have

—1 -1
Tevy o = Tevg—l,é,max(l,r—l) + Tevg 1,041,041 = 2970 42970 =29,

Step 2 We consider case 0 < ¢ < r. We have already checked the case ¢ = r.
Suppose £ < r. If we start with £ < r, then the non-strict inequality ¢ < r
persists in the first step of the recursion. We have

Tevgyéﬂ‘ = Tevgfl,f,max(Tfl,l) + Tengl’£+1)T+1
max(r—3—1,—1—¢)

ey () ()

7=0 =0

r—2—1

g—1 g—1

(10 ()

il AV A J

r—2—1
= E0)

PR

where in the first equality we are using the inductive step applied to g.

The proof is complete. O

4.3 Lines in projective space

By the formulas of Theorems 2] and [8] we have

TeVg7gvg+1+g =1. (28)

The Tevelev degree is defined via the map

Totg+1+0 * Hogirtega+20gt1+e = Mggiaroe X Mozte.
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There is a simple geometric reason for the Tevelev degree to be 1 here.

Let (C,p1,...,pg+3+2¢) be a general nonsingular pointed curve. The last
g+ 1+ £ markings (associated to r) determine a line bundle L on C. Consider
the complete linear series P(H°(C, L)) of dimension 1 + ¢ by Riemann-Roch.

e There is a distinguished element

¢ =[pste+ ...+ pgiatrae] € P(HY(C,L)).

e There are 2 + ¢ distinguished hyperplanes
H17 BRI H2+€ C P(HO(C? L))

determined by the points pi,...,paye € C.

e There is a projective space P(Tan;) of dimension ¢ parameterizing lines
PcCPH’C,L))

passing through (.

For a general such line P, we obtain a 3 4+ ¢ pointed curve of genus 0,
(P,¢,PNHy,...,PNHape).
The associated rational map
P(Tan¢) --» Mos4e (29)

is easily seen to be birational (of degree 1). The degree is Tevg ¢ g1140-

The map has the flavour of a Gale transformation. In the £ = 1 case,
a direct connection to the Gale transformation can be made. Whether the
birationality of can be explained for all £ in terms of the Gale transformation
is a question left to the reader.

5 Path counting

5.1 Notation

We consider here the case £ < 0 and prove Theorem E[ Before presenting the
proof, we briefly recall the notation of Section |1.4]
For £ <0 and r > 1, we have

nlg, ] =3+g+2¢.
After imposing n[g,f] — (r — 1) > 3, we obtain the condition

g>r—20—1.
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Following the notation of Section
gll,r)=r—20—1.

We also have
dlgl,r], 0] =gll,r] +1+L=r—£>0.

Define the infinite vectors T, , and E, by

r—2

. _ i r+j5—1
Té,r[]] = Tevg[(,r]-‘rj,@,r and E.[j] =2 - Z; < v )
for j > 0. We set
Terlj]=0 and E.[j]=0
for j < 0. For all j € Z and r > 1, we have
Ert1li + 1] = B[] + B [j + 1] (30)

5.2 Proof of Theorem [4] for ¢ <0
By Theorems [2] and [3] for £ > 0, we already know

TO,T =E, = Z Elnd('y)
~yeP(0,r)

holds.
We prove the formula of Theorem {4| for the coefficient

Té,r[j] for jz=0

by induction on g = g[¢,r]+j. When g[{, 7]+ j = 0, we must have (¢,r) = (0,1)
and j = 0. So the base of the induction is established.

Suppose now g[¢,r] 4+ j > 0. The proof of the induction step is split into two
cases:

Case 1. Suppose r =1 and £ < 0.

o If j =0, we have

Te1[0] = Tevgpr e

= TeVg[e,l]—1,e+1,2
= Ty41,2[0]

= Z Elnd('y) [O]

YEP(£+1,2)

> Eing()[0].

v€EP(4,1)

26



The second equality follows from since
TeVg[g,l]_lyg,l = T[’l[—l} =0.

The last equality follows from Ej,g(1)[0] = 1 for all v € P(£,1) UP(£ +1,2) and
the fact that P(¢ + 1,2) and P(¢,1) are in bijection.

o If j > 0, we have
Tealil = Tevgpeayjen

= Tevgea)4j-1,61 + TeVgpe1145-1,041,2
=Tealj — 1]+ T2l

= Z Eind() [ —1]+ Z Eind(+) (7]

~yEP(£,1) YEP(£+1,2)

= Z Bind(y)[J — 1] + Z Eind(y)—117]
YEP(4,1) v€EP(£,1)

= Z Elnd(v) [‘7} .
YEP(L,1)

In the fifth equality, we use the natural bijection between P(¢+1,2) and P(¢,1)
given by completing a path that ends in (£ + 1,2) to a path that ends (¢,1) by
stepping with D. In the last equality, we use (30).

Case 2. Suppose r > 1 and ¢ < 0.
For all j > 0, we have a similar chain of equalities:
Terli] = Tevgie e

= Tevgprr+j—1,6,0—1 + T€Vg[0,r|4j—1,64 1,041
=Tor 1] + Terrriald]

= Z Elnd('y) [j] + Z Elnd('y) [j]

YEP(L,r—1) YEP(L+1,r41)

= > Enaylil,

YEP(L,r)

which completes the induction step. O

5.3 Refined Dyck path counting

For / <0 and r > 1, we can write

r—~0+1
Ter= Y ¢,E (31)
s=1

by Theorem [4 and Corollary [5] By definition,
Eilj] =27.
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T
) 1 2 3 4 5
2E3 + E4 2E3 + E4
1 E 2%E %3 + E
3 3 3+ FEs +Es + Es +Eg
8E3 + 6E4
4E3 + 4E4 6E3 + 5E4
_ , Es + 2E
2 2E4 2E3 + 3E4 TEs 9B + Eg +3Es + 2E¢6
+E7
, 18E; + 17E, 98E; + 24E4
3 2, + 3E; 4EiIE6E4 1$§?é++1 1EE4 +9E5 + 3Eq +13E5 + 6E¢
5 56 +E7 +3E7
96E; + S8E4
. AE, + 6E5 10E3 + 15E4 fﬁ%;ﬁiz fﬁ%;fg%G +52E5 + 24Eg
- AE 12E5 + 5E 10E7 + 4E
+4Eg + 5 + Ske +E; +4E- + Eg + |759+ 8
T80E; + 186E: | 330E; + 315E,
5| 10Ea+sEs | ZERT AN | SR FOR | 1995 + 58 | + 198E5 + 970
+12E¢ 4 5E7 LEE 6 -+mé +E 6 | +20E7 + 5Eg +40E7 + 15E3
7 7 8 +Eg +5E9 + E10

Table 1: Values of T, for £ <0

For s > 2, define the vectors E/, by
EL[j] = Es[j] — 2°'Ea[j].

Then, E.[j] a polynomial in j of degree s — 2. The vectors E; are therefore
independent, and the coeflicients ¢, in are unique.

By Theorem the coefficient cj ,. is the number of paths v € P(¢,7) of index
s and therefore defines a refined Dyck path counting problem. The solution is
given by the following result.

Proposition 9. Let £ <0 and r > 1.
mIf{=0ands€Z, thermcar =97,
wlfl=—1ands€Z, thenc® |, = 6.
mlfl<—-1and3<s<r—~{+1, then

o _(5—2)(s+r—4)(I2€|+r—s—1>+(|2£+r—s—1)_(|2e+r_s_1)

Cr =2+ 0|42 —s 10| -1 || +r—2

and c; . = 0 otherwise.

Before starting the proof, we require additional notation and an auxiliary
result. For (u,v), (v/,v") € Aand k € Z, let

D(k;u,v,u’,v")

be the set of paths v in A from (u,v) to (u/,v") which take steps U and D and
meet the r = 1 axis

{,nje<opcA
exactly k times. Let d(k;u,v,u/,v") = |D(k;u,v,u',v")|.

15Here, §¢ is the Kronecker delta.
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Lemma 10. Let (u,v),(u/,v") € A. Let t,j,k € Z satisfy 1 <t < k, v’ <u
and j < —u. The following equalities then hold:

1) d(k;0,1,4,v") =d(k; 0,0, v/ — v +1,1) ,
(it)
(111) d(k;u,v,u',v") =d(k —t;u,v+t,u,0") ,

(iv) d(k;0,1,0/,1) = (2505 5t

Proof. Identity (i) is trivial. Identities (ii)-(iv) have been proven, for example,
in [20] by B. Scott. We sketch here his proof adapted to our notation.

e Identity (ii). Every Dyck path in A from (0,1) to (v/,v’) can be written as a
sequence of —u’ letters D and —u' + v’ — 1 letters U. For any such sequence,
changing every D with an U and every U with a D yields a Dyck path in A from
(0,v") and (v — v’ +1,1). Moreover, the number of intersections with the r =1
axis of the old and the new paths are the same. Therefore, we have bijection
between D(k;0,1,u’,v") and D(k;0,v",u' —v' +1,1).
e Identity (iii). Let v € D(k;u,v,u’,v"). For 1 <14 <t let (¢;,1) be the first ¢
points at which v meets the r = 1 axis. Here,

U< ...</ty.

Each of the points (¢;,1) is immediately followed by a step U in v. Removing
these ¢ steps U and translating v upwards ¢ units yields a path in D(k —t;u, v+
t,u’,v"). The operation is a bijection.

e Identity (iv). Using Identity (iii), we have
d(k;0,1,u',1) = d(1;0,k,u’, 1)

o 2 -k —2u' —k
B <—u’—k+1> B ( —u! )
—2u' —k\ k-1
- <—u’—1> —u
The second equality is by directly counting the paths using a standard reflection
trick (see [8, p.22]). O

Proof of Proposition[d . For ¢ = 0,—1 the result is trivial, so we assume ¢ < —2.
We write

c¢gr =Hy €P(,r):Ind(y) = s}
s—1
=> {vePr):yn{¢=0}=h+1and [yn{r=1} =s— h}|

w >
Il
==

= d(s—h—1;-1,h,£,71).
1

>
Il
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By Lemmal[10} for & € {1,...,s — 2}, the following chain of equalities holds:

ds—h—1;,—-1,ht,r)=d(s—2;-1,1,¢,r)
(s—2;0,1,£+1,7)
(s—2;0,mL+2—11)
=d(s+r—3;0,1,+2—11)
_<2€|—|—r—s—1) s+r—4
[ —s+2 [ —2+7r"
For h = s — 1, a simple direct count yields

d(0;-1,s —1,¢,7) =d(0;0,s — 1,£+ 1,7)
(120 +r—s=1\ []2[+r—s—1
B [ —1 [ —2+r
which is the number of allowed paths from (0,s —2) to ({4 1,7 —1).
The result follows by summing all the terms. O

5.4 Fixed j

An interesting direction is to compute Ty, [j] for fixed j in terms of ¢ and r.
The simplest example is Castelnuovo’s formula for ¢ < 0:

Proposition 11. For ¢ < 0, we have

(2 + ), e ) - T )

Talt] = 1P D g (g 10+ D +2)

Proof. The case | = —1 can be checked by hand, so we assume [ < —1. Using
Theorem [ we have

Tealll= D Ewap[ll=PE DI+ Y Ind(y).

vyeP(4,1) vyeP(4,1)

For v € P(¢,1), define a return step of v to be a step D = (—1,—1) of «
ending in the subset of A with » = 1. Let () to be the number of return steps
in 7. Then,

Ind(7) = r(y) + [y N {€ =0} (32)

By Section 6.6 of [I0], the first term of is

3 2 +1
2 T(”‘2é|+1<|e|—1)'

YEP(¢,1)
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The second term of is
> lyn{e=0}

YEP(L,1)
le|+1 ol — (k — 1 o0 — (k —1 210] — 21¢| —
) G - (- G
452 T o1 — 9200 —
> ’fl( 1)~ (" k)]

Al - e+ D) - ()
= EDIED) '

After summing the terms, we obtain the result. O

6 Proof of Theorem

As discussed at the end of Section [[.4] the formulas of Theorem [f] cover the
Tevelev degrees T, ¢, in all cases. The master result which specializes to The-
orem |§| and also covers the ¢ > 0 cases takes the following form.

Theorem 12. Let g >0, € Z, and r > 1.

mlfg<r—2({—1, then
Tevg7g7,,. =0. (33)

m[fg>r—20—1, then the Tevelev degrees are

o forr=1,

—0—2
_ 99 _ g gy g g
Tevg e, =2 2% (i)+( ¢ 2)(41)“(5)’ (34)
o forr>1,

o =2 (@) e 2 )een(5)- 5 ()
i= i=—0+1
(35)

Proof. We prove the complete statment by induction on g. The main tool is the
recursion of Proposition [7}
We start with the genus 0 case. For g =0, ¢ >0, and 1 <r < /41, we have

Tevg, =1
by Proposition 8| In all other g = 0 cases,

TeVO,lJ- =0.
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For ¢ < 0, the Theorem predicts Tevg;, = 0 by . For £ > 0 and r = 1,
formula specializes to
0
1+/4 =1.
i (é)

Similarly, for £ > 0 and r > 1, formula (35) specializes to
g "2 /g 1-1=0 for £ =0
—/ i};ﬂ i 150252 60 for £>0.

In the ¢ > 0 case, the expression vanishes if and only if 0 < r —¢— 2 and returns
1 otherwise, completing the verification of the case g = 0.

Let g > 0. Then, Tevg e, = 0 if
nlg,l|]—r+1=g+3+20—r+1 < 3.

Equivalently
g<r—20—1,

recovering condition . If g > r —2¢ — 1, we have the recursion
Tevger = TeVg_1 o max(1,r—1) + T€Vg—1 04141 (36)

by Proposition [7]
After substituting the g — 1 formulas (by induction), Tev, ¢ is given by

()
s 1—£-2
42971 2 ; (g : 1) +(—L+1-3) <g£—12> +£(ge_11> o ~, (g ; 1) '

1=

A straightforward check shows that the horizontally aligned terms combine to
the terms in by the universal formula

a—1 a—1 a
(b—1>+< b )_<b> for a,b € Z.

The check uses the formal manipulation

S ()R- 00

———

S,



Similarly, in case r > 1, recursion ([36)) shows that Tev, g, is given by

a3 (1 (4 s (-5 (1)

=41
1991 _ 9 i:j ( ) —l+7— )<_gg__12> + g(—gg__11> - Tgf:: <g Z 1)

The first two summands of each row combine to the corresponding terms in (35
as before.

To combine the middle two summand pairs, we transfer a term ( ;"li 11) from
the second to the first row. For the last summation, we use

PECRESACY

i=—L0+1 i=—/

r—{—3 g—l
S ( i

i=—04+1 ) )
r—_{—2 r—£—3
Z -1 -1
. 7 . 1
i=—04+1 =—/

r—40—2 g—l
-y ( i

i=—0+1
r—_{—2
-2 ()
i1 N
We obtain precisely the last term of , concluding the proof. O

If g=—2¢, £ <0, and r = 1, Theorem [12] yields

|e|—2
2/ 20 2/
Tev_a g, = 2P Z( ') |£|—2)<|€|1)—|€<||€||>,

which equals the Catalan number C; as required by Castelnuovo’s count.
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