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Abstract

For a large financial market (which is a sequence of usual, “small” financial mar-
kets), we introduce and study a concept of no asymptotic arbitrage (of the first
kind) which is invariant under discounting. We give two dual characterisations of
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(2) a contiguity property, along the sequence of small markets, of suitably chosen
“generalised martingale measures”. Our results extend the work of Rokhlin and
of Klein/Schachermayer and Kabanov/Kramkov to a discounting-invariant frame-
work. We also show how a market on [0,00) can be viewed as a large financial
market and how no asymptotic arbitrage, both classic and in our new sense, then
relates to no-arbitrage properties directly on [0, c0).
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1 Introduction

A large financial market is a sequence of usual (small) financial markets. This struc-
ture naturally comes up when one considers markets with (countably) infinitely many
assets and studies their behaviour along approximating finite markets. One early mo-
tivation came from arbitrage pricing theory (APT) and factor models; see Ross [32],
Huberman [16], Chamberlain/Rothschild [5]. Another is to view infinite-horizon models
as limits of finite-horizon models.

The existing literature on large financial markets has several strands. Some recent
papers have studied aspects of superreplication and utility maximisation (Baran [4], De
Donno et al. [10], Rasonyi [28, 29], Roch [30]), transaction costs (Klein et al. [25]) or
insider trading (Chau et al. [7]). A larger and more established strand studies absence-
of-arbitrage (AOA) properties, and this is where our paper fits in.

The earliest AOA notion in a large financial market framework is no asymptotic arbi-
trage of the first kind (NAA or NAA1); it is due to Kabanov/Kramkov [19] who also gave a
dual characterisation for the case of a sequence of complete markets. This was generalised
to incomplete markets by Klein/Schachermayer [26] and Kabanov/Kramkov [20]; see also
Klein/Schachermayer [27]. The stronger AOA condition of no asymptotic free lunch
(NAFL) was introduced by Klein [23] and subsequently studied in more detail for contin-
uous processes in Klein [24]. Exploiting the work of Karatzas/Kardaras [21], Rokhlin [31]
managed to reduce the assumptions imposed on each small market and obtained a more
general dual characterisation of NAA1. In a very recent paper, Cuchiero et al. [9] pro-
vide a unified analysis of NAA1 and NAFL together with dual characterisations, in the
framework of one fixed stochastic basis. Other directions include an FTAP with an equiv-
alent martingale measure on a projective limit space (Balbas/Downarowicz [2]), explicit
constructions of asymptotic arbitrage strategies in specific diffusion settings (Dokuchaev/
Savkin [14]), or markets with a stochastically changing dimension (Strong [33]).

A unifying disadvantage of all the existing literature on large financial markets is that
its formulations and results depend very strongly on the choice of the asset used to discount
prices. In fact, characterising AOA properties by dual descriptions typically yields some
kind of martingale property under an equivalent measure, but for the discounted, not for
the original prices. Moreover, whether or not a given market is judged to be arbitrage-free
very often depends, via the chosen AOA concept, on the asset used for discounting. These
issues already appear in the classic Black—Scholes model for a single small market (seeE]
[3, Example 1.1]), and Example below illustrates that they only become worse in a
sequence of markets.

Our goal is to develop and study an AOA concept which does not suffer from these

L After the present paper was written and accepted for publication, we have revised our work for small
markets. The present paper refers to the version of [3] which is dated June 22, 2019. Because the order
as well as the precise formulation of the results on small markets has changed during the revision, it is
important to refer to the correct version.



problems — it should be discounting-invariant in the sense that AOA, with one choice
of discounting process, implies AOA with respect to any other discounting process. For
the case of one single small market, this has been implemented by Balint/Schweizer [3],
who introduced the concept of dynamic share viability (DSV) as a discounting-invariant
form of an AOA condition and provided several dual characterisations of this property.
The present paper focuses on large financial markets; it introduces a similar asymptotic
AOA concept and exploits the results in [3] to provide again dual characterisations, now
of course expressed in terms of the large market.

The paper is structured as follows. Section [2] fixes notation, presents a motivating ex-
ample and recalls or extends a number of small market results. In Section [3| we introduce
our new concept of asymptotic strong share mazximality for large market strategies, use it
to define asymptotic dynamic share viability (ADSV) and provide some preliminary re-
sults. Section [4] contains our main results, which are two dual characterisations of ADSV
for general large financial markets. Theorem , extending the work of Rokhlin [31],
describes ADSV via supermartingale properties of the wealth processes in each small
market; Theorem generalises Klein/Schachermayer [26] and Kabanov/Kramkov [20]
and obtains local martingale properties for the sequence of underlying assets themselves.
In both cases, as in the classic works [19, 26] 20], one has in addition a contiguity property
along the sequence of small markets. The general results are specialised in Section [5| to
markets on [0, 00) viewed as large markets and applied to the Black—Scholes example from
Section [2] Finally, Section [0] contains a longish counterexample which shows that even
if a strategy on [0, 00) is not strongly share maximal in the small market on [0, c0), the
sequence of its restrictions to [0, n] can be asymptotically strongly share maximal in the

corresponding large market.

2 Preliminaries

The best-known absence-of-arbitrage concept for large markets is NAA. It was introduced
by Kabanov/Kramkov [I9] and also used in Klein/Schachermayer [26], Rokhlin [31] and

Cuchiero et al. [9], among others. NAA means that there is no sequence of strategies with

Jim. (initial wealth in market n) = 0,

lim sup P"[(final wealth in market n) > 1] > 0.

n—o0

In addition, one imposes for each small market an AOA property — the existence of an
equivalent local martingale measure (ELMM) in [19 20], and the existence of a super-
martingale deflator in [31].

Like its small market counterpart NA1 = NUPBR, the concept NAA lacks stability
with respect to discounting, even in very simple cases. This is illustrated in Section [2.2]
Moreover, to the best of our knowledge, the time horizon in each small market is restricted

to be finite in the existing large financial market literature. Finally, while NAA provides



an asymptotic (in n) AOA property, it does not ensure any AOA property for the small

markets; this must be assumed separately. All this provides ample scope for generalisation.

2.1 Framework

A small market is a triple (B, S, () consisting of a stochastic basis B, a price process S
and a time horizon (. Here, B = (Q, F,F, P) with a probability space (€2, F, P) and a
filtration F = (F;):>o satisfying the usual conditions of right-continuity and P-complete-
ness. We set Foo = Vo Ft = 0(Ui>0 F¢) and assume that Fy is P-trivial and F = F.
The time horizon ( is a general stopping time which can as usual take the value +oo; we
might even have ( = +oo. The price process S is an RY-valued semimartingale (chosen
RCLL as usual) with N > 2 and defined on the stochastic interval

[0,c] = {(w,t) € 2 x [0,00) : 0 < t < C(w)}.

If (B,S,¢) is a small market, ©%(S) denotes the space of all R¥-valued integrands
¥ € L(9) satisfying V(¥,S) :=19-5 =g So+ [VdS =: Yy Sp+ 1S P-a.s., and V(9,95)
is the value process of the self-financing strategy ¥, in the same units as S. If in addition
V(9,8) > 0 P-a.s., we write ¥ € ©%(S). Here, z -y is the scalar product of z,y € RY.

We extend all stochastic processes to [0, 00] = [0,00] = £ x [0,00), almost always
by keeping them constant on [(, co], with one important exception. To concatenate two
strategies 9!, 9?2 € ©%(S) at some stopping time 7, we sometimes define, for a mapping
F, a new strategy of the form Ijg 0" + I} o) F'(91,9%). On the set {r = < oo}, this is
then constant for ¢t > ((w), but not necessarily for ¢ > ((w).

From now on, we assume that all processes are defined on [0, c0] (but not
necessarily on 2 x [0,00]). If a process Y is constant on [(, oc], we then have

fYo(w) = Ig=oo) I Yelw) + Tir<ocy _fnf  Yelw),

(2.1) lim inf V(@) = J¢)=oey M If Yy (@) + Iew)<ooy Ye(w),

etc. Of course, if we write lim;_,, ¥;, we must make sure that this limit exists on {¢ = oo}.

Many of our results involve discounting, i.e., dividing prices by strictly positive pro-
cesses. We define S := {all real-valued semimartingales} and set S, :={D € S: D > 0}
and S, :={D €S8 :D>0,D_>0}. (For any RCLL process Y, we set Yo_ := Y5.)
Elements D € S, | are called discounters, and we note that 1/D € S, if D € S, . For
D e S, wecall S/D the D-discounted prices.

For D-discounted prices S = S/D, we have V(¥,S) = 9 - § = (¢, 5)/D, the value
process of 9 in the currency units of S. It is shown in [I5, Lemma 2.9] that if ¢ € ©(S),
then both ¥ € L(S) and V(9,5) = ¥y - Sy + ¢¥+S hold. Thus ©%(S) = ©%(S) does
not depend on currency units even if value processes do. However, we still keep the

argument S or S because we use different markets in the sequel. We also need the spaces

O%(S) = {9 € ©%(S) : V(9,5) € 8.} and O (S) := {9 € O(S) : V(1),5) € Sy, }:
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they do not depend on currency units either. Finally, a process Y is called S-tradable if it

is the value process of some self-financing strategy, i.e., Y = V(4, S) for some ¥ € ©%(S).

Definition 2.1. Fix a small market (B, S, (). A reference strategy for S is ann € O (S)
with 7 > 0 (n is long-only) andﬂ such that the n-discounted price process S" := S/(n - S)
is bounded uniformly in ¢ > 0, P-a.s.

In the sequel, we usually work under the assumption that there exists a reference strat-
egy 7. Because V(n, S) € S, by definition, a reference strategy is a desirable investment,
and it is expressed in numbers of shares. Note that if we pass from S to discounted prices
S = 8/D with any D € S, we get S7 := S/(n-S) = S"; hence the notion of a reference
strategy is discounting-invariant. In particular, (S¢)7 = S7 for any &7 € @if L(9).

Remark 2.2. The existence of a reference strategy 7 is a very weak condition on the price
process S. Indeed, consider the market portfolio, i.e. the strategy 1 := (1,...,1) € RY
of holding one share of each asset. If we have nonnegative prices S > 0, then 1 € ©5(9)
and all components of the 1-discounted price process S* = S/ 3N S@ have values in
[0,1]. If S > 0 and the sum 1 -5 = 2, S® of all prices is strictly positive and has
strictly positive left limits, we even have 1 € @if . (5) so that the market portfolio is
then a reference strategy. (Note that this always holds if S = (1, X) for a d-dimensional
semimartingale X > 0.) However, it is useful to work with a general reference strategy n

because this gives a clearer view on a number of aspects.

Definition 2.3. Fix a strategy n € ©°(5). A strategy ¥ € ©5(S) is called an n-buy-and-
hold strategy if it is of the form ¥ = cn, where ¢ € L>(Fp; RY) and the multiplication is

componentwise.

Because Fy is trivial, 9 is n-buy-and-hold if and only if it is a coordinatewise nonran-
dom multiple of . If n = 1 is the market portfolio, this reduces to the classic concept
of buying and holding a fixed number of shares of each asset, with ¥ = ¥, € RY. More
generally, if 7 is a reference strategy, it is desirable to have ny) shares of asset ¢ at time ¢,
and the above buy-and-hold concept is then a natural generalisation from the classic case
of the market portfolio. Note that n itself is always an n-buy-and-hold strategy.

A large market is a sequence (B",S™, ("),en of small markets. In particular, each
small market only contains a finite number N™ of assets. For compact notation, we
write (B, S, ) for a generic small market and (B™, S™, ("),en for a large market. A (large
market) strategy is a sequence U = (9"),en where each 9" is in ©5f(5™), and we write
0 := (0™),ey for the large market zero strategy, with 0" := 0N" := (0,...,0) € RN". We
denote by 1" := 1" := (1,...,1) € RN" the market portfolio in the n-th small market.

Sometimes, we use 1¢ := (1,...,1) € R? and we write just 1 if the dimension is clear

2When revising the paper [3], we have been able to remove the assumption of P-a.s. boundedness of
S™. So this can be omitted without loss. See, however, footnote E



from the context. Concerning indices, we use S™ for the n-th process from a sequence,
S for the i-th coordinate of a process S, and S.,, for a process S stopped at some time
7. We use ¢’ for the i-th unit vector. For g € L% (P), we denote as in [31] by g - P the
measure defined by (g- P)[A] := E¥[gl4] for A € F.

The following definition is due to Kabanov/Kramkov [19]; see also Rokhlin [31].

Definition 2.4. A large market (B", S™, (")nen with (" < oo P™-a.s. for each n admits
no asymptotic arbitrage or satisfies NAA if limsup,,_, . P"[Ven (97, S™) > 1] = 0 for any
large market strategy J with lim,,_o Vo(0™, S™) = 0.

Remark 2.5. 1) Typical bond markets with an uncountable number of maturities do
not fit into the above framework and need a different approach.

2) In the spirit of Kabanov [I7], some papers start directly from an abstract set
of processes satisfying some structural properties and designed to describe the wealth
processes one can obtain (in some underlying market) from self-financing trading; see
e.g. Kardaras [22]. It has also been suggested that this could represent a description of
a large financial market. While directly working with (abstract) wealth processes allows
elegant proofs and gives a clear view on some underlying mathematical structures, it is
a coarser approach because it no longer allows to disentangle the underlying basic assets

from the trading activities in the market. Therefore it yields in general less precise results.

2.2 A motivating example

Example 2.6. Consider the classic Black—Scholes (BS) model of geometric Brownian

motion. This is given, for constants r € R, m € R, ¢ > 0 and for ¢t > 0, by

Y;(l) — e?"t’ }/;(2) — emt-}—o’Wt—%O‘Qt’
where W = (IW})>0 is a one-dimensional Brownian motion. Take any (2, F, P) supporting
W and let F be generated by Y (or W) and P-augmented; we set B := (Q, F,F, P).

In this example, it is usual to discount all prices by the bank account Y") and hence
look at the process Y/YM = (1, X) with

(2.2) X, = elmnttoWimge®t

But one can also discount by the stock Y? and look at Y/Y® = (X’ 1) with X’ := 1/X.

For the large market, we take B” = B, N = 2 and (" := n for all n. Discounted asset
prices are either S™ := (Ijgn], X.an) or (S)" := (X!, I[o,n]), and we introduce on [0, o]
the process S = (1, X) respectively S" = (X', 1). One naturally hopes that any reasonable
AOA property holds for one kind of discounting if and only if it holds for the other.

It is well known that for both choices of discounting, every small market admits an
(even unique) ELMM; hence the assumptions in [19] 31] are satisfied. Moreover, Propo-
sition below proves that in this special setup, NAA along (S™),en or ((S)")nen is
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equivalent to NUPBR for S respectively S’ on [0,00]. Now choose m = r. Then in
the first discounting scenario, the value process of any strategy 9 € @if(S ) is a super-
martingale and so NUPBR holds for S. However, in the second discounting scenario, X/
converges to +oo P-a.s. as t — oo, and hence NUPBR does not hold for S’. So we see
that NAA can hold or fail, depending on the choice of discounting.

Example 2.6]shows that NAA crucially depends on how the units of price denomination
evolve over time; so it is not discounting-invariant (see later after Definition for a
precise definition). This only becomes visible if we discount dynamically over time; just
rescaling each small market at time 0 (maybe differently for each n) does not affect NAA.

The next result makes this precise; its easy proof is left to the reader.

Lemma 2.7. Take ¢" € RY\ for each n. Then a large market (B", S™, (")nen satisfies
NAA if and only if (B"™, S™ /™, (")nen satisfies NAA, where the division is componentwise.
2.3 Small market results

Small market notions naturally have a certain importance in a large market framework

as well. In this section, we recall some small market terminology and results.
Definition 2.8. Let (B, S, () be a small market and define, for a > 0,
X(8) = {V(9,5) : ¥ € ©5(5)},
X0(S) = {X € X(S) : Xo = al,
XL(8) == { lim X, : X € A'(S) and lim X, exists |.
Then S or (B, S, () satisfies NUPBR if XL () is bounded in L°.

Remark 2.9. 1) If S = (1, X) for an R%valued semimartingale, then
XS)=a+ {HeX = [HAX : He L(X) and [ HdX > —a)}.

As a consequence, our definition of NUPBR coincides with the classic concept from the
literature if we consider the classic framework S = (1, X); see e.g. |21, Definition 4.1].

2) In the classic framework, NUPBR has been studied both for models X indexed
by [0, 7] with 0 < T" < oo and by [0,00). Our approach with [0, (] contains both as

special cases. See however Remark [5.6|for a difference between finite and infinite horizons.

The next result shows that if we enlarge a market S by the value process of a self-

financing strategy, we obtain the same set of wealth processes. This is used later.
Lemma 2.10. If n € ©%(S), then X(S) = X(S,n-S).

Proof. See Appendix. m



Definition 2.11. Fix a small market (B, S, () and a discounter D € S, ;. If Dy =1 and
X/D is for each X € X(S) a local/o-/supermartingale, we call D a local/o-/supermar-
tingale discounter (LMD /o MD/SMD) for X(S). If these properties hold for S instead of
all X € X(9), D is called an LMD/oMD/SMD for S. For £ € {L,0,S} and n € O, (9),
an EMD"" is an EMD D with the extra property inf;>o(n; - (S;/D;)) > 0 P-a.s. (Note
that an EMD"" can only differ from an EMD if P[( = co] > 0.)

Remark 2.12. As both -5 = V(n,S) and D are in S 1 in Definition soisn-(S/D).
Thus inf;>o(n; - (S;/Dy)) > 0 P-a.s. is equivalent to liminf, (9, - (S;/D;)) > 0 P-a.s.

The following result clarifies the connections between the different concepts just intro-
duced. This is essentially known and easy to argue, but we include it for completeness.
We also point out that our discounters are almost, but not exactly the reciprocals of the

deflators in [21] (we have no local martingale property for 1/D).

Lemma 2.13. Let (B, S, () be a small market and D a discounter with Dy = 1.

1) In general, we have

D is LMD for S = D is cMD for S D is SMD for S
4 U

D is LMD for X(S) < D isoMD for X(S) = D is SMD for X(S)
2) If S >0, then
D is LMD for S & D is o MD for S = D is SMD for S

0 ) f
D is LMD for X(S) < D isoMD for X(S) = D is SMD for X(S)

Proof. See Appendix. n

Remark 2.14. 1) We get the same statement in Lemma if we replace the set X'(S) by
Xoam(S) = {Y =V(0,S) : ¥ € ©!(S) and Y > —a for some a > 0}.

In the classic setup S = (1,X) and for Fy trivial, any ¥ € X,qm(S) is the sum of a
constant and a stochastic integral H ¢ X of some admissible R?-valued integrand H.
2) A missing arrow in Lemma indicates that the corresponding implication does
not hold in general. It is not hard to find counterexamples, and we leave this to the reader.
3) If S > 0 is continuous and D is S-tradable, one can show that D is an LMD for S
if and only if it is an SMD for X(S). But there is no such result for general D.

We next recall from Balint/Schweizer [3] maximality and AOA notions for small mar-

kets. The corresponding interpretations are also given in [3].



Definition 2.15. Fix a small market (B, S, () and a strategy n € ©5(S). A strategy
¥ € ©5(S) is called strongly share mazimal (ssm) for n if there is no [0, 1]-valued adapted
process ¢ = (1;)¢>o converging P-a.s. as t — 00 to some 95 € LY \ {0} and such that

for every e > 0, there exists some 0 € O (S) with Vo(92,8) < Vo(¥9,S) + ¢ and
lim inf(J; — 9 — ) 20 P-as.

A strategy ¥ € ©%(S) is called terminally strongly share mazimal (tssm) for n if there
is 10 o € L\ {0} such that for every & > 0, there exists some ¥° € ©%(S) with
Vo(19°,8) < Vo(9,S) + ¢ and

liginf(ﬁi — U — Yott) >0 P-as.

Lemma 2.16. Fiz a small market (B, S,¢) and a strategy n € ©%(S). If n is bounded
uniformly int > 0, P-a.s., then any 9 € ©(S) is ssm for n if and only if it is tssm for n.

Proof. 1f we only have 1., we define an adapted process ¢ by ¢y := E[¢o|F;] for t > 0.
For both implications, we then get lim; o, ¥y = ¥, P-a.s. (either by assumption or by
martingale convergence) and hence lim;_ ., (¥)oo — 1¢)n; = 0 because 7 is bounded, P-a.s.

So 1° —1y—1m and Ve — 1 —1)som have the same lim inf as ¢ — oo, and the result follows. [

Remark 2.17. By using [3, Theorem 3.4], one can show that tssm for n and ssm for 7
are also equivalent if S > 0 and 7 is a reference strategy (but not necessarily bounded).

However, the proof needs considerably more work and we do not give it here.

Definition 2.18. Fix a small market (B, S, () and a strategy n € ©%(S). We say that
S satisfies dynamic share viability (DSV) for n if the zero strategy 0 € ©5/(S) is strongly
share maximal for n, and DSE (DSE) for n if every n-buy-and-hold strategy ¥ € ©%(S)

is strongly share maximal for 7.

We first obtain from [3, Theorem 2.11] a dual characterisation of dynamic share via-

bility for small markets.

Proposition 2.19. Fiz a small market (B,S,(). If S > 0 and there exists a reference
strategy n € O, (S), then S satisfies DSV for n if and only if there exists an LMD"™ D
for S.

Proof. Because S > 0, [3, Theorem 2.11] and Lemma [2.13] 2) imply that dynamic share
viability for 1 holds if and only if there exists an LMD D for S with inf;~o(n:- (S:/Dy)) > 0
P-a.s. This gives the result. O

Our next result uses and extends [2I, Theorem 4.12] to give another dual characteri-

sation of dynamic share viability for a small market.



Proposition 2.20. Fiz a small market (B,S,(). If S > 0 and there exists a reference
strategy n € ©%_(S), then the following are equivalent:

(a) S satisfies DSV forn.
(b) There exists an SMD"™ D for X(S).
(c) There exists an S-tradable SMD"™ D for X(S).

Moreover, D is unique if it exists.

Proof. By [3, Theorem 2.14], S satisfies DSV for 7 if and only if the n-discounted price
process ST = S/(n - S) satisfies NUPBR, i.e., XL (S") is bounded in L. By (the proof
of) Lemma and due to - S" = 1, we have X*(S") = X*(1,.5"), and this has several
consequences. First, S” satisfies NUPBR if and only if (1, 5") satisfies NUPBR. Second,
a discounter G € S;; is an SMD for X' (1,57) if and only if it is an SMD for X'(S").
Third, G is (1, S")-tradable if and only if it is S”-tradable.

Now we want to use [2I, Theorem 4.12] for (1,57). As pointed out in [2I], Section
4.8], that result holds even if S respectively S" are not necessarily strictly positive semi-

martingales (i.e., in SV, ). More precisely, define for any semimartingale S € SV the sets
YVUS) :={X € x%S): X >0and X_ >0} =X*(S)NS,,
1(Qy.— : . 1(3Q : ;
Vo (9) = {tlgglo Xi: X e YI(S) and Jim X, ex1sts}.

Then [2I, Theorem 4.12] in conjunction with the comment in [2I, Section 4.8] implies

that the following are equivalent:

(A) YL (1,57 is bounded in L°.

(B) There exists Z > 0 with Zy = 1, lim; ,o Z; > 0 P-a.s. and such that ZY is a
supermartingale for all Y € Y'(1,57).

(C) There exists Z with the same properties as Z in (B) and in addition 1/Z € Y'(1, 7).

Because Y1(1,5") contains Y = 1, Z in (B) is a supermartingale and hence Z > 0
and Z_ > 0 by the minimum principle for supermartingales (see Dellacherie/Meyer [13]
Theorem VI.17]). So Z is in S, and so is then G := 1/Z; in particular, lim; .o, Z; > 0
P-a.s. is equivalent to inf;>¢ 1/G; > 0 P-a.s. The same applies to Z in (C).

For any € > 0 and X € X!(1,57), the process Y := (1 — )X + ¢ is in Y'(1,57).
This first implies Y*(1,57) C X*(1,87) C (Y'(1,S57) —¢)/(1 — ) so that YL (1,57)
is bounded in L° if and only if X1 (1,5") is. In consequence, (a) is equivalent to (A).
Second, for any m € Nand X € X'(1,57), we have Y™ := (1 - L)X + L € Y!(1,5") and
)
vergence gives E[Z, X, | Fs] = lim,, o F[Z;(X; + %) | Fo] < limy, 00 Zs(Xs + %) =7Z.X,
for s < t so that ZX is also a supermartingale for all X € X'(1,57). The converse is
clear because Y*(1,57) C X'(1,597). If Z is as in (B), then G := 1/Z is an SMD for
X (1,57) with infi>01/Gy > 0 P-a.s. Because - S" =1 > 0, 1/G is thus an SMD" for
X (S") = X(1,8"). Thus (B) is equivalent to

= X + . Soif ZY is a supermartingale for all Y € Y*(1, 5"), monotone con-
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(B’) There exists an SMD"" G for X'(S7).
Because (1, 5")-tradability is the same as S"-tradability, (C) is analogously equivalent to
(C') There exists an S"-tradable SMD"* G for X''(S").

So up to here, we have shown that (a), (B’) and (C’) are all equivalent.

It remains to pass from S” to S. Take an SMD"* G for X'(S") and define D := (-5)G.
Then V(¥,5)/D = V(¥,5")/G is a supermartingale for any ¢ € ©5(5) = ©5(57), and
so D is an SMD for X'(S). Moreover, inf;>q(n: - (S:/D;)) = inf;>01/Gy > 0 P-a.s. shows
that D is an SMD"* for X(S). Finally, if G is S"-tradable, then D is S-tradable because
D= (n-5)G = (n-S)V(9,S") = V(¥,5) for some ¥ € OL(S") = ©%(S). Analogously, if
D is an (S-tradable) SMD"* for X(5), then G := D/(n - S) is an (S"-tradable) SMD"*
for X(S"). So (B’) and (C’) are equivalent to (b) and (c), respectively, and this proves
the equivalence statement.

The proof of uniqueness is standard. Take two S-tradable SMDs D, D’ for X(S) and
recall that Dy = 1 = D). Due to D, D' € X(S), both X := D/D’ and 1/X are supermar-
tingales and hence E[X;] < E[Xy] =1 and 1/E[X,| < E[1/X;] < E[1/X,] = 1 for any t
by Jensen’s inequality. Thus E[X,] = 1 and so by Jensen again, X = Xgand D = D'. [

Proposition can be viewed as a generalisation of [21], Theorem 4.12] to our setting
with DSV instead of NUPBR. Analogously, the next result extends [I8, Theorem 2.1].

Proposition 2.21. Fiz a small market (B,S,(). If S > 0 and there exists a reference
strategy n € ©%_(S), then we have:

1) (B, S, () satisfies DSV forn if and only if for any € > 0, there exists Q ~ P on F with
supsc 7 |Q[A] — P[A]| < & and such that there exists an S-tradable Q-LMD" D for S.
(More precisely, this means that D e S, is S-tradable, has Dy = 1, S/D is a Q-local
martingale and inf;>o(n; - (Sy/D;)) > 0 P-a.s.)

2) Suppose S = (1,X) for some R%-valued semimartingale X > 0. If (B, S, () satisfies
NUPBR, there exists for any e > 0 a pair (Q, D) as above. If in addition X is bounded,

the converse holds as well.

Proof. 1) It (B, S, () satisfies DSV for 7, then (B, S, () satisfies NUPBR = NA1 by
[3, Theorem 2.14], and S7. := lim; . Sy exists P-a.s. due to [3, Theorem 3.7]. (In
more detail, 0 is strongly value maximal for S”7 by [3, Theorem 2.14], and £ := n has
(8" = S" and V(£,S") = n-S" = 1. Because S > 0, we also have S7 > 0 and hence
e’ € ©£(57) implies by [3, Theorem 3.7] the P-a.s. existence of Vi (e?, S7) = lim;_,00 (S7)®
for i = 1,...,N.) Setting now X, := S}, and 5 := (1, X) thus gives an R}""-valued
semimartingale S defined on the closed interval [0, oc], and S satisfies NA1 as well because
X does and X(S) = X(n-X, X) = X(X) due ton-S" = 1 and Lemma Applying [18]
Theorem 2.1] to (B, S, 00) yields for any € > 0a Q ~ P on F with sup . |Q[A]—P[A]| < ¢
and an S-tradable Q-LMD D’ for X(S). Due to X > 0, D' is also a Q-LMD for S by

11



Lemma [2.13, and even a Q-LMD"* for S as both S and D’ are defined on the closed
interval [0, co]. Finally, D’ is S"-tradable because X (S7) = X(X) = X(S) as seen above.
But now D := (n-S)D’ on [0,(] clearly defines an S-tradable Q-LMD"* D for S, and
so we get the “only if” part. Conversely, if we have Q ~ P and a Q-LMD"* D for S and
denote by Z the density process of Q with respect to P, then D := D/Z is a P-LMD"*
for S by the Bayes rule. (Note that D, unlike D, is not S-tradable in general.) Then the
“if” part follows from Proposition [2.19]

2) If S = (1,X) with X > 0, then n =1 is a reference strategy and NUPBR implies
DSV for 1 by [3, Proposition 5.6]. So the first part of 2) follows from 1). If we have
for any £ > 0 the existence of a pair (Q, D) as in 1), S satisfies DSV for 1 by 1), and
St=(1/(14+%, X9), X/(1+ ¥, XD)) satisfies NUPBR due to [3, Theorem 2.14]. By [3]
Proposition 3.6] for S* and ¢ = 1, 0 is thus strongly value maximal for S*. If in addition
X > 01is bounded, 1+, X@ is P-a.s. bounded away from 0 and oo, and so 0 is strongly
value maximal for S as well by [3, Lemma 3.1] with D := 1 + ¥, X, Using again [3]
Proposition 3.6], for S = (1, X') and £ = e!, shows that NUPBR holds for (1, X) =S. O

Before proving an auxiliary result for later use, we recall from [3, Equation (3.1)] an

operation on strategies. Fix & € ©%_ (5) and a stopping time 7. The &-concatenation at
time 7 of 9!, 9% € ©(S) is defined by

(2.3) I 0E 92 = Iy g9 + Iy (ml I (9 + €V, (0" — 07, sf)))
with T := {V, (1, 5) < Vi (92, S)}.
By [3, Lemma 3.3], 9* @5 9% is in ©%(S). Note that ¥* @92 = 9! on {7 = co} N{r = (}.

Lemma 2.22. Fiz a small market (B, S, () and assume that S > 0 and that there exists
a reference strategy n € O, (S). Suppose that 9 € ©5(S) is ssm for n and Je ©5(9) is
such that lim inft_>oo(1§t — ;) >0 P-a.s. Then J—0 € @f(S).

Proof. See Appendix. n

3 Asymptotic strong share maximality

In this section, we introduce a new concept of maximal strategies for large markets and use
this to define AOA concepts which are discounting-invariant in a sense we make precise.
In analogy to the small market case, we could introduce the notion of a large market
reference strategy 17 and then define asymptotic strong share maximality with respect
to 7. But to reduce technicalities and in order to facilitate comparisons with NAA and
NUPBR, we opt for the choice 7 = 1 = (1,1,1,...), the large market analogue of the
market portfolio. In view of Lemma [2.16] we can then equivalently use either ssm or tssm,
and the latter concept gives the crispest formulations. Note how Definitions and

parallel Definitions and respectively.
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Definition 3.1. Fix a large market (B™, S™, (")nen. A large market strategy J = (0™ pen

is asymptotically strongly share mazimal (assm) for 1 if there is no p > 0 such that for

every € > 0, there are some n € N, A" € F" with P"[A"] > p and a strategy U with
Vo(9m, 8™) < Vo (97, S™) + (17 - S7) and lim inf,_,oo (07 — 97) > plan1™ P-as.

Note that n, A™ and U above can of course depend on . We usually omit a corre-

sponding index for ease of notation.

Definition 3.2. A large market (B", S™, ("),en satisfies asymptotic dynamic share via-
bility (ADSV) for T if 0 = (0™),en is asymptotically strongly share maximal for 1, and
asymptotic DSE (ADSE) for 1 if every ¥ = (0"),,en with 0" € ©5f(S™) being 1"-buy-and-

hold (i.e., 9" = 9% € RY") for each n is asymptotically strongly share maximal for 1.

The definition directly implies that asymptotic strong share maximality is discounting-
invariant in the sense that J is assm for T in (B™, S™, (")pnen if and only if it is assm for 1
in (B™, S™/D™, (") ,en for any sequence D= (D™),en, where each D™ is a discounter in the
market (B", S™, (™). The reason is that maximality is formulated not in terms of wealth,
but of holdings in assets, and these do not change if we change the numéraire. Because
we want invariance under discounting not only for each small market, but along the entire
sequence, it is important that we do not normalise discounters to D} = 1 (as can be done if
one only works in a fixed small market), but allow D to depend on n. In turn, this makes
it necessary that the allowed small extra initial wealth in Definition depends on the
n-th market’s size via the term 1" - Sj. This is economically natural; if for instance prices
in model n are simply a ¢,-multiple of prices in model 1 with a sequence (¢, )nen going to
0, a fixed initial wealth amount ¢ becomes more and more valuable along the sequence of
models, and in the absence of the term 1" .S, this might in itself asymptotically generate
some arbitrage opportunities. On the other hand, if lim, (1" - S§') = +00, having the
term 1" - S allows more strategies for trying to generate arbitrage, and hence forbidding

them gives a more restrictive AOA concept than if the term is absent.

Remark 3.3. In Balint/Schweizer [3] and in Section [2] we have defined and used strong
share maximality and the derived concepts DSV and DSE with respect to a reference
strategy 7 in the small market (B, S, (). As mentioned at the beginning of this section,
the natural extension to a large market would be to define asymptotic strong share maxi-
mality with respect to some 77 = (7"),en, Where each 1™ is a reference strategy in the n-th
small market (B™, S™, (™). One obvious question is then how the results depend on the
choice of 77. For a small market, we have shown in [3, Lemma 5.1] that if S > 0 and 7,7/
are reference strategies satisfying 0 < infy>o(n - Si/m; - Si) < supyso(me - Si/m; - Si) < o0
P-a.s., then any strategy ¢ € ©%(S) is ssm for 7 if and only if it is ssm for 7/, which
implies that DSV for  and DSV for n’ are equivalent. For a large market, one would

probably not only need to control each pair (™, 7"™), but in addition also the relative

behaviour of the sequences 17 and 177 . We leave this question for future research.
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We first show that if a large market strategy is asymptotically strongly share maximal
for T, its coordinates are strongly share maximal for 1 in their small market. This contrasts
NAA which does not imply any AOA property along the sequence of small markets. Recall
from Remark that S > 0 plus 1-5 € S, implies that 1 is a reference strategy for .S.

Lemma 3.4. Suppose for each small market (B",S™ (") that S™ > 0 and 1"-S™ € S .
[fﬁ is assm for 1, then 9" is ssm for 1™ in (B, S™, (™) for each n. In particular, ADSV
or ADSE for 1 implies that each small market satisfies DSV or DSE for 1™, respectively.

Proof. Suppose that 9" is not ssm for 1" in (B", S™, (") for some n. Then Lemma
yields a ¥ € LP(F") \ {0} such that for any € > 0, there is a = O5f(S™) with
Vo(92,8m) < Vo(9m, 8) + e(1™ - S2) and liminf, o (05 — 97) > "1™ P™a.s. Choose
p > 0 and A" € F", not depending on ¢, such that P"[A"] > p and ¢ > plsn P™-a.s.
Then 5 = (WY, 0" 05 9t ) is a large market strategy, and for the above p
and given any ¢, the triple (n, A", 5) satisfies the requirements in Definition . Because

€ > 0 was arbitrary, this shows that J is not assm for 1. O

We next show a consistency result: If the sequence (B™, S™, ("),en is constant in n,
i.e., we morally have a small market, then strong share maximality and asymptotic strong

share maximality are equivalent.

Proposition 3.5. Let the sequence (B™, S™, (")nen of small markets be constant in n, as-
sume St > 0 and 1V'.S! € S, and let J be a large market strategy with v" =9 € 93{(51)
for alln. Then J is assm for 1 if and only if O is ssm for 1N in (B, St ¢Y).

Proof. The “only if” direction is a direct consequence of Lemma 3.4, For the “if” direction,
we have 17 - §7 = 1V . S} because (B", S",¢") = (B', S, ¢"), and as asymptotic strong
share maximality for T is discounting-invariant, we can assume without loss of generality
that 1V - S§ = 1. Suppose ¥ is ssm for 1V, but ¥ is not assm for 1. Consider the set

G'< = {g € L : Ip € ©F(S") with Vo(p — v, S') <

£
. . o N1 1_
and htrgglf(got ) > g1 P a.s.}

and define G¥ := U,.(G"*/e. We first show that GV is not bounded in L°. Because 7 is
not assm for ]T, there exists p > 0 such that for each € > 0, there are n € N, A™* € F! with

P1[A™€] > p and a strategy J with Vo(97, S1) < Vo(0™, S1)+e(1N'-S1) = Vi(9, S*)+¢ and

pLanc 1N < lim inf(9) — 97) = lim inf (97 — ¥,) Plas.
—00

t—o00

It follows that plsn- € G”° and hence plgn:/c € G°. As PA™] > p and ¢ > 0 is

arbitrary, G” is not bounded in L°.
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In a second step, we show that GV is convex. For a,b € G, let £* > 0, p* € ©%(S?)
and £° > 0, ¢* € ©%(S') be the corresponding objects as in the definition of G”. We need
to show that Aa+(1—\)b € G? for any A € (0, 1). Fix a parameter x € (0,1) and consider
the strategy ¢* := xp® + (1 — x)¢? € ©F(S!). Then Vo(p® — 9, S) < ze®+ (1 — z)e’ and

lim inf (o} — ) = lim inf (2(pf — 1) + (1 = 2)(} — 1))
> wliminf(pf —9;) + (1 — @) lim inf (7 — ¥)
> ze%l™ + (1 — z)’p1™ Plas.

so that ¢ := (ze%a+ (1—x)eb)/(xe*+ (1 —1)eb) € GV. Choose z := (Xe®)/((1—N)e?+\ev),
which is in (0,1), and calculate to get (ve%)/(ze® + (1 — z)e?) = X and then of course
(1 —z)e%)/(xe® + (1 — 2)e®) = 1 — . This means that Aa + (1 — \)b=c € G”.

As G” is convex and unbounded in L%, [3, Lemma A.2] yields g € LY \ {0} and a
sequence (U™)peny C€ GY with U™ > ng for each n. Take ¢ > 0 with eU™ € G%¢ and the
corresponding strategy ¢’ € ©(S'). Writing ¢’ = ¢ + (¢’ — ) =: ¥ + ¢, note that
because ¥ is ssm and in view of the definition of GV, ¢ is in ©3(S') by Lemma
and hence also ¢ = 9 +¢/(ne) € ©3(S'). But now the properties of ¢’ and ¢ yield
Volp —19,81) <e/(ne) =1/n and

lim inf(p, — 00) = limyinf v/ (ne) = liminf(] — 0,)/(ne) > (U")/ (o)1 > g1,

which is by Lemma a contradiction to the strong share maximality of ¢ for 1V O
Choosing J=0and ¥ =0 immediately yields

Corollary 3.6. Let the sequence (B™, S™,(")nen of small markets be constant in n and
assume S' > 0 and 1V - S € S,,. Then the large market (B", S™, (") nen satisfies ADSV
for 1 if and only if the small market (B', S, ") satisfies DSV for 1V

With a bit more work, we get an analogous result also for efficiency.

Corollary 3.7. Let the sequence (B™, S™, (")nen of small markets be constant in n and
assume S* > 0 and 1V' - S' € S, . Then the large market (B", 5™, (")nen satisfies ADSE
for T if and only if the small market (B, S, (') satisfies DSE for v

Proof. The “only if” part is clear from Lemma [3.4. For the “if” part, suppose each
9 € RY' is ssm for 1V" in (B!, S',¢1), but there is a § = (9"),ey with 9" = 97 € RY
for each n which is not assm for T. Then there exist p > 0 and a subsequence (9™ )en
such that for every k € N, there are A* € F' with P'[A*] > p and 9* € ©%(S") with
Vo(9F, SY) < Vi(9m, SY) 4+ (IN' - S1)/k and liminf,_. (0% — 03%) > pIu1N' Plas. By
Lemma , cach 9% := 9% — 9™ is then in ©%(S), and so 0 is not assm for 1 in the
large market (B™, S™ ("™ )ren. By Proposition , the zero strategy 0 is then not ssm

for 1V" in (B!, S', ("), which is a contradiction. O
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4 Absence of arbitrage and dual characterisations

This section considers general large markets and provides two dual characterisations of our
ADSV concept in terms of martingale properties in each small market plus some contiguity
property. Recall that two sequences (Q™)nen, (Q")nen of sub-probability measures with
each Q", Q™ on F™ are contiguous, written (Q™)pen <(Q™)nen, if for any sequence (A™),en
of sets A" € F" with lim,,_,~ Q"[A"] = 0, we have lim,,_,,, Q"[A"] = 0.

The classic characterisation of absence of arbitrage in a small market (in the sense
of NFLVR) is the existence of an ELMM @ for the underlying process S = (1, X) (as-
suming S > 0, to avoid o-martingales); see Delbaen/Schachermayer [11, [12]. This was
complemented by Karatzas/Kardaras [21] who proved that NUPBR in a small market
is equivalent to the existence of a supermartingale discounter for X(S) with a positivity
property at +o0o. Conceptually, this generalises the existence of an equivalent separating
measure, which gives information about all stochastic integrals of .S, but not necessarily
about S itself. (If S > 0, an SMD for X(9) is also an SMD for S, by Lemma[2.13} so then
we intuitively get for S a supermartingale, but maybe not a local martingale property.)

For large markets, the classic characterisation of NAA in Klein/Schachermayer [26] and
Kabanov/Kramkov [20], assuming that each small market admits an ELMM Q", is that
there exists a sequence (Q")pen of ELMMs with (P"),en < (Q™)nen. This was generalised
by Rokhlin [31] who showed that if each S™ only satisfies NUPBR, NAA is equivalent to
the existence of a sequence of SMDs D™ for X'(S™) such that (P")nen < ((1/Dg) - P")pen-
Our first main result, Theorem below, is in the same spirit, but uses the more general
concepts of DSV for 1 and ADSV for T instead of NUPBR and NAA. This similarity to
the ideas and results in [31] also shows up in parts of the proofs.

In the spirit of the results in [11], 12] and [26, 20], we should also like to have a
characterisation of ADSV with local martingale properties for the S™ instead of only
supermartingale properties for the X (S™). However, there is a problem. We shall see
below in Lemma and Theorem that deriving a contiguity property crucially needs
tradability for each discounter D™. To work with an LMD for S™ (and not only an
SMD for X(S™)), we thus must find an S™-tradable local martingale deflator — and
a counterexample in Takaoka/Schweizer [34] shows that this does not exist in general.
Fortunately, Kabanov et al. [I§] recently proved that in a small market under NUPBR,
we can still find an S-tradable Q-LMD for S = (1, X), under some () &~ P which can even
be chosen arbitrarily close to P. Combining an extension of this result from NUPBR to
DSV for 1 with the invariance of ADSV for T under bi-contiguous measure changes (see
Corollary [4.4] below) then allows us to derive in Theorem [£.5| our second main result. It is
a dual characterisation of ADSV for T, now with local martingale properties for S™ itself,
and as usual with a contiguity property.

If S* > 0and 1"-S™ € S, , then p™ := (S")I" = " /(1" - S") is well defined and an

RMN"-valued semimartingale with values in [0, 1]¥". Tt describes the (price-based) market
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weights of the N™ assets in the small market (B", S™, (") and frequently appears later.

We start with our first main result.

Theorem 4.1. Let every small market (B™,S™, (") satisfy S™ > 0 and 1" - S™ € S .

Then the following are equivalent:

(a) The large market (B", S™ C")pen satisfies ADSV for 1.

(b) There exists for each n a (unique) S™-tradable SMDY"* D" for X(S™) and we have
the contiguity (P")nen < ((1/g") - P™)pen, where g™ := ((1™ - Sg)l_??n)/(]l" - SEa).

(c) There exists for each n an SMDY ™ D" for X(S™) such that we have the contiguity
relation (P")nen < ((1/9") - P")nen, where g := (1™ - S§) D) /(1™ - S).

For each n and ¥ € ©5(u") = ©5(S™), the ratio D%fﬁﬁgn) = V(%fn) is a P"-supermar-
tingale. This means that each (1/¢g™)- P™ is (by the Bayes rule) essentially a supermartin-
gale measure for all wealth processes in X(u") and hence could be called a “generalised
martingale measure”.

The core of the proof for Theorem is given by the following technical result, which

is inspired by Rokhlin [31 Theorem 2.1] and the results of [3].

Lemma 4.2. Let every small market (B™, S™, (™) satisfy S >0, 1"-S™ € S, and DSV
for 1™. Denote by D" (see Proposz’tz'on the (unique) S™-tradable SMDY* for X(S™)
in the n-th market. Set g* := ((1"-S§) D) /(1" S&). Then the following are equivalent:

(a) The large market (B", S™, (")pen satisfies ADSV for 1.

(b) For each large market strategy O such that V(9™ S™) = 1™- 8P for all n, the sequence
(P o (Ven (97, 8™) /(1™ - S8.)) ™ )nen is tight.

(c) The sequence (P o (g")™")nen is tight.

(d) (P")nen < ((1/3") - P")nen-

Proof. Recalling p™ = S™/(1™ - S™), note first that even if P"[¢(" = oo] > 0, the quantity
Ven (97, 8™) /(1™ - SZa) = Ven (97, p) is well defined and finite P"-a.s. Indeed, by [3, The-
orem 2.14], DSV for 1" in the n-th market implies that 0" is strongly value maximal for
w", and hence due to [3, Theorem 3.7] applied for ™ and £ = 1", lim;_,, Vi (9", u™) exists
on {¢" = co}; see also (2.1). The existence of D™ comes from Proposition m Because
1"-S" € S,,, every (1"-S™)/D™ is then a strictly positive P"-supermartingale and hence
converges P™-a.s. on {¢" = oo} to a finite limit, which is P"-a.s. strictly positive because
D™ is an SMD"* for X(S™). Thus all expressions in Lemma [4.2] are well defined even
on {¢" = oo}, and §" can be written as §g" = lim, . ((1" - S7)DP)/(1™ - S*) and has
values in (0,00) P"-a.s. with E"[1/g"] < 1. In particular, 1/g" is P-a.s. the limit of
a function which is bounded in ¢ > 0 (but not in w or n). Moreover, V(1J, S")/D" is a
Pr-supermartingale > 0 for ¢ € ©%(S™) and hence P"-a.s. convergent on {¢" = oo}.
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“(a) = (b)”: Write V(¥™,5™)/(1™-S™) = V(9" ™) and assume there is a large market
strategy ¥ satisfying Vo (9", S™) = 1™ - S for all n such that (P" o (Ven (07, ™)) Hnen is
not tight. Then there exists 0 > 0 such that for any M > 0, there is n = n(M) € N with

P"[B"] > 20 for B" := {Ven (", ") > 2M }.

Define the stopping time 7" := inf{t > 0 : V;(¢¥", u") > M} and note that 7" < oo on
B"™. So we can find N such that A" := B"N{r" < N} € F" has P"[A"] > 0, and then
o" := 1" A N is finite and satisfies by right-continuity that

(4.1) Vo (0", ") = Ven (9", 1"*) > M on A", P"-a.s.

Set p = 0, take ¢ > 0, choose M = é and then n, A" as above for this M. By [3]
Lemma 3.3], the concatenated strategy 0" := (9"/M) Dy 0 is then in ©%(S™) so that

J = 0,...,0, 9,0, ... ) with U™ at the n-th position is a large market strategy. Moreover,

(n, A", 0) satisfies P"[A"] > p and Vy(d",5") = (1" - S?)/M = (1™ - S7), and the
definition of 0", see (2.3), gives J" = I1o,on) (0" /M) + Tjgn oo 1" (Vor (0", ™) /M).  Using
0" < 00, 9" € ©%(S") and (@.1) therefore yields

liminf J} = (Vpu (9", ")/ M)1" > L™ P-as.

This means that 0 is not assm for T and ADSV for T does not hold.

“(b) = (c)”: Aseach D" is S"-tradable, we have D" = V(J", S") for some 9" € ©(S™)
with Vy(9", S™) = 1. So the large market strategy J given by 9" := (1" - S§)9" for each
n satisfies the conditions in (b), and (c) follows. This explicitly uses tradability of D".

“(¢) = (d)”: This is analogous to the proof of [31l Theorem 2.1, “(c¢) = (d)”]; however,
we do not use the precise properties of D™ or S™, but only that g" is well defined and

g" > 0 P"-a.s. In more detail, suppose that lim,_,((1/g")-P")[A"] = 0 for some sequence
(A™) ey With A" € F7, so that lim, o ET"[(1/§")I42] = 0. Then writing

PMA" = P"[A"N{g" > M} + E""[5"(1/§") Lanngn<ary]
< PMg" > M)+ ME™[(1/g")La]

shows that limsup,,_,. P"[A"] < limsup,,_, . P"[g" > M] for any fixed M > 0. Thus the

tightness in (c¢) implies lim,,_,o, P"[A"] = 0, and we have the desired contiguity.

“(d) = (a)”: If ADSV for 1 fails, there are p > 0 and for every ¢ := = some (n, A™, D)
with Pm[A"] > p, Vo (9", S™) < (1™ - S7)/k and liminf, ., 97 > pl4n1™ P™a.s. Note that
n =n* and A" = A™/* depend on k. Due to 0 < " <1, [3, Lemma A.1] yields

0< (lim inf (97 — pIAn]I")> : (lim inf u?) < li{gmf ((19? — plan1") ,u?) Pr-as.,

t—o00 t—o00 o)
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and in view of 1™ - u™ = 1, this gives
(4.2) 0 < E”[(1/g") liminf (9} — pLan1") - pi}')]
= E7"[(1/g") lim inf (9 - )] — E”"[(1/g")pLan).
For the first term on the RHS, we successively use the definition of g", [3, Lemma A.1] and

" e ©5f(S™), Fatou’s lemma, the fact that (9 - S™) /D™ = V(I", S™) /D™ is a P-super-

martingale and finally the initial condition on J" above to obtain

) R . 1" . S» @n . gn
P —n\ T s n n\| _ P 3 = Mt im t t
43 B0/ it )] = B it S
< EF {Iiminf tSt—]
LT s By

< liminf E¥ [(tst}

t—+00 1n - Sp)Dy
< gr] V8-S |- Vo(0",5") _ 1
- (1n - S») Dy in-Sp ~k

For the last term in (4.2]), consider (nk,Ank)keN. Then infrey P [A"k] > p and so by
(d), there is & > 0 (not depending on k) with liminf,_((1/g"") - P*)[A""] > 26. In

—

particular, for any k& € N, there exist j > k and (n/, A”j, 79) as above satisfying in addition
((1/g™) - P")[A™] > 4. Passing to a subsequence gives ((1/§"") - P"")[A™"] > ¢ for any
k € N, and therefore

(44) BP0/ L] = p((1/5™) - ) [A™) 2 po,

Now plugging (4.3) (with n* instead of n) and (4.4)) into ([4.2) yields for any k& € N that
0< % — pd, which is a contradiction as p,d > 0 do not depend on k. n

Remark 4.3. The only place where we need and exploit that each discounter D" is
S™-tradable is the proof of “(b) = (c)”. In particular, “(d) = (a)” does not use this.

Proof of Theorem[{.1. “(a) = (b)”: Under ADSV for 1, 0 = (0"),ey is assm for 1, each
0" € ©(S™) is ssm for 1" in (B", 5™, (") by Lemma , and so each (B",S™, (") satisfies
DSV for 1™. Proposition thus implies for each n the existence of a (unique) S™-trad-
able SMD'"* D" for X(S™), and so we can use Lemma [4.2{and conclude via “(a) = (d)”.
This needs S"-tradability of D™.

“(b) = (c)” is trivial.

“(c) = (a)”: If each X (S™) admits an SMD"* D", every small market satisfies DSV
for 1" by Proposition 2.20f If in addition (P™")nen < ((1/¢") + P")nen, Lemma via
“(d) = (a)” yields ADSV for 1. As pointed out in Remark that argument does not
need S™-tradability for D". O
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One consequence of Theorem is that ADSV for 1 is invariant under bi-contiguous
measure changes. Recall that each basis B" = (Q", F" F" P") includes a probability

measure P"™ and that F* = C”n for all n.

Corollary 4.4. Let every small market (B", S™, (") satisfy S™ > 0 and 1*-S™ € S, and
suppose the large market (B, S™ (")nen satisfies ADSV for 1. If we have probability
measures Q" ~ P" on F", n € N, with (Q")nen < (P")nen, then also the large market
(2, F*,F™, Q"), 5™, ") pen satisfies ADSV for 1.

Proof. For brevity, write P-ADSV and Q-ADSV. Under P-ADSV for 1, Theorem (c)
yields for each n a P"-SMD'"* D" for X(S™) such that (P"),en<((1/g™) - P™)nen, where
g" = (1" S§)DE)/(1" - S&.). By Bayes’ theorem, D" := D"Z" is then a Q"-SMD!'"*
for X(S™), where Z™ denotes the density process of " with respect to P™. If we define
g" = (1" Sg)ﬁ?n)/(]ln - Sf) = g"Z, then for any A" € F"* = F[\., we obtain

((1/g™) - Pm)[A™ = E™"[(1/g") Ztndar]) = ((1/3") - Q") (A",

and so we get (Q™)nen<UP™)nen<((1/9™) P")nen = ((1/3™)-Q™)nen. Using the transitivity
of contiguity and applying Theorem [4.1| again (now for the Q™) yields @Q-ADSV for 1. O

We are now ready for our second main result.

Theorem 4.5. Let every small market (B",S™, (") satisfy S™ > 0 and 1™ - S™ € S, ..

Then the following are equivalent:
(a) The large market (B", S™, (") nen satisfies ADSV for 1.

(b) There exist for each n a Q™ ~ P™ on F" and an S"-tradable Q"-LMD'"+ D" for
S™, and we have the contiguity (P")nen < ((1/9") - Q™)nen, where g™ is defined by
g™ = ((1"- S§)Dg.) /(1™ - SE).

(c) There exists for each n a P"-LMDY* D™ for S™ such that we have the contiguity
relation (P™)nen < ((1/9") - P")nen, where g™ := (1™ - Sg') D) /(1™ - SZ).

Proof. “(a) = (b)”: Each small market satisfies DSV for 1" by Lemma[3.4] So by Proposi-
tion[2.21} 1), there exists for every n a Q" ~ P" on F" with supgc . |P"[B]—Q"[B]| < 27"
and such that there exists an S™-tradable Q™-LMD"* D" for S™. Note that we have
(P™)pen <>(Q™)nen; indeed, for any sequence (A™),en of sets A" € F" with Q"[A"] — 0,

PrAY < [PMA"] = QUA"]| + Q"[A"] < 27" + Q"[A"] — 0

so that (P")pen < (Q")nen, and (Q™)nen < (P")pen follows by symmetry. By Corol-
lary {40 (", F™, F*,Q™),S™, (") thus satisfies ADSV for 1. Moreover, by unique-
ness and Lemma 1), the S™-tradable Q"-LMD'"* D" for S™ coincides with the
unique S"-tradable Q"-SMD'"* for X(S™). Applying Theorem 4.1} (a) = (b), for
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((, Fr,Fr,Qm), S™, (") therefore implies (P™)pen < (Q™)nen <((1/9") - Q™) nen and hence
the result by the transitivity of contiguity.

“(b) = (c)”: If Z™ is the density process of Q" with respect to P", then D" := D"/Z"
is a P"-LMD'"* for S™ by Bayes’ theorem. As in the proof of Corollary , we obtain
(1/g") - P = (1/g") - Q", and therefore (P")ucss 4 ((1/5") - @)nert = ((1/g") - P")err.

“(c) = (a)" By Lemma[2.13] 2), an LMD*"* for S” and an LMD"+ for X'(S") are

the same thing when S™ > 0. So we can just use Theorem [4.1 “(c) = (a)”. O
Analogously to Theorem , WZS”) = % is a local P"-martingale for each n, so

that (1/¢™) - P™ could again be called a “generalised martingale measure”.

Conceptually, an LMD"+ for S is a generalised form of an ELMM for S. So the
equivalence of (a) and (c) in Theorem (4.5 corresponds precisely to the classic equivalence
result going back to Klein/Schachermayer [26] and Kabanov/Kramkov [20]. It is remark-
able that we are able to obtain such a result in the generality of our setup and ADSV. It is
also noteworthy that while the sufficiency of (c) for ADSV for T can be proved fairly eas-
ily, the necessity crucially involves a tradable LMD!*. This is different from the original
result in [26], 20] because working directly with ELMMs eliminates this difficulty.

Theorem (c) asserts under ADSV for 1 the existence of a sequence of LMD" +s
with a contiguity property. This contiguity does not hold for every sequence (D™),en.

Example 4.6. ADSV for 1 can hold even if there is a sequence (D™)nen of LMD" *s
for S” such that (P" o (") )nen is not tight, where g" := (1™ - S§)D¢.) /(1™ - S¢.). Let
(Y™ )pen, © = 1,2, be independent sequences of i.i.d. Bernoulli random variables (with
values 0 and 1) with parameter % Set (" = 2 for every n and define for ¢ = 1,2 the
single-jump processes

S = (SM)D = Tppap + Ipgg (277 +2Y™ (1 —277)).

Let B be a minimal stochastic basis supporting the above, set B" := B for each n and
fix n. Then (B™, S™, (") satisfies S™ > 0 and 1™ - S™ € S, ,, and S" is a strictly positive
UI martingale so that D" = 1 is an LMD"+ for S™. By Proposition , every small
market (B™, S™, (") therefore satisfies DSV for 1.

The process D" is not S™-tradable, and the sequence (P" o (g")™!),en is not tight
because g" = 2/(S™! +5™?) has P[g" = 2"] = P[y™! =Y™? = (] = 1. But D" := 1" 5"
is clearly S™-tradable, and also an LMD'"* for S. Indeed, S™'/D" = p™! is a single-

jump process which starts at i, jumps at ¢ = 1 to either 2=V or 1 — 2= with

probability i each, and stays constant at ¢ = 1 with probability % Thus p™! is a (UI)
martingale, so is then p™? = 1 — p™', and 1" - (S"/D") = 1™ -y = 1. Computing now
g" = (1"- SS’)Dgn/(]l” - S2.) = 1" S = 2 shows that (P" o (g") ™" )nen is obviously tight,
(¢) in Lemma [4.2]is satisfied and ADSV for T holds.
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The preceding results are summarised in Figure [I All one-sided implications are
due to Lemma [2.13] 1) or trivial. The equivalences are due to Theorems and . A

counterexample for both invalid implications (crossed arrows) is given by [34, Remark 2.8].

vn 3 LMD"+ D" for S" Vn 3 SMD'* D" for X (S™)
with D™ being S™-tradable Z with D" being S™-tradable
and (P")nen < ((1/9") - P')nen and (P")nen < ((1/9") - P*)nen
U ¥ )
Vn 3 LMD+ D" for 5™ o Vn3 SMD"* D" for X(S™)

) . & ADSV for 1
with (P")nen < ((1/g") - P")nen  with (P")nen < ((1/g") - P")nen

Figure 1:  Overview of results for Section [d We assume S™ > 0 and 1" - S™ € S, as
well as F" = .7:“22 for every small market. Notation is g" = ((1" - Sg")D¢.)/(1" - SZ),
g" = (0" 55)D&) /(A" - Sz).

The next result gives a sufficient condition for ADSV for 1 in the classic setup.

Corollary 4.7. Let every small market be of the form (B™, S™ (") = (B", (1,X™),("™)
with N™ = 1+ d", where each X™ > 0 is an Rin—valued semimartingale and (" < oo.
Suppose also that sup,cn(1" - i) < oo and that every small market satisfies NUPBR.
Then if the large market satisfies NAA, it also satisfies ADSV for 1.

Proof. Any small market (B", (1, X"), (") with NUPBR satisfies DSV for 1" by [3], Propo-
sition 5.6] and hence admits an S™-tradable SMD!"+ D" for X'(S™) by Proposition [2.20]
Set g" == ((1"- SS)D?H)/(]I" -S¢w). If we have the above for all n, ADSV for 1 follows by
Theorem {.1]if (P™)nen < ((1/g") - P")nen. Take a sequence (A"),eny with A" € F™ and
lim, 00 ((1/g") - P")[A"] = 0. Note that g" < (1" S§) D¢, < CDE. because X™ > 0 gives
15" >1. So limsupnﬂoo((l/[??n) - PM)[A"] < Clim,((1/g") - P")[A"] = 0, all as-
sumptions in [31] are satisfied, and we conclude from [31, Theorem 2.1] that NAA implies
(P™)pen < ((1/[)’&) - P")pen. Hence we get lim,,—,o, P"[A"] = 0 and we are done. O

The conditions in Corollary are sufficient for ADSV for 1 in that setting, but
not necessary. The converse can already fail when each X" comes from stopping at n a

fixed process X.

Example 4.8. ADSV for 1 does not imply NAA. Fix a small market (B, (1, X),0)
and consider the large market (B", S™, (" )nen := (B, (1, X.An), n)nen. Then Corollary
below shows that NAA for the large market is equivalent to NUPBR for (B, (1, X), 00),
and that ADSV for T in the large market is equivalent to DSV for 1 in (B, (1, X), c0).
Now [3, Example 6.7] provides a small market of the form (B, (1, X),00) with X > 0
which does not satisfy NUPBR, but satisfies DSV for 1. Hence the above large market
does not satisfy NAA, but satisfies ADSV for 1.
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The last result in this section gives another necessary and sufficient condition for
ADSV for 1, linking this to the classic concept NAA.

Corollary 4.9. Let every small market (B",S™ (™) satisfy S™ > 0, 1" - S™ € S, and
(" < o0. Recall the market weight process p* = S™/(1™ - S™). Then the following are

equivalent:

(a) The large market (B™, S™, (")nen satisfies ADSV for 1.
(b) Each small market (B", u™, (™) satisfies NUPBR and the large market (B™, i, (") nen
satisfies NAA.

Proof. 1t (B"™, u™, (™) satisfies NUPBR, it satisfies DSV for 1™ by [3| Theorem 2.14] and
hence by Proposition admits a unique p"-tradable SMD'"* D" for X (™). Using
1™ p™ =1 gives g" := (1" - ,ug)l_?gn/(]l” ) = Dgn. If we have all this for each n and
if also the large market (B", u™, (") en satisfies NAA, we get (P"),uen < ((1/9") © P™)pen
from [31, Theorem 2.1], and so Theorem implies that (B", u", ("),en satisfies ADSV
for 1. But then so does (B™, S™ (™)nen because asymptotic strong share maximality for
1 is discounting-invariant. This proves “(b) = (a)”.

Conversely, if (B™, S™, (") nen satisfies ADSV for 1, every (B, S™, (™) satisfies DSV for
1™ due to Lemma[3.4] and [3, Theorem 2.14] implies that (B", ™, (") satisfies NUPBR for
each n. As in the above proof of “(b) = (a)”, we therefore obtain a unique u"-tradable
SMD"* D" for X(y") and §" = Dp.. Because ADSV for 1 is discounting-invariant,
(B", i, C")nen also satisfies ADSV for 1, and applying Theorem to (B", 1™, (" )nen
gives (P™")nen < ((1/g™) - P")pen. But then [31) Theorem 2.1] implies that (B™, 1", (™) nen
satisfies NAA and so we get “(a) = (b)”. O

Remark 4.10. Corollaries and assume (" < oo, because NAA up to now has
only been defined for that setting. We believe that with a suitable generalisation of NAA
for the case P[(" = oo] > 0, these results still hold (i.e., one could omit the condition

(" < 00). But we do not pursue this here in more detail.

5 Models indexed by [0, ) as large markets

In this section, we study the special case where the stochastic basis B" = (Q", F" F" P")
is constant in n, ¢! < (% < -+ < oo with lim,_,o (" = co and S™ is of the stopped form
S™ = S.p¢n for a fixed semimartingale S = (S;):>0 on the basis B! = B. This very specific
large market framework morally coincides with the small market framework where ( = oo
so that we consider a model on [0,00] = Q x [0,00). In particular, models indexed by

the right-open time interval [0, 00) come up naturally in this way.

Proposition 5.1. Let B® = B and N* = 1 +d > 2. Suppose the stopping times
(P << < 0o satisfy limy, e (" = 00 and each S™ is of the stopped form S™ = S.n
with S = (1,X) for a fived Re-valued semimartingale X = (X;)i>0 on the basis B.
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Then NAA holds for (B™, S™,(")nen if and only if NUPBR holds for the small market
(B, (1, X), 00).

Proof. Throughout the proof, e! := (1,0,...,0) € R'*? is the buy-and-hold strategy for
the riskless asset so that V(e!, (1, X)) = 1. Moreover, probability always refers to P = P

If NAA fails, there are 6 > 0 and a large market strategy J such that any € > 0 admits
n € N with V(9" (1, X)) = ¢ and P[Ve (9™, (1, X)) > 1] > §. Due to [3, Lemma 3.3],
the concatenated strategy 0" := (9" /) @ZL 0 is in ©%(1, X), and the definition of o,
see (2.3)), yields Vo(9", (1, X)) = 1 and that U(e) := lim, o V;(9", (1, X)) exists and is
in XL (1, X) with P[U(¢) > 1] > § > 0. As ¢ is fixed and ¢ > 0 is arbitrary, X (1, X)
cannot be bounded in L° and NUPBR fails.

If NUPBR fails, there is 6 > 0 and for any n € N a strategy 9" € @if(l,X)
with Vo(9", (1, X)) = 1 and such that U(n) = lim;_,o Vi(9", (1, X)) exists and satis-
fies P[U(n) > 2n] > 26. But then any n admits k£ = k(n) > k(n — 1) (with £(0) := 0)
with P[Vrwm) (97, (1, X)) > n] > 4§, and so each o= (9" /n)Igo kg € OF(SH™) has
Vo(0™, (1, X)) < L and P[ng(n)(qg‘", (1,X)) > 1] > §. Define ¥ by 9¥™ := §m and ¢ := 0
for i # k(n), n € N. Then lim,,_,o, Vo(¥", S™) = 0 and NAA fails because

lim sup P[Vea (97, 8™) > 1] > limsup P[VCk(n)(ﬁk(”), SEmY > 1] > 6.

n—o0 n—oo
[l

Remark 5.2. Results similar to Proposition [5.1| can already be found in the literature.
The same equivalence is obtained for a very special situation (a two-dimensional discrete-
time model with a kind of recurrent asset price dynamics) by combining [31, Theorem 6.2]
with [21, Theorem 4.12]. For a large market framework with a finite horizon, an analogous

equivalence result is proved in [9, Proposition 4.3].

Proposition 5.3. Let B" =B and N" = N > 2 for all n, assume that the stopping times

¢t << < 0o satisfy limy, e, (" = 00, and let S™ be of the stopped form S™ = S.zn

for a fized RN -valued semimartingale S = (S;)i>0 on the basis B. Suppose that S > 0 and

1-Se8,,.

1) Fiz 9 € ©5(S) and let J = (Vo,cn)nen be the corresponding large market strategy.
Then o is assm for T if 0 is ssm for 1 in the small market (B, S, o0).

2) For v =0, the converse holds as well, i.e. 0= (0™)pen is assm for 1 if and only if 0
is ssm for 1 in the small market (B, S, 00).

3) In particular, the large market satisfies ADSV for 1 if and only if S satisfies DSV for
1 on [0,00).

Proof. As all the S™ come from S, we have 1" - S = 1 -5, and can rescale simultaneously
all the S™ with one single constant. This does not affect asymptotic strong share maxi-
mality for I, and so we can assume without loss of generality that 1- Sy = 1. We use this

later to get Vo(-,S) = Vo( -, p).
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1) This is proved similarly to the “if” part of Proposition . Suppose ¥ is ssm but J
is not assm for ]T, consider the set

GUe = {g € LY : Jp € ©%(9) with Vo(p — 9, 5) < e and lig(ixrjlf(% —;) > gl P—a.s.}

and define G := (J.., G"¢/e. We first show again that G? is not bounded in L°. Because

J is not assm for T and each (™ is finite, there exists a p > 0 such that for each ¢ > 0,

there are some n € N, A™* € F with P[A™] > p and a strategy 0 with
Vo(97, S™) < Vo(9", S™) + (1™ - S7) = Vo (¥, S™) + ¢,

ligg}f(ﬂ? =) =V — Ien = Ui — 00 = planel P-as.;

see . This implies Vin (19” — U, 1) > Ven(planel, p) = plane > 0, using p > 0 due
to S > 0and V(1,u) = 1. Then ¢ = J" Ofn ¥ defined as in is in ©%(S) by [3,
Lemma 3.3, and Vy(p, ) = Vo(9", S) < Vo(9,S) + &. Because Ven (97, S) > Ven (9, S),
the definition of ®f. gives o, = 0, + Ven (0" — 49, )1 for t > ¢"(w) and therefore

liginf(got — ;) = Ven (0" — 9, )1 > plane1 P-a.s.

so that plne/c € GY for any ¢ > 0 and hence again, G” is not bounded in L°. From
here, one can argue word by word as in the second and third paragraph in the proof of
Proposition to conclude that ¢ is not ssm for 1, which is a contradiction.

2) If ¥ = 0is not ssm for 1 in (B, S, 00), and hence also not in (B, i, 00), by discounting-
invariance, Lemma yields a 9, € L \ {0} such that for any € > 0, there is a
0F e O (S) with Vo(92, 1) < e and liminf,_,o Vi(0%, 1) > b P-a.s. For this ¥, we can
find p > 0 and B € F (not depending on ¢) such that P[B] > 2p and 2plp < 1, P-a.s.
Define the stopping time 7 := inf{t > 0 : Vt(ﬁ“s,u) > p} and note that 7 < oo P-a.s.
on B. Because lim,,_,o, (" = oo, we can thus find n such that A" := BN {¢™ > 7} has
P[A"] > p, and clearly o™ := 7 A (" < oo satisfies o™ = 7 on A". Moreover, V(ﬁ’f,u) >0
as ¢ € ©5(S), and VT(1§€, i) > pon B P-a.s. by right-continuity, so that we obtain

A A~

(5.1) Vo (05, ) = Vo (V°,u) > p  on A", P-ass.

Now define the strategy 0" := ¢ Dy 0 as in (2.3). Then O™ is in ©%(S) by [3, Lemma 3.3],
has Vo(97, S) = Vo (97, ) = Vo(0°, 1) < e, and by ([2.3), using J° € %(9),

9" = Iﬂo’gnﬂlga + Ijgn oo Vor (@E, w1
Using o" < oo, ¥ € ©5(S) and (5.1)) therefore yields
lim inf O = Vo (0°, )1 > pIynl  P-as.

So (n, A", ") satisfies the conditions in Definition [3.1)and § = (0"),ey is not assm for 1.
3) follows directly from 2) and the definitions. O
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For ¢ # 0, the converse of Proposition [5.3] 1) is not true in general. Example
below constructs a large market strategy J = (0" )nen of the form 9" = 91,y which is

assm for 1 even if ¥ is not ssm for 1.

Example Let us now see what this section tells us about the Black—Scholes model
S = (1,X) from (2.2) when viewed as a large market as above. By Proposition [5.1]
we have NAA if and only if X satisfies NUPBR on [0, 00), and this holds if and only if
m = r. In that case, X is a martingale and we even have NFLVR. By Proposition [5.3]
we have ADSV for 1 if and only if S (or equivalently Y, in the notation of Example
satisfies DSV for 1, and by [3, Theorem 6.4, 1)], this holds if and only if m = r or
m = r + o2, In the former case, Y/Y () = (1, X) is a martingale while in the latter case,
Y/Y® = (1/X,1) is a martingale. Thus ADSV is more symmetric than NAA, as DSV is
more symmetric than NUPBR.

The results for models indexed by [0,00) viewed as large markets are summarised
in the following result. We choose S = (1,X) with X > 0 so that we can cover the

intersection of the classic setup with the framework where S > 0and 1-5 € S, .

Corollary 5.4. Let B =B, N* = N =1+ d > 2 and assume that the stopping times
(M << < oo satisfy limy, oo (" = 00. Let S = (1,X) for a fived RE -valued semi-
martingale X = (X;)i>0 on B and for each n, let S™ be of the stopped form S™ = S. en.
Then the following relations hold:

large market small market dual conditions
(Bn’Sn7Cn)neN (]BaSa OO) fO’f’ (B7 Sa OO)
NAA <=  NUPBR is satisfied <= 3 LMD D for X(S)
on [0, 00) with lim Dy < 00 P-a.s.
4 4o s
ADSYV for 1 — DSV for 1 < 3 LMD" for X(S)
4 4o s
NUPBR is satisfied <=  NUPBR is satisfied <= 3 LMD for X(S)
in each small market on [0,¢"] for each n

Proof. In the first line, the first equivalence is from Proposition and the second follows
by combining [3, Proposition 5.8 (with 1 = e!)] with Lemma [2.13] 2). In the second line,
the first equivalence is from Proposition , and the second from [3, Theorem 2.11 (with
n = 1)]. In the third line, the first equivalence is a tautology; the second is from Chau et
al. [6, Proposition 2.1]. The lower downward implication in the third column is obvious,

and the upper follows by noting that due to X > 0, lim;_,,, D; < oo P-a.s. implies that

o ' o (i) . ]
llt@)(l)glf(]l St)/Dt—hP_l)glf(l""zi:Xt )/th}g?ol/Dt>0 P-as.
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Finally, the downward implications for the other two columns follow from the equivalences

proved above. O

Remark 5.5. In the very special small market case (B, (1, X), {) with a bounded horizon
( < C < oo and a semimartingale X > 0, we have automatically both S > 0 and
0 < infy>o(1-S;) < sup;so(1-S;) < oo P-a.s. Then DSV for 1 and NUPBR are equivalent
by [3, Corollary 3.5 (with & = 1) and Proposition 3.6 (with £ = e!)]. Thus we could
reformulate the third line in Corollary by twice writing DSV for 1 instead of NUPBR.

Remark 5.6. In the literature, NUPBR is usually considered to be localisation-stable in
the sense that NUPBR holds over a finite interval [0, 7] (with a deterministic 7' < oo) if
and only if it holds on each [0, 7,] for a sequence (7, )nen with 7, T stationarily. This
follows from [34, Theorem 2.6], and was pointed out explicitly in [8, Section 3].

In contrast, NUPBR on [0, 00) is not stable under localisation. For a counterexample,
take S = (1, X), where 1/X is given by the stochastic exponential £(WV) for a Brownian
motion W. Then X; = e~ Wetst gives lim;_,., X; = 400 P-a.s. so that S does not satisfy
NUPBR on [0,00). But for each n € N, the stopped process S.,, admits an equivalent
martingale measure (we can simply remove its drift on [0,n] by a Girsanov transforma-
tion), and so S.,, satisfies NFLVR and a fortiori NUPBR, on [0,00). In other words, S
satisfies NUPBR on [0, n], for any n € N.

The symbols {4f in Corollary indicate that the upward implications there are not
true in general. As all columns are equivalent, we only need two counterexamples; see
Example for the upper implication and [3, Example 6.10] for the lower one. The latter
example has an S > 0 so that an LMD is the same as a cMD by Lemma 7 2).

6 A counterexample

Example 6.1. A large market strateqy ¥ = (V")nen of the form 9" = Y,y can be
asymptotically strongly share mazimal (assm) for 1 even if ¥ is not strongly share maximal
(ssm) for 1. Let (2, F, P) be a probability space on which we have an Exp(1)-distributed
random variable U and define the R? , -valued process S = (1, X) by

(6.1) X, = e_t]{KU} + 21>0y, t>0.

The filtration F is generated by S (or X) and made right-continuous, and we consider
the small market (B, S, 00). For each n € N, we set B" := B, (" :=n and S" := S.z¢n to
obtain a large market (B, S™, n),en.

Intuitively, it is clear that the buy-and-hold strategy e? for X dominates e! on [0, 00);
indeed, both start with initial value 1, but while V(e!, S) stays at 1, V(e?, S) = X eventu-
ally jumps to 2 (at the jump time U < oo P-a.s.). However, on any finite interval [0, n],

e? cannot dominate e! — if we go long e?, we continuously lose wealth relative to e! until
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the jump at time U, which need not occur on [0,n], and if we go short e?, we risk a big
loss relative to ! when X jumps at time U, which may well occur on [0,n]. Making this
intuition precise in the sequel involves a careful handling of nullsets in several places.

Let us first prove (the easy part) that
the strategy ¥ = e! € ©(S) is not ssm for 1 (and 9),

by showing that ¥ := e ®F e! improves ¢. Indeed, ¥ € ©%(S) by [3, Lemma 3.3], we
have Vy(1,S) = Vo(¥9,S) = 1, and using that Viz(e', S) = 1, Viy(e?, S) = Xy = 2 yields
Vi(e* —et, ) = (2—1)/(1-Sy) = 5 so that gives ¥ = Ijo e + Iuoog(e! + 11). As
U < 0o P-a.s., we thus get liminf,_. (9, — ¥;) = %1 which shows that ¢ is not ssm for 1.
Now define 9 = (0")nen by setting 9" := Vg, = €' Ijo g for all n. We claim that

(6.2) the large market strategy J is assm for 1,

and this needs substantially more work.

Because S = (1, X) and Fj is trivial, every ¢ € ©%(S) can be identified with a pair
(vo, H) € Rx L(X) viavg = Vp(9,5), H=9® and 9V = vo+ [ HdX —H-X,9? = H,
and then V(9, S) = v+ [ HdX. We write ¥ = (vy, H). Because X (and S) is constant on
[U, 0], sois [ HdX as well as V(¥, S), and so we only need HI . But due to F = F®
and the structure of S which is deterministic on [0, U] and has one single jump at U, a

standard monotone class argument shows that every F-predictable H can be written as
H[[[O,U]] = h(U A\ ‘)I[[O,Uﬂ

for some Borel-measurable function A : [0, 00) — R. We also write ¥ = (vy, H) = (v, h).

By exploiting the form of X in (6.1)), we then obtain that with probability 1,
tAU

63)  Vi(®,8) =y — / h(s)e™ ds + [pspyh(U)(2 — eU)  for all £ > 0,
0 >

If in addition ¥ € ©%(S), the expression in is also nonnegative.

For any set A € F, the set B := U(A) is in B([0, 00)) and satisfies U~!(B) 2 A so that
(PoU 1) [B] > P[A]. Due to U ~ Exp(1), the law Po U™ of U on [0, 00) is equivalent
to Lebesgue measure A on [0,00). If P[A] = 1, then A(B¢) = 0 and for every t € B,
there is an w € A with ¢ = U(w); in other words, A-almost every ¢ admits an w € A with
U(w) = t. If P[A] > 0, then also A\(B) > 0 so that there exist (uncountably) infinitely
many to € B such that ¢y = U(wy) for some wy € A. Applying this to the set Ay where
holds and is nonnegative yields for any ¢ € ©5(S) with ¥ = (vo, h) that

t
(6.4) 0<wy— / h(s)e *ds+ h(t)(2 —e™") for M-a.e. t > 0.
0

If in addition V,(¢,S) > vy P-a.s., using Aj := Ag N {V,(9,5) > vy} and observing that
Vi(9,8)(w) = Vo (9, 8)(w) if U(w) =t < n implies that there is a A-nullset C' C [0, n] with

(6.5) wsw- [ "h(s)etds 4 h()(2 — ) forall £ € [0,n]\ C.
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Next, for any n € N, the sets A.,, := AgN{U > n} and A<, := Ao N{U < n} satisfy
P[A-,] > 0 and P[A<,] > 0. Choosing typ > n and wy € A, with U(wy) = t, then yields

t
(6.6) 0<wvy— / h(s)e *ds for all t € [0, n).
0
If in addition V,,(9,S) > vy P-a.s., arguing with Ay N {U > n} instead gives
t
(6.7) vo < vp — / h(s)e *ds for all t € [0,n].
0

Now consider ([6.4]) and write the last summand as h(t)+h(t)(1—e™"). If we think of an
h < 0, the preceding sum is < h(t) and we obtain 0 < vy — [¢ h(s)e™*ds+ h(t). Replacing
the inequality by an equality leads to the differential (or rather integral) equation

¢
(6.8) 0 = v —/ his)eds + h(t),  t>0,

0
and using %(e‘e_t) = ¢~¢'e~" shows that the function A(t) := —vge!~¢ " for ¢ > 0 satisfies
(6.8). As h is strictly decreasing with h(0) = —vo and limy_,o 2(t) = —vge, we have
(6.9) — e < h(t) < —vy <0 forallt >0,

and in particular h < 0. Note that h depends on vy even if our notation does not show this.

Remark. If we associate to the function % a strategy 0 via 9 = (vg, h), then 9 € ©5£(S)
by construction, but 9 & ©%(S). Indeed, combining (6.3)), and gives

V(©,8) = vy — /OU h(s)e *ds +h(U)2—e V) =h({U)1—eY)<0  on [U, o0l

Claim 1. For every ¢ € ©%(S) with ¥ = (vg, h), we have h > h Ma.c.

Proof. It A({h < h}) > 0, then A(t) := ess infycsci(h(s) — h(s)) < 0 on a set C with
A(C) > 0; the ess inf is of course with respect to A\. Choose C' to be of maximal measure
and set ¢ty := inf C' = inf{t > 0: A(t) < 0}. Then A(¢) > 0 for ¢ < ¢, hence

/Ot (h(s) - B(S))e_s ds > A(t) /Ot e *ds>0  fort <ty

and therefore by continuity

t to .
(6.10) / ’ h(s)e™*ds > / ’ h(s)e™*ds.
0 0
Moreover, as ty = inf C' and A(C) > 0, there exist infinitely many t, > ¢, with

a(ty) := ess inf (h(s) — fz(s)) < 0;

to<s<ta

29



note that A(ty) = min(A(tp), a(te)). So there exists a set C" C (to, ta] with A(C") > 0
such that for all t; € C’, we have

(6.11) h(ty) — h(ty) < a(ty) +6 <0

for some § > 0 to be chosen. Pick and fix such a t;. Then (6.10) and «a(ts) < 0 give

(6.12) /0 ! (h(s)—h(s))e™ ds > ! (h(s)=h(s))e™*ds > altz)(e 0 —e™) > alts)e ™.

to

Moreover, using (6.11)), h(t,) < 0 and ¢, > to yields
(6.13) (2= e ™)h(tr) < (2— e ™)(h(t) + alta) +6) < h(tr) + (2 — ) (altz) + 9).

Subtracting (6.12)) from (6.13)) and using the integral equation for h leads to
t
(6.14)  wo— / "h(s)e™*ds + h(t1)(2 — e )
0
t1

<%= / h(s)e™ ds + h(t1) — a(ta)e ™ + (2 — 6_t0)<o‘(t2) + 5)
0
=(2—e)5+2(1 —e™)a(ty) = (1 —e™)a(ty) <0
for the choice 6 := —(1 — e™™)a(ty)/(2 — e7*), which is independent of ¢; and satisfies

d > 0 due to a(tz) < 0 and a(t) + 0 = a(tz)/(2 — e7™) < 0. But the strict inequality in
(6.14) for all ¢; € C’ contradicts (6.4, and so Claim 1 is proved. m

Claim 2. For any ¢ € ©5(S) with ¢ = (v, h), define J := J(¢) := h(U)(2—eY). Then
J~ <wy(l+4e€) and P[J* > ¢] < 2up(1 + e) for every ¢ > 0.

Proof. Because U < oo P-a.s., implies that V. (9,5) = lim;_,o Vi(9, S) exists P-a.s.
and satisfies 0 < Voo (0,5) = vy — JU h(s)e *ds + .J. Using h > h > —uge M-a.e. by
Claim 1 and (6.9), we get J > —vy — vge J§° e * ds = —uvp(1 + €) which gives the estimate
for J=. Next, J* = h"(U)(2—e™Y) > cimplies AT (U) > £, and then there must be a set
B € B([0,00)) with h*Ip > $1p and U taking values in B. So

P[J* > ¢] < sup{P[U € B] : B satisfies h*Ip > $Ip},

and for any such B, using U ~ Exp(1) allows us to compute

P[U € B] :/oo Ig(s)e™*ds < i/ooo ht(s)e™ds = 2(/000 h(s)e™® ds—i—/ooo h=(s)e™® ds).

0 C

The first integral is at most vy by (letting n — o0), and using once more Claim 1
and to obtain A~ < h==—h < vpe, we see that the second integral is at most vge.
Putting things together yields P[U € B] < %vo(l + e) and gives the estimate for J*. [
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Claim 3. For any sequence of strategies (V%)reny C ©%(S) with Vp(9%,5) = e, — 0 as
k — oo, we have Vo (9%, 5) — 0in L° as k — oco.

Proof. With 9% = (g, hy), the proof of Claim 2 gives Vao (9%, S) = e — i hi(s)e™ ds+ J;
with J; = J(9*). Using Claim 1 and (6.9)), we then obtain as in the proof of Claim 2 that
— [V hi(s)e=ds < [° hy (s)e~®ds < epe so that Voo (9%, S) < ex(1+€) + J;F + J; . Thus
the result follows from Claim 2. [l

After these preparations, we return to (6.2). Recall that ¥ has 9" = 91 ] = € I[on]-

Claim 4. For each fixed n, there is no triple (p, A,9) with p > 0, A € F with P[A] > p
and J € ©%(S") with Vo(J, S™) = Vo (9, S™) = 1 and lim inf; (9, — ¥7) > plal P-as.

Proof. Note that lim inf, (9, — 9}) = 97 — 97 = 9" — el. Suppose to the contrary that
there is such a triple (p, A, ), with 9 = (1, h). We first claim that & > 0 M-a.e. on [0,7].
Indeed, we have (6.5) for & with a set C' C [0,n] with A(C') = 0, and so we get

(6.15) /Ot h(s)e™*ds < h(t)(2 —e™) for all t € [0,n] \ C.

If there is t; € (0,n]\ C with iL(tl) < 0, setting m(t) := infycjo 9\ iL(S) gives by that
(I—e ™)m(ty) < h(ty)(2—e ") and hence m(ty) < (24+e 1 /(1—e~"))h(ty) < 2h(t;) < 0.
Choose 0 > 0 such that m(t;) + 6 < 2h(t;) and t, € (0,11) \ C with h(ty) < m(ty) + 6.
Then ﬁ(tg) < Qil(tl) < 0, and iterating produces a sequence 0 < -+ < tp 1 < tp < - <ty
such that h(tg 1) < 2h(ty) < --- < 28h(t,). Plugging this into yields

tet1 ~ _ tht1 ~ _ L7
—/ h™(s)e*ds S/ h(s)e™*ds < 2%h(t;)
0 0

and therefore [7 h~(s)e *ds = +oo for any ¢t > 0. But this contradicts the fact that H
associated to ¥ is in L(X), and so we conclude that indeed h > 0 A-a.e. on [0,n].

Now V,(9,8) > 1+ pls(1 - S,) P-a.s. gives via that fj" (s)e*ds < 0 so that
we must have & = 0 A-a.e. on [0,7]. But then we get from that V,,(9,5) = 1 P-a.s.
which contradicts the above inequality as P[A] > p > 0. This proves Claim 4. ]

Suppose J is not assm for 1. Then there exist p > 0 and for every e, = £ some n = ny,

k
A" € F with P[A"] > p and 9" € ©%(S™) with V5(9", ") < Vp(0",S™) + L = 2 and

(6.16) liminf (97 —07) > pIyn1  P-as.

t—o00

Note that (6.16]) actually says that 192 —e! > plyn1 P-a.s. We also point out that n = ny,

depends on k everywhere; but we usually suppress the subscript k£ for readability.

Claim 5. We have 9™ — 9™ € ©%(S™) for all k.
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Proof. This is analogous to the proof of Lemma |2.22; we do not have that 9" is ssm for 1,
but can use Claim 4 instead. In more detail, write n = n; and suppose there is a stopping
time 7 < n such that C := {V, (9" — 9", 5") > 0} has P[C] > 0. Then 9" := 9" ®L " is
in ©%(S") by [3, Lemma 3.3], has Vo (9", S") = Vp(9", S™), and computation gives

so that due to (6.16)), we have P-a.s. that
lim inf (9} — 07) = Ty, (g _gn gnysp (M inf (I} = 97) + Vo (0" = 0", 1")1) > IopLanl.

But this is a contradiction to Claim 4, and so the assertion follows. O

Due to Claim 5, the strategy % := (9" — 9™) ®% 0 is in ©%(S™) for all k and has
Vo(9F, Sm) = Vo(0m — 9me, Sme) < 2. Using e — e e O5f(S™), a computation gives

OF = Tpo g (0™ = 9™ + Iy oo Vg, (O™ — 97 ™)1
Because S™ = S on [ny, oo, this yields via (6.16]), 1-x = 1 and U < oo P-a.s. that P-a.s.,

Voo (0%,8) = lim V,(d",5) = Vi (97 — 97 i) Lim (1-8,) > pLan (1 - Syr) 2 2pLan.
But P[A™] > p and so we have a contradiction to Claim 3. This finally shows that ¥ is

assm for T and concludes the example.

A Appendix: Some technical proofs

Proof of Lemma[2.10. The inclusion “C” is clear because (¥,0) € ©5(S,n - S) for any
¥ € ©%(S). For the converse, take ¥ € ©%(S,7- S), write J = (¢, H) where H is the last
coordinate of 9, and note that V(¥J, (S,n-S)) = 9-(S,n-S) = (0+ Hn)-S = V(9+ Hn, S).
Now o and H are predictable like 9, and [34, Lemma 6.1] implies that 9 + Hpn is in L(S)
with (94Hn)eS =9+ (S,n-S). Because ¥ is self-financing for (S, 7-3), we therefore obtain
V(9+Hn, S) = V(0,(S,7-5)) = Vo(0, (S,0-8))+0+ (S, 7-5) = Vo(I+Hn, S)+(9+Hn) =S,
and this shows that ¢ + Hn € ©%(S) and “2” follows. O

Proof of Lemma[2.13 Local martingales are o-martingales, and o-martingales bounded
from below are local martingales by Ansel /Stricker [T, Corollary 3.5] and supermartingales
by Fatou’s lemma. This proves all implications “=" and “<". If S/D is a local martingale
and ¥ is in ©%(S), then ¥ is (S/D)-integrable by [15, Lemma 2.9] and ¥+ (S/D) is also a
local martingale. Moreover, Fy is trivial and V(19,S/D) = V4(9,S/D) +9+(S/D) by the
self-financing property so that V{1, S/D) is a local martingale as well. The same reasoning
holds for o-martingales, and this proves every implication “{”. Finally, if S > 0, then

S0 = V(e', S) € X(S) for every i, which proves every implication “f”. O
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Proof of Lemma [2.23. We have 0 — 9 € ©%(S) as ©%(S) is a linear space; so we only
need to show V(Q? —1,8) > 0 on [0,(] P-a.s. Suppose to the contrary that there is a
stopping time 7 < ( such that

A:={r <o} N{V;(9—9,8) <0} = {r < oo} N{V:(¥ —9,8S) >0}
has P[A] > 0 and define for each K € N the set
Ag = {1 < K} N {Vipx (¥ —9,8) > 1/K} € Feax C Fr.

Then Ax ~ A as K — oo and we can choose and fix K large enough to ensure that
P[Ag] > 0. Define 9 := 907, ;0 and by := L4, /K € L2\ {0} as well as ¢, := E[tho| Fi]
for t > 0. Then ¢, = ¥, P-a.s. for t > K so that lim;_, 1y = 1, P-a.s. Moreover, J is
in ©%(S) by [3, Lemma 3.3] and V;(9, S) = V(9, S). Using now S” = S/(n - S) and the

definition of ®, -, we obtain first

90— = [}]TAKvOO]]I{VTAK(ﬁ—'&,S)ZO} (7§ —J+ 7]‘/7—/\]((19 - 19, SVI))
and then
(A1) 0y = 0y — Y = Tasenc gy, o—.5ys0 (0 — 01)

+ (I{t>T/\K}I{VMK(ﬂ—qﬁ,s»o}VMK(19 —9,8") - ¢t>'

By assumption, lim inft_m(@t — ;) > 0 P-a.s. For t > K, the second summand in (A.1)
equals nt(I{Vf/\K(ﬂfﬁ,S)>0}V;/\K(19 — 19, S") — 14, /K), which is > 0 P-a.s. by the definition
of Ax and because 7 > 0. So we obtain from the superadditivity of the liminf that

hglnf(’l’ét — 191‘, — wtnt) Z 0 P—a.S.,

and this contradicts the assumption that ¢ is ssm for 7. O
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