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The first part of this work is my thesis, done at Stanford
under the supervision of Daniel Bump.

It benefited greatly of discussions with Persi Diaconis and
Brian Conrey.
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where a(k) is a product over primes, f(1) =1, f(2) = 1/12.
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where a(k) is a product over primes, f(1) =1, f(2) = 1/12.

Can we at least conjecture the other values for f?

Conrey and Gosh: f(3) = 42/9!
Conrey and Gonek: f(4) = 24024/16!

Keating and Snaith: f(k) = limy_ ﬁ fU(N) INg|?k dg,
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“The (-function is modeled in leading order by averages
over characteristic polynomials”.
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with Z(t) is Hardy's function, i.e. a real function such that
[Z2(8)] = [C(1/2 +it)].
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jim 1/TZ(t)Z’(t)|dt— ¢ 5
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with Z(t) is Hardy's function, i.e. a real function such that

[2(8)] = [€(1/2 + ).

This, along with many other results, suggests that we look at
equivalent problems for (Hardy) characteristic polynomials.

In particular, how does this strange fraction appear out of
averages of characteristic polynomials?
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With more generality, we consider

: 1 T c\[2k—2h| 1 £\[2h
T'TOOW/O 1¢(1/2+it)| IC'(1/2+it)|7" dt,

with the associated RMT averages
0= |, NOP IO s,

where Ag(0) = Hszl (1- ei(ei_e)).

Problem: We do not have a nice enough closed formula for
() and many other similar averages. We certainly do not
know the analytic continuation k, h € C.

Chris Hughes showed that (x) ~p NK*+2h and guessed some
facts about the leading coefficient when h € N.
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We want to compute averages over compact Lie groups of
symmetric functions of the eigenvalues.
It is immediate to use the Selberg integral when the integrand

N .
is multiplicative, for instance for [Ag|* = ] |1 — ei2m0j|s:

N
/[0 1V ija—1(1 - Xj)bil H X — xk[2€ dx =
) 1:1

<j<k<N

’h (a+ jo)M(b+ o) ((j + 1)c)
Fa+tb+(ntj—1)c)(c)’

For more general integrands, it is also possible to use the
Heine identity to transfer the problem to computing a
determinant of a growing Toeplitz matrix (with N), but the
computations get very complicated very quickly.
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The idea is to “build up” the integrand using more basic
symmetric functions.
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The idea is to “build up” the integrand using more basic
symmetric functions.

By the Peter-Weyl theorem, it is natural to consider
irreducible characters of G as the “most basic” symmetric
functions of eigenvalues.

We will present general results (Ratios) and illustrate the
method on the extended Conrey-Gosh example (Moments).
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G(N) = U(N),SO(2N),Sp(2N),SO(2N + 1)

|ti| = 1, with the eigenvalues t; coming in conjugate
pairs for the non-unitary case.

Let o : T — C, with o(t) = o(t™1).

Define ¢, : G(N) —-Cgr H(half of) t;'s U(ti)-

{x®M1y, a sequence of characters.

Statement of the
problem

v

v

- fu(/v (g)
N—oco fu(/\/) (Da(g) dg

» How is an average over G(N) affected when introducing
a character into a multiplicative integrand?
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» Characters of G(N) are given by the Weyl Character
Formula, where characters are indexed by
(almost)-partitions.

Characters

Each partition \ defines a family {Xg(N)}NeN-
> N<I(\) = Xf(N) =0.
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» Characters of G(N) are given by the Weyl Character
Formula, where characters are indexed by
(almost)-partitions.

Characters

Each partition X\ defines a family {Xg(N)}NeN-
> N<I(\) = Xf(N) =0.
» For a fixed N, N > I(\), (1),

Egw) XE(N)X;GL(N) = 5;))

= For a fixed N, set of orthogonal irreducible characters
of G(N) indexed by partitions of length less than N.
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NiAN—j
J
¥

U(N
> X)\( )(tl,...’tN):TNXN

! ‘NXN
QN _tT(Aj+ij+1)
1 1

NXxN

1" tN) = ’t.’v_"J’l—tT(N’j*l)‘
! ! NxN
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Aj+N—j

U(N) _ NxN

> X}\ (t]_’-.. 7tN)f t'nfj‘
! NxN
QN tf(xj+N—j+1)

Sp(2N) 7 i NxN

> X (o tw) = N—j+1__ —(N—j+1)
)t" i ‘le\l

» As announced, those characters can be seen as
symmetric functions of the eigenvalues.
For instance, for U(N),

U(N)

X)\ (tla"'vtN) - SA(tlthat?)f"7tN70707"

= si\(g)

where the s)’s are Schur polynomials.

.)7
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» Define

p(i)(X17X2a )
PA(Xla T )

X]I_+Xé+

HP(A;)(XL“'
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» Define
piy(xi %, ) = XA xh+-
pa(xt, ) = HP(,\;)(XL"')
fanceions > If pA(g) := px(eigenvalues), then

=[] (s

» Transition matrices between Schur polynomials and
power polynomials are well-known, and given by the
character tables of symmetric groups.

p/\ X17 ZX/J, )\)SM X17 )
ukk
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» ¢ =0,¢ci=c_;

[
iG] < o0

St-tetment of the > Set (DO'(g) = Hhalf U(tl) = eXp (Ei>0 %p(l)(g))
then

Theorem (math.RT/0504399):

- Espony X3 ¥, CA(")

N—oo ESp(2N) A pale}
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Characters of a group reduce to characters of a subgroup.

For instance, the inclusion Sp(2N) < U(2N) induces

Idea of the proo 2N) — Sp(2N
dea of th £ XA lSp (2N) EC:)\ (V%:en )
when N > [(\).

(The ci‘,u are the Littlewood-Richardson coefficients.)

Koike - Terada (J. Algebra 1987), improving on Littlewood.
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Espon) X3PV py

Idea: Transfer computations to a symmetric group!

Espemy X7 pa = Espeny D X (AP x 1M
ukk

= DNEN DY iy Bspiony PGP

u-k BCu v even

- ink(A) Z C;/j/’y:( Z In dg‘klxs‘ ‘( S|”'|(® SIV\))()\)

pkk v even v even

Idea of the proof

then use
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groups

Everything is reduced to combinatorics of the symmetric
group.

Since

Ci
o, (g) = [[ o(ti) = exp (Z iP(i)(é’)) :
half i>0
Idea of the proof
we can evaluate
Esp2n) xip(z”)%

using our knowledge for

Esp(an) XinN)P,\-

The limit is needed: this derivation was only valid for large N.
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» The result is the same in all cases!

» Asymptotics of the denominator are entirely known
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» Could be used for a new measure |x,|? dg.
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» Specialization happens in a few more instances: see my
thesis and On an identity due to ((Bump and Diaconis)
and (Tracy and Widom)), math.CO/0601348
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This second part is a simplification and extension of results in
my thesis.

| am indebted to Chris Hughes (York & Bristol) for sharing
some of his unpublished results and ideas.

Moments
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So
2h
Ey(ny [Ag(0)PX21IAL(0)]*" = Eyy [Ag(0)*

iz P(m)(g)

m

and the previous results indicate that

i Euny INg (0)2[i X2 p(my (8) 2"
::.‘;':ri.:i::.for N—oo ]EU(N) ’/\g(O)‘zk

should be evaluated first, then use what is known for
|im[\/ﬁoo EU(N) ’/\g(O)‘zk

This works, but we will from now on look at finite .
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But s<Nk>([1]2k) can be evaluated, for instance using the
Weyl Dimension Formula. This leads to

/u(/v) | det(1d-+g)* dg = 5<’Vk>([1]2k) N G@k+1)

with G(z) the Barnes G-function with property

Bump and k

= Gk+1)=]]r(.

i=1
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Set up

From now on, we assume h and j's are integers.
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Murnaghan-Nakayama rule

The formula reads

SAP(m) = Z(_ 1)ht(u/)\) Sps
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where 11 is obtained from X\ by adding a(n?) m-ribbon.
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The formula reads

m

where 11 is obtained from X\ by adding a(n?) m-ribbon.
For instance, when A=[ | |and m =5,

Sl:\j'p(5)25 ‘—S +s .
L e o LN NN ]
| ® I L®]
|® | ®
M-N rule L L
L®]
— S + s .
ole| "7 | lefelefe]e
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Remember we assume j to be an integer.
We need to evaluate

Z(_)W|5u([1]2k) Ey(w) S(kn) Zp(m

7

Again, we will use orthogonality relations, hence we need to
match partitions in S(knyP(m1) " P(m;) with 5,7, when

expanding the former using the Murnaghan-Nakayama rule.

Each match will contribute +s,, ([1]2¢) to the total, which
we can evaluate using various formulas.
Remarks:

» As long as /(i) < N.
> s, ([1]%%) = 0if I(n) > 2k.

» The p's fit in a 2k x N box, so the sum is now finite.

Outline
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M-N rule, can be combined to reduce this to a counting
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AL (0)\’
o (50 -

1JEU(N)Z ) s, (11 ) s, ( )5<kN>(g)'<Z P(m)(g)) =
1)J Z Z xa(m Nk U)\([l ])

meNj A XVIthm

This is again a specialization.

There is a lot of complexity in each x(m), but fortunately
we are summing over many m'’s.

Results of El Samra and King on values of Schur functions in

Exact results Frobenius coordinates, and Borodin on combinatorics of the
M-N rule, can be combined to reduce this to a counting
problem.

These exact formulas can be numerically tested (sigh!).
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Theorem. Let h € N. Then,

}Qh

o o s ()27 [A(0) Pa(2K)
VDo N2RE () [Ag(0)[2F ~ 2%hQ,(2k)

where Pp(u) and Qp(u) are polynomials, Py is even, with
deg P < deg Qn. Moreover,

h

Qu(u) = JJ(? = (21 = 1)),

=1

Asymptotics



‘e Polynomials Py(u) (first obtained by Hughes)

groups Pi(u) = w

Pa(u) = u* —8u® —6

P3(u) = u®—33u®+198u% + 7402 — 360

Pa(u) = o' —814® 1 1740u® — 8284u* — 7716u° + 34020

Ps(u) = o™ —170u™ + 95974 — 215560u® + 1846928u°
—4247400u* — 123170764 + 42366240

Pe(u) = u'® — 2014 1 301770 — 1370507u"2 + 28177518u"° — 236602818u°
+604630084u® + 1570591476u* — 100082660400 + 7829929800

Pz(u) = u?2 - 484u%° + 90384u'® — 8378492u'® + 415889897u'® — 111960676802
+157699171570u° — 1023611526808u° + 1699483809828u°
+11589901052544u* — 62361799232760u> + 44754182272800

Pg(u) = u?* — 708022 + 108500u2° — 2852589248 + 2275085520416
—102837376096u™* + 2598141300568u"> — 34807690054560u™°
+213458763180152u° — 261862022455104u® — 3402805264433280u*
+19256263380043200u> — 11718802173078000

Po(u) = u3° —1054u2® + 460431u2% — 109299828u2% + 15577804767u>?

—1394331670638u2° + 79872695247657u'® — 2032723486507728u1°
+68022586503825552u1% — 062308385613255088u'2 + 76822839328200690164
—26475220331016986304u° — 598899505701209142241°
+976582356673028315040u* — 3441287004848413282800u°
+1366282646437284576000.
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What is Pl/z(u)?

10
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Conjecture. Let h € N. Then,

i Jo G2+ PR 2 1P e Py(2k)
T=oo  (log T)2h [iT |¢(1/2 +it)[2k de 22hQp(2k)’
where Pp(u) and Qp(u) are polynomials, Py is even, with

deg P < deg Qp. Moreover,

h

Qn(u) = H(u2 — (21 — 1)?)2r-1,

=1

Predictions (NT)
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groups

» The first series of results on asymptotic ratios can be
used to compute averages for non-multiplicative
integrands.

» Armed with the intuition from ratios, techniques similar
to Bump’ and Gamburd's can be applied to those
non-multiplicative integrands to give exact results.

» This is shown to work in the special case of mixed
moments and to improve on previous results.

Conclusion
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math.RT /0504399 Averages over classical compact Lie
groups and Weyl characters.

math.CO /0601348 On an identity due to ((Bump and
Diaconis) and (Tracy and Widom)).

In preparation All the mixed moments results.

Thesis and talk available at;
http://www.maths.ox.ac.uk/ “pdehaye/
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