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Abstract

The aims of this paper are threefold. First we highlight the usefulness of generalized
linear mixed models (GLMMs) in the modelling of portfolio credit default risk. The
GLMM-setting allows for a flexible specification of the systematic portfolio risk in
terms of observed fixed effects and unobserved random effects, in order to explain
the phenomena of default dependence and time-inhomogeneity in empirical default
data. Second we show that computational Bayesian techniques such as the Gibbs
sampler can be successfully applied to fit models with serially correlated random
effects, which are special instances of state space models. Third we provide an em-
pirical study using Standard & Poor’s data on US firms. A model incorporating
rating category and sector effects and a macroeconomic proxy variable for state-of-
the-economy suggests the presence of a residual, cyclical, latent component in the
systematic risk.
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1 Introduction

It is well accepted that credit default events show dependence. A first obser-
vation supporting this view is that default intensities seem to vary over time
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according to economic cycles. This can be seen in Figure 1, which is based
on six-monthly default data for the years 1981–2000 from Standard & Poor’s
(S&P). Periods with many defaults are in general preceded and followed by
other periods with many defaults, and this is particularly evident for B- and
BB-rated companies. A second source of dependence is direct business liaisons
between obligors or so-called contagion, meaning that a company may itself
face increased risk if one of its major customers defaults; see for instance Egloff
et al. (2004). Capturing the dependence is of immediate interest to financial
institutions lending money or holding credit-risky investments, since a dispro-
portionally large number of defaults over a fixed time horizon may have severe
consequences.

On the one hand we require statistical models of default that address the
issue of cross-sectional dependence in default rates within a time period due
to common economic conditions (the so-called systematic risk). On the other
hand, we aim to capture serial dependence caused by the cyclical behaviour
of economic factors. The starting point for most portfolio credit risk models is
that, conditional on the systematic risk, defaults occur independently. A key
concern of ours will therefore be the systematic risk.

Several empirical studies such as Nickell et al. (2000) and Bangia et al. (2002)
have verified time variation in default rates and confirmed that this time vari-
ation may to some extent be explained by observed macroeconomic variables.
Unfortunately, observed variables as proxies for the systematic risk are sel-
dom completely satisfactory. The first important issue is the identification of
appropriate proxies. Moreover, there may also be a lag between the cycle of a
proxy variable and that of the default activity and this lag may vary stochas-
tically over time. Mastering the lags is of critical importance for regulatory
applications, so that banks do not lower their capital levels in an apparent
upswing of the economy.

The above shortcomings can be remedied by allowing for unobserved (latent)
systematic risk components, that capture the residual systematic risk once
any observed parts have been accounted for. A more detailed account of the
advantages of latent risk factors over observed ones is given in Koopman,
Lucas and Klaassen (2005).

The requirement of being able to model both observed and unobserved ele-
ments of the systematic risk can be accommodated by the class of generalized
linear mixed models (GLMMs). In what follows, we will often comply with
standard GLMM terminology and speak of fixed effects and random effects
for observable and unobservable factors, respectively. As we shall see, well-
chosen fixed effects and random effects offer great model versatility and allow
us to capture time-inhomogeneity in default rates and heterogeneity across
individual obligors, industry sectors or any other desired groupings.
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From a practical point-of-view the use of latent components in the systematic
risk yields joint default distributions in the form of integrals, which in general
lack closed forms (cf. Section 2.3). Analytical maximum likelihood techniques
can be used for relatively simple models that do not incorporate serial depen-
dence; examples include Gordy and Heitfield (2002), Frey and McNeil (2003)
and Rösch (2005). However, for the models we consider, some form of Monte
Carlo approach to inference seems unavoidable. While simulated maximum
likelihood inference is one possible approach, we choose to demonstrate the
attractions of computational Bayesian methodology (Gibbs sampling) in this
paper.

The Gibbs sampler is capable of handling a variety of specifications of the
systematic risk, including serially correlated, multivariate latent factors. It
also allows us to calculate standard errors for both primary model parameters
and derived model parameters (such as default correlations) in a straight-
forward manner. Moreover, the Bayesian approach opens up the possibility of
using other sources of information about default (such as asset correlations)
to set priors. Further discussion of the Bayesian approach, particularly with
credit models in mind, is given in the Conclusions.

The models with serially dependent latent factors that we consider in this
paper can be seen as state space models (Brockwell and Davis 1991). There is
some literature on fitting such models to default data. Crowder et al. (2005)
consider a model for default counts with a two-state latent systematic factor
following a Markov chain. Gagliardini and Gouriéroux (2005) and Koopman,
Lucas and Klaassen (2005) consider models where default risk is driven by
continuous latent factors, although they model the ratio of defaulted obligors
instead of the actual default counts. This simplification may show undesirable
features, in particular when either the numerator or the denominator are small
(Kurbat and Korablev 2002).

The paper is organized as follows. In Section 2 we review the well-known
Bernoulli mixture model with fixed and random effects, and discuss its rela-
tionship to the class of GLMMs, highlighting the flexibility of this model class.
Section 2.3 discusses both frequentist and Bayesian inference in such models.
The empirical analysis is found in Section 3; the dataset is described and four
models of increasing complexity are fitted. Section 4 presents our conclusions.
Details of the implementation of the Gibbs sampler are given in Appendix A.

2 Generalized Linear Mixed Models for Credit Portfolios

Consider a set K = {1, . . . , K} of rating classes of increasing creditworthiness
(the state default corresponds to state 0). Denote by mtk the number of firms
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in group k ∈ K so that mt =
∑K

k=1 mtk is the total number of obligors in the
portfolio at the beginning of period t.

For each obligor i = 1, . . . ,mt in period t, let Yti denote the default indicator
variable, which assumes the value 1 if the obligor defaults during time period t
and 0 otherwise, and let κ(t, i) denote the rating. Note that the models will be
of repeated cross-sectional type so that Yti and Ysi, the ith indicator variables
in two distinct time periods s 6= t, do not necessarily refer to the same obligors.
Moreover the vectors Y t = (Yt1, . . . , Ytmt) and Y s = (Ys1, . . . , Ysms) containing
the indicators for all companies in a time period may be of different length.

2.1 Bernoulli Mixture Models and GLMMs

2.1.1 Bernoulli Mixture Models

Given a (latent) random effect bt (following a distribution Fb to be specified)
we assume that the default indicators Yt1, . . . , Ytmt are conditionally indepen-
dent with distribution given by

P (Yti = 1 |bt) = g(µκ(t,i) + x′
tiβ + z′

tibt). (1)

In the above expression xti and zti denote the known design vectors holding
the corresponding covariates of obligor i in period t, β and µ := (µ1, . . . , µK)
are vectors of unknown regression coefficients and g(·) : R → (0, 1) is a smooth
strictly increasing mapping called the response function. Common choices are
the probit response g(x) = Φ(x) (cumulative standard normal df) and the
logit response g(x) = 1/(1 + exp{−x}), but other choices are possible; see for
instance Chapter 7 of Joe (1997).

By assumption the joint conditional distribution of Y t = (Yt1, . . . , Ytmt) is

P (Y t = y |bt) =
mt∏
i=1

P (Yti = 1 |bt)
yi (1− P (Yti = 1 |bt))

1−yi (2)

for all y ∈ {0, 1}mt . The unconditional distribution of Y t is obtained by
integrating out the effect of bt and results in dependent Bernoulli indicators:

P (Y t = y) =
∫

P (Y t = y |bt) dFb(bt).

The Bernoulli mixture model can be interpreted as a credit model of threshold-
type as follows. Let εt1, . . . , εtmt be iid rvs with distribution function g, which
are also independent of bt. Set Vti := −x′

tiβ−z′
tibt + εti for i = 1, . . . ,mti and

observe that the mixture model (1) corresponds to a model in which obligor i
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in period t defaults if and only if Vti ≤ µκ(t,i). The random variable Vti can be
interpreted as the asset value of obligor i in period t and µκ(t,i) as the critical
liability, as in the seminal work on structural models to credit risk in Merton
(1974). This representation is particularly useful for the probit case, since each
εti is then standard Gaussian. The well-known industry model CreditMetrics
is of this kind with Gaussian random effects.

We refer to corr(Vti, Vtj) as the implied asset correlation of obligors i and j. It
readily follows that

corr(Vti, Vtj) = cov(z′
tibt, z

′
tjbt)

/(√
var(z′

tibt) + w2
√

var(z′
tjbt) + w2

)
, (3)

where w2 := var(εti). In the probit case we have w2 = 1 while in the logit case
w2 = π2/3 (McCullagh and Nelder 1989, p. 142).

The statistical challenge in a Bernoulli mixture model amounts to estimating β
and so-called hyperparameters θ of the distribution of bt based on observations
of Y t as well as the covariates xti and zti for a number of time periods. For
a more in-depth treatment of Bernoulli mixture models see for instance Frey
and McNeil (2003).

2.1.2 Fixed Effects and Random Effects

The design vectors xti and zti can hold observed quantitative covariates as well
as dummy variables indicating group membership. In the language of GLMMs
the former vector specifies fixed effects through the fixed parameter vector β
while the latter specify random effects through the random vector bt. Together
they determine the systematic risk x′

tiβ + z′
tibt. Depending on the design of

zti, the model in (1) can feature random intercepts (if zti comprises dummy
variables), random coefficients (if zti includes covariates) or both (Skrondal
and Rabe-Hesketh 2004, Chapter 3).

Fixed effects may be shared for (parts of) the portfolio or fully obligor-specific.
Shared covariates that vary with time, such as macroeconomic variables or
other observed risk factors, induce time-inhomogeneity in default rates. Wilson
(1997) proposes a variety of variables that are relevant in portfolio credit risk.
Obligor-specific covariates, such as balance sheet data, create heterogeneity
among obligors. In effect, rating is an obligor-specific fixed effect, which for
sake of clarity has been kept separate from β.

The design vectors xti and zti may contain time-dependent covariates that
are known at the start of time period t or covariates that are realised during
time period t, contemporaneously with the default indicators. This makes
little difference when the model is fitted to historical data but will be relevant
if the model is used predictively. For variables realised during time period t
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an auxiliary time series model will be required to make predictions; see the
discussion in Koopman, Lucas and Klaassen (2005).

The random effects bt account for unobserved systematic risk, generating het-
erogeneity beyond that which can be captured with fixed effects. In other
words they are there to account for a phenomenon known as overdispersion,
which is the tendency for data to show excess variance compared to what
would be expected for independent responses. The random effects within a
time period may be univariate or multivariate; the latter are useful in con-
structing hierarchical models with multiple tiers (cf. Section 2.2.1 and Model
4 in Section 3.2).

2.1.3 Generalized Linear Mixed Models

The Bernoulli mixture model of Section 2.1.1 is a particular example of a gen-
eralized linear mixed model (GLMM). This family of models is well known in
statistics and has the potential to deal with data in continuous, discrete or
binary format involving multiple sources of random error. Another well-known
industry model in credit that fits into the general framework is CreditRisk+(Credit-
Suisse-Financial-Products 1997), where the number of defaults (conditional on
gamma-distributed latent factors) is Poisson.

The three basic constituents of a GLMM are (i) random effects bt with dis-
tribution Fb and hyperparameters θ, (ii) a distribution from the exponential
family for the conditional response variable Yti given bt and (iii) a response
function g (its inverse is known as link function) relating µκ(t,i) + x′

tiβ + z′
tibt

to the responses. The responses Yt1, . . . , Ytmt are assumed to be conditionally
independent given bt. If no random effect bt is present the model is simply
a generalized linear model (GLM), the theory of which is found in McCul-
lagh and Nelder (1989) as are the concepts of exponential families and link
functions. See also Chapter 7 of Fahrmeir and Tutz (1994).

2.2 Further Modelling Issues

2.2.1 The Notion of Units

GLMMs are well-suited to the modelling of responses on subjects (or so-called
units) that can be grouped into clusters (or so-called higher-level units) that
are expected to be exposed to common latent factors. Classical examples of
subjects (level-1 units) that form clusters (level-2 units) are students in a
class or patients in a hospital. Repeated measurements on a subject are also
encompassed in this setting by treating each observation as a level-1 unit and
the subject itself as level-2 unit. Clustering can be performed at more than
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two levels, for instance with students as level-1 units, classes as level-2 units
and schools as level-3 units.

In this paper we regard the particular time period under consideration as the
highest-level unit, and all default indicators in the time period are repeated
measurements. In its simplest form, this is a two-level model with companies
within a time period as level-1 units and time periods as level-2 units. A three-
level model, where period and industry sector affiliation define level-2 units
and period alone defines level-3 units, will however also be considered. In this
context multivariate random effects are natural.

2.2.2 Homogeneous Groups of Obligors

When fully obligor-specific covariates are not considered it makes sense to
assume that all obligors in a given rating class in a given time period face the
same risk of default, so that xti ≡ xtk for all i with κ(t, i) = k. This means that
similarly-rated obligors in the same time period are modelled exchangeably and
is a simplifying assumption that is often made in practice. Defining Mtk =∑

i:κ(t,i)=k Yti to be the number of defaults for class k during period t, under
the assumptions of Section 2.1.1 we have

Mtk |bt ∼ Bin {mtk, g(µk + x′
tkβ + z′

tkbt)} , (4)

where xtk and ztk are the group-shared design vectors in period t. Note that the
conditional independence property holds also for Mtk1 and Mtk2 for two differ-
ent k1, k2 ∈ K and that the model (4) continues to fit into the GLMM frame-
work, albeit with conditionally independent binomial rather than Bernoulli
responses.

2.2.3 Dynamic Random Effects

If the realizations of the random effects bt are assumed to be independent
for different units (i.e. time periods) then so are the responses on these units
(i.e. defaults of companies in different time periods). This property is not
always desired and can be removed by imposing a dependence structure on
the random effects. In the credit-risk context it seems appropriate to assume
that the current value of the latent systematic risk bt depends on its value in
the previous time period, and hence to impose a Markovian structure on the
unobserved systematic component in order to create the desired serial depen-
dence. Traditional GLMM applications feature spatial dependence rather than
temporal, since units are often related by geographical location; see Clayton
(1996) for an overview.

For the applications in Section 3 we investigate the particular case of a first-
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order autoregressive, AR(1), time series

bt = αbt−1 + φεt, b0 = φε0/
√

1− α2, (5)

where ε0, ε1, . . . are iid N(0, 1). The AR(1) time series in (5) is a Markov
process that for |α| < 1 has a Gaussian stationary distribution with mean 0
and variance σ2 := φ2/(1− α2).

By interpreting (5) as the state equation and (4) as the observation equation,
this defines a binomial state space model (or hidden Markov model) for the
sequence of default counts (MacDonald and Zucchini 1997, Chapter 2). In the
credit-risk context, hidden Markov models have been proposed in Crowder
et al. (2005), where a one-group model with a 2-state hidden Markov chain
(bt) is fitted to S&P data. In Section 3 we study a multi-group model driven
by the Markov chain (5), evolving on R.

2.3 Estimation of GLMMs

2.3.1 Frequentist Estimation 2

In GLMMs the unconditional distribution of the responses is obtained by
integrating out the effect of the random effects and this greatly complicates the
use of standard maximum likelihood (ML) estimation in all but the simplest
models. The general likelihood function for the responses on different units
y1, . . . ,yT follows from the conditional independence property and is given by

L(β, θ |D)

=
∫
· · ·

∫ T∏
t=1

mt∏
i=1

P (Yti = yti |bt, β, xti, zti) fb(b1, . . . , bT |θ) db1 · · · dbT ,
(6)

where D = {yt, xt, zt}T
t=1 denotes the observed data and fb(b1, . . . , bT | θ) is

the joint density of (b1, . . . , bT ). This is in general a high-dimensional integral
(of dimension dim(bt)×T ), but it can be considerably simplified if we assume
iid random effects. In this case (6) becomes a product of dim(bt)-dimensional
integrals and for lower-dimensional random effects (particularly univariate)
this can be evaluated numerically with high accuracy; see Frey and McNeil
(2003) for an example. For higher-dimensional random effects there are also
a number of approximation methods that can be used including penalized
quasi-likelihood (PQL) and marginal quasi-likelihood (MQL); see Breslow and

2 A number of software packages for GLMMs based on ML-methodology handle
the case of independent units. In R there is glmmPQL and glmmML, which are a part
of the package MASS, or glmmML (Broström 2003). For SAS there is PROC NLMIXED
and for Splus there is the Correlated Data library.
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Clayton (1993). However, models with correlated random effects are generally
much too cumbersome to fit by numerical maximization of the likelihood.

In Chapter 3 of Gouriéroux and Monfort (1996) three generic approaches to
likelihood inference in models of the form (6) with correlated random effects
are identified: numerical approximations; application of the expectation max-
imization (EM) algorithm; or simulation of the full likelihood function using
the importance sampling technique. The latter technique of simulated max-
imum likelihood is certainly very flexible and would be a possibility for our
models, but we have chosen to use a computational Bayesian approach. For
a recent application of simulated ML in the credit risk literature, see Koop-
man, Lucas and Daniels (2005). For an application of the EM-algorithm in
the context of GLMMs, see McCulloch (1997).

2.3.2 Bayesian Estimation 3

As is well-known, in Bayesian statistics we distinguish between known (i.e. ob-
served) quantities D and unknown (i.e. unobserved) quantities ϑ. All un-
knowns are modelled as random quantities described by a prior probability
distribution, comprising any information on ϑ we may have before observing
the data D. All model inference is based on the law of the unknowns after
having observed the data, the posterior distribution p(ϑ|D), which is derived
with Bayes’ rule.

For the GLMMs of Section 2, ϑ contains the fixed effect coefficients β (in-
cluding µ), the random effects bt and the hyperparameters θ. This is depicted
graphically in Figure 2, where unknowns ϑ are circled and observed quantities
D = {(yt, xt, zt)}T

t=1 boxed. The joint prior distribution of ϑ can be written

p(ϑ) = p(β, bt, θ) = p(bt |θ) p(θ) p(β), (7)

where we have assumed that β and θ are independent a priori. For a detailed
Bayesian interpretation of GLMMs in this context, see Clayton (1996). The
posterior distribution of ϑ will in particular contain posterior information
about bt; a fact which we exploit in Section 3.

Unfortunately the posterior distribution is generally unobtainable by analyt-
ical means; only its functional form is known. This is often enough to apply
Markov chain Monte Carlo (MCMC) algorithms such as the Gibbs sampler.
The objective of these procedures is to generate realizations from the joint

3 The software package GLMMGibbs for R fits binomial- and Poisson-type GLMMs
(Myles and Clayton 2001). It is based on ARS sampling and allows some flexibility
using correlated random effects, mainly for neighbouring regions. For general Gibbs
sampling problems there is also BUGS.

9



posterior distribution of the unknowns through the use of a chain of sim-
ulation steps that produces realizations from the posterior in the limit. By
construction the Gibbs sampler reduces the multivariate simulation problem
to a series of simulations of lower (or even univariate) dimension.

More explicitly, suppose we decompose ϑ into (ϑ1, . . . , ϑN) where N ≥ 2 and
denote by ϑ−` the vector obtained by removing ϑ` from ϑ. Note that ϑ` can
be univariate, but need not be so. The basic building block of the Gibbs
sampler is the distribution of ϑ` given ϑ−` and D, which is known as the full
conditional distribution of ϑ`, ` = 1, . . . , N . The Gibbs sampler proceeds by in
turn simulating from all full conditionals and updating the components of ϑ;
the full algorithm can be found in Robert and Casella (1999). The algorithm is
started and after an initial number of iterations, known as the burn-in period,
the simulated values are taken to be realizations from the posterior of ϑ.

By exploiting conjugacy we obtain full conditionals which are easy to simu-
late from. Although this facilitates the implementation, this is by no means
a requirement and even in simple models some full conditionals often turn
out to be non-standard (cf. Appendix A). In the univariate case the ARS
(Adaptive Rejection Sampling) and ARMS algorithms (Gilks 1992) can often
be employed. While the former is intended only for log-concave densities, the
latter is capable of handling arbitrary densities and plays an important role
in the fitting of our models.

3 An Empirical Study of S&P Default data

3.1 Description of the Data

The default count data analysed in this paper have been extracted from Stan-
dard & Poor’s CreditProTM 6.6 database and consist of 5,676 US obligors from
all 13 industry sectors. The default counts have been collected for six-month
periods, ranging from January 1981 to December 2000 (T = 40 periods).
Obligors whose rating is withdrawn have been excluded from consideration
in the time period of the withdrawal. Obvious duplicates in the database
(e.g. holding companies) have been removed as well. The rating classes in-
cluded in the analyses are K = {CCC, B, BB, BBB, A} where, for simplicity,
qualifiers have been suppressed. This means that k ∈ K corresponds to one
of the actual ratings k+, k or k−. As is customary, we merge CCC, CC and
C into a single rating class: CCC. The rating classes AAA and AA have been
excluded from the study, since these obligors hardly ever default.

Our most complex model considers sector effects as well as time period effects.
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When fitting this model we analyse a subset of the above dataset consisting
of 3,553 US obligors from seven selected S&P industry sectors, see Table 3 for
details.

3.2 Models

Since we do not consider individual obligor-level covariates, we group com-
panies with a similar rating together in each time period as in Section 2.2.2.
We use Gibbs sampling to fit four GLMMs of increasing complexity. In all
models we assume that the latent state process (bt) is univariate first-order
autoregressive with variance σ2 = φ2/(1 − α2) as specified in (5). The re-
sponse function employed is the logit response g(x) = 1/(1 + exp{−x}), the
canonical response in GLMMs for conditionally binomial data. The notation
of Sections 2.2.2 and 2.2.3 applies.

Beginning with Model 2 we include an observed macroeconomic variable (xt)
in an attempt to partly explain the time-heterogeneity in the default rates. We
use the Chicago Fed National Activity Index (CFNAI), which is published on a
monthly basis. The Bayesian methodology also allows us to compare features
of the posterior distribution of the latent systematic effect bt (e.g. mean or
median) with the macroeconomic variable xt in each time period. This provides
a natural assessment of xt as an explanatory variable for defaults, in particular
with regard to detecting lags between the cycle of the index and the actual
default cycle.

Model 1

We assume that Mt1, . . . ,MtK are conditionally independent given bt with

Mtk |bt ∼ Bin {mtk, g(µk − bt)} , k ∈ K. (8)

The above sign convention implies that a positive bt corresponds to favourable
economic conditions. The model set-up is described graphically in Figure 3 as
a directed acyclic graph. A derivation of the full conditional distributions is
given in Appendix A. In this model the implied asset correlation (3) is simply
given by σ2/(σ2 + π2/3).

Model 2

Model 1 is extended by including the observed business cycle-covariate xt,
which in our case is the CFNAI for the first calendar month of period t.
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Mt1, . . . ,MtK remain conditionally independent given bt, but with

Mtk |bt ∼ Bin {mtk, g(µk − xtβ − bt)} , (9)

where β is an additional parameter to be estimated. In this model the implied
asset correlation (3) in period t, given the value of xt, is σ2/(σ2 + π2/3).

Model 3

We now allow both the mean and variance of the systematic risk component to
vary with rating category. Mt1, . . . ,MtK are conditionally independent given
bt with

Mtk |bt ∼ Bin {mtk, g(µk − xtβk − φkbt)} , (10)

where the variance of bt is constrained to 1/(1 − α2) for identifiability. Note
that (10) falls into the class of GLMMs by writing bt = bt(φ1, . . . , φK)′, β =
(β1, . . . , βK)′ and setting xtk = xtek and ztk = ek, where ek denotes the kth
unit vector in RK . In this model the implied asset correlation (3) for two
obligors in the kth rating class in period t, given the value of xt, is σ2

k/(σ
2
k +

π2/3), where σ2
k = φ2

k/(1 − α2). See also Lopez (2004) for a discussion of
rating-specific factor loadings.

Model 4

The clusters of companies in each time period are now divided into subclus-
ters according to industry sector. These subclusters are allotted sector-specific
random effects, as discussed in Section 2.2.1. Let S = {1, . . . , S} be an index
set for the industry sectors. We now collect numbers of obligors mtsk and num-
bers of defaults Mtsk for each rating category k ∈ K in each sector s ∈ S in
each time period t. Observe that

∑
s Mtsk and

∑
s mtsk yield Mtk and mtk of

the previous models. (The calibration of Model 4 in this study, however, uses
only seven selected S&P industry sectors and S = 6, see Table 3.)

We assume that given bt (as defined previously) and bt1, . . . , btS, the observa-
tions (Mtsk)s∈S,k∈K are conditionally independent with

Mtsk |bt, bts ∼ Bin {mtsk, g(µk − xtβ − bt − bts)} . (11)

The random effects (bts) are assumed to be independent Gaussian with mean
zero and variance ω2. Intuitively bts can be thought of as an independent
random correction to bt for sector s. It is therefore of interest to compare the
variance of bt with ω2. If ω2 is small compared to σ2, the variation in default
activity among industry sectors is negligible against the background of time
period variability and vice versa.
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The notation can be simplified by suppressing bt and introducing b∗ts := bt+bts,
where (b∗t1, . . . , b

∗
tS) is multivariate Gaussian with mean zero and

cov(b∗ti, b
∗
tj) =

σ2 + ω2 if i = j,

σ2 else.

This fits into the GLMM-framework by setting bt = (b∗t1, . . . , b
∗
tS)′ and zti =

es ∈ RS, where s is the sector affiliation of obligor i.

An important implication of sector-specific effects is that implied asset corre-
lations depend on whether the obligors belong to the same sector; given xt, the
implied within-sector asset correlation is (σ2 + ω2)/(σ2 + ω2 + π2/3), whereas
the across-sector asset correlation is merely σ2/(σ2 + π2/3).

3.3 Implementation Details

We use customized code in C to fit the models of Section 3.2 by Gibbs sam-
pling. The running time of a 10,000-iteration simulation amounts to a few
minutes.

3.3.1 Choice of Prior

As always in Bayesian analysis, the posterior results depend on the prior
distribution. In the present paper we have followed the most common approach
of using non-informative priors for the intercepts, regression coefficients and
hyperparameters of our models.

In Model 1 and all subsequent models the intercept parameters µ are given
a zero-mean, ordered-Gaussian distribution with covariance matrix τ 2IK×K ,
where τ = 100. By ordered we mean that we impose µ1 > µ2 > · · · > µK ,
so that default probabilities decrease with increasing creditworthiness. The
autoregressive parameter α is given a uniform prior on the interval (−1, 1).
The variance of the innovations φ2 in (5) is assigned an improper prior decaying
as 1/x; this corresponds to a limiting case of the inverse-gamma distribution
(see Appendix A for precise details). This prior is standard practice for a
scaling parameter and has the advantage that we do not need to specify a
modal value, which would be the case with a proper inverse-gamma prior. We
apply similar priors to other scaling parameters in all models with the single
exception of the variance parameters φ2

1, . . . , φ
2
K of Model 3. These are given

independent, proper inverse-gamma priors for technical reasons addressed in
Appendix A.

The coefficient β of Models 2 and 4 is assigned a zero-mean Gaussian prior
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with variance τ 2; likewise β1, . . . , βK of Model 3 are a priori independent with
N(0, τ 2)-priors. The variance parameter ω2 of Model 4 is given the same im-
proper inverse-gamma prior as φ2.

3.3.2 Model Comparison

We follow a modern approach to Bayesian model comparison based on cross-
validation predictive densities and regression diagnostics derived from these.
In particular, we consider the conditional predictive ordinate (CPO), defined
as

CPOt := p (Mt1,obs, . . . ,MtK,obs |{Mt′1,obs, . . . ,Mt′K,obs : t′ ∈ T , t′ 6= t}) ,

where T := {1, . . . , T}. The cross-validation predictive density is attractive in
that it suggests how likely the joint observation Mt1,obs, . . . ,MtK,obs is, when
the model is fitted to all observations except Mt1,obs, . . . ,MtK,obs. A further
diagnostic of this kind is the univariate, standardized residual dtk:

dtk :=
Mtk,obs − E(Mtk |{Mt′k′,obs : t′ ∈ T , k′ ∈ K, (t′, k′) 6= (t, k)})√

var(Mtk |{Mt′k′,obs : t′ ∈ T , k′ ∈ K, (t′, k′) 6= (t, k)})
. (12)

The output of the Gibbs sampler can be utilized to implement the above
quantities. By plotting {(t, CPOt) : t ∈ T } and/or {(t, dtk) : t ∈ T } for all
competing models, we obtain a graphical assessment of the different model fits.
Obviously a good model should have CPOt large and |dtk| small. An excellent
survey of the above issues and more is given in Gelfand (1996).

3.4 Results

3.4.1 Model by Model Summary

Model 1

The trajectories of the Gibbs sampler output for the parameters µBBB, φ
and α for the first 2,500 iterations are displayed in Figure 4 and summarized
along with the remaining parameters in the upper part of Table 1. Bayesian
point estimates are obtained by taking the sample mean of the simulated
output (after the burn-in) and standard errors are obtained by taking the
corresponding sample standard deviation.

It is obvious from the histogram in Figure 4 and construction of a Bayesian
credible set (from sample quantiles of the posterior sample) formally confirms
that the hypothesis α = 0 is strongly rejected in favor of α > 0. This is
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evidence of profound serial dependence in the sample. A point estimate of the
implied asset correlation is 7.6 %.

Model 2

Parameter estimates are given in the lower part of Table 1. Although the
coefficient β is highly significant (meaning that the CFNAI has explanatory
power), the inclusion of the CFNAI-factor is not sufficient to fully capture
the systematic risk present in the data. Firstly, there is substantial residual
serial dependence, which can be read off by the virtually unchanged posterior
estimate of α. Secondly the point estimate of σ2 is reduced by only 15%.

The upper plot of Figure 5 shows point estimates of the paths of (xtβ) from
Model 2 and (bt) from Model 1. There seems to be a fair amount of co-
movement between the two series (xtβ) and (bt), but it is obvious that xt does
not track bt particularly accurately and does not fully capture the default
activity. This illustrates the problems associated with observed proxies for the
systematic risk.

The lower plot of Figure 5 shows point estimates of the paths of the random
effects (bt) from Model 1 and Model 2, respectively: one without xt (already
seen in the upper plot) and one including xt as in (9). The paths are very
similar, but the reduced variance of (bt) when (xt) is explicitly modelled can
be detected.

Model 3

In Table 2 we see that, for investment grade A, there is increased uncertainty
in the parameter estimates. Due to the rare occurrence of A-obligors defaulting
(3 time periods out of 40 with 1 default each), it is not surprising that the
effect of the systematic risk is difficult to detect. This reasoning also applies
to the BBB-class to a certain extent, but is less of an issue for rating classes
that show more frequent defaults. The BB-category for instance displays a
significant CFNAI-coefficient βBB. Moreover, its magnitude is twice that of
σB, implying that the CFNAI series (xt) appears to do a relatively good job
of describing the default activity of the BB-category.

The CCC-class, however, appears largely unaffected by the CFNAI-loading,
and shows a moderate dependence on the hidden risk factor bt. One should
bear in mind that one of the difficulties associated with inference about the
CCC-class is its relatively small size (it ranges from approximately 10 obligors
in 1981 to 70 obligors in 2000). Another is its possible heterogeneity, being a
merger of C, CC and CCC.

15



Model 4

In Table 4 we compare Model 4 with Model 2 when applied to our chosen sub-
set of the data with sector information (see Section 3.1). The sector-specific
variance ω2 is only 24 % smaller than σ2, suggesting that there is heterogene-
ity among sectors that should be taken into consideration. In terms of im-
plied asset correlations, we obtain an implied within-sector asset correlation
of 10.9 %, whereas the across-sector counterpart is only 6.5 %. In contrast, the
model without sector-specific random effects suggests an overall implied asset
correlation of 7.5 %. The different implied asset correlations have important
regulatory consequences, see the Conclusions.

3.4.2 Model Comparisons

Since the CFNAI clearly has explanatory power, Model 2 is our baseline case.
The philosophy of our model comparison is to address the issues of rating-
specific factor loadings as well as industry-sector effects, where the latter
comparison takes place in the reduced dataset. For reference, we include the
simple GLM Mtk ∼ Bin{mtk, g(µk−xtβ)} without random effects as Model 0.
The relevant summary statistics are listed in Table 5: we consider the average
log(CPOt)-value under each model as well as the number of time periods in
which the more elaborate models have a higher CPO-value. It is evident that
any form of GLMM is superior to Model 0.

The comparison of Models 2 and 3 is given to the left in Table 5. Although
the average log(CPOt)-value is slightly better under Model 3, the number of
time periods in which Model 3 has the better CPO-value is only 23 out of 40.
This leads us to classify the improvement in fit of Model 3 compared to Model
2 as minor.

An analogous comparison between Models 2 and 4 clearly favours Model 4
(see the right part of Table 5); in more than 30 out of 40 time periods the fit
of Model 4 is preferred to that of Model 2. For sake of illustration we include a
plot of {(t, dtk) : t ∈ T } for k = B as well, see Figure 6. The GLMMs perform
noticeably better towards the second half of the time span, where the B-rating
class is approximately four times its initial size.

4 Conclusions

We have highlighted the usefulness of the class of GLMMs as a flexible sta-
tistical framework for modelling correlated firm defaults. GLMMs allow for a
convenient specification of systematic portfolio risk in terms of observed fixed

16



effects and unobserved random effects, in order to capture inhomogeneity in
default rates either in time or across the portfolio. We have also pointed out
that several well-known industry models actually fall into this class.

Secondly, we have shown the feasibility of a Bayesian approach to inference
for such models. MCMC algorithms such as the Gibbs sampler are capable of
dealing with models featuring complex latent structures, such as serially corre-
lated random effects and/or multivariate random effects capturing heterogene-
ity across industry sectors. Without entering into the longrunning Bayesian
versus frequentist debate, some further reasons for the Bayesian approach are:
(i) standard errors of parameters are easily obtained from the simulation out-
put; (ii) inference about derived parameters (default correlations, implied asset
correlations) is as easy as inference about primary parameters; (iii) posterior
information about random effects can be compared with macroeconomic vari-
ables; (iv) posterior information about future default events (e.g. prediction
and forecasting) is easily achieved; (v) the simulation algorithms are fast. An
extra benefit of the Bayesian approach could potentially be active use of prior
distributions, which might be advantageous in situations where the default
event is very rare: We could assess a prior estimate of σk (or φk) by analysing
asset correlations inferred from equity data as in the industry model KMV
(KMV-Corporation 1997). This could, in a sense, allow us to draw stronger
conclusions about default risk than is possible from an analysis of empirical
defaults alone. This remains a subject for further research.

The third focus of this paper was an empirical analysis of half-yearly default
data from S&P. Despite using an observed macroeconomic variable as proxy
for the state of the business cycle, our analysis clearly suggests the presence of
a residual, cyclical, latent component in the systematic risk. This in particular
could be taken as evidence that S&P ratings are more through-the-cycle than
point-in-time, cf. Rösch (2005). Although the macroeconomic variable was not
able to capture the full variability in default rates, its presence reduced the
variance of the random effects and thus the implied asset correlations.

The empirical analysis also addressed the two issues of rating-specific factor
loadings as well as heterogeneity across industry sectors. Our analysis of the
latter showed evidence of increased implied asset correlations within an indus-
try sector. This raises some doubt about the applicability of single risk factor
models (e.g. Models 1–3) for determination of regulatory capital as proposed
by the BCBS (Basel Committee on Banking Supervision 2002). Moreover, we
do not necessarily concur with their proposed view that implied asset corre-
lations fall monotonely with increasing probability of default; see also Lopez
(2004). It should, however, be noted that inference about upper investment-
grade factor loadings is highly uncertain due to the rare occurrence of defaults.
For the subinvestment grade, the estimates are more precise, except possibly
for the CCC-rating which due to its small size is difficult to assess.
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The estimates of implied asset correlations in the single risk factor models
agree with previous empirical studies such as Rösch (2005), and are generally
lower than those recommended by the regulator. It is, however, worth noting
that the multivariate risk factor proposed in this paper, provides empirical
evidence that implied asset correlations can in fact be substantially higher
among obligors sharing industry sector. Nevertheless, an important message
is that the issue of heterogeneity by industry sector and/or geographical region
should be properly addressed.
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A Deriving the Full Conditionals of Model 1

In order to implement the Gibbs sampler the full conditionals must be de-
termined. In what follows we use a notation that is common in literature on
Gibbs sampling: [X ] denotes the (unconditional) density (or mass function)
of the random quantity X, [X |Y ] is the conditional density of X given Y and
by [X |·] we shall mean the full conditional distribution of X. It is convenient
to use the notation X for the full sequence X1, . . . , XT . It is worth emphasiz-
ing that our implementation relies on the full conditional distribution of the
random effect bt, whereas other software (e.g. GLMMGibbs) simulate from the
full conditional of the default probability instead. If the default probability
is near zero (which is true for the investment-grade rating classes) the latter
approach may lead to numerical instabilities.

We first note that b := (b1, . . . , bT ) is multivariate Gaussian with covariance
matrix elements

Σij = cov(bi, bj) = φ2α|i−j|/(1− α2), i, j ∈ {1, . . . , T}.

Its inverse Σ−1 is tridiagonal with diagonal elements φ−2(1, 1 + α2, . . . , 1 +
α2, 1), off-diagonal elements −φ−2α and determinant φ−2T (1 − α2). This pa-
rameterization of the AR(1)-sequence makes the full conditional distribution
of α log-concave.
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Define mt := (mt1, . . . ,mtK) and M t := (Mt1, . . . ,MtK). The key to all full
conditional distributions is the joint distribution function of data and param-
eters

[M , m, b, µ, α, φ] = [M |m, b, µ][b |α, φ][µ][α][φ]

=

 T∏
t=1

∏
k∈K

[Mtk |mtk, bt, µk ]

 [b |α, φ][µ][α][φ],

whose above factorization follows by conditional independence arguments,
cf. Figure 3. The full conditional of α is found by applying the conditional
probability formula and picking out only factors depending explicitly on α,
for which we use the ∝ sign (see also Gilks (1996)):

[α|·] = [M , m, b, µ, α, φ]

[M , m, b, µ, φ]
∝ [M , m, b, µ, α, φ]

∝ [b |α, φ][α]

∝
√

det(Σ−1) exp
{
−1

2
bΣ−1b′

}
[α] (A.1)

∝
√

1− α2 exp
{
−1

2
φ−2(C1(b)α

2 − C2(b)α)
}

[α]. (A.2)

C1(·) and C2(·) are identified by performing the vector-matrix multiplications.
By choosing a uniform prior [α] on (−1, 1) Eqn. (A.2) is log-concave in α and
can be simulated from with the ARS algorithm. For φ we obtain

[φ|·]∝ [b |α, φ][φ] = { see Eqn. (A.1) }
∝φ−T exp

{
−C3(b, α)φ−2

}
[φ].

If 1/φ2 is assigned a Γ(η, ν)-prior (φ2 is inverse-gamma), we for suitable choices
of η and ν obtain a vague prior for φ. We choose the improper prior (η, ν) =
(0, 0), that gives relatively large weight to the assertion that φ2 is near 0, see
Gelfand et al. (1990). The resulting full conditional is, however, proper, and
furthermore remains inverse-gamma, which facilitates simulation. 4

The full conditional distributions of all other model elements are found analo-
gously and can all be simulated from with the ARMS algorithm (Gilks 1992).

4 Notice that in Model 3, the scale parameter φk enters the joint density through
the factor [Mtk |mtk, bt, µk, φk ]. In particular, the inverse-gamma distribution is no
longer a conjugate prior for φ2

k. With a proper prior for φ2
k we may, however, use

the ARMS algorithm to simulate from [φk | ·]. The calibration of Model 3 therefore
employs independent inverse-gamma priors for φ2

1, . . . , φ
2
K with (η, ν) = (δ, δ), where

δ is set to 0.01. This is a proper prior that despite its mode at δ/(δ + 1) is very
similar to the case η = ν = 0 if δ is small.
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µ is assigned an ordered zero-mean Gaussian prior with variance τ 2IK×K ,
where τ is large and IK×K the K × K-identity matrix. Its density takes the
form of an ordinary N(0, τ 2IK×K)-vector times an indicator function, which
imposes the ordering of the intercepts. For k ∈ K, [µk] is N(0, τ 2) and

[µk|·]∝
T∏

t=1

[Mtk |mtk, bt, µk ][µ]

∝
T∏

t=1

[Mtk |mtk, bt, µk ][µk ]I{x∈R:µk+1<x<µk−1}(µk), (µK+1 = −∞, µ0 = ∞).

In order to apply the ARMS algorithm to b, we treat its components individu-
ally. The conditional distribution of bt given b−t = (b1, . . . , bt−1, bt+1, . . . , bT ) is
Gaussian and depends on the one or two neighbouring b’s. The full conditional
reads

[bt | ·]∝
∏
k∈K

[Mtk |mtk, bt, µk ][bt |b−t, α, φ]

∝
∏
k∈K

[Mtk |mtk, bt, µk ][bt |bt−1, bt+1, α, φ].
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and α of Model 1. The simulation stabilizes after approximately 1,500 iterations.
The lower right histogram of α is based on iterations 10,000–15,000.

Model 1: Without CFNAI (xt)

µA µBBB µBB µB µCCC φ α β

mean −9.097 −7.144 −5.712 −3.872 −1.593 0.396 0.649 —

(std.) (0.654) (0.356) (0.276) (0.239) (0.245) (0.083) (0.169) —

Model 2: With CFNAI (xt)

µA µBBB µBB µB µCCC φ α β

mean −8.977 −7.018 −5.587 −3.740 −1.461 0.367 0.647 0.290

(std.) (0.402) (0.397) (0.423) (0.397) (0.402) (0.079) (0.189) (0.095)

Table 1
Posterior mean and standard deviation of the parameters of Model 1 (above) and
of Model 2 (below). The posterior probability of β ≤ 0 is < 1%, hence β is highly
significant. The estimates are based on iterations 10,000–15,000 of the Gibbs sam-
pler.
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Fig. 5. The upper plot displays {(t, xtβ) : t = 1, . . . , T} of Model 2 (solid line) and
the unobserved factor {(t, bt) : t = 1, . . . , T} of Model 1 (dashed line); in both cases
their posterior means. The lower plot compares the posterior mean of the latent
process (bt) in Model 2 (solid) and Model 1 (dashed). All estimates are based on
iterations 10,000–15,000 of the Gibbs sampler.

Model 3: With CFNAI (xt)

µk φk βk

k mean (std.) mean (std.) mean (std.)

A −10.079 (1.962) 1.191 (0.964) −0.654 (0.892)

BBB −7.170 (0.473) 0.375 (0.223) 0.457 (0.322)

BB −5.759 (0.297) 0.257 (0.129) 0.683 (0.187)

B −3.807 (0.381) 0.442 (0.097) 0.192 (0.121)

CCC −1.464 (0.238) 0.261 (0.091) 0.141 (0.112)

α 0.680 (0.175)

Table 2
Posterior mean and standard deviation of the parameters of Model 3. The estimates
are based on iterations 10,000–15,000 of the Gibbs sampler.
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Sector Name # Obligors

1 ”Aerospace, automotive, capital goods, metal” 725

2 ”Consumer, service sector” 888

3 ”Leisure time, media” 545

4 ”Utility” 477

5 ”Health care, chemicals” 395

6 ”High tech, computers, office equipment” + ”Telecom” 523

Table 3
Industry sectors used in the analysis of Model 4. Sector 6 is a merger of two regular
S&P sectors.

Model 4: Without sector-specific random effect (ω2 = 0)

µA µBBB µBB µB µCCC φ ω α β

mean −30.103 −7.785 −5.859 −4.083 −1.547 0.415 — 0.596 0.224

(std.) (11.607) (0.525) (0.306) (0.244) (0.253) (0.106) — (0.224) (0.122)

Model 4: With sector-specific random effect

µA µBBB µBB µB µCCC φ ω α β

mean −30.118 −7.836 −5.904 −4.112 −1.550 0.349 0.417 0.683 0.237

(std.) (11.603) (0.538) (0.325) (0.271) (0.279) (0.111) (0.117) (0.223) (0.120)

Table 4
Posterior mean and standard deviation of the parameters of Model 4 calibrated to
the S = 6 sectors of Table 3. The estimates are based on iterations 10,000–15,000
of the Gibbs sampler.
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1
T

∑T
t=1 log(CPOt) 1

T

∑T
t=1 log(CPOt)

Model 0 Model 2 Model 3 Model 0 Model 2 Model 4

−8.02 −6.82 −6.69 −13.87 −12.89 −12.31

#{t ∈ {1, . . . , T} : CPO(j)
t > CPO(i)

t }

i \ j Model 2 Model 3 i \ j Model 2 Model 4

Model 0 28 32 Model 0 30 33

Model 2 — 23 Model 2 — 33

Table 5
Model diagnostics of Section 3.4.2, for the full S&P dataset (to the left); for the
reduced dataset with only 7 industry sectors (right). The lower panel holds the
number of time periods (out of T = 40) in which CPO(j)

t is better than CPO(i)
t

(CPO(i)
t is the CPO under Model i). Model 0 is the GLM Mtk ∼ Bin{mtk, g(µk −

xtβ)}. The other models are defined in Section 3.2.
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