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0. Introduction

In this paper, we study an approximation problem arising naturally in financial mathematics.
Let X be a semimartingale on a filtered probability space (€2, F, (Fi)o<i<r, P) and denote
by © the space of all predictable X-integrable processes ¢ such that [9¥dX is in the space
S? of semimartingales. Given an Fpr-measurable random variable H € £2 and a constant
c € IR, we then consider the optimization problem

T 2

(0.1) Minimize E | | H — ¢ — /193 dX, over all ¥ € O.
0

If we also vary ¢, we thus want to approximate a random variable by the sum of a constant
and a stochastic integral of X.

This problem has a very natural interpretation in financial mathematics, in particular
in the theory of option pricing and option hedging. Think of X; as the discounted price at
time t of some risky asset (e.g., a stock) and of ¥ as a dynamic portfolio strategy, where
9; describes the number of shares of X to be held at time ¢. If we assume that there also
exists some riskless asset (e.g., a bank account) with discounted price 1 at all times, then
every ¢ € O determines a self-financing trading strategy whose value process is given by
c+ f ¥dX, where ¢ € IR denotes the initial capital at time 0. For a more detailed exposition,
we refer to Harrison/Pliska (1981). In this context, the random variable H is then interpreted

as a contingent claim or random loss to be suffered at time 7', and so (0.1) corresponds to
T

minimizing the expected square of the net loss, H —c— [ ¥, dX,, at time T. This problem was
0

previously studied in various forms of generality in Duffie/Richardson (1991), Schal (1994),
Schweizer (1992), Hipp (1993) and Schweizer (1993a, 1993b). Here we extend their results to
the case of a general semimartingale in continuous time.

Once the basic problem (0.1) has been solved and if there is a nice dependence of the solu-
tion £(¢) on ¢, one can readily give solutions to various optimization problems with quadratic

criteria. These applications are discussed in section 4; they contain in particular the optimal
T

choice of initial capital and strategy, the strategies minimizing the variance of H —c— [ 9, d X,
0

either with or without the constraint of a fixed mean, and the approximation of a riskless
asset.

Throughout the paper, X will be an IR%valued semimartingale in SE.. For ease of
exposition, however, we formulate the results in this introduction only for d = 1. We assume
that X has a canonical decomposition of the form

X:%+M+/MM@

and call .

2
~ (0%
K= [ — % amy, . 0<t<T
' (/1+ﬁAM®S< ) ==
0

the extended mean-variance tradeoff process of X. Our main result in section 2 then states
that (0.1) has a solution &(¢) for every ¢ € IR if K is deterministic and if H admits a
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decomposition of the form
T

(0.2) H = Hy+ /ffl dX, + L% P-a.s.
0

with Hy € IR, £ € © and L¥ a square-integrable martingale orthogonal to [ ¢ dM for every
9. Moreover, £(©) is explicitly given in feedback form as the solution of

t—

() _ ¢H oy H (e)
0.3 = —— | VI —c— dX, , 0<t<T,
( ) t gt + 1—|—Oé%A<M>t t— c /és
0
where
t
VtH::HOJr/gfdstrL,{f ,  0<t<T

0

is the intrinsic value process of H. An outline of the proof is given in section 2 and
full details are provided in section 3. The argument extends the technique introduced in
Duffie/Richardson (1991) and Schweizer (1992) for a diffusion process to the case of a general
semimartingale. B

The assumption that K is a deterministic process is very strong, but unfortunately
indispensable for both our proof and the validity of (0.3). On the other hand, a decomposition
of the form (0.2) can be obtained in remarkable generality. By slightly adapting a result of
Buckdahn (1993) on backward stochastic differential equations, we show in section 5 that
every Fr-measurable H € £? admits such a decomposition if K is bounded and has jumps
bounded by a constant b < % Section 6 concludes the paper with several examples. In
the positive direction, we consider continuous processes admitting an equivalent martingale
measure and a multidimensional jump-diffusion model. On the other hand, a counterexample

shows that (0.3) in general no longer solves (0.1) if K is allowed to be random.

1. Formulation of the problem

Let (2, F, P) be a probability space with a filtration IF' = (F;)o<i<r satisfying the usual
conditions of right-continuity and completeness. T' > 0 is a fixed finite time horizon, and we
assume that F = Fr. For unexplained notation, terminology and results from martingale
theory, we refer to Dellacherie/Meyer (1982) and Jacod (1979). Let X = (X¢)o<i<7 be an
IR%valued semimartingale in 82 .; for the canonical decomposition

X=Xo+ M+ A

of X, this means that M € M2, _and that the variation | A?| of the predictable finite variation

part A® of X' is locally square-integrable for each i. We can and shall choose versions of M
and A such that M* and A’ are right-continuous with left limits (RCLL for short) for each
i. We denote by (M?) the sharp bracket process associated to M, and we shall assume that
for each 1,

(1.1) A" < (M) with predictable density o' = (al)o<i<r.
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Throughout the sequel, we fix a predictable increasing RCLL process B = (By)o<<7 null at

A d A
0 such that (M") < B for each i; for instance, we could choose B = > (M?"). This implies
i=1
(M* M’) < B for all i, j, and we define the predictable matrix-valued process o = (0¢)o<i<T
by

o d(ME MY
(1.2) o = <T%>t fori,j=1,...,d,

so that each azj is a symmetric nonnegative definite d x d matrix. If we define the predictable
IR%-valued process v = (v¢)o<t<T by

(1.3) V= alol fori=1,...,d,
then (1.1) and (1.2) imply that for each 1,

t
(1.4) Al = /7;' dBs 0<t<T.
0

Definition. The space L%loc)(M ) consists of all predictable IR%-valued processes ¥ =
(¥¢)o<t<T such that the process

t
/19:05198 dB, is (locally) integrable,

0 0<t<T

where * denotes transposition. The space L?IOC)(A) consists of all predictable IR%-valued
processes ¥ = (U¢)o<i<7 such that the process

¢
/ |9%vs| dBs is (locally) square-integrable.

0 0<t<T
Finally, we set © := L?(M) N L?(A).

If 9 e L%IOC)(]W)7 the stochastic integral [ ¥ dM is well-defined, in Mg(’loc), and

(1.5) </19dM,/1de>t = O/tﬁ;aswsst . 0<t<T

for 9,49 € L, (M). If 9 € L, (A), the process

loc

t t

d t
(1.6) /19;05/13::2/19@,41:/19:@35 L 0<t<T
0

0 =17



is well-defined as a Riemann-Stieltjes integral and has (locally) square-integrable variation
| [0*dA| = [|9*y|dB. For any ¥ € ©, the stochastic integral process

t
G4 (9) ::/ﬁsts . 0<t<T
0

is therefore well-defined and a semimartingale in S? with canonical decomposition

(1.7) G(0) = /ﬁdMJr/ﬁ*dA.

d
We remark that the stochastic integral [ dM cannot be defined as the sum Y. [W'dM’
i=1
in general; this is why we refrain from using the notation [9*dM. On the other hand, the
notation [ ¥*dA makes sense due to (1.6).

Having set up the model, the basic problem we now want to study is
(1.8) Given H € £? and ¢ € IR, minimize F [(H —c— GT<19)>2:| over all ¥ € O.

In order to solve (1.8), we shall have to impose additional assumptions on X and H. We first
introduce the predictable matrix-valued process J = (J;)o<t<7 by setting

(1.9) TP = > AALAAL fordj=1,....d,

0<s<t

where AU, := Uy — U;— denotes the jump of U at time ¢ for any RCLL process U. By (1.4),
J can be written as
t
(1.10) J = /ﬁif dB, , 0<t<T,
0

where the predictable matrix-valued process k = (k¢)o<i<7 is given by
f@ij ::’yti'ygABt , 0<t<T, fori,j=1,....,d.

Since B is increasing, each mij is a symmetric nonnegative definite d x d matrix. The following
terminology was partly introduced in Schweizer (1993c):

Definition. We say that X satisfies the structure condition (SC) if there exists a predictable
IR%-valued process A = (A\¢)o<i<T such that

(1.11) oA =T P-as. for all t € [0, T
and
t
(1.12) Ky = /X:% dB, < 0o P-as. for all t € [0,T].
0



We then choose an RCLL version of K and call it the mean-variance tradeoff (MV'T) process
of X.

Definition. We say that X satzsﬁes the extended structure condition (ESC) if there exists a
predictable IR%-valued process A= (>\t>0<t<T such that

(1.13) (00 + Ke)Ae = e P-as. forall t € [0,T]
and

t
(1.14) K, = /)\*% dBs < o0 P-as. for all t € [0, 7.

0

We then choose an RCLL version of K and call it the extended mean-variance tradeoff
(EMVT) process of X.

Remarks. 1) If A is continuous, then x = 0 by (1.9) and (1.10); hence conditions (SC) and
(ESC) are equivalent in that case. The exact relation between (SC) and (ESC) is shown in
Lemma 1, and sufficient conditions for (SC) are provided in Schweizer (1993c). For instance,
every continuous adapted process admitting an equivalent local martingale measure satisfies
(SC).

2) For d = 1, the name “mean-variance tradeoff” can be heuristically explained in the
following way: since 0',:\\, a,~y are all scalars, equation (1.11) reduces to

UtB\\t = 0tQy
by (1.3). Thus we can choose

S A CEAXFC]
PN T AMY, T “Var[dX | F]

of course, the last term is not rigorously defined.

3) Intuitively, both K and K measure the extent to which X deviates from being a
martmgale More precisely, a process X satisfying (ESC) is a martmgale if and only if
Kr =0 P-as. In fact, the “only if” part is immediate if one notices that K = f N dA by
(1.14) and (1.6), and the “if” part can be proved by using the definitions of K, X and . In
the same way, a process X satisfying (SC) is a martingale if and only if Kr =0 P-as.

The next result summarizes some elementary properties of X and X; as they are straight-
forward to verify from the definitions, we omit the proof.

Lemma 1. 1) X satisfies (SC) if and only if X satisfies (ESC) and

t

1
/—~ dK, < 0o P-a.s. for all t € [0,T);
1-AK



in particular, we then have AK; < 1 P-a.s. for all t € [0,T]. If X satisfies (SC), X and A can
be constructed from each other by

~ At ~ At
t = ~ ) =

)\t—i/\,
1-AK; 1+ AK,

and K , K are then related by

t t
o~ 1 ~ 1 ~
Kt:/ifvdK 5 Kt:/—AdKS
1-AK / 1+ AK;

2) Suppose that X satisfies (SC). Then the process K does not depend on the choice of
X and is locally bounded. Any \ satisfying (1.11) and (1.12) is in L2 (M), and the stochastic
integral [ NdM is well- defined, in MO,]OC and does not depend on the choice of A. Finally,

we then have K = <fXdM>

3) Suppose that X satisfies (ESC). Then the process K does not depend on the choice of
A and is locally bounded. Any ) satisfying (1.13) and (1.14) is in L2 (M), and the stochastic
integral [ AdM is well-defined, in M(Q),loc and does not depend on the choice of \. Finally,

we then have K = ([ XdM ) + | [ XrdA|.

For some purposes, it is useful to have an alternative description of the space ©. Recall
that L(X) denotes the set of all IJR%valued X-integrable predictable processes.

Lemma 2. If X satisfies (1.1), then
0= {19 € L(X)‘ /MX € 52} = 0.
If in addition X satisfies (SC) and Kr is bounded, then © = L2(M).
Proof. Since the variation of [¥*dA is given by [ [9*v|dB, it is clear that ©' contains
L*(M)N L?*(A). Conversely, X is special and [ dX is special for any ¥ € ©’; hence [ dM

and [ ¥*dA both exist in the usual sense by Théoréme 2 of Chou/Meyer /Stricker (1980), and
[¥dX € 8% thus implies that ¥ € L?(M) N L?(A). Finally,

/]19*73] dBg; =

N

V505 As
B, 5% A*JSXS) B,

|
</

T 2
< (Kr)? / 9005 dB,
0

shows that L2(M) C L2(A) if Kr is bounded.



2. The main theorem

Throughout this section, we shall assume that X is given as in section 1. In order to formulate
our central result on the solution of (1.8), we introduce the following

Definition. We say that a random variable H € £? admits a strong F-S decomposition if H
can be written as

T
(2.1) H=H,+ /gf dX,+ L%  P-as.,
0

where Hy € IR is a constant, ¥ € © is a strategy and L¥ = (L)o<;<r is in M? with
E [L{'] = 0 and strongly orthogonal to [ ¥ dM for every ¥ € L*(M).

Remarks. 1) If X is a locally square-integrable martingale, then such a decomposition
always exists. In fact, (2.1) is then the well-known Galtchouk-Kunita- Watanabe decomposition
obtained by projecting H on the space G (L2 (X )) which is closed in £? since the stochastic
integral is an isometry by the local martingale property of X. For more details, see Kunita-
Watanabe (1967), Galtchouk (1975) and Meyer (1977).

2) Under some additional assumptions on X, it was shown by Follmer/Schweizer (1991)
and Schweizer (1991) that H admits a decomposition (2.1) if and only if there exists a locally
risk-minimizing trading strategy for H. A more general decomposition of the type (2.1) was
then studied by Ansel/Stricker (1992) whose terminology we adopt (and adapt) here. In
particular, these authors prove the uniqueness of such a generalized decomposition and give
sufficient conditions for its existence in the case d = 1. For the case where X is continuous,
their results were extended to the multidimensional case d > 1 in Schweizer (1993c). Using
a recent result of Buckdahn (1993) on backward stochastic differential equations, we shall
provide sufficient conditions for a strong F-S decomposition in section 5.

3) In a discrete-time framework, a strong F-S decomposition exists for any H € L2
if X has a bounded MVT process; see Proposition 2.6 of Schweizer (1993b). In that case,
Theorem 2.1 of Schweizer (1993b) even shows that Gr(©) is closed in L£? although the
stochastic integral is not an isometry in general. Both these results are proved by backward
induction in discrete time and thus suggest an approach using backward stochastic differential
equations. We shall provide an analogue of the first result in section 5 under an additional
condition on the jumps of K; the question of closedness of G7(©) in £2? remains open so far.

Theorem 3. Suppose that X satisties (ESC) and that the EMVT process K of X is deter-
ministic. If H € £? admits a strong F-S decomposition, then (1.8) has a solution £(¢) € ©
for any c € IR. It is given as the solution of the equation

(2.2) =N (W —e=G(€9) o<t

where the process VH = (V) o<;<r is defined by
'

(2.3) VtH:=HO+/§SHdXS+L£f ,  0<t<T.
0
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Sketch of proof. Since the actual argument is rather lengthy, we give here only the idea of
the proof and provide full details in the next section. The first step is to show by standard
arguments and estimates for stochastic differential equations that (2.2) has indeed a solution
€(©) and that £(©) € ©. Since Gr(©) is a linear subspace of the Hilbert space £2, the projection
theorem implies that a strategy £ € © solves (1.8) if and only if

(2.4) E[(H —c—Gr(€)Gr(¥)] =0 for all ¥ € ©.

By (2.3) and (2.1), H = V} P-as.; to prove (2.4), we thus fix £,9 € © and define the
function f:[0,7] — IR by

ft) = E[(Vi" — = Gi(€)) G:(0)] ; 0<t<T

Then the theorem will be proved if we show that f(T) = 0 for £ = £(°) and arbitrary ¥. Now
the product rule and some computations give

t

1O = | [0+ )€l ~ &)+ 0V~ - G () dB.
0

+F /'7:(55_55)(;5—(19)st ;

0

inserting & = £() hence yields by (2.2), (1.13) and (1.14)

t

f =~ | [ (Vi - e~ 6u(e®)) G 0)dR. | = - [ f(s-)d.
0

0
since K is deterministic. Thus f = 0 for any 9 € © if £ = £(9), s0 £(©) solves (1.8).

Remarks. 1) The above scheme of proof is essentially due to Duffie/Richardson (1991). In a
model where X is geometric Brownian motion, they considered the random variable H = kX1
and introduced the function f with V' replaced by a tracking process Z, i.e., a process with
Z1r = H P-a.s. For their special choice of H, Z is easy to guess directly. In the same
framework for X, their approach was extended to general random variables H by Schweizer
(1992) who pointed out the possibility of systematically choosing V' as the tracking process.
The present work now considers the case where X is a general semimartingale in S?_ and
provides a large class of examples where the conditions of Theorem 3 are satisfied.

2) In a discrete-time framework, problem (1.8) was also considered by Schal (1994)
and Schweizer (1993a, 1993b). Whereas Schil (1994) worked under the assumption that
the MVT process is deterministic, the results of Schweizer (1993b) show that (1.8) can be
solved in discrete time under the sole assumption that the EMVT process is bounded. 1t is
at present an open question whether this result can be extended to the continuous-time case
in full generality.



3. Proof of the main theorem

In this section, we give a detailed proof of Theorem 3. We shall assume throughout the
section that X is given as in section 1. More specific assumptions about X and H will be
stated when they are necessary.

3.1. Construction of the strategy ¢(¢)
The first step of the proof consists in showing that £(¢) is well-defined by (2.2) and in O.

Proposition 4. Suppose that X satisfies (ESC) and that the EMVT process K of X is
deterministic. If H admits a strong F-S decomposition, then for every c € IR, there exists a
strategy £(°) € © with

(3.1) ) = ¢ 4 X (V_H —c- G_(5<C>)) (with equality in L*(M)),
where VH is given by (2.3).

Proof. 1) By (1.13) and (1.14),

T T

/ Mo dB, < /

0 0

)‘:’75

T
dB, /)\*75 dB, = Kr,
0

and since K is deterministic, hence bounded, we conclude that X isin ©. Thus the processes

t

Zt::—/X dX, , 0<t<T

t

/f +u( —c))qu . 0<t<T

0
are well-defined and semimartingales. By Theorem V.7 of Protter (1990), the equation
(3.2) Ut:Yt—F/US_dZS , 0<t<T

has therefore a unique strong solution U which is also a semimartingale.
2) Since ¢ € © and L € M? by the strong F-S decomposition of H, it is clear from
(2.3) that sup }VH - c‘ € £2. Since K is deterministic, hence bounded, this implies that

0<u<T
(3.3) O;?ETE (V2] < oo
In fact, the definition of Y yields
2 . 2
Y2 <2 /5 dX, | +4 / OdgdM, | +4 /(Vfi—c)X;dAu
0 0



and therefore

2

t t
sup E [Yf_} <2E | sup /ff dX, +4 sup E /(Vuff — 0)2X20uxu dB,,
0<t<T 0<e<T \J 0<t<T )

¢ 2

+4 sup E /(VuH_ —¢)dK,
0<t<T )

by (1.5), (1.6) and (1.14). But the first term on the right-hand side is finite since ¢# € ©,
and the third is dominated by

T
AE I?T/ sup (VI —¢o)?dK, | < 4H[?T||30E{ sup (V.F —6)2:| < 00.
9 0<u<T 0<u<T

Finally, the second term is majorized by

18 | [ (s, (V2 ) Ko+ moRuaB| < 4el | sup (Vo] <o
0<u<T 0<us<T

because « is nonnegative definite. This proves (3.3).
3) From (3.3) and the fact that K is deterministic, we obtain

(3.4) sup E [U7 ] < .
0<t<T

To see this, define the function k on [0,T] by h(t) :== E [UZ]. Then (3.2) and the definitions
of Y and Z imply as in step 2)

2 2

t—
h(t) < 2E [YA] +4E /US_XS dM | | +4E /US_X;: dA,
0 0

t—

<2E V2] + 47E [UZ] dK, + 4| K7 t/_E [U2] dK,

0 0
t

<2 Y2 )44 (14| Rall) [ his) R,
0

where the second inequality uses Fubini’s theorem and the fact that K is deterministic. From
Gronwall’s inequality, we conclude that

h(t) < 2exp (4 (1 + HI?THOO> I~(T> sup E[Y2],

0<s<t
and so (3.4) follows from (3.3).

10



4) Again since K is deterministic, (3.4) implies that
(3.5) 9=A(VH—c-U_)co.
In fact, (1.14) yields

T

/|19:~ys| dB, /|vH —c—U,_| dK,| < ||I?THOO/(V£ —c—U,_)?dK,
0

and therefore ¥ € L2(A) by (3.4), since K is deterministic. Furthermore,
T T T
/19;‘05195 dB, / (VE —c—U, )’ XoA dB, / (VE —c-U, )" dE,
0 0 0

by (1.14) and (1.13), since & is nonnegative definite. Because K is deterministic, (3.4) implies
that ¥ € L?(M), hence ¥ € ©.
5) Due to (3.5), we can now define a strategy £(°) € © by setting

e =g L X(VH —c—U).

Then the definitions of Y and Z imply that

t t
(g(c ) = /5(0) dX, =Y, + /Us_ dZ, = U, P-a.s. for all t € [0,T]
0 0

by (3.2) so that G(£(9)) satisfies the stochastic differential equation
t
Gu(E@) =Y, + / Gon(€)dz, = Gule™) + [ 3, (V== Goo(69)) ax,
0

for t € [0,T]. Hence the special semimartingale
G(E©) — G(eH) — /X (VI —c—a_(9)) ax

— / <5(C) —¢T X (VI — e~ G(¢9)) ) X

is indistinguishable from 0, and this implies in particular that its integrand must be 0 in
L?(M), thus proving (3.1).
q.e.d.

Remark. A closer look at the preceding proof reveals that we do not really need the full
strength of the assumption that K is deterministic. The same argument still works if there
exists a deterministic function & : [0,7] — IR such that k— K is P-as. increasing. However,

11



this condition is not sufficient to prove Theorem 3 by our methods, and so we have refrained
from stating Proposition 4 in this slightly more general form.

3.2. An auxiliary technical result

The following lemma is a technical tool which is crucial in the proof of Theorem 3. It allows
us to restrict attention to bounded strategies 9 in the definition of the function f, and it
also lets us exploit stopping techniques in the subsequent arguments. We denote by Pp the
Doléans measure of the process B on the product space 2 x [0,7], and we recall that an
increasing sequence (T,,)memn of stopping times is called stationary if P-a.s. the sequence
(Tm(w))mew is constant from some mg(w) on.

Lemma 5. For fixed H € £?, ¢ € IR and & € O, the following statements are equivalent:

a) ¢ solves (1.8).
b) E[(H—-c—Gr(§)Gr(¥)] =0 foralldecO.
c) E[(H-c—Gr(§))Gr(¥)] =0 forall bounded ¥ € ©.

d) For every bounded ¥ € ©, there exists a stationary sequence (T,,)memn of stopping
times such that T,, /' T P-a.s. and

E [(H —C— GT(f))GT (ﬁj]]O,Tm]])] =0 for all m € IN.

Proof. 1) Since ¢ is in © and G7(0) is a linear subspace of the Hilbert space £2, the
equivalence of a) and b) follows directly from the projection theorem, and it is clear that b)
implies ¢) and c) implies d).

2) Consider now any sequence (9™),,en of IR%valued predictable processes with the
following properties:

(3.6) 9" — 9 Pg-a.e. for some ¢ € O,
T
(3.7) / sup (9™ —94)*vs| dBs € L?
meIN
0
and
T
(3.8) / sup ((97" — 9)*os (V7 — V) dBs € L.
meIN
0

Then Gr(9™) tends to Gr(9) in £2. In fact, (3.6) implies that both (9™ — 9)*y and
(9™ — 9)*o (V™ — ) converge to 0 Pp-a.e. Then (3.7) yields by dominated convergence
first

T
/ )*vs dBs — 0 P-as.,
0

12



hence also in £2 again by (3.7), so that
T
/(ﬁ;ﬂ)*dAs — /19;‘ dA,  in £?
0
by (1.6). In the same way, (3.8) yields
T
/(19;” B oy — ) dBy — 0 in £
0

by twice using the dominated convergence theorem. But the last convergence means that 9™
tends to 9 in L?(M), and this implies

T
/ I dM, — / Vs dM, in £?
0

by the isometry property of the stochastic integral, hence the assertion by (1.7).
3) To show that c) implies b), we now fix J € © and define a sequence of bounded
predictable processes ¥ by setting ™ := —m V (9 A'm) and
O™ = P Ly ey < H gm0y o (9 —9) <900} [{ () roym <9700} -

Then (9™),emn satisfies (3.6) — (3.8), for by the definition of ¥ we have

T
/ sup |(97" — 9s)"ys| dBs < 2/ |0%vs| dBs € L2,
0

meIN

since ¥ € L%(A), and
T T
/ sup (97" — ) 05 (I)" — Js)) dBs < /19:08195 dB, € L',
meIN
0 0

because ¥ € L?(M). Hence 2) implies that G (9™) tends to G7(¢¥) in £2, and since each 9™
is in ©, b) follows from c).

4) Finally we show that d) implies c¢). To that end, fix a bounded ¥ € © and a sequence
(T)memv of stopping times as in d). If we define predictable processes ¥ by

ﬁm = ﬁI]]O,Tm]]a

then (¥™)mnenv again satisfies (3.6) — (3.8). In fact, stationarity and T,, /' T P-a.s. imply
that
V7 — Wy P-a.s. for all t € [0, T,

hence (3.6). Furthermore, the definition of ¥ implies that

T

/ sup (95 — ¥s)*ys| dBs < 2/ |0%vs| dBs € L2

meIN
0

13



since ¥ € L?(A), and by the nonnegative definiteness of o, we have

T T

T
/ sup ((19’8" —Yg) o (0T — 195)) dBg < sup Vios0s dBs < /ﬁ:gsﬁs dB, € L1,
meIN 7n€E%T 9

since ¥ € L?(M). Thus 2) implies that G (9™) tends to G (99) in £2, and so ¢) follows from
d).
q.e.d.

Remark. It is important for later applications that the sequence (7, )memn of stopping times
can depend on ¥J; this is clearly allowed by the formulation in d).

3.3. Proof that ¢(©) is optimal
We begin with a preliminary technical result:

Lemma 6. Suppose that L € M? is strongly orthogonal to [ dM for every ¥ € L*(M).
For all strategies 1, ¥ € ©, we then have

Bli6@ + 160N ] =B | [0ioe+mivean,| . osisT
0

Proof. 1) By the bilinearity of the square bracket, we have

(3.9) [G) + L, GW)| = [ / wdM, / ﬁdM} + [ / WA, / ﬁ*dA} + [L, / ﬁdM}
T [/deu,/ﬁ*dA] + [/w*dA,/ﬁdM]

Since [¢dM and [9dM are both in MZ, Ud)dM,fﬁdM} — <f¢dM,f19dM> is a mar-

tingale null at 0 and therefore
< / v dM, / ddM >
t

UMM,/MML

by (1.5). Furthermore, [¢*dA and [9*dA are both of finite variation; this implies that

[/w*dA,/ﬁ*dAL =) A (/w*dA)sA (/ﬁ*dA)s

0<s<t

d
=YY wadiAAw
0<s<t i,j=1
t

= /ﬁ:nS@bS dBg

0

E =F

t
=F /79:05@/18 dBg
0

14



by (1.9) and (1.10). Since L € M? is strongly orthogonal to [ dM for every ¥ € L?*(M),
[L, [OdM } is a martingale null at 0 for every ¥ € L?(M). Thus it is enough to show that
the fourth and fifth term on the right-hand side of (3.9) are both martingales null at 0.

2) Now take any Y € M? and any predictable finite variation process C null at 0 with
|C|r € £2. Then we claim that [V, C] is a martingale null at 0. In fact,

V,Cli= Y AY,AC, , 0<t<T
0<s<t
is a local martingale null at 0 by Yoeurp’s lemma, and

2

D=

sup [V, 0L < [ Y (AY,)? > (ACy)?
0<t<T 0<s<T 0<s<T
<(Ylr)? ) |AC
0<s<T

< ([Y]r)? [C|r € £

shows that this local martingale is actually a true martingale. Applying this result once with
Y = [¢dM + L, C := [9*dA and once with Y := [9dM, C := [*dA completes the
proof.

q.e.d.

Proof of Theorem 3. Now we can assemble the previous results to prove the main theorem.
So fix H € £? and ¢ € IR and assume that the conditions of Theorem 3 are satisfied. Then
the strategy £(¢) € © is well-defined by (3.1) due to Proposition 4. Fix any bounded ¢ € ©
and define a sequence of stopping times by

T,, := T Ainf {t > o] V| + )Gt(g@)‘ G (0)] > m} .

Then (T,)memw is stationary, increases to T P-a.s., and VH G_(£9) and G_(9) are all
bounded on [[0,7,,] for each m. Define the function f : [0,7] — IR by

[t =B (V== Gi(§) G (pr,g)| . 0<t<T
If we can show that f(T) = 0 for each m, then Lemma 5 will imply that £(¢) solves (1.8),
since VA = H P-a.s. by (2.3) and (2.1), and ¢ was arbitrary. Fix m € IN. Since
VHE e —GE9)=Hy —c+ G — ¢y + L1

by (2.3), the product rule implies that
t

(3.10) (VtH — C— Gt(f(c))) Gt (ﬁ[]]omi]]) :/ (VSIi —C— Gs_ (f(c))) I]]07Tm]](8)198 dXs
0
t

+ [ Goo (9Iyo1,y) (EF —€49) dX,

+ | Goe (Wom,.g) dL

— L O —

_|_

— O

G(E™ — ) + L7, G (910.7,.7) |

t

15



But V¥ and G_(¢9) are bounded on [[0,7,,] and ¢ is in ©; thus the process
[ (VA —c—G_(£9)) Ijo.7,,9 dM is a martingale null at 0. Moreover, G_ (9Ijo.1,,) is
bounded due to our choice of T},,, and so the processes [ G_ (19] 0.T,, ) (e — €)Y dM and

G- (Vyo,r,, dL™ are also martingales null at 0. Taking expectations in (3.10) and using
| I
Lemma 6 therefore yields

t
f(ty=E / (VI = e = Go(6) To ()93 A, + / G (Oho,1,.7) (&7 — €)7dA
0

t
T /[}]O,Tm]}(s)ﬁ:(% + k) (EH — ¢l dB
0

t

=E /Iﬂo,Tmn(S)ﬁi (3 (Vi = ¢ = o (6) + (o + o) (617 = €)) dB,
0
t

+E /Gs— (VLyo,r,.7) (& — €)Yy, dB,
0

by (1.4). But now (3.1) and (1.13) show that the first term vanishes by our choice of £(¢),
and again using (3.1) to rewrite the second one, we obtain

t

ft)=-E / (V= e~ Go(69)) G (9y0.7,.7) Nis dB,
0

—— [B[(VI - e~ G¢)) 6o (91j03,)] dF.

by (1.14) and Fubini’s theorem, since K is deterministic. It is now not difficult to show that
(3.11) B (VI — e~ G (69)) Go (9h01,1) | = F(5-)

for each s € (0,7]. In fact, V., G, (¢9) and G, (9I)o,7,,7) converge to VI, G,_(¢©)) and
Gs_ (ﬁf]]o,Tm]])7 respectively, as u increases to s, and as

sup |[VHE] . sup ]GU(S(C))‘ , sup |Gy (907,

0<u<T 0<u<T 0<u<T

are all in £2, (3.11) follows from the dominated convergence theorem. Thus f satisfies the
integral equation

t
—/f(s—)df(s . 0<t<T,
0

since this has a unique solution by Theorem V.7 of Protter (1990) (recall that K is RCLL,
hence a semimartingale), we conclude that f = 0, and so the proof of Theorem 3 is complete.
q.e.d.
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4. Applications

In this section, we use Theorem 3 to solve several optimization problems with quadratic
criteria. Unless explicitly stated otherwise, we always assume that X is given as in section 1
and satisfies the assumptions of Theorem 3. We also fix a random variable H in £2 admitting
a strong F-S decomposition.

4.1. Explicit computations and auxiliary results

Lemma 7. For any c € IR,

(4.1) E [th —e— Gt(g@))] = (Hy - c)6(-K), ., 0<t<T.

Proof. Since VA —c—G(¢©)) = Hy—c+G(¢H —£(9)+LH by (2.3) and since [(¢7 —¢()) dM,
LH are martingales, we have

A(t) = E |V — ¢ Gi(6)]

t

—Hy—c+E /(gf — &l dA,
0

:Ho—c—jE [V;i —c—Gs_(g@)} K,
0

by (3.1), (1.14) and Fubini’s theorem, since K is deterministic. A similar argument as for
(3.11) shows that

E VI —c— G (€9)] = h(s-);
hence h satisfies the integral equation

t
h(t):Ho—c—/h(s—)df(s ., 0<t<T,
0

and so (4.1) follows from Theorem I1.36 of Protter (1990).
q.e.d.

Lemma 8. For any c € IR,
2 ~
(4.2) E {(vﬁ —c— Gt(g@)) } = (Hy — ¢)’6(=K); +g(t), , 0<t<T,

where g : [0,T] — IR is the unique RCLL solution of the equation

t

(4.3) ot) = E (P + B[] - [gs-)aR. . 0<i<T.
0

17



Proof. By Theorem V.7 of Protter (1990), (4.3) has indeed a unique solution. Now define
h:[0,7] — IR by

h(t) = E [(VtH e Gt(é@)) Lﬂ .

Since L# and [(¢# — ¢(®)) dM are strongly orthogonal, we obtain
t t
B (LG — )] = B |1l [( - eyan,| =B | [ 12 (f - ¢y aa,
0 0

by Theorem VI.61 of Dellacherie/Meyer (1982) and an approximation argument to account
for the fact that L is not bounded, but only in M?2. Thus (2.3) implies that

—

A(t) = B [LEGu(e™ - €| + B (L))

t

_E / LH (eF — @) aa,

0

+ B [(Ly')?] + B [(LT)]

 — |

=B [(L{?) + B (L)) - [ B[(VI - -G (€9)) LIL] dF,,

o _

where the last equality uses (3.1), (1.14) and the fact that K is deterministic. A similar
argument as for (3.11) shows that

E [(Vfi —c— G5_<£<c>)> Lf_] _ (s

hence h satisfies the integral equation
t
h(t) = E[(Ly')?] + B [(L"):] — /h(s—>df?s . 0<t<T
0

and therefore by uniqueness coincides with g. Now the same arguments as in the proof of
Theorem 3 yield for arbitrary 9 € ©

BV —c=Gue)) G| =0, o0<t<T,
and so we deduce from (2.3) and (4.1) that
B [(vﬁ - Gt(é@))g] = B[(V/ — e~ Gu(e®)) (Ho — c+ Gule™ ) + 1))
= (Ho — 0)*&(=K): + h(t),

hence (4.2).
q.e.d.

Equation (4.3) for the function g not only has a unique solution; there also exists an
explicit expression for g which can for instance be found in Théoreme (6.8) of Jacod (1979).
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This allows us to give an explicit formula for the minimal risk E [(H —c— GT(£(C)))2]

as a function of the initial capital ¢. The result generalizes a previous computation of
Duffie/Richardson (1991) and provides the continuous-time analogue of the results of Schél
(1994) and Schweizer (1993b). For ease of exposition, we only treat here the case where

AK < 1. This is no severe restriction since we have 0 < AK < 1 in any case. In fact, (1.14),
(1.13), (1.5), (1.10) and (1.6) imply that

~ ~ ~ - o~ . _ ~\2
AKy =X (or+ k) = Mo MABy + > Ak MAB, = A </)\dM> + (AKt>
i,j=1 3

is a real solution of the equation z = ¢ + 22 with ¢ > 0. Since the solutions of this equation

are = j: = — ¢ and since there exists a real solution, we conclude that c <1 and 0<x<1.

Corollary 9. Suppose that
AK, = NAA < 1 P-a.s. fort € [0,T].

Then we have for any ¢ € IR

(4.4) min B [(H - GT(ﬁ))z} -5 {(H - GT(,g(c))ﬂ
T
=&(-K)r | (Hy—c)* + E[(L)*] + 0/ = E (L))
If K is continuous, (4.4) simplifies to
@5) B|(H e 6r(e) | =R (o - o + £ [(27)
T
v B | [ e ®r=Ko) g(pH),
/

Proof. By Theorem 3 and Lemma 8, it is clearly enough to compute the value g(7T"). Since
AK < 1, Théoreme (6.8) of Jacod (1979) implies that g(¢) is given by

eC-E), | B[@E)) + / L amm) - / ——a[B "] . -K]

/ E(-K),- E(—K),

S

for every t € [0,T]. Because E [(Lf)] and K are both RCLL and of finite variation,

[E (" N] S A(E[(L7)]) AK, = /AK d(E [(L").])

0<s<t
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by Theorem VIII.19 of Dellacherie/Meyer (1982). Furthermore,

by the definition of the stochastic exponential, and thus we obtain (4.4). If K is continuous,
then £(—K) = exp(—K) and (4.4) simplifies to

(4.6) g(T):e_%TE +/e (Kr-K.) g (B [(LH))).

Now take any sequence (7, )nemn of partitions of the interval [0,7] whose mesh size |7,| :=
max |t;+1 — t;| tends to 0. Due to the continuity of K, Theorem 1.49 of Protter (1990)

titit1€ETn

implies that

ti€ETn

[ R @ [(@0).]) = lm 30 e FrR (B (L7, ] - B[]
0

and

n—oo
ti€ETn

T
/e—(KT—Ks)d<LH>S — lim Z —(Kr— )(<LH> fies — <LH>ti) P-a.s.
0

Since K is increasing and L € M?2, the sums on the right-hand side of the last equation are
bounded by (L)1 € £'. Hence we obtain

T T

/e—(I?T—IN(S)d(E [(LH>5D - B / —(Kr—K )d(LH>

0 0

by the dominated convergence theorem, and combining this with (4.6) yields (4.5).
q.e.d.

4.2. The optimal choice of initial capital and strategy

As a first application, consider now the problem
(4.7) Minimize E [(H -V — GT(ﬁ))Q} over all pairs (Vp,9) € IR x ©.

This can be interpreted as choosing an initial capital V; and a self-financing trading strategy
¥ so as to minimize the expected net quadratic loss at time T'. In particular, V{, is then the
©-approximation price of H as defined in Schweizer (1993d).
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Corollary 10. Under the assumptions of Theorem 3, the solution of (4.7) is given by the
pair (Ho,f(HO)).

Proof. Since the function g defined by (4.3) does not depend on ¢, it is clear from Lemma 8
that the mapping ¢ — F [(H —c— GT(§(C)))2] is minimized by ¢* = Hy. For any pair (c, ),
the definitions of £(¢) and ¢* therefore imply that

E [(H - GT(ﬁ))Z] > E [(H —e— GT(f(C))>2:| >E {(H . GT(é(C*)))Q] .

q.e.d.
4.3. The variance-minimizing strategy

Consider next the problem
(4.8) Minimize Var[H — G (¥)] over all ¥ € ©.

In a very special case for both X and H, this was solved by Richardson (1989) and Duffie/
Richardson (1991); the next result gives the solution in our general framework. Note that
in contrast to Duffie/Richardson (1991), our argument remains the same whether X is a
martingale or not.

Corollary 11. Under the assumptions of Theorem 3, the solution of (4.8) is given by the
strategy &(Ho).

Proof. With the same notations as in the proof of Corollary 10, we have for every 9 € ©

Var[H — Gr(9)] = E :(H — E[H - Gr(9)] — GT("@))Q}

> F (H — E[H — Gr(9)] — GT(g(E[H_GT(ﬁ)D)>2:|

(- -onie)]

> Var [H —c - GT(S(C*))}

= Var [H - GT(§<C*>)] 7
where the first inequality uses the definition of £(¢) with ¢ := E[H — G(1¥)] and the second
the definition of c*.
q.e.d.

4.4. The mean-variance frontier

The third problem we address is

(4.9) Given m € IR, minimize Var[H — G (¥)] over all ¥ € ©
satisfying the constraint E[H — G (V)] = m.
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We first show that for every ¢ € IR, £(©) is H-mean-variance efficient in the sense that
Var | H — GT(f(C))] < Var[H — Gp(9)]
for every ¥ € © such that
B[H - Gr(9)] = B [H - Gr(¢)] .

To see this, let m = E [H — Gr(£(9))], take any 9 € © with E[H — Gr(9)] = m and use the
definition of £(°) to obtain
Var[H — G ()] = Var[H — ¢ — G ()]
_E [(H - GT(ﬁ)ﬂ — (m—c)?
> B [(H - GT(g(C))>1 — (E [H - Grf(é(c))])2
= Var [H —c— GT(f(C))}

= Var [H - GT(g(C))] .

Like (4.8), also (4.9) was solved by Richardson (1989) and Duffie/Richardson (1991) in a very
special case, and we now generalize their result to our situation. Note that the assumption
K7 # 0 below is equivalent to assuming that X is not a martingale; see section 1.

Corollary 12. Assume the conditions of Theorem 3 and suppose that Kr # 0. For every
m € IR, the solution of (4.9) is then given by £(°») with

m — Hog(—f?)T

(4.10) i T o

Proof. Fix m € IR. By the H-mean-variance efficiency of £(°), it is enough to show that
there exists ¢ € IR with E [H — GT(E(C))} = m, since the corresponding strategy £(¢) will
then solve (4.9). But Lemma 7 implies that for every ¢ € IR

E[H ~ Gr(e®)] = Hot(~K)r +¢(1-£(-K)r).

and this equals m if ¢ is given by ¢,,, in (4.10); note that ¢, is well-defined since E(—K)p # 1
by the assumption that Kp # 0.
q.e.d.

4.5. Approximation of a riskless asset

As a last application, consider now the problem (1.8) in the special case where H = 1 and
¢ = 0. The strategy £(©) = ¢ by definition then solves the problem

(4.11) Minimize £ [(1 . GT(ﬁ))ﬂ over all 9 € ©.
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This can be interpreted as approximating in £2 the riskless payoff 1 by the terminal wealth
achievable by a self-financing trading strategy . Such a question is of some interest in
practice since it may happen that we have several risky assets X',..., X%, but no riskless
asset at our disposal. The assumption ¢ = 0 is then quite natural, since the absence of a
riskless asset makes it impossible to transfer an initial capital from time 0 to time 7.

Proposition 13. Under the assumptions of Theorem 3, the solution of (4.11) is given by
the strategy

(4.12) W (— /de) ., 0<t<T.
t—
The corresponding gains process G(£(9)) is
(4.13) Gt(5<0>):1—5(—/XdX) . 0<t<T.
t
For every t € [0,T], £ also solves the problem
(4.14) Minimize E | (1~ G,(9))°| over all 9 € ©,

and we have

(4.15) E|Gi(6™)] =1-&(-E),,
Var {Gt(g@))} — £(—K), (1 . 5(—[~()t) :

Proof. It is obvious that the strong F-S decomposition of H = 1 is given by Hy =1, ¢ =0
and L = 0. Since VH =1, (2.2) therefore implies that 1 — G(£()) satisfies the equation

t
- Gu(e®) =1 / (1-G(€)Rax. . o<i<T,
0

hence

1—Gt(§(0)):8(—/XdX) ., 0<t<T,
t

and this proves (4.13) and (4.12). The same argument as in the proof of Theorem 3 shows
that £(©) solves (4.14). Finally, L” = 0 implies that g = 0 by (4.3), so Lemma 7 and Lemma
8 yield
- 2
B1-Gi(e™)| = £(-K) = B {(1 - Gi(g™)) }

and therefore (4.15).
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4.6. The martingale case

In this subsection, we take a brief look at the simplifications of the preceding results in the
case where X is a local martingale, i.e., A = 0. First of all, © then coincides with L?(M)
and G(©) is just the stable subspace of M3 generated by M — My = X — X,. Since G7(0)
is therefore a closed subspace of £2, it is clear that (1.8) has a unique solution for every
H ¢ £2, and every H € £? admits a strong F-S decomposition which is given by the well-
known Galtchouk-Kunita-Watanabe decomposition of H with respect to the local martingale
X. The process A is identically 0, and therefore

gl = ¢t = ¢ih)
for every ¢ € IR by (3.1). Finally G(19) is a martingale for every ¥ € ©, so
E[H - Gr(9)] = E[H] = H, for every ¥ € ©

and thus it is clear that (4.9) can only have a solution for m = Hy.

5. Existence of a strong F-S decomposition

In this section, we give a sufficient condition on X to ensure that every H € £2 admits a
strong F-S decomposition. Basically, this is a consequence of a recent result by Buckdahn
(1993) on backward stochastic differential equations. To keep the paper self-contained and
since our case is not exactly covered by Buckdahn’s results, we nevertheless provide complete
proofs here. Unless stated differently, we shall assume that X is given as in section 1 and
satisfies (SC). First of all, we need some notation:

Definition. R? denotes the space of all real-valued adapted RCLL processes U = (Ut)o<i<T
such that

< 0.

nmmwz\
CQ

sup |Uy|
0<t<T

By Z?(M)*, we denote the space of all martingales L € M? such that E[Lg] = 0 and L
is strongly orthogonal to [¥dM for every ¥ € L?*(M). In other words, Z?(M)* is the
orthogonal complement in M? of the stable subspace generated by M. Finally, B2 denotes
the Banach space R? x L2(M) x T?(M)* with any of the equivalent norms

T 3
10,9, D)la = allU ]l + /ﬁwwuwfme
0 2

for @ > 0. Note that this definition coincides with the one by Buckdahn (1993) if the
components of M are pairwise orthogonal.

Definition. Fix a random variable H € £?, a process ¢ € L?(M) and an IR%valued
predictable RCLL process C' = (Cy)o<¢<r of finite variation null at 0 such that [9¥*dC is in
R? for every ¥ € L?(M). The mapping 1/}%79 : B2 — B2 is then defined by

iz (U9, L) = (U, 0, L),
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where U is an RCLL version of
T

(51) ﬁt =F H—/(gs—l—ﬂs)*dCS ft 5 OStST,
t

and ¥ and L are given by the Galtchouk-Kunita-Watanabe decomposition

T

T
H_/<@s+v98>*d0s:E /QSH} +/5des+ET;
0 0

see Jacod (1979), Théoreme (4.35) and Proposition (4.26).

From the definition of wg’ o it is clear that ((7 , 5, Z) satisfies the equation

T
(5.2) ﬁt:H—/(gs+193)*d03—/5des—(ZT—ft) ., 0<t<T.

t

To find a strong F-S decomposition of a given H € L2, we shall therefore look for a fixed
point (VH ¢ L) of the mapping wfw, since we then obtain from (5.2) that

T
(5.3) H = Hy+ / elax, + L P-as.
0

with Hy := E [V{] and L7 .= L+ V{ — E [V{].

Proposition 14. Suppose that C has the form C = [ ov dB for some predictable R*-valued
process v. If C' satisfies

T
(5.4) I?g = /y;‘asz/s dB; <6 <1 P-a.s. for some constant 9,
0

then as a unique fixed point in or every pair ,0) € X .
hen ¢ , h ique fixed point in B f ir (H L2 x L*(M

Proof. Note first that (5.4) ensures that 1/1137 , 1s well-defined since by the Cauchy-Schwarz

inequality,
T
(‘/ﬁ*dC ) /|19*081/S|dB <K / *o0,dBs € L.
0

Following Buckdahn (1993), we now show that wg, , s a contraction on (B2, |- ||4) for suitable
a. First of all, (5.1) implies that

T T
[t-oacm || <& | [10,- 00wl az |7

t 0

U
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and therefore

Hﬁ—ffv’ <2
R

T

~ ol
/\(ﬁ;—ﬁs)*asus!st < 2| K72 19" = Ol 2 2
0

CQ

by the Doob and Cauchy-Schwarz inequalities. Moreover, (5.2) shows that

T
/19—19’ YdM, + Ly — Lo — Ll + Ly = [ (9, — 0,)*dC, — Uy + U}
0

O\H o\ﬂ

T
(9, — 9,)*dCs — E/z?’ 9,)*dCy | Fo
0

and so we obtain

1
T 2

(Js =V 0u (0 = Ty dBo+ (L= L)

0 r2

(]
N|=

T
| & /(58—5’;)dM8+ET—EO—L~’T+i7O
0

IN

T
/ ) osvs dBg
0 r2
K¢

< | RE|IZ 10" ~ CLZRYR

Putting these estimates together, we obtain

“¢ICJ,Q(U7797L) wH Q(U/ 19/ - H 19/ L L/)

1
< (2a + 1)HK$H§O 19" = Il L2 ary
< (2a+ 1)V (U0, L) — (U9, L),

and so (5.4) implies that 1§ , is indeed a contraction on (B2, | - ||o) for 0 < a < 12_\/?. This
completes the proof.

q.e.d.

Theorem 15. Suppose that X satisfies (SC) and that the MV'T process K of X is bounded
and satisfies

~

(5.5) sup {AKT T stopping time} < 1.
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Then every H € £? admits a strong F-S decomposition.

Proof. As in Buckdahn (1993), we show by a backward induction argument that w[f_‘[’o has

a fixed point in B? for every H € L£2. Since K is bounded, (5.5) implies the existence of
stopping times 0 = 79 < 71 < ... < 7, = T such that

(5.6) K, — I/(\'ijl <6<l P-as. for j =1,...,n and some constant 9.

J
Define the processes C7 and D7 by setting

t

Og ::/I]]Tth]](S)dAS , 0<t<T forj=1,....n+1,
0
t
Dg = Cg - Cg_H = /I]]Tj—l,'rj]](s) dAs , 0<t<T,forj=1,...,n.
0
Due to (5.6),

ATQj:I?Tj—IA(Tj_1§6<1 P-as. forj=1,....,n
and so each wé?g has a unique fixed point (U, 9, L) € B? for every o € L?(M) by Proposition

14. Moreover, the definition of ¢£; shows that 1 is given by the integrand in the Galtchouk-
Kunita-Watanabe decomposition of

T T
- /(Qs + ﬁs)*dDg = _/I]]le,rj]]<5)<gs + ﬁs)*dAsa
0 0

and since this random variable is F, -measurable, we conclude that @ = 0 on [J7;, T7.

Now fix H € £2. Due to (5.6),
IA{%W = IA{Tn - [A(Tn_l <6<1 P-as.,

and so Proposition 14 implies that ng:lo has a unique fixed point (V™,£", L™) in B2. Assuming
that 1/1%?0 has a fixed point (V7,&7, L7) in B2, we denote by (U/~1,9/~1 RI=1) the unique

fixed point of @D()Dg;l. Since ¥/~! =0 on [J7j_1,T], we obtain

*

J@ract + [© 4wy ani= = [ @+ @ 49 ) a4
B /IHTM,TH (¢ +v771)"dA
_ J J—1y\* j—1
= [+ o0,
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and (5.2) therefore yields

T T
Vi Ui = - /(sz’)*dcz - /fz M, — (L} — L)
t t
T

T
iﬂ§+%ﬂwm*—/%*ML—m¥¥RfU
t t
T

T
:Hiﬂg+%ﬂW@*—/@+%*WM;@%+%§—@—M*)
t t
By (5.2), this shows that (V7 4+ U771, & 4+ 9771 [7 + RI71) is a fixed point of @Dgfgl. By

induction, 1/1;4[’0 = wgfo therefore has a fixed point (V,¢H L) in B2, and since © = L?(M)
by Lemma 2, we obtain the strong F-S decomposition of H as in (5.3).
q.e.d.

As an immediate consequence, we deduce

Corollary 16. Suppose that X satisfies (ESC) and the EMVT process K is deterministic
and satisfies

~ 1
(5.7) sup {AKT T stopping time} < 3"

Then (1.8) admits a solution £(¢) € © for every H € £? and every c € IR.

Proof. By Lemma 1 and (5.7), X satisfies (SC) and Kr is bounded (even deterministic) and
satisfies (5.5). By Lemma 2, © = L?(M) and so we can apply Theorem 15 and Theorem 3.
q.e.d.

We conclude this section by relating the strong F-S decomposition to the minimal signed
local martingale measure P for X. To that end, we recall that X satisfies (SC) and define

the minimal martingale density 7 e M2 by Z:=€ (— S/ NdM ) Then Z satisfies

loc
dZ, = —Z,_ N\ dM;,

and this implies that ZLis in M. for every L € Z2(M)~+. Moreover, one can show by using
the product rule, Yoeurp’s lemma and (SC) that ZX is in Mj,. and ZG(?) is in M o for
every v € ©.

Now assume that IA(T = < i NdM >T is bounded. Then Théoreme I1.2 of Lepingle/Mémin

(1978) implies that 7 is in M? and this allows us to define a signed measure P<PonF
with P[Q2] = 1 by setting

dP 5

— =7 2(P).

ap = LD

The preceding arguments show that ZG(d) is in M} (P) for every ¥ € O, hence

E[Gr(¥)] =0 for every ¥ € ©,
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and so P is a signed ©-martingale measure in the sense of Schweizer (1993d). Moreover,
the facts that ZX € Mi,.(P) and ZL € M'(P) for every L € Z?(M)* justify calling P the
minimal signed local martingale measure for X; see Féllmer/Schweizer (1991), Ansel/Stricker

(1992) and Schweizer (1993c). If Z is strictly positive, we can even replace “signed” by
“equivalent” throughout.

Lemma 17. Suppose that X satisfies (SC), the MVT process K of X is bounded and
H € L?(P) admits a strong F-S decomposition. Then the process ZVH is in M (P), where
VH is given by (2.3). In particular, we have

= E[H].
If Z is strictly positive, then we also have

(5.8) VH=EHF] ., 0<t<T.

Proof. By definition, (¥ € © and L¥ € T?(M)~; hence the preceding arguments yield
ZVH = Z (Hy + G() + LH) € MY(P).
Since VTH = H P-a.s., 20 =1and F [L(Jﬂ = 0, we deduce
E[H] = E[ZyV{] = Hy.

Finally, the last assertion follows from the Bayes rule.

6. Examples
In this section, we illustrate the preceding results by means of several examples.
6.1. Continuous processes admitting an equivalent martingale measure

Consider first any continuous adapted IR?-valued process X. If we assume that X admits
an equivalent local martingale measure, i.e., there exists a probability measure P* ~ P such
that X is a local (P*, JF)-martingale, then X is in S2_(P) and satisfies (1.1) and (SC); see
Ansel/Stricker (1992) or Theorem 1 of Schweizer (1993c). Moreover, K is continuous and so
(5.5) is trivially satisfied; thus Theorem 15 implies that every H € EQ( ) admits a strong F-S
decomposition if KT is bounded. If K is even deterministic, then the optimization problem
(1.8) admits a solution £(¢) for every pair (c, H) € IR x L%(P).

This example generalizes previous results of Schweizer (1993a, 1993c) who obtained a
strong F-S decomposition under the slightly more restrictive assumption that I/(\'T is bounded
and H is in £L2T¢(P) for some £ > 0. On the other hand, the method used there allows to give
an explicit description not only of V| but also of the processes § H and L¥. To see this, we
note that continuity of X and boundedness of K7 imply that the minimal martingale density
Z is strictly positive and in M"(P) for every r < 0o, so P is a probability measure equivalent
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to P, and X is a continuous local (ﬁ,ﬂ? )-martingale. The strong F-S decomposition of
H € L£?>7¢(P) can then be obtained by setting

v .= FE[H|F] , 0<t<T

as in (5.8) and
L =VH - E V] —/ngXS , 0<t<T,

where ¢# denotes the integrand with respect to X in the Galtchouk-Kunita-Watanabe decom-
position of H under P. Using the Burkholder-Davis-Gundy inequalities, one can moreover
deduce additional integrability properties of £¥ and L from information about the integra-
bility of H. For more details, see Schweizer (1993a, 1993c).

6.2. A multidimensional jump-diffusion model

As a second class of examples, we consider a fairly general jump-diffusion model where X is
given as the solution of the stochastic differential equation

n m
(6.1) dX} =X | pidt+ ) o dWi + ) ol dNf . 0<t<T

j=1 k=1
for i = 1,...,d, with all X}, > 0. Without special mention, all processes will be de-
fined for t € [0,7]. In (6.1), W = (W', ...,W")* is an n-dimensional Brownian mo-
tion and N = (N L...N ")* is an m-variate point process with deterministic intensity
v = (v1,...,v™)*; this is equivalent to saying that N',... N™ are independent Poisson

processes with intensities v!, ..., ™, respectively. W and N are then automatically indepen-
dent. We shall take d < n+m so that in financial terms, there are more sources of uncertainty
in the market than assets available for trade. IF' = (F;)o<¢<7 denotes the P-augmentation
of the filtration generated by W and N, and F = Fr. The coefficients i = (u!,..., u%)*,
v=(v"9)i=1, . aj=1..nand o= (p*);_1  4k=1. m are assumed to be predictable processes
and (for simplicity) P-a.s. bounded, uniformly in ¢ and w. We also assume that v is bounded
uniformly in ¢,

(6.2) vPH)y>0 ,  0<t<T,fork=1,...,m
and
(6.3) ok > -1 P-as forte[0,7],i=1,...,dand k=1,...,m.

We define the d x m matrix-valued process ¢ by ¥i¥ := ik, /vk(t) for t € [0,T] and impose
the additional condition that

(6.4) the matrix ¥; := vvf + )] is P-a.s. strongly nondegenerate,

uniformly in ¢ and w,
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i.e., there exists a constant € > 0 such that for all ¢ € [0, 77,
T*Y x> el|z||? P-a.s. for all x € IR%.

This implies that >; is P-a.s. invertible for each t with HZt_lH <
o= (0',...,0%)" defined by

™ |=

and that the process

ot =3 (e + e v(t) = (00} + ey) (e + i v(t)) ; 0<t<T
is P-a.s. bounded, uniformly in ¢ and w. Finally, we assume that
(6.5) (pro)f<1-6 P-as. fort € [0,T], k=1,...,m and some constant 6 > 0.

For future reference, we introduce the notation xoy for the coordinatewise product of two
vectors x,y € IR™:

(zoy)* = xky” for k=1,...,m.

Remark. Since jump-diffusion models for stock prices have recently been used by several
authors, we provide here a brief comparison of our assumptions to those made in other
papers and point out the relevant differences. We should like to emphasize, though, that all
these papers are concerned with optimization problems different from (1.8); the overlap only
concerns the basic model used for X.

1) The paper by Jeanblanc-Picqué/Pontier (1990) considers the case where d = 2 and
n = m = 1 so that there are only one Brownian motion and one independent Poisson process.
The matrix >; is then given by

i 2 4 loi Pv(t)  vivf + preiv(t)
vivf +@reiv(t) |07 + |pF|Pu(t)
its determinant is

ot ? — vt u(t),

and so (6.4) is by (6.2) equivalent to the condition (1.5) of Jeanblanc-Picqué/Pontier (1990)

that

’vtlgpf — vfgpﬂ >a>0 P-a.s. for t € [0,7] and some constant «.

A similar computation yields

2,1 _ 1.2
pivy — pyvp 1

vier —viei v(t)

pior =1~

so that our condition (6.5) is by (6.2) a uniform version of their condition (1.6) which is
necessary for absence of arbitrage. The crucial difference to our situation is that they assume
d = 2 = m+ n. This implies that not only the driving process (W, N) (as explained in the
remark below) but also X itself has the martingale representation property. Hence every
random variable H € £? is the sum of a constant and a stochastic integral with respect to
X, without an additional term L as in (2.1). In the language of financial mathematics, this
means that X yields a complete market; see Harrison/Pliska (1983). The importance of the
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assumption d = m + n is therefore explained by the well-known fact that most optimization
problems are substantially easier to solve in a complete than in an incomplete situation.

2) Shirakawa (1990a) considers essentially the same basic model as we do and studies the
problem of finding sufficient conditions for the existence of an equivalent martingale measure
for X. He shows in his Theorem 4.1 that absence of arbitrage in a first sense implies the
existence of predictable processes m = (7!,...,7")* and x = (x},...,x™)* such that x* >0

for each k£ and
p+ v =+ (v — Xx).

m and Y are interpreted as risk premium processes associated to W and N, respectively.
Theorem 4.4 of Shirakawa (1990a) then shows that absence of arbitrage in a (stronger) second
sense even implies the existence of an equivalent martingale measure for X. Our assumptions
(6.4) and (6.5) imply the same conclusions; in fact, we can take 7 := v*p and x = v —
(¢*p)ov, the interpretation of m and x as risk premia is provided by (6.7) and (6.8) below,
and an equivalent martingale measure will be exhibited below. Thus we see again that our
assumptions are closely related to a no-arbitrage condition on X. However, we have not
pursued any further the issue of explicitly constructing an arbitrage opportunity from a
violation of (6.5); for an approach in that direction, see Jeanblanc-Picqué/Pontier (1990).

3) The problem addressed in Shirakawa (1990b) is essentially the same as in Jeanblanc-
Picqué/Pontier (1990), but for the case where both W and N are multidimensional. He also
assumes that d = n+m and this implies that his assumptions are practically the same as ours;
(6.4) and (6.5) correspond to his Assumption 2.4. The clue to seeing this is the observation
that for d = m + n, a slight modification of his Lemma 2.3 shows that

>,'=D;D, , 0<t<T,
where the matrix-valued process D is defined by

(vfve) "0 (Idaxa — e Fy o} By)
Dy = ’ Osts<T

\/%u (F, "ot Ey)

1. (1 1 \"
Wlth—y—<\/y—la 7\/V_m>7
By :=Idgxa — ve(vive) "o} ; 0<t<T
and
Ft = gO;;EtQOt y OStST

Establishing the correspondences between his conditions and ours is then a matter of straight-
forward but tedious computations.

4) The same model as in Shirakawa (1990b) is also studied in Xue (1992). His main con-
tribution is to provide a rigorous proof of the martingale representation result used without
proof in Jeanblanc-Picqué/Pontier (1990) and Shirakawa (1990b); see also Galtchouk (1976).
In contrast to our situation, Xue (1992) also considers the complete case d = m + n. Apart
from that, his conditions are almost identical to ours; he also assumes (6.4), and (6.5) is (al-
though without the bound being uniform) implicitly used in his construction of the equivalent
martingale measure by the appeal to his Theorem I.6.1.
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Using (6.3), (6.4) and the boundedness of u,v, ¢, v, one can show by a similar argument
as in Xue (1992) that X belongs to the space SP of semimartingales for every p < oo. The
canonical decomposition X = Xy + M + A is given by

M} = Z/X’ ”dWﬂJrZ/XZ F(ANF — vk (s) ds) ., 0<t<T
klo

and

Ai:/Xi_ (ui—l—(gpsy(s))i) ds , 0<t<T

fori=1,...,d. It is easy to see that X satisfies (1.1) and (SC), and if we choose B, :=t for
all t € [0,T], the processes A and K are given by

i 1 i .
)\t:X,f_Qt , 0<t<T,fori=1,...,d
and
/ fts + @5 v(3)) (sl + sl) " (s + s v(s))ds 0<t<T.
0

For details of these computations, we refer to Schweizer (1993a). Due to the boundedness of

1, @, v and the nondegeneracy of X, K is continuous and bounded, and Theorem 15 therefore
implies that every H € £? admits a strong F-S decomposition. If we assume in addition that

(6.6) the process ((,ut + ¢ V(t))* (vevf + Pety) - (e + o1 V(t))) e is deterministic,
0<t<T

then (1.8) can be solved for every pair (¢, H) € IR x £?. This generalizes Corollary I1.8.5 of
Schweizer (1993a).

Remarks. 1) As equivalent martingale measure for X, we can choose the minimal signed
local martingale measure P. Using (6.3), (6.4), (6.5) and the boundedness of y, v, p,v, one
can in fact show that Z is strictly positive and in M7 (P) for every r < oo; hence P~ P,
and X is in MP(P ) for every p < oo. Moreover, Girsanov’s theorem implies that

t
(6.7) Wt = Wt+/v:gsds , 0<t<T
0

is an n-dimensional Brownian motion with respect to P and IF, and that N is an m-variate
point process with (P, IF')-intensity

(6.8) vy = v(t) — (p;0¢)ov(t) , 0<t<T.
For details, see Schweizer (1993a).
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2) For random variables H € £*T¢(P) with some € > 0, the existence of a strong
F-S decomposition was also established in Schweizer (1993a) by a different method. The
argument there used the fact that with respect to its own filtration IF', the process (W, N)
has the martingale representation property: every F' € L?(P) can be written as

m T
Fl+ Z / fawi+y / " (ANF — V¥ (s)ds)  P-as.

for predictable processes f = (f!,..., f")* and g = (g¢*,...,9™)* satisfying

S /|f§]2ds 3B /yg§|2yk(s)ds < .
Jj=1 0 k=1 0

Applying this result to F' := H Zr allows to give a fairly explicit construction of the processes
VH ¢H and L in terms of f,g and H. The (somewhat lengthy) details can be found in
Schweizer (1993a).

3) In contrast to the case where X is continuous, the strong F-S decomposition can

here not be obtained as the Galtchouk-Kunita-Watanabe decomposition under P since the
corresponding P- martingale L will typically not be a P-martingale.

Consider now the special case m = 0 so that (6.1) is the standard multidimensional diffu-
sion model introduced by Bensoussan (1984) and generalized by Karatzas/Lehoczky/Shreve/
Xu (1991). Conditions (6.2), (6.3) and (6.5) then disappear, and (6.4) can be relaxed to the
assumption that

(6.9) the matrix v,v) is P-a.s. invertible for every ¢ € [0, 77,

if we impose in addition the condition

T
(6.10) /HU:QSHQ ds < C < o0 P-a.s. for some constant C'

this guarantees that K is bounded. Condition (6.9) follows immediately from the standard
assumption in Karatzas/Lehoczky/Shreve/Xu (1991) that the matrix v, has full rank d <n
P-a.s. for every ¢t € [0,T]. Condition (6.10) is also quite usual; it is for instance satisfied if
v*p is P-a.s. bounded, uniformly in ¢ and w. Finally, (6.6) reduces to the assumption that

(1 (vtvf)’lut)KKT is deterministic.

In particular, if we choose d = 1 (one asset available for trade), m = 0 (no Poisson compo-
nent), n = 2 (two driving Wiener processes) and

1 2
Vy = UtT'¢ ; vy = v/ 1 — (Tt)z ) He =

with || < 1, then (6.4) is equivalent to assuming that (v;) is bounded away from 0, uniformly
in ¢ and w, and (6.6) translates into the assumption that

my . e
( —) is deterministic.
Ut Jo<t<T
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Thus we recover the results of Schweizer (1992) as a special case.
6.3. A counterexample

Our third and final example is a counterexample which shows that Theorem 3 is in general
no longer true if we remove the assumption that the EMVT process K is deterministic. More
precisely, we shall prove that the strategy £(¢) defined by (2.2) need not be optimal in that
case. For that purpose, suppose that X is given by

t

Xt:Wt+/Mst ; 0<t<T,
0

where W is a Brownian motion with respect to P and IF', i is an [F-adapted process bounded
uniformly in ¢ and w, and IF = IF¥X is the P-augmentation of the filtration generated by X.
Such a model can easily be constructed using an argument from Karatzas/Xue (1991). In
fact, one can start from any sufficiently large filtration @&, a (P,&)-Brownian motion B and
a bounded ¢-adapted process m, set

t
Xt::Bt—I—/msds , 0<t<T
0

and then choose  as the IF'X-optional projection of m and W as

t t

Wt::Bt—f—/(ms—us)ds:Xt—/,usds , 0<t<T.
0 0

Since p is bounded, the minimal martingale density 7 is strictly positive and in M"(P) for

every r < 00; hence P~Pon Fr. By Girsanov’s theorem, X is a Brownian motion under P
and therefore has the representation property with respect to its own filtration IF. Moreover,
= & ([ pdX) is in M"(P) for every r < oo, and this allows us to conclude that every

1

Z

H € £L?7¢(P, Fr) for some ¢ > 0 can be written as
T

(6.11) H = E[H] + /gH dX,  P-as.

S

0

for some IF-predictable process £ satisfying

T
E /(ff)st < 00;

0

the last assertion follows from the Burkholder-Davis-Gundy inequality. Since
T
© = L?(M) = { all [F-predictable ¥ such that E | [9¥2ds| < oo ¢,
0
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(6.11) implies that Gr(©) contains |J L2T¢(P, Fr).
e>0

Proposition 18. Denote by ( € © the integrand in the representation
(6.12) Zr = E[Z3] + / (sdXs,  P-as.

For every H € L*Y¢(P, Fr) with ¢ > 0, the solution of (1.8) is then given by

¢(C) — SH + C_g[H]
E|Z7]
Proof. First of all, 1(°) is in © since both ¢¥ and ¢ are. Furthermore, (6.11) and (6.12)

imply that

C.

T ~ —~

. — E[H] E[H] - =

H—c—Gr(p)=E[H] —c— | — 2 ¢ ax, =217
' / (23] B[zz] 7

and therefore
—~ T
E [(H e GT(w@)) GT(z‘})] - Egé;] ‘E /03 dX,| =0
T

for every bounded IF-predictable process 1, since X is a (ﬁ, IF)-Brownian motion. Thus ()
solves (1.8) by Lemma 5.
q.e.d.

Now consider the strategy £(¢) defined by (2.2). Since
=l e (V== Gin(€))
and

= E[H] + Gy (¢™)

o\“

by (6.11), the process U := E[H] —c+G(fH—§(C)) satisfies the stochastic differential equation
t
U, = E[H] —c—/Us_usts ., 0<t<T
0

Hence we deduce from (6.11) that

H—c—Gp(¢©¥) = (E[H] )5 <—/MdX>

= (E[H] —c¢) Zrexp | — T,u2ds
= (Bl =) [
0
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If we now suppose that £(°) solves (1.8), then Lemma 5 implies that the probability measure
) with density
T

dQ = > 2
P = const. (E[H] c> Z1 exp /,us ds
0

on Fr is an equivalent martingale measure for X. But since X has the representation property
under P, Théoreme (11.3) and Corollaire (11.4) of Jacod (1979) imply that ) must coincide

with P so that
T

/ p?ds must be deterministic.
0

Thus we see that £(¢) will in general not solve (1.8). To make the counterexample more
precise, we could start by defining W, u and X on [0,00) and then apply the preceding

T

arguments to some 7' > 0 such that [ u? ds is not deterministic; this will always exist unless
0

 itself is deterministic.
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