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faithful representation of G, and p' another representation of G, then
the group i"p above for p is the same as that for pap', and contains
that for p’. Thus if g; is neat, then its image in any representation of
G is neat. A subgroup of G(A;)} is called peat if all its elements are neat.
Clearlyé subgroup of a neat subgroup is again neat. If H is a linear alge-
braic subgroup of G, and K¢CG(Af) is neat, then H(A)NK; is neat. .If

' ¢:G—H is a homomorphism and- K;CG(A;) is neat, then ¢(Kp is neat,

since we can consider any faithful representation of H as a representa-
tion of G. The neatness property is invariant under all automorphisms
of G, and all inner automorphisms of G{A;). From the definition it is

clear that if K¢CG(As) is neat, then G(Q)NK; is neat in the usual sense.

Finally fix an integer dz3, and let Kf:(é)CGLn(i) be the subgroup
of all elements that act trivially on Z%/d<Z®. We shall show that Keldy
Is neat. it follows that every sufficiently small open compact subgréup of
a linear algebraic group is neat. The proof of the neatness of 'Kf(d).- is

standard. Note. that d is divisible by some prime power p'23. Consider

“-an element gLeGLA(Zp) that acts trivially on 73/p'-23, then it suffices

to show that the group T, p' above does not contain a nontrivial root of
unity, By assumption every eigenvalue of gp in ip (the algebraic

closure) is congruent to 1 modulo p‘-'l-p_. Thus the same follows for

_every element of [, and we have to show that every root of unity

e fp, ‘that is congruent to 1 medule’ pi-ipi is equal to 1. Since the
residue class of ¢ in f; JisT 1, the order of ¢ must be a power of p.
Suppose this order is p with j21, then the following inequalities for

the p-adic valuation
vpl1-2) 2 vi(ph = ivylp) = .i-p-"i-(p-l)-vp(i-c)' 0

imply i«{(p-1) s i-piL(p-1} s 1, which contradicts the assumption that
p'23. Thus t=1, as desired.
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1. Equivari families of mixed Hod

Usual Shimura varieties can be viewed analytically as moduli
.spaces for variations of certain polarized pnrg Hodge structures, or
_combinations thereof. Thus, in analogy to [D2] §1.1, a natural starting
point for us is to study how certain Qariations of mixed Hodge structures
can be. expressed in group theoretic terms. For most of the chapter we .»\ _)
consider the case of rational weights, that is where the weight filtration-
is defined over Q. In 1.3-18 we describe equivariant families of Tational
rnixed Hodge structures: these form naturally a complex manifold {1.7).
Then we analyze which of these satisfy the twé requirements:
(a) Griffiths transversality (1.9-10), and (b) polarizability of all' pure
constituents {1.11-12}. To avcid seme paihologie_s we replace the group in
question by a smaller one (1.13-17). Thus we are lead naturally to the
group. theoretic data described in 1.18. Since Ithe rationality. of the weight
is a true restriction for usual Shimura varieties, it is des:rable to’ drop
this requirement. It turns out that to: define mixed Shimura vanetles it
_ is enough to assume that the wexght acts rationally on the “mixed part
of the data (see 33 {aJ) The modlflcatlon 119 of the data of 118 achieves
thls

mﬁszdze.ﬂum (compare [D3) 552.1 and 23) Let M bea
5 finite dimensional Q-vector space, A m&ﬂﬁwwmugl

on. M isa decomposition Mg = Spegen MP9 into €-vector spaces, such Kw/
that for all p,geZ with p+q~n one has {(MTP) = MP4. The assocxated

- {descending) Hedge filtration on Mg is defined by - FPMg = @F 2p MP' Q.

It determines the Hodge structure uniquely, because. MP2 = - FPM¢ N
(FiMg.

A rational mixed Hodge structure on M consists of an ascending,

exhausting, separated filtration {WnM}pez of M -by Q-vector spaces,



o

-7 -

called weight filtration, together with a descending, exhausting, separated
filtration {FPMgipez of Mg, called Hodge filtration, such that for all

" neZ the Hodge filtration induces a pure Hodge structure of welght in on

G nM = W,M/W, ;M. A pure Hodge structure of weight n s

considered a special case of 2 mixed Hodge structure by defining the

. weight filtration as WM = M for n':n, and WM = 0 for nn.

The Hodge numbers are defined as h¥ 4 := dimc(Grg\iqM)p'q. They
s&tiéfy h9P =« hPE almost all hP9 are zero, and their sum is equal to

the dimension of M. If ACZ®Z is an arbitrary subset, then we call a

- Hodge structure of type 4, if hP9 =g for all (p.g)eA. The weights

that occur in a Hodge structure are the numbers p+q for all pairs (pq),
for which hP9=0. The notions "of weight <n~ and “of weight sn" are

defined in the obvious way.

A morphism of rational mixed Hodge structures is a homomor—
phism f:M—M, such that S(W,M)CW,M' and f(FPMJJCFPM¢ for all
n,pcZ. By (D3 235 (i) the rational mixed Hodge structures form an
abelian category with these morphisms. Given rational mixed Hodge
structures on My and M,, there are canonical rational mixed Hodge
structures on  M;@Mp, the dual (My)”, on Hom(M;My), and on
MyeM; (see [D3] 116, 1112 and 21.11).

A mixed Hodge structure on M 3plits over R, if there exists a
decornposition Mg = Gaqup"f, such that W Mg = @p.qen MPH, FPMg

. = @pup MPE, and (MTP} = MPY, This decomposmon is then uniquely

determined by these properties. Every pure Hodge structure splits over
#, but not every mixed Hodge structure does. If one weakens the

requirements, however, one can still associate to every mixed Hodge

- structure a canonical decomposition Mg = @p_q MP4, as in the following

proposition. - :

R
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1.2, Propositiony: Fix a rational rnixed Hedge structure on M.
{a) There exists a decomposition M = @p_q MP9, such that W Mc¢ =
BprqenMP? and FPMg = By, MPS
% N c} (b) The Hodge structure is uniquely determined by any such decomposi-
o ' ( tion.
(e} There exists a unique decomposition as in {a}, which also satisfies
TMTF) = MPY mod Byep, gq MPY. &y
Proof: (a} follows fromi (c}, and {(b) is obvious. For the existence in (¢)

" see {D3] 1.2.11, for the uniqueness [CK] 2.2. ged.

Bemark: In general there exist different decornpositions satisfying
{a).

13. The Deligne-torus: {compare [D2] 111 Attention: Our conven-
tion is opposite to that in (D1} 1.3 and (D3] 2.151) Consider the torus § :=
. Rem €m.¢ Over €. it is canonically isornorphic to- &y, ¢x6y, ¢ but the
action of complex conjugation is twisted by the automorphismm ¢ that
interchanges the two factors. In particular $(R)=C* corresponds to the
points of the form (2,2} with ze€*. While the character group of & ¢
is- Z in the standard way, we identify the character group of $.. with
Z®l such that the character {p,g) maps 2eS(R)=C* to 27P{Z) 1 ¢
€*. Under this identification the complex conjugation still operates on
1ol by interchanging the two factors. Consider the homomorphisms'f
w b poS, Rt o tef® G 'S¢ €z = (zJi){Cx.xcan{E); ~
and thenorm N: § + 6, p, S(R)=C¥52 = Z:ZeR*. The kernel St of - N
is anis‘otrbpic over &, and we have a short exact sequence 1 — 31 = 3

—p Gm_n __‘" 1.

Llet M be a finite dimensional Q-vector space. The choice of a

. representation k: S¢—GL{Mg) is equivalent to the choice of a decompo-
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sition Mg = @p g MY, where MPT is the eigenspace in Mg to the
character (p,q). Likein 1.1 we call WyMg = @pegenMP9 and FPMg =
.®p'2p MP? the associated weight filtration, respectively Hodge filtration,
ahd define the notions "of type A", pure, etc. in the same way. These
: n_ofions coincide with those of 1.1, if the filtrations are those of a rational
e ;rgnixed Hodge structure on M. We next study the question, under which

" “conditicnon k- this is the case.

lﬁhl?rgmsmmn Let P be a connected linear algebraic group over
Q. Let W be the unipotent radical of P, let G=P/W and n: P—G the
canonical projection. Let h:'S¢g — Pg¢ be a homomorphism, such that the
following conditions are satisfied: -
(i) meh: S¢ — Gg is already defined over R.
(i) wehew: Sm,r — Gp is a cocharacter of the center of P/W, thatis
already defined over Q.
{iii) Under the weight filtration on Lie P defined by Adp;vh we have
W.ylLie P) = Lie W.

Then:

(@) For every representation p: P—GL{M), defined over €, the homo-
morphism  pelr: S¢ — GLIMg) induces a rational mixed Hodge structure
on M. ' {

{b) The weight filtration ori M is stable unider P.
(c} For any peP{R)-W(E) the assertions {a) and (b} also haold for int(p)h
in place of h. The weight filiration and the Hodge numbers in any repre~

sentation are the same for int{pleh and for h.

Proof: Assertion {c) follows directly from {a) and (b}, because the
conditions (i) to (i) are invariant under conjugation by an element of
P{R)-WI(T). For (a) and (b} we first use induction to prove the staterment:
The weight fiitration is defined over & and stable under P.
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In the case dim M = 0 there is nothing to prove. Otherwise there

exists a short exact sequence 0 — M — M — M" — 0 of representations

of P, with M" nontrivial and irreducible. Let My be the space of . W-
coinvariants of M, then M" is a quotient of Myy. By definition My

is completely reducible under P, so there exists.a P-invariant subspace |

NCM with N+M'=M and M'sim(N)CMy. If N is properly contained
in M, then tlie assertion follows from the formula W, Mg = W MY +
Wylg for all neZ and the inductive assumption. Otherwise we have
M'=Myw. The differential of p -induces a P-equivariant linear map

{Lie W)@M — M, whose cokernel is precisely the space of (Lie W)-

coinvariants, so again equal to M". Thus we obtain a surjective P-equi- .

variant map {Lie W)@M — M’ Let n be the highest weight that occurs
tn M. Since by assumption Lie W is of weight . <-1, ™M' must be of
weight <n-1. Thus the weight n does not occur in M, hence it rmust
. occur in M". By condition {ii) every irreducible representation is pure of

some weight, so M" must be pure of weight n. For the weight filtration
we thus.get: W M¢ . WmMe for infn, and W,;,Mc = Mg for man.

Therefore the assertion foliows from the inductive assumption for M.

With this (b) is proved. For (a) it remains to show that for every
- nel th_qudge filtration induces a pure Hodge s_iruciure of weight n on

Gr‘:.lvM = WyM/W,_1M. Since Gf‘gM, as we have just proved, is again a

representation of P over @, it suffices to show: f M is already pure of

. weight n, then the decomposition Mg = Dprq=n MP? is a pure Hodge
structure of weight n. Let us again consider the map (Lie WieM -+ M
of above. The left hand side is mixed of weight sn-1, the right hand side
pure of weight n. Thus this map must be zers, which means that W
operates trivially on M. By (i) the operation of §¢ “on Mg is therefore

defined over R, so (MTF) = MPY for all p, q with piq=n. ged.

)
-

P
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o
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13, Proposition: et M be a finite dimensional Q-vector space. A
 representation k: §¢~GL{M¢) defines a rational mixed Hodg_e structure
on M, if and only if there exists a connected linear algebraic group P_
over Q, a representation p: P-»GL(M) defined over Q, and a homo-
'morphism h: 8¢—Pg, such that k=psh and the conditions in 1.4 are
™, satisfied.

Proof: One implication is already contained in 1.4. So let us assumme
that k. induces a rational mixed Hodge structure on M. Let PCGL{M)
be the stabilizer of the weight filtration, this is a Q-parabolic, hence

. connected subgroup of GL(M). Let p: P&GL(M) be the ‘inclusion, then %
factors in exactiy one way through a homomorphlsm h: $¢—+Pg. By as-
sumption ar™ nM is a pure Hodge structure of weight n for every nef.
Thus for all p,geZ with ptg=n the space W = (('Sr,,M)"'q is
the eigenspace in GrnM assoc:ated ‘to the character c((q,p)) = {p,9), 50
the operation of S¢ on GrnMc is already defined over R. Since
furthermorer G pCS acts by scalars on Gr‘gMR, its operation is given
by é'coéharaéte.r G Q - Z(GL(Gr‘gM)J that is defined over Q. The
properties 14 (i) and (i) now follow from the isomorphism P/W =
T, GLGr M), - -

- Finally Lie P is the successive extension of HOm(Gr‘,:rM Gr‘;vnl\d)
for all nzm, and Lie W the successive extension. of Hom(Gr ¥ aM GrmM) '
for all mwm. In Hom{GrnM GrmM)c as representation of S¢ only

\ ) characters {p.q) occur with ptg=m-n, so Lie W comtains precisely all
eigenspaces in Lie P asseciated to the characters (p.g) with p+qse-1.
This implies 1.4 {iii). ged,

1.6. Equivariant families of Hodge structures: Generalizing {D2] 1.1.11

and 1112 we want to parametrize certain rational mixed Hodge struc-

tures by a homegeneous space under a real Lie group. Furthermore we
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-want this group to come from a linear algebraic group over Q. Finally
the hgm_égeneous space should be described in terms of homomeorphisms

S¢—P¢ and should carry a canonical: compiex structure.

More concretely let P be a connected linear algebraic group over .- o

€. In a crucial case {see 4.7) P will be strongly related to a parabolic
subgroop of another group, whence the unusual notation. Let_ W be the
unipotent radical of P, and Hyw a -P(R)-W(C)—conjugacy class in

Hom({S¢,Pg). We assume that for one, herice by 14 (c) for all heXwy the
conditions in 1.4 hold. We call a representation M of P . pure of weight-

n, mixed of weight <, of type ACZ@Z, etc.if and only if for some (¢
by 1.4{c) for alll heMy the induced Hodge Structure on M has the
respective property. Note that by 14 (i) LieG = Lie P/W is pure of

weight 0, so by 14 (i) LieP is mixed of weight 0. The following

propositions 1.7, 1.10 and 1.12 are generalizations of {D2].1.1.14.

. . . .T - Let P and Rw beasini_ﬁ,andle't M bea

_-#faithful representation of P. Let 9 be the obvious map

Hyw — {rational mixed Holdge structures on M}

{a} There exists a unique structure on - Pp(Hw)  as a complex manifold,
such that the Hodge filtration on Mg . depends analytically on gth) ¢
p{Hw). This structure is P(R)-W(C)-invariant, and W(C) “acts analyt-
ically ori- p(Hyy).

{b} For any other representation M' of P the analogous map
¢': Hyw—{rational mixed Hodge structures on M'}

factors thfough 9(¥w). The Hodge filtration on M' varies analytically
with glh)eo(y). |
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{) If in addition M' is faithful, then ¢(Hw) and ¢'(¥w) are canoni-
cally isomorphic and the isomorphism is compatible with the cornplex

structure,

Prdof: (a) Since the weight filtration on M is constant, the Hodge

. filtration gives an injective map g{My) < Grass(M)XE) to a certain

Grassmann variety. To prove the first assertion we have to show that its
image is a locally closed analytic subvariety. Fix hely and let Clh) be
the centralizer of h in P(R)-WI(C), then ¢ factors through

X = PIR)-W(E)/Clh) — P(E)/exp Fo(Lic Plg ;4' GrassM)(T).

The map on the.right hand side is a closed embedding of co'rhplex mani-
folds, The complex structure in the middle is P{€)-invariant, and P({)
operates analytically. Thus it is enough to show that the image of Ry is
an open subset of P(C)/exp Foﬂ;ie. Pl¢ Let L := (Lie P)p+ (Lie W)g € (Lie
Pig, and let 190CL pe the eigenspace corresponding to the trivia) 6per—
ation of Adpsh. Then on the tangent space at h the map is given by

wa}.h = LA99 - (Lie P)o/FO(Lie Plc.

and we have to show that this map is surjective. This is equivalent to
the equality (Lie P)¢ = L + F{Lie Plg. Since beth sides of this contain
(Lie Wig, it suffices to show the equality (Lie G)¢ = (Lie G + FO(Lie Gg.

- But Lie G carries & pure Hodge structure of weight 0, so this equality

follows from {Lie Gig N F{Lie )¢ ¢ (Lie @%Y and dimension count.

(b) foliows divectly from (¢}, applied to MM’ in the place of M.
By part (b) of the following lemma the fibres of ¢ do not depend on the
choice of M, so the two maps ¢ and ¢ have identical fibres. This
implies the first assertion of {c}. Finally the proof of {a) shows that the
complex structure on g{Hw} can be defined independently of M. qed.
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18 Llemmalet P, Hyw, M and ¢ beasin 17, and let. hewa
(a) The projection mw: P—G induces an isomorphism
Centp(i)-w(g)h) — Centgp)(nehl.
(b) We have _
| Stabp(g).w(c)(tp(h)') « exp{F(Lie W)¢) X Centp(ry-wicyth).

Proof: (a) By 14 (i} and (iii) the space of invariants in Lie We
under {Adlw)shew is the zero subspace. Hence h defines a canonical
‘Levi decomposition Pg = Wg x'Centpc(how). Since moreover weh is by

1.4 (i) already defined over R, we havea corresponding decomposition '
P(R)-WI(E) = W{C) X Centp(p)-wic)hew). -

Thus 'Cer_ltp(m.w((;_)(how) 2= G(R), so the centralizersof h .in both these

groups are isomorphic.

{b) First suppose that W=1. Then there exists a unique decompo-
sition M=@pzM;, into representations M, of P=G that are pure of

weight n. For all p, g we therefore have
MPA < FPMg N FIMe n W, oMe,

30 the decomposition into eigenspaces under peh is already uniquely

determined by ¢lh). Hence we even have Stabp(py(¢(h)) = Centpepyth). -

In the general case this together with (a) implies

- Centp(p).wig){h) € Stabp(r).wie)(pth)) ¢ W(L) X Centpr).wic)hl

so it only remains to show that Stabwey(eh)) = exp(FO(Lie Wg). This

follows from
Stabie wgleth)) = {Lie Wi N FOEndM)g = FOlLie Wig.

qed,

%

g
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Manm&il@ge_ﬁum Let X be a complex manifold, A
i consists of a local

system of finite dimensional @-vector spaces, together with a rational

mixed Hodge structure on every fibre, such that:

(a) The weight filtration is locally constant and the Hodge filtration varies

7 \ }holomorpfucally Let Tl be the locally free coherent Oy-sheaf associated
to the vector bundle, and le} TPM be the coherent subsheaves for all
peZ that induce the Hodge filtration in each stalf. %al bae

(b) Transversality: For every p<Z the canonical connection ¥: b =
m QGXQ%( maps the subsheaf FPIL to FPim @eXQ%(.

119, Proposition: Let P, Hw, M and ¢ be as in 1.7. Then we
have a variation of rational mixed Hodge structures on M over @(Hw),
if and only if for one (¢ for all) heHy the Hodge structure on Lie P is
of type .

{-1,1),0,00,(1,-0} v {-1,00,00-13} U {(-1,-1)}.

Proof: With the notation of the proof of 1.7 the transversality

condition in the point @(h) is equivalent to
im{d®) € F1End(M)¢/FOEnd(M)g.

L ;"/\,Since this image equals (Lie P)¢/F'(Lie P)¢, this means Fi(Lie Pig =

. (Lie P)¢. In other words the Hodge numbers hPY must vanish for all
paeZ with pe¢-1. I they vanish, then so do all hPY with gq¢-1.
‘Since Lie P is mixed of weight <0, one easily finds the condition equi-
valent to the stated type restriction. ged,

) qumu. Wi, HV}’ Spwlg, N@
“EFM Lo T/—wﬁ%{@ 423#1»‘3’-{
&%@hta’ic. 3@6:2«@’57&1&
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! 11L.E.Qlﬁﬂ2ﬁ!mlpj.;mne.ﬂsﬁge_ﬂxw;j&m§ let- A be a primitive
fourth root of unity in €, then Z{1):=2nA-Z isa submodule of € that
is independent of the choice of A. For all neZ and any Z-module M
define Min} := M@®Z(1)®, By the given ambedding ZDGE we get a
canonical isomorphism  Min)g=Mg. The Mggmg is the G ‘
vector space Q1) with the pure Hodge structure of type {-1- 1) For R

-e'very neZ we get a pure Hodge structure of type {-n,-n) on Qn) =

Q1 '“. and again a cancnical isomorphism Q{n)¢=C.

Let M bea Q-vector space and k: $—GL(Mg) a representation
~ that induces a pure Hodge structure of weight n on M. Let & MeM —.
Q-n} be a morphism of Hodge structures. Choose a pnrmtlve fourth root

of unity Ae€*=S(R), and cons:der the bilinear form
MpxMg — -Q(—n)c=€,- {m,m") - -(2ﬂﬂ)“o§(m.k(ﬁ)m').
Claim: 1t does not depend on the choice of A , and takes value§ in R

Proof: Since M is pure of weight n, we have k(-4).= k{~1)-k4)}
= t-i)"-k(ﬁ). Thus on repiating A by -~A the bilinear form is
. multiplied by (-1)"(-1)" = 1. So it does not depend on the choice of A.
. Alsonote that k(A) liesin GLIM{R), so T(mk(A)m). lies in. Ql-nlp.= .
‘(Zﬂﬁ)_ﬁ--ﬂ € €. This implies the second assertion. ged, -

Havmg shown this the following definition is’ meaningful. A polanza-
tion of a rationat Hodge structure pure of weight n is a morphism of o
Hodge structures & MeM—Q(-n), such that the bilinear form

MpxMg — R, (mm) & QrA™%Hmk(Am)

is symmetric and positive definite. Note that this pairing is symmetric if

and only if n is even and ¥ symmetric, or n odd and ¥ élternating.
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142, Proposition: Let P and Hyw beasin 1.6.Let Gi be a normal
subgroup of G=P/W, defined over @, which for one (¢ for all) heHw

contains the image of h(S1), The following assertions are equivalent:

{a} int(n(h{A))} is a Cartan involution on Gy for one (& for all)
-f,,,\'}_xe'}tw. In particular the center of Gj is compact, hence splits over a
_JCM-field.

(b) For every répresentation M of P which is pure of some
weight n there exist
- a representation N of P, defined over @, which facters through
G/Gy and is pure of type (n,n),
- a P-equivariant nondegenerate pairing ¥: MeM — N, and
- for every heMw a morphism of rational Hodge structures A N —
Ql-n),
such that for every heMw the pairing Aye%: MOM—Q(-n) is a polari-
zation for the Hodge structure on M defined by h.

E:gg;[: Both conditions depend only on P/W, so we may assume
that P=G. Fix a pure representation p: G=GL{M). Fix hy,eHy and a
choice of A, then we shall show that condition (b) for the given

representation M is equivalent to the following one:

(¢) There exists a Gy g-invariant pairing ¥ MgxMp—R, defined over
R, such that (mm)=¥(mph{Alm’) is symmetric and positive
A
% /definite.

Clearly {b} implies {c} with I":=(2uﬁ)“-)\hooi?. Conversely assume
{c). Note first that since {pehg{A))2 = pehy(-1) = (-1)?, the pairing &
is symmetric if n is even, alternating if n is odd. Solet N := (SZM)(:,1
if n. is even, respectively (AZM}G1 if n is odd, where (.)G1 denotes
the Gi-coinvariants. Let %: M@M—N be the canonical pairing, then by

construction. ¥ factors through- N, hence ¥'=p ¥ for some horno-
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morphism g Np—R. Since G is a normal subgroup of G, N isa G -
invariant quotient of M@M, hence necessarily pure of weight 2n. Since
moreover G4 operates trivially on N, it is already pure of type (n.n).

Since by assurnption ¥ is nontrivial, sois ¥,
By the construction of N for every ueHom(Np,R) the pairing
MgxMp — R, (m,m') = we@(m,psh (Am’)

is automatically symmnetric. Thus the set of all 1, such that this pairing
is symmetric and positive definite, is open in the usual topology. Further-
more the existence of |, shows that this set is nonemnpty. Since the
homomorphisms that are defined over Q are dense, we can réplace Yo
. by a homomorphism N—+Q _thati_.i'# defined over Q let 2y =
(2nA)Y Py, NoQ(-n), this is automatically a miorphism of rational
Hodge structures, and by construction )Lhoo'&ﬁ is a polarization for the

Hodge structure on M defined by h,

Now let geG(R) and h=int{gleh, Denote by =:G—GL(N) the
representationof G on N. Then "

2> 7@ Do®(m,peh(AIm') = oo Blplg Nim, pohy( A )oplg Hm"),

s after replacing 11, by uovfr(g)"l, condition {c) holds for h in place
of hy Since the above definitions of N and ¥ do not depend on h,,
‘the desired Xy exists for every heMy. Thus (c) impﬁes {b).

K

By [D2]1.1.15 condition {c) holds for all M if and only if int(h,(A)) e

'is & Cartan invelution on Gy p. Clearly this second property is invariant _
. Qnder conjugation by G(R). It also implies that Z(G4)(R) is compact,. s0
the torus Z{G1)° splits over a CM-field. Thus {c} is equivalent to (a).



i

C-19-

113, Restriction of the group: In the situation of 1.12, we encounter

the following phenomenon. The guotient G/Gy is entirely arbitrary, but
it contributes almost nothing to the family of Hodge structures. In
particular the semisimple part of G/G_-l lS ballast. On the other hand, N
.. is an arbitrary representation of G/Gi. so the G-orbit genera‘ by A,
-may be chsturbmg!y large. For our purposes we want to have that this
orbit consists only of multiples of A, at least for irreducible M. By
1.12, this clearly holds if G/Gy is a @-split torus. Thus, to solve both
problems at the same time, we impose the following condition on P. Let
Gz be the smallest normal subgroup of G, defined over 9, which
contains the image mwoh(S) for one (¢ for alll heMty. This group

essentially determines the family of Hodge structures. We require:

{*} G/Gp is an almost direct product of a Q-split torus with a torus of
compact type defined over Q.

Consider the situation of 1.12, with Gy the smallest normal @-
subgroup of G such that G/G; is a Q-split torus. ClearLy the cendmon
() above together with 1.12 {a) is equivalent to:

(@)  int{n(h(A)) induces a Cartan invelution on Gﬁd, and  Gad
possesses no nontrivial factors of compact type that are defined over 0.
'Furthérmore the center of G is an almost direct product of a @-split

torus with a torus of compact type defined over 0.

Assume that this condition.holds. Then in 1.12 (b}, N is a direct
sum of onedirnensional representations of G. If M is irreducible, then
-the space of Gi-coinvariants of MeM has dimension s1, so we can
chocse N 1o have dimension 1. I M is arbitrary, but dim(G/Gy)<1,
j then G operates by scalars on N through a character that depends
only on n. From the ﬁroof of 112 we see that again we can chogse N to

have dimension 1. Observe that if n=0, the G-orbit generated by Ay,
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always has dimension >1. Moreover, as in the examples 2.7-8 below, the

different A need not have the same sign.

1‘15.21995251;1911 Suppose that W=1 and the conditions of 1.10 and
1.12 are satisfied. Then every connected component of Hy=glMy) isi.- .

hermitian symmetric domain.

" Proof: {D2) 1.1.14 (iii). ged.

Mmmmm In general the map ¢ from
_proposition 1.7 is not injecti.\'.re. We can, however; replace Hyw. by an
-orbit under a subgroup of P(R)-W(L), and still get the.same image under
. . Which subgroup we can choose is seen from 12 (¢). In particular, if
we want a subgroup of the form P(R)}-U(C}, where Ucw is a subgroup
defined over @, in general there is only the following possibility.
Although in general the resulting map will still not be.injective, it will be )
inje&ti;'e in the case that is of interest to us, namely when the condition
of 110 is satisfied.

Explicitly let P and Hw be asin 16.Let UCW be the unique
connected subgroup, defined over @, such that Lie U = W_s(Lie W). By

14 {c) it does not depend on heMy. Let 7' be the cancnical projection,

P~P/U. Let V:=W/U, then Lie V is pure of weight -1. Since
{Lie V,Lie V] € Lie V is at the same time pure of weight -1 and -2,
V. must be abelian. Consider insie_é.d of 14 (i} the following stronger
condition for heHom(S¢,Pg): .

(i w'eh: g (P/U)g is already defined over - R.

i
A
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136 Progestipn: Withn the notations of 1.15 we have:
(2) B is = momenmyty PEMIE)-orbit in Hom(S¢,Pp).
(1) Farr BS and ¢ asim L7 wehave @(H) = p(Hy).
{c) If muoreewer Bz Mg = 0, then p(R)=A.

Proaf Since LieV is pure of weight -1, we have
Filie VignF%Lie V)¢ = (Lie VIpnF{Lie V)¢ = 0,
and by dinensiom comt weget (Lie Vig = (Lie Vig oF%Lie V)¢. This im-
plies om the ome laadi {Lie W)g = ((Lie W)pfﬂ.ie U)¢) +Fl(Lie Wi, thatis
| WL « (W(R)-U(C))- exp(FO(Lie W)¢),

on the other hand

{(Lie Wig+{Lie U)g) N FO(Lie W)g ~ (Lie Ul N FOlLie W)g = Fo(Lie Ug,
that is |

(W(R)-U(CY) nlexp(l-'o(l.ie Wi = exp{Fo(Lie Ulg).

As Lie W is of weight =<-1, there exists no nontrivial subgroup of W
on which P operates trivially. Thus the variety of all Levi decomposi-

tions of P is a principal homogeneous space under W.

Let us first prove (b). We have to show that for every hely
there exists peStabp(ryw(c)(9(h)), such that int(plshe¥, that is
w'vint(pleh: S¢—{P/U)¢ is defined over R. As in the proof of 18 (a)
consider the Levi decomposition of P¢ defined by h. Since there also-
exists a Levi decomposition that is defined over R, there exists woeWI(C)
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such that int{wgichew, hence also intlwgeh is defined over R. Write
Worw-w"  with WeWRMIC) and weexp(FlLie W)o). Then
eint(w*}eh = ﬂ'oint(w‘)-1°i:1t(w,,)°h is defined over R, and by 1.8 (b)
we have ¢{int{w")sh}=¢(h). Thus the assertion follows with p=w".

This also proves that H is nonempty. {a) now follows from the
stronger statement:

(=) For any heX and p<P(R)}-W(C), we have int(p)sheX if and only if
pePIR)-U(C).

Te prove this we may assurﬁé w@thout loss of generality that U is
trivial. Writing pep'w’ with p'eP{R)- and w'eW(C) we find that
~int(pleh is defined over R if and only if intlw')eh is defined over R.
"I'hat again is true if and only if the Levi decomposition of Pg that is de-
fined by int{w')shew is defined over R. By the above remark the map

W'+ (the Levi decomposition of P¢ defined by int(w'Jehew)

is an algebraic isomorphism of W to the variety of Levi decompositions

- of P, and is defined over R since hew is defined over R. Thus the .

Levi decomposition associated to int{w')shew is defined over R if and
only if w'eW{R), as desired.

For {c) consider an element heM. The fibre (phe) Hoh) is the
Stabp(ry-u()(@(h))-orbit in )i that is generated by h. If FO{Lie Ule=0,
then by part (b) of the following lemma this fibre consists only of h.
Thus ¢ly is a bijection. gegd

L1Z Lemma: Let P, ¥, etc.beasin 115, and let heX. Then
(@) Centp(p).uc)h) = Centpigy.wicy(h) = Centgp)lneh), and
(b) Stabp(g).(c)(@(h)) = exp(FO(Lie Ulg) X Centp(py.u(c(h).

]
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Proof: {a) By 1.8 (a) it suffices to show that Centpippwigyth) is
contained in P(R)-U(€). This follows from the assertion («) in the proof of
1le.

(b} The assertions (a) and 1.8 (b} imply

Stabp(r)-u(e)(@(h)) = (P(R)-U(E)} N Stabpr).wic)oh)
= (P(R)-U(C)) N (exp(FO(Lie W)q) 2 Centp(pywic)(h)}
= ((P(R)}-U(E)) N exp(FO(Lie Wg)) X Centpegy.uceyth)),

_and in the proof of 116 we showed

(PRI-U(O)) 1 exp(F(Lie WIg) = (P(RI-UCD)) N exp(F(Lie W)g
= exp{FO(Lie U)¢) X Centp(g).u(c)h).

118, Summary: Putting together the .r.esuIts of 14, 1.7, 110, 1.12,
113 and 1.16 we get the folfowing, albeit somewhat complicated picture.
Let P be a connected linear algebraic group over @ Let W be the
Qﬁipotent radical of P, and UCW a subgroup that is normal in P. Let
Vi«W/U, G«P/W, and m:P—=G and ="P-P/U be the canonical
projections. Let # be a P{R)-U{C)-orbit in Horm{8¢,Pg), such that for
sorme {¢ for all) he¥:

- (i) w'oh: §¢—=(P/U)¢ is already defined over R.

(ii) wehow: G, 8 — Gg is a cocharacter of the center of G that is defined
over Q. '

(iii) Under the weight filtration on Lie P that is defined by Adpsh we
have W_y(Lie P} = Lie W and W_p(Lie P) = Lie U.

{iv) The Hodge structure on Lie P is of type

{¢-1,2),00,00,01,-1)} v {(-1,0,(0,-1)} U {{-1.-1)}.
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(v} int(x(h{A))) induces a Cartan involution on 'G,;’d, and G possesses
no nontrivial factors of compact type that are defined over Q. '

(vi) The center of G is an almost direct product of a Q-split torus with
a torus of compact type defined over Q.

Then:

(2) # possesses a canonical P{R)-U(C)-invariant complex sructure (1.7
and 1.16).

(b) For every representation M of P we have a variation of rational

mixed Hodge structures (1.7 and 1.10).

(¢} The operation of P(R}-U{€) on ¥ can be extended canonically to an
‘operation of P(R)}-W(L). The complex structure is still invariant under

this bigger group, and W({)} operates analytically on ¥ (1.7 and 1.16).

(d) For every irreducible representation M of P that is pure of some
weight' n there exists a one dimensional representation of P on Q-n),
and a P-equivariant bilinear form ¥ MxM-Q(-n), such that for all

heRw either ¥ or -T is a polarization of the ccrrespondmg Hodge
structureon M (112 and 113).

(e) 1f W=1, then every connected componente of ¥ is a hermitian
‘symrnetric domain (1.14),

Remark: We shall see later (2.19) that every connected component
of R is (noncanonically) isororphic to a holomorphic vector bundle on a

hermitian symmetric domain.

119, Generalization %o arbitrary weights: The cocharacter wehow

above can be considered as a weight, since it corresponds to the wexght of

the Hodge structure induced on any representation of G. In this sense

Mt



