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Abstract

In this thesis, we are concerned with integrals over classical compact Lie groups
such as G(N) = U(N),SO(N) or Sp(NN), with respect to their Haar measure.
Those integrals are of significant interest in many areas of physics and mathematics,
but we will exclusively focus on applications to Number Theory.

We address a few different problems:

e We discuss how integrals over G(N) are affected when inserting a Weyl char-
acter of G(N) into the integrand, and give a very concise result on asymp-

totics in .

e We explain an identity of Bump, Diaconis, Tracy and Widom on integrals
over U(N) twisted by two Weyl characters, and uncover the existence of a

differential operator linking those integrals to single-twisted integrals.

e Based on lessons gathered from the previous results, we compute an average

of direct interest in Number Theory:
[ P )P
U(N)

where A4 () is the characteristic polynomial. We actually obtain a result

which is exact at fixed V.

The techniques we develop along the way are rather complementary to the standard
ones for computing averages over compact Lie groups ( Selberg integral, after

expanding explicitly the Haar measure).

vil



Throughout this thesis, we rely mostly on methods taken from classical repre-
sentation theory as well as symmetric function theory, and highlight opportunities

for future research.
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Chapter 1
Introduction

Historically, the study of integrals of symmetric functions of eigenvalues over com-
pact classical Lie groups (with respect to Haar measure) has been important for
many areas of mathematics and physics. We will not even attempt to describe
the relevance of this problem to physics, but refer the reader to the introduction
of Mehta’s book [Meh91]. On the mathematics side, we would like to mention at

least the following works:

e The Heine-Szego identity and its relations to the strong Szego limit theo-
rem. This identity expresses averages over unitary groups as determinants of
Toeplitz matrices (see Bump and Diaconis [BD02]), while the strong Szego
limit theorem gives asymptotics for such determinants (see the book by
Bottcher and Silbermann [BS99]).

e The study of averages of characteristic polynomials over compact classical
Lie groups. Keating and Snaith conjectured that their calculations of those
averages would serve as good predictors for moments of the Riemann ¢ func-
tion [KSO0b, unitary case| and other data extracted from L-functions [KS00a,
other classical groups|. Most of the integrals that appear here are computed
using Selberg’s integral. However, Selberg’s result is not sufficiently general
to compute all of the required integrals (see Chapter 5). Our personal in-

terest in Random Matrix theory sparks from this connection with Number
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Theory. We will get back repeatedly to this.

e Diaconis and Shahshahani’s work |[DS94] on averages of products of traces,
and further refinements by Johansson [Joh97|. Those papers have a very
probabilistic flavor, and rely on separate work for their most important result.
Indeed, the answer to their computations turns out to be expressible as values
of characters of the Brauer algebra, which were evaluated by Ram [Ram95,
Ram97|. This allows Diaconis and Shahshahani [DS94, Theorem 4| to express

those moments in terms of independent normals.

Our main goal in this thesis is to ease the study of such integrals, and to try
to offer more systematic methods to compute them. We would like our tools to
be based in representation theory, and more particularly on Schur-Weyl duality.
We see this duality as a powerful tool to bring computations over compact Lie
groups onto the domain of representations of the symmetric groups (or at least the
combinatorics of Young tableaux).

We will favor using classical objects of the theory of symmetric functions such as
Schur polynomials, power polynomials, .... This approach is historically justified
(each of those sets of polynomials forms a basis for the symmetric functions, and
has been used extensively to investigate symmetric functions), while the recent
paper of Bump and Gamburd [BG06| shows how elegant, concise and powerful
this method can be.

In this thesis, we will apply those general principles to the study of three

(originally) separate problems.

1.1 Twists by Weyl characters

The first problem is to study what happens when we modify an integrand and
introduce a Weyl character.

Let G be U(n), SO(2n), SO(2n + 1) or Sp(2n) and let ®,, s be a class function
on G, essentially defined by ®,, ;(g) = [, e/, where {t;} is the set! of eigenvalues

Lor half of that set. ..
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of g . There are extra technical conditions on @, ¢, but these will be introduced
just before the statement of Theorem 2.7, Section 2.2.

The strong Szegd limit theorem gives the asymptotics and the rate of con-
vergence of lim (Ey(,)®,,¢). Johansson [Joh97| was the first to generalize this
theorem to t?lgogther classical groups.

The goal of Chapter 2 will be to study how those averages and asymptotics
are affected when we introduce irreducible characters of G into the integrand.
The characters x§ were constructed by Weyl for the compact classical Lie groups
using his Character Formula. By the Peter-Weyl theorem, these characters form
a basis of the Hilbert space of class functions on G and are thus very natural to
consider. For the unitary group, they are given by Schur polynomials evaluated at
the eigenvalues.

Theorem 2.7 will show that the ratio

EGXg\;q)n,f
EG(ﬁn,f

approaches a limit when n >> 0. This extends the corresponding results for
the unitary groups due to Bump and Diaconis [BD02| to other classical groups.
Remarkably, our ratio is independent of the Cartan type of the group G and equal
to the ratio they obtained for the unitary groups. It only varies with f and A. The
results of Johansson provide the asymptotics of the denominator, so this Theorem
actually determines the asymptotics of the numerator as well.

Along the way, we offer with Theorem 2.1 a self-contained proof of the following

result of Diaconis and Shahshahani.

Theorem. Let A be a partition, A\ = k and n > k. Let ¢ = 1 when G = Sp(2n)
and € = 0 when G = SO(2n) or SO(2n +1). If

py(9) =[] tr(g™)
€N
then
Egp, = sgn(A)g(M),
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where g(\) is defined to be the number of matchings® of k points preserved under

the action of a given element of 8y of cycle type .

Diaconis and Shahshahani had already obtained this result, but through a
different interpretation for the function g as moments of independent normal dis-
tributions. The interpretation in terms of matchings (see for instance [HL72|) is
more natural in our proof.

Chapter 2 is organized as follows:

Section 2.1 will first go over notation, then introduce the reader to the represen-
tation theory of the compact classical Lie groups (Weyl characters and Branching
Rules). Section 2.2 will contain all of the proofs. It will also present the statement
of Theorem 2.7, and then shortly discuss its significance in relation to the rest of
the literature.

Almost all the results in Chapter 2 appeared first in [Deh05al.

1.2 An identity due to ((Bump and Diaconis) and
(Tracy and Widom))

As the title of Chapter 3 tries to suggest, this addresses an identity due to two
separate pairs of authors.

Consider a function o(t) : T — C =: Y, _, djt*, where T is the unit circle. We
will later assume symmetry properties on the d;’s such as d; = d_;, but this is not

immediately needed. Take the Toeplitz matrix with symbol o:

do dy - - dy 4
doy do di -+ dyo
M, (o) = M, = = (di—j)nxn‘
dy
iy oo edy dy )

2We remind the reader that a matching of a set S is a perfect partition of S into pairs.
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A classical question for Toeplitz matrices is then to consider the asymptotics of the
determinant det(M,,) as n goes to infinity. Our identity will stem from the same
question for a slightly altered version of M,,. For A and p partitions of length less

or equal to n, look at
My (o) = (d—py-i+5)

nxn

Those new matrices are not Toeplitz, but at least they are minors of the Toeplitz
matrix M, (o), for some m larger than n. This is clear once illustrated: set n := 3,
m =5 A= (2,1), p = (1) and for the sake of simplicity take the symbol d; = i.

We have the matrices

0 1 2 3 4
1 3 4 -1 0 1 2 3
My*o)=]-1 1 2| and Ms(o)=|-2 -1 0 1 2
-3 -1 0 -3 -2 -1 0 1

—4 =3 =2 -1 0

Observe that M3* (o) is the minor of M;s(o) obtained by striking its first and third
column and its second and fourth row. If m had been bigger, we would only have

needed to strike more rows and columns.

Tracy and Widom [TW02] looked at asymptotics of ratios of minors and deter-

minants?® ot 12
et K
TWM .= lim ———2—,

n—oo det M,

which they obtained as determinants involving the Fourier coefficients of the Wiener-

Hopf factorization of o (t)*.

Independently, Bump and Diaconis [BD02] looked at the same ratios under the

o(t) = exp ( %tk + ‘%t—k>

k>0

restriction that

3The asymptotics of the determinants are well known, so this effectively provides the asymp-
totics for the minors.
4See Section 3.4 for more details.
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for the sets of constants {p, € C} and {p; € C}.

Using the Heine identity, they quickly translated this problem about ratios of
determinants of Toeplitz matrices into a question on twists of integrals over the
unitary group (hence our interest).

Their formula for the ratios

BDM — det M)
= lim ——
n—oo det M,
involved Laguerre polynomials and the coefficients py, pg.

Both pairs of authors computed the same quantities, so together they obtained

a vast array of equalities
BDM = TWA#,

as A and p vary.

In Chapter 3, one of our goals is to directly prove® these identities (culminating
with Theorem 3.1 in Section 3.5). Our main tool will be an operator A taking many
different forms and acting on the expressions for BD** or TW*#. The operator A
is very interesting when considered in the context of integrals over unitary groups
or even back to minors of Toeplitz matrices.

Let @ be the trivial partition. The following results are proved:
1. A(BD"?-BD?*) = BD* (Theorem 3.2),
2. A (TW*? . TW?#) = TW*# (Theorem 3.3),

3. BD*? = TW*? (Jacobi-Trudi identity, a classical identity in symmetric

function theory).

In other words, we will demonstrate how their identity is a differentiated ver-
sion of the Jacobi-Trudi identity. Beyond this explanation, our results uncover
unexpected relations between single-twisted and doubly-twisted integrals.

Many of the results from Chapter 3 are already in [Deh05b].

5i.e. not involving Toeplitz determinants
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1.3 Intermission

In this very short Chapter, we will discuss the lessons learned from Chapters 2 and

3 and prepare for Chapter 5.

We will emphasize that we should in general roughly expect

lim fG(N) f(g)sx(g)dg
N=oo fG(N) f(g)dg

to relate in a direct fashion to the Schur function sy(xq,---) after proper spe-
cialization in the ring of symmetric functions in x,---. The specialization will

involve the power polynomials and the (normalized) Fourier coefficients ¢y, --- in
f(t) :=exp), <t’ (Theorem 2.7).

Our lesson from Chapter 3 is that we should expect (Theorem 3.1)

£(9)sx(9)s,(9)dg

U(N)

to relate to
/ F(9)5:(9)dg, / f(9)su(g)dg and / f(9)dg.
U(N) U(N) U(N)

We will briefly speculate that a similar statement should hold true for more groups
than just U(N).

These lessons should prove useful for many applications.

One application is discussed in Chapter 5. However, the presentation there
does not emphasize this dependency. Indeed, while those lessons were initially
very helpful in treating the problem of Chapter 5, the results in that Chapter were
then significantly improved (from asymptotic in N to exact at finite N), which
made the reliance on those old lessons less obvious. We thus decided to include a

short informal review in Chapter 4 that we could draw on in Chapter 5.
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1.4 Mixed moments of derivatives

When giving a talk at the Number Theory and Random Matrix Theory Conference
at the University of Rochester in June 2006, I mentioned how those old lessons

could possibly be applied to the problem of computing asymptotics for
/ Ay (1) dg, (1.1)
U(N)

where A/ (t) is the derivative of the characteristic polynomial of g°, and how those

lessons predict that asymptotically

[ NP g e ) [ 0Py,

U(N) U(N)

where fi is relatively much simpler and has slower growth in N. In other words,
the main factor in [y, |A!(1)|*'dg should be Jo |A,(1)]%dg.

Chris Hughes, one of the conference organizers, immediately told me he had
already empirically observed this factorization for a larger class of integrals, which
encouraged me to work more on this.

Along with many other Analytic Number Theorists, his interest in this problem
stems from the work of Keating and Snaith [KS00b|: Keating and Snaith originally
conjectured that characteristic polynomials over U(V) serve as good predictors for
the Riemann ( function. For instance, they have conjectured that moments of
characteristic polynomials and ¢ behave in the same way, and have demonstrated
significant numerical agreement. Similarly, one can hope that derivatives of char-
acteristic polynomials would serve as good predictors for derivatives of ( on the
critical line. This would have potential (conjectural) applications to the many
theorems in Analytic Number Theory relying on moments of ¢’.

The Random Matrix Theory results presented here concern

/ A, (D22[A (1) 2dg, (1.2)
U(N)

6k’ denotes an integer. This notation will make sense in light of the final expression evaluated
in Section 5
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i.e. some average of mixed moments of a characteristic polynomial and a derivative.
Assuming the Keating-Snaith conjectures, those results would predict the Number

Theory moments

T
%/0 IC(1/2 +it)|**72|¢'(1/2 4 it) |dt.
Remark on Chapter 5 The initial results and proofs relied directly on ideas
from Chapter 2. The discussion used a technique of Bump and Gamburd and some
symmetric function theory to first translate (1.2) into a big sum over combinatorial
structures involving Young tableaux (see Section 5.3). The next step required
splitting that sum into subsums, and evaluating asymptotics on each using lessons
from Chapter 2.

However, those initial results can actually be much improved through a careful
analysis of the combinatorics involved (Section 5.7). We end up with a beautiful
exact result for (1.2) in Theorem 5.11, at fized N.

This result is very recent, so the combinatorial expression we obtain for (1.2),
a hypergeometric series, could still be simplified. We actually offer a candidate in
Theorem 5.20. This Theorem would extend the range of validity of our results to
k € C,Rek > 1/2, which is significant for analytic Number Theory.

Other extensions of this result that have not been approached yet are discussed

in Section 5.11.
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Chapter 2
Twists by Weyl characters

The main goal in this Chapter will be to study what happens when we modify
an integrand and introduce a Weyl character. Weyl characters are important in
the study of integrals over compact Lie groups, because the Peter-Weyl theorem
guarantees that they will form a basis of the Hilbert space of class functions on
that group.

Before we achieve that goal, we stumble upon a new proof of the following

Theorem, as a corollary of some of the work needed.

Theorem 2.1 (Diaconis and Shahshahani [DS94]). Let A\ be a partition, A\ - k and
n > k. Let e =1 when G = Sp(2n) and € = 0 when G = SO(2n) or SO(2n+1). If

py(9) =[] tr(g™)
€N
then

Eapy = sgn(A)g(N),

where g(\) is defined to be the number of matchings' of k points preserved under

the action of a given element of Sy of cycle type \.

This result had already been obtained by Diaconis and Shahshahani. Their

proof uses the interpretation for g in terms of moments of independent normals.

'We remind the reader that a matching of a set S is a perfect partition of S into pairs.

11
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If the reader only wants to understand the proof of Theorem 2.1, it might be
helpful to observe that Propositions 2.3 and 2.5 include a 7 that will only be useful
for Theorem 2.7. The reader could thus safely assume that v = (0,0, ---) and still
see a full proof of the statement.

If we are willing to restrict the integrand to have A\; = 1 for all 7, Rains [Rai98,
Theorem 3.4| has proved this result in the full range for n. We present only the
symplectic case of his result. In our notation, he proved that Eg,.,)p,(g) with
A=(1,1,---,1) F k is equal to the number of fixed-point-free involutions of length
k with no decreasing subsequence of length greater than 2n.

In the stable range?, he effectively counts the number of fixed-point-free invo-
lutions of length k, i.e. the number of matchings on k points preserved by the
identity permutation on those k points.

The problem of Theorem 2.1 was also solved in full generality by Pastur and
Vasilchuk [PV04], although their method of proof is arguably more complicated.
We will sketch it in the orthogonal case. Let F': SO(m) — R be a continuously
differentiable function and X be any n x n real antisymmetric matrix. By left-
invariance of Haar measure, Egeso(m)F(etX g) is independent of the real parameter
t and so Egcsom)(F'(9)Xg) = 0, where F” is the derivative of F'. This expression
can then be expanded and used to reduce the main expression to simpler ones.

We would like to point out that our proof of Theorem 2.1 involves the hyper-
octahedral group Bj. Both Stolz [Sto05] and Rains [Rai95] have already used the
same group for this computation.

We now turn to a more complicated problem, our main goal for this Chapter.

Let G be U(n), SO(2n), SO(2n+1) or Sp(2n) and let ®,, ¢ be a class function on
G, essentially defined by ®, ((g) = [[, e/®), where {t;} is a subset of eigenvalues
of g . There are extra technical conditions on ®,, ¢, but these will be introduced
just before the statement of Theorem 2.7, Section 2.2.

The strong Szegd limit theorem gives the asymptotics and the rate of con-
vergence of nhj& (Evu(n)®ns). Johansson [Joh97] was the first to generalize this

theorem to the other classical groups.

2See page 17.
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The main goal of this Chapter will be to study how those averages and asymp-
totics are affected when we introduce irreducible characters of GG into the integrand.
The characters x§ were constructed by Weyl for the compact classical Lie groups
using his Character Formula. By the Peter-Weyl theorem, these characters form
a basis of the Hilbert space of class functions on G and are thus very natural to

consider.

Theorem 2.7 will show that the ratio

EGXg\;q)n,f
IEG(I)n,f

approaches a limit when n >> 0. This extends the corresponding results for
the unitary groups due to Bump and Diaconis [BD02| to other classical groups.
Remarkably, our ratio is independent of the Cartan type of the group G and equal
to the ratio they obtained for the unitary groups. It only varies with f and .

A different point of view is offered in Bump, Diaconis and Keller [BDKO02|: we
can modify the Haar measure dg into Xfx_fdg. We know that x§’>c_§’ is always
positive and of mass 1 by orthogonality of Weyl characters hence x?x_gdg is a
measure. With this point of view, Theorem 2.7 would thus partially explain how
the average of ®,, y with respect to Haar measure dg is modified when twisting the

Haar measure by a character (see the last two remarks on page 29).

Thirdly, we would like to mention the recent preprint of Bump and Gam-
burd [BG06|. They showed how many of the integrals useful for Number Theory

can be computed in a unified way. An example of such an integral would be

/ H Ay(e™) dg,
U(n)

where A, (+) is the characteristic polynomial of g, and the «;’s are points on the unit
circle. The importance of integrals of this type originates from the work of Keating
and Snaith [KS00a, KSO0b|, where the integrals have been shown to predict the

moments of ((-) and of L-functions.

The method of Bump and Gamburd is based on symmetric function theory and
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classical results (Weyl Character Formula, Littlewood Branching Rules of Theo-
rem 2.2, page 18, and Cauchy Identity). The reader is referred to their introduction
for a much more comprehensive survey of all the results their method is known to
produce, and how (if) they were proved before.

We aim to use similar principles, relying on classical symmetric function theory
to offer more systematic techniques to compute such integrals.

Chapter 2 is organized as follows:

Section 2.1 will first go over notation, then introduce the reader to the represen-
tation theory of the compact classical Lie groups (Weyl characters and Branching
Rules). Section 2.2 will contain all of the proofs. It will also present the statement
of Theorem 2.7, and then shortly discuss its significance in relation to the rest of
the literature. Note also Section 4.3 for some speculation concerning the results

presented here.

2.1 Representation theory of the classical groups

We now introduce Weyl characters and the branching rules between different clas-
sical compact Lie groups. We follow the expositions of [BG06] and [KT87|, but
our notation is closer to [BG06] (which adds to Macdonald’s [Mac95]).

2.1.1 Notation

We now introduce the notation we will need for this Chapter.

Partitions.

A partition A = (A, Ag,--+ ,\,) is a finite decreasing sequence of non-negative
integers. We define the weight |A| of A to be the sum ) \;. If this weight is k,
we also use the notation A = k. The length [(\) of A is the maximal 7 such that
Ai # 0. The conjugate of A is denoted N. We say that a partition is even if all
of its parts \; are even. We define the union A U p to be the partition of |A\| + ||

whose parts are the union of the parts of A and p. There is a partial ordering
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on partitions: A C p iff \; < p; for all i. Finally, we define the A(i)’s so that
(I*D) = (A1, A2, -+, An), i.e. A(i) counts the number of \;’s equal to 1.

Symmetric group.

The symmetric group on k points will be §;. If A - k, elements of type \ are
the elements whose cycle types correspond to the partition A. We use €, for the
conjugacy class of those elements. We denote a centralizer in the group G by Cq(+),
and by z, the order of the centralizer of an element of C,. As usual, the irreducible
characters y, of 8 are indexed by partitions A - k. We sometimes abuse notation
and take yx(x) to mean the value of x, on C,. If x) and yx, are characters of
8z and 8§, their product x) ® x, in the character ring of symmetric groups will
be the character Indg:i:;‘g"u‘(x,\ X Xu) (see Sagan’s book [Sag91] for all aspects of
the representation theory of symmetric groups, and page 164 for the product of

characters x\ ® x,).

Classical groups.

Let J be the 2n x 2n matrix given by

0 —1Id,
J = .
Id, O

We would like to introduce a few classical groups:

Un) = {g€M,(C) | gg"=1I},

O(n) = {geUn) | gg' =1},
SO(n) = {g€O0(n) | det(g) =1},
Sp(2n) = {g€U@2n) | gJg' =T}

If G is one of those groups, it is compact for the topology induced by M, (C) or

M>,,(C). We can thus consider its Haar measure dg and normalize it so the total
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volume of G is 1. We write E f for [, f(g)dg.

Symmetric functions and power characters.

Let Clxy,--+ ,2,)% be the ring of symmetric polynomials in m variables. We
define the power sum symmetric functions p;(xq, -+ ,2,,) = ) + -+ + 2!, and
pa(z1, - xm) = [[;pa (21, ,@m). Let A+ k and consider the map that takes
the Schur function sy to the irreducible character y, of §;. This map extends by
linearity to take any symmetric function to a class function. We will abuse notation
and denote by p, both the power sum symmetric function and its image under that
map (see Bump’s book [Bum04, Theorem 39.1]). Finally, we define the characters
p, of G = U(m),0(m),SO(m) or Sp(m = 2n) by p,(g) := pa(t1,t2,- -+ , ;) where
the t;’s are all the eigenvalues of g. There is an obvious interpretation of those

generalized characters in terms of the trace. For instance, we have p(3’171)(g) =
tr(g®) - (trg)*.

2.1.2 Weyl characters

Let A = (A\,---,\,) be a partition. Let ¢ and j be indices running between 1
and n. Guided by the Weyl Character Formula, we define the following symmetric
functions of {x1,--- ,,}, actually polynomials in Z[zy, 7", -+, 2, 2 1]:
xmnfj‘
SA\T1y -y T = T =i
( 1 ) ‘Il ]|

LTI = Ogtn—t1/2)
SO(2n+1) _ i i
X (x17"' axn) — ; - s
n—j+1/2 —(n—j+1/2)

Ty -

€. .
Sp(2n) ’ ‘

€T cee LT —
X @) n—j+l _ ~(n=j+1)

2 (2

Ajtn—j+1 xf(,\j+nfj+1)‘

T

The s,(-) are the regular Schur polynomials that appear in the representation the-

ory of the symmetric group. Take g € U(n) (resp. SO(2n+1) or Sp(2n)). Label the
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eigenvalues of g by {t1,--- ,t,} (vesp. {t1,t7", -+ttt 1 or {t,, 671, - t,, 1)),
This allows us to define the functions s)(g), xip( n)( ) or xio( ) ( ) through the
values of the respective function on the subset {t1,--- ,t,}.

When G = SO(2n+1) (resp. Sp(2n)), Weyl showed that the character X/S\O(%H)
(resp. x?\p(%)) is irreducible when [(\) < n. This is called the stable range for A3

Due to the involution in the Dynkin diagram of type D,, the case of XSO(%) is

actually special. We will again define Xio(%) (g) as the value of a function XEO(%)
on an appropriate subset of n eigenvalues of g. The difference in this case is that

we only have A\; > Ay > -+ > |\,| for the index set. If A is a regular partition,

we define Ay :== A= (A, Ao, -+, \,) and A := (A, Ag, -+, —\,). The characters
xi(j@”) and X§9(2n) are exchanged by the involution on the Dynkin diagram, i.e by

conjugation by an element of O(2n) of negative determinant®.

The Weyl character formula defines the functions

SO(2n
X @ )(:Ula"' axn) =

Aj+n—j —(\j+n—j
T (Aj+n—j)

Xj+n—j —(\j+n—j
7 —’—l’l +l’i]nj—l’i(]nj)

"J—l—x(n])

If we set XS(%) = XSO(%) + XSO ") when An # 0 and XO(% = Xi?@”) otherwise,

then

—(Xj+n—j)

Aj+n—j
x;’ J +x,

O(2n
X)\( )(zla"' vxn) =

The character XS(%) (g) is defined similarly by evaluating Xg)(zn)

O(2n)

on eigenvalues.
It is still a consequence of Weyl’s work that xi is an irreducible character of
SO(2n) when [(\) < n. However, Xf\)@n) will merely be the character of the repre-

sentation of SO(2n) which is obtained by restricting an irreducible representation

3The book of Goodman and Wallach [GW98, Chapter 10] is the standard reference for this.
See also the paper of Koike and Terada [KT87].

4Tt might be helpful for the reader to observe that in the odd orthogonal case, O(2n + 1) =
SO(2n + 1) x Z/2 so the involution acts trivially.
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of O(2n) to SO(2n), not the character of a representation of O(2n).

For the sake of uniformity in the orthogonal case, we will sometimes want to
use X(;(2n+1) — XEO(%H)-

We also use the notational shortcut x§ where G is one of the Lie groups defined
above. It might be good at this point to remind the reader that y, denotes a

character of a symmetric group.

The irreducibility of the various characters considered guarantees certain or-

thogonality properties, which we will only describe as needed in the proofs.

2.1.3 Branching rules

Let G = SO(m) or Sp(m). Since G C U(m), the restriction of s, to G is a class
function for G and can be expressed as a sum of xf’s. The branching rules describe
more precisely how to do that (see the paper of Koike and Terada [KT87, page

492| for a modern and complete proof).

Theorem 2.2 (Littlewood). Let A be a partition of length less than or equal to n.

Then
U(2n)
_ )\l Sp(2n)
SAlsp(zn) Z > M) X
,LLQA v even
U(2n+1)
_ A O(2n+1)
S —=
Lot - (s a)x
MgA v even
U(2n)
_ A O(2n)
S’\lso@n) Z Z CV“) X
,LLQA v even
U o .
where s,\l indicates the restriction to G of the character sy of U(n) and c;,
G

are the Littlewood-Richardson coefficients.
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Remark.

This is where the eigenvalue 1 "disappears" in the SO(2n + 1) case. Let g €
SO(2n + 1) € U(2n + 1), with eigenvalues {1,¢, --- ,t,, t;',--- ,t.}. The left-
hand side is

sx(9) = sa(L,te, -+ s tasty Lo s 1Y),

while the right-hand side only involves terms of the form

O(2n+1)(g) — X,?Q"H)(tl’ cet).

2.2 Proofs

We will now present the main derivation. This is vaguely similar to a few steps of

the proof of [DEO1, Theorem 2.1| in the unitary case.
Proposition 2.3. Let A\Fk andn >k . Then

Esp(2n)X3p(2n)P,\ = Z (v © Xﬁvp/\>sk :

B’ even
YUBHk

Similarly (but with (3 instead of 3'), we have

ESO(?Wl)XiO(%H)pA = Z (X © Xﬁ,px>3k - Eso(%)Xio(zn)PA
oAk

Note: when |y| > |\ =k or when k — || is odd, those sums are indeed trivial and

give a value of 0.

Proof. The general method of proof is to use the branching rules from Section 2.1.3
to eventually transfer the problem to a symmetric group.
For definiteness, we will only prove this for Sp(2n) and discuss at the end the

minor changes needed in the orthogonal cases. Let g € Sp(2n) have eigenvalues
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{ti,t7%, -+ tn, 171}, Then

PA(9) = D xuNsul9)

ukk
= ZX#O‘) Z ( Z 055) X" (g),
pkk vCu \f3’ even

where the first line follows from the usual decomposition of power polynomials
into Schur polynomials given by the character table of a symmetric group (see
Sagan [Sag91, Equation (4.23)]). The second line follows by applying the branching
rule for each p = k. The branching rule is only valid when (1) < n. This explains

our final restriction of n > k.

We know that ]Esp@n)xgp(%)xls,p (7) — 1 when v = v and 0 otherwise (this is a

consequence of the theory of the Weyl Character formula). Hence

Esp(2n)X§p(2n)p>\ = Z (XM(A) Z C:ﬂ) )

ukk [’ even

where the condition that v = v C p is still present implicitly in the Littlewood-
Richardson coefficient ( cgﬂ = 0 if yZp). For the same reason, we see that this

sum is trivial when |y| > |u| = k.

The final statement follows from observing that > Lk C%Xu = Xy © x5 and
X(A) = (x;pa)s, -

For the orthogonal groups, the only difference is that two characters will pop up

when A\, # 0. Let m = 2n or 2n + 1. The branching rules will involve Xf\)(m) while

(m)

the twist that we introduce comes from a character of type X/S\O . Fortunately,
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all we need for the same proof to work is ngy(m)xio(m) =1
EGX;)(Qn)XiO(Qn) _ Eg)(i?(Qn))(iO(Qn) + EGxi?(Qn)X§O(2n)

= 14 0 by orthonormality for SO(2n).

EGXS(2n+1)X/S\O(2n+1) _ EGX§O(2n+1)X§\O(2n+1)

= 1 by orthonormality for SO(2n + 1).

]

We would like to remind the reader at this point of a few facts from the repre-

sentation theory of the symmetric group.
Lemma 2.4. Let sgn be the sign character in 8.
1. If Bk, then xg —sgn ®xs,

2. If Bk, then
pp @ sgn = sgn(B)pg

3. Restrict k to be even. Then

Z Xg = Ind%’“k 1,

B even

Bk

where By, is the centralizer of the chosen permutation (1,2) (3,4)--- (k—1,k)

4. Restrict k to be even. Then

sgn ® Ind%’“k 1= Ind%’“k (Res%’“k sgn).

Proof. 1. This is in Bump’s book [Bum04, Theorem 39.3].
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2. This is immediate:

pr@sgn =Y xu(A)x, ®sgn = > xu(M)xw

ukk ukk

and, by part 1,

- Z Xu’()‘)Xu - Z X"()\> Sgn(/\)X“

pEk pHk
3. See [Bum04, Theorem 45.4].

4. This is a consequence of Frobenius Reciprocity.

This lemma leads immediately to a second version of Proposition 2.3.

Proposition 2.5. Let A\ k and n > k. Let ¢ =1 when G = Sp(2n) and ¢ = 0
when G = SO(2n) or SO(2n+1). Then

8 €
EGXspx = <Indsﬁ‘x3k_w (Xy ® sgn‘) ,pA>S )

k
where by a slight abuse of notation, we confuse sgn and Res%’“k sgn.

Proof. All the steps required are applications of Lemma 2.4 to the statement of

Proposition 2.3.

EaxSpy = Y (X, © (580) ® X3, 00)s,
B even

~UBHk

. Sp_
— <X7 ® (sgn ®Ind$’<k_llj‘ 1) ,p,\>8
k

We now apply Lemma 2.4.4 to get the result stated.
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2.2.1 Discussion of Theorem 2.1

As a special case to Proposition 2.5, we are now ready to compute integrals of

traces directly, without involving the Brauer algebra as in Ram [Ram97].

Proof of Theorem 2.1. We want here to compute E;p,, so we are now in the sim-
plest case of Proposition 2.5, when |y| = 0. When k is odd, there is simply no
matching on k points. On the other hand, it was a consequence of Proposition 2.3
that Eqp, = 0 as k — |y| = k is odd. We can thus restrict our attention to the k

even case. We have thanks to Lemma 2.4 that

Ecp, = <Ind§3’“k L,pa® sgn6>

Sk
= sgn(A)° <1, Res%’jc pA>B
k
zysgn(A)°

_ W# {o€Cs.((1,2) -+ (k—1,k)) | type(o) = A},

since p, is an indicator function for the conjugacy class of permutations of type A
in Sk
If o € Cs,((1,2) - (k—1,k)) then o preserves the matching {{1,2}, --- {k —

1,k}}, ie. it sends a pair to a pair. We use this to switch to the language of

matchings.
A8
Eopy — B Byt oy (1239 (k- LR NEL
€Al Byl
)\ €
- w0 S seeotn=m
‘ )" matching M of k points
= sg|r(19()’\) #{(M,0) | M a matching of k points,
A
o€Cy,o(M)=M}
sgn(A)¢ .
= matchings preserved by o} .
TN > #1{ gs p y o}

oc€Cy

The last steps make use of a double-counting argument. All the summands in the
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last line are equal, and there are |C,| of them so we have

]EGp)\ - Sgn()‘>eg()‘>7

where g(\) is the number of matchings preserved by a permutation of cycle type A.
O

As mentioned earlier, this offers a combinatorial interpretation for a result first
proved by Diaconis-Shahshahani [DS94|. Naturally, we have to check that our
definition of g agrees with the definition they gave. This is a purely combinatorics

problem.

Proposition 2.6. Let A= k. Then g(A) =[], g;(A(j)), where g;(-) is given by

0 if a is odd

if 7 18 odd ia) =
fJ 9]<> {ja/Q(a—l)(a—S)-”l if a is even,

L B ay .,
if 7 is even  gj(a) = Zt: (2t>j (2t—1)(2t—=3)---1
Proof. From our combinatorial definition of g, it is immediate that

9 =TT o((*)

. All we have left to prove is ¢((j%)) = g;(a).

if j is odd: Take o € Cja). Since each cycle of ¢ is of odd length, any matching
of points preserved by ¢ must match cycles as well. If a is odd there is no
such matching. If a is even, any matching of points will also match cycles.
There are (a — 1)(a — 3) - - - 1 possible matchings of cycles. Once a matching
of cycles is chosen, we still have to decide on how to match points in each
individual pair of cycles. There are j choices for each of the a/2 pairs of

cycles.

if j is even: This is more subtle, as matchings of points inside the same cycle

are allowed. Say there are 2t cycles whose points are matched with points in
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another cycle (the external cycles) and thus a — 2t cycles whose points are
matched with a point within the same cycle (the internal cycles). There are
(Q“t) ways of choosing which cycles will be external, and then (2t — 1)(2¢t —
3)---1 ways of matching external cycles. Once we have a pair of external
cycles, there are 7 ways of matching points between the two cycles. On the
other hand, there is a unique way of matching points within an internal cycle:
a point has to be paired with the point most distant for the ordering given

by the cycle.

2.2.2 Discussion of Theorem 2.7

Let T = {t € C | [t| =1}, and let o(t) = 3,5 dit’ = exp (co + >
be a function on T.
We will always assume f(t71) = f(¢) (i.e. ¢; =c).

We also define® two extra conditions:

iez $1') = e/

Condition (A)

Z'if' < 0

>0
Condition (B)

Z§<oo

Those conditions were already relevant to the work of Bump and Diaconis [BD02],
and the whole field of Toeplitz matrices®.
We would like now to define a class function on G. Define {t1,--- ,t,} such

that the eigenvalues of g € G are

1. t1,t;h -+ te, t;! when G = Sp(2n) or G = SO(2n),

®We will not assume those conditions by default Condition (B) will only appear much later.
5The book by Bottcher and Silbermann [BS99| gives a very clear introduction to the analytic
theory of Toeplitz matrices. Theorem 5.2 in [BS99] uses those conditions. Sets of functions

satisfying Conditions (A) and (B) are denoted W(T) and le/ *(T) respectively.
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2.t t7, ty,th 1 when G = SO(2n + 1).

Then ®,/(g) = [[,_, o(tx) is a class function on G (the symmetry condition
f(t™Y) = f(t) guarantees that ®, ; is independent of our choice of a subset

{t1,--- ,t,} of the eigenvalues). We even have
C.
B, ;(g) = en0 s (o)) .
(g) =e"exp <§>0, PG (9)>

Theorem 2.7. Assume that f satisfies Condition (A). For simplicity of notation,
take x§ = XSO (@n-+1) (resp XSp(%), XEO@”)) if G = SO(2n + 1) (resp. Sp(2n),
SO(2n)). Then
EoxS®,
lim —2Xa 2t
i Ba®,

00 ;\(i)
Z X (A (E ' (i))\(z')!> '

Al

= R(y, (),

where

We delay comments on this Theorem to page 29 and start with the proof.

Proof. As a first approximation to ]nggq)n, 7, we will actually study ngg;pA for
Ak < n. It will be useful to split up A into subpartitions. To avoid confusion with
notation previously used for partition parts (A1, Aa, -+, A\,), we will use A,UN\, = A
in this proof only.

We start from the final equation in Proposition 2.5 and apply Frobenius Reci-

procity to get

E G _ < R Sk \’Yl R >
GX~ P Xy ® Resg, ) sgn’, eSS| % Be-iy P2 813X B

N c
= X (pa) sgn(ps),
Sl Br—il 2 (Pa) sgn(pr)

(Paspb) €S|y X By

type(pa)=Xat|7l

type(py)=Ap-k—|7|
AaUAp=A

where € = 1 when G = Sp(2n) and 0 otherwise. We now sum over conjugacy

classes (i.e. cycle types) instead. The correction factor for the p,’s of type A\, will
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be 2l = ey, |,
EcxSp, = Xy (Aa) s80(N)" e
GXy Py = > Bi—jy N Co .
AaUAb A

Observe from the proof of Theorem 2.1, with A replaced by Ay, that

Zp Sgn<)‘b)€

Br_1v NECy |
|Bk—\fy|‘ | k—|vl )\b|

Ecpy, =

The hypothesis n > |\y| of Theorem 2.1 is automatically satisfied since we already
assume n > |\ and A = A\, U Ap.

We now have the much simpler

ZX
EaoxSpr= Y X+(Aa)Ecpy,
e

AaUAp=A

or even

EexSph= ) A,A,XV J)Ecp, (2.1)

AaHvl
AaUNp=

where Al =[5, (A(9)!).

We can now deal with EGX?‘I)mf- As in Toeplitz minors |BD02|, absolute
convergence is guaranteed by Condition (A), the bound |tr(¢g*)| < m when g €
U(m),SO(m) or Sp(m) and compactness of those groups:

EexS®,; < €' | mex (Ix5]) exp (Z’ )

>0



28 CHAPTER 2. TWISTS BY WEYL CHARACTERS

We are thus allowed to permute sums and products in the full expansion of ®,, ;:

>0

o1 Czp
— TR, X’Cj H Z @]j'

zle

one Czpz
- ‘B XsZH ZO‘ZOé)|

azzl

— "R aXy Zl—‘[lo‘az'pll

(a;) =1

ne ¥ C?i G
- (I ) e

() N
Ai=(1%)

G
Eexy®ny = €"Ecx exp (Z 7P<i>>

From this definition of A, we observe that A(j) = «;, which explains the notation:

a; <> \; in general.

Once n > |A|, we are allowed to substitute for every term ng,cjp)\ the r.h.s.
of Equation (2.1). For a given n, this only applies for the terms at the head of
the series, but any term in the series will eventually be substituted, when n > |A|.

Combined with absolute convergence, this guarantees the asymptotics

G n—00 ne - Ciai Al
soce oS (M) 5 e,
(i) =1 v Aak [yl “r

AaUNy=(i%)=:\

We now switch the sums, and change the index of one sum from (o) with (%) = A
to (3;) with (i%) = \y. This implies A\,(j) + 8; = A(j) = o;. We get

00 Aq(7)
o oo 3 (ST ) X (T15 ) onen

>\a|_|7‘ 1=1 (51)
=  R(v,(c:)Ec®ny,
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and finally
Eoxy ®n, s i A()
lim —==2 = Ry, (e:) = D (V) (H RYGRYG
G=n.f Al i=1
O
Remarks.

e As mentioned earlier, this ratio R(7, (¢;)) already appears in Theorem 6 of
Bump and Diaconis [BD02|, when G = U(n). It is striking that this ratio is
independent of the Cartan type of G.

e Even more striking is that

A7)
pz xy,
'le ZX’Y (H ZAE)A ) :R(ryapl(xlv))

ARl

after the trivial extension of the definition of R to Clzy,- -+ ,x,]%".

In other words, the value of the RHS in Theorem 2.7 is merely the Schur

polynomial s, with the power polynomials specialized to the ¢;’s.

This will be explained in more details in Chapter 4, and more particularly
Section 4.1.1.

e The authors went a bit further in [BD02| and modified the integrand using
two characters (one of them appeared conjugated). There is no real need
to do this here, as the characters x§ are real in the non-unitary cases, and
we would just end up with a product of two characters. Koike and Terada
[KT87, Corollary 2.5.3] have shown that the multiplication rules are also
essentially” independent of the Cartan type of G, i.e. that

Xv Z C;j,I/X)\

"This is only valid for n > I(u) + I(v), and the case G = SO(2n) is slightly different.
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This can be combined with Theorem 2.7 to show that there will also be an

EGXEng)n,f

asymptotic ratio for End,

, independent of the Cartan type of G.

Johansson [Joh97, Theorem 3.8.i with n = i| was the first to generalize the
strong Szegd limit theorem to all the classical groups. He found asymptotics
for Eq®,, s as n — co. Bump and Diaconis [BD] later found a new proof of
Johansson’s result that actually inspired our own work and an extension of
this result. We state here a weaker version of Johansson’s result in a style

closer to our own. Note that this is the first time we need Condition (B).

Theorem 2.8 (Johansson [Joh97|, Bump and Diaconis [BD|). Let f(t) =
> 4t satisfy Conditions (A) and (B) in addition to the usual symmetry
condition f(t) = f(t7'). Then
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We can thus combine Theorems 2.7 and 2.8 to get the asymptotics for

nggfﬁn’ f, i.e. for the Haar measure twisted by a character of type x§.



Chapter 3

On an identity due to
(Bump and Diaconis)
and (Tracy and Widom)

3.1 Introduction

3.1.1 Origin: Toeplitz determinants

Fix o(t) to be a function of the unit circle T in C that can be written in the form

o(t) = exp ( %tk + %t_k)

k>0

for the sets of constants {p; € C} and {p; € C}'. This requires o to have winding
number 0 around the origin (since logo(t) is defined, see [BS99, pp. 15-17] for
more details). This also defines a set of constants {dy} so that >, _, dit* := o(t)

(i.e. the d’s are the Fourier coefficients of o(t)). We will further assume that the

el S~ 1Bl g

[pe|’s and |pr|’s decrease fast enough, i.e. that all of the sums _, £ 5" ¥

P % are bounded.

We now construct a matrix M, having constant entries on diagonals parallel

IThis implies that o(0) = 1, a condition that is merely there for exposition.

31
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to the main diagonal (Toeplitz property with symbol o):

dO dl dn—l
doy dy dy dp—2
Mp(o) =My, = | - o = (di—j) pxn
dq
dl—n d—l dO

nxn

A classical question for Toeplitz matrices is then to consider the asymptotics of
the determinant det(M,,) as n goes to infinity. Bump and Diaconis [BD02] looked
at asymptotics of minors of M, i.e. (due to the Toeplitz property) matrices of the
form

Mr/L\u = (d)\i*ujﬂ#j)

nxn’

where \ and p are partitions. They proved that

det( M+
lim det(M")

=R eC
n—oo det(M,) ©

when all of the sums ), %, P % and ), % are bounded. We will assume
those conditions for the rest of this Chapter.

Bump and Diaconis not only proved that this limit exists, they also found
an expression for this constant R as a sum over symmetric groups involving
Laguerre polynomials. We will denote this expression BD** (see Section 3.3).

Independently, Tracy and Widom [TW02| obtained other expressions TW**
(see Section 3.4) for those ratios as determinants involving the Wiener-Hopf fac-

torization of o(t), i.e.

o(t) = exp ( %tk> - exp <Z %t‘k>
k>0 k>0

k>0 k>0

where the last equality defines the h;’s and ﬁk’s.
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Tracy and Widom’s theorems are valid under slightly more general conditions
than Bump and Diaconis’. Lyons [Lyo03| discusses this point in detail.

Joining results on BD* and TW** together, we have the main identity

Theorem 3.1. [BD02, TW02] Let A, pv be partitions. Then, if >, |pkl, >4 Dkl
and ), k|pipk| are bounded, we have

BD* (= RM) = TW*~,

3.1.2 Results

If one forgets its origins, Theorem 3.1 is a mysterious combinatorial identity
BD** = TW**. Our main goal for this Chapter will be to prove this identity
more directly, without relying on Toeplitz determinants. We will show how this
identity is just a differentiated version of the Jacobi-Trudi identity. Along the way,
we will prove various other results on the combinatorial representations TW** and
BD** (and thus also on those ratios R**).

In Section 3.2, we will review the notions of symmetric function theory which
we need. We first define classical symmetric functions, and then introduce a linear
operator A acting on symmetric functions. Three equivalent formulas will be given
for A.

We will also define what we mean by “specialization” from an algebra of sym-
metric functions to C.

This will implicitly define a differential operator
A = exp (Z k;@pk@f,k>
k>0

acting on functions of the variables py and pj as the image of A under the special-
ization.

Our notation will be similarly consistent throughout this Chapter:

“object” is “symmetric” and specializes to “object”,
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i.e. a boldface “object” (is a)/(acts on) symmetric function(s), and specializes to
“object” which is of similar nature but without the symmetry component.
In Section 3.3, we will first define the expressions BD** and BD** and then

prove

Theorem 3.2.
A (BD*?.BD?#) = BD* and A (BD*?.BD?*) = BD**.

Section 3.4 will proceed similarly for the expressions TW** and TW™** and

prove

Theorem 3.3.
A (TWY? . TW?#) = TWM  and A (TW*? . TW#) = TWA,
Looking back to ratios of Toeplitz determinants, Theorem 3.1 along with The-

orem 3.2 or 3.3 immediately prove the following corollary:

Corollary 3.4.
A (R*-R7F) = RM.

Section 3.5 will be devoted to the proof of Theorem 3.1.

Finally, we give in Section 3.6 a couple of noteworthy relations on the R**’s.

3.2 General definitions and notations

We summarize the definitions and notations employed in this Chapter.

3.2.1 Partitions and symmetric groups

A partition A = (A1, Ag,- -+, A\,) is a finite decreasing sequence of non-negative
integers. We define the weight || of A to be the sum ;. If this weight is k, we
also use the notation A F k. If £ = 0, we denote the trivial partition (0,0,0,0,---)
by @. The length [(A) of A is the maximal ¢ such that \; # 0.
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There is a partial ordering on partitions: X C p iff \; < p; for all 7. In a
probable break of standard notation, A(i) counts the number of A;’s equal to 4, so
that (i*®) = (A1, X2, ,A,). In an even greater offense, if 7 is a permutation,
we will use 7(i) for the number of elements of ¢’s in the cycle type of 7, not for
the image of point ¢ under 7 (this usage is limited to Section 3.3, with no risk of
notational confusion in the whole Chapter).

As usual, partitions of fixed weight k index conjugacy classes in the symmetric
group on k points 8. We set zy =[], i*@il. This is the order of the centralizer
of a permutation in 8§ of cycle-type .

In order to present the formula of Bump and Diaconis, we will also need the
irreducible characters of the symmetric groups. For a fixed k, all irreducible rep-
resentations of 8, are indexed by partitions of weight k (see the book by Sagan
[Sag91] for a friendly introduction). If A - k, we will use x* for the character of

the representation corresponding to A.

3.2.2 Symmetric functions

We now introduce a few functions in the graded rings A(X) and A(Y) of sym-
metric functions in countably many independent variables X := {xy,zo, 3, -~}
and Y := {y1,v2,¥s3,--- } over Q. The former can be most directly thought of as
the ring of formal sums S(z1,---) of monomials in the variables x; that have the
symmetry property S(z,1), Zp2), ) = S(@1,22,---) for all p € 8. The most
classic reference on the topic is Macdonald’s book [Mac95, Sections 1.2-1.5].

We will use the notation py, hy, sy and sy, for the various interesting functions
living in A(X). They will be respectively the power sum, complete, Schur and
skew Schur functions in the variables {x;} associated to the partition A (to the
skew partition A\/u for the latter). Similarly, we use py, h,, §, and S/ for the
same functions in A(Y). In general, the boldface font will be used for functions
in A(-). A tilde indicates the variable set Y, while the default (when there is no
tilde) is to assume that the variable set is X.

One can define an inner product on A(-) by setting the Schur polynomials
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to be orthonormal: (sx,su) %) = Oae- The ()5 %, indicates that this inner

product is for A(X). We will need the fact that the p,’s form an orthogonal base:
(Px, pu)A(Y) = Z\0xu-

We will also need to consider the ring of symmetric functions in two sets of

variables
AX)Y)=AX)@AY).

This comes equipped with an induced inner product defined by extending linearly
<a-a,b-6> o <a,b> . <a,15> .
AX)Y) A(X) A(Y)

3.2.3 The derivations pﬁ and f)#

Let us first consider just the set of variables X.
Following Macdonald [Mac95, Example 3, Section 1.5, page 75|, we define the
ring homomorphism * : A(X) — End(A(X)) in such a way that

(fru, V>A(Y) = (U, V) z(x)

for all u,v € A(X). This is the adjoint of multiplication in the ring A(X).
Macdonald (following Foulkes) shows that p; = nd,, and so that pl is a

derivation. Indeed, we have

<pﬁ(px), pu>A(Y) = (P, pupn>A(Y)

0 ifA#(n)Up
{ zy ifA=(n)Up
0 A
B {ZA if p# A\ (n)
= <Z/\Z;1p/\\(n)7 pu>A(Y) :

But z,\z;\l(n) = nA(n), so p;(px) = ndp, (P») and we get our claim that p; = ndp, .

A similar result is of course true for A(Y) (for the adjoint with respect to the
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inner product (-, ) y))-
Observe that

(a-a)t =at®@at,

and so * is a homomorphism A(X,Y) — End(A(X,Y)).

3.2.4 Specializing symmetric objects

Again, we first consider only the variables X.
For a given o(t) = exp (3, 2t" + 2:¢7%) We define an algebra homomor-

phism

]IY’IAKBF) e C

P — Dk

Following on Section 3.2.3, H actually also preserves derivations, so Hx(ndp, ) =
HY(pé_) = kapk‘

We also observe that the generating function for the hj; is the same as the
generating function for the h,, i.e. compare Equation 3.1 with the generating

function identity

exp (Z %tk> = Z hyt".

k>0 k>0

This very classical identity (Newton’s identity describing the roots of a polynomial)
was already discussed in the context of Polya’s enumeration theory in the paper

by Bump and Diaconis [BD02|. In any case, this guarantees that
H(hg) = hy.

Of course, a similar specialization Hy : A(Y) — C exists, and induces a
specialization H : A(X,Y) — C.

The concept of “specialization” as applied here will be discussed in more details
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in Chapter 4.

3.2.5 Differential operators A and A

Consider the vector space V' of all the polynomials in the variables py, pr. We can

define a (generalized) differential operator A as

A = exp (Z kapkaﬁk> H Z ' apkapk )
k

k>0 i>0

where (9,,0;, )" is composition. Note that sums and products will be finite for any
element of V' but that the order of A is not uniformly bounded on V.
We define the operator A on A(X,Y) in the same way, which implies that they

commute:

HoA=AoH.

It follows from the previous sections that
1al
Pj. Pk
A=c¢ === .

3.3 The Bump-Diaconis side

Assume A = m and g F p. Then Bump and Diaconis define for o(t) = exp (3. Bt*)-

exp (Zk>0 %t_’“) the expression

BDM* = m, Z Zx X (o) [ el p),

WESm " pESp k>0
with

B k‘p(k)p(k‘)'L(((l;) p(k)) ( kaf)k) pz(k)—ﬂ(k) if (k) > p(/ﬂ)2
Fi(m, p) = -

k”(k)w(k:)!L(p(k)_W(k)) (_pk_ﬁk) ﬁz(’f)—ﬂ(k) if p(k) > (k)

(k) k

2We remind the reader of our unconventional usage of (k) for the number of k—cycles in 7.
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and where

L () = k; (zta) ( kt')k :O <n + a) o k)!

is the usual Laguerre polynomial (the former expression is the standard definition,

while the latter formula is only a reindexing of it that will be more useful here).

We define similarly BD** (') and Fy(, p).

Lemma 3.5. Let max;, = max(w(k), p(k)) and min, = min(w(k), p(k)). Then,

ming .
i man Mg \ = 7(k)—i~ p(k)—i

Proof. We just need to expand the Laguerre polynomial in the definition of Fy

while keeping track of the degrees in py and pg. The key is to observe that

all the monomials will have the correct degrees, i.e. will be pw(k) ng( )= for

0 <i < min(p(k),n(k)). O

Proof of Theorem 3.2. When one of the partitions is trivial, the BD** reduce® to

1 _
BD"? = — Z Mm)p, and BD7H = = Z X"(p)P,

TES8m " pES,

We thus need to evaluate

1
A (BD*?-BD?") = A|— "\ mp, ,Zx

TESm pGSp
- ml Z ZX A (Pxbp) -
TESm pES

3We use here permutations as index for the power sums functions. We mean by p, the
function py, where X is the cycle-type of 7.
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Each term is of the form

A (pﬂf)p) = [H ekapkaﬁk] (H pZ(k)f)Z(k)> _ H [ekapkaf’k (pz(k)ﬁz(k)>} ,

k>0 k>0 k>0
where
N k) kDp, 0, )" [ w(k)~
Bty (pkw)pZ(k)) -y ( A b) (pk(k)Pi(k)>
P i
) k . k »
, i i
>0
= Fk(ﬂ-vp)
by Lemma 3.5.
Summing over all terms, we have
1 1 .
A(BD'?.BD?") = — %" . > X (@x (p)A (p<b,)

The identity
A (BD*? . BD?*) = BD**

follows from
BD* = H(BD**)
= H(A (BD*?.BD“*"))

= A (H(BD"?.BD""))
= A (BD*?.BD?#),

completing our proof of Theorem 3.2. O
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We will need an additional lemma later.

Lemma 3.6.
BD*? =s, and BD?" =3,

Proof. This is immediate from the definitions of BD*? and BD?#: we get the

expansions?

1 1 - .
B Z X(m)pr =s, and By Z X (7)Pr = 8x

WES‘M 71'€8|>\|

for Schur polynomials in terms of power sums, a fact that was already presented

by Bump and Diaconis in their paper. O

3.4 The Tracy-Widom side

Since o (t) = exp (3, BtF + %t‘k), it is reasonable to consider the functions

k>0

and o™ (t) == D, hit ™% == exp (Z %tk> :

k>0

Pr
ot (t) = D k>0 hitt == exp (Z ?tk)

It is a classical theorem from operator theory for Toeplitz matrices (see Bottcher
and Silbermann’s book [BS99, page 15]) that we then have

lim (Mn(O'Jr) . Mn(O'i))ij = lim MTL<O-)’LJ

n—oo n—oo

This is called the Wiener-Hopf factorization of the symbol o.

4We use here permutations as index for the power sums functions. For instance, we mean by
P~ the function py, where X\ is the cycle-type of .
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Tracy and Widom use the Fourier coefficients h;’s and ﬁk’s of o™ and o~ to
formulate their result.

We are now ready to define TW™* for the partitions A - m and p - p. Let d
be an integer large enough that A\j11 = pgr1 = 0. Obviously, d = max(l()),1(u))
would do, but d could be taken larger without affecting the result. Then we set

T'W‘)\M — det (<fli_j+#d—i+1>d . (hj_i+)\d—j+l> >
X 00 ocoxd

hy, = hi_giu, hogyu, = = ho 0 - 0
N - > >hy 0 - 0
= det B/—Ld—i+1 o~ = hg 0 - 0 -
N - = hg 0 - 0
ﬁd—l-‘rul - Bul B—H-M - - lFIO 00 dx 0o
h,, hg 145,
Yy N Y
h/\d—H»l
Y NY
hi_a1x, hy,
h_gyx, h_iix,

Y Y Y Y Y

hyg hg Y Y
0 0 ho hg

coxXd

The structure of those matrices is important. We now attempt to describe it in
words.

We have here the determinant of a product of two “half-strip” matrices of sizes
d x 00 and 0o x d. The entries along the main diagonal (marked by the arrows
%, ) are all of the form hy, or h,,. The first matrix (resp. second) has a privileged
direction, > (resp. Y), in which the indices of h, (resp. h,) are decreasing. This
guarantees that the product is well-defined: each line on the first column has only

finitely many non-zero entries®.

5This is not important, bu there is also a “cascading effect” among non-zero entries: in the
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We define TW** := H(TW?#*).

The matrices involved in the definitions of TW** and TW** are obviously very
similar to the Jacobi-Trudi matrix. We remind the reader that the Jacobi-Trudi

matrix of dimension d x d for the partition A (d > I(\)) is the matrix

hy, < < hg_14y,
1, <
JT) = h,, :
Y
hi_g4y, < < h,,

dxd

where we respected the same conventions with arrows. We define J7I‘i\l in a totally
analogous way (i.e. using fl’s). It is a central theorem of the theory of symmetric
functions that det(JT$) = sy (see [Bum04, Theorem 37.1]) and is thus independent
of d (as long as d > I()\)). Similarly, det(JT5) = §y.

We are now ready to comment on the result of Tracy and Widom a bit further.

Lemma 3.7.
TW*? =s, and TW?ZH = Sy

Proof. We will only do the case p = @. Pick d > I(\). The left-hand side matrix
in the definition of TW*? is then lower triangular, with 1’s on the main diagonal.
Without affecting the final determinant, we can row-reduce this matrix to (¢;;)
with ¢;; the Kronecker delta.

dxoo?

first matrix for instance, the last non-zero entry on each row (i.e. hy) has to be (weakly) to the
right of any non-zero entry on the rows above.
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Hence we easily compute

h,, hg_ 14y,
Y N Y
Ao
™ - hAdﬂ‘H
Y N~ Y
hi_g», hy,

dxd

det ((I7T5) ) = detJT s,

d+1—j,d+1—i

The key observation is thus that the d x d truncation of the right-hand side matrix
in the Tracy-Widom determinant is the anti-transpose® of the Jacobi-Trudi matrix,

and that a determinant is not affected under anti-transposition. O]

We can now get started on the proof of Theorem 3.3.

Proof of Theorem 3.3. We need to compute A (TW)‘g . TW@“). We have

L
PrPk
A =exp (Z kapkaf,k> = exp (Z I ) )
k k
The exponential can easily be expanded to obtain
| L
a-(Xlee) |
where the sum is over all partitions ». We now make use of the Cauchy identity

1 1 -
Z Z_Vpl/py = ll 1_ T3 = Z SuSy
14 xlez 14
y; €Y

6The anti-transpose of a matrix is its transposed along the main anti-diagonal.
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and obtain our final expression:

s (Sien) - (£es)

Coming back to our original computation, we just obtained

A (TWYZ - TWZH) = "5, (s1)3, (8,)- (3.2)

Observe that
Si_(S)\) - Z <Si‘(S)\), S,u> S
“w
= > (snsu-s.)sy

o

_ A _

= E CwSu = Sx/v-
“w

The last sum, which involves the Littlewood-Richardson coefficients, is precisely

the definition of s, .

Armed with this observation, we can thus rework Equation (3.2) into

A (TWYZ - TWZH) =) sy,

When v runs through all partitions, the skew function s/, runs through all

of the matrix <hj_i+,\d_j+1> . Similarly, s/,

d x d minors <hj—i—w+/\d_j+1>
ocoxd

dxd

will run through the minors <h7f'*j*’/j+ﬂd7i+l) of (hifjﬂufm) . Moreover,
dxd dxoo

the minors obtained with s and §} are paired up just as in the Cauchy-Binet

identity. Therefore, we obtain

A (TW/\Q : TW@M) = det ((ﬁi_ﬁ“d"“)dmo ' <hj_i+)\dj+1>oo><d)

= TW*
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and we are done. The proof for TW** follows from applying the homomorphism H.
O

3.5 The proof of Theorem 3.1

Proof of Theorem 3.1. We have from Lemmas 3.6 and 3.7 that
BD"? =sy, = TW*? and BD?* =35, =TW?~

Tracing back to those lemmas, this is a direct consequence of the Jacobi-Trudi
identity.

The Theorem now follows. We have

BD* A (BD*? . BD?#) (Theorem 3.2)
= A(TW*?.TW?H)

= TW* (Theorem 3.3).

3.6 Some relations among R**’s

Two very natural properties of R** pop out of the presentation due to Tracy and
Widom. The proofs rely only on basic properties of determinants and the Tracy-
Widom expression TW™~.

Proposition 3.8. Let (r) and (s) denote partitions with just one part each, of size
r>1 and s > 1 and let \, i be partitions, with max(l(\),{(n)) < d. Then,

RM () — RNT . R L RIr—1) (-1 (3.3)

and

RM = det <R(>‘i+d*i) (uﬁd*j))

1<i,j<d
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Proof. Both results follow from the same fact:

TW® 6 — et (<ﬁ1j+s) ‘<h1—i+q~) )
1x00 cox1

- lleh'r + Fls—lhr—l + -
= hyh, + TWODED
— TWM2TW26) + T™W—1 (571)’

which proves Equation 3.3.
For Equation 3.4, we just need to observe that TW** is defined as the deter-
minant of a matrix M which itself is a product of two matrices. The coefficient on

the i*" row and the j® column of M is given by
o
Mij = § :hi—1—k+ud+1—z‘hj—1—k+>\d+1—j7
k=0

where this sum is actually finite (because the terms eventually vanish).

By the reasonning for Equation 3.3, we actually know that

M. = TWU1HAa+1-5) (i=1+pari—i)

v

Equation 3.4 then follows from the invariance of determinants under transpo-

sition and anti-transposition. O
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Chapter 4
Intermission

We would like to highlight the main results from the previous chapters, present
them informally, and put them in context for the next chapter.

In order to make the ideas clear, I will gloss over many issues of convergence
in Section 4.1.1. However, similar results will be rigorously reproved in Proposi-
tion 4.1. It will be shown in Section 4.1.3 that those results are actually exactly
the same, thus offering one rigorous proof and one intuitive guess for the same

result.

4.1 Summary of results of Chapters 2 and 3

4.1.1 Chapter 2

The main result of Chapter 2 (Theorem 2.7) tells us that under certain conditions

on f(t) = Ziez %\ti7
EGchjq)n,f .

lim —y — :
M Egs,, )

where

< A0
R(7, (¢;)) = Z X (A) (H m) )

bl i=1

49
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and we mentioned in the remarks on page 29 that the RHS could be seen as a
Schur polynomial, once we have specialized in the ring of symmetric functions the

power polynomials p; to the Fourier coefficients! ¢; of f.

4.1.2 A Theorem of Bump and Gamburd

In [BG06, Corollary 1|, Bump and Gamburd prove that

/U(N) | det(Id +g)|**dg = S (%) (1%

Their result can actually be slightly improved to

Proposition 4.1.

| 101400 01y = sy (1) - (1),

Proof. This proof is entirely rigorous. We have

/ | det(Id +g)|**s,(g)dg / | det(1d +9)[2*5, (9)dg
v U(N) =
U(N) =
/< )Z s ([U%*) sx (9)sy(9)s v (9)dg =
UN)
*(wve) ([117%) s (1),

where the third equality follows from identifying the determinant as a Schur func-

tion and the dual Cauchy identity

K
Hdet(ld—l—aig) = ZS,\(al,~' cag)Sy(ty, - ty).

i=1 A

Lrescaled by 1/i
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4.1.3 Agreement so far

We have now offered in Section 4.1.1 an intuitive guess at a statement, and rigor-
ously proved Proposition 4.1 in Section 4.1.2. We will now show that results from
both Sections are identical, thus offering an intuitive derivation and a formal proof

of the same result.

In the language of Section 4.1.1,
®,,(g) = det(Id +g)**

and hence

f(t) = log ((1 +1)?*(1 + til)zk)
= 2k (log(1+¢) +log(1+¢t7"))

U A B L 23
:2k‘ e — — RN ti t__ e
( R R R T T i ) !
or in other words all the ¢; = (—1)""12k.

Notice that we do not care whether those values for p; = ¢; can be achieved for

a certain set of x1, 9, --. Indeed, Theorem 2.7 merely says that

lim fU(N) | det(Id +g)[**s,(g)dg
N=oo fU(N) | det(Id +g)[**

equals the image of s, under the homomorphism from A(x,zs,---) to C that
extends the map p; — ¢; = (—1)""'2k.
We would like to show agreement between the two techniques from Sections 4.1.1

and 4.1.2 to compute

lim fU(N) | det(Id +g)[**s,(9)dg
W T Tdet(d +g)
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i.e. show

sy ([1%) = s, .
pii=(—1)t+12k

The notation stands for “specialization”, as explained in Section 4.1.1.

We make use of the involution ¢ € End(A) that exchanges
sy and sy

and

E(t) = Hl—l—:z:t Zet’ and H(t) = Hl—xt thl

where e; are the elementary polynomials and h; the complete polynomials.

This involution thus also exchanges

E'(t t
( ) = Z( 1) pz+1tZ and TR szﬂtl

E(t) H(t)
Hence,
37 = S'Y/ .
pi=(—1)"+12k pii=2k
This is significant because x1, o, -+ ,Tor = 1 and o 1, Topyo, - -+ = 0 implies
p; = 2k for all <. We thus get
2k
S,y = 8’7/ = 8,7, ([1] ) ,
pi=(—1)"+12k pi:=2k

showing agreement between Sections 4.1.1 an 4.1.2.

4.1.4 Chapter 3

We do not see the proof of the (Bump-Diaconis)-(Tracy-Widom) identity as the
main result of Chapter 3, but rather Corollary 3.4:

A (RN -RZH) = RM.
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This Corollary establishes that single-twist integrals are related to double-twists

integrals through a differential operator A.

This differential operator is acting on a function of Fourier coefficients.

4.2 Interpretation

In all of these results, a common theme is to replace power sums with the Fourier

coefficients of the logarithm of the function applied to eigenvalues in the integrand.

This theme is present in the statements of Theorem 2.7, Proposition 4.1, Sec-
tion 4.1.3 and the proofs of Chapter 3.

The recipe is always the same. Take f(t) = exp (Z

inal integrand is given by [ [ icnvates o, f(0i)- Twist the integrand by a symmetric

; ‘%‘t’) and assume the orig-
function. The limit of ratios of the twisted integral to the original integral is then
given by the image of that symmetric function under the specialization homomor-

phism on A sending the power sum functions to the Fourier coefficients c;.

This does not constitute a proof, but it is a quick way to guess what the integral
should be.

Actually, one can even see the Strong Szeg6 Theorem as more evidence of

something similar. That theorem states that

lim ®y rdg = exp (Z clcl) ,
?

where the right-hand side, in light of the discussion page 44 equals

i>1 L “w

i.e. another specialization of a symmetric function using Fourier coefficients instead

)
Pii=Ci,Pi:=C—;

Pii=Ci,Pi:=C—;

of power sum functions. Note that p; = 2k for all ¢ can be achieved by setting the
first 2k variables x1,--- ,x9; to be 1 and all the others to be 0.
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4.3 Speculation

It is of course natural to try to explain Corollary 3.4 in the language of Toeplitz
determinants and give an interpretation for this operator A. So far we have been
unsuccessful at this task.

We can only observe that this operator is very reminiscent of vertex operators,
and appears as a twisted product or “Cliffordization” in [FJ04].

Note also that other papers [FJKWO06, FJK05| by a similar set of authors
present the branching rules that would be needed to extend the results of Chapter 2
to a more general class of groups. Those groups would be compact subgroups of
GL(N) preserving a Young tensor (O(m) preserving a symmetric bilinear form,

and Sp(2n) preserving a skew-symmetric bilinear form).



Chapter 5

An application: mixed moments of
derivatives of characteristic

polynomials

5.1 Introduction

As explained in Chapter 1, a natural object of study if one is interested in moments

of derivatives of the Riemann (-function is
My(2k,2) = [ AP IO,
U(N)

where Ay(t) = det(t1d —g) is the characteristic polynomial of g. Note that this
integral does not appear directly computable through Selberg’s integral formula,
which explains that a complete result for My (2k, 2k’) is still unavailable. Partial
results (K" = 1,2 and 3 were obtained by Chris Hughes in his Ph.D. thesis [Hug03,
Hug01] and in unpublished notes).

After a reminder on the Murnaghan-Nakayama rule in Section 5.2, we will
express My (2k,2k") ) in terms of symmetric functions in Section 5.3 (for & and &’

integers).

25
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This expression looks informally like

Mu(2k,2) = [ 8, (DF* - ou(g)dy,
U(N)
for a certain symmetric function ¢. This is very encouraging, as the results from

Chapter 2, as presented in Section 4.1, tell us that

/
[ M (2k, 2K)

A T (2R = specialization of ¢y .

The specialization of ¢ is decided by the coefficients ¢; in f(t) = exp(>_, %),
with
det(Id —g)% = 11 £(6,).
cigenvalues 6; of g
Obviously, f(t) = (1 — t)?, so the Taylor expansion log(1 —t) = Y, & implies
c¢; = 2k. Specializing the power polynomials p; to 2k for all ¢ can actually be

achieved: set the 2k first variables to 1, and all the others to 0.

Of course, nothing of this is valid, as |0;| = 1, and ), % diverge. If we are

willing to go along, however, this would predict that

My (2K, 2K") ~n My (2k) - e (1,1,1,--+ 1,0, -).
—_————

2k

We will actually obtain an identity similar to this (when &’ = 1), but valid at fixed
N (see Theorem 5.11).

After the work we need to do finding ¢/, we focus exclusively on the simpler
case k' = 1. We present a general outline of our method of computation in Sec-

tion 5.4, which will steer the discussion towards combinatorics of Young tableaux.

At that point, we will have an expression for My (2k, 2k’) as a giant sum over
operations on Young tableaux of specific values of Schur polynomials. We describe
this indexing set in a few different ways in Section 5.5. That section will include
a roadmap to that set, given in Figure 5.1. We give the basics on how to evaluate

Schur polynomials in Section 5.6.
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The main part of the argument will then consist of reorganizing the sum ap-
propriately, following the roadmap given earlier. This is Section 5.7, which will be

split into many subsections dealing with each case separately.

Summing up all of those cases, we get to our main proved results on My (2k,2),
presented in Section 5.8 (fixed N) and Section 5.9 (asymptotic in V). Extracting
asymptotic results from results at fixed N will be a difficult process, but will

improve our understanding.

Section 5.10 will present an unexpected conjectural identity. Very little in this
identity is conjectural: there is extensive numerical evidence to support it, and
it is even clear that the theory of hypergeometric summation developed by Wilf
and Zeilberger should prove it. It is however very surprising, and powerful: it
would provide us with a very simple final statement and would extend the range
of validity of our result from k£ € N to k € C,Rek > 1/2 (which is important for
Number Theory applications)?.

Finally, in Section 5.11, we look back at the proof and discuss various side
considerations: what if we do not evaluate Ay(¢) at t = 1, but at another point
instead? What about & > 17

As an encouragement to the reader, we now state the final result presented in
this Chapter (some notation will be explained later, and this Theorem will actually

be proved in installments). We use the standard notation for the rising factorial

X® = X (X41)----- (X+k-1),
(X + k)
I'(X)

and [1]?* to represent (1,1,---,1).
———

2k

!This could probably be done independently of Conjecture 5.17, as the purported analytic
continuation of the bracketed expression in Theorem 5.1 is clear.
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Theorem 5.1. For k € N, with the notation described above,

Am@mm:/“|%uwm¢nﬁﬂwz
U(N)

2 _ —\® (k)
%mmWyP2N+ y WUy

0<U<N-1 (k—1)!
Z (_1)Y+1(k—1> U-Y -1 N
i Y J(IN+Y+1)®U+Y +1)
k2 Hl lF(Z) Nk‘2+2 (51)

(2k =12k +1)  [TZ,T()

Furthermore, there is compelling numerical evidence that the bracketed expression

in (5.1) equals
2N?k* + Nk
202k — 1)(2k + 1)’

which would prove that for k € C, with Rek > 1/2,

P(N,k) =

2N2k2+Nk N TG + 2k)
ALV A, (1) 72dg = :
[ AR R0y = AR S TR

j=1
As explained earlier,

gy _ 1T LUITG +28)

Ammm|@=g—ﬁ;ﬂr-

should be present as a factor in the asymptotic result, and part of the surprise is

that it also present at the fixed N level.

5.2 Reminder: The Murnaghan-Nakayama rule

We define a ribbon to be a connected skew Young tableaux not containing any
2 x 2 block. If the ribbon contains i blocks, we talk of an i-ribbon. The height of
the ribbon p/A, denoted by ht(u/)) is the number of vertical steps it includes.
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For instance, the 14-ribbon

is of height 6.
The Murnaghan-Nakayama rule expresses products of Schur polynomials and
power polynomials in terms of Schur polynomials.

The formula reads:

S\Pi = Z(_ s,

I

where p is obtained from A by adding an ¢-ribbon of length .

5.3 Mixed moments in terms of symmetric func-

tions

Let Ay(t) = det(tId —g) be the characteristic polynomial of the matrix ¢g. By the

dominated convergence theorem, we have

[ P P g =t [ a0, (0P dg,
U(N) 7 JUN)

We have that

1 1 1(g) | p2(9)
2 t—@i:¥<N+pt9 +pt29 +>

eigenvalues 6;

Hence, by logarithmic differentiation,

[ ORI 0Py = [P
U(N) U(N)
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where by convention py(g) = N.
The dual Cauchy identity

Y su@ s @) = [T+ ziyy)

1,J
gives (exactly as in Bump-Gamburd [BGO6] and Section 4.1.2) a new expansion
k,/

)

- /. S eull-t 1

where ([—t]*, [=1/t]") is shorthand for (—t,---,—t,—=1/t,---,—1/t). Notice that

J/

k k
the p;(g) are bounded by N, so as long as ¢ > 1, the series in ¢ and p converge

absolutely.
We now focus exclusively on the simpler case k' = 1, which reduces everything

so far to
/U(N ‘Aé(t)|2|Ag(t)‘2k72dg =
/ ZS# (= 1/1)5,0 (9) 57y (9) ( pit(ig))

1 |u|zs k10 <g)s<kN>(g)(' pit(f)>(’ pjtg.g))dg, (5.2)

5.4 General outline

For fixed N, we want to evaluate the limit for Equation (5.2) as t — 1.
Thanks to the Murnaghan-Nakayama rule, we have a very combinatorial inter-

pretation® for the RHS of Equation (5.2): sy (9) >, pj(g) gives a (signed) sum

2In a first reading, one should probably ignore the t’s and set t := 1. They are needed for
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of Schur functions for the partitions obtained by adding a ribbon to the rectangle
<I<;N>. We thus have

sy (7) Z Z@ _ Z(_l)ht(é/@@)tléiw ss(q) (5.3)

§>0 seD

for § ranging over the appropriate set D. Similarly, for each i/, we get a relatively

simple second signed sum of Schur functions, i.e.

s (9) Z pzt(,g)

>0 €€EM,

S ) L —— (5.4)

tlel =11

We know that some version of orthogonality is true for those Schur functions: when
integrating fU(N) Se(9)ss(g)dg we get 1 when € = § and [(6) < N, and 0 otherwise.
Thus one only needs to find the similar terms in both signed sums, and track up
their signs (one term is for g, the other one for §). For each such pair s.(g)ss(9),

we will get a contribution of

_\Bt(8/ (kN )) +ht(e/w )+ |
s (1) T < QI ]

to the final sum we are estimating.

Remarks
e This is 0 unless I(u) < 2k, so we get a condition on p'.
e There is a second condition on p': since I(e) < N, we also have [(u') < N.

Together with the first remark, this implies that u sits within the rectangle
<N 2k > and that only finitely many g will be involved in this sum.

e This implies that s,([t]*, [1/¢]*) is O(t***N) in Q[[t, 1/#]] and hence that

()08 (R )t/ .
Su ([t]k’ [1/t]k) 161+l =1 |—kN S t2k NQ[[l/tH’

convergence purposes, but the beauty of the argument in this chapter is that those convergence
issues are very isolated. Hence the t’s will only be needed in Section 5.7.4.
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which will help to prove convergence once ¢ > 1.

e Finally, there will only be finitely many contributions for each exponent of

t, so the final sum over p,7 and j in Equation (5.2) will be well-defined in

Q[lz, 1/1]].

e Equations (5.3) and (5.4) are only true with the sums starting at ¢ = 1 or

j = 1. Indeed, if say i = 0, then p;(g) = N by convention (see Section 5.3),

so a coefficient would be present for e = p/'.

For clarity, we summarize what we know so far in the following proposition.

Proposition 5.2. The following identity is true:

/ AL (6P 1A (£)*2dg =
U(N)

k k
. _ \ht(e/ (KN ))+ht(e/u)+u'| Sp ([t] [1/1] )
fim 3 (=) e+ o (55)
€

where i, € range through all partitions such that

e ¢ is obtained from p' by adding a ribbon, or alternatively by adding a ribbon

to <k:N>;
o [(u) < 2k;
o [(e) < N;

e If no ribbon is added to u' to obtain €, then the associated term in the sum
in Equation (5.5) should have an extra coefficient of N (which is omitted for

clarity but is important);

o Similarly, if no ribbon is added to <kN> to get to €, one needs to add an extra
coefficient of N (one will need to add a coefficient of N? if i/ = ¢ = <k;N>)

The sum in the limit is well-defined, and the limit exists when approaching from

the right.
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We will call the sum in Proposition 5.2 the main sum.

We now give an alternative take on u, €, and the process of adding ribbons.

5.5 Ways to add/remove ribbons

We are now trying to evaluate the main sum from Equation (5.5). In Section 5.5.1,
we will show how to reparametrize the index set for the main sum, and in Sec-
tion 5.5.2, we will split this set to obtain subsums of the main sum.

Both of those Sections will use very visual combinatorics of the partitions.

5.5.1 Alternative approach

For each partition p, we have the following set-up for the partitions (i), (j),d, €
and (kV):

= )
Add an i-ribbon { } Add a j-ribbon
W (k)

with the additional conditions that l(e) < N and I(u) < 2k.

In our current view, this diagram is obtained by starting on the lower row, then
requiring the equality on the first row between € and §. A second approach to this
diagram is to start with the rectangle <kN >, use equality between 0 and e, and

then finish at p':

= )
Remove an i-ribbon \ { Add a j-ribbon
Iu/ < k‘N > 7

still with the additional conditions that l(e) < N and [(u) < 2k.
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Finally, we will prefer to think of the diagram of transposed partitions:

6/ — 5/
Remove an i-ribbon J { Add a j-ribbon (5.6)
1 (NF),

still with the additional conditions that I(¢) < N and I(u) < 2k.
We will now study all the different methods for obtaining u following the recipe
diagram (5.6). This will provide a very natural and useful way to split the sum in

Equation (5.5).

5.5.2 "Topologically" different ways to modify a rectangle

with ribbons

There are many different ways to add/remove ribbons. We wish to group them
"topologically", i.e. up to the length of the arms of the ribbons involved. We will
call each equivalence class a method.

Since <N k>/ is already of length N, there is only one method of adding a ribbon
to this rectangle and obtain a ¢’ such that [(9) < N: the ribbon has to be added
to the bottom of the rectangle <N k>, not to the right, and has at most one joint,
not two or three.

On the other hand, there are several different methods of removing an ¢-ribbon.
A list is compiled on the next pages, in the second column.

There are essentially nine cases, indexed in the first column A to J. In cases A
and B, the length of the ribbon that is added is 0. In the other cases, the length is
U+ W+Y + Z+1 (replacing varibles by 0 if they do not appear in a given case).
The black squares indicate the ribbon that is removed. If nothing is black, as in
cases A and C, then we are not removing a ribbon (j = 0). The naming might
appear random, but there is some reason behind it: X,Y and Z are used for parts
of vertical stretches in a ribbon, while U, V' and W account for parts of horizontal

stretches. Furthermore, we used the convention that Y is for a part that is only
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added, X is for a part that is only removed, and Z is for a part that is added then
removed.

The partition pu is represented by what is left white and the union of the white
and black boxes represents 9’ = ¢/. Observe that the same p can be the outcome
of different methods (for instance, the methods €, D and G could lead to the same
final p, and similarly for B and &, or H and J).

We will often abuse notation and denote by sew,yy the Schur function of the
partition p resulting from applying method C(U,Y") (for instance). This is harmless.

The bounds column indicates bounds on the variables U, V, W, XY, Z that
are used to parametrize each specific partition within a general method for adding-
removing ribbons.

The parity column indicates the sign® for each term. Some of it comes from
the Murnaghan-Nakayama rule (and thus the height of the added and removed
ribbons), and some comes from the (—)*! in Equation (5.2). Since we view each
11 as obtained from (N*) after modifications, we omit (—)*" from each term.

In this section, we have learned the following:

Proposition 5.3. The sum in Equation (5.5) can be seen as a sum over all di-
agrams similar to diagram (5.6). The sum can then naturally be split into nine
subsums, one for each method A, B,--- J. Three of these subsums (associated to

methods D, E and F) are infinite, but all the others are finite.

The last statement follows from carefully considering Figure 5.1.

3or rather the exponent to put to -1 to get the sign...
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name method diagram bounds parity
A k x N rectangle 4
0<VSN-1
B(V, X) k x N rectangle 0< X<h—1 X+1
k x N rectangle
— U ;
0<ULSN-1
CU.Y) o<y <k-1 1

Figure 5.1: The nine methods to add and remove a ribbon as in diagram (5.6)
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name method diagram bounds parity
k x N rectangle
0<U<SN-2
I > >~
S W.Y) Y 1I<WIN-U-1 Y
k x N rectangle
— 0<U<N-2
H(U,W,X,Y) |1 I<W<N-U-1 X+Y—1
v 0< X <k-—1
k x N rectangle
0<ULSN-=-2
U ] 0<VIN-U-=-2
JU,V,X,Y) % V<X <k_1 X+Y
0<Y<k-1

Figure 5.1: The nine methods to add and remove a ribbon as in diagram (5.6) (continued)
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5.6 Evaluation of Schur polynomials

Most methods will turn out to produce a contribution expressed as a Schur poly-
nomial evaluated at ([1]**). Fortunately, this can be evaluated using I'Hopital rule

on the Weyl character formula, to obtain the Weyl dimension formula. Assume

I(A\) < 2k. Then

2%\ H1§i<j§2k()‘i —Aj+j—1)
Sx ([1] ) = H1§i<j§2k(j 9 ) (5.7)

where A = (A1,---, N),0,---,0) might be fitted with trailing 0’s in order to
define )\l(/\)Jrla cey Agge
The denominator in this formula is really a constant depending only on k, and

2k—1

will be of very little importance. Its actual value is [[;Z; " l.

The numerator has a geometric interpretation: look at the Young tableaux of
the partition A, and consider this as a tableau of length 2k, regardless of the actual
length of A. In this view, some rows at the end possibly contain 0 blocks. The
numerator can then be seen as a product over pairs of distinct rows of the sum
of the differences in lengths and indices of the pair. In other words, we have a
product over pairs of rows of the taxicab distance between the trailing boxes in

that pair.

The following proposition follows from the geometric interpretation.

Proposition 5.4 (Symmetry property). Let k, N be fixed integers. Let u and v
be partitions that fit together to form a partition of a 2k x N-rectangle when v is
rotated 180°. Then,

su ([U7) = s (1)

where [1]** means that the Schur polynomials are evaluated at (1,1,--- ,1).
—_———

2k
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For instance, when k£ =5 and N = 8, the partitions

and

partition a 10 x 8 rectangle.

Proof. When we use the geometric interpretation of the Weyl dimension formula,
only the relative distance of trailing boxes in each row is important.

Color those trailing boxes in both p and v. Rotate v 180°. Assemble them into
the rectangle. The two sets of colored boxes are then horizontal translates of each

other, which shows that the relative distances within each set are the same. O

This proposition will be useful to identify contributions to the main sum coming

from different methods.

5.7 Reorganizing the main sum

We now split the terms in the main sum (which appeared in Proposition 5.2)

according to which method it comes from.

5.7.1 Contributions due to method A

There is just one term, so we have no problem taking the limit

lim S(Nk> ([t]k, [1/ﬂk) = S(N’“> ([1]%) .

t—1

It is important to observe that there is an extra coefficient of N? needed this

method (see Proposition 5.2).
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We thus get:

Proposition 5.5. The subsum associated to method A evaluates to

N2 . 8<N’“> ([1]2k) .

5.7.2 Contributions due to methods H and J

These two methods turn out to play beautifully together:
Proposition 5.6. The subsums associated to methods H and J cancel.

Proof. 1f we look at Figure 5.1, we see that each partition that appears in method
H also appears in method J, but with opposite sign (take X,Y and U to be equal,
and Win Hequalto N —1 -V —U in J). O

5.7.3 Contributions due to methods B, € and §

There are only finitely many terms in this case. Therefore, we can take the limit
t — 1 without worries.

As a first step, we observe that methods B(U,Y") and C(U, YY) end up producing
complementary partitions pu, just as in the hypothesis of Proposition 5.4. Hence

we have
sswy) (%) = sewy) ([U*) -

Actually, those terms are not only equal but they come up with the same sign. We
can thus limit ourselves to evaluating one of the two methods B or € (say C), and
double the result.

Furthermore, method G(U, W,Y’) produces the same p’s as method C(U,Y),
except that W can range anywhere between 1 and N — 1 — U (if W = 0 was
allowed, we would fall back on method €). However, in method G, the sign is the

exact opposite as the sign obtained through method C.
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Therefore, if we group this information, we get that

D NE) T smux (1) +

0<V<N-1

0<X<k-1
Yo NED e () + > (=1 sswmwy) (1) =
0<U<LN-1 0<ULN-2
0<Y<k-1 0<Y<k-1
1<SWLN-U-1
> @N-(N-U-1))(-1)"sewy) (1) (5.8)
0<U<LN-1
0<Y<k-1

(the extra factors of N are explained just as in Proposition 5.2).

We simplify this and get
Proposition 5.7. Methods B, C, and G together contribute

> (N+U+1)(=1)" P sewy (1)

0<U<N-1
0<Y<k-1

5.7.4 Contributions due to methods D, £ and F

This is the only case that has infinitely many terms. Essentially, we had to drag
all the t’s so far just to handle convergence issues in this case.

However, we are helped in that these terms will be infinitely many copies of
the same finite few. This will be crucial in proving the convergence of the series
as t approaches 1.

A first key fact is that D(U, Y, Z+R) and D(U, Y, Z) produce the same partition

p. Therefore, in our big sum, their terms would be

sowyz (" /1) sowyzen (0F [1/1Y)
Uy 1427 n fUTY +1+22+2R

Notice how the left and right ones only differ by a factor of tz%-
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The same will be true for methods & and F*.

As a consequence, the sum of all the terms associated with these methods will

factor out very neatly into

(—=1)*Ws, ([t]*, [1/t]F) 1 1 1
Z ]-<1+t—2+t—4+t—6+"'),

tw(p)
nes

J/

F(1)
for an appropriate finite set S and appropriate functions w and x. The function z
is the parity function, which is described in the last column of Figure 5.1. We will
not explicitly describe w or S, except to say that S is the set of all the partitions
that can be obtained through methods D(U,Y, 1), E(U,0) or F(U, X,0) (repeats
are allowed: the same p can be obtained through more than one of those ways,

and w(-) will then take different values on the same p, as explained later).

The cardinality of S is exactly (N —1)((k — 1)+ 1+ (k —1)). Therefore, F(t)

is well-defined, and the sum of all those terms will evaluate to

t2
i P8 o

(5.9)

We are guaranteed by convergence of the integral fU(N) |AL(D)]2[Ag(1)[*2dg
that the limit in (5.9) exists. Hence F(1) = 0, and this limit evaluates (by
L’Hopital) to F'(1)/2.

(1= s, (1117, [1 /4]
pes tw(n)

Lemma 5.8. If F(t) = >

as before, then

F(1) = 37 (-1 (s, (1)

nes

Proof. This is a simple consequence of the chain rule and the symmetry of Schur

4There is a notable difference between method D and methods & and F, however: the bounds
on Z are different (Z > 1 for the former, Z > 0 for the latter). Indeed, if Z = 0 in the latter
cases, other blocks are removed are still removed, while this is not true for method D, where
Z = 0 makes us fall back on method C.
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polynomials in their variables:

k0

d k k
- ﬁa_:cls”([l/t] [1]%)

s (1P, 11/49) =0

t=1

= -2, (15, [y

(9x1 K

t=1 t=1

In this equation, %Su means the derivative of that Schur polynomial with respect
1
to its first variable.

Hence, in the sum

~ wli)s, (1))

P = S0 |G (9 017)

nes t=1

only every other term survives and we thus get the statement. O]

We have now essentially proved this statement:

Proposition 5.9. The contributions due to methods D, &, and F sum up to
F'(1)/2.

This can alternatively be expressed as a signed (by x), weighted (by w) sum of the

terms coming from method C and the term coming from method A.

Proof. We only have to remark that when p € S, s, ([1]**) is equal to a Schur

function showing up in either Proposition 5.5 or Proposition 5.7. O

This can be made more precise, in particular by computing w(-) explicitly.
Proposition 5.10. The contributions due to methods D, €, and F sum up to

> (—1)Y(U+Y +3)

s (124 +

0<U<N-1
0<Y<k-1

3 wsﬂ([lpkh
0<U<N-—1
5 (—1)Y 2N +Y +1-U)

5 sewy) (1)

0<U<N-1
0<Y<k-1
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Proof. For D, we need to first use Proposition 5.4. Then, w(-) for D(U,Y, 1) (resp.
E(U,0), resp. F(N—-1-U,Y,0))is U+Y +3 (resp. 2U+2, resp. 2N +Y +1-U).
The value of w for D(U,Y, 1) might be surprising, but one needs to remember
that Z > 1, unlike E(U,0) or F(N — 1 — U,Y,0), where Y > 0 (see footnote 4,
page 73). O

5.8 An exact formula for fixed N

Putting together Propositions 5.5, 5.6, 5.7 and 5.10, we get the following identity

Theorem 5.11.

[ Py -
U(N)

S (=D)THU =Y = Dsewyy ([174) +

0<U<N-1
0<Y<k-1

Observe that this is the first version of the formula predicted in Section 5.1.

Proof. We just add up the coefficients for each Schur function. Relevant identities

are
U+Y+3 2N+Y +1-U
(N+U+1)— Tre T =U-Y -1
2 2
and
N-1 2N
N? — U+1)= .
%( ) 5
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This provides an exact formula, using Equation (5.7). It is best expressed with

the standard notation for the rising factorial

XO =X (X+1) - (X+k—-1).
Theorem 5.12.

o P12 = s (1),

N? - N (N —=U)®(U +1)*)
[ (;N (k—1)! '

v (k-1 U—-Y -1
2 b +< Y )<N+Y+1)<k>(U+Y+1> (5:11)

Proof. Starting with Theorem 5.11, we only need to compute se(yy) and s4. This

can be done easily using the Weyl Dimension Formula (Formula (5.7)).

Evaluation of s4:  We split the rows of the partition into two sets and compute
the relative distance of trailing boxes. The following table compiles the products

of factors due to pairs (1, j) of each type:

1<i<k kE+1<i<2k

1<j<k Hf:_ol i! nothing

F1<j<ok|TILN+0® I

The empty slot occurs because we always have the requirement ¢ < j.

Hence, taking the product of all those terms and dividing by H1§i<j§2k(j —1)
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(as described in Equation (5.7)), we get

g P I (V)
[T |

Evaluation of sey) ([1]*): The computation for se,y) ([1]*) is similar but
slightly harder. The following table compiles the products of factors due to pairs
(1,7) of each type:

1<i<k 1=k+1 k+1<i<2k

1<ji<k Hf;ol 7! nothing nothing
j=k+1 (N —U)® nothing nothing

: [y (N4 ) U+D®) [T, o
k+1<j<2k| F5anm U+Y +1 VIGy—1)!

Again, the empty slots occur because of the permanent condition 7 < j, and we

get
sey (%) = Dt 2 () Ty (V49 (N = D)0 + 1)
o) T -0 (N Y+ )® U+Yy+1

Hence, based on Theorem 5.11, and some clever factoring out of s4, we get the

statement. O

Remark.  All the proofs in this Chapter are relatively intricate. For peace of
mind, the statement in Theorem 5.12 has been numerically tested. The LHS in

Equation (5.11) can be numerically evaluated using Pari or Mathematica® and the

51 wish to thank Henry Segerman for his help with Mathematica.
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explicit formula for the Haar measure on U(N):

[ Py -
U(N)

. o dO,-.-do
O - 6 W _ ;]2 VLT OUN
/Ame( woty) TT e e O

1<j<k<N

where

f0y,--- ,0y) = ( H (1_eiej)> ( Z 1_1€i6j>

1<j<N 1<G<N

The following table summarizes the data for [,y |AL(1)]2[Ag(1)[*2dg, with
boldface numbers indicating results checked through this method while the lighter
numbers are the results obtained only through the RHS of Equation (5.11).

k\N 1 3 4
1 1 5% 14 30
2 2 24 130 476
3 6 195 2394 17640
4 20 1904 58800 975744
5) 70 20580 1718640 69652440
6 252 237600 56571372 5951885940
7 924 2873871 2031199170 581823618376
8 3432 35990240 77947661792 63152935276288
9 12870 463047156 3152975688720 7454881820996064
10 48620 6087542240 133107303325360 942715942296972480

up to 100 up to 20

As displayed in the table, Mathematica gives up already on the quadruple integral.

It is striking that those values are only integers. This was not originally ex-
pected, so the presentation so far does not really explain it. However it follows

from expressing fU(N) |AL(1)]?[Ag(1)[*72dg in a way similar to Equation 5.2 (but
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as a finite sum). Each s,([1%*]) being an integer, that integrality property for the

sum will follow.

We will get back to results at fixed NV in Section 5.10, but we now temporarily

focus on asymptotic results.

5.9 Asymptotic result

While Theorem 5.12 gives an exact expression, it can also be misleading. If we
naively estimate the size of the factor appearing in that Proposition by ignoring
the sign (—1)¥ "1 we get

N%2—-N (N —U)B(U +1)*)
+ 0> :

2 (k—1)!
0<ULN-1
—1 -Y -1
Z (kY ) (N+Y—(il)(’f)(U+Y+ 1) (5.12)
0<Y<k—-1

If we use that N®) ~ N* and U ~ N in the large N limit, we see that Expres-
sion (5.12) is on the order of

v

~ NkJrl'
NEU

N*+ > NtU*

0<U<LN-1

In other words, this mean that the second term in Expression (5.12), the sum over
U, seems to entirely dominates the first term. We will show that this is actually
inaccurate: a lot of cancellation occurs® in the sum over U, and both terms will

turn out to be of order N2.

In order to prove this, we start with a combinatorial lemma.

6Not quite as dramatic as in the estimate for methods J and J, which entirely cancelled out.
By 2the way, a similar naive estimate for those methods would lead to a sum of even higher order:
NF* 12k See Section 5.11.2 for more on this.
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Lemma 5.13. The following identities are true

vo (k=1 0 for0<j<k-1
> (—1)+<Y)y_{<_1)k j<

0<Y <k—1 (k=1 forj=k—1

Proof. Set f(X) = (X — 1)*7! and expand using the binomial theorem. Evaluate
fFQ), f1(1), f7(1),--- f*=2)(1) by taking successive derivatives of that expansion.
[

We directly put this lemma to good use:

Lemma 5.14. For large N and U > k,

v (k=1 U-Y -1
2, (- ( Y )(N+Y+1)<k>(U+Y+1) o

o vy (k=1 Y
>, (1) < % >(N+Y)k(U+Y+1)'

0<Y <k-1

Proof. We will expand

1 1 1
(N+Y +1)®(U+Y +1)  NHU+1) [H§:1 (1+ Y];l/—z)i| (1+ %)

m(1_UZ1+(Ui1)2+'“)ﬁ<1_yzifri+(YJ\}LZ.)Z'”)

i=1

By Lemma 5.13, we need to focus on terms with exponent at least £k — 1 on Y.

Furthermore, we want to have the lowest possible power of N on the denominator.

Therefore, when expanding (Y]\Jfri)j, we will only be concerned with the term %
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Hence,
e k—1 U-Y -1
Y JIN+Y+ )OO0 +y +1) ~

0<Y<k—-1
k—1 2
Y Y
Y) 1— + 4+ ]
U+ U+1 U+1

2
U-Y

0<Y<k-1
- > o (0 -
i Y J(U+Y +1)(N+Y):

ﬁ 1_X_|_Y_2+...
N ' N2 -

i=1

Y—H(
(

Nk

We need one last combinatorial lemma:
Lemma 5.15. In Q[[r, s, X]], the sum of the terms of degree k — 1 in X in
(1—rX4+r2X% - )1 —sX +s°X2—-..),
18

k—1 .
_1)k+1 (k - 3 + Z) i gh—1=i x k=1

Ny

and the sum of the terms of degree k — 2 in X 1s

k—2
— 1472\ . -
k § ( ) zsk—Q—sz—2
=0

Proof. We first observe that

Ak =1\ ;.
(1+aX +a*X?*— .. )F = (H]; 1 )aZXz
0

1=
has a very simple combinatorial proof: we have to split i (ordered) powers of X
into k subsets, and hence use k — 1 dividers. We use this equality with a := —r.

The rest of the proof is immediate by expanding the product with (1 — sX +
$2X2— ). ]
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This is all we need for the following theorem.
Theorem 5.16. In the large N limat,

2 2k—2 k.Z § 2k
o POPIASO 2 o s (1) ~

k? Hf_ol ilsz2+2
2k — D)2k +1) T ‘

Proof. We start with Lemma 5.14, and then combine this (twice) with Lemma 5.15
for X =Y, r .= l and s := U_+1 to extract the terms of degree k — 1 in Y. We

thus get that the expansion of

U-Y
(N+Y +1)®U+Y +1)

as a power series in Y has coefficient asymptotic to

(R SO )

=0

for Y*~1 in the large N limit.
We now apply Lemma 5.13, and get that the sum over U in the RHS of Equa-
tion (5.11) is asymptotic to

—(N=U) [ (2k =2\ U* X [(k—1+i\ 2U*
Z Nk kE—1 Nkfl + Z 1 Nikaifl (513)
0<U<N-1 i=0

as N — oo (the sum is now positive, allowing us to throw away any term of lower
combined order in U and N).
We now perform the change of variable u := U/N, try to isolate as much of

N’s as possible and find that Expression (5.13) is equal to

RO IR (v 6 G

ue{0, 4,2 N1y
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This can be seen as a Riemann sum that divides the interval [0,1] into N

subintervals. In the large N limit, this expression approaches the integral

e (B 1))

The extra factor of N appears because we divide by the length of each subinterval
(which is 1/N).

This can be expressed in terms of beta integrals as
2% — 2 o (k—1+i
—N? Blk+1,k+1)+2 B(k+1,i+2
((k_l) ke e2y (7] )<+,z+>),

where B(r,s) = fol t"=1(1 — t)*~1d¢t is the usual beta function”.

We now use the identity

SO

k—2
<2k_2>B(k;+1 k+1) +2Z( 1+Z)B(k+1,i+2):

k—1 1
=0

k—2

k k(i+1)
2@k+D@k—D+QZ;GH%Xk+ﬁ+U%+i+®'

This last sum can be estimated using partial fraction decomposition and telescoping

the sum over ¢, or can be evaluated as an hypergeometric series. In any case,

— k(i + 1) k-1

(k+i)k+i+1)(k+i+2) 4(2k—1)

=0

"The very attentive reader might want to figure out what integrals would appear if multiple
ribbons were added and removed. This will be discussed in Section 5.11.3.
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N2-N
2

so not forgetting the term , the leading term in Expression (5.11) will be

k E—1 k?

(1/2 202k +1)(2k—1)  2(2k — 1)) N* = (2k + 1)(2k — 1)N2’

which proves the first statement.

The second statement follows easily from the equality

s (00%) = e TV +0

]

All the discussion in this Section can be bypassed if one proves Conjecture 5.17

in the next Section.

5.10 An unexpected identity
We observe empirically the following Conjecture.

Conjecture 5.17. For N > 1 and k > 1,

N2 - N (N —U)B(U +1)*)
+ ) :

2 (k—1)!
0<U<N-1
Z (_1)Y+1(k_1> U-Y -1 _
0<Y <k—1 Y JIN+Y+1)®U+Y +1)

2N?k2 + Nk
22k — 1)(2k + 1)

(5.14)

This is verified on computer for 0 < N < 100 and 0 < £ < 100 (or 0 < N <
10000, 0 < k& < 10). The case k = 1 is the pyramidal square numbers identity.
The case N =1 is the hypergeometric identity

k
E+1

) k
2B (1) = 202k — 1)
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Conjecture 5.17 along with the formula in Theorem 5.12 immediately leads to

the following Theorem (this conveniently skips Section 5.9).

Theorem 5.18. We remind the reader that

ey _ I i 7 oo _ T DG + 2%
5 (k) ([1*) = g?kgl il E(N+Z)( '= ]1:[1 <%)(j(i;<:_)2 )

Then, if Conjecture 5.17 is true, for N > 1 and k > 1,

o PP 29 = 5 i st (1),

This Theorem not only (conjecturally) simplifies the expression in Theorem 5.11,

but it would also extend its validity, thanks to Carlson’s Theorem.

Theorem 5.19 (Carlson, see [AAR99, Theorem 2.8.1, p. 110]). Let f(2) be an
analytic function for Rez > 0 such that

e f(n)=0 forneN,
e f is of exponential type (i.e. |f(2)| < Ce™! for some ),

o the type of f along a fized vertical azxis is < 7 (i.e. there exists C' c and €
such that | f(c 4 iy)| < C'em=aW),

Then, f is identically zero.
This allows us to prove the following:

Theorem 5.20. Provided Conjecture 5.17 is true,

2N2k2+Nk 2 T()T( + 2k)
A (DPIA (1) 2dg =
QAWJg(H!g(H R e |

is also valid for complez k, with Rek > 1/2. Moreover, the meromorphic continu-

ation of the LHS to the whole complex plane is given by the RHS.

(5.15)

Jj=1
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Proof. The first step is to show that
| NP, Kokez
U(N)

admits an analytic continuation (keeping &’ unchanged) to k € C,Rek > k' —1/2.
The integral over U(N) equals an integral over [0, 27r]"Y, making the Haar mea-
sure more explicit, or even [0, 1]V after a change of variables.

In other words,

[P0y =
U(N)

o omig (2 6y -+ d0
/.../[Olwf(gh...ﬁN) H | 2768 — 27105 %7 (5.16)

1<j<k<N

with
oK'

1

J

f(Or,---,0n) = (H ’1 _ ezm‘ej‘%) '

Instead of computing (5.16) directly, we first compute the complex integral

. 9.2d0y ---do
//N F(Or,-,0x) H |e2mit _ezmajf IT'N’ (5.17)
y !

1<j<k<N

where v is the Pochhammer contour (see Figure 5.2).

Here the contour starts on [0,1], goes to the point 1 and encircles it in the
clockwise direction (at distance R), goes towards the point 0, encircles it in the
clockwise direction (at distance R), returns to 1 and repeats everything in the
opposite orientation, so that the winding number of v around each point is zero.

The limit for R — 07 of (5.17) will exist as long as the integrals over the small
circles converge, which happens when 2k — 2k’ > —1 (the same condition implies
convergence around the points 0 and 1). Since those slight deformations of v do
not change the value of (5.17), we have established that (for each variable) the
integral over -y equals the integral over 4 segments [0, 1], but on different branches.

_ 2mi(2k—2K' +1) )QN)

Dividing by the appropriate factor (up to a sign, (1 —e , we obtain
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0 »—i 1
. % o — .
-

Figure 5.2: The Pochhammer contour.

an integral expression that equals when k — &’ > 1/2 the original integral (5.16)
but has the advantage of making the meromorphic continuation of (5.16) to k € C
clear. Note that the singularities that we introduced at half-integers when dividing

by this factor (1 — e?m(k=2k"+1))2N are all removable.

At this point, we have proved that the LHS of Equation (5.15) admits a mero-
morphic continuation to the whole complex plane and is actually holomorphic when
Rek > 1/2 (take k' = 1 in what we have done so far).

We would like now to prove that this meromorphic continuation is the RHS.
The natural way to proceed is now to use Carlson’s Theorem on Theorem 5.18:
under the assumption of Conjecture 5.17, we know that the difference of the RHS
and the LHS of Equation 5.15 is zero for k € N\ {0}. We only need to prove the

bounds presented in the statement of Theorem 5.19.

This is rather quick:

e We have to prove the type conditions for the analytic continuation in %k of
Jun 1AG(D)2[A(1 )|**~2dg. For fixed k' and for  the Pochhammer contour,

this analytlc continuation is given by

. L, 2dfy---dO
— //N f(eh 79N) H ‘627r19k . 627”09 2%7 (518)
. !

1<j<k<N
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with
oK'

f(Or, - ,0xn) = <H |1 _ ezm'ej‘%) .

We have a bound along 7: |1 — €*™%| <2+ ¢ < 3. We intend to take ¢ = 1

in Theorem 5.19. If a € R, |a’| = a™®*? so we easily find

1

J

[I(1+iy)| < I(1) and |I(2)] < 3*Re==2.(1).

Hence (k) is of exponential type at most 7 = 21n 3, and of type 0 along the

vertical axis 1 + 7R.

2N2k24+ Nk

As a rational function in k, we have no problem to expect from Tk 1D

Its type is 0.

We now look at the type of

l-N[r j—|—2k)‘

e ['(j+k)?

Fortunately, Stirling’s formula gives very precise bounds on the I'-function.
One of them (see [AAR99, Corollary 1.4.4]) says that if = a+ib, ag < a < a4

and |b| — oo, then
IT(a +ib)| = v2r|b|*~2e~™Y72[1 + O(1/b])],

where the constant implied by O depends only on ag and a;. Take ag = 0

and a; = 1. This bounds predicts that on the strip 0 < Rez < 1, x has

—[b|/2

type O (all the terms e end up canceling). Thus y has type 0 over all

Rez > 0, because

j]+2k NV12k + NN
x(k+1)| ‘H TESE ' < WWU‘?”
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As a consequence, Carlson’s Theorem applies. n

5.11 Odds and ends

We now discuss possible extensions of the results of this Chapter.

5.11.1 For k' > 1

The next obvious step is to consider what would happen when &' > 1. The
discussion of Section 5.3 would still be valid: we would add &’ consecutive ribbons
and then remove &’ of them. The complexity of the argument would thus be greatly
increased, but a first look shows that cancellations akin to Proposition 5.6 occur

when adding ribbons. For instance, for any method that will add ribbons "in

Hin

horizontal layers", there will be an associated method that also adds ribbons
layers" and that will cancel it out. As a consequence, all the ribbons added have
to actually partition a single ribbon in order for the method to be of any interest.

Hopefully, our discussion will carry similarly for other £”’s, and will allow for

an extension to real &’ just as in Theorem 5.20.

5.11.2 Att+#1

This is a direct analogue of work of Hughes [Hug03, Hug01| for characteristic
polynomials.

We could consider instead
My (2 2K s.0) = [ 8007 A 6) g,
U(N)

Our discussion of Section 5.3 would still be valid, and the general argument from
the following sections would still be the same. Notice that the delicate cancellation
of methods H and J would not necessarily occur anymore. This is important, as
the individual terms associated to those methods have highest intrinsic order, and

are expected to increase the order of N¥*2 to a higher one.
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5.11.3 From beta integral to Selberg integral

This is a clarification on the footnote of page 83.

The beta integral appears in Section 5.9 as a limit of a Riemann sum. The index
set for this Riemann sum is the possible step sizes in the partition C(U,Y'), i.e. the
variable U. The crucial fact is that there is only one step in those partitions, so

we end up needing to evaluate beta integrals

1
B(r,s) = / "1 - 2)¥ da.
0

In either of the two possible extensions presented above, i.e. when ¢ # 1 or
k' > 1, it is most likely that partitions with more than one step (say n) will enter
the spotlight (for instance coming out of methods H and J when ¢ # 1). In taking
a similar limit as before, a Riemann sum over those partitions will then become a

multivariable analog of a beta integral, i.e. a Selberg integral

n
/ fo(l —z;)° H |z — 2;|*°da.
0,1 3= 1<i<j<n

The analogy with the geometric interpretation of the Weyl Dimension Formula

presented in Equation (5.7) is striking:
e Each z; will represent the length of one of the steps (think U before).

e Each term z{ will represent the distance between trailing boxes in a row with
a step and one of the later rows (of length < k << N, since we are adding

at most k' ribbons) .

e Each term (1 — 2;)° will represent the distance between trailing boxes in a
row with a step and one of the earlier rows (of length > N — k', since we are

removing at most &’ ribbons; think (N — U)® before).

e Bach term (x; —x;) will represent the distance between trailing boxes in two

rows with a step.
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We find this connection between Selberg integral, the original integrals computed,

and the combinatorial fixed N analogues very inspiring.

5.11.4 Other classical Lie groups

As explained earlier, there is also significant interest in Number Theory for similar
statistics over other classical Lie groups (SO(m),Sp(2n)). We expect branching
rules (see Section 2.1.3) to be useful once again in bridging the new difficulties that

arise over those groups.
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Chapter 6
Conclusion

In this thesis, we have presented theorems that we hope will be useful for a more
systematic study of integrals over compact Lie groups of symmetric functions in
eigenvalues.

We have first shown how those integrals are affected when introducing Weyl
characters in the integrand.

We have then discussed the case of two simultaneous such twists in relations
to two successive ones.

Finally, we applied those ideas and a few others to the computation of
[ PP
U(N)

Our result is valid for k € Z, k > 1 and conjecturally for k € C,Rek > 1/2 as well.

This conjecture depends on a hypergeometric identity.

93
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