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0. Introduction

Let X be an IR%valued semimartingale and © the space of all IR%-valued predictable X-
integrable processes such that the stochastic integral G(¢) = [ 9 dX is a square-integrable
semimartingale. For a fixed time horizon T', G(©) is then a linear subspace of L?(P), and so
one can ask if there is an L?-projection on Gr(0), i.e., if G1(0O) is closed in L?(P). If X is a
local martingale, the answer is of course positive since the stochastic integral is then an isom-
etry. For a continuous semimartingale X, necessary and sufficient conditions for the closed-
ness of Gr(0O) in L?(P) have recently been established by Delbaen/Monat/Schachermayer/
Schweizer /Stricker (1996), subsequently abbreviated as DMSSS. The financial introduction
of this paper can also be consulted for more details on motivation and background. For
generalizations to the case of LP(P) with p > 1, see Grandits/Krawczyk (1996).

In this paper, we describe the structure of the L?-projection mapping an Fr-measurable
random variable H € L?(P) on G (©) and show how to obtain the integrand 9 € © appear-
ing in this projection. If X is a local martingale, this is a classical question whose answer is
given by the well-known Galtchouk-Kunita-Watanabe projection theorem. The more general
semimartingale case comes up naturally in hedging problems from financial mathematics,
and some partial results have been obtained by Duffie/Richardson (1991), Hipp (1993, 1996),
Schweizer (1994), Wiese (1995) and Pham/Rheinldnder/Schweizer (1996), among others. But
all these papers imposed unnatural and very restrictive conditions on X which do not hold
in typical financial models; this is discussed in more detail in Pham/Rheinldnder/Schweizer
(1996). Moreover, no paper so far gives a solution for H € L?(P); at least H € L*T¢(P) is
always assumed. The present paper gives the solution in the general continuous L?-case.

What do we mean by “general continuous L?-case”? First of all we assume that X is
a continuous semimartingale; any extensions to a discontinuous process are for the moment
postponed to future research. Moreover, we only suppose that H € L?(P). The basic idea
to attack the problem is to connect the semimartingale to the martingale case in some way,
and this is achieved by assuming that there exists an equivalent local martingale measure
(ELMM, for short) for X, i.e., a probability measure @) equivalent to P such that X is a local
(Q-martingale. This is a well-known condition in financial mathematics which states that X
should not allow arbitrage opportunities. By Girsanov’s theorem, the existence of an ELMM

implies that the canonical decomposition of X must have the form
X:XO—|—M—|—/d<M>)\

for some predictable process A. Again by Girsanov’s theorem, a natural candidate for an

ELMM is then given by the so-called minimal martingale measure P with density

dP
e —8<—/)\dM)T.
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The main results in the existing literature show that the integrand ¥ of X in the projection

of H on Gr(0©) can be written in feedback form as

H:AH_E(AH_ H )
(0.1) o =gl (V! /19 dx ),

where VH is the ﬁ—martingale
(0.2) VA =EHF] . 0<t<T

and E H is the integrand of X in the Galtchouk-Kunita-Watanabe decomposition of H under
P. The crucial assumption for this to be true is that the density of P can be written as a

constant plus a stochastic integral of X,

(0.3) — =F

for some ¢ € ©, and the process Z in (0.1) is then

dP
dP

~ ~

(0.4) Z=FE —E

dP
F 75

t
+/stXS, . 0<t<T.
0

In addition, one has to impose moment conditions on H and % since (0.1) is proved by

switching from P to P and back, and one needs square-integrability under P for this method
to work.

As pointed out in Pham/Rheinlénder/Schweizer (1996), the minimal martingale measure
P will typically not satisfy (0.3) so that the preceding result has a very limited scope. But
there is another ELMM whose density almost by definition does satisfy the requirement (0.3).
This is the variance-optimal martingale measure P defined by the property that its density
with respect to P has minimal L?(P)-norm among all ELMMs for X. Due to a result of
Delbaen/Schachermayer (1996), P always exists if X is continuous and if there is at least
one ELMM for X with density in L?(P). In this paper, we show that these two conditions
plus closedness of G7(0) in L?(P) are already sufficient to obtain ¥ in feedback form.
More precisely, we show that under these assumptions, (0.1) — (0.4) always hold if we replace
the minimal martingale measure throughout by the variance-optimal martingale measure and
every hat ™ by a tilde ~. Moreover, no assumption on H is needed except of course H € L?(P).

The main tools to obtain these results are weighted norm inequalities which allow us to
obtain estimates in L?(P) for processes which are local martingales under P. This is possible
thanks to the main result of DMSSS which characterizes the closedness of G (©) by the
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validity of such inequalities. Section 1 contains a precise formulation of the basic problem
and a brief survey of those results of DMSSS that we use in this paper. In section 2, we study
the properties of the Galtchouk-Kunita-Watanabe decomposition of H under an ELMM @,
and we show that the terms in this decomposition have good properties in L?(P) if one has
weighted norm inequalities linking P and ). Any such @ then leads to a decomposition of
H into a constant, an integral in G (©) and a certain orthogonal term, and it remains to
project constants and those orthogonal terms on G1(©). By the definition of f’, the density

% is a multiple of the projection of the constant 1 on the orthogonal complement of G1(O)

in L?(P), and this suggests to work with Q = P to effect the decomposition of H. In section
3, we show that this does indeed give the solution and leads to the representation of ¥ as in
(0.1). An alternative approach to determine the integrand ¥ has recently been proposed by
Gouriéroux/Laurent/Pham (1996). We briefly discuss their main result in section 4, and we
prove that they do indeed solve the same problem as in our paper because this is not clear

from their formulation.

1. Preliminaries

Let (Q,F, IF, P) be a filtered probability space with a filtration IF' = (F;)o<t<r satisfying
the usual conditions, where T' € (0,00] is a fixed time horizon. For simplicity, we assume
that Fy is trivial and F = Fp. All stochastic processes will be indexed by ¢t € [0,T]. Let X
be a continuous IR%valued semimartingale with canonical decomposition X = Xy + M + A.
For any IR%valued predictable X-integrable process ¥, we denote by G(¥9) the (real-valued)
stochastic integral process G(9) := [¢¥dX. Unexplained terminology and notation from
martingale theory can be found in Dellacherie/Meyer (1982). Throughout the paper, C

denotes a generic constant in (0, 00) which may vary from line to line.

Definition. For any RCLL process Y, we denote by Y,* := sup |Y;| the supremum process
0<s<t

of Y. The space R?(P) consists of all adapted RCLL processes Y such that
IYll=2py = Yzl L2(p) < 00

Definition. L?(M) is the space of all IR%-valued predictable processes ¥ such that
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L?(A) is the space of all IR%valued predictable processes ¥ such that

2

T
101720y = E /|z9§r dA,| < o0.
0

(Note that (M) and A take values in IR?*¢ and IR?, respectively.) Finally, we set © :=
L?(M) N L*(A).

If ¥ is in ©, the continuous semimartingale G(¥9) is in R?(P) so that in particular its
terminal value Gr(¥9) is in L?(P). For any given H € L?(P), we may thus consider the

optimization problem
(1.1) Minimize ||H — G (9)|/z2(py over all ¥ € ©.

To ensure that (1.1) has a solution for every H € L?(P), we impose throughout this paper
the

(1.2) Standing Assumption: G1(0) is closed in L?(P).

Necessary and sufficient conditions on X to guarantee (1.2) were established in DMSSS, and

we briefly summarize here those results we shall use in the present paper.

Definition. Let Z be a uniformly integrable martingale with Zy = 1 and Zp > 0. We say
that Z satisfies the reverse Hélder inequality with exponent p € (1,00) under P, denoted by
R,(P), if there is a constant C' such that for every stopping time S < T, we have

Definition. Let Z be an adapted RCLL process. We say that Z satisfies condition (J) if

there is a constant C' such that

1
—7Z < 7Z<(CZ_.
C sS4 s

Definition. If Q) is a probability measure equivalent to P, we denote by Z% an RCLL version

of the strictly positive P-martingale
dQ
79 .= Ep {d—P‘ft] ., 0<t<T.

With these definitions in place, we can now recall two fundamental weighted norm in-

equalities. The first one is a consequence of Propositions 4 and 5 and the Corollary on p. 318
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of Doléans-Dade/Meyer (1979); the second one follows by a localization argument from The-
orem 2 of Bonami/Lépingle (1979), combined with Proposition 5 of Doléans-Dade/Meyer
(1979).

Proposition 1. Let Q be a probability measure equivalent to P and assume that Z? satisfies
the reverse Holder inequality Ro(P) and condition (J). Then:

1) There exists a constant C' such that
E[(N3)*] < CE[Ng]

for all uniformly integrable (Q-martingales N and all stopping times S < T

2) There exist two constants ¢ and C' in (0, 00) such that
cE [(N§)*] < E[[N]s] < CE [(N5)?]

for all local Q)-martingales N and all stopping times S < T.

Note that 1) and 2) are generalizations of the Doob and Burkholder-Davis-Gundy in-
equalities, respectively, since we have estimates in the L?-norm under P for processes which
are local martingales under Q.

To relate Proposition 1 to the closedness of Gr(©) in L?(P), we recall the concept
of the variance-optimal martingale measure which was studied in Delbaen/Schachermayer
(1996) and Schweizer (1996). Let V denote the linear subspace of L>°(2, F, P) spanned by
the simple stochastic integrals of the form Y = h"™(Xp, — Xr,), where T} < Ty < T are
stopping times such that the stopped process X2 is bounded and h is a bounded IR%-valued

Fr,-measurable random variable.
Definition. M?*(P) is the space of all signed measures @ < P with Q[{2] = 1 and

dQ
E{d—PY}_O forallY e V.

ME€(P) denotes the subset of all probability measures @ € M?#(P) such that @ is equivalent
to P. Finally, we define two sets of densities by

DT = {%‘Q € Mx(P)} for z € {e, s}.

It is clear that X is a local Q-martingale for any Q € M¢(P) and that D* N L?(P) is a closed

convex set.

Definition. The variance-optimal martingale measure P is the unique element of M?*(P)

such that D = 4 is in L?(P) and minimizes || D||z2(p) over all D € D* N L?(P).
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Note that P exists if and only if D* N L?(P) is non-empty. In that case, we define Z and
Z as RCLL versions of

dp =
Z,=E ﬁft =z 0<t<T
and
~  ~|dpP
Zy=FE | — <t<T
t dpft 9 O_t_ )

where E denotes expectation with respect to P. Since X is continuous, Theorem 1.3 of
Delbaen /Schachermayer (1996) implies that P is actually in M®(P) as soon as it exists. In
particular, D¢ N L?(P) is non-empty as soon as D* N L?(P) is. The following result is then
a partial statement of Theorem 4.1 of DMSSS, combined with their Lemma 2.17, Theorem
3.7, Lemma 3.2, Theorem 2.22 and Theorem 1.3 of Delbaen/Schachermayer (1996); L3 (P)

denotes the space of all nonnegative bounded random variables.

Theorem 2. For a continuous semimartingale X, the following conditions are equivalent:
1) Gr(©) is closed in L*(P), and Gp(©) N LY (P) = {0}.
2) Gr(0) is closed in L*(P), and D¢ N L*(P) # 0.

3) The variance-optimal martingale measure P exists and is in M®(P), and Z = ZF satisfies

the reverse Hélder inequality Ra(P).

Moreover, each of these conditions implies that Z satisfies condition (J) and that © =
L?(M).

We conclude this section with a simple observation from DMSSS which turns out to be

extremely useful in the sequel. If P exists, the Bayes rule yields
A L 50 1 2
Zy = E|Zr|F] = —E[Z}|F) = —-E [Z}|FR] .
Zy Zy
If Z satisfies Ro(P), we have from Jensen’s inequality
1 2
1< S E[Z7|F] <C,
Z
and therefore

(1.3) Zy < Z; < CZy.

The importance of this comparison lies in the fact that it will allow us to switch freely between

Z and Z for the purposes of estimation.



2. Kunita-Watanabe decompositions under a change of measure

Let @ be an equivalent local martingale measure for X, i.e., a probability measure equivalent
to P such that X is a local @-martingale. Since X is continuous, every local )-martingale ad-
mits a Galtchouk-Kunita-Watanabe decomposition with respect to X under @) into a stochas-
tic integral of X and a local @Q-martingale strongly @Q-orthogonal to X; see Ansel/Stricker
(1993). Our main result in this section shows that a control on the density process Z? allows

us to obtain good integrability properties under the original measure P for this decomposition.

Theorem 3. Assume (1.2) as well as D* N L?(P) # 0. Let % € D° N L%(P) be such that
the associated density process Z© satisfies Ry(P) and (J). For any H € L?(P), define the
Q-martingale VH:Q as an RCLL-version of V;"@ := Eq[H|F:]. Then there exist a process
0@ ¢ © and a Q-martingale L™® null at 0 with L™ € R?(P) and

(2.1) [L79 X =0  fori=1,...,d

such that VH:@ can be uniquely written as

t
WH,Q:EQ[H]%—/{f’QdXS%—Lf’Q . 0<t<T.

0

Proof. Since X is a continuous local @)-martingale, we know from Ansel/Stricker (1993) that
VH.Q has a unique Galtchouk-Kunita-Watanabe decomposition with respect to X under Q.
More precisely, there exist an IR%valued predictable X-integrable process €79 and a local
@-martingale L@ null at 0 with

VHQ = Eo[H] + / e gx + LHQ

and such that [LH’Q, Xi} is a local Q)-martingale for ¢ = 1,...,d. Since X is continuous, we
have

[L7TQ X =(L"9 Xy=0 fori=1,...,d
and therefore (2.1). By definition, V'@ is a uniformly integrable Q-martingale. Because Z©
satisfies Ra(P) and (J), Proposition 1 implies that

E[ [VH,Q}T} <CFE |:0§1tl£T

%H’Q)Q] <CE {(Vf’Q)Q} = CE [H?] < .
By (2.1) and the continuity of X,
V] = [ ()" aqan) €49 + [179].

7



and so we conclude that €7@ is in L?(M), hence in © by Theorem 2. Moreover, L@ is a
local @Q-martingale with [LH’Q}T < [VH’Q}T € L*(P), and so L@ is in R?(P) by part 2)
of Proposition 1. Since 3—% is in L2(P), this finally implies that the local Q-martingale L@
is in fact a true (-martingale.

q.e.d.

Remark. If the minimal martingale measure P happens to satisfy the assumptions of
Theorem 3, the above decomposition for ) = P will coincide with the Follmer-Schweizer
decomposition of H; see Schweizer (1995a). For @ # ﬁ, we obtain in general a different
decomposition. Moreover, it may happen that G (0) is closed and that the variance-optimal
martingale measure P satisfies Ro(P), while P fails to satisfy R(P); see example 3.12 of
DMSSS. Together with the development in the next section, this shows that the Follmer-
Schweizer decomposition is in general not the appropriate tool to solve the optimization
problem (1.1).

3. The integrand in the L2-projection on Gr(O)

Consider now a fixed random variable H € L?(P). Thanks to the standing assumption (1.2),
we can project H in L?(P) on G7(©) so that (1.1) has a solution which we denote by 92 € ©.
Although the random variable G (9!) is uniquely determined, ¥¥ itself need not be unique,
but it will be as soon as the mapping ¢ — Gr(¥) is injective. According to Lemma 3.5 of
DMSSS, this is the case if D¢ N L?(P) is non-empty, and so we shall adopt this assumption
in addition to (1.2).

In order to determine ¥, we can use Theorem 3 to decompose H into three terms
and to project these on G (0O) separately. The middle term is already in Gr(©) for any
suitable choice of @) in Theorem 3. The first term is a constant, and so its projection will
be directly related to the density of the variance-optimal martingale measure P. This sug-
gests to work with @ = P in Theorem 3, an intuition supported by the results obtained in
Pham/Rheinlinder/Schweizer (1996), and we shall see that Q = P is indeed the right choice.

According to the projection theorem, a process 97 € © solves (1.1) if and only if

(3.1) E[(H-Gr(W")Gr(¥)] =0  forall ¥ € O.

By Theorem 2, the density process Z = Z P of P satisfies R5(P) and condition (J), and so

Theorem 3 allows us to write H as
T

(3.2) H = E[H] + /ESH dX, + LI
0
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for a process £# € © and a P-martingale L null at 0 with L7 € R%(P) and
(3.3) [LH, X =0 fori=1,...,d.

By Lemma 1 of Schweizer (1996), the density of P with respect to P can be written as

~ - T
dP ~|dP ~ ~
— =F|— s Xs fi ’
¥z iz —i—/(d or some ( € ©
0
and so we have
~ t
~ ~ | dP — ~
(3.4) Zy=E | 5| Fi :E[ZT]Jr/QSdXS ,  0<t<T.
0

This shows in particular that the ﬁ—martingale Z is continuous and strongly ]B—orthogonal

to a local ]B—martingale L if and only if L is strongly ]B—orthogonal to X.

Lemma 4. Assume (1.2) as well as D° N L?(P) # (. Then:
1) For H = 1, the solution 9 of (1.1) is given by

o = —Z71C.

T __ ~
2) For H = [¢H dX, with ¢€¥ € ©, the solution 97 of (1.1) is given by
0

9 = ¢,

Proof. Since 2) is obvious, we only have to prove 1). Property (3.4) of the variance-optimal

martingale measure implies that

T
H=1=27"%r - /25 dxX,,
0

and by the definition of P, Zp is in the orthogonal complement of G7(©) in L2(P). Since

2515 is in O, the assertion follows from (3.1).

q.e.d.

In view of the preceding discussion, it now remains to consider the case where H = Z¥ .
This is actually the hardest case, and the next theorem can in a sense be viewed as the main

result of this paper.



Theorem 5. Assume (1.2) and D N L2(P) # 0. Let H € L2(P) be such that the P-
martingale L defined by Et = E[HU—}] is null at 0 and satisfies [Z, X"J =0fori=1,....,d.
Then the solution 9 of (1.1) is given by

t_
9H = ¢, / Z-VdL,.
0

Proof. Since [E,Xﬂ =0fori=1,...,d, (3.4) implies that [E, Z] = 0. If we define the
IR%valued predictable X-integrable process ¥ by
—
0ii= G [ Z;dL.
0

the product rule and (3.4) therefore imply that

(3.5) /@dX:Z—Z/Z—le.
The subsequent Lemma 7 will show that

(3.6) 2/2—1 dL € R*(P).

By Theorem 3, L € R2(P), and so (3.5) and (3.6) show that the local P-martingale [9dX
is also in R?(P). Proposition 1 and the continuity of X thus imply that

T

O/Tﬂgrdmm _ /6? dX), 9, [/@dx]T e L1(P),

0

and so ¥ is in L?(M) = © by Theorem 2. To complete the proof, it thus remains to show
that ¥ satisfies (3.1). Now the product rule and [E,X’} =0 fori=1,...,d imply that for
¥ € ©, the process G(V) [ Z~1dL is a local P-martingale, and so ZG(9) i Z1dL is a local

P-martingale. We now use (1.3) to replace Z by Z, then (3.6), the fact that G(9) € R2(P)
and the Cauchy-Schwarz inequality to finally obtain

t
sup Zth(fﬂ)/Zs_l dLs| € L*(P),
0<t<T )

and so ZG(¥) [ Z~1dL is even a true P-martingale for every ¢ € ©. Since Zp = Zr, (3.5)
and Ly = H imply that

E [(H—GT (@))GT(ﬂ)} —E ZTGT(ﬁ)iésleS —0 foralldec®
0
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which proves that ¥ solves the optimization problem (1.1).

q.e.d.

Now define the process VH by setting
t
(3.7) Vi .= E[H] + /ESH dX,+LE =FE[H|F] , 0<t<T.
0

Putting everything together, we then obtain

Theorem 6. Assume (1.2) and D* N L*(P) # 0. For any H € L*(P), the solution of (1.1)
takes the form
t— ~ ¢
3.8)  of =l (| BlHZy! +/Z;1 dL | =€l - % Vi — /195 dX,
¢
0 0

Proof. Due to the linearity of H — 9!, the first equality is immediate from Lemma 4 and
Theorem 5. Since [ZH, 2] =0 by (3.4) and (3.3), we can use the product rule, (3.4) and the
first equality in (3.8) to obtain

Z (E[H]Z;l +/Z—1dEH) = E[H] +/E[H]Z)—12d}(+/ (/ Z—ldiﬂ)_ZdX+ZH

=E[H]+EH+/(§H—19H> dX

:VH—/ﬁHdX,

and this yields the second equality in (3.8).
q.e.d.

Remark. The second expression for ¥ in (3.8) gives us the optimal integrand in feed-
back form, with a correction term which is proportional to the amount by which the cu-
mulative gains from trade [ 9H dX deviate from the current intrinsic P-value VH of H in
(3.7). This generalizes results of various authors where this representation was only ob-
tained under very restrictive additional conditions. Duffie/Richardson (1991) and Schweizer
(1994) worked with a “deterministic mean-variance tradeoft”, while Hipp (1993, 1996), Wiese
(1995) and Pham/Rheinldnder/Schweizer (1996) assumed somewhat more generally that the
minimal martingale measure P coincides with the variance-optimal martingale measure P.
But all these assumptions are quite unnatural and will fail in most typical situations; see
Pham/Rheinldnder /Schweizer (1996) for an amplification of this point.
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It now remains to prove the crucial estimate (3.6), and this is indeed where the main
work has to be done. The key observation in the following proof is that the stochastic integral
i Z=1dL can equivalently be written as a backward integral which is possible thanks to the
orthogonality of L and X and the property (3.4) of the variance-optimal martingale measure.
This alternative representation allows us in turn to apply the reverse Holder inequality Ro(P)
backward in time to obtain the desired estimate by an approximation procedure. The original
motivation for looking at the problem in this way comes from Schweizer (1995b) where a
backward induction argument is used to solve the optimization problem (1.1) in finite discrete
time. By using a suitable change of measure, we are able to give an alternative shorter proof
in subsection 4.2. On the other hand, the subsequent argument has the advantage that all
computations and estimates are made under the original measure P, and this appears more

promising in view of possible generalizations to a discontinuous process X.

Lemma 7. With the assumptions and notations of Theorem 5, we have

¢
(3.6) sup Z/Zs_ldis c L*(P).
ose<T| )

Proof. For brevity, let us write N := Zf Z- L. By (3.5), N is a local ]B-martingale SO
that we can choose an increasing sequence T}, of stopping times such that N7 is a uniformly

integrable ﬁ—martingale. From part 1) of Proposition 1, we get

E [ sup ‘NtT”
0<t<T

| <om

for a constant C' which does not depend on n, and so it is enough to show that

(3.9) sup E [N3] < oo,
S

where the supremum runs over all stopping times S < 7. The assertion then follows by
letting n tend to infinity and applying the monotone convergence theorem.
To prove (3.9), we shall first show that

(3.10) E N3] < CE | [L]]

for any stopping time S < T, with a constant C' which does not depend on S. Theorem 2
and Proposition 1 then imply that

2 T T2 T271 _ 2
sup B [NF] < CB [Z),] <cE [o;% Lt] < CE[I3] = CE[H?] <
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which gives (3.9).
As a preparation for the proof of (3.10), we now fix a stopping time S < T" and approx-

S ~
imate the stochastic integral [ Z,'dL, appearing in Ng. A random partition of [0, 5] is a
0

finite family o of stopping times 7; such that 0 =Ty < Ty < ... < T} = S P-a.s; its (ran-
dom) grid size is |o| := max_ |T; — T;—1|. According to Theorems I1.21 and I1.23 of Protter

ey

(1990), there exists a sequence (0,,)memn of random partitions of [0, S]] with lim |o,,| =0

P-a.s. such that

S
/Zul dL, = lim Z Zil (zn+1 — ZTZ) in probability
0

T;€0m

as well as

[2_1, Z}S = lim Z (ZZFL — Z;1> <ETZ.+1 — ET> in probability.
T;€om

But [2 -1 E] = 0 by Itd’s formula since Z is continuous and [2 , E} = 0 as in the proof of
Theorem 5. Hence we get by addition

m— 00 itl
T, Eom

S
(3.11) /Zu_l dL, = lim Z Z71 <ETZ,+1 - Zﬂ) in probability,
0

and this shows that the forward integral [ Z~1dL can also be written as a backward integral
[Z 'd*L.
According to (1.3) and the definition of N, proving (3.10) is equivalent to showing that

g 2
(3.12) E |ZsZs /Z;ldiu gCE[[E}S].
0

If T; Ti41, T, Tj+1 are stopping times with 0 <T; <T; 1 <T; <Tj4; <5, we have

~ (zTi+1 - Z’1—’74) (sz+1 - Z’I})
E |ZsZg = =
Tiq1 ZTj+1

(ETiJrl - ET1> ~ <ETj+1 - ETj)
=F FE (ZsZg = Fr =0.

= j
Zi Tjt+1
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In fact, Z Zis a P-martingale because Zis a ﬁ—martingale; thus we obtain

~ (sz+1 - ETJ) ~ ~
B |ZsZs~—— Fr,| = B2y (e = Iy ) |72 =0

Tjt1

by first conditioning on Fr,,, and then using the fact that Z Lisa P-martingale because L

S

is a ﬁ—martingale. If we approximate [ Zj 1 dzu as in (3.11), the mixed terms appearing in
0

the corresponding approximation of (3.12) thus have expectation 0, and so we obtain

2

sup ZSZS ZEL (ZTZ-+1 - zT)

ZsZs [~ ~ 2
=sup b Z ~§ & <LT¢+1 _LTi>

T;€om(S) “Tit1
_ . o
<CswE| Y ZQ—(LTZ.H—LTZ.)
m | Ticom(s) Tt

~ ~ \2 72
=CsupF Z (LTH_I - LTZ-> E ZQ—S fTi+1]
" | Tigom(S) Tita

~ ~ 2
<oswPB| Y (In., -In)
T | Tigom(S)

< nglpE Z ([Z}Ti—)—l - [E]T>

<ce|[L]).

where we have used (1.3), the reverse Holder inequality Rs(P) and Proposition 1. In particu-
lar, the third inequality is obtained by applying part 2) of Proposition 1 to the finitely many

}Nj—martingales Nt := LT+1 — LTi. Note also that none of the appearing constants depends
on m or on the stopping time S. By (3.11),
2 g 2

lim ZsZs Zrk (ETM - ETi) = ZsZs / Z-'dL, in probability,

TiEcrm(S) 0

and so Fatou’s lemma yields (3.12). This completes the proof.
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4. A second solution

A very elegant different method to attack the basic problem (1.1) has recently been proposed
by Gouriéroux/Laurent/Pham (1996), subsequently abbreviated as GLP. Their idea is to
combine a change of measure with a change of coordinates to transform the problem in such
a way that it can be solved directly by means of the Galtchouk-Kunita-Watanabe projection
theorem. But a priori, GLP are only able to solve a weaker problem by their approach, and
one contribution of the present paper is to prove that they actually obtain the solution to

the same question that we consider here.
4.1. The alternative approach

This subsection briefly explains the results of GLP. Their basic model is a multidimensional

diffusion model with a Brownian filtration. The IR%t!-valued process S is given by

ds? 0
and
asi i i
& :,utdt—f—ZJt awy . Si>0
j=1
for e = 1,...,d < n, with predictable processes r, u, o satisfying appropriate integrability

conditions. The process X is then the IR%-valued process with components X := §¢/S? for
1 =1,...,d. To facilitate comparisons and to avoid some technical problems, we consider in
the sequel the discounted case where r = 0 so that S° = 1. Our subsequent arguments do
not need the diffusion structure, but only the continuity of X.

Denote as above by P the variance-optimal martingale measure for X so that X is a

continuous local f’—martingale. GLP then consider the optimization problem
(4.1) Minimize ||[H — G (9)| r2(p) over all ¥ € o,

where the space O consists of all R%-valued predictable X-integrable processes ¥} such that
the stochastic integral G(¢9) is a P-martingale satisfying Gy (9) € L2(P). It is easy to check
(and will be proved in Lemma 9 below) that © is then contained in © so that (4.1) is more
likely to have a solution than (1.1).

Now consider the strictly positive ﬁ—martingale A given by (3.4) and define a new prob-
ability measure R~P by setting

7 -~
@::TT:H/ZO—%SCZXS.
P Z

15



Since X is a continuous local ﬁ—martingale, the IR !-valued process Y with Y := Z 1 and

Yi:=XiZ lfori=1,...,dis a continuous local R-martingale. Moreover,

dR dR dP Z2

4.2 —
(4.2) aprP dp dP — Zo

and so we obtain

H  Gr(Y)
ZT ZT

(13) 1H = Gl gy = /7o | o

L*(R)
A generalized version of the crucial result of GLP is then

Proposition 8. Assume that X is a continuous semimartingale which satisfies (1.2) and
DN L*(P) # (0. Then

_ 2
(4.4) ZTGT /% dY,|y € LA(Y,R) }

where L2(Y, ﬁ) is the space of all IR%*'-valued predictable Y -integrable processes 1 such that
[ dY is in the space Mz(é) of martingales. Moreover, the relation between ¥ € © and
Y € LA(Y, E) is given by

(4.5) Y= fori=1,...,d,
Y= G(I) — I X

and

(4.6) O =t 4 ¢ (/de—er) fori=1,...,d.

Proof. The crucial step of the argument is to show that

(4.7) {G(§)|19 is IR?-valued, predictable and X-integrable }

= {Z / WY dY’w is IR%*!-valued, predictable and Y—integrable}

with the relation between ¥ and 1 given by (4.5) and (4.6). As a preparation for this, note
first that the product rule yields

(4.8) d (XZ—1> = Z77VdX + XdZ ' +d[X, 27,
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(4.9) d (G(fﬁ)?_l) = Z71dGW) + GW)dZ ' + d[G(¥), Z7']

=Z""WdX +G(W)dZ " + 9" d[X, Z7"]
and
(4.10) d(ZY) =Y dZ+ZdY +d[Z,Y].

Suppose first that 1 is X-integrable and define 9" := 91 y<ny. Then (4.9), (4.8) and
the definition of Y imply that
d (G(ﬁ”)é—l) = 7MW dX + GM) dZ Y + (0")Td[X, 2]
=" d(XZ7') + (GO™) — (9" X) dZ*
= (¥™)ay,

where the Y-integrable process ¥(™) is given by

(™) = G"™) — (") X,
(l/}(n))i = (")’ fori=1,...,d.

As n tends to infinity, G(9™) converges to G(1J) in the semimartingale topology because
¥ is X-integrable. This implies that [ dY = Z~1G(9™) also converges in the semi-
martingale topology since multiplication with a fixed semimartingale is a continuous opera-
tion; see Proposition 4 of Emery (1979). By Theorem V.4 of Mémin (1980), the subspace
{ [ dY}w is Y—integrable} is closed in the semimartingale topology, and so we conclude that

Z71GW) = /&dY for some Y-integrable process ).

But since (™) converges for n — oo (P-a.s. uniformly in ¢, at least along a subsequence)
to 1 given by (4.5), we deduce from Theorem V.4 of Mémin (1980) that ) = 1), and this
establishes the inclusion “C” in (4.7).

The proof of the converse is very similar. If ¢ is Y-integrable, we define ¢"™ := 1| y|<n}
and use the product rule, (3.4), (4.10) and the definition of ¥ to obtain

d (Z/w dY> = (/ i dY) dZ + Zy™ dY + (v d[Z,Y]
= (/ " dY) CdX +ymd(ZY) — (™TY) dZ

=9 dx

17



with the X-integrable process
(@) = (") + & </ P dY — (zpn)try) fori=1,...,d.
An analogous argument as above then yields for n — oo that

Z/de:G(z‘})

with ¥ given by (4.6), and this establishes the inclusion “O” in (4.7).

The proof of (4.4) is now easy. For ¢ € L2(Y, R), the stochastic integral [ dY is an
R-martingale so that the product Z JwdY =GW) is a P-martingale. Moreover, (4.2) and
(4.7) yield

2

E|(Gr)*] = ZoBy /zpu vy, | | <oo

since [ dY € M2(R), and so Gp(¥) is in L?(P). Conversely, let G(9) be a P-martingale
with terminal value Gr(9) € L?(P). Then (4.7) shows that [+ dY is an R-martingale
whose terminal value G%—(m is in L2(R) due to (4.2). Hence ¢ must be in L2(Y, R), and this

T
completes the proof.

q.e.d.

In view of Proposition 8 and (4.3), (4.1) is equivalent to the optimization problem

T
H -
(4.11) Minimize 7 /¢u dy, over all ¥ € L3(Y, R).
T
0

L2(R)

But this is a much easier problem. In fact, since Y is an E—martingale, the solution t* of (4.11)
is simply given by the integrand of Y in the Galtchouk-Kunita-Watanabe decomposition under
R of the random variable gﬂ € L%(R). The solution ¥* of (4.1) is then obtained via (4.6).

T
The transformation from X to Y and back is the change of coordinates alluded to above.

Remarks. 1) A result similar to Proposition 8 is given in GLP for the multidimensional
diffusion case under the assumptions that oo is invertible and that o*"(co®™) = (u — rl) is
bounded, where 1 denotes the vector (1 ... 1)* € IR?. This amounts to saying that X has a
bounded mean-variance tradeoff which is a well-known convenient condition. It is sufficient
(but not necessary) to ensure that G7(0) is closed in L?(P) and that D* N L?(P) contains
the density of the minimal martingale measure P and is therefore non-empty; see DMSSS for

more details.
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2) A closer look at the proof of Proposition 8 shows that we do not really need the
assumption (1.2) that Gr(©) is closed in L*(P). All we require is the existence of the

variance-optimal martingale measure P and the representation
t
Zt:E[ZT]Jr/ZSdXS . 0<t<T
0

for some X-integrable process Z (which need not even be in ©). By Lemma 2.2 of Del-
baen/Schachermayer (1996), this is satisfied as soon as D¢ N L?(P) is non-empty. In partic-

ular, Proposition 8 then implies that G7(0©) is closed in L2(P) so that (4.1) is indeed casier
to solve than (1.1). We are grateful to L. Krawczyk for this remark.

4.2. The relation to our results

Let us now compare our results to those of GLP. As pointed out in GLP, the solution 9¥* of
(4.1) is only in the space © which is a priori bigger than ©. The first result in this subsection
shows that under our assumptions, the two spaces actually coincide so that the GLP solution
is also a solution to (1.1). Although the proof below is very short, it is worth pointing out

that it relies crucially on the weighted norm inequalities used in the present paper.
Lemma 9. Assume (1.2) and D* N L2(P) # (). Then © = ©.

Proof. The inclusion “D” is easy and already pointed out in GLP. In fact, if 9 is in ©, then
G(¥) is in R2(P) as well as a local P-martingale so that Z PG (1) is a local P-martingale. Since
% € L?(P), the density process ZP is also in R2(P) by Doob’s inequality so that ZﬁG(ﬁ)
is actually a true P-martingale; hence G(9) is a P-martingale. Note that this argument uses
no further properties of P except that g—g € L3(P).

Conversely, suppose now that ¢ is in O so that G () is a ﬁ—martingale with terminal

value Gr(9) € L%(P). Since Z P satisfies the reverse Holder inequality Ro(P) and condition
(J) by Theorem 2, we conclude from Proposition 1 and the continuity of X that

[ o ann. o, =6y, < L)

so that ¥ is in L?(M), hence in © by Theorem 2. This shows the inclusion “C” and thus
completes the proof.

q.e.d.
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Of course, Lemma 9 implies that the solution ¥* of (4.1) and the solution ¥ of (1.1)
in Theorem 6 must actually coincide. One can ask if this could not be seen directly by
comparing the two decompositions of H used for obtaining the two solutions. Recall that the

decomposition used for Theorem 6 is
T

(3.2) H = E[H] + /Ef dX, + L4
0

from Theorem 3, where ¥ € © and L¥ is a P-martingale null at 0 with L¥ € R2(P) and
[EH,Xi] =0 for 7 =1,...,d. On the other hand, the GLP solution uses the Galtchouk-

Kunita-Watanabe decomposition
T
H
Zr J

under R, where ¢ € L2(Y, R) and L is in M2(R) and strongly R-orthogonal to Y. The next
result explicitly describes the connection between (3.2) and (4.12).

Proposition 10. Assume (1.2) and D* N L*(P) # (). For every H € L*(P), the decomposi-
tions (3.2) and (4.12) are then related by

(4.13) L= /ZdL
and
(4.14) ¢ = E[H)Z;'C+ 9+ L_C,

where ¥ is given from 1 via (4.6).
Proof. Since the density of R with respect to Pis %, the representation (3.4) of ZT implies
0

that
T

T
_ H ~ - T H _ -
ZrE {,ZV—} = Zo-l-/Cs dXs | B {Z_} = E[H] 1+/ZO_1CSdX8
0
0 0

By (4.4),
T

T
ZT/zpu dY, = Gp(9) = /m dXx,
0 0
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for some ¥ € O given from v via (4.6), and so it only remains to study the product ZTLT.
Since L is strongly é—orthogonal to the continuous process Y, we have [L,Y?] = 0 for i =

0,1,...,d. For ¢ = 0, this yields [L,Z‘l] = 0 and therefore by I[td’s formula and the
continuity of Z that

(4.15) [L,Z] =o0.
Fori=1,...,d, we have X' = ZY" and so (4.10) and the preceding arguments imply that
(4.16) [L,X]=0 fori=1,...,d,

because [Z , Yﬂ is continuous and of finite variation. Thanks to (4.15) and (3.4), the product

rule now gives

T T

T T
ZpLy = /LS_ dZ, +/ZS dL, = /LS_ZS dX, +/ZS dL,
0 0 0 0

and so we conclude from (4.12) that H can be decomposed as

T T
H=E[H] + / (E[H]Zo—lz; 0+ LS_ES) dX, + /Z dL,.
0 0

But we already know that E and ¢ are in ©; thanks to the uniqueness in Theorem 3, (4.13)
and (4.14) will thus follow once we show that L_( is in © and that the process N := i ZdL
is a P-martingale null at 0 with N € R%(P) and [N, X" =0 for i =1,...,d.

The last assertion is immediate from (4.16) and the definition of N. Since L is strongly
E—orthogonal to YO = Z —1. the product LZ71 is a local E—martingale. Thus L is a local

]B—martingale, and so is N since Z is continuous, hence locally bounded. Because Z P satisfies
Ry(P) and (J) by Theorem 2, part 2) of Proposition 1 implies that N will be in R?(P)
if we can show that [N]r € L'(P). To prove that this is true, we use successively (1.3),
Theorem VIL57 of Dellacherie/Meyer (1982), the definition of P, again Theorem VL57 of
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Dellacherie/Meyer (1982) and the definition of R to obtain

T

B[Nl = | [ 22,

T
< CE / 2.7, d[L),
0

—E f% d[L],
=CE [ZT[L]T]

because L is in M2(R). Now N is a local P-martingale with N € R2(P) and the density
process Z of P with respect to P is in R2(P); hence we conclude that ZN is a true P-
martingale so that N is a true f’-martingale. This shows that N has all the properties

claimed above and implies that N satisfies the assumptions of Theorem 5. Therefore

L_Z:Z</2—1dN>

is in © by Theorem 5, and this completes the proof.
q.e.d.

Proposition 10 allows us to see quite easily that the solutions ¥* of (4.1) and 9 of (1.1)
coincide. In fact, (4.14) and (4.13) imply that

which equals 9 according to Theorem 6.

Interestingly, the probability measure R introduced by GLP also allows us to give a

shorter proof of the crucial Lemma 7. As in the first proof, it is enough to show that
(3.10) E N3] < CE|[T]4]
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for any stopping time S < T', with a constant C' which does not depend on S. We first observe
that ZL is a local ]S-martingale since both Z and L are, and since [ZE] = 0. Thus L is

a local E—martingale, and so is [ Z=1dL because Z~ ! is continuous, hence locally bounded.
Using successively the definition of N, (1.3), the definitions of Z and E, the Burkholder-
Davis-Gundy inequality under R, the definitions of R and Z and (1.3) yields

S 2
E[NZ =E |Z% /Z;ldiu

S

< CE- / 72 d[f]
0

=CF |ZsZg

<CE |ZsZs | z;'Z;"d[L],

But Z is a ﬁ—martingale, hence ZZ is a P-martingale, and so the last term equals F [[Z} S} by
Theorem VI.57 of Dellacherie/Meyer (1982). Since none of the appearing constants depends

on S, this again proves (3.10) and therefore Lemma 7.
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