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An option pricing model based on jump telegraph processes
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A new class of financial market models is developed. These models are based on generalized telegraph processes: Markov
random flows with alternating velocities and jumps occurring when the velocities are switching. While such markets may
admit an arbitrage opportunity, the model under consideration is arbitrage-free and complete if directions of jumps instock
prices are in a certain correspondence with their velocity and interest rate behaviour. An analog of the Black-Scholes funda-
mental differential equation is derived, but, in contrast with the Black-Scholes model, this equation is hyperbolic. Explicit
formulas for prices of European options are obtained using perfect and quantile hedging.
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Let (Ω,F , P) be a complete probability space andσ = σ(t), t ≥ 0 be a Markov process, taking values±1,

P(σ(t + ∆t) = 1|σ(t) = −1) = λ−∆t + o(∆t), P(σ(t + ∆t) = −1|σ(t) = 1) = λ+∆t + o(∆t), ∆t → 0.

The time intervals, separated by instantsτj , j = 1, 2, . . ., of value changes are independent and exponentially distributed
Exp(λs(−1)j−1 ). The initial states = σ(0) of the processσ(t), t ≥ 0 is deterministic and equal to+1 or−1.

Let N±(t) be the number of switches on[0, t] of the processσ(t). Note thatN+ andN− are Poisson processes with
alternating intensitiesλs, λ−s, λs, . . .. Moreover,σ(t) = s(−1)Ns(t), s = ±1.

For given numbersc− ≤ c+ andh± > −1 we define the processesXs(t) =
∫ t

0 cσ(τ)dτ, Js(t) =
∑Ns(t)

j=1 hσ(τj−), t ≥ 0.
The processesX± are called (inhomogeneous) telegraph processes. The processesJ± are pure jump processes.

We assume that the price of a risky assetS(t) follows the equation

dS(t) = S(t−)d (Xs(t) + Js(t)) , t > 0. (1)

HenceS(t) = S0Et(Xs + Js) = S0e
Xs(t) × κs(t), whereκs(t) =

∏Ns(t)
j=1

(

1 + hσ(τj−)

)

. The price of the non-risky asset

has the formB(t) = eYs(t), Ys(t) =
∫ t

0 rσ(τ)dτ, r−, r+ > 0. We assume the parameters of model (1) satisfy the conditions
r
−
−c

−

h
−

> 0, r+−c+

h+
> 0. Then this model is arbitrage-free and complete.

From the point of view of technical analysis, market prices can be described using increase and decrease trends. The
moments of change of trends are usually accompanied by jumps. The proposed model reflects this key viewpoint of technical
analysis. This is the complete market model and hedging is perfect. Jump component here is supplied not only by reasons of
adequacy. Jumps serves as the unique tool to avoid arbitrageopportunities.

Consider a European option with maturity timeT and payoff functionf(S(T )). We assumef is a continuous and piecewise
smooth function. To price these options, we need to study thefunction

F (t, x, s) = E
∗
s

[

e−Ys(T−t)f(xeXs(T−t)κs(T − t))
]

, s = ±, 0 ≤ t ≤ T, (2)

whereE
∗
s denotes the expectation with respect to the martingale measureP

∗
s. Ft := F (t, S(t), σ(t)) is the strategy value at

time t, 0 ≤ t ≤ T of the option with claimX = f(S(T )) at the maturity timeT .

Theorem 0.1 Function F is a solution of the following hyperbolic system: for 0 < t < T ,

∂F

∂t
(t, x, s) + csx

∂F

∂x
(t, x, s) = (rs + λ∗

s)F (t, x, s) − λ∗
sF (t, x(1 + hs),−s), s = ± (3)

with the terminal condition F (T, x, s) = f(x). Here λ∗
− = (r− − c−)/h− and λ∗

+ = (r+ − c+)/h+.

This system plays the same role for our model as the fundamental Black-Scholes equation. In contrast with classical theory,
system (3) is hyperbolic. In particular, it implies the finite velocity of propagation, which corresponds better to the intuitive
understanding of financial markets and to the viewpoint of technical analysis. Note that these equations do not depend onλ±,
just as the similar equation in the Black-Scholes model doesnot depend on the drift parameter.

According to the theory of option pricing, we have for a standard European call withf(x) = (x − K)+ the option
price expression of the formcs = F (0, S0, s) = E

∗
s

[

B(T )−1(S(T ) − K)+
]

, whereK is the strike price andE∗
s(·) is the

expectation with respect to the martingale measureP
∗
s. In case of the model (1), one can rewritec

s asc
s = S0U

(s)(y, T ) −
Ku(s)(y, T ), s = ±. Functionsu(±) andU (±) can be calculated by direct formulae. See detailed formulaein [6].
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Fig. 1 T = 1, S0 = 100, λ− = 48.53, λ+ = 34.61, h− = −0.0126, h+ = −0.0358, c− = 0.61, c+ = 1.24, HV− = 0.1630, HV+ =

0.1642

Define the Black-Scholes call price functionf(µ, v), µ = log K by

f(µ, v) =















Φ
(

−µ√
v

+
√

v

2

)

− eµΦ
(

−µ√
v
−

√
v

2

)

, if v > 0,

(1 − eµ)+, if v = 0,

whereΦ is the distribution function of the standard normal distribution. The processesV±(µ, t), t ≥ 0, µ ∈ R defined by
the equationE [(S(t + τ)/S(τ) − eµ)+|Fτ ] = f(µ, Vσ(τ)(µ, t)) are referred to as implied variance processes. The implied
volatilitiesIV±(µ, t) areIV±(µ, t) =

√

V±(µ, t)/t.
We calculate exactly the case which was considered in the work of A. De Gregorio and S.M.Iacus [3]. In this paper values

of the parameters was statistically estimated. The numerical work is based on weekly closings of the Dow-Jones industrial
average July 1971 - Aug 1974. We admit the values of alternating intensitiesλ± and alternating market trendsc±, proposed
by [3]. Assuming these parameters have respect to martingale measure we calibrate jump values ash± = −c±/λ±. See
Fig. 1. The behaviour of implied volatility of model (1) withthese data surprisingly resembles the calibration resultsfor
stochastic volatility models of the Ornstein-Uhlenbeck type and for jump-diffusion models (see e. g. [5], fig. 5.1, where
implied volatilities of OU-stochastic volatility model was calculated).

Historical volatility is defined asHV(t) =
√

Var{logS(t + τ)/S(τ)}/t. For classical Black-Scholes model the histor-
ical volatility is constant:HVBS(t) ≡ σ. In the symmetric case of model (1),λ+ = λ− := λ, the historical volatil-
ity takes the formHV±(t) =

√

a2/λ + λB2 + (a + λb)2Φ2λ(t)/λ + γ±Φλ(t) ± 2B(a + λb)e−2λt, whereΦλ(t) = (1 −
e−2λt)/(2λt). This expression resembles the expression for historical volatility in a moving-average type model (see [1]):
HV(t) = σ

2λ

√

q2 + p(2q + p)Φλ(t). Recently this type of models have been applied to capture memory effects of the mar-
ket [2], [4].
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