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0. Introduction

This paper studies a quadratic approach to option pricing in a general financial market. Start-
ing with Fo6llmer/Sondermann (1986), several authors have used a quadratic criterion to de-
termine optimal hedging and/or pricing rules; among others, we mention Bouleau/Lamberton
(1989), Schweizer (1991, 1995, 1996), Schal (1994), Bouchaud/Sornette (1994), Monat/
Stricker (1995) and Aurell/Simdyankin (1998). We follow here the ideas of Bouchaud/
Sornette (1994) and Aurell/Simdyankin (1998), but present a general version of their ap-
proach. The underlying idea is as follows. Given a contingent claim or risky option, one
considers self-financing trading strategies and measures the risk of a strategy by the variance
of its shortfall against the claim at the terminal date. Minimizing this variance yields an
optimal strategy ¥*, say, and the option price h* is then defined by the condition that the
shortfall for the strategy ¥* with initial capital h* should have expectation zero. In a model
with i.i.d. returns, Aurell/Simdyankin (1998) showed by lengthy calculations that this price
can be computed as the expectation of the option’s discounted payoff with respect to a cer-
tain signed measure. In subsequent papers, Wolczyriska (1998) essentially conjectured that
this measure coincides with the minimal signed martingale measure for the underlying asset’s

price process, and Hammarlid (1998) provided an argument in support of her conjecture.

The present paper makes two main contributions. We first develop the basic approach in
an abstract L?-framework encompassing both discrete and continuous time models and show
how the central pricing result can be obtained by a very simple duality argument. This could
actually also be deduced from slight modifications of previous results in Schweizer (1995,
1996, 1998) on approximating contingent claims in L? by trading gains, but we provide here
direct proofs to keep the paper as self-contained as possible. We then settle both Wolczynska’s
conjecture and a natural extension of it. On the positive side, we show that both conjectures
are always true in one- and two-period models or for a binomial model with arbitrary time
horizon. For incomplete N-period models with N > 2, however, the conjectures are false in
general. We provide under a mild technical assumption a necessary and sufficient condition
on the first two moments of the returns’ distribution for the extended conjecture to be true
and show that this condition fails in typical realistic models. We also give an explicit example

of a quaternary 3-period model where the original Wolczyniska conjecture is false.

The paper is structured as follows. Section 1 introduces the basic terminology and gives
a precise formulation of the pricing approach. Section 2 proves a general representation of
the resulting price in terms of the variance-optimal signed martingale measure; this is defined
as the solution of a dual optimization problem. Section 3 provides additional results on this
measure and the optimal strategy if the underlying price process has the Markov property.
Section 4 explains Wolczynska’s conjecture and its extension and presents positive and neg-
ative results on the latter. Finally, section 5 contains the counterexample to Wolczynska’s

original conjecture.



1. Setup and problem

This section presents in an abstract setup the basic problem under consideration. Let
(Q, F, P) be a complete probability space and L? = L2(Q, F, P) the space of all square-
integrable real random variables with scalar product (U,Z) = E[UZ] and norm ||U| =
V/E[U?]. For any subset U of L?, we denote by UL = {Z € L? | (Z,U)=0forall U €U}
the orthogonal complement and by U the closure of ¢ in L?. Fix b € L? with b > 0 P-a.s.,
let G be a fixed subset of L? and set A:=Rb+G ={a=hb+g|he€ R, g€ G}.

The pair (G, b) represents a general financial market in the following sense. An element
g of G models the total gains from trade resulting from a self-financing trading strategy with
initial capital 0, and b is interpreted as the final value of some riskless bond with initial value
1. “Riskless” as translated by b > 0 means that the bond is always worth some money at the
end. A consists of those random payoffs which are strictly attainable in the sense that one
can obtain them as final wealth of some self-financing strategy with some initial capital. We

always assume that
(1.1) G is a linear subspace of L?;

this corresponds to a financial market without frictions like transaction costs, constraints or
other nonlinear restrictions on strategies. Square-integrability gives us a nice Hilbert space

structure and the existence of means and variances. For simplicity, we also assume that
(1.2) b is deterministic, i.e., a non-random constant;

see Schweizer (1998) for generalizations to the case of random b.

Example 1 (finite discrete time). For our prime example, we consider a frictionless
market where one stock and a riskless bond are traded at a finite number of dates. We index
these trading dates by kK =0,1,..., N for a fixed N € IN and denote by Si > 0 and By > 0
the stock and bond prices, respectively, at time k. More formally, let F' = (Fj)r=01,.... N be
a filtration on (Q,F), i.e., Fr C Fry1 C F are o-algebras on Q. Intuitively, Fj describes
the information available at time k, and so the stochastic processes S = (Sk)k=01,... .~ and
B = (Bk)k=0,1,..., v must be adapted to IF'; this means that Sj and By must be Fj-measurable
(“observable at time k”) for each k. We always take By = 1 for simplicity, denote by
szzg—lz for k=0,1,...,N

the discounted stock prices and suppose that X is square-integrable, i.e., X} € L? for each
k. If each By is deterministic, then b := By clearly satisfies (1.2). For later use, we define
the return factors Yy by Sy = Sx_1Yx for k=1,..., N.
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We next explain how to model trading in the assets S and B. Intuitively, a trading
strategy prescribes at each instant how many shares of stock and how many bonds we hold
in our portfolio. Because trading should be self-financing in the sense that expenses for stock
purchases must be paid by income from bond sales and vice versa, a strategy is completely
described by its initial capital h and its stock holdings ¥4 at each date k; see Proposition 1.1.3
of Lamberton/Lapeyre (1996). To exclude clairvoyance, 95 must for each k be chosen at date
k—1 on the basis of the information then available. Hence each ¥, must be Fj_{-measurable,

and this is equivalent to saying that the process ¥ = (V¥x)k=1.... n must be predictable with

respect to IF'. Observe that our notation means that J; shares are actually held on (k — 1, k]
so that our ¥ corresponds to the quantity ¢x_1 in Aurell/Simdyankin (1998).
Let © be a linear space of IF-predictable processes ¥ and denote by AX; := X; — X;_4

the increment of X over (j — 1, j]. For 9 € O, the gains process G(¥) is defined by

k k k
B B
Gr(0) =B Y _0;AX; =Y 0;(S; —rsjfl)g’f = " y(Y; —r)g’f for k=0,1,...,N,
i=1 N ES

j=1 J

where 1y, := 9,S,_1 describes the amount held in shares on (k—1, k]. Like 9, ¢ is predictable.
A O-strategy is any pair (h,9) € IR x © and its value process is

k
(1.3)  Vi(h,0) := hBi + Ge(9) = By, | h+ Y _1p;(Y; =) for k=0,1,...,N.
Jj=1

1
B;

V(h,?) describes the wealth evolution of the self-financing strategy associated to (h,?).

In this example, we have
(1.4) Gg:= {VT(O,ﬁ) ‘ VRS @} =Vr(0,0) =Gr(0) = {GT(ﬁ) | RS @} ;

this satisfies (1.1) because © is a linear space and it only remains to impose conditions on ©

to ensure that G C L2. One way to do this is to assume (1.2) and to consider

Og = {all predictable processes ¥ = (Jy)x=1... n with 9zAX, € L? for k=1,... ,N} :

.....

this has been used in Schweizer (1995, 1996). Another possible choice for © under (1.2) is
Oag = {19 € @s‘ﬁk = g1 (Sk—1) with measurable functions gy on IR for k =1, .. .,N} .

This space has been used by Aurell/Simdyankin (1998) and Wolczyriska (1998); the corre-
sponding strategies are “Markovian” in the sense that the choice of stock holdings may only

depend on the currently observable stock prices.

Remark. We emphasize at this point that the choice of © in Example 1 becomes crucial

later on. The duality arguments in section 2 only use that © is linear and thus work for both

3



Og and Oag. But the results on Wolczyriska’s conjecture and its extension differ for © = Og
and for © = ©g. The original conjecture was formulated for © = ©ag and then turns out to
be false; see the counterexample in section 5. If one decides to take the larger space © = Og

and then examines the conjectures, they both are true; see the remark following Theorem 10.

Example 2 (i.i.d. returns). As a special case of Example 1, consider the situation where
By = 1, Sy > 0 are fixed initial values, B = r* for some r > 0 and the return factors
Yi1,..., Yy are i.i.d. > 0 under P and square-integrable. By independence, the process S is
then also square-integrable, and so is X because B is deterministic. This model has been used
by Aurell/Simdyankin (1998) and Wolczyniska (1998), partly under the additional assumption
that the Y only take finitely many values. There is no explicit mention of a filtration in
Aurell/Simdyankin (1998) or Wolczyniska (1998), but it is clear from their arguments that
they use Fy = 0(S0,51,...,5) = o(Y1,...,Yx) = 0(Xo, X1,...,Xk), ie., the filtration
generated by S, Y or X. Observe that (1.3) corresponds to (7) of Aurell/Simdyankin (1998).

Because By, is deterministic, AXy = g—’; — % = S’“ L (Yk — r) implies by the indepen-
dence of Y7,..., Yy that
Sk—1
(1.5) E[AXy|Fr1] = B, (E[Yx] —7)
and
2
(1.6) Var[AXy | Fr_1] = 32 LVar[Yy].

The so-called mean-variance tradeoff process K is therefore given by

Ze: E[AX;|F;_- 1]) —Xe:(E[YJ']_T)Q —£(E[Y1]_T)2 for  =0,1,.

= N
Var[AX;|F;_1] VarlY;] Var[Y;]

ey 3

since the Y; are identically distributed. In particular, K is deterministic in this example,

hence also bounded uniformly in ¢ and w.

Example 3 (continuous time). To illustrate the generality of our formulation, we briefly
explain how to incorporate a continuous-time model into our framework. Let T' € (0, o] be a
fixed time horizon and X = (X;)o<;<7 an IR%-valued semimartingale with respect to P and
a filtration IF' = (F;)o<i<T on (2, F). Let © be the space of all IR%-valued IF-predictable X-
integrable processes ¥ = (¥¢)o<i<r such that the stochastic integral process G(9) := [ dX
is in the space S? of semimartingales. Then we could take b = 1 and G := Gr(©); this
space has been studied by Delbaen/Monat/Schachermayer/Schweizer/Stricker (1997). For a
different choice of ©, see also Gouriéroux/Laurent/Pham (1998). This ends the example.
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Let us now return to our abstract framework and consider a general contingent claim
or risky option. This is a random variable H € L?: it describes a financial derivative by
specifying its net payoff H(w) at the terminal time in each state w. A typical example in the
framework of Example 1 is a European call where H = (Sy — K)* for some K > 0. Our
goal is to determine a price for H at time 0 and to that end, we use an abstract version of an
approach suggested by Bouchaud/Sornette (1994) and taken up again by Aurell/Simdyankin
(1998). If we sell H at time O for an amount h, use h as initial capital and work with a

self-financing strategy whose outcome is g € G, we end up with a net final wealth of
hb + g — H =: wealth balance

in the terminology of Aurell/Simdyankin (1998). We define

(1.7) profit(h, g, H) := E [wealth balance] = hb + E[g — H| =: hb + gain(g, H)

and
risk(g, H) := Var [wealth balance] = Var[g — H],

where we have used (1.2). To obtain a price for H, we now first

(1.8) minimize risk(g, H) over all g € G

to get an optimal element g* € G. The (G, b)-price hg for H is then defined by requiring that
(1.9) profit (h&, 9", H) =0

which implies by (1.7) that

1 H g
b b |

(1.10) hg = —ggain(g*,H) =F {— - =
We shall compute hg quite generally in the next section.

Remarks. 1) Observe that the minimization in (1.8) runs over ¢ € G and not only over
g € G. This is important because it ensures the existence of a solution to (1.8) even if G is
not closed in L?. Moreover, it is easy to verify that

inf Var[g — H] = inf Var[g — H|

9€g 9€g
so that passing from G to G does not really change anything. We shall later provide sufficient
conditions for G to be closed in L? so that we can then replace G by G in (1.8).

2) Since all our concepts depend on the financial market (G,b) under consideration, it

would be more accurate to index with (G, b) instead of G only. We omit b for ease of notation,

but keep G to indicate in examples the dependence on the choice of ©.
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2. (G,b)-pricing made easy

In this section, we give a simple general formula for the (G,b)-price h§ for H by considering

the dual problem of (1.8). We first recall some terminology introduced in Schweizer (1998).
Definition. We say that (G,b) admits no approzimate profits in L? if G does not contain b.

With the preceding interpretations, this notion is very intuitive: It says that one cannot
approximate (in the L2-sense) the riskless payoff b by a self-financing strategy with initial
wealth 0. This is a no-arbitrage condition on the financial market; loosely speaking, it should

be impossible to turn nothing into something without incurring costs.

Definition. A signed (G,b)-martingale measure is a signed measure @ on (2, F) with
Q[ =1, Q < P with +99 € L? and

(2.1) Eq [%} = (%%,g) =0 for all g € G.

We denote by IP2(G) the convex set of all signed (G, b)-martingale measures. An element Pg

of IP?(G) is called b-variance-optimal if

1dPg

b dP

LdQ
bdP

< H H for all Q € IP%(G).

Our first result links the above two definitions and gives elementary facts for later use.

Proposition 1. Assume (1.1). Then:
1) (G,b) admits no approximate profits in L? if and only if IP?(G) # ().
2) If (G,b) admits no approximate profits in L?, then A = IRb+ G.

3) If (G,b) admits no approximate profits in L?, then the b-variance-optimal signed

(G, b)-martingale measure f’g exists, is unique and satisfies

1dPg -
2.2 Y e A
(2.2) ;on €A

Proof. These results are basically well known from Delbaen/Schachermayer (1996) and

Schweizer (1998), but we include a proof for completeness.
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1) An element Q of IP?(G) can be identified with a continuous linear functional ¥ on L?

satisfying ¥ = 0 on G and ¥(b) = 1 by setting ¥(U) = F [%% } = (%%,U). Hence 1) is
clear from the Hahn-Banach theorem.

2) Any g € G is the limit in L? of a sequence (g,) in G; hence hb + g,, = a,, is a Cauchy
sequence in A and thus converges in L? to a limit a € A so that hb + g = a € A. This gives
the inclusion “2” in general. For the converse, we use the assumption that (G, b) admits no
approximate profits in L? to obtain from part 1) a signed (G, b)-martingale measure . The
random variable Z := %g—g is then in G+ and satisfies (Z,b) = Q[Q2] = 1. For any a € A,
there is a sequence a,, = h,b + g, in A converging to a in L?. Since h,b+ g, € IRb+ G for
all n, we conclude that

hn = (hnb + gn, Z) = (an, 2)
converges in IR to (a, Z) =: h. Therefore g, = a,, — h,,b converges in L? to g := a — hb, and
since this limit is in G, we have a = hb + ¢g € IRb + G which proves the inclusion “C”.

3) Existence and uniqueness of ﬁg are clear once we observe that we have to minimize
|| Z|| over the closed convex set Z := {Z = %j—g ‘ Q € PSZ(Q)} which is non-empty thanks to
1). For any Z, € Z, the projection Z of Zy in L? on A is again in Z; in fact, one easily verifies
that U(U) := (2, U) is 0 on G and has U(b) = 1. Since part 2) tells us that Z = hb+ § with
g € G, we obtain (Z, 2) —h= (Z, Z) for all Z € Z and therefore

12112 = Z|]* + |z - Z)|* = | Z|]F  forall Z € 2.

Hence we conclude that %% =7 isin A.

q.e.d.

Example 1 (finite discrete time). Consider again the situation of Example 1. Because

N
g = 21 ¥;AX; for any g € G by (1.4) and the definition of G(¢), (2.1) reduces to
j=

dQ &
(2.3) E |2 9;AX;| =0 forall ¥ €O,

and we write IP2(©), Po as shorthand for P? (GT(@)), ﬁGT(@), respectively. In this context,
we also speak of signed ©-martingale measures instead of signed (G, b)-martingale measures.
Note that although Q[Q2] = 1, we may have Q[A] < 0 so that each Q € IP?(©) is only a
“pseudo-probability” in the terminology of Aurell/Simdyankin (1998). If © = Og, condition
(2.3) is equivalent to

dQ

1
0=F d—PIA(Xk — Xk—l):| = EQ [IAB—k(Sk — TSk_l)
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for k=1,...,N and all A € F_;. If Q is a probability measure (i.e., > 0), this means that
EQ[X;C—Xk_ll./Tk_l]:O fOl"k‘Zl,...,N

or that X is a (Q-martingale; this explains the terminology. For ©® = ©4g and a probability
measure Q € IP?(O,s), (2.3) is analogously equivalent to

EQ[Sk—TSk_l‘Sk_l] =0 fOI“kJZl,...,N;
compare (34) — (37) of Aurell/Simdyankin (1998). Note that this latter relation does not give

a martingale property for X because Hy := o(S), k = 0,1,..., N, is not a filtration (these

o-algebras are not increasing with k). This ends the example.

Theorem 2. Assume (1.1), (1.2) and that (G,b) admits no approximate profits in L?. For
any contingent claim H, the (G,b)-price is then given by

« = | H
5= 5[]

where Eg denotes expectation with respect to the b-variance-optimal signed (G, b)-martingale

measure FPg.

Proof. Because b is deterministic by (1.2), we have

5y [l -] ([

1 . H g 2
= ﬁrlsk(g,H)—i- (h—E [F_g}>

E

for any pair (h,g) € IR x G. Since both terms on the right-hand side are nonnegative and the
first one does not depend on h, it is clear that minimizing the left-hand side over (h, g) € IRxG
is achieved by first solving (1.8) for g* and then choosing

to make the last term vanish. Hence finding A* is equivalent to finding the constant R in

(E,ﬁ) ;= argmin F
(h,9)ERXG

H g\’ 1
——h——) = — argmin E [(H — hb— g)*
( b b ] b? (h.g)cRxG [ |
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by (1.2). But of course hb + g is simply the projection in L? of H on IRb+G = A by

' b dP

. v+ [+ . 1dP 1dP, - [H
hg =h :h:<hb+g’zd—§> :<H’5d—PQ>:EQ 5

where the third equality uses that Py € IP2(G).

Proposition 1, and since (H — hb — g, x dPg) = 0 due to (2.2), we obtain

q.e.d.

Theorem 2 is a general version of the result (28) of Aurell/Simdyankin (1998). If we
specialize our model to the framework of Example 1, we obtain an extension of the latter
result in several directions. Apart from square-integrability, our model for S is completely
general, and so is the contingent claim H; we can therefore deal with arbitrary path-dependent
derivatives. More importantly, though, the proof of Theorem 2 is very simple and transparent;
by exploiting the geometric structure of the problem, we can avoid the lengthy and model-
specific computations of Aurell/Simdyankin (1998) and Aurell/Zyczkowski (1996).

To conclude this section, we present some results on the closedness of G in L? in the
framework of Example 1. Note that all assumptions of Corollary 4 are satisfied in Example

2, the case of i.i.d. returns.

Proposition 3. Consider the situation of Example 1 with By deterministic so that (1.2)
holds. Let © C ©Og be a linear space and suppose that © is stable under P-a.s. convergence

in the following sense: If we have a sequence (9"),en in © such that lim 97 = vy P-a.s. for

k = 1,...,N, then 1 is also in ©. If the mean-variance tradeoff process K is bounded
(uniformly in ¢ and w), then G (©) is closed in L?.

Proof. Because

N N
GN(O) =D WAX;|0€0 )= 0;AX;|0eO

Jj=1 Jj=1

due to (1.2), this is basically a consequence of the proof for Theorem 2.1 in Schweizer (1995).

If we go through that argument, we see that the assertion follows once we can show that 9>

COIlStI‘UCted in that pI‘OOf 1S again in @ But fOI‘ k = 1, ce ,N, we have
Var Fr—1 1m \/31 F s
k { [AXkl k }>0} \/VaI[AXkL'Fk 1] n—00 K K Rl
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where each 9" is in © and the limit is in L?. The proof of Theorem 2.1 in Schweizer (1995)

N
also shows that the value of 93° on {Var[AX|F—1] = 0} does not influence » ¥5°AXj;, and
j=1

so we can obtain ¥¢° as a P-a.s. limit of (9}°) by passing to a subsequence. Stability of

LeIN
© under P-a.s. convergence thus implies that ¥ is in ©, and this completes the proof.

q.e.d.

Corollary 4. Consider the situation of Example 1 with By deterministic so that (1.2) holds.

If the mean-variance tradeoff process K is bounded (uniformly in ¢ and w), then Gy (Os)
and G (©as) are both closed in L?. Moreover, IP?(0g) C IP?(Oxg) is non-empty.

Proof. The first assertion follows immediately from Proposition 3 because ©g and ©g are
both obviously stable under P-a.s. convergence. The second is proved in Schweizer (1995) by
showing that the minimal signed ©-martingale measure Pisin IP2(0); see also section 4.

q.e.d.

3. Additional results on ]598 in the Markovian case

In this section, we consider the framework of Example 1 and provide more precise structural
results on ﬁ@S for the case where X is a Markov process under P. Intuitively, predictions
about the future evolution of X then only depend on the current value of X. More precisely,

we assume that
E[Fu( Xk, Xkt1y- -, XN)|Fr] = E[Fr( Xk, X1y, Xn)| Xk]

for any k and any measurable function Fj on RN—F+1 guch that Fr(Xg, Xkt1,--., Xn) is
integrable. A special case is any model with i.i.d. returns and B deterministic as in Example
2. We choose © = Og because even in a Markovian framework, one should start by allowing
as many strategies as possible for use.

We start by recalling from Schweizer (1995, 1996) the explicit expressions for 1598 and
for the optimal strategy J* for (1.8). These results were obtained for © = ©g, but without

assuming that X is a Markov process under P. We first define the predictable process

7:k1]

Fk—l]

B = (Bk)k=1,....n via backward induction by

N
AXy JI (1-p;AX5)
j=k+1
N
AX? T] (1-p6;AX;)?
j=k+1

E

(31) ﬂk =

E
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by convention, an empty product equals 1. According to Theorem 5 of Schweizer (1996), ﬁgs
is then given by

dPo,
dP

N
1 N
(3.2) == [[-8A%;) withes=E
Cg i=1

f[l(l - ﬁjAXj)],

provided that IP?(©g) # 0. If in addition K is bounded, the optimal strategy 9¥* for (1.8)

can also be given explicitly: If we set

H N
2| L ax, 11 (- p0%)F
N j=k+1
(3.3) Ok = . fork=1,...,N,
E|AXE T (1-BAX5)3 fk_1]
j=k+1
then
. ~ H 1 .
(3.4) k= Ok — Bk (E@s |:BN:| - Bk,le_l(ﬁ ))
N H k—1
= ok — Bk | Fosg {E}-I-Zﬁ;AXj fork=1,...,N
j=1

by Theorem 2.4 of Schweizer (1995). Due to their recursive character, these formulae are
rather hard to evaluate in general, but we shall presently see that their structure simplifies
considerably in a Markovian framework.

Our first result shows that if X is Markovian under P, then 3 from (3.1) only depends

on the current state of X. The same is true for p from (3.3) if H is a function of Sy.

Lemma 5. Consider the situation of Example 1 and assume that B is deterministic. Suppose
that X is a Markov process under P. Then ) = by(Sk_1) for some measurable functions by,
on IR for k=1,...,N. If H has the form H = f(Sy), then we also have gy, = gi(Sk_1) for
k=1,...,N.

Proof. We first prove the assertion for 8 by backward induction. For k = N, the Markov
property of X yields

AXN|Fyo1]  E[AXN|Xn_1]

_ 0 B
[AX2|Fn_1] E[AXZ|XNy_1] by (Xn-1) =bn(Sn-1),

E
By = 2

since By is deterministic. If we now have 8; = b;(S;-1) for j = k+ 1,..., N, then

N
AX, [ (1 - pB;AX;) is a function of Xy, Xjt1,...,Xn, and so (3.1) and the Markov
j=k+1
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property of X imply that 8 = bi(Sk—1). This proves the assertion for 3, and if H = f(Sn),
a similar argument yields g = gx(Sk—1) for all k.
q.e.d.

A first consequence is that X is again a Markov process under ]395. A precise formulation

needs some care with conditional expectations since Pgg is in general only a signed measure.

Proposition 6. Consider the situation of Example 1 and assume that B is deterministic. If
X is a Markov process under P, then X is also Markovian under ]395 in the sense that for

k+1

any k and any bounded measurable function F}, on IR™ ~**! we have

(3.5) E ZNFk(Xk,XkH,---,XN)‘Fk} = Zi fr(X1)

dPoy

for some measurable functions fi on IR, where Zy:=E [

]:k} denotes the density process

of ﬁ@S with respect to P.

Proof. By (3.2), we have for any k

k N
Zn = [0 -8a%5) [[ (1-8AX)),
j=1 j=k+1

and due to Lemma 5, the second factor only depends on X, Xg41,..., Xn. By the Markov

k
property of X under P, the left-hand side of (3.5) thus equals f,il)(Xk) [1(1-p5,AX;) for
j=1

some measurable function fél). Again using the Markov property of X under P, we also get
N k
Zr = 12 (X0 [] (1 - B;0%;),
7j=1

and so the assertion follows.

q.e.d.

Remark. If ﬁ@S is equivalent to P (and thus in particular a probability measure), the Bayes
rule yields for any bounded Fxy-measurable H that

- 1 _
BoJ[H|F] = = E [ZNH‘]-}} .
Zy;

In that case, (3.5) can be rewritten as
E@s [Fk(Xk:,Xk—f—l;n-,XN)‘fk} :fk(Xk> for each k.

12



By choosing Fj (X, Xpy1,...,XnN) := I{x,,,ca} for arbitrary sets A € F, this implies that

X is also a Markov process under Pgy.

It would be pleasant if the optimal strategy ¥* for a contingent claim of the form H =
f(Sn) were in ©ag. This is not quite the case, but we can obtain for ¥* a generalized

Markovian structure if we add the process G(¥*) as a second state variable.

Proposition 7. Consider the situation of Example 1 and assume that B is deterministic.
Suppose that X is a Markov process under P and that the mean-variance tradeoff process
K is bounded (uniformly in ¢ and w). For a contingent claim of the form H = f(Sy), the
optimal strategy ¥0* for (1.8) can then be written as

197; == fk(Sk_l,Gk_l(ﬁ*)) for k = 1, oo ,N

for some measurable functions fj on IR2.

Proof. Since

~ H 1
¥ = ok — Fo. | — Gr_1(9*
k= Ok @c( s |:BN:| + 5, O 1 ( ))
by (3.4) and since Oy and gy, are functions of Si_; only by Lemma 5, the assertion follows.

q.e.d.

4. On Wolczynska’s conjecture and an extension

In this section, we present some results related to a conjecture raised by Wolczyriska (1998).
Throughout the section, we consider a model in finite discrete time as in Example 1 with a
deterministic bond process B. Before stating the conjecture and a natural extension of it, we
have to introduce some notation.

Let us first define a signed measure P by

dﬁ N 1 —OéjAXj

(4.1) — =
dP 1 1-— OéjE[AXj‘.’Fj_l]

j=
with

EIAX;|Fj]
E[AXF|Fj]

aj = forj=1,...,N.

It is shown in Schweizer (1995) that P is a signed ©g-martingale measure if the mean-variance

tradeoff process K is bounded; this implies in particular that IP?(Og) # 0. P is called the

13



minimal signed Os-martingale measure. Because Oas C Og, we have IP?(O4s) D IP?(Og),
hence also P € IP?(O4s).

Example 2 (i.i.d. returns). If we consider the special case where Y7, ..., Yy arei.i.d. under

P, we can obtain P much more explicitly than in (4.1). In fact, (1.5) and (1.6) yield

(4.2) ! with 7 ;= — b7 1
. a; = 1 =

and therefore

and
m .
o, EIAX;|Fj_1] =~ (7 - 1) with m := E[Yi].

Plugging these expressions into (4.1) leads to

A Y,
dP_Nl_'Y(T_l)_ 1

ar 11 I—y(2-1)

Jj=1

(4.3)

»NII&—vae—m»

(r—~(m-—r
If we take r = 1 and write u = E[Y; —1], 0? = Var[Y; — 1], then v = 5747z and (4.3) becomes

dP {7 0%+ % —u(Y; - 1)
(4.4) o
dP e o2

which agrees with (3.5) of Wolczynska (1998).

For later use, we also give an explicit result about the structure of ﬁ@ As- DBecause
b = By is deterministic and G n(©4s) is closed in L? by Corollary 4, A = IR + Gn(Oas) =
Vr(IR,0®as) and so (2.2) implies that

dﬁ@AS

(4.5) 5

= bV (h,0) =0°h+bGn ()  for some h € IR and 9 € Oas.

Being in O,g, 9 has the form 513 = gr(Sk—1) for k = 1,...,N. Combining this with (1.3)

and using that B is deterministic allows us to rewrite (4.5) as

dﬁ@AS ~ a
(4.6 o ety (S )
=1

for some ¢ € IR and some measurable functions g; on IR, ; in fact, ¢ = vaﬁ and g;(s) =

%Jz;fsgj (s). This ends the example.



With the above terminology, the conjecture of Wolczyniska (1998) is then:

(C) IfB=1andY,...,Yy areii.d. under P and take only finitely many values, then
Eo,.[h(SN)] = E[h(Sy)] for all measurable functions h on IR.

An equivalent formulation is

(C) If B=1andY,...,Yy areii.d. under P and take only finitely many values, then

Po,, = P on the o-algebra o(Sy) generated by Sy.
Somewhat more generally, one might also conjecture that
(EC) If B is deterministic and Y7,..., Yy are i.i.d. under P, then ﬁ@AS = P.

Of course, (EC) implies (C), but not vice versa. This section deals with the conjecture (EC)

and the conjecture (C) is the subject of the next section. We start with a positive result.

Theorem 8. Consider the situation of Example 2 so that B is deterministic and X has
iid. returns. If N € {1,2}, then Po,, = P so that the conjectures (EC) and (C) are true
for N =1 and N = 2.

Proof. 1) Because X has i.i.d. returns, we know from section 1 that the mean-variance
tradeoff process K is deterministic. By Corollary 4.2 of Schweizer (1995), this implies that
P= ﬁ@S and so it is enough to show that Pe As and f’es coincide. This part of the argument
holds for any N € IN.

2) To finish the proof, we now show that © g = Og for N € {1, 2}; this implies of course
that ﬁ@ As = ﬁes. Clearly, we only have to show that ©g C ©Oag, and by the definitions, this

amounts to proving that each ¥ € ©g can be written as
ﬁk:gk(Sk_l) forkzl,...,N

with measurable functions g on IR. Now if ¢ is in ©g, then each ¥} is measurable with
respect to Frp_1 = 0(Sp,51,...,5—1) and thus a function of Sy, Si,...,Sk—1 in general.
But for N € {1,2}, we need only consider the cases k = 1 and k = 2, and then we have
Fo = 0(Sp) and Fy; = o(Sp, S1) = 0(51), since Sy is deterministic. This shows that 97 and
Y5 are functions of Sy and of Sy, respectively, and thus completes the proof.

q.e.d.

Theorem 8 generalizes the results of Aurell/Simdyankin (1998) who showed by rather

laborious calculations that Pg As = P if cither N = 1 and S takes a finite number of values
or N € {1,2} and X follows a binomial process as in the Cox/Ross/Rubinstein (1979) model.

15



Here we obtain the same result for an arbitrary distribution of Y; with finite second moment.

We can also generalize the result for the binomial model.

Proposition 9. The conjectures (EC) and (C) are true for any N € IN if X is given by the
binary Cox/Ross/Rubinstein (1979) model.

Proof. We first observe that due to the binary structure of that model, IP?(Og) contains just
one element P* given by the classical CRR prescription so that 1593 = P = P, Moreover,
the time-homogeneous structure of the CRR model (or, put differently, the fact that we have
a recombining binary tree with constant parameters) implies that P* is already determined
by the condition that

E*[Sk—T‘Sk_ﬂSk_l]:O fOI“k’:l,...,N.

But this means that IP?(©,g) 2 IP?(Og) also contains P* as its sole element, and so we also
have f’gAs = P*, hence ﬁ@AS =P.

q.e.d.

Let us now examine the case where N > 2. Since F5 = 0(Sp,S1,52) will in general
be strictly larger that o(S2), we expect in general a strict inclusion O3 C ©g. Hence the
argument used in the proof of Theorem 8 no longer works and it is not too surprising that the

situation for (EC) also changes. In our next results, we exclude the case where X happens

to be a martingale under P because in that case we trivially have Pg As = ﬁ@S —P=P.

Theorem 10. Consider the situation of Example 2 so that B is deterministic and X has
i.i.d. returns. Suppose also that X is not a martingale under P and that the support of the
distribution (under P) of Y7 contains an interval. If N > 2, then Po As = P if and only if

(4.7) E[Y?] = rE[Y4].
In particular, the conjecture (EC) is false in that case unless (4.7) happens to hold.
Proof. 1) We first show that (4.7) is necessary because this argument also illuminates where

the condition comes from. Suppose that Pg As = P. Then the explicit representation (4.3)

and the structural result (4.6) imply that

N N
(4.8) const. H (r—~(Y; —r) =c+ Zgj(Sj_l)(Yj —r) P-as.

j=1 j=1
Because Yi,...,Yy are ii.d., we can view (4.8) as an identity between two polynomials in
the variables Y7,...,Yxy. Because the support of the distribution of Y; contains an interval,

16



we can conclude that all coefficients of these polynomials must coincide, and so comparing

the coefficients of Yy yields the new identity
N—-1

(4.9) const. H (r—~(;—7)) = gn(Sn-1) P-as.
j=1

But the right-hand side of (4.9) depends on Yi,...,Yxn_1 only via the product Sy_; =
N—1

So I[ Y; and so the same must be true for the left-hand side. In particular, all linear terms
j=1

in Y; must vanish and multiplying out shows that this implies that yr(1 4 ) = 0. Since X

is not a P-martingale, v # 0. Hence we must have v = —1, i.e.,

(# )=

by (4.2), and this is equivalent to (4.7).
2) Conversely, suppose now that (4.7) holds. Then v = —1 and so (4.3) simplifies to

E

N

dP
ip = const. H Y; = const. Sy = const. Xy,

j=1
because B is deterministic. Choosing 5;€ = %}it' and h := % therefore yields
ap al ~ ~
P = const. Xg + Zconst. AX; = Byh + GN(19)

Jj=1

with obviously in ©ag, and so part 3) of Proposition 1 implies that P = Po As- This
completes the proof.

q.e.d.

Remarks. 1) In realistic models satisfying the assumptions of Theorem 10, condition (4.7)
will not be satisfied. In fact, (4.7) implies that

rE[Yi] = E [Y?] > (E1))°

by Jensen’s inequality so that E[Y;](r — E[Y1]) > 0. Since we want Y7 > 0 for nonnegative

stock prices, we conclude that (4.7) can only hold if we have

0 S E[Yl] S r,

17



and this means that the discounted stock price X follows a supermartingale under the original
measure P. Under the assumptions of Theorem 10, (EC) therefore fails in the realistic case
where the growth rate E[Y7] of the stock exceeds the riskless interest rate r.

2) As a by-product, the proof of Theorem 8 shows that the failure of the conjecture
(EC) is due to the restrictive choice ©® = Oxg. If one allows strategies in Og instead of only
the “Markovian” ones from Oag, (EC) takes the form 15@5 =P , and we know from Corollary
4.2 of Schweizer (1995) that this is true for any N € IN in the case of i.i.d. returns.

Theorem 10 makes it clear that for N > 2, we must expect the conjecture (EC) to
be false in general. The assumption that the support of the distribution of Y; contains an
interval is not very restrictive, but excludes of course all models where S takes only finitely
many values. In the rest of this section, we therefore examine this case more carefully.

So consider an N-period model with i.i.d. returns Yi,..., Yy and suppose that each Y;
can take M distinct values yq, ..., yy with positive probability. As in (4.8), the conjecture

(EC) can be written as

(4.10) L(Yi,...,Yyn) := const. H (r —(Y; — 7’))

N
=+ Zgj(Sj,l)(Yj —)

: R(Y1,...,Yn).

This must hold P-a.s., hence for every possible realization of Y7,...,Yxy, and so we can
read (4.10) as an identity between the functions L and R defined on {yi, ...,y }". More
precisely, we are given L and have to find functions g1, ..., gn such that (4.10) holds. Each g;

j—1
is completely described by the set of its possible values g;(S;—1) = g; (SO I Yg) . Since each
(=1

Y, takes values in {y1,...,ynm} and the argument S;_; of g; is symmetric in Y3,...,Y;_4,
the number of possible values of ¢;(5;_1) is at most the number K(j — 1, M) = (j_ljt]\f_l)

of ordered (j — 1)-tuples one can form from M elements. Hence each g; gives us at most

K(j — 1, M) free variables we can choose, and so the function R is determined by at most

N
1+ K(j—1,M)=1+K(N—-1,M+1)

Jj=1

parameters. In fact, 1 stands for the constant ¢ and the second equality follows from an easy
combinatorial argument.

The function L is of course also symmetric in its N arguments and so its range can
contain up to K (N, M) elements. Heuristically, we thus have from (4.10) about K(N, M)

18



equations for 1 + K(N — 1, M + 1) variables, and so we expect that (4.10), hence (EC), will

typically fail as soon as

1+ K(N—1,M+1) < K(N, M).

If we ignore the summand 1, then

KNM) () M

_ N+M—1 N

K(N—-1,M+1) ( N ) N

shows that (EC) is likely to fail as soon as M > N, i.e., if we have few time steps and many
possible outcomes at each step.

This heuristic argument has several points in its favour. It fits together with Theorem

10 where we formally have M = oo, and it may also explain why Aurell/Simdyankin (1998)

did not obtain a contradiction to (C) with their numerical experiments (they took M = 3,

N =10 and M =4, N = 5, respectively). But most importantly, it tells us where to look for

a counterexample: since

K(3,4)=20>16 =1+ K(2,5),

we should study a quaternary 3-period model.

Example 4. Consider a model with i.i.d. returns and B deterministic as in Example 2. More
specifically, we take Sy = Bg =1, r =1 (hence B=1 and X = 5), N = 3 and assume that
Y1, Y5, Y3 are i.i.d. under P with values in {%, 1,2, 4} (so that M = 4). To avoid degeneracy,
each of these values should be taken with positive probability, but the actual probabilities
are for the moment irrelevant.

To describe a strategy ¥ € Oag in this model, we have to specify the possible values of
g;(Sj—1) = 9,81 for j = 1,2,3. To that end, we index according to the possible (date,
price) pairs (j, S; (w)) for j = 0,1,2. Since Sy can only take the value 1, we write £ = g1(1).
S1 has 4 possible values %, 1,2,4 and we write £17 = gg(%), ...y&14 = g2(4). Finally, Sy can
take the 7 values %, %, 1,2,4,8,16 and we write &1 = gg(i), ..., &7 = g3(16). Thus &y, is the
amount in stock chosen at time j if S; is in the k-th of its possible states at that time.

Theorem 11. Consider the framework of Example 4 and assume that E[Y; — 1] # 0 and
E[(Y1 —1)?] # —E[Y1 — 1]. Then (EC) is false.

Proof. Observe that our assumptions mean that v # 0 (or equivalently that X is not a
martingale under P) and that v # —1. We now assume that (4.10) holds and show that this
leads to a contradiction. First of all, L(1,1,1) = const. and R(1,1,1) = ¢ yields

const. = ¢.
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L(1,4,1) =¢(1 — 3v) and R(1,4,1) = ¢+ 3g2(1) yields

92(1) = _E’Y,

L(2,1,1) =¢(1 —~) and R(2,1,1) = ¢+ g1 (1) yields

g1(1) = —¢y

and L(2,2,1) =¢(1 —v)?, R(2,2,1) = ¢+ g1(1) + g2(2) then gives

92(2) = —cy(1 — 7).

From L(1,4,2) =¢(1 —v)(1 — 3v) and R(1,4,2) = ¢+ 3g2(1) 4+ g3(4), we then obtain

g3(4) = —cy(1=3)

and therefore
R(2,2,2) = ¢+ g1(1) + g2(2) + g3(4) = ¢ (1 =7)* = 1(1 =37)) = (1 =3y +47%).

But

L(2,2,2) =¢(1-9)° =¢(1 -3y +49° = *(1 +7)),
and so R(2,2,2) = L(2,2,2) implies that 4%(1 4+ v) = 0, hence v € {—1,0}. This contradicts
our assumption and so we conclude that (EC) must be false.

q.e.d.

5. A counterexample to Wolczynska’s conjecture

Theorem 11 shows that the extension (EC) of Wolczynska’s conjecture (C) is not true in
general; even in the case of i.i.d. returns, we may have Po as F P. However, the restrictions
of these two measures to o(Sy) C F could still coincide so that (C) could still be true. A
very recent paper of Hammarlid (1998) claims indeed that this is the case. Unfortunately,
Hammarlid’s arguments are not always completely clear and they also contain an error. In
fact:

Theorem 12. Consider the framework of Example 4 with P[Y; = y] = % fory € {%, 1,2, 4}.

Then Wolczyrniska’s conjecture (C) is false.

Proof. The idea of the proof is very simple: we just compute the distribution of S3 under

Po,., by solving (1.8) — (1.10) for the claims H, = I{g,—, for y from the set of the 10 possible

values of S3. We then compare the result to the distribution of S3 under P.
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So fix y € {%, i,...,32,64} and consider the claim H, = Ifg,—,3. To determine

Po,.[S5 = y] = Eo,. [H,], we have to solve the minimization problem
(5.1) minimize £ [(Hy —h— G3(?9))2i| over all (h,9) € IR x O,s.

Since b = B3y = 1, the proof of Theorem 2 tells us that the optimal A* € IR coincides with
Eo,q [Hy]. To rewrite the objective function in (5.1), we use the parametrization of ¥ in
terms of the ;; introduced in Example 4. If we write S; = {s;; |j = 1,...,n;} for the set of

the n; possible values of S;(w), then we have

Mi—1

Vi AX; = gi(Si—1)(Yi — 1) = Z §ic1l s, 1=s,, 3 (Yi—1)

and therefore with ng =1, n1 =4, no =7

4 7
Hy —h— G3(19) = Hy —h— SO(Yl - 1) - 25173'1{51251,3‘}(% - 1) - Z€2,jl{52252,j}(Y3 - 1)

j=1 j=1

If we set x := (h7£07£117“'75147‘5217"'7627)“ € R', then E [(Hy —h— GB(ﬁ))Q] can be

viewed as a quadratic function f(x) of x and so finding its minimum is achieved by setting
its gradient with respect to = equal to 0 and solving for z. This yields the following system

of 13 equations:

(5.2) E[H, — h — G3(¥)] = 0,
E[(H,—h—G3(9))(Y1 —1)] =
E[(Hy—h—G3(9))I{s,=5 ;3 (Y2 1”:0 forj=1,....4,
E[(Hy—h—G3(9)) {525, y(Ys—1)] =0  forj=1,...,7

by differentiating f with respect to h,&o,&1 5, 82,5, respectively. By setting

Ry = (E[Hy]’E[Hy(Yl - 1)]7E [HyI{SHISn}(YQ - 1)] [ ’E [HZ/I{SI:SM}(YVQ o 1)} ’

E [HyI(s,—0yy(Ys = D] ..., E [HyI{5,—0,y (Vs — D] )" € R,

we can rewrite (5.2) as a linear equation Az = z, with a 13 x 13-matrix A. To compute

A and z, for given y, we use the fact that due to our choice of the P-distribution of Y7,

all trajectories w have the same probability (%)3 = 6%1. Hence computing probabilities and

expectations essentially amounts to counting trajectories with desired properties, and multi-

plying everything by 256 to obtain integers yields
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256 224 56 56 56 56 14 28 42 56 42 28 14
224 656 —-28 0 56 168 —7 —7 7 49 56 56 42
56 —28 164 O 0 0O -7 0 14 42 0 0 O
o6 0 0 164 O 0 0O -7 0 14 42 0 O
56 56 0 0 164 O 0 0O -7 0 14 42 0
56 168 0 0 0 164 O 0 0O -7 0 14 42
256A=| 14 -7 -7 O 0 0 41 O 0 0 0O 0 0
28 =7 0 -7 0 0 0 8 0 0 0O 0 O
42 7 14 o -7 0 0 0 123 0 0O 0 0
56 49 42 14 0 -7 O 0 0 164 0 0 O
42 56 0 42 14 0 0 0 0 0 123 0 O
28 56 0 0 42 14 0 0 0 0 0 8 0
14 42 0 0 0 42 0 0 0 0 0 0 41

To illustrate how these figures are obtained, let us explain how to get ags = 14. Since ags is
the coefficient of &1 in 256 E [(h + G5(9))I{g,=s,5=1} (Y3 — 1)], the above representation of
h + G3(¥) yields

ag3 = 256F [I{Slzsu:%}(YQ - 1)[{522323:1}(Y3 — 1)}

= 2566—14 u;zl{sl(w):%ﬁz(w)zl} (YVa(w) — 1) (Ys(w) — 1).

The condition S;(w) = 1, 9(w) = 1 forces Y (w) = 1,Y2(w) = 2 and leaves Y3(w) unre-

stricted. Since the sum over all possible values of Y3 — 1 is %, we get agy = 4(2 — 1)% = 14.

All other entries of A are obtained in a similar way, and z, is computed in the same manner.

For each y € S3, we then obtain x7 = A~'z, as the solution of (5.1), and Feo,. [H,] is
the first coordinate of zj. If we compute z, for all 10 elements of S3 and stack the resulting
column vectors one beside the other, we obtain a 13 x 10-matrix Z. The first row of the

13 x 10-matrix A~!Z then consists of the 10 numbers
(5.3) Eo,, [Hy] = Po,.[S5 = ] for y € Ss.
Computation yields

4 12 24 40 48 48 40 24 12 4

12 28 44 58 48 30 12 -2 —4 =2
o 0 0 12 16 16 14 2 =2 =2
0O 0 12 16 16 14 2 -2 -2 0
0 12 16 16 14 2 -2 -2 0 0
12 16 16 14 2 -2 -2 0 0 0
256Z2=10 0 0 O 0 0 12 4 0 -2 )
0 0 0 O 0 24 8 0O -4 0
o 0 O o0 36 12 0 -6 0 0
0 0 0 48 16 0 -8 0 0 0
0 0 36 12 0 -6 O 0 0 0
0 24 8 0 -4 0 0 0 0 0
12 4 0 -2 0 0 0 0 0 0



and this allows us to obtain the distribution of S under Pg, explicitly via (5.3).

For comparison, we next compute the values of P [S3 = y] for y € S3. Since E[Y; —1] =

and Var[Y; — 1] = 42, (4.4) yields

dP ﬁ 164 — 56(Y; — 1)

- 115

dP

1=

In particular, Y7, Ys, Y3 are again i.i.d. under P with

~ 1 48 ~ 41 ~ 27
P|:Y1:—:|:E, P[Y]_ZI]ZE, P[Y]_ZQ]:— P[Y1:4—

This allows us to compute P [S3 = y] explicitly and leads to the following table:

y P[S5 =y Po s[5 = y]
: 0.0727160 0.0690573

: 0.186335 0.178837

3 0.281869 0.274829

1 0.250399 0.254933

2 0.150788 0.159894

4 0.0505288 0.0572169
8 0.00866935 0.00857501
16 —0.00135711 —0.00269784
32 0.0000532588 —0.000670921
64 | —0.000000657516 0.0000263986

Since the last two columns do not agree, we have Ps as F P on 0(S3) and this shows that

Wolczyriska’s conjecture (C) is false in this example.

q.e.d.

Remark. The above table illustrates a well-known drawback of our pricing approach. Both
P and Po As are genuinely signed measures; although the column entries sum to 1, some are

negative and lead to negative prices for some nonnegative payoffs. An alternative approach

with a risk loading that may mitigate this problem is developped in Schweizer (1998).
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6. Conclusion

This paper extends the option pricing approach of Bouchaud/Sornette (1994) and Aurell/
Simdyankin (1998) to a general L2-context. We prove in a very simple way that the resulting
option price is the expectation of the option’s discounted payoff under the variance-optimal
signed martingale measure. We also show by a counterexample that Wolczynska’s conjecture

is false in general.
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