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a direct product since Wy acts trivially on Ug. Since all splittings of P
are conjugate under Up, this splitting is cancnicall Thus we have a
canonical decomnposition’ Uy=UpxUj, and BEX'%P)) is contained in the
second factor. In analogy to 5.20 we can now describe B(X*%Pip) in
terms of a function ¢: C*(X°P)—R, where the splitting associated to

_any oe8(X%Py,py) is, with respect to the canonical decomposition of U,
equal to (-A"legid) on o.

It is now easy to see that the condition (a) of 813 is equivalent to

the strict convexity of ¢ in the sense of condition {2) of [AMRT] chlV
. §21 p.310. It can be shown that the condition (1)} of [loc. cit] is equivalent
to the assertion that for-all o of top dimension the linear .form

- Aolid~egemy) is strictly positive on C(X°Py)~{0}. By 812 it thus implies
ou} condition {b). In general we do not have equivalence, but this is only

& very minor- difference.

(b) More generally one can describe the line bundie of 813 in terms
-of a function ¢ . as in [AMRT} chlIV §2 if and only if ‘the extension
1-Ug—P'~P—1 splits, In fact, we have described the line bundle locally
as an equivériant torus embedding for a short exact sequence of tori
16— T—>T-1, and a global splitting of this extension amounts to a
splitting P'=UgxP. But 321 shows that.when_ever the abelian variety
part of the unipotehf fibre is nontrivial, then one can get ample line
bundles only with extensions that do not split. Thus we needed a mere
sophisticated deséription of relatively ample line bundles than in [AMRT].
A geometric illustration of this will be given in 9.39 (k).



- 216 -

E E] i - - [] ..i ] ) -[. - :

To finish the algebraization of MF(P,X,8)(C) we construct cone
- decomnpositions that satisfy the .requirements of the preceding chapter.
This construction is an analog of {AMRT] chll §§53-4. Under 2 mild
condition on (P, X), we begin {9.1-5} with the study of a certain set of
splittings that satisfy the condition 8.13 {b). Our cone decompositions jwill
be described in terms of “locally polyhedral® subsets ZCCH(X™P;),
defined in 9.8. Their properties (9.9-11) lead to cone deéompositions that
satisly the desired conditions (9.12-13), and it remains io_ cénsﬁruct

_ compatible systems of such subsets T. These constructions occupy rmost

of the rest-of this chapter.

First we study the behavior of £ with respect to different bound-
. ary components (9.14-15}). This leads to our first existence theorem 916:
. asserting that some such systems of Z's exists. Next we show how to
obtain refinements with specific .properti.es' {9.18-20), in particular
concerning smoothness and the extendablhty of the maps 34. In 921-23 .
“we extend this to arbitrary {P,X). These resilts show that MKf(P T,
-and certain MXH(P, X, B)E), possess canonical algebraxc structures {9.24-
26). in 9:28-33, we extend the exxstence of an algebraxc structure to all
. MKEP, X 8)(€)} for which, !oosely speakmg, .8 is sufflmently fine or Kg.
sufficiently small. This implies that there always exists a canomcal struc-
ture of algebraic space over €; wh;ch, however, is not. always a scheme
(9:34-35). | . | R

. Having constructed an Valgebraic structure on most MK1(P, ¥, 3)(€),
it follows from the construction that the maps 6.25 are algebraic, and-
most properties carry over to the algebraic side {9.25). In 936-38 we.
_ prove the same for the stratifications described in chapter 7, in parti-

. cular that 7.17 (b} gives an isornorphism of the formal completions. The
chapter concludes with an example (9.39).



- 217 -

9.1, Proposition: Let (P,X) be mixed Shimura data, and (PX} -
(6, 0.4p) a morphism. As in 8.7'evéry connected component X'® deter-
mines an isomorphism  A: Up{R}-1)-Up(R}=R and a convex rational
polyhedral cone ‘og:=A"{RZNCUHRI-1). -

{a) Suppose that (P,X) is irreducible. Then there exists a ((Pp,Xg)—
{6, 0. %)) -torsor (P X')—(P,X), and a splitting U'QUO, such that if
T VxV-U' is the pairing induced by the comimutator in W', then
- hepto¥  defines a polarization of Hedge structures on _Vzg for every point
in X'°,

(b} Let (P',T)ﬁ(?,)() be as in (2). Then there exists pure Shimura data
(P,.¥.), a rational boundary component (B,%) of (F..%,), and an
embedding (P, X')5(B,X), subject to the following condition. For every
connected component X of X' let ¥° and X2 be the corresponding

connected components of ¥, resp. of ¥, Then the image of Oe iIn
T(R)(-1) is contained in C(¥2,B).

Proof: a) If V=1, let «(P' X} = (PG,X0) (6, gtg) P.X), then any
splitting is okay. Otherwise it suffices to take (P\X) and u be asin the
proof of 2.26 (b},

(b) As in the proof of 2.26 (b} the set of all p that satisfy {a) above
isan open subset of the set of all splittings. This also ho_lds if V=1, since
then all splittings are okay. Let 2g:=dim(V), then every such splitting
+ defines a morphism (P, X")—(P2;,Xp.). As in 2.26 any set of splittings in

the above open set, that generates the Q-vector space Hom(U'Ug), de-
 termines an embedding (P, X") & (P.X)/W x (Pyg.X29)" for some r. By
4.25 (P2q,X2,) can be interpreted as a rational boundary. Eomponent of
(CSpa(ge1),0.Ma(ge1)- Solet (Pa,Xo) = (PXV/Wx (CSpp(q.1) 0, Matee 1)),
and let (B,X) be the (unique) irreducible component of (P,X)/W x
- {P2g.X2g)" that contains the image of (P, X). We are done if we can
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choose the splittings such that o, maps to C(#3(g.1).P2) under each
of the morphisms {P"X") (P, X5,).

If V=1, then this is easy to achieve, since m is a
half-line in a vector space of dimension 1, and we may replace any
splitting u by -1 Otherwise by 8.11 the fact that Xeuo¥ defines a
- polarization of Hodge struciures on VV tﬁeans that s is strictly
 positive on  B(X'%,P"), or equivalently that p(B({"°,P")) is contained in
{o,)° By functoriality {8.11) 31 follows that B(Itg'g)n(co)°vﬁ .~ where
we denote the image of o, again by o, But by 812 B(X3) =
. BltgnPrg © ClH3(go13.P2g) ~ 10}, and both o, and ClMi(g.1).Pag
_are half-lines in a one dimensional vector space, so o= u(?fz{gq),Pzg)

as desired. g.g.d.

- 2.A certain set of splittings: Let (PX) be mixed Shimura data,
cand wy {PLX)-(P.X) a ((Pp.Xg)—1{6 .Q,Rb))-tofsbr..hs'in the assertion
. of 91 (a) assume that there exists a {not necasarﬂy ' P-équivariant)
splitting 1: U'=Up, such that if ¥ VxV—U' is the pairing induced by
* the commutator fn W', them Mepe¥ defines a pnlﬁﬁzaﬁon of Hodge

- structures on Vo for every point in 3€'° Under this assumption, for

every irreducible component (P, X(o)) of {PB{) the assertion in 9.1
{b) holds. We fix such data for most-of this chapter, We shall eventually

construct cone decompositions !or the pair. {P’ 3(')—’(? X), that satisfy all .

- requzrements of 813. For this we fi rst concentrate on condition 8.13 (b)

The main problem is to produce a sufficient supply of splittings that
satisfy this condition.

Consider a rational bqundary c_omponeht_ PL¥) of (PX), et
(P1,X1)={P,X{)/Uy be the cortesponding rational boundarf component of
(P,X), and Q' the associated parabolic subgroup of P. Let X' be a
connected component of X' that is mapped. to 3€i, rand let X° be the
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corresponding connected component of X. Let {(P{),X{o)) be the unique
irreducible component of (P,X) with X'°CX{g). .

Consider (B,¥), (P,.X.), and an embedding (P{g), X{o) (P, X) as
in 91 (b), then by functoriality we get a rational boundary component
(B4,%3) of (F,X), and connected components X3, X° and ¥5. Consi-
der a homomerphism 1t ﬁ1—'Uo_ such that X[l is strictly positive on
E&Tﬁﬂ ~ {0}, and which restricts to the identity on UpcU' 0. Then
-its restriction to U; is a splitting of the short exact seqﬁence 0—-Yp—
Uj—Uy—0. The corresponding splitting map e: U3—Uj is determined by
the equation Ty i id-estm,.

Let E(X'>P]} be the set of all splittings e: Uy—U, that arise in
‘this way for some choice of {P,¥) and (P,,¥,). Strictly speaking this is
.- an abuse of notation, since this set depends not only on ¥ and P, but
also on the torsor structure on {P ,X')—{(P.X). But since this is fixed,
there should be no confusion. Clearly the definition of E(X'°P]) is
invariant under P(@). In particular the group Stabgyg)y(X'®) acts on
E(X'?P;). We shall denote this operation by e + e%=(u—q i-elq-u)
for any qeStabggy(X'?). Note that Stabp(g)(X™®) acts on Uy through
positive scalars, since we have a morphism (P’ X')—={Pg,Xg). This implies
that for every w'cU{R}-1)

Holid-eTomo)u’) = Mg -lid-eem)g-u")

15 & positive multiple of Aelid-esm)(q-u’).

9.3. Proposition: (a) E(x"’,t’i) is a nonempty open subset of the
space of all splittings U;—U] {open with respect to the archimedean
topology on the hyperplane of all splittings in Hom{U;,U,)).
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(b) For every ecE(X°P]) the linear map Ae(id-eemy) is strictly positive
on B(X'P), ie. satisfies condition 2843 {b). '

Proof: (a) Since by 415 {d) C(¥3,8;) is a nondegenerate selfadjoint

" ‘cone, the set of all Aeji that are strictly positive on. C(¥2,Py) B~ {0} s
Just the set of rational points in the in_terior of the dual cone, which is a

_ nonempty open subset of the dual spéce of Vfl;_(Q)(-i).: Since by assump-

tion the image of o, lies in m and by injectivity is not zero, the

- restriction of 1 to o, is the maltiplication by some positive scalar

ae®V  Thus o 1.fi satisfies the requirements of of 9.2, and runs

- - through a nonempty open subset of splittings ;=g Since the restric-

tion map Hom(U1,Uo)—'qu(Ui,Uu) is surjective, the assertion.follcws.

(b) By the functoriality 811, B(X'.P)) is mapped to B(X°,Py) =
B(XS,Py). By 812, the latter is contained in c(¥e.5.) By ~ {0). Since by
‘assumption Asil is strictly positive on m ~ {6}, it follows that
:_Aoﬁ!Ui= Ae(id-eomy) is strictly positive on B(X",P)), as desired. ged.

We shall need the following information about the behavior of
~ E(X°P;} under restriction to another rational boundary rccmponent_ .

-84, Propositicn: Let (P3,X5) - be-a rational bour-dary compenent
between (P]X]) and (P ) '

{a} The restriction map Hom{U,Up) — Hom{U,,Up} induces a sur jection
E(X'0,P)) — EQ(°,P;).

(b} Let ecE(X°P)), AcCXX® PP~ CHX Pé) a finite subset and oc@Q.
Then there exists e'eE(X™° P} such that ely=e'lyy, - Melid-eomy) 2
Molid-esmy) on C"(I"’ P, and elid-e'emt)(u’) 2 o for every u'ed.

Proof: {a) We first show that every e€E(X'®P;} restricts to an
element of E{X'°P;). Suppose that e comes from a splitting - 04— Uy,
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then elu2 comes from the restriction of f to Us Since by 421 {b)
C(¥2,P7) is contained in o(¥2,P), the map ulu2 satisfies the
assumptions in 9.2, as desired. For the surjectivity we have to extend a
homomorph:sm Ho Ug—'Uo, such that Xelip is stnctly positive on
C(IE,Pg) ~ {0}, to a homomorphism T U4—=Uy such that »f is
strictly positive on m » {0}. This is possible by the following
lemma 9.5, applied to (F,,%,) in place of (P,X), {Fy,%y) in place of
(P4,X4), the analogous rational boundary component in place of (P2,X3),
and Mefiy, Xeil in place of uy, resp. p.

{b} Since C(?%IWz,ﬁi/(ﬁinﬁ'z)) is a nondegenerate selfadjoint
cone, there exists a homomorphism o: Up/UinWo—~Up such that Ao
is strictly positive on ({X53/W2,B4/(P1nW3)) ~ {0). Note that by 4.21 (a)
- C(XS/Wo, By H(BinW,)) s the image of C(X2,By), or also of c(¥e Py,
. under the canonical projection 31—0-61/ UinW;g. Thus, lifting v to a

homomorphism  ¥: U1-Up, it follows that X% is nonnegative on
C(X3.Py), and strictly positive on C*(TE" P~ (DinWRN-1).  Now

- suppose that e comes from. a splitting 7 Ul-'Ug as in 92, Then for

.. every aeon the splitting [i+p-¥ also satisfies the requirements of 92,

and the splitting " Uf’Uo associated to Ti+p-T has the first two of the
inree desired properties. By 4.23, .the image of A is contained in
LCHMXS,By) ~ CM(EOBy). By 422 (o), this set is equal to CHX,By ~
(U10Wo)R)-1), hence Xe¥ is strictly positive on the image of A.
Thus the third property also holds, provided that p Is sufficiently large.
- qed

23 Lemma: Let {P,X) be pure Shimura data, (P2,%2) a rational.
boundary component of (P,X), and (P1,X1) a rational boundary
component of {P,Xo). Let X° bea connected component of X that is
mapped to X4. Then for every linear form pg: Ua(Q)- 1)"-’0 which is
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strictly positive oh CX°P5) ~ {0}, = there exists a linear form &
U{Q)-1)—0, which is stricily pesitive on C{X%Pg) ~ [0}, such that
uz = Mus(@)-1)-

Proof: Since the positivity is an opén condition, it is easy to see that -

. it suffices to prove the same assertion with linear forms defined over R.

Next note that since by 4.21 {b) C{X”P) is contained in C(X%P;), the'

restriction of any u: Up{R}{-1)R&, that is strictly positive on C—E{-‘E,P_Q
« {0}, is strictly positive on C—(-X_"}; ~ {0}. Thus the desired assertion
. holds for sorme . Now the set of ufs in questicn is the interjor of the
dual cone of C{X°Py). let be the parabelic subzroup of P assceiated
to {PLXg for i=1, 2. We are going 1o show that {UNQGIR)® acts
transitivel.y ‘on C{X°P3). The same group then alss acts transitively on
the set of uz's, and since the restriction map p— wlya(Rri(-1) is equi-

variant, the desired assertion holds for every Hz

Since by 214 {a) P; acts through a nontrivial scalar character on
. Uj, the image of Pi{R)° in GL{UD(R) consists of all positive scalars.
Clearly P;CQinP2CQiNQ), so the image of (NGRS in GLIUNR)
contains all positive scalars, On the other hand, by 4.19 {b} we have
Q= (Q1NQp)-Py. Since P2{R)° acts through positive scalars on  Un(R),
_the image of {QNQHRI° in GL{UZ}R) coincides with that of QR0
 Now by 4.1.5 {c) C(X°P;) is an orkit under Qu{R1%,. so the same follows
for the group (NGHR®, as desired. ged. -

2£. An almost arithmetic subgroup: Let §: Q~PGL{U}) be the
homomorphism induced by the natural projective representation on u;. .
We shall be concerned with an arbitrary subgroup

I < StabyoX?)
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i ﬁhose ﬁnage m pQN@ is an arithmetic subgroup. For example if K¢ is
~an open compact subgroup of P'(Ag), then

T = Stabg(X') n K;-Pj{A)

is such a group. Indeed, this is a subgroup since Q' normalizes P, and

its image in PN is an arithmetic subgroup, since by 2.14 (a) Py
" acts through scalars on Ui We can also take any arithmetic subgroup of
Stabg(g){X'?). Moreover let (P, X{)) be the unique irreducible

component of {P,X) with X'°CX{,). Then by the condition 2.1 {viii)
. every sufficiently small arithmetic subgroup of P'(&) is contained in
Pl)@-UP'NQ). Since Z(P") acts trivially on U,, we can also take any
arithmetic subgroup of Stab(pyna (X ).

7 Recall (9.2} that. Stabpm)_()("") acts through positive scalars on
Up. Thus whenever an element ¥¢l* acts through a scalar on U, this
scalar must be positive, since it is so on Up. Thus for all purposes, or
objects, which are invariant under positive scalars, we can treat T like
an arithmetic subgroup of  plQ')Q). - Among such objects are in
particular all convex rational polyhedral cones. Our aim is to construct
T-invariant rational partial cone decompositions of C*(X°P;} and of
- CMX%Py), that satisfy certain additional conditions.

97, Proposition: Let e€E°P) and u' ¢ C*(X"’,Pl')nUi(Q)(*-l).
Then the set '

{¥el|nolid-e¥em Yui')<0)
is a finite union of Stabr{(R20-y)-cosets.

Proof: By the remarks in 9.6 we may without. loss of generality
assume that I' is an arithmetic subgroup of Stab(?to)m‘ Ne)XX'9). Recall
‘that by the remark at-the end of 9.2 we may write Aelid-eom ) ¥eu")
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instead of Mefid-eYem{u'). Suppose that e comes from a splitting

T UymUp 2sin 92, and let § be the image of o' in CH¥%5 n
- U4(Q)(-1). By the injectivity of Ui {3 wa have to show that the set

{¥6]¥eT such that- aTi{x-W=0)

is finite. We shall a fortiori show that for all © e C*(X°Bn{y@¢-1

and acf] the set

{v-0f¥el’ such that reTuF-Bsed)
-1s finite.

-Since T acts on Uy through B(@), by- 214 (8} it acts through
_scalars on 0. But.by 92 it acts through,positi;\re scalars on : Up, so since
- -it is an arithmetic subgroup, it acts trivially on O This shows that the
- assertion is invariant under shifting' ii by elements of  U{Q)-1), if at
the same time o is changed by a constant. Since by 4.22 {b) C’(iﬂﬁi)
s CY(XS. P+ T(R(-1), we may therefore assume that & ¢ C{X2,Pyn
' 'ﬁi(Q)(-—l). Fix 3 T-invariant lattice Ty(2)(-1) that contains & Since

‘the set {TeC(X3,By)| @<} is compact (cf. [AMRT) chll §53 p137),
the set’ {§-G[¥el, refilx-id<ar} is a bounded subset of a lattice. It is
therefore finite, as desired. ged. - R -

98, Definition_of certain “locally polyhedral” subsets Consider a .-
- nmonempty collection f{ey,...,.e;n} of splittingsih ECCOP)). Define ‘
7= ﬁ;d-' :ﬂ:__'; TerefICHX° P} - .

= {WeCH X P V¥eT Visism he(id-gfen iful20).

Clearly Z is a [-invariant convex cone, with Z=3+0, and relatively
~ closed inside C*(X'°,P;} {Caution: in general it is not closed in U (R)-1)).
" In the following we shall always assume: - '
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Z contains no nontrivial linear subspace.

. Note that every nontrivial linear.- subspace of U (R)(-1) that is
contained i in X \P;), already liesin U'(R)(-1). By definition .

URI-1) 1 Z ¢ {W'eU'(RN-1)| Visism Aslid-epem )(u’)20),

-0 the assumption certainly holds if the id-ejomr, generate the vector
space Hom{U',Ug). Since these are splittings, the differences. ej-ey factor
through homomorphisms U—Up, and the assurnption is verified if the
ej-e; generate the Q-vector space Homi(U,Up).

We shall show {in 9.12) that every such 3 give§ rise to rational
partial polyhedral decompositions satisfying the conditions 813 {a) and
{b), and the condition {») in 85 except for the integrality of the splittings.
. Theset T plays the role that TI'-polyhedral cocores play in {AMRT] ch.l}
§5.3. The term “locally polyhedral” is justified by the following proposi-
tion,

2.9, Proposition: For any convex raticnal polyhedral cone o'cC
CHX'°P;), the intersection O'NZ is again a convex rational polyhedral

<one, -

Er_qgf: {Comnpare {AMRT] chil §54 p-140f) Every convex rational
polyhedral cone is contained in a finite union of simplicial convex rational
pelyhedral cones of top dimension. Thus we may fix Ug,.,up € C'O{'°,Pi}
N UHQH-1) that form a basis of Ui(Q)(—l). and assume that o' =
{Z "1aj-u'1v1~_=jsn o€R20). Choose a lattice U;Z)~1) that contains
all u Let " C T be the subgroup of all elements that stabilize this
iattxce, then by 96 T is, up to scalars, of finite.index in T". Since ef=¢
for every scalar ¥, the set {e¥|icizm, ¥eI'} is the union of finitely

many I™orbits. Thus there exists a positive integer N so that
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elid-eenUD-D) € §-2

dor all- 1tz and ¥l MNow for al i and pmpesmon 97 implies
* that the set {ae{id-¢ owol(u_;ﬁﬂ a’e!‘} is boundéd below. Thus there exists

an m?eger M so that for all 1s;<m, dsisn, and ¥l
agqy" N-A@{id—efono)(uji ¢ Mf?zg. R a

By the definitions of o and 'qf Z_‘ we _:get ' .
~o'nZ = {2 opu;|Visjsn €20 and vaeT Visism X jfls, swapo).

‘Let S .be the set of all n-tuples (gi_j_g_)ls__,sn fer 1sism and ¥€T,, then

we can also write
o'ﬂ_Z = {XJZI(XJ'U-HVISJSH a_i{ﬂzo and VﬁtS 2;__115_"“]20}.

Now S is a subset of (M+229), so by the lemma [AMRT] chll §54
piqo there exists a finite-subset S;CS, such that -

VseS 35%€S so that Vigjsn sgs)
This implies that
onz={% j’:ia ruplVisjon agen®0 and "V§€$,_o- z Jflsj.-ajéfl:},_

which is a convex rational polyhedral cone, as desired.-ged,

- 210, Proposition: There exist flmte!y many uy,..u) € C'()("Pl) n

: U (Q{-1) such that Z is the convex closure of the set

Urer Uj-i O-3-uj,

- Proof: By €19 {b) there ex:sts a convex. ratmnai polyhedral cone o
CCH{X"Py) so that T-o' = C‘(X"’ Pl) Choose the u‘I such that o'nE
_is the convex closure of UJ.= )20 -uJ, thxs is poss:ble by 99. Then X =



- 227 -

T (o X} is contained in the convex closure of Urd‘ ur =1 R20.¥.0 J. But
- Z itself is convex, and contains all . §20.¢-u! uy, so we have equality. ged.,

211, Proposition: For all 1<ism and ¥el, the. subset
&Y (U3(R}(-1))0Z is-a convex rational polyhedral cone.

Proof: By T -ihvarian‘ce we may assume §=1. Then the set in
question can be written as {u'eZ|rslid-epemu)=0}. Let Uyt be as
in 910, then Xolid-epm)(¥“uj) 2 0 for all 1gjen and ¥'el. Thus 910
.implies that e (Uy{R}{-1INZ is the convex closure of the union of all

Rzo-@r' “uy with Ae(id-epmy(y" -u) = 0. Since

Aelid-epmed(i-u)) = M¥-(id-eom)lup),

this equation is equivalent to ho{id-'eirmo)(u_;) = 0. But by 97 there are,
_modulo  Stab(R*%-u]), only finitely many pairs (¥j) with this
: property. 'I'hus our set is the convex closure of the union of finitely many
o n=°-r-u ‘as desired. ged,

mmggn Let ¢; and £ beas in 98. Let 3; be the set of
all faces of all cones ef(Us(R)(-1INZ. Let B = {nfo)c'ess), and
By = {000 )0’ 6.8;}. Then B3 and B8F are rational partial
- polyhedral decompoesitions of CHX'%P)), and 35 isa complete rational
polyhedral decomposition of C*(X°Pj). All of them are TI-invariant and
finite modulo T. They satisfy the line bundle coridition of 5.11 {except for
the integrality), ie. 87 = {e,{0)|ce85} for certain Spiittings e Up—UJ.
Moreover they satisfy conditions 8.13 (a) and (b).

Proof: We first show that 3f is a rational partial cone decomposi-
tion. By 911 83 is a nonempty set of convex rational polyhedral cones.
Of the conditions 5.1 {i)~{iii) the first holds by definition of 3% The last
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one holds since T does not contain 2 nontrivial linear subspace. For the
second one let @ = oF(UR-INNT, o - @;&"'iul{m{—z}mz, T a face
of o, and T° a face of o', We can wille t={U'eo{¥v ,)=0} with
finitely many linear forms b IQN-1)—0 that are nonnegatwe on o,
and likewise T'={u'co’}va’ $0{u"t=0}. Then '

TNT = {u'cono’{Vo tu'}=0 and Vo' 4p{u')=0),

which by definition is a face of oNg’. But this cone can be written as
{u'co]relid-ep¥om Y(u)=0}, and lofid—ei{’_"'ouo} is nonnegative on o, so
ong' is a face of o. Thus <Nt is a face of .o, as desired. This proves

that 2§ isa rational partial cone decomposition of 'C"(X-"’.Pi).

" From this it easily follows that dy and. 8% are rational partial

cone decompositions. For all ¥ and i we have

(e Uy RN-1)NE) + o «
= {u €Z|vyel V1<1 <m J\o(:d-e, ono)(u )2 J\o(ld—e, AT )}

s09.7 1rnphes that- T is the union of all these, ie. that 351 = 3. Again
.by 97 we have. I + U{ﬂﬁ)(‘i) = CHX*° Pl} whence w,(Z) = C*(X°Py),
and B3 is a complete rational palyhedral decompos1tmn of C(A%Py).
The 3’ ~invariance- and finiteness moduio I', ‘as well as the hne bundle

condition of 511 and conditlons 813 (a) and (b) are ciéar from the
definitions. g.g.d, ' '

- 213 Corollary: Let (P, X')=+{P,X) be as in 9.2, K;CP'(A) an open
compact subgroup, and Ke=my{Ky). Let ‘3 bea K;—#dmissib]é partial
cone decomposition for (P,X"), and 3§ a K¢-admissible partial cone
decomposition for (P,X). 'Assume that for every rational boundary
‘component (Pi,)(l') of {F,X'), every connected component X' of X'
 that maps inte X, and every peP' (A7), we have B{X°Ppg) = B3
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~and 3(X°Pymglp)) = 35 for some ZCCX'P)) as in 98 Then after
- possibly replacing K; by K'-K,U for some open compact subgroup KfU
.of Up{Ag, the conditions 85 () and 813 {a} and (b) hold In partlcular

- MKf(p X,8)E) is projective.

Proof: Modulo the left action of P'(Q) and the right action of K;
_ there are only 1unte1y many (X'° Pi,pf) Since by 912 3y is finite

modulo T, it follows that £ is finite. The same follows for 3, and
since by 912 1851=C*X°Py), it follows that 2 is complete. Moreover by
912 the pair (3',3). satisfies the conditions 8.13 {a) and (b}, plus the line
_bundle condition {») of 85 ex‘cépt possibly for the integrality of the
- splitting of the short exact sequence 0 — Ugl@nly — Ty —= My — 0.
But as in the proof of 8.8, if we replace X; by K{K}’ for a'lar'gé open
- compact subgroup l('fu of Uplhg, then Upl@inly is réplaced by a
- larger lattice. Thus for any ﬁi_ed g€d we can choose KfU such that the
corréspondin‘g splitting becornes integral, By the finiteness of 3, and
since this integrality condition is invariant under the operations 64 (ii}
. and (iv), \ée can even choose K}U s0 ti‘l&t every such splitting becomes
integral. if we now replace K¢ by 'K;-KP,- then the other conditions still
hold, and all splittings are integral, as desired. qed.

The following fact was implicit in the assumptions of the preceding
corollary.

214, Proposition: Let I' be asin 96, I asin 98, and 3;, 37, 35
as in .9,12. Lét (Pé,'.{é) be a rational boundary componient betwéen
- {PLX) and (P'X7, and' T’ := Stabpr(CH(X'°P). Then Ip:= CYX'°PHNE
. can be described as in 9.8, with: (P5.X)) in place of (P3X;), and T3 in

place of T". Moreover B, = {o E,S};IG CC*(X'Py)}, and likewise for B3,
and 35, :
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Proof: Let us first show that I's is of the form described in 96
cwith (P, X3} in place of (Pr.). Let Q3 be the parabolic subgroup of 1
" associated ta (PLX), then Iy = ddmnl ¢ St&bﬁé(ﬁ){%'o). By 96 the

I

bazge of T2 in GLIUY) is up te scalnrs comwnensurable with the image

of an arithmevic subgroup of {(QINQMEL But by 419 B} Q={QnQy-P;,
so since P, acts through scalars.on u,, the image of 'y in GL{UY is;
‘up to scalars commensurable with the image of an arithmetic sﬁbgroup -
of QD) as desired.

- According to 6.19 {b) choose a convex ratiunal polyhedral cone
- oCCHX'®P)) such that - Fp-0=C*(X'°P})), such a cone must contain
_U(R}-1). By 9.9 onZ is again a convex rational polyhedral cone. Since
be definition. .

onZ = {u'col Vel Visism dolig-efemMu’)20),
. there exists 2 finite set ‘S of pairs (¥} suchthat
onZ = {u'eo]Vviri)es 1o(id—e,“-n°)_.(u')al)}.
Write {ei,..-.e;}.:-- {ef!ué.l {(¥,)€S}). We have |

ol = {u'co]visjcn Aefid-ejon Mu')20}
= {u'co|V1isjsn YyeT, Xofid-e Yorr)u'k20},

" hence

Zz = plonZT) = {u'eC'(X’“._P:_‘,)IYlsjsn viels 'Ao{id—ej_ e )(1)20},

4

- asin 98. The assertions about .8)-_2, sz, and .8;_2 are obvious.'m

The following construction is a kind of inverse to 9.14, and wili be

needed in the construction of cone decornpositions as in 9.13.
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2.15..21‘&[&511;1911 Let T beasin96,and AC C"(X"’.Pl) C(X"’ Py
a subset such that for every rational boundary component {PZ,KZ)
between (P1.X)) and (P, X), different from (P_.L,Xl). the intersection

.C'.‘(X"’,Pé)nA is of the form described in 9.8 with {(P2.X5) in place of

(PLX;) and some group T'y. Then there exists a T-invariant subset T C
11 2

CHX™Py) asin 98, such that £~ C(X'°P;) = A

Proof: In the case (PLXN=(P"X) the assertion is just the existence
of some £ asin 9.8. But by 93 (a) there exist splittings e; satisfying the

condition in 98, so this.is clear. Now assume that (P;,X;} is a proper

rational boundary compohent of (P.X). There are only finitely many

F-conjugacy classes of rational boundary components between (Pi.Xi)
and (P'X). Let (PX)} be representatives for these conjugacy classes.
Let T, := Stabr(C*(X'°P))), by the proof of 914 this group is a valid

~ choice as in 96 for (P,X)) in place of {(Pg,X)). Thus by assumption

there exist finitely many ¢, € E(X'°,P)) such that

L CUKOPYNA = {WeCHXOPI|VEET, Vi Mslid-e, Forrp)u)s0).

“Also by 910 there exist finitely. many v, J € CHX'°P) n U(e)-1)

such that -AnC*(I'°,P;) is the"co_nvex closure of the set
U_ld",,‘ UJ REO-x-u;,‘ §-

Let us fix v and i for a moment. By 94 {a) there exists &, 1€

EQUOP;) such that e,;=8,4y - We would be happy if we had

Aefid-3, Fomp)luy, ) 2 0

forall u, j, and all ¥eI. Since we have only finitely many w5 by
9.7 this inequality fails at most if ¥uyy is contained in one of iihitely
many half-lines. Since W, j€A, these points cannot lie in CHX'P).
Thus by 9.4 (b) there exists &, ;eE(X'"0 Py) such that e, = e,,,lu that
holid-2, jomry) 2 h(:d—-e“ea“o) on. CHX°P)), and that he(id- &, jomy) i
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nonnegative on each of these finitely many half-lines. Hence. the desired

inequalities hold for &, in place of 2y

. Now we define X as in 98 using the splittings 'é',,_,. To prove _
Z~C(X°P)) = A, by T-invariance it suffices to prove COPINE -
CHX'9P) N A for every 4. But by definition

C* P N I = Lu'eC (X P)|V¥el Vi Vi helid-e, Forr)u)20)
< {u'eC*X"°P)|V¥erl, Vi }\o(:d-e” ortg{u’ )>o}
= CHX p,) na,

so one inclusion is clear. For th_e other jnclusi_on it suffices to prove thét
all u,j€Z, and this follows from the choice of the &3 Finally by
—_assumpt;ion (P, X°) is ene of the (P Iv) 5o the equality U(RM-1).nZ
= C"O(‘°P) N« CX°P) n A xmphes in partlcular that Z like A,

'contams no nontrivial linear subspace g.g.d,

916, Proposition: Let (PX)—(P.X) be as in 92, KcP(Ap an |
open compact subgroup, and Ke=ng{K;). Then there exist admissible
cone decornpositions 8 and 3 asin 913. '

... Proof: By induction we shall construct admissible cone decornposi-

,tlons AB1625G.. and 3;C3;G.. with the following property: For -
every rational boundary component {P,X)) of (P'X'), every connected

component X' of X', and every peEP (A9 either 18{(X™°, Py.pell €

CHx'e Pl) S COC° P and  184(%°, P1,Tr°(pi))l C C{X°Py) ~ C(X°Py), . or

there exists £ as in. 9.8 with B(X'°Py,p) = 3% and Bi(X Py aglpd) =
B3. - Since modulo, the left action of P{Q and the right action of Ky

there are only finitely many triples (X'®Py,py), this sequence stops at

éome place, at which 8; and .3; have the desired properties.
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Suppose that either i=0, or 8] and 3; are already constructed.
We want to construct 3j.1 and .3;¢1. Choose {X°P{,pg) such that A
= l&i()("",?i',p;)l- has the property required in 9.15. Let

2= Stabq(0X) 0 pKipy PR,

_:li}'then by the K{-admissibility of 3; theset A is invariant under . If
we let T be as in 915, then 7 by 914 the cone decomposition
Bje1(X°,P,pg) := B3 contains B{X'°Py.pe), and By (X°Py,m{p)) :=
By contains .8[(X°,P1,ﬂp(pf')). By the following lemma, 3;,1(X"Py,p;} U
Ay and Bu.4(X°Py,mypy U B extend to a K¢, resp. Kg-admissible
cone decompbsitions. By construction they have the desired properties.

917, Lemma: Let (P,X) be mixed Shimura data, K(CP(A) an
- open compact subgroup, and 8 a Ki-admissible partial cone decomposi-
tion for (P,X). Let (Py,¥y) be a rational boundary compenent of (P,X),
- X° a connected component of X that maps to Xy, and prePlAg). Let
Q be the parabolic subgroup of P associated to (P1.%4), and

T1 = Stabg)(X9) 0 pf-l{f-pf'l.pimf)_

let 3, be a rational partial mlyhe&d decomposition of C*(X°Pjy),
_ ..contammg B(X°Py.pg), such that o°CCX°Pg) for every o ¢ Bg

. B(XPypy). Let T(XO P1.pg) == B(XP1pd U B, Then 3 U T(X°Pypg
extends to a Kradmissible partial cone decomposition for (P,X) if and
only if 8 is Ty-invariant.

Proof: Since the conditions 6.4 (i)-{iv) already hold for A, itis
easily checked that they hold for T if ard only if for all p, p' ¢P(Q),
P1s. PLf € P1lA), ke, ki€ Ky, we have ppyeBoke = p'py -3k} if
. pX°=p X®, popy peppeky = P pirprky and int(p){Pyleint(p)(Py). Here

1
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- B .is identified with. the corresponding decomnposition of C*(X°Py)x{p.
. .ln. terms of the original decomposition of C*(X%P;) this means that
p:3,=p-3, for all p, p' €P{Q) such that p'1.p.X%=X%°, p"l-p_ €
Pi(AdpeKepr L-Pi(AY, and  intlpLp)(Pp=Py. Writing qeplp
. this is equivalent to qu83,=3, for al q € Sta’bqfa)(ﬁ") n
Pylrg)-pe-Keps 'Pi(Ag) But this set is just Ty, since Q(Q) normahzes \
P1(A;) ged. S

The following analog of 522 permits to construct ref:nements of

cone decompos:tlons .8 asin % 13

918, Propesition: Let ' be as in 96,and £ as in 9.8. Consider a
T-invariant function f: C*(X°Py) — Up(R)(-1), such that the restriction
. of A to every oe3; isa 'piecewisé Inear convex rational function,
‘with respect to the rational structure ngen by Ui(Q)(d) Fof every
£€Q? define

Ti= {u'%C"(B-("",Pl'ﬂu‘+s-foﬂ5(ﬁ’)€2} '
= {u'tup|u’cZ, ugeUplR)-1) with Mugre-fomlu')20).
Ifeis sufﬁcientiy small, then T is again as in 9.8, and
37 = Uges; 300fl).

Er_m[ Choose representatives o; for the flmtely many T-conju- -
gacy classes in .8; with R-0y=Uy(R)(-1), and let ¢; ¢ E(X'°P;} be the £
associated splittings. Let Tiu be-the cones in B0wfly) with Rety,=
BB 1, and Y s Ui-Ug the (unique) linear maps such that f=2;,

on- Ty, Then by definition

T e My, o {ur emymy ) oid-(ep-e-ty omu)z0),
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If € is sufficiently small, then by 9.3 {a} epe-;, € EQX°P]). To finish
we need that Xe(id-(ege-8; Jomy) is strictly positive on T~y Yty ).
In fact, it then follows that T is as in 98 with respect to all ej~e-l;,,
and all 7y, arein 371 This implies that all A(hef lo) are contained in
&7, and since both 81 and Ugesy B(xefly) are complete rational poly-
hedral decompositions of C*(X°Py), the desired equality follows.

Let 'Rzo-uj', be all one dimensional cones in  8{\of 103)- Since
T 0 1 {8 0wy ) » 0 + B2Oue-e-Niuy,),
we have to show that for all yel™
Nolid-(eg-e-8; yJomo)(¥-(ej-e-f)luy,)} > 0,

(unless Fuyy € Ty, Fix i 4w, v, and €20 such that er el €
'E'(X"’;Pi) for all £c€@ then by 9.7 each of the four inequalities

Melid-(erey- by omod{¥-legepfiu;,)) > 0

. with g, €2 € (0,65} fails-at most if ‘¥-uyy lies in one of finitely many
half-lines. This shows that there exists a finite number of ¥, ¢I', such
that for every so)eeQ’o' the inequality above fails at most if ¥uyy €
_R?‘_’-Kk-uj.,, for some k. Thus we are reduced to showing the inequality
for some fixed ¥-ujy, £y, M ¥up,€oq then

. o(id-egenXg-eyluy ,)) > O

o)

o by the definition of 85, so the inequality certainly holds if ¢ is suffi-

ciently small. Otherwise ¥-u;,€o; implies that Rzo-x-ujlv € B{nefly),

s0 we may assume that j=i and ¥=1. Then we have
Aolid~{ej-e-2; onlele-e-filuy ) = e-dolly ,-Dluyg ),

so the assertion is equivalent to Ao(d; ,-fuyy) > 0. But by the definition
of 1y, and &, this inequality holds on all of 9y-7y,, as desired. ged,
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219, Proposition: Let (P, X)-~(PX), K;, Ky, 8, and 3 beas in
913. let 3 bea refinement of 3. Then there exist T° and T satigfy-

ing the same conditions of 9.13, such that T is a refinement of 3.

Proof: The essential points of the proof are 5.21 and 9.18. To be able

to use 918 we need a function f: C(P,X)xPlA)—Ug(RI-1}) with the

following properties:

(i) The restriction of Aef to every oea. is a. piecewise linear convex
‘rational function. o

{ii} For every ocd, 8(nfl) isa réfinement of {reldjrco).

(i} { is invariant under the three actiens 6.4 {ii)-(iv).

Suppese that such a function is given. For every (°Pipg) let &
= IFX%PLpol, define T as in 918, and let T'(X'“,Pi,pf') = 31 and
T{X°P, ﬁn(;ﬁf')) = 81. By 9. 18 we can make & so small tha't any finite
number of TX™ Pl.pf) and T(X° Pi.uo(pf)) satisfy all our require-
ments. Since by assumptlon this construction of T and ‘]' is invariant
under the actions in 6.4 {ii}-{iv), and there are only flmtely many triples
(xe LPypg) modulo this action, there ex1sts ¢ so that this warks for all

such triples, as desired.

. .We construct the desired function by induction over the classes of
- cones in 8 modulo the three operations 64 (i)-(iv). If it has not yet
been defined on all of these, chocse (X' PLpg) and oel(X° Pi,no(pf'))

with 0°CC(X%Py), such that f is already defined on every proper face

L

of .G, but noton o itself. By 5.21 there exists a pxecemse Imear convex'

rational function g o—R,” which coincides with Xef on every proper

face of o, such that 3(g is a refinement of {;ti.‘ﬁl'rct:}.‘.

Let us check what the invariance conditions say about the desired
extension of f. Let 'y = Stabgg)(3X'?) n Pi(ﬁf)-pf'-_l(f'-pf"l. It is easy to

see that any extension of f to o can be extended invariantly to the

whole conjugacy class of o if and enly if fl, is invariant under the ac-
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tion of Stabr,(0). Let ay be the scalar through which an element ¥eT;
acts on Up, by 9.2 this scalar is positive. Since Aofly is to be a piecewise
linear convex rational function, we have Xoff{u) = Ma, Lf{y-u)) =
Xoflay ) for all uco, so we want Aef - to be invariant under the

... twisted action {f,u)~ay l-5-u of Stabry{c). Since P; acts through

" scalars on Uj, it acts trivially under this twisted action. But from 619

{a) it follows that Stabr, (o) is finite modulo P{{QINTy, so all we need is
that  Mefl; is invariant under a finite group of automorphisms of
- Uy(@)-1) that fixes o. Now the function. g 0—® above is not neces-
sarily invariant. But by assumption it coincides with Xf on o~ 6%, so
at least on this subset it is invariant. Thus if we replaée g by the aver-
age of all its conjugates under that finite group, then it is invariarit while
still satisfying the other conditions. If we now define f tobe equal to
A'log on «, then we can extend it to the whole conjugacy class of @,
as desired. ged. -

_ 320, Proposition: In 9.19 we can achieve in addition that 8 is
smooth with respect to Ky, and that the condition 7.12 {x} is satisfied.
Then in particular MRHP,X 3T} is smooth, projective, and the comple-
ment M(P,X,2MEC) ~ MES(P,X)E) is a union of smooth divisors with

only normal crossings.

.. Broof: (For the smoothness compare [N thm. 7.20, thm. 7.26) ¥ in
o the proof of 9.19 we construct f using the strengthening 523 of 5.21,
thert the resulting coﬁe decom;'sosition‘ is smooth. To prove that in
addition the condition 7.42 («} can be satisfied, we fnay therefore assurmne
that g-.&, and is aiready smooth. We want to apply the same procedure
as in the proof of 9.19. Using 5.25 we can choose the new function _f such
that the associated refinement T of 8 is the barycentric subdivision of
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3 with respect to the lattices given in 64. By 524 T is again smooth,

and it rernains to show that it satisfies the condition 7.42 {»).

For this choose TeT(XPopy) asin 712, let 7 be afaceof T

that les in ‘]’(3(°.P1,pf_),' and suppose that p-py -tk is also a face of

7. We have to show that p-j:i_g-'t'-kf = 1. Choose o€B3(X°Pp) so0

- that 1°C0o® and o'e3(X°Pypy) so that 1'°CG™. Then by assumption
App1.#9"kg)® D {p-py Tk € T C &, which implies {p-pyrokd® n o

= B, so ppyyo-ky is a face of 0. Now we have an 1somorphlsm

p- p1 £0-kf = o', and by assumption both PPLET -k; and 1 are faces .

. of 1, which eccurs in the barycentric subdivision of o As explained in
5.24 it follows that pepy ¢1"k¢ = T', as desired. geod,

3,21._‘[hgqr_gm et (PX) be arbitrary mixed Shirmnura data, and

‘JKfEP(Af.) a neat open compact subgroup. There exists a Kj-admissible -
_complete cone decomposition 8. for (P,X) such that MREP X 2)E) is

smooth, projective, and the complement MF(P, X, 8L} ~ MKf(P,X_)(C) is
. 2 union of smooth divisors with only normal crossings. Moreover if T is

any K-admissible complete cone decomposition for {P,X), then & can

be chosen to be a fefinemeﬁt of T. Some ample.line bundle on -

. MKf(PX A)C)  can be described by aigebraic constructxons involving
toldlog} and line bundles as in 8.13.

_Proof: We shall reduce the assert;on 0 9.20. The problern is to relate
{P,X) with mixed Shimura data as in 9.2. First let {(B,%) = (%) x

(Gm .H). Consider the open compact subgroup- (1)" “of GmlAy), then
MQ”‘mm QH)(©) = a*\xux(amm,)/(z)*) {HNHg

Is just a single point. Let Ky := K¢x{T)*, then there is an obvious one-to-

one relation between all Kg-admissible partial cone decompositions 3 for
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{P,X} and all K;-admissible partial cone decompositions & for (B,%),
such that the projection (F,¥) — (P,¥) induces isomorphisms

MEB.XEE = MELPX,BNE) x MDY (6, 010D
—=» MKHP, X, 8)(C).

: -  This reduces the assertion to that for (,%) é.nd K.

Next let (B(o), ¥(op) < (B,%) be an irreducible component. Since
the other projection defines a morphism (B(g), X(g) {6 0. M0), we can
find a ((Pg,Xg)={By 0. Ho))~torsor (Pio), (o)) = (Pl X(o) as in 9.1 (a).
Let P, v By2(P)° € B, and (PuX.) < (P,X) be the corresponding
embedding as in 2.13. Since the extension class of the torsor (ﬁto),i'(o))
=P X is fixed by Z(F), we can extend it to a torsor {P),X\)—

(P4, X,).. This torsor satisfies the requirements of 9.2. Now by 7.10 we

have an isomorphism

Ul
MEHB, ¥ 30

U, AKEP, X800

- with finitely many pgePlAy), K{ = PJadnpiKeppd 8, =
(-p8*Blep, x,)» and

Av = (Stabﬁ(e)(Xu) n (P;(Af)‘p‘f"ﬁf'(p’f’}—l)) !P:-(Q).

We claim that in our situation we have A,=1. In fact, since
: "\,1‘5'3_.?"5::;.0:-, we have [1}xﬁm.QCZ(}3)°CP,. Thus the image of

\
L

P,(Af)-p}’sﬁfa(p’{)"l in (P/P.)Ag is equal to that of KgC Kp=Kex(B)*,
which by 06 is neat. As in the proof of 7.10 it follows that A, is
contained in a neat arithmetic subgroup of (P/P)Q), which by 2.1 (viii)
must be trivial. ‘

Now for any fixed collection of pj, as before there is an obvious
one-to-one relation between: ¥g-admissible cone decomp@ositions': 3 for

(ﬁ,i_}, and collections of K¥-admissible partial cone decompasition 8,
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for (P, X,). Thus the assertion is reduced to. {P,,X,). But in that case it
follows from 9.20. ged, .

ng Consider a2 map lo)k

MK}(pi.xim - MK}(pz.xz)cc) of 34 (5). Let B be a Kg-admxssmle.

-cone decomposition for every (P,Xy). Then we define another Kradrms-

- sible partial cone decomposition Ty for (Py,%q} as follows. Every ratio-

-nal boundary component (Pn.xu)- of {(P1,X1) determines a rational’
- boundary component (Pyy,¥2¢) éf {P2,X2), and every connected com- -
- ponent X§ of X; maps to a unique connected component X3 of Xo.

- The homomorphism ¢: Uyy—~Upy then maps. C*%X3,Pyy) to C'(Iz,Pzﬂ

For all such (P1,x13 and X9, and every pf€P1(Af} we define

‘T;'(Xa.Pn.m.f) = {Uxﬂlp 1(02)l°1€31(3€3'-911!91). 02‘.6/32(3_(%.?21,‘?(9:33}-

1t is clear from the defi.rﬁiﬁdn fhat Ty isa K'}-admissible partial
.. cone decomposition for (P;_,Xﬂ.. i 81 and 37 are finite or complete,
then T; bhas the same propérty, Moreovér T{=31 if and only if the
condition in 6.25 (b) holds for the pair '.(31,;32:). 'Inf general by 6.25 (b) we
have the following maps | ' ' o

MKEP, X1, 80006 — MRKP, X, 7100 — M¥FKP, X5, 8,0(0).

A particular case is the identity map on (P3,X}),. where T3 'is the -
coarsest common refinement of 31 and 2. If (P2,X2)=(P1,%y) and
prePy(Ay), then applying this to 8¢ and ! - 1*3, vyields the analogous
-, staternents for the rnorphlsm {-pfl of 34 {a), The same arguments work

for any finite number of morphisms of 3.4 {a) and (b).

2_23,,_&919}1@5[ In 9.21 suppose that in addmon a fmxte number of
. maps MKf(P X)({Z) - MK‘!'(Pi, ;)(C) of 34 (a) and ) are g:ven and for_
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. every 1 a complete K}-admissible cone decomposition 8¢ for (Py,Xy).
Then one can choose 8 such that all the maps MF(P,X,8){(C) -
MK}(Pi,B{i,-,Bi)(Q {of 6.25 {a) and {b)) are defined.

Proof: By 9.22 there exists a complete K¢-admissible cone decompo-
sifion' T for (P,X) such that the conditions in 6.25 {a) and {b) are veri-
fied for all the morphisms MX{PX,T)(€) — MKYP, X, 8)C). If in 921
4 is a refinement of T, then the same holds for .8 inplace of T, as
desired. ged,

924, Proposition: For every mixed Shimura data (P,X), and every
open compact subgroup KiCP(#), the mixed Shimura variety
MK(P,X)(€) possesses a cancnical structure of a normal quasiprojective

. algebraic variety over C, “such that all the maps of 3.4 become algebraic
‘morphisms. Whenever 3 is a complete Kg-admissible cone decomposi-
tion for {P,X} such that MXL(PX,3)€) is projective, then the open

* embedding MKI(P,X)(C) & MEHP,X.B)C) is algebraic.

Progf: Let 8 be a complete Xiadmissible cone decompesition for
(P.X) such that MKH(P,X,8)(€) is projective. Since by 6.25 {a) the com-
plement of MXH(PXNC) in MKIP,X.8)C) is a closed analytic set, by
Chow's theorem {see [S] §19 prop.13) it is a Zariski-closed subset. Thus its
complement  MKHP,X)€) inherits the structure of a quasiprojective

variety over C.

To prove the functoriality of this algebraic structure consider other

- mixed Shimura data {P*,X}, an open compact subgroup KicP*(Ap,
and a complete Kj-admissible cone decomposition for (P*,X*), such that

_ MKEP* X" 8%)E)  is projective. Consider a map MELP X)) —
MKIP* X)(E) of 34 {a) or (b). Choose a neat open normal subgroup
K}CKL then by 9.23 there exists a refinement T of 3, such that the
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" map MKHPX.THE) — MKHP*X* 2N of 625 (a) or (b} is defined.
Then the maps ' '

MEf(P X, 8)(€) « 181 MKEp % 7)) — M’{f{Pﬁ,?”ﬁ*}(C)

.are holomorphic maps between_ projective complex -spaces, hence alge-

braic. In particular the maps
MEe(P,X)(6) 18 mKﬂp X)) —o MEHE® 00 -

: are algebraic with respect to the induced algebraic structures. Recall that
by 625 (a) MXHP,XNC) is as complex space the quotient of MK;(P,J{)(:@-
by the finite group K;IK} Since the map on the right hand side factors:
through MKIP,XXE), the map MK1P(E) ~ MKf(P* XNE) i akw

algebraic, as desired.

. A special case of the functoriality is th,a.t the algebraic structure on.
. MX(P.X)(€) is independent of the choice of 3. Thus the asseriions are
-already .proved whenever there exists a complete Kg-admissible cone
.(_:econ_apo;fmon for {P,X) such that -MKHP X )€} is projective. By 9:21

this is the case if K¢ is neat. Foi' arbiirary 'K; cheose a neut'open riof*-

-mal subgroup KiCKs By the functonahty for fo(}" XXE} the action of

, Kf!K; respects the canonical algebrazc structure on MKf(P X)(il} Since
.this is a quasiprojective vanety, and by 1sr Al} expVHl cor. 77 the
-.'quotxent of every quasiprojective algebraic variety by a ﬁmte group
. -exists and is again quasxpro‘;ecnve we get a canonical quas:prOJectzve :
algebraic structure on MKHP X)C). The functoriality fer this algebraic. :
. structure follows by the same arguments as above, in partlcular it does
not depend on the choice of Kg g.g.d, ' -

3.25. Definition: For every mlxed Shlmura data (P,X) and every
open compact subgroup - KfCP(Af) let
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MEHP,X)

be the normal algebraic variety over € associated by 9.24 to the normal
complex space MXf(PX)E). Let 3 be a K¢-admissible partial cone
decomposition for {P,X). If there exists an algebrai¢c structure on
MEHP, X, 8)(€) extending the above algebraic structure on  MX{(P,X)C),

we let
MEH(P, X, 3)

be the associated normal algebraic variety over €. Furthermore if P is
reductive, then we denote the normal projective variety -corresponding:
to the Baily-Borel compactification MX{(P,X)™€) by

MRre, X,

In all these cases the variety is, strictly speaking, defined by a
universal property, so it really consists of a complex variety X together
w:th an isomorphism X(C)-fo(P X)C), resp. X(C)-MKf(PI .8)(12)

. resp, X(€)=MB1(p, X¥(C). We havé to prove that it is utiique up to ca~

nonical isomorphism. For Mléf(P,X} this follows from 9.24, for M'é_f(P.X)*
by projectivity. For MEH(P,X,8) recall that MFH(PXNC) is dense in

_'Mx_f,(P,x,_.S)(C), hence Zariski-dense with respect to any algebraic struc-

. ture. It is easily seen that an analytic map between two normal complex

B’

varieties is an algebraic morphism if it is an algebraic morphism on. a
Zariski-open dense subset. Thus MKf(P X, 8 is well ~defined whenever

such an algebraic structure exists.

By 9.24 we already know that all the maps 34 (a) and (b)
correspond to unique algebraic morphisms between different Miéf(P,X)*.

By the argument above, the same holds for the maps 6.25 (a) and (b}, if

Mléf(P.I.z) etc. exists. For the Baily-Borel compactification the same
follows by projectivity. Moreover for arbitrary P, by the argurnent
above the map [u]® é&efined in 624 corresponds to a morphism
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M%I(P.I,B) - M‘é(Kf)((P.X)/W)* whenever M’éf(P,X,B} exists. In all

. these cases we shall use the sarne syrboals to denote the corresponding

algebraic morphisms.

‘ The assertions of 6.25 (functoriality, open embeddings, isornor-
ph;sms .quotients by finite groups), 6.26 (srnoothness} 85 (line bundle

structure), 813-14 {ampleness} are equaily valid for these algebralc‘ )

varieties, since these are properties that translate directly between the

algebraic and the analytic category, once all the objects and maps are
algebraic.

226, Remark: From the proof of 9.24 it follows that the system of
. algebraic structurés’ on all Mkf(P',I)(C)' is uhiquély determined by the
properties expressed in 9.24. One may ask whether these algebraic struc-
__tureﬁ can be charactén'zed uniquely without refefenée to toroidal com
- pactifications. As it turns out, they are a}ready characterized umque]y
by the !’unctonahty with respect o all the maps 34. '

_ " Let us briefly inidicate why. 1If P is reductive and possesses no
-almost direct factor of type Slyg, then the boundary of MRPXE)
-, in the Baily-Borel compactification. has codimension 22, so it passessesK
. at most oné algebraic structure. For . P=Gly g the umqueness follows via

- ~an embedding {GLp g, 1y} <5 {CSpy, Q,Jig) as in the proof of 84. Thus we
. have uniqueness whenever P is reductive. Next, if U=t 1, then :
MKf(P.)C)(C) - M“(Kf)((P,JC)IW)(O' is proper, so again the uniqueness
follows by functoriality. Finally observe that every torus possesses a
_unique a!éebraic-structure. Thus for arbitrary P, and sufficiently smalt
Ky, we may use the torsor structure on MKf(P,BO(C)' -
M" (Kf)((P X)/U)(C) 1o get the result. ' :
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227, Remarks about the existence of MEHP X.8): (a) By the defini-

tion in 9.25, Mléf(P,BE,.S) exists whenever MKf(P.X.B){_C) is projective,
in particular in the situations of 813, 9.13, or 921, If MEHP,X,8) exists,
then ihe same follows for every Ki-admissible partial cone decomposition
contained in 8. { 3 is the union of any {finite or infinite} collection 3;,
such that Mcf(P X, 3y ezists, then by gluing it follows that MKf(P X,3)
exists. These three facts, together with 9.16-21, show that MEI(P,X,3)

exists for a large class of cone decompositions.

(b} In the situation of 8.13 {e.g. 9.13) not only Mléf(P.x,S}. but also
the “line bundle” M’é'f(P',X',B') exists as an algebraic variety and is
.quasiprqjecti've. In fact, by ampleness one can construct a canonical
. .ample line bundle on the associated Pi(ﬁj-bundle_obtéined by adding the
e=~section. This, too, can-be expressed in the formalism of chapter 8.

(c) The knowledge so far about the existence of Miéf_(P,X,/S) is
- probably sufficient for most purposes. Nevertheless it seems somewhat
-unsatisfactory to stop here and not try to find . out more about the
aigebraicity of our toroidal compactifications. Therefore we include more
results in this direction, although the proof of 929 is rather technical. See
also 9.35 below.

First we show (using 9.20) that MK{(P,X.8) exists whenever 3 is

sufficiently “fine".

928, Proposition: Let (PLX)-(P.X), K;, K;, 3, and 8 beas in

9.13. Assume that the condition 7.12 () is satisfied for 8. Let T be a

. Kf-admissible partial cone decomposition for (P, X) such that every 1¢T

15 contained in some €. Then MKf(‘P X.7) exists. In fact there exists

acollectionof T} and T; asin 913, and TiCT,, such that T is the
union of all T;. '
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Er_qgt It sufﬁces 1o prove that for every convex ratlonal polyhedral
cone 1 contained in some o€l there exist T* and ‘T as in 913 such
th_at 'rc_‘J'. Using the same procedure as in the proof of 9.19 it suffices to
construct the function f{ ‘such that e . To do thié_ choose a

. piecewise linear convex rational function g 0—R =such that .16.3(3). To

. show that such a function exists, take any linear rational function ;. -

& o—R that is strictly positive on 0+{0}. Then let g be the smallest
. nonnegative convex function 6—R*® which is 22 on . It is clear that

g«t on 1, and g on o>, hence 1€3(g), as desired.

Now define flz=2"1og: o-—tUo(R)(;i). The condition 7.12 (=) im-~
“plies that no twe différent faces of o are emﬂﬁa}ent under the actions

64 (ii}~{iv}. This in turn n'nphes that whenever these actlons lnduce an

autorno.rph:sm onaface p of o, then this automorphlsm maps every

face of p to itself. But by €19'(a) and 9.6 some power of this automor-

. phism acts like a scalar on p. This shows that the automorphisim acts

. by the same scalar on every one dizﬂensional face of p, hence it acts
. like a scalar on- p- Thus there is no obstruiction to extending fl, invari-

_ ' antly to,a!i- conjugates of o u;:de'-r the actions 6.4 (ii)-(iv).'Finally. by ‘the
- proof of 919 (with 3=8) it can be extended to all of . C(P.X)xP(AJ—
UplR)(-1) in the desired way. ged.

223, Proposition: Let (P X)—{P,X) beasin 92, (P,X;) aratio-

. nal boundary component of {P,X), and X° a connected component of

X that maps into Xj. Let pieP(Ag), and ¢ a convex rational polyhe-

.. ~dral cone in C(X°Pq)} that does not contain a nontrivial linear subspace.

Then there exists an open compact subgroup KcP{Ap and .8 and &'
as in 913, such that o€ 8(X°Py,pp).

Rernark: Incidentally, this shows that the cones in a complete ad-

.missible decormposition can be arbitrarily large.
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Proof: Using the operation 65 (a) we ray assume that pe=1.

Without loss of generality we may assume that R'0=U1(R)(-1) - since
" otherwise we may (repeatedly) replace o by o+R¥0.' for arbitrary
u" € C*(X°PPINULQ}-1) » R-0. Let {PL,X;) be the rational boundary
component of {P'X') with (Py,X4) = (PL.X{)/Up, and X the connect-
ed component of X' corresponding to X°. We want to apply the same
inductive procedure as in the proof of 9.16. Suppose that for some K; we
have constructed a K-admissible partial cone decomposition &' for
(P, X", such that for some ECC'(I'°,P1'.) as.in 9.8 .8‘(3€‘°,P1'_.1)=.8§ and
a€35. Then as in the proof of 9.16 it can be extended to the desired 3'.
" We therefore have to construct TcCY{X'® Pj) as in 98 such that cels,
‘and 2'(X"°,P,1)=8% extends to a Ki-admissible partial cone decomposi-
tl_on. While the first property is not difficuit to achieve, the second one
makes the proof complicated.

Fix an arbitrary ey E(X',P;). By 9.3 {a) we may fix eg,..ep €
B, Pl) such that the Xefej-e) ¢ Hom(Ui(R)(-il R) span the dual

“cone o, in other words
o = {ueC*(X%Py)| V2sicm Aeleg-e)(u)20).

Let ug,.u, € C*(I“ PINU(Q-1) such that c-Z 4R °~uj. Suppose
_“that K¢ has been chosen, and let .

Ty = Stabg(q)(X'%) n K{-PJ(Ag).

Define Zy as in 9.8 using this group and the sections t,... 2. Smce o
does not contain a nontrivial linear subspace, its dual cone generates the
dual of U(R)-1), so by the choice of the ¢ the assumption in 9.8
holds. Suppose that all eg{uy) liein Zj. Then e3(0)CZ,, and the choice
of ep,..2y implies that Me(id-ejony) is strictly positive on 20‘91(03
Thus ce.&zo, which is one of the desired properties. But Zp is not yet
the right subset, since )8';0 does not necessarily extend to a K;-admissi-
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- ble partial cone decomposition. To remedy this we shall construct the
“right” ¥ as a Ty-invariant subset of ¥, that contains all the ey(uy).
By the same argument it then follows that ce.BI, and it remams w0

choose E such that 3% extends.

_ letus check ‘what this extendabili‘y condition amounts to. By lem-
. .ma 332 below 25 extends toa Ki-admissible partial cone decomposxtxoni;
' if and only if for every rational boundary component : {P3,X7) between
(PLX)) and (P.X'), and every q ¢ Staba{)XCOK-PYA), we have

{q-]teds, TCO0OPY) = (resilrcq-CHrepy).

By the definition of 83 this can be translated into the following equality
in terms of -

T-(ENCOCOPY) - Tnq-CEeP).

. Together with the condition eg{uge this has the fol!ovnng consequence,
Every uy liesin C(X° P for a unique ratmnal ‘boundary component
,,_(Pj,xj) between (pi,xi) and (P,X). Thus Q[(Uj)ﬁ.z n'nplles q-e1(uj)ez
for all j and q ¢ Stabg(g)(X'%) n K"PJ(Af)

. -. . Weshall construct £ by induction over the (Pz,%) for whlch the
) above equality holds. Consider an mcrea.lng sequence & =0pG01C... of

- I‘i-mvariant collections of rational boundary .components between

APLX)) and (P.X"), such that whenever (P2, X3}, then so is every
ratienal boundary componerit between (Pé,l-'é) and {P.X')." We shall
construct these Q, and a sequence of i-invariant subsets ZgdZyd...
as in 9.8, such that the above equality holds for- all. I, and (P3,X))eQ,.
'Furthermore we require that q-eiluj}ez,, for all v, j, and q €
Stabgy (0)0("’) n Kf j(Af) Since modulo . 1‘1 there are only _finitely
. many rational boundary- cgmppnent_s between (Pl,xi) ‘and (LX), this
‘sequence stops at some point, where =X, has all the desired properties.
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Of course this werks only if K¢ is chosen in advance. So we first
show that it can be chosen so that the conditions hold for -Zj. Since
Gp=#, only the coridition q°e1(uj)€29 matters. By the definition of Iy
this is equivalent to ' :

_ )\o(fd-éﬁotr&(q“eﬂu ﬁ) 20

forall i, j, ¥ely, and q ¢ Stabg(@)(X"INK{-P}(Ap). By the remark in
9.2 this is equivalent to Aolid-epem)(¥-ge(uy)) 2°0, so by lemma 9.30
below we are reduced to ¥=1. Since there are only finitely many i and
J, thedesired K; exists by lemma 9.31 below. We fix such K; once and

for all.

Next assume that 3, has been constructed. Fix a rational
boundary component (Pé.xé) between (Pi,xi) and (P‘ X'}, such that
(PLX)£Q,, but @, -contains every rational boundary cornponent
between (pz,xz) and (P X") thatis different from (PLX)). Let G,.q
be the union of @, with the set of all l";_-ccmugat% of (Pz,Kz) Let Q2
be the parabohc subgroup of P' associated to (P2,X3), and define Pz =
Stabanaai@)f X"} n KP4y, this group contains Staby [{CHXOPY) as
& subgroup of finite index. Thus the set _

' yerp 1-(E,NCHXPY)

-, is of the form of 9.8 for (P2X3) in place of (PL,X;). We shall construct a

o 1-invariant subset qucz,, as in 98, such that

(2} qhetlug € Zyog forall j andall q ¢ Stabq(@)(X) NK;-P (A,
b} Z,.1 NCHAOPY = T, 0 CROpe Py for every (P3,X3)eQ,, and
&) Z41 NG -CHXOP) = ¢ for every ' € Stabg(g)(X'®) N KiPy{Ay).

Then by (c} and by Tj-invariance the extendability condition holds for
2l Ti-conjugates of (F3, X3, and by () and the assumption about I,
i holds for eli (PLX}eB,, so it holds for sl (Pg,i3eByeq, as desired.
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Using the fact that Z,4 Is Ty-invariant we can reduce this
*infinity of conditions to a finite number. First by lemma 930 below it
suffices to require (¢} only for a- finite subset X C Stabg{g)(X'9) N
KyP3Ag). For the same reason it suffices to require (a) only for 2 finite
© ‘subset Ry C Stabg(o)(X’ °)nK, -P {A{) For (b} we are reduced to a finite

number of (P3,3(3)€G,. By 9.14 every 2,,nc‘{3c‘°,1>3) is of the form in

9.8 with respect to the group Stabrif(?'(x"’ P}, so by 9.10 this set is the
convex closure of the union of all’ Sta_tbrl(C'_“(X'“,Ps))-orblts of finitely
‘many rational half-lines. Therefore by Stabrl(c'(l"’,P;i))-invari_anoe the
condition (b) is equivalent to UCZ,,y for some ﬁnife subset

U € T, 0 U1 n Upg xoa, CHX".P).

Now for every q€R let Tzgq = Stabr,(CH(X".4q"-P; -q"i)) - and
choose finitely many gy € 'E(X"’,q‘-Pi-q""] so that q-Z' is of the
" forrha in 9.8 with this group and these splittings. Lift every eg; to an

élement 8¢ E{I“’.P,‘__)'. and define Z,.4  as in 98 with the group [y,
“and as splittings these 2y ; =and those that define Z,.- It remains to
- show that the conditions {a)-{c) hold for a suitable choice of the liftings

&g.i- Let us rewrite these conditions in terms of the gy For {c) note’

that for eve}y g'€R the inclusion Ty.q Ng-C%P) € g-Z' holds by -
construction. For the other inclusion we can as above write g-Z' as the

-convex closure of the union of all S_tabrl(_q'-C'(}C"’.Pé))-brbits of finitely

many rational half-lines, so it suffices to show that VCZ,.; for some

finite subset
V € U g -F 0 V@D,

Altogether it follows that the conditions (a)-{c) hold if and only if Ty
contains the finite subset - '

¥ = {q-ep(up|isjsn, geRJUULY C Z,nUON-1).
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By the definition of Z,.1 this means that for all q'e®R, i, w'eW, and
¥ely we need -

Aelid-8g1 gore )Eu') 2 0.

By the argument in the proof of 9.15 one can choose the liftings &g 4
such that this inequality fails at most if ¥u' € q-C*(X'9P)). Thus it
. remains to prove I'1-W n ¢-CH(X"°P)) € ¢-Z' for every q'eR.

. Translated back into the original formulation of these conditions we
have to prove for all q' € Stabg(g)(X™} N KgPo(Ag):
@) Forall j andall q" ¢ StabQ'(Q)(X"’)an'-Pi(Ag):

qeiluy) € g-CHX"P) = qeslug € q-Z

) 5, 0 CEOPY 0 qLCHOPY € gF for every (PLXJ<h,.
) T 0 -CONSPY € ¢-F for all q" € Stabggy(X'®) 0 KA.

Since q“¥2 € Stabg(f(X'®) N KpPy(Ag) for every ¥x¢l;, by the
definition of ' we may replace the inclusions Cq-L' by the inclusions
Cq-Z, Now in (a') the assumption implies that q“-C(X"’.Pj) n
q-C*X'°P)) =&, so int(q){(P5,X3)) is a rational boundary component of
int(q" )P, X)), and-in particular intlg" Lq)(P5X C (PX). Let
P2,£€P(Ag) such that q'eKi-pzs, then it follows that

- u L

q7q" = pz.f-Q"i-Q“-int(q“'i-Q')(P'Z_.f"‘)
€ KeKp-PilAn-int(q" 2-q)(PLX ) = Ki-P(Ag,

whence ¢ :q" ¢ Stabgr(e)(X™) N K-Py(Ag). Thus without loss of gener-
ality we may assume q'=1, so we are reduced to proving qelu)el,
for all j, and ¢ € Stabg()X™} Nt KpPi(A). But this is one of the
assumptions about Z,. :
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In (b} it suffices to consider only those (P3,¥3)¢Q,, for which
. int(@)(P,, X)) is a rational boundary component of (P3,X3). As above it
.- follows that q'"1 € Stabg(g){X'® n KePAg, and the inclusion

I, N CX°PY <. ¢ T,
e g1, ncixopy) ¢ 35,

- follows frem the invariance condition for (P3X3) and Z,. Finally for
(c) the left hand side is always contained in q"-C(X0Py for a rational
boundary component (P3X3) between (PoL,X3 and (P,X'}, such that
(intg){P3,X) is a rational boundary component of int(q")(PgX).

Thus as above we are reduced to proving the inclusion
q{(Z'NCHXOPY) C &,

dor all q" € Stabg(g){X™) N KpPiA) such that ¢"-C(X'"°Py ¢
C*X'°,Py). In the case (P3.X3)=(P,, X)) we must have q"€l, so this
. follows from the definition of Z'. Otherwise we have {PyX3Jeq,, so this
follows from the invariance condition for’ (P3.X3) and Z,. Thus the
‘conditions {a')-(c"}) are satisfied. ged,

230, Jemma: Let (P,X) be mixed Shimura data, {P2,¥3) a ratio~
nal boundary component of {P.¥), -and (P, X4} a rational boundary .
component of (Py,X3). Let X° bea connected component of X, Q the
parabolic subgroup of P associated to (P;,X1), and. K; an open com-
pact subgroup of P(Ag). Let
Ty = Stabq)(X%) N Kp-Py(Ay).
- There exists a finite subset R C Stabg(g)(XINKe-Po(AQ such that

' Stabg)(XNKe-Poly) = ]"yR.-Stab(pznq)(o)(xp).
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Proof: For abbreviation wnte A= S'tabg(q)(x")n.l{g-Pz(Af). Then
we have [y-A=A. Indeed, let q¢A and q'el’y, then obviously q'¢q€.
Stabg)X®), and

qq € KePy{A-q € Ke-(KePolA) - (q71-Py(Ag-q) = KePo(Ag,

since q normalizes Py(Ag). Clearly Stab(p,nq)()(X°) acts on the right
hand side on A, and we have to show that the double quotient
T1\A/Stabponaua)X?) is finite.

Since PaNQ is a parabeolic subgroup of Pj, for every open cormn-
pact subgroup KF'2 € Py(#y) the double quotient KP2\Py(Ad/(PonQ)Q)
is finite. In particular there exists a finite subset RCP2{A¢ such that

PaAg) = (P(ANKe)-R-Stabipynay(e)(X)-
This irnplies
A= Stabq)(X°) n. Ky-(P2{AINKs)-R-Stabipyna)0)(X?)
= (Stabo()(X°INKg-R)- Stab(p,no)(0) (X,
and that o |
(Stabo(e)(XINKN(Stabggy(XINKeR)

_ Is finite. Since Stabgig){X?)NK¢ is contained in Ty, we are done. ged.

231, Lemma: Consider the situation of 9.2. Let (P3,X;) be a ratio-
nal boundary component between (PLX;) and (P,X). Let ecB(('P)
and u'eC(X"°,PHNULQN-1)} such that Aolid-esmo}u')20. There exists
an open compact subgroup K:CP'(Ag) ‘such that for all q éStajbq(q)(X"_’)_
OK;P3AY - |

1\°ﬁd“eewo)(q'-u')20.
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* Progf: If (PyX3)=(PX’), then the inequalities always hold, since in
this case Stabg()(X'® N KePo(Ag) = Stabpyg)(X'®) acts by positive
.~ scalarson U Otherwise fix an arbitrary K;. We first show that there
are finitely many half-lines 'Rzo-u; such that the ineguality fails at

most if R20.g'u' = Rzo-u; for some i To prove this let
Ty = Stabque)(X'9 N K3PiAY,

and fix a finite subset R = {gj;....q;} C Stabge)(X?) as in 9.30. Then for
any q = §-q;p2 € Stabg(e)(X"INK;-PAAy) with ngStabpé(o)(I"’) and
¥el'q, the element ¢'-u' is a positive multiple of x-qj-u'.' By 9.7 there
are at most finitely many half-lines . Rzo-x-qj'-u'-. for which the inequal-
ity fails, as desired. '

Next suppose that R-u/=R-u' for some i Then u is a negative
multiple of ', since by assumption the inequality fails for u;. Since
both u' and u; lie in the cor_ivex.set Ci° P, this contains 0, in
. contradiction to the assumption {Pé,Ké)*(P‘,I'). Thus R-u=R-w' for ail
i. Now corisider an open compact, subgroup K}'CK;-. if the inequality fails
for some q' € StabgigX'® n Ri-PyAg), then ®0.g'y = R0y for
some. i. But for every i, by 7.14 this cannot happen if K¢ is suffxaent—

by smalL Since there are only fm;tely rnany i, we are done. g,.g.si.

232 Lemma: Let {P,X) be mixed Shimura data, (P4,X;) a ratio-
nal boundary component of {P,X), and X® a connected component of
X that mapsto Xj. Let Q be the parabohc subgroup of P assomated
to {P1,X3). Furthermore let KfCP(Af) be 'an open compact subgroup, .
- and B, a rational partial polyhedral decomposition of C*(¥° P;) There
. exists a K,——admissane partial cone decomposition 3 for {P, ‘X) mth
A(X°P1,1)=2, if and only if the following condltlon holds:
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. For every rational boundary component (P2,X2) between (Py,X4)

‘and {P,X), and every qe Stabd(n)(x")nl(g-’i’z(l\f)'

{q-cloes,, oCCHX®Py)} = {ved JocqCHXOP,)}.

Proof: if B is to -exist, then for every (P9,X2) above we must
have 3(X°P;1) := {oeﬁoloCC'_(I°,P2)}. By the conditions 64 (i)-(iv)

we must also have
3(p-3(°,p-P2-p'1,p~p2‘f-kf) = {p-o|oec3,, ocCX°Py)}

for all peP(Q), ppePolAy), and keeKy Thus a necessary condition is

- that the right hand side does not change if p, pp4, kf are replaced by

other elements such that .p-X°, p-Po-p~l, pp2¢ke do not change. It is

quite obvious that this condition is also sufficient. Now this condition -
‘holds if and only if for all (P2,X2) and peStabp(g(XINKePoldy), if

-(Pl,xl) is a boundary component of int(p){(P2,X2)), then
~ {p-oloes,, ocCHX%P)} ~ {oesjocp-CHXOPL)).

For every such p, both (P1,X;) and int(p™1}(Py,Xy)) are rational
boundary components of (P2, Xp), so there exists ppeStabp,(g)(X?) such
that intlp™)(PL.X1) = intlp; (P Xy)). In other words q=p-p;l

- normalizes (Py,X4), hence lies in Q(Q). But pp-C*{X°Pp) = CHXOPy),

and acts by scalars on Ux(R}-1). ¥f '(pz,xz) is a proper boundary

component, then this scalar is positive, and in the above equation we

.. may replace p by gq, asin the desired assertion. Otherwise we anyway

have Q=P, and may even take pp=1. ged.

933, Corollary {of 9.29): Consider mixed Shimura data (P,X), an
open compact subgroup K¢CP(Ag), and a finite Ki-admissible cone de-
composition 3 for (P, X}. Then M%E(P,X,-B) exists for every sufficiently
small open compact subgroup KicKy. In fact MKHPX,8) is covered by
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quasiprojective  MEHPX,8), for which an ample line bundle can be
described as in 8.14.

Bemark: Except for the last sentence this can be proved with less
Ppain than taken 9.29, if one disregards the invariance condition 6.4 {iv},

roof: Since we may choose K} neat, as in the proof of 9.21 we can . |

reduce to the case where (P,X) is as in 9.2. Let o; be {finitely many)
| representatives in 3 for the two actions 64 (u)—-(m) of P(@ and K.
By 929 for every i there exists an open compact s&bg,roup K;CP(Af)
. and a Ki-admissible partial cone decomposition 8; for (P, X), that
contains ¢, and such that Mlé’f(P,I.&) exists. Since we have only
finitely rnany i, we can find an open compact subgroup. K}', contained
in the mtersectxon of all K;, that is a normatl subgroup of K¢ Then
every Mc!(PX,Sg) exists, and so does fo{P XL ked*8)  for every
_k;e!(f maodulo I(;. Now we may replace every 8, by the smallest K;—

admissible cone decomposition that contains o3 Then 3, is contained in

- &, and by construction 3 is the umcn of all [ -kJ* .81 Thus by gluing
-fo(P X.3;) exists, as desired. qed,

234, Corollary: (a) 'M]éf(P,-x A alwgys #xists as an algebraic space.

(by Suppose that MKf(PIBJ exists. If 3 is finite, resp. complete then
MKf(P X 23) 1s of finite type, resp. proper, over {.

Proof: (a) In the category of algebraic spaces every quotient of a
vanety by a finite group exists (see [K] introduction). Thus by 933,
'MKf(P 3(,.8) exists as the quotient of MKf(P X,8) by K¢/K;, whenever

3 is finite. By gluing along open subSpaces of flmte type, the same: follows
for arbitrary §.
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. (b} Both assertions are invariant under quotients by finite groups.
Thus the first assertion follows frorn 9.34, and the second follows from
this and the compactness result 6.27. ged.

9385, Remarks: (a) From now on we implicitly assurne the existence
of Mléf(P,I,.S) as a scheme; whenever we write these symbols. Since Yy

9.28 and 9.33, it exists whenever 3 is sufficiently fine or Ky sufficiently

. small, this will not be a real restriction in the applications we have in

. mind. In any case; mutatis mutandum our assertions will also be valid in

the category of algebraic spaces, without this restriction.

(b) Counterexample: MEf(P,X,8) does not always exist. it is a nice
exercise to realize the example [H2] appB ex. 34.2 in the toroidat compac-
tification for the mixed Shimura data (P,X)}={Pg,X2,) of 225 with g=1,
or for (P,X) = (CSpyg q.Hg) of 27.

Finally, we consider the stratifications of chapter 7.

2.36, Proposition: The stratifications in 7.2, 7.3, -and 710 are alge-

braic, and the assertion of 7.17 {a) holds algebraically.

Proof: By IS} §19 prop. 15 the map in 7.17 (a) is algebraic, since

_both sides are compact. This shows the second assertion. In particular this

yields an algebraic morphism

5“*’61“01’\“4@"](“%)@1.{ol.xi.(cz) — MEi(p.X,3),

' which proves the other assertions whenever & is complete. By 9.33 the

general case follows from this, since the assertions are invariant under

replacing the open comnpact subgroup by a smaller one. ged,
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- 337, Proposition: The isomorphism of 717 (b) induces a canonical
isomorphismn between the formal completion of M]éf(P-.x.,B) and of
St.abAl([(I])\Mlé}(Pi.Ii,.ﬁQ along

Sta_bﬁl([o}}\Mqul“‘_}’(Pz,za}.xa,m.za.{uﬁ-

-Proof: This is a special case of the fellowing lemma. ged,

338 Lemma: Let X bea prc;per algebraic variety oﬁer g, YcX a
- closed subvariety, and Xy the formal cbmﬁletioh of X along Y. Let
- X1 be another algebraic variety over €, Y4CXy a closed subvariety,

- .and -3(_131 the formal completion of Xy along ¥j. Suppose that we adre
given open analytic neighborhoods  Y(€) € U € X(€) and Y4(f) c U; €

- X4(€), and an analytic isomorphism U#U; that restricts to an isomor-—.
‘phism  Y{CQ)=Y4(€): |

Y(T) ¢ U c X
oo
vi{Q c Uy ¢ X;(C) ,

_.Then_this isomorphism corresponds to a canonical isomorphism Xy =

X1y

Y c Xy
LR

Y1 € X1y,

N Proof: The isomorphism UsU; induces an-isomorphism between
the nonreduced complex spaces . (Y(€),03"/(K™)™) and
(Yi(t),ﬁ)‘(‘;/(ﬁ,’i‘}“)- Since X is proper over €, it follows that. Y(€), and

- hence —Yl(t)- is compact. Thus by [S] §19 ‘prop. 15 the analytic isomor-

phism corresponds to a unique algebraic isomorphism between the infini-
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tesimal neighborhoods  {Y,8x/($y)") and (Yy,0%,/(ty,)"). By taking

inverse limits the assertion follows. (Compare also [H1} chV1 ex. 2.9) ged.

9.39, Exarnples: {2) As pointed out in 9.8, our sets I play the role
of the T-polyhedral cocores in {AMRT] ch.i! §5.3. In the case where P is
reductive, the precise correspondence is the following. As expleined in
815 {a), we have a canonical splitting of U,  whence a canonical
decompesition  CY(X'%P;) & R-g, x CHX°Py). Fix some u, <
(o°NU(Q)(-1). The correspondence between TI'-polyhedral cocores K ¢
C*(X°Py), and our sets I, can then be given by

K = {ueC*(X°,Py) | (-ugu)eZ), and

£ = convex closure of oyU{-uy}=K.

- (b} We include an example not subsumed by (a), which at the same
time illustrates the remark 8.15 (b_). Let (P'.X') be the mixed Shimura
data (Pyg Xz defined in 226 for g=1, and (P,X) := (PX)U. Let
K¢CP'(A;) ‘be an open compact subgroup whese image in (P/W')}{A=
GLa(Ayg) is conjugate to GLp(Z). Then modulo the actions of Ki and of
P'{Q), there is precisely one conjugacy class of proper rational boundary
components. Describing it as in 427, we have Ui=(6, 9%,

: L(C'(I_"",Pi)) = ((X.Y,2)€R3Iz>0-or y=2=0},

and Iq == Stabg )X n K}-Pi(ﬁ\f) acts on this through positive scalars

and the unipotent transformations
(x,y,2) = {(x+2ny+n?z,ynzz)

for all n'e_l.

A Ki-admissible cone decomposition as in 9.13 now corresponds to a
subset  ZCCYX'P}) as in 9.8 with respect to the above unipotent
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. -transformations. In terms of the above identification, 91 shows that
0,=820.(1,0,0). Clearly % - oo UR-{(x,y,0€Z} for such I, so we can
describe it in terms of its intersection with the plane z=1. This must be
the convex closure of I‘i-{(xﬁﬁzo,yg,i}iisisn} for some Zyiel In the

special case n=1 and vy¢=0, we get

/
(""1‘“1*1.1) 7

tx°+4.2)

(x,.0)

.4 little calculation shows that the associated splittings lie in EQCOPY if

and oniy if x3<0. In this case the assumptions of 9.13 are verified. -

Coming back to 8.15 (b}, we now see a geomé‘tric reason for the
necessity of quadratic terms in the action of I3z the strict convexity ..

. condition. At the same time, it prohibits the existence of a splitting of the -
unipotent extension (P, X)—={PX). R .



