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For all neat open compact subgroups K(CP(Ag) we have thus
_ defined a model of M%f(P,K) over E. Letting X be the set of these K,
and P:=Pl#y), it remains to verify the conditions 11.13. These follow

easjiy from the construction, by the .same' arguments as m the proof of
1113, {Condition 11.13 (a) is an application of descent of morphisms
{§GA1] _ékp.V;Il. thm. 6.2) ged.
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12 Caneniical medel of the < ification

In this chapter we formulate and prov.e ﬂie maih .'re'su}t of this
thesis: the extension of the canonical model to both the Béily-’Borel
compactification and the toroidal compactlﬁcataons together w:th ‘an
-explicit description of the model induced on the boundary Before statmg
these theorems (12.3-5), we prove an assertion relating the reflex field of
mixed Shimura data with that of a boundary component (12.1-2). For
the structure of the proofs see 12.6-7; suffice it to say here that we are
reaping the benefits of the consistent use of the adelic formalism, in
particular in chapter 6. The proofs occupy 12;8-_17'. In 12.18-20, we apply
the results to gq-expansions of modular forms. We conclude with two
examples (12.21-22).

121, Propogition: Let {Py,Xy) bea rational boﬁndary component of
sorne mixed Shimura data (P,X). Then

E(P1, %) = E(P,X).

Proof: Let xeX, and x5€X; the corresponding point. We claim:
oy s comugate to hxfu under P(C) To prove this, by the definition
411 of hxi, it suffices to show that the two cocharacters hgop and
 hgen of Hy ¢ are conjugate under Hy(C), where Hy hy, h, areasin
43. But it is easily checked that both of these are conjugate to the map

i€ — B0, 20 2 9.

~Let QCP be the parabolic subgroup associated to {P1,X1). By the

following lemma 12,2, we have inclusions

YA(P1) © YHQ) > YHQ* - Y¥(P).
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By the claim above, and by 4.4, our conjugacy class [hyep) . {h,ioul Ties
~ in each of thesée subsets. By the definition of the reflex field, the assertion
follows. ged.

122 lemma: For any linear algebraic group G denote by YHG)
the (discrete) set of G-conjugacy classes of cocharacters of G,
(2} If U is the unipotent radical of G, then Y"(G)=Y%(G/U).
- (b} If H s a connected normal subgroup of G, then YH(H) < Y(G).
. {3 If € is reductive, PCG a’ﬁram&c subgroup, and U the unipotent
-radical of P, then the shbset .

YH(P)* = {AeY*(P)| X has nonnegative weights on U}
maps isomorphically to Y¥G).

Proof: Assertion (a) follows from the conjugacy of all maximal tori.
Assertion (b) holds, because G and H have the same image in  Aut(H).
For (c), fix a Borel subgroup B inside P. The fact that every weight is
conjugate to a unique dominant weight, means that every element of
Y%(G) possesses a unique representative in Y“(Bj’. Applying this fact to
- BCP, the assertion follows. ged.

>

We are now in the position to formulate our main results.

123, Main Theorem for the Baily-Bore! compactification: Consider

pure Shimura data (P,X) and an cpen compact subgroup K;C P(Ag).

{a) The canonical model MKHP,X) extends uniquely to a scheme
MELPX)* over E(P,X), with an isomorphism

MEIPX)* « MKE(P,X)* xg(px €.
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_ (b) All morphisms 3.4 correspond to morphisms of these schemes, defined -

) over E(P,X) in the case 34 (a), and over E(P{,X;) in the case 34 (b}
{compare 6.2, 9.25). The functoriality of these morphisms is preserved, as
* well as the assertions of 82 and 8.4 {ampleness).

{c) The stratification in 63, and the maps in 7.6, are defined over the
common reflex field E(P,X).

124, Main Theorem for the toroidal compactification: Let (P, X) be
mixed Shimura data, KiCP(Af) an open compact subgroup, and § a
Ki-admissible partial cone decompesition for (P.X). We assume that
Mléf(P,x.B) exists and can be covered by quasiprojective M’éf(P,I,.Sl)
for 8,C3, such that, on each .'MKI(P X,8y), some ample line bundle can

be described as in terms of wldlogl and line bundles as in 8.13 (e.g in
the situation of 9.21, 928, or 9.33).

(a} The canonical model. MXHP,X) extends uniquely to a scheme
MKI(P.X,SJ over E(P,X), with an isomorphism

MEHP.X.8) = ME(PX,8) xg(p ) C.

(b) All, morphisms 625 (a) = 115 (a) correspond to morphisms of these
schemes, defined over E(P,X). The same holds for the morphism [n}]* in
6.24. All morphisms 625 (b} = 11.10 correspond to morphisms of these

schemes, defined over E(Py,X;j). The assertions of 625 (functoriality, :

open embeddings, isomorphisms, quotients by finite groups), 626
" (smoothness), 8.6 (line bundle structu;e). angd 8.13-14 -(amhleness) are

equally valid for these schemes. -

(c) The stratifications in 7.2, 7.3, and 7.10 (see 9.36) are defined over :ﬂ:xe
commmon reflex field E(P,X), and the assertion of 7.17 {2) holds over
E(P,X). The isomorphism of 7.17 (b) (see 9.37) induces a canonical
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isomorphism between the formal completion of MKHP,X.8) and of
Stabp, (oINMKHPy X;,8,) aloni -

Staba, (oDAMSIEDP, 11 %1 10181 (o).

123, Corollary: Without the assumption on (P,X), ¥;, and 3,
f]u!xf{P.X,ﬁ)' always exists as an algebraic space. The remaining asser-
‘tions of 124 carry over literaily.

Proof: As in 934 (a), using 9:33 the assertion reduces to that in the
 theorem. qed.

12.6. Beginning of the proof of 123 and 124: The central points in

_both t.'heo;um {which Impiy the dmers; are :us {a), 124 (a) the
h exlstence of an extension of the canonical models; and the last assertion
of 124 (o) the ispmorphism of formal schemes at the- boundary. The
remaining assertions say that a certain morphism descends to the reflex
field. For ‘each such morphism, by the effectivity of descent of morphisms
([SGA1) exp.VIl thm. 52), it suffices to show that there is canonical
descent data. Since all our schemes are normal, this is certainly so if the
morphism descends on some open dense subscheme. Taking into account
925, 115 (a) and 1110, this proves that part {b) of either theorem

¥ follows from part (a). In particular, this proves the uniqueness in (a).

Likewise, in 124 (c} it suffices to prove the assertion for the formal
 neighbarhood of the stratum _Staby, (G DWHeIKD(P, 111X, (o) instead
of its closure. This assertion, togeihe’r with 123 (a), also implies 123 (c).
Indeed, fix any complete Kradrmssible cone decomposition 3 for (PX),
so that 124 holds for MKHP,X,8). The map of 6.3 lies in the commuta-
tive diagramn
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Staby, (oD M Pipy 1536 ) < DR
i - i
avoihon xpm) < pEEEe
for some cone o. By part (b) of both theorems, the two vertical maps

Qescend to E{P,X). By assumption, the upper inclusion descends to E, so
. the samne follows for the lower one, as desired.

By similar arguments, we may assume that K; is arbitrarily
small. In fact, either thecrem reduces to the quasiprojective case, in
.which quetients by finite groups exist. Thus part (a) of either theorem
reduces to all sufficiently small open compact subgroupsf,_an_d the rest
follows from the universal property of quotients by finite groups. |

... 127, Strategy of proof: of fhe.statements thatremam t.o be proved,
N the existence of MXf(P,X,8) and the isomorphism of form'a]. neigh_hor-
. hoods over the reflex field are intimately connected. In fact, we shall the
‘construct MKF(P,X,8) in such a way that 124 {c) holds automatically.
The existence of MKK(P,X)* for reductive P will be proved on the way.
The intuitive idea is the following.

_ In a way, we can view MK(P,X,8) as being glued together from
formal neighborhoods of torus embeddings along the unipotent fibre of
other mixed Shimura wvarieties, much as ;in the construction of
'MKI(P,X_8)(€) in chapter 6. Of course, one cannot glue formal schemes in’
o the way that would be needed here, so we have to argue more indirectly. H
" In any case, we rmust show that the "gluing isomorphism” given by 9.37
~descends to the reflex field. To prove this we use an analog of *special
.points™ namely certain embedded mixed Shimura wvarieties, for which
“-- the assertions can be shown directly. The descent is then effected by a
density argument similar to 11.6-10. ;
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This way of proving 124 (c) seems to assume 124 {a), but it proves
this assertion as well. In fact, when we have not vet shown the existence

of MKf(P.X.z), we can at least interpret the argument as proving that

“the descent data for Mlé_f(P,K) with respect to E(P,¥)CC extends to

descent data for Mléf(P,X,.S), and it remains o show that this descent is
effective. Here our assumptiqn about the ample line bundle comes in.
Sin_ée it can be expressed purely in terms of the toroidal compactification
of other mixed Shimura data, we get compatible descent data for this
ample line bundle as well. In such a situation, descent is always effective,

and we are done,

In detail, there are the following steps. First, we prove 124 in the
case of torus embeddings along the unipbt'ent fibre (12.8), Next, using
modular interpretation we do the same for (PX)={GLy . Hg) (see 129).

Taken together, these special cases imply 124 for certain (P.X), and

cone decompositions which are “supported” only on certain rational
boundary components {see 12.10-11}. In particular, if P is reductive,
this holds for all botindary components of codimension 1 in the Baily-
Borel compactification; and this is sufficient to prove 12.3 (a) {see 12.12).

In 1213, we prove that the embedded mixed Shimura varieties of the

"above special type satisfy the density condition alluded to before. Some

descent questions. are then dealt with in a general context (12.14-18},
before (in 12.17) we put everything together to finish the proof.

" first prove 124 in the situation of 6.8 Recall that fo(P X -

MY (Kf)((P X)/U} is a torsor under a (relative) torus, namely either
Mcf(P* X - M]’:(Kf)(ﬁ 0Hp), or the same with X,, Hy replaced by
h(X,), h{}g) respectively. Morecver there exists a unique Kp-admissible
cone decomposition 3, for (P,,X,), resp. for (P.h(X,), such that
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MEHPX) MEf(P,X,8) is the torus embedding associated to the torus
- embedding M%?(P.,X*) < Mlé?(P*,X*,/S*) (resp, with h(X,) in place of
X,). By 11.2, the common reflex field of (P,;X,), (P..h(¥X.), (6m 0. o).
and (B o.h{Hp)) is @, which is of course contained in E(P,X)«E(P'X').
Thus, by 1110, the torsor structure descends tc the canonical model
MEE(P,X). The assertion 124 (a) for MKH(P,X,8) now follows if we know
it for MKH(P,X,,8,), resp. for MXH(P,h(X.),8,). The first sentence of
. {c} is then true by the definition of the stratification in terms of the

canonical projection (see 5.2). The last assertion of {c) is a. tautology.

It remains to prove 124 {a) for (Py,X.} and (P, h(X,)). We begin
with (P, X.). Letting Ty := U(Q)QK?, by 6.9 the map in 3.16 induces

canonical isomorphisms

MEHP,X)  —— 6, ceTy MEK(G,, g, Ho)
N 8 1
MEN(P,, Xy 8] — (6m,cOTU 3y * MEKD(E, 0,H0).

. By 11:14, the first line descends'to an isomorphism
MKTPL, X0~ 6 OT x MYKD(G, 0.3to)

for the canonical 'models. Thus we may define MK'F{P*.X*,S.] as
* (Gm,00Ty)zy x MHKE, 0.0,

Finally we show how this implies the assertion for (P h(¥,)). As in
the proof of 11.15, let 1 be the automerphism: of (P, X, that is the
identity on P, and on h{X,), but interchanges the two connected
components of X. By assumption, this induces an involution [1] on the
cancnical model. MXi(P,,X,.8,). We define MKEP, h(X,).8.) as the
quotient of MK?(P.;.X*,.&*) by [, this quotient exists, since
: MK}E(P,,I,.,S*) is covered by affine MK?(P*.X,,E!), each of which is
.-stable under [1]. Since MK¥(P,,h(I.)) is the quotient of MK}‘(P;,.X,),
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and M%g(P,,h(X*),ﬁ.) the quotient of M%?(P,.I*,B*)_, our definition

gives the desired extension of the canonical model.

129, The case P=Glp g Next we prove 124 for (P,X)=(GLy q,Hp),

-as defined in 2.7. In this case every K-admissible cone decomposition is
-contained in a unique complete cone decomposition 8, with Mléf(P.I./B}
a M]éf(P,I}*. 1t suffices to consider this 3. By projectivity it suffices to
-prove the assertions for a cofinal system of open compact subgroups. So
we may assume that KgKdd) for d23, as in 10.19: Let Ty be the
moduli scheme of generalized elliptic curves over © with d-structure,
and _ﬂ]ldcj"ﬂd the open subscheme parametrizing (honest) elliptic curves,
By 1020 and 11.16, we have compatible isornorphisms

MEHPX,8) = Jac and MEIPX) = T4
To prove 124 (a); we just set MEK(P X, 3) = iy

In 124 (c), the last statemnent implies the earlier ones. Since in our
case ali the pairs (pf,(Pl,Xi)), consisting an element of P(As) and a
proper rational boundary component of (P,X), are conjugate under the
left action of GLp(@) and the right action of GLy( 2) (which normalizes
K¢}, it suffices to prove that assertion in any one instance. This instance

is provided by 10.22, taking into account 11.14 and 12.8.

Now we can prove the assertion for a certain type of boundary

components.

reductive P: Consider pure Shimura data (P, ¥) and a sur jective homo-
morphism P—sPGLy q. The inverse image of any rational Borel sub-

group of PGLp g -is an admissible Q-parabolic subgroup of P. We shall
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prove 124 in the case that 2 “is supported” only on those rational
boundary components associated to such parabolic subgroups. If (Py,X3)
is such a rational boundary component, then by assumption Ui has
dimension 1, so, as in 12.9, we have to prove the assertion for Just-one
4, the maximal one with the above property. In other wordé,. we want
to prove the assertion for M_Iéf(P.X)‘. as defined in 8.2.

Let us first assume that the surjection P—»PGlp ¢ lifts to a
morphism (P,X}—(GLy g, H2). Then PGL3q lifts to an almost cﬁrect
factor of P%**, isomorphic to Slp. g Let (P :='(P,3O/SL2_Q {see 2.9),
then since SLy(R) is connected, we get an embe’dding' (P.X) o {P' X'y
(GLp o,M2). Since E(GLy gHp)=Q, we clearly have E(P,X) = E(P',X"),
which is also reflex field of this product, Using 12.9, the assertion of 12.4

follows for the product, with the product of the trivial cone decomposi-
~tion for {(P,X"), and the unique maximal one for {GLz 0. H2). By descent
-of closed subschernes (ESGAi].exp.VHI cor. 1.9), resp. of morphisms, the

assertions also follow for {P,X¥).

In the general case, let B be the différence kernel of the twe maps
PxGly g =3 PGLy g The inclusion P o 'P'xGLg.Q corresponds to an
embedding (B,%) < (P,X)x{6L g,Hp) for some Shimura data {B,%). ‘The
kernel of the projection P—»P is isomorphic to G 0, and PX) =
(F,%)/6,, 0 Clearly E(F,X)=E(P.X). By assumption, the desired asser-
tions hold for (P,X). Let 3, 8 be the respective partial cone decompo-
sitions satisfying the condition above. For all open compact subgroups K¢
mapping to K, the morphism MXH(B,X,3C) » MKEP.X. ) is finite;
and even sur jective, since RYA6,,)=0. Thus we may define MY(P,X,3) -
as a iinite quotient of Mﬁf(f’,i,:g), which exists by quasi-projectivity.
This proves 124 (a), and the compatibilitiés {c) follow by descent of
‘morphisms. S



- 311 -

As the last special case, ‘we prove 124 for certain unipotent
extensions of the Shimura data of 12.19.

1211, Generalization of 1210: Let (PX) and 3 be as in 1210,

only this time assume that (P, ¥} is irreducible. Let (P, X} be a unipo-
tent extension of (P,X) whose unipotent radical W' is pure of weight -
2, ie. W'=U. Let 32 be a finite admissible partial cone decomnposition
“supported” only on the rational boundary components (P1,X1) associat-
ed to those {P1,X3) in 1210, As the last special case, we prove 124 for
- allsuch &' that are sufficiently fine, in the sense explained below, and a
cofinal systerm of K{CP'(Ap.

With (P,,X,) defined as in 128, (P,X") is {non-canonically) iso-

morph:c to the fibre product (P,,h(X,)) *(Pg,h{Xg)) (P.X} (see 2.20). Let

K= Kf )dKf CP.(Ap be neat, K;CP{A;) mapping to Kf, and let KicC
" P'(Ag) be their fibre product. By 3.11,

trot v — ¥ . , 1
MEHP X = MEKP,h(X,) MR Gy, g utat00 MEP .
Fix any K;—-admis_sible complete cone decompesition 8, for (P,h(¥.)).
By puliback, this 3,, together with the partial cone decomposition 3

considered in 12.10 induce a finite Kj-admissible partia} tone decomposi-
tion 3, for (P X'). Clearly,

- MEHP X80 = MEHP, n(X,),8,) *MKl g, g mtg2) MEHP X, 8);
i.nde_ed, for any (P3,X}) as above we have a corresponding isomorphism
. *
MEY(Py,X3,851) = MERP, n(X.),8,) “6H Gy g0 ML,

By 128 and 1210 these fibre products descend to the canonical models
over E(PXV=E(P,X), so we may define

- MEHPLX,8L) = MKEP,h(X),8,) *MKH(6,, . h(itg)) MKEP, X, 8).

This proves all of 124 for the given Be
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More generally, let 3" be any finite partial refinement of 3.
Note that, since 3, has the property that [3,(X'%Pippl = C*(X'°P))
for all p; and all (P1,X]) as above, this includes any sufficiently fine
decomposition “supported” only on these (P,X3). Then, both

MEHP X8 — MEHP X8
and the various _
MEE Py 3,8 — MERPLXy 800

_are allowable medifications in the sense of [KKMS] chil §2 p87 def. 3.
Since they are formally isomorphic, they correspond to the same "{rpp.
. decomposition™ (see [loc. cit] p86 def. 2). By the equivalence between

. allowable modifications and f.rpp. decompositions (fioc. cit] p.90 thm. 6%,

one of them descends to E(P,X) if and only the other does so. But by~

128 the second one does ‘descend, hence so does the first, and the

cormnpatibility is automatic.

1212, Proof of 123 (a): Consider pure Shimura data (P.¥) and
~ neat  KfCP{Ag). By 1210, the canonical mode] extends to a miodel
MEHRX)* of MEHPX)Y, over E=E(P,X). Define MKI(PX)* as the
closure of MXE(P,X)* inside

PY = Pr(MKIP,X)* wldlogl®™)

for any sufficiently large- n. By 8.2, this is a model of M]éf(P,X)*', as
desired. ' '

The following lemma implies that every boundary component can
be deformed, along a given collection of tangent directions, into embedded

mixed Shimura data of the special type considered in 12.11.
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1213, Embedding Lernma: Let (P1.Xy) be a proper rational
Boundary component of some mixzed Shimura data (P X¥). Let ucujcy,
with dim(U}/U)=1, and such that, for some (& for all) conmected
components X° of X* (see 4.11),

C(X° P} NU(RN-1) = &,

Then there exists irreducible mixed Shimura data (P.X"), an embedding
APXY S PX), and a rational boundary component {Pj, X3} of (P'X"),
. such that (Py,X4) is the rational boundary component of %
associated to (Py,X}) by functoriality (4.16), and

(2) P' contains U, and P'/U is reductive,

(b) P1NW3=Uy and Py/U; — Py/Wy, and
@ (P = Py PaLy g

. Proof: Without loss of generality we may assume U<=1. Since
C{X°%Py} is open, there exists an element ug € C(X°PpnUy(Q)(-1).
Take a point x€X° that maps to a point x1€X; whose imaginary part
8 'y, By defirition (4.14), int(uj)eh,,: $—Py g is defined over R. Fix
‘2 splitting  Py=W3XGj, defined over @. Then there exists a unique
element ujeUy(R) so that int(ui)nint(uii)ohxi factors through Gy p.
After replacing x by ul-x, and x; by uf-,_-xi, which has the same
imaginary part, int(uil)ohxj_ factors through Gy p.

Next, let wy be as in 46. Since U=1, it is defined over R.
Observe that, in the notations of 4.3, there exists a unique nonzero
element uscUg(R)N-1) such that int(ugleh,, is defined over R. The
identity hy =ceoh,, implies ug=tw,luy). Since dim(Up)=1, it follows
that w,(Ug} = Uj p. Now, by 4.9 (b),

intfusXGy g w,Hye

is & subgroup of Pg. Since uy €Wy (H)E), this is equal to Gy o x{Ho)g.
As in the proof of 4.9 (a), this group has a parabolic subgroup
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GI.C . Uli.C . (wx"ho’wmm.cn '

which. is contained in (G1-U'1-Z(P))c. Thus (Gg-Uy-Z(P))¢ is a parabolic
subgroup of the group

Pg = Gy ¢+ wylH) g Z(Pe.

_In particular, some parabolic subgroup of Pg is defined over €. For the

same reason as in the proof of 4.9 (a), Pg = P'xgC for a unique subgroup
P'cP.

~ Now we are practically done. Defining X' to be the P'{(R)-orbit in
- X generated by X, weget an embeddlng (PLX'} < (PX). There is an
obvious rational boundary component {UiXGy, XY of (P'X). The
assertions {a)-(c} hold by construction. If the (P’ X} so constructed is

_ __not irreducible, just replace it by an irreducible component g.ea:L

Next we want to prove éffgctivity of descent in a certain general

situation where the descent data involves formal completions.

MMQMMQQ: Let X bea iocally noetherian
scheme, and Y a closed subscheme of © ¥ Let 5\(- denote the formal-
completion of X along Y. Denote the incﬁusion X=X Y3 X by j, the
canonical morphism X—X by k. Since X is locally noetherian,
[B-AC] chlll §4 thm. 3 implies that kK.O% is flat over Og. Since jllk:
XUX-¥X s sur jective, it is a faithfully flat morphism of formal

schemes. Claim: There is a canonical exact sequence
0 03 — jOxok,0p — J«Ox 8oy k0%,

with the morphisms given as s—({s;s) and (st)—~s@1-10t respectively.

(i Jﬂ.k were an open covering, this would be the- Cech—resoluhon)
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Proof: The assertion is local in }_{, S0 We may assume X to be
affine, say X=Spec(A). If ICA is the ideal of Y, then X is the formal
spectrurm -of ﬁ, the I-adic completion of A. Fix an affine covering

Spec{A)—X, then by the sheaf property we have an exact sequence
0— A%:=T{X,0y) — A— Aoy A,

‘where the homomorphism on the right is given as & = 301-1@3. Since

‘R is flat over A, Red is faithfully flat, and we get an exact sequence

0— A— KeA— (Koh) e, (A0A).

We' shall prove the this sequence stays exact if the rightmost term is

replaced by its quotient A®4(A@A). Contemplating the commutative

diagram !

0 — A — RedA — (RepA)e (Aey A)
| J k)

0 — A — A%A — 0 @ A%,A
‘we find that this will imply the exactness of the second line, as desired,

To prove the exactness of the first line let K be the kernel of the
map A—A. Since supp(K)CY and A is noetherian, it is annihilated by
- some power of I, whence K& Aﬁ = K. Tensoring our sequence with the

short exact sequence 0 = K — A ~+ A/K - 0, 2 little diagram chasing
shows that it suffices to prove the assertion for A/K in placeof A, In
other words we may assume that the map A—A is injective, In this
case, by the flatness of A, the natural map ﬁ@ Aﬁ - Ae A}\\QAE is
- also injective. Now let (3,3)¢A@A so that 801-16a in A®jA In
ﬁ@Af&@A A we can calculate 1831 = aelel = 181®a, whence by
injectivity 3®1=18a in A®pA. This fact implies that our sequence
stays exact when we drob the terms Ae AlAed), as required. ged,
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1215, Functoriality: Let us consider j: X—X2Y and k X=% as

in 12.14, and another such situa_tion vﬁth FX=XD2Y and k. ¥-X.

~ Any morphism $: X'=X with 7 Y)Y induces compatible mor-

phisms ¢: X'+X and ¢ X'=X.  In particular we have a commutative

diagram

Og < . i * JuOyek,0yn
| _ S i

P, 0% —— [ kO = ji‘?e_te)('eki@iex‘

-Claim: If q) is scheme—theoretxca]ly dominant (cf. 5.6), this diagram is

cartesian.

. Proof: Contempl&tinf; the commutative diagram with exact rows - -
0— 6% — jOxekd% -— O ®egkO%
! 1 ol

0 = B0 — BuiiOx 0 3.ku0% —— GuliiOx Ogg KyOR)
we see tha_t it suffices to show.th?at the vertical -z.irrbw ‘on the right is
injectiv_e. Again the assertion is local on ‘)E. solet ADL K._ A% and A
be asin 12.14. Let Spec(A}=X' be an affine covering of X', and define
A, A likewise. Since A@p A © RepA, it suffices to prove the

zmectlwty of the natural homomorphlsm

By the assumption on - §, we have. A ¢ A" Thus, by tensoring
with the A-flat A, weget AoaAw Kepd = (Aoyhtep A’ On the
other hand, A®4 A" injects inte A® AR since

Spec(A®A A') = Spec(A) xx Spec(A')

— Spec(A) xx X' = Spec(R) xg X' = SpeclA e, A"

. is faithfully flat. Since A' is flat over &', the assertion follows. ged,
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1236, Descent Jemmar Let T—S  be a faithfully flat, quasi-
compact morphism of locally noetherian schemes. Let XtC Xt YT and
: f(T be as in 12.14, this time as schemes over T. Let Ly be an invert-

ible sheaf on X7, L-fzxf-rlx.r, and let L7 be the associated invertibie
sheaf on XT. Assume that we are given models (X,LJ of (X1,l7), and
(6.L) of {X1,l7), over S Consider another situation as in 1214, this
- time with schemes X'¢X'3Y', X' over S, and with compatible invert-
ible sheaves L', L', I Finally, suppese that we are given a morphism
§: Xr—¥X1 over T such that 4YD=Y7, and an isomorphism
$: 9*L1—=>LT. They induce morphisms ¢: X5—X7 and §: Ry X=X,
and isomorphisms. ¢ ¢*(L1) —LT and §: §*(Ep=p*(l1) =1y Let us
assurne that
- (i) (p,4) descendsto S.
(i} (9,) descends to S.
(i) The morphism §: Xp—Xy is scheme-theoretically dominant. -

(iv) Ly is relatively ample with respect to Xp—T.

Clai: There exists a unique medel (¥X,L) for (ET,'E];) over S,
cornpatible with all the morphisms above,

Proof: For any nonnegative integer n, we have a commutative

diagram for L1®®, analogous to that in 12.15:

I c i N Bl ek, f_‘_Teu
I : i

"{Sui:fgn — P=0ul 7" @ Pk E‘:-:1"m = j*‘P*L:l’.eanifP*f-"ron

Since f-;- is locally free, 12.15 implies that this diagram is also cartesian.
Denote the structure morphisms by f: Xp—T, f: Xt-T, and f Xp-T
respectively, and analogousty for X', etc. Applying f, to the above

diagram, we obtain the diagram
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LLT® s f7.(L7°Y & By (L1®™)

! !

B o fyeme T ipen

which is, by the left-exactness of f, again cartesian, '11;1 particglar, .
fALT®™ is uniquely determined as a subsheaf of ff_*(l;-r°n) @ fr..( I:f“)
-by the bottom part and the right hand part of this diagram. Now 'bf our
data, both these parts come from .sheaves and -morphisms over 5.
Invoking [SGA1] expVIII cor. 1.8, this shows that f{I7®") comes from a

canonical quasi-coherent sheaf @, on S.

Put Q:=@nzoﬁn' then its pullback to T is canonically isomorphic
to the graded algebra @néo f.(L1®™). By descent of homernorphisms of
_ she_a.ves {see [SGA1] expVIIl cor. 1.2), the algebra structure descends to

one on G Put P:=Prej{@), then by the relative ampleness of E—;,
- there is & canonical open embedding X1 < P1. The image of this embed-
. ding is the union of the images of X1 andof YT, each of which is stable
.- by the descent data on Py1. Thus, by [SGA1} éxpV1II cor. 1.9, the comple-
ment of X7 in Py descends to a ;:lo.sed subscheme .of P, helnce X
-descends to an open subscheme of P, as desired. The compatibility with

the various morphisms holds by construction. ged,

1217, End of the proof of 12.4: It remains to prove 124 {a), and
that in 124 (¢) the isomorphism of formal neighborhoods of
Stabai([cr})\M"{ﬁl(K})(Pg_[63,3(1‘{5}) descends to E=E(P,X). Let {P,X), K
& be as in 124, 1t suffices to prove the assertion for every B2, so we
may assume 8=8,, and that B8 is finite Then, by assumption and by
813, there is a line bundle MKH(P X' ,3) » MENP,X,8) so that, if T
denotes the associated invertible sheaf, W21 is relatively ample with
respect to M%f(P,X,ﬁ) - ME{Kf)((P.BEIIW)“. By 713 we may further
assurne that the condition 7.12 {«} is satisfied for 8.
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We proceed by induction over the (finite} number of double classes
in  P(QN\B/K;. Fix peP(fg), and 2 rational boundary component
{(P1,Xy) of {P.X). Let Kh=Py(AINpeKepi L and
- A% Pl B(py x,))° and fix a double coset {c]ePi(Q)\,S‘i/K} such
that o°CC(X°P;) for some . X° By gluing, it suffices to prove the
assertions in the case that 3 is the smallest Ks-adinissible partial cone
decomposition that contains o. Let 8,C8 be the unique K¢admissible
partial cone decomposition that contains all proper faces of <, but not
¢ itself. Let 3,C3 be analogous, then we may assume that both
MKf(P,I,Bo) and .MK'f(P',X',.&,} exist. We have to prove the same for
MKHP.X,3) and. MKH(P',X",3"), and that the isomorphism 9.37 descends
. to- E This will follow by applying 12.16. Witheut loss of generality, we
- may assume pg=1l. By 128, we may assume that (Py,X4) is a proper
rational boundary component of (P, X).

. In the setup of 12.16, put T:=Spec(€) and S:=Spec(E). As models
_over 3 we define X := MKf(P,BE,Bo),' and let X be the formal
completion of Stabal([cr])\MK}(Pi,Ii,ﬁg) along the stratum Y =
StabA1({0])\W0}(K})(P1.{,],3€1.[5]). We let Xp=MEHPX,8), with the
isomorphism }‘(T':"K xgT given by 937. For the line bundle, fix any
- ample line bundle fl on M“(Kf)((P,I)/W)*. Then, for some positive
- integer n, Lp=M®1eN1®7 is ample. By assurnption, its restriction to
X7 has an obvious model over S, and the same holds for its pullback to
X7; with MEHPX',8) —» MKKP,X,8), respectively

Stabay (DWMKY (P %3, 88) — Staba, QDMK 4,89
in place of MKHP'X',8) - MRH(P.X,3).

To define X', we apply 1213 to (P,X) with all UcUjcUs such
that ¢®nNUL(RN-1) = &. Denote by i,: (Po.X.) & (P.X) all embedded
. mixed Shimura varieties thus obtained. Denote by w¥ ¢ all elements of
Wiyl#g). For all ¢ and p, let K?@ be some open compact subgroup
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inside Po((Af)ﬂwﬁ_;-Kf-(wﬁ,f)'l, and let .8;5 denote the smallest K3*-
admissible partial cone decomposition for Py, X,) that contains
UL (R)I(-1)n 0-(w§.f}"1. By 12.11, we can choose K{¥ and a refinernent
Bop of .8:,3 such that 12.4 holds for (P, ¥g), Ki°, and Bxp. Observe
that, using 12.1, the characterization in 1213 implies E(P.Xy) =
E(P¢,X4) = E. The inverse image of X7 -under the map

[ deliodh: MET(P X Bag) —~ MEPX,8) = Ky

is just Mlé?qs(Pu,Xa,.Saao) for some partial cone decornposition
BupoClap Welet X' e the disjoint union of all M<TP,, X, 8,9,
with §: Xp— Xt the disjoint union of the above morphxsms and X' the

disjoint union of all MK?B(P KXot Bopo):

By 87, the pullback of the line bundle MKf(P X 3') - MKf(P E.)]
is the line bundle MK?&(P Ko o) — M%F(Pa,xwﬂaﬂ) for some
(PoXid, 34p and K§™, for every o. Thiis by 1211 it has an obvious
model over S, By the same argument as in 126, the composite _
‘rorphism  [r]"ef -wh dolio] , descends to a morphism. M F(PQ,X“,B@)
— MHReX(p, X)/WY. Using the pullback of 3l under this morphism, we .

get an obvious model of §*(Ly) over S.

Now all objects needed in 12.16 have been defined. The conditions
B, (i), and {iv) hold by construction. To get the desired assertion, it
rernains t6 show that the mofphism o X=Xy is scheme-theoretically
dominant. Recall how this morphism is defined: for all o and B, it

comes by formal completion, and by taking the quotient by StabAl([ol)
{rom a morphism

v deliod: METT (P X 01, 8%50) — MEHP, %, 89,

~where {Pyy.X41) is a rational boundary component of (P X, ). It

_suffices to prove the same assertion without taking the quotient by
Staby, {{al. |
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By 6.8-9, since (Py,Xq) is a proper rational boundary component,
ME*(P;,X;,BE) is a relative torus embedding over M‘E‘K})((Pl,xl)lul)
with respect to the split torus &, ¢8{Uy{(@)N K%). A neighborhood of our
stratum is given by the affine relative torus embedding with respect to
“the cone Mo)CUj{R). Let us introduce new notation. Let T be the torus
A oyér € with cocharacter group R-l(c)ﬂU;(Q)nK‘}. Then

X:= M!g}(pi,xg —— S led‘x}’(l’uaz.h.ru})

is a T-torsor, and letting 5‘(‘\(,,) be as in 5.7, our formal scheme Xp

becomes a finite quotient of )A{z(,)-.
Next,
Mﬁ?ﬂ@abxaﬁ&gﬂ — M‘é‘xfm)((?m.xaﬁfwal)

is a relative torus embedding with respect to the torus with cocharacter
group U 4(Qn Km. We are only interested in a neighborhood of those
strata’ that map to the closed. stratum of )':(3(5); this is a torus

-embeddmg with respect to the subtorus T ﬂ ‘with cocharacter group
R-A0) NV (Q)N K?m. The morphism

o helicd: MEF (P Xo) — MEHPy %,,89)

. is still defined if we replace K?ﬂ by K}’m-(ﬂ-)t(c) nU(Q)n K}), which
corresponds to dividing by a finite subgroup of Tog- Then T,y becomes
canonically identified with a subtorus of T. Our neighborhood is the
- torus embedding wiih_ respect 1o some partial cone decomposition of
R-X(OINUey(R) with support Me)NUgq(R). Let 7¥g denote all those
cones in this decomposition for which ('rip}"cl\(é)" Since W1 central-
izes Uy, we find that nelther TegCT, nor the set of these 'ra, depends
_on wﬂif Therefore we may write To and 'r:;. Fixing o and ¥ we
now let '1'lf CTa be the subtorus with cocharacter group IR-'rq NUx(@n
Kf We Iet Xx —+S be the dlSJDlnt umon of the. T wtorsors
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M!((:?qﬂ(P 'ociaxcxl) - METM(K%)(P&LR‘&anl.['ra&])

for all p. The maps [ -wigleli] induce a Th-equivariant morphism
(00 (x5 St (XS). Since the induced morphism of the formal

completions @fx: iL'T:& - 5(1(6) factors through the morphism which we

have to prove to be scheme-theoretically dominant, it suffices to prove .

that the disjoint unicn of ali @L 1s scheme-theoretically dominant.

This will follow by applying 5.7. In fact, conditions (i) and {ii} of 5.7
hold by construction. To finish, it therefore remains to prove that every
Yo S‘;—*S is scheme-theoretically dominant. Since S is a normal
scheme, it suffices to show that its image is Zariski-dense. Recall that by
1213 (b}, Pg1 has the same reductive part as Pq. Thus P&y =
Pu1(A-W1{Ag), which, by the definiticﬁ of q:i. implies that its image is

the sarme as the union of the images of maps
A pfandeliok Mc?l (Pt (1 Xt [ ) — M’E“I(Kb(ﬂ (o X1fe)

for all py s, 1€P1 [‘,](Af) and some Kj odx for whxch these morph1sms
are defined. By 11.7 this is Zansk1—dense as desired, This fxmshes the
proof of 123 and of 124. ged.

. As an application of 124, we study q-expansions in our sett’ing. '

mmmmmmmmm Consider 1rreducxble mlxed; .
Shimura data (P,X), a neat open compact subgroup K;CP(Af) a K¢
‘admissible cone decomposition” 3 for {P,X). Assume that 3 is
concentrated in the unipotent fibre, and that there exists a morphism
(P,X)~+{6, 0.Mo). Then by 6.8-9 {and, of course, 124) MKAPX.8) is a
relative torus ‘embedding with' respect to a split torus &nL,@ly and a
rational partial polyhedral cone decomposition B8y of U(IR). Fix a coset

[a)e8/P(Ag), and assume that B is the smallest Ky-admissible cone
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decomposition-containing . Then' By consists of all faces of the single
cone o), for A associated to the connected component X° with
ce.&(? X°pg). Letting T:= Gme(l"uniﬁ' o), we have R-0°Y{T)p, and
MRI(P,X,8) is also a torus embedding with respect to T. The closed
stratum is just M“Iﬁl(Kf)(P[,].x[.,]) in the notation of 7.1. Let us denote
the canonical projec_tion MK!'(P,K R) — M"IU](Kf)(P[.,g X(op by .

Every character X ¢ X*(T)=Hom(I'ynR- -Mo),2)" induces an isomor-
phlsrn U@INR-A{(0)/Q-ker(X) = @ = Up(Q), and so defines the structure
of a {(Pg.Xg)=(Gp g.Ho))-torsor on (P X)/(ker(xb-i*(P[a].X[U}) This

definesa & m~torsor structure on
M(Kf mod <ker.(x)>}((p.x) Iker(X)) —— Mﬂ[o-](Kf)(PIv].x[U])_

Let us denote the associated invertible sheaf by Ly. By 543, the direct
imag_e under 7; of the structure sheaf of MKf(P,X,B) is the direct sum
of all these Ly, for which Y is nonpositive on  Mo). Denote by M the
forma] cornpletion of MK(P,X 8} aiong the closed stratum, and by i

M- M“fdl(xf)(P[,] X5 the retraction induced by ;. By 513, we

have a canonical isomorphism
o0 = 11, Ly,
the sum extended over the same Y eX*(T).

More generally, let F be a locally free coherent sheaf on

-_MKf(P,x,.B), and ¥ the associated coherent sheaf on M. Assume that

we are given a coherent sheaf ¢ on MMol(Ks P X)) and an isomor-

~ phism F=n,9. whence an isomorphism F=fi;g. Then we have canon-

ical isomorphisms

Tea¥F =D, Ly8g and #,,F = T, Zyeg.
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In particular, for any E=E(P,X)-algebra R the given data determines an

isomorphism

T(MxgSpec(R),F) = TT, T(MHI®O(P(, X{5)) < Spec(R), L®9).

1219, Definition of _g-expansions: Let MKI(P,X,8) be a toroidal -
compactification; for simplicity we assume that Kp is neat. Fix a
stratum  Staba, (IAMTIKDP 1 Xy (o~ of  MEHPX,8)\MKIER0).
. Let .Mj; denote the formal compietmn of MK%(Pi X187 along
.M“IUI(K})(PL[‘,],XL{‘,}), and fiy: My - M“lﬂl(K})(Pl.[,].Xi_{d) the retrac-
tion, as in 12.18. Let ¥ be a locally free coherent sheaf on MEE(P,X,3),
~and ¥y its pullback to Mj under the morphism 124. Assume- that we
are given an isomorphism ?1=11191. for some local]y free sheaf 4y on
-_M"[*ﬂ(K})(Pl fobX1[e)- Let E=E(RX), and R an E—algebra. By pullback

of sections and by 12.18, this data determines a map

r(MKf(p X, 8)xgSpec(R),F)
| — 11, r(w:uzm’ﬂwi fol s, [cr})"ESPeC(R) £4981),

" . the product being extended over.all % ‘as in 12.18. This map can be

interpreted as associating to each-section of F .its “g-expansion
Eggiligigllginn

For certain ¥ this can be made more explicit..Assume first that

7 is defined in terms of the internal geometry of our toroidal compactifi-
_cations: for instance in terms of éhéa_ves of. differentials possibly of loga~
rithmic poles (compare 8.1), for the given (P,X) or for _other_mixed- Shi-
mura varieties, and/or in terms of the line bundles in 8.6. Then the same
definition gives rise to a coherent sheaf ¥; on MK}(PLX;, 9), and 124
{c) vields a cancnical isomorphism be_tweén %, and the coherent sheaf
on fd1 associated to Fy. Next, by 8.1 a canonical §1 -exists in the case

Fswldlegl. By functoriality, the same follows for any other sheaf defined
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in terms of wldlog] for the given (P,X} or for other mixed Shimura
varieties. In particular, for F=wldlogl®® and 3 complete, the above
definition of g-expansion applies to the space

N{MR4(P, X, 8)xg Spec(R), wldlog)®")

of all Rrvalued automerphic forms f of a certain’ weight. The
g_gxmm of f is a {in general mﬁmte) collection of R-valued auto-
morphic forms fi.« on M“IUI(K})(Pi Lol X1 {c) of certain other weights.

These automorphic forms are generalizations of Jacobi modular forms;
the condition at infinity_ being played by extendability to some toroidal

compactification.

12.20. A q-expansion principle for . E(P.X)-rationality: In the
situation of 1219, let us now consider a finite number of strata
StabAi([oﬂ)\M"%ﬂ(K})(P;_[o-i],xi.[gi]), and write M;, ¥, #; accordingly.

We assume that the map
U, Staba, (oMo KPP, (1%, (4 )(€) —— MEHPX,3)(E)

induces a surjection on the sets of connected components. Then, since
MEEP X,8) is a normal scheme, our assumption implies that pullback of

sections induces injections

r(vEe(P,X,8),5) —— @, Tiv, 5

) £
NMEPX.8.5) — &, I%,¢.%).

Clearly this diagram is cartesian, ie. F(MKf(P,X,B},?;) consists of those
sections in T‘(Mléf(P,X,z).,‘.’r') whose pullback to every M ¢ is already
defined over E. If for every i we are given a product decomposition
_.-;“ri_,.(?i) = Hé(giecm). then this means that a section in
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]"(M%f(P.K,B),?) is defined over E if and only if every "coefficient in the

g-expansion” is defined over E, ie. liesin

r(M“Iail(Kh(P;,[q].xx,{q]).%@ﬁ1,«)-

- Sometimes the abéve surjécti\}ity condition already holds for just

one stratum. This is so for inStance if (P, X) is irreducible; the sel"rii'-' A

simple part, (P/W)deT, of P js simply connected and there ex1sts an
algebraic “local cross-section” (P/WY(P/W)9eY <3 Py Indeed, under these
- circumstances we have P(A} = P{{A}P%"(A), and the surjectivity

follows from 3.9.

Remark: The same result has been obtained by M. Harris for arbi~
- trary “arithmetic vector bundles” on pure Shimura varieties, in teims of

the Baily-Borel compactification (see {Hall, [Ha2]).

1221, Example: Hilbert modular varieties: Fix a totally real number
field F. Let P:=Rp/qGlyr, and X=h(X) be the P(R)-orbit generated by

h: S(R)=€* — P(R)=(GL,(R))F/Q),
xeAy = (500

This orbit does not depend on the'choice of A ':(of cbﬁrse using such a
choice it can be identified with (C\R)IF/?Y. The reflex field of P, 3{) is

Q. not F¥ There is precisely one conjugacy class of proper rational
boundary components of {P,¥}, ‘eg. with representative
' CT6ma RFgGas)
pl__-.(rg.r .1a.§‘)_ |
Here every hy, for xj€¥y is of the form €%z e (Zg I). and - (Py,Xq)

Is isomorphic to the [F/Q)-fold fibre product of . (Pg,Xg) of 2.24 with
itself over (G, .Hp). In particular, Py, X1}/ W1=(Gy, 0.%0)-
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It follows from 123 that in the Bm!y—Borel compactification
MKe(P x)*, the boundary is a fm:te disjoint union - of certain
MK?(Gm o). In partlcular the field of defimtlon of every geometric
point of the boundary, ie. of fo(P JXPE) ~ MKKP, XNE), is an abelian -
‘extension of Q. Of course, this field of defmmon may be larger than the
field of definition of the associated cennected component of MEHp, b9 (]
In the torcidal compactification, it is. well-known how the arithmetic of
F comes into play. This is described in M. Rapoport’s thesis [Rapl, in.a

strictly more general setting {i.e. not restricted to characteristic zero).

mlixmz;[he_gm_qnn,n Let ECC be an imaginary

quadratic field (w1th a fixed embedding into €), V an F-vector space of
dimension n+1:3, and H:VxV~E a nondegenerate herm:tmn form’
that becomes of type (n,1) over €. Welet P be the group of umtary '
similitudes of V with respect to H,

P:= {geRyQGLE(V)IH(gv,gQ')=t-H_(v,v’) for some teRE/Qb, £}

Every homomorphism h: 8-+ Re/pGLE(VOEL) such that V@pC becomes :
of Hodge type {(~1,0),{0,-1)} - induces another structure of {-vector
space on . V@gC,- which commutes with the old C-structure. Thus it
defines a decomposition . VOg€=V*®V", where V* (resp. V7} is the

" subspace where the two C€-structures coincide (resp. -differ by cornplex
"~ conjugation). If we further require that V* and V- are ‘orthogonat -

with respect to H and that Hly- is negative definite (whence
dim(V7)=1, dim{V*}sn, and Hhys is positive definite}, then ‘h ' rhust

. factor through Pg. The set X of allsuch h constltutesa P{R)-orhit,

and (P,X} is pure Shimura data Since n>2 PR} and hence X are
connected. The reflex field of (P?() is E.. Lo
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Every maximal proper @-parabolic subgroup QCP is the normal-
izer of a nontrivial isotropic subspace V'CV. In the given case, we must
have dim(V')=1, and Q also stabilizes {V*)* which is of codimension 1.
i (Pg,Xq) is the aséociated rational boundary component of {(P,X), then
. for every x1€Xy; and zeS(R)=CX, hy,(2) acts on V'@gC through
multiplication by 22, on” ((V')*/V)@gC through multiplication by 2,
and trivially on (VAV))@g€. Since the semisimple part of G is totally
. -anisotropic over R, Py is solvable, and, in fact, P1/W1=Rgrobm E
Since. X is connected, we have 1Xjl=1, and the associated homomor-

phism is the isomorphism

§ = Re/gEim,¢ = (Re/abm p)*EC.
Moreover dim(Uy)=1, and dim(Vy)=2(n-1).

By 123, the boundary MXHPX)* « MES(P.X) of the Baily-Borel
compactification is a finite disjoint union of certain -M“(K%)({Ph)(i)/w 1)-
In particular, the field of definition of every geometric point of the
boundsry is an abelian extension of E. Since dim(Uy)=1, there is a
unique complete cone decomnposition 8 for (P,X). By 124, the
boundary of the associated toroidal compactification is -a finite disjoint

, union of certain M“‘('K%)((Pi,xﬂmi). The famiily M“'(K})({Pi,xlimx) -
_ M"(K})((Pl,xi)lwi) .15-a torsor under a family of abelian varieties of
dimension n-1, isogenous to the (n-1)-fold product with itself of. an

- elliptic curve with complex multiplication by E. By 124 (c) the normal i |

. bundle of M“'ixi)((Pi,xi)/Ul) ‘in fo(P,K,,S) is isomorphic to the line
~ bundle MK}(PLXI,E'Q' -3 M"'(K})((Pi,xi)/t!i). The coefficients of the g-

expansion of a modular form
1 € T(MKIR, X, 8) wldlogl®™)

. are sections of all nonpositive powers of the invertible sheaf associated to

- this line bundle. (Since the stratum is blown down in the Baily-Borel



