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Spontaneous particle creation within the external field

approximation of QED
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It is expected that strong electromagnetic fields in QED may lead to destabilization of the vacuum, its decay and
spontaneous production of an electron-positron pair if the strength of the electric field exceeds some threshold.
We study the problem within an external field approximation of QED in presence of time-dependent external
fields and define the spontaneous particle creation via the adiabatic limit. We consider some model fields, which
we solve analytically or numerically, in order to explain the subtlety of the effect and to recognize problems
appearing in its proof. We conclude by characterizing when the effect can exist in a stable way and when it
becomes unstable w.r.t. small perturbations.
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In a long debate [1, 2, 3, 4, 5, 6, 7, 8] on whether and how spontaneous particle creation (of e+e− pairs) can be
uniquely defined as an effect of the vacuum decay in presence of overcritical (electromagnetic) fields either static
or adiabatic fields have been considered, what does not really answer the question in a realistic physical situation.
The main problem in time-dependent overcritical fields is to distinguish between two sources of particle creation:
dynamical, due to the time-dependence, and spontaneous, due to the overcriticality of the external field. In [9] we
have studied analytically and numerically various time-dependent overcritical fields and have shown when the effect
can be uniquely defined and when it behaves in a stable or unstable way.

Electrons in an external time-dependent electromagnetic field Aµ(t, ~x) are described by the Dirac equation

i
∂

∂t
Ψ(t, ~x) = H(t)Ψ(t, ~x) with H(t) ≡ H0 + V (t), (1)

where V (t) = eA0 + eαiAi is the time-dependent external potential and H0 = −i~cαi∂i +mc2β is the free Hamilto-
nian. Consider every H(t) separately treating t as a parameter. For atomic-like (localized) potentials the spectrum
σ(H) has two continuous parts (−∞,−mc2) ∪ (mc2,∞) and a possible discrete part

{
En ∈ (−mc2,mc2)

}
. The

corresponding wave functions ψE(~x), satisfying HψE = EψE , describe: electron scattering states for E > mc2,
bound states for |E| < mc2 and positron scattering states for E < −mc2.

Consider a one-parameter family of Hamiltonians Hλ ≡ H0 + λV (~x) having bound-states E0(λ) < E1(λ) <
E2(λ) < .... For a large class of negative potentials V (~x) (attractive for electrons) En(λ) decrease continuously
towards −mc2 as λ increases and the ground state energy reachesE0(λcr) = −mc2 for a finite λ = λcr, called critical.
For λ > λcr the bound-state E0 disappears from the spectrum. Such potentials Vλ are called overcritical. The bound-
state turns into a resonance with complex energy E0. Its wave function forms a wave packet localized spectrally in
the continuum around ER ≡ ReE0. The half-width of the packet is equal to Γ ≡ ImE0. During evolution generated
by a static overcritical Hamiltonian the wave packet decays spatially (but stays localized spectrally).

Consider now time-dependent Hamiltonians H(t) = H0 + λ(t)V with an overcritical period λ(t) > λcr for
t ∈ (−T, T ). When λ(t) changes adiabatically the bound states (defined at every instant t) change slowly and
according to the adiabatic theorem the wave function “follows” them. However, there is no adiabatic theorem for
resonances, hence during the overcritical period the wave packet may decay and stay trapped in the continuum.

To explain these processes in terms of particle creation and annihilation one needs a many–particle description,
i.e. the second quantized Dirac theory. However, the full QED appears too difficult to be solved in this case, so
we consider the external field approximation, i.e. classical electromagnetic field with quantized Dirac field. This
approximation is believed to be accurate as long as the number of charged Dirac particles stays small and does
not influence the electromagnetic field. Roughly speaking, we expect the following scenario [9] (see figure): A)
An empty particle bound-state crosses the boundary between particle and antiparticle subspaces and turns into an
occupied antiparticle bound-state, what we call weak overcriticality. B) The bound-state turns into a resonance and
the wave function forms a wave packet in the negative continuum, what we call strong overcriticality. C) The wave
packet decays. D) An empty antiparticle bound-state reappears while the whole wave function stays trapped in the
negative continuum. E) The empty antiparticle bound-state turns into an occupied particle bound-state. Finally,
we obtain a pair: a bound particle and a scattered antiparticle.
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In practice, except the adiabatic case, the wave function disperses during evolution over the whole spectrum
what results in an additional dynamical pair creation. Essential is the question whether it is possible to separate
the spontaneous particle creation occurring due to the overcriticality of the potential from the dynamical one.

The classical (one-particle) unitary scattering operator S : H → H is implemented in the Fock space by a unitary

Ŝ : F → F . It is remarkable that the whole information about scattering in F is encoded in one-particle S. It
means that every observable can be expressed via S, e.g. the expectation value of the “particle number” operator
in state ŜΩ evolved from the initial vacuum Ω reads

Nn =
(
ŜΩ, b̂∗nb̂nŜΩ

)
=

∑

k

|(P+SP−)nk|
2 = ‖P−S

∗P+ φn‖
2 (2)

For time-dependent processes with H(t) ≡ H0 + V (t) the scattering operator Ŝ has the form Ŝ = C0 : Ŝ0 S̃ :

where C0 is a normalization constant, S̃ describes creation and annihilation of particle–antiparticle pairs and their
scattering, and the exceptional part Ŝ0 describes creation and annihilation of single particles. Acting on vacuum

Ŝ Ω = C0 d̂
∗
n
−

. . . d̂∗1 b̂
∗
n+
. . . b̂∗1 exp

( ∑

k,l

Akl b̂
∗
kd̂

∗
l

)
Ω, (3)

where n+ = dimkerP+SP+ and n− = dimkerP−SP−. Ŝ0 creates single particles and antiparticles b̂∗i and d̂∗i which
correspond to the special states φ±i , which are mapped by S from H± to H∓. It has been conjectured that the

spontaneous particle creation is associated with the presence of the exceptional part Ŝ0 [4].
However, since P±S(λ)P∓ are analytic in λ, the special states exist only for discrete values of λ [9, Th. 16] and

hence are unstable w.r.t. perturbations of λ! The instability means that pairs of the special states go over into the
dynamical pairs as created by time-dependent external fields [10]. By continuity, their probability is still almost 1
what marks them off, but they cannot be distinguished quantitatively any more. The definition looses uniqueness.

Therefore, we consider an adiabatic limit which is free from the above instability. Here, the dynamical pair
production tends to 0, while the spontaneous pair production survives the limit. Let’s consider processes where

the potential Vλ,ǫ(t, ~x) = λ e−ǫ2t2 Ṽ (~x) varies arbitrarily slowly in time (ǫ → 0) and vanishes as t → ±∞. We can

calculate the scattering operators Ŝλ,ǫ. In the adiabatic limit it is possible that limǫ→0 Ŝλ,ǫ 6= Ŝλ,0 and the probability

of particle creation: rλ = 1 − limǫ→0

∣∣∣
(
Ω, Ŝλ,ǫΩ

)∣∣∣
2

has a jump at λ = λcr, because rλ
ǫ→0
−→ 0 for 0 < λ < λcr (Vλ

subcritical) [6] and rλ
ǫ→0
−→ 1 for λ > λcr (Vλ overcritical) [8]. Finally, in subcritical processes, when E0(t) > −mc2

exists for all t, no particles are created: Ŝ Ω = Ω. In processes (strongly) overcritical for t ∈ (−T, T ) there are

exactly two pairs (energy degeneration due to spin) created spontaneously: Ŝ Ω = b̂∗1(χ) b̂∗2(χ) d̂∗1(ψ) d̂∗2(ψ)Ω.
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