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1 Embeddings of metric spaces

We start with some basic and well-known isometric embedding theorems for
metric spaces.

For a non-empty set X, l∞(X) = (l∞(X), ‖ · ‖∞) denotes the Banach
space of all functions s : X → R with ‖s‖∞ := supx∈X |s(x)| <∞. Similarly,
l∞ := l∞(N) = {(sk)k∈N : ‖(sk)‖∞ := supk∈N |sk| <∞}.

1.1 Proposition (Kuratowski, Fréchet)
(1) Every metric space X admits an isometric embedding into l∞(X).
(2) Every separable metric space admits an isometric embedding into l∞.

Proof : (1) Fix a basepoint z ∈ X and define f : X → l∞(X),

x 7→ sx, sx(y) = d(x, y)− d(y, z).

Note that ‖sx‖∞ = supy |sx(y)| ≤ d(x, z). Moreover,

‖sx − sx′‖∞ = supy|d(x, y)− d(x′, y)| ≤ d(x, x′),

and equality occurs for y = x′.

(2) Choose a basepoint z ∈ X and a countable dense set D = {xk : k ∈
N} in X. Define f : X → l∞,

x 7→ (d(x, xk)− d(xk, z))k∈N.

By (1), f |D : D → l∞ = l∞(D) is an isometric embedding. Since D is dense
and f is continuous, f is an isometric embedding. 2

Note that if X is bounded, we do not need to subtract the term d(y, z)
or d(xk, z), respectively, in the definition of f . In this case, the embedding is
canonical. For further reading on results of this type and detailed references
we refer to [Hei2].

Recall that a metric space X is said to be precompact or totally bounded
if for every ε > 0, X can be covered by a finite number of closed balls of
radius ε. We call a set Y ⊂ X ε-separated if d(y, y′) ≥ ε whenever y, y′ ∈ Y ,
y 6= y′. Note that X is precompact if and only if for every ε > 0, all ε-
separated subsets of X are finite. A metric space is compact if and only if
it is precompact and complete.

1.2 Definition (uniformly precompact family)
A family (Xj)j∈J of metric spaces is called uniformly precompact if for all
ε > 0 there exists a number n = n(ε) ∈ N such that each Xj can be covered
by n closed balls of radius ε. The family (Xj)j∈J is uniformly bounded if
supj∈J diamXj <∞.
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1.3 Theorem (Gromov embedding)
Suppose that (Xj)j∈J is a uniformly precompact and uniformly bounded
family of metric spaces. Then there is a compact metric space Z such that
each Xj admits an isometric embedding into Z.

We follow essentially the original proof from [Gro1].

Proof : For i ∈ N, let εi := 2−i and pick ni ∈ N such that each Xj can be
covered by ni closed balls of radius εi. Choose a partition of N into sets Ni,
i ∈ N, with cardinality #Ni = n1n2 . . . ni, and define a map π : N \N1 → N
such that for each i ∈ N,

π−1(Ni) = Ni+1, #π−1{k} = ni+1 ∀k ∈ Ni.

In each Xj , we construct a sequence (xjk)k∈N according to the following

inductive scheme. For i = 1, the points xjk with k ∈ Ni = N1 are chosen

such that the n1 balls B(xjk, ε1) cover Xj . For i ≥ 1, if the n1 . . . ni centers

xjk with k ∈ Ni are selected, the n1 . . . nini+1 points xjl with l ∈ Ni+1 are

chosen such that for each k ∈ Ni, the ball B(xjk, εi) is covered by the ni+1

balls
B(xjl , εi+1) ⊂ B(xjk, 2εi)

with l ∈ π−1{k}. This way we obtain for every j ∈ J a dense sequence
(xjk)k∈N in Xj which gives rise to an isometric embedding fj : Xj → l∞,

mapping x to (d(x, xjk))k∈N. Whenever i ∈ N, k ∈ Ni, and l ∈ π−1{k}, then

|d(x, xjk)− d(x, xjl )| ≤ d(xjk, x
j
l ) ≤ 2εi.

Hence, each fj(Xj) lies in the set Z of all sequences (sk)k∈N with 0 ≤ sk ≤
supj diamXj for all k ∈ N and

|sk − sl| ≤ 2εi ∀i ∈ N, k ∈ Ni, l ∈ π−1{k}.

Since the sequence (εi)i∈N is summable, it follows that Z is a compact subset
of l∞. 2

2 Compactness theorems for metric spaces

For subsets A,B of a metric space X we denote by

Nδ(A) = {x ∈ X : d(x,A) ≤ δ}

the closed δ-neighborhood of A and by

dH(A,B) = inf{δ ≥ 0 : A ⊂ Nδ(B), B ⊂ Nδ(A)}

the Hausdorff distance of A and B; dH defines a metric on the set C of
non-empty, closed and bounded subsets of X.
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2.1 Theorem (Blaschke)
Suppose that X = (X, d) is a metric space and C is the set of non-empty,
closed and bounded subsets of X, endowed with the Hausdorff metric dH .
(1) If X is complete, then C is complete.
(2) If X is compact, then C is compact.

This was first proved by Blaschke [Bla] for compact convex bodies in R3

to settle the existence question in the isoperimetric problem.

Proof : (1): Let (Ci)i∈N be a Cauchy sequence in C. Then the set

C :=
⋂∞
i=1

⋃
j≥iCj

is closed and bounded. We show that

lim
i→∞

dH(Ci, C) = 0.

Let ε > 0. Choose i0 such that dH(Ci, Cj) < ε/2 whenever i, j ≥ i0. Suppose

x ∈ C. Since C ⊂
⋃
j≥i0 Cj , there exists an index j ≥ i0 with d(x,Cj) < ε/2.

Hence d(x,Ci) ≤ d(x,Cj) + dH(Ci, Cj) < ε for all i ≥ i0. This shows that
C ⊂ Nε(Ci) for i ≥ i0.

Now suppose x ∈ Ci for some i ≥ i0. Pick a sequence i = i1 < i2 < . . .
such that dH(Cm, Cn) < ε/2k whenever m,n ≥ ik, k ∈ N. Then choose a
sequence (xk)k∈N such that x1 = x, xk ∈ Cik and d(xk, xk+1) < ε/2k. As X
is complete, the Cauchy sequence (xk) converges to some point y. We have

d(x, y) = lim
k→∞

d(x, xk) ≤
∞∑
k=1

d(xk, xk+1) < ε,

and y belongs to the closure of Cik ∪ Cik+1
∪ . . . for all k. Thus y ∈ C and

d(x,C) < ε. This shows that Ci ⊂ Nε(C) whenever i ≥ i0.
(2): We know that C is complete since X is, so it suffices to show that

C is precompact. Let ε > 0. Since X is precompact, there exists a finite set
Z ⊂ X with Nε(Z) = X. We show that every C ∈ C is at Hausdorff distance
at most ε of some subset of Z, namely ZC := Z ∩ Nε(C). For every x ∈ C
there exists a point z ∈ Z with d(x, z) ≤ ε, so z ∈ ZC . This shows that
C ⊂ Nε(ZC). Since also ZC ⊂ Nε(C), we have dH(C,ZC) ≤ ε. As there are
only finitely many distinct subsets of Z, we conclude that C is precompact.

2

2.2 Definition (Gromov–Hausdorff distance)
The Gromov–Hausdorff distance of two metric spaces X,Y is the number

dGH (X,Y ) = inf dZH(X ′, Y ′),

where the infimum is taken over all triples (Z,X ′, Y ′) such that Z = (Z, dZ)
is a metric space, X ′ ⊂ Z is an isometric copy of X, and Y ′ ⊂ Z is an
isometric copy of Y .
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Cf. [Gro1], [Gro2]. Alternatively, call a metric d̄ on the disjoint union
X t Y admissible for the given metrics d = dX and d = dY on X and Y if
d̄|X×X = dX and d̄|Y×Y = dY ; then

dGH (X,Y ) = inf d̄H(X,Y )

where the infimum is taken over all admissible metrics d̄ on X t Y .
For instance, suppose that diam(X), diam(Y ) ≤ D < ∞. Setting

d̄(x, y) = D/2 for x ∈ X and y ∈ Y we obtain an admissible metric on
X t Y , in particular dGH (X,Y ) ≤ D/2.

2.3 Proposition
(1) dGH satisfies the triangle inequality, i.e. dGH (X,Z) ≤ dGH (X,Y ) +

dGH (Y,Z) for all metric spaces X,Y, Z.
(2) dGH defines a metric on the set of isometry classes of compact metric

spaces.

See [BurBI, Proposition 7.3.16, Theorem 7.3.30]. Assertion (2) is no
longer true if ’compact’ is replaced by ’complete and bounded’.

2.4 Theorem (Gromov compactness criterion)
Suppose that (Xi)i∈N is a uniformly precompact and uniformly bounded
sequence of metric spaces. Then there exist a subsequence (Xij )j∈N and a
compact metric space Z such that (Xij ) Gromov–Hausdorff converges to Z,
i.e. limj→∞ dGH (Xij , Z) = 0.

This was proved in [Gro1].

Proof : Combine Theorems 1.3 (Gromov embedding) and 2.1(2) (Blaschke).
2

3 Lipschitz maps

Let X,Y be metric spaces, and let λ ∈ [0,∞). A map f : X → Y is λ-
Lipschitz if

d(f(x), f(x′)) ≤ λd(x, x′) ∀x, x′ ∈ X;

f is Lipschitz if

Lip(f) := inf{λ ∈ [0,∞) : f is λ-Lipschitz} <∞.

We say that f : X → Y is bi-Lipschitz if f is λ-bi-Lipschitz for some λ ∈
[1,∞), i.e.

λ−1d(x, x′) ≤ d(f(x), f(x′)) ≤ λd(x, x′) ∀x, x′ ∈ X.

The following basic extension result for Lipschitz maps holds, see [McS]
and the footnote in [Whit].
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3.1 Proposition (McShane, Whitney)
Suppose X is a metric space and A ⊂ X.

(1) Let n ∈ N. Every λ-Lipschitz map f : A→ Rn admits a
√
nλ-Lipschitz

extension f̄ : X → Rn.
(2) Let J be an arbitrary set. Every λ-Lipschitz map f : A → l∞(J) pos-

sesses a λ-Lipschitz extension f̄ : X → l∞(J).

Proof : (1) For n = 1, put

f̄(x) := infa∈A(f(a) + λd(a, x)).

For n ≥ 2, f = (f1, . . . , fn), extend each fi separately.

(2) For f = (fj)j∈J , extend each fj separately. 2

In (1), the factor
√
n cannot be replaced by a constant < n1/4, cf. [JohLS]

and [Lan]. In particular, Lipschitz maps into a Hilbert space Y cannot be
extended in general. However, if X is itself a Hilbert space, one has again
an optimal result:

3.2 Theorem (Kirszbraun, Valentine)
If X,Y are Hilbert spaces, A ⊂ X, and f : A→ Y is λ-Lipschitz, then f has
a λ-Lipschitz extension f̄ : X → Y .

See [Kirs], [Val], or [Fed, Theorem 2.10.43]. A generalization to metric
spaces with curvature bounds was given in [LanS].

The next result characterizes the extendability of partially defined Lip-
schitz maps from Rm into a complete metric space Y ; it is useful in con-
nection with the definition of rectifiable sets (Definition 9.1). We call a
metric space Y Lipschitz m-connected if there is a constant c ≥ 1 such
that for k ∈ {0, . . . ,m}, every λ-Lipschitz map f : Sk → Y admits a cλ-
Lipschitz extension f̄ : Bk+1 → Y ; here Sk and Bk+1 denote the unit sphere
and closed ball in Rk+1, endowed with the induced metric. Every Banach
space is Lipschitz m-connected for all m ≥ 0. The sphere Sn is Lipschitz
(n− 1)-connected.

3.3 Theorem (Lipschitz maps on Rm)
Let Y be a complete metric space, and let m ∈ N. Then the following
statements are equivalent:

(1) Y is Lipschitz (m− 1)-connected.
(2) There is a constant c such that every λ-Lipschitz map f : A → Y ,

A ⊂ Rm, has a cλ-Lipschitz extension f̄ : Rm → Y .

The idea of the proof goes back to Whitney [Whit]. Compare [Alm1,
Theorem (1.2)] and [JohLS].
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Proof : It is clear that (2) implies (1). Now suppose that (1) holds, and let
f : A → Y be a λ-Lipschitz map, A ⊂ Rm. As Y is complete, f extends
canonically to the closure of A, with the same Lipschitz constant. Hence,
assume A to be closed. A dyadic cube in Rm is a set of the form x+ [0, 2k]m

for some k ∈ Z and x ∈ (2kZ)m. Denote by C the family of all dyadic cubes
C ⊂ Rm \ A that are maximal (with respect to inclusion) subject to the
condition

diamC ≤ 2 d(A,C).

The cubes in C have pairwise disjoint interiors and cover Rm \A. Moreover,
they satisfy

d(A,C) < 2 diamC,

for otherwise the next bigger dyadic cube C ′ containing C would still fulfil

diamC ′ = 2 diamC ≤ 2(d(A,C)− diamC) ≤ 2 d(A,C ′).

Denote by Σk ⊂ Rm the k-skeleton of this cubical decomposition. Extend f
to a Lipschitz map f0 : A∪Σ0 → Y by precomposing f with a nearest point
retraction A ∪ Σ0 → A. Then, for k = 0, . . . ,m − 1, successively extend fk
to fk+1 : A∪Σk+1 → Y by means of the Lipschitz (m− 1)-connectedness of
Y . As A ∪ Σm = Rm, f̄ := fm is the desired extension of f . 2

3.4 Proposition
Let X be a metric space. Every uniformly continuous and bounded function
f : X → R is a uniform limit of a sequence of Lipschitz functions.

This is taken from [Hei1, Theorem 6.8].

Proof : Let ω(δ) := sup{|f(x)− f(y)| : d(x, y) ≤ δ}, δ ≥ 0, be the modulus
of continuity of f . For j ∈ N, define fj : X → R by

fj(x) := inf{f(a) + jd(a, x) : a ∈ X}.

Then fj(x) ≥ inf f > −∞, and fj is j-Lipschitz (compare the proof of
Proposition 3.1). Since fj(x) ≤ f(x), we have

fj(x) ≤ f(a) + f(x)− f(a) ≤ f(a) + 2 sup |f |

for all a, x ∈ X. Setting δj := 2 sup |f |/j, we conclude that

fj(x) = inf{f(a) + jd(a, x) : a ∈ X, d(a, x) ≤ δj}.

Hence,

0 ≤ f(x)− fj(x) ≤ sup{f(x)− f(a) : a ∈ X, d(a, x) ≤ δj} ≤ ω(δj)

for all x ∈ X, i.e. fj → f (j →∞) uniformly on X. 2
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4 Differentiability of Lipschitz maps

Recall the following definitions.

4.1 Definition (Gâteaux and Fréchet differential)
Suppose X,Y are Banach spaces, f maps an open set U ⊂ X into Y , and
x ∈ U .

(1) The map f is Gâteaux differentiable at x if the directional derivative

Dvf(x) = lim
t→0

f(x+ tv)− f(x)

t

exists for every v ∈ X and if there is a continuous linear map L : X → Y
such that

L(v) = Dvf(x) ∀v ∈ X.

Then L is the Gâteaux differential of f at x.
(2) The map f is (Fréchet) differentiable at x if there is a continuous linear

map L : X → Y such that

lim
v→0

f(x+ v)− f(x)− L(v)

‖v‖
= 0.

Then L =: Dfx is the (Fréchet) differential of f at x.

The map f is Fréchet differentiable at x if and only if f is Gâteaux
differentiable at x and the limit L(u) = Duf(x) exists uniformly for u in the
unit sphere of X, i.e., for all ε > 0 there is a δ > 0 such that

‖f(x+ tu)− f(x)− tL(u)‖ ≤ ε|t|

whenever |t| ≤ δ and u ∈ S(0, 1) ⊂ X.

4.2 Lemma (differentiable Lipschitz maps)
Suppose Y is a Banach space, f : Rm → Y is Lipschitz, x ∈ Rm, D is a
dense subset of Sm−1, Duf(x) exists for every u ∈ D, L : Rm → Y is linear,
and L(u) = Duf(x) for all u ∈ D. Then f is Fréchet differentiable at x with
differential Dfx = L.

In particular, if a Lipschitz map f : Rm → Y is Gâteaux differentiable
at x, then f is Fréchet differentiable at x.

Proof : Let ε > 0. Choose a finite set D′ ⊂ D such that for every u ∈ Sm−1

there is a u′ ∈ D′ with |u− u′| ≤ ε. Then there is a δ > 0 such that

‖f(x+ tu′)− f(x)− tL(u′)‖ ≤ ε|t|
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whenever |t| ≤ δ and u′ ∈ D′. Given u ∈ Sm−1, pick u′ ∈ D′ with |u−u′| ≤ ε;
then

‖f(x+ tu)− f(x)− tL(u)‖
≤ ε|t|+ ‖f(x+ tu)− f(x+ tu′)‖+ |t|‖L(u− u′)‖
≤ (1 + Lip(f) + ‖L‖)ε|t|

for |t| ≤ δ. 2

4.3 Theorem (Rademacher)
Every Lipschitz map f : Rm → Rn is differentiable at Lm-almost all points
in Rm.

This was originally proved in [Rad].

Proof : It suffices to prove the theorem for n = 1; in the general case,
f = (f1, . . . , fn) is differentiable at x if and only if each fi is differentiable
at x.

In the case m = 1 the function f : R → R is absolutely continuous and
hence L1-almost everywhere differentiable.

Now let m ≥ 2. For u ∈ Sm−1, denote by Bu the set of all x ∈ Rm
where Duf(x) exists and by Hu the linear hyperplane orthogonal to u. For
x0 ∈ Hu, the function t 7→ f(x0 + tu) is L1-almost everywhere differentiable
by the result for m = 1, hence

L1((x0 + Ru) \Bu) = 0.

Note that Bu is a Borel set, in particular, the characteristic function of
Rm\Bu is Lebesgue measurable. Fubini’s theorem then implies that Lm(Rm\
Bu) = 0. Now choose a dense countable subset D of Sm−1, and put B :=⋂
u∈D Bu. Then

Lm(Rm \B) = 0,

and for all x ∈ B, Duf(x) and Deif(x) exist for all u ∈ D and i = 1, . . . ,m;
in particular, the formal gradient

∇f(x) := (Deif(x), . . . , Demf(x))

exists. We show that for Lm-almost all x ∈ B we have, in addition, the
usual relation

Duf(x) = 〈∇f(x), u〉 ∀u ∈ D.
The theorem then follows from Lemma 4.2. Let ϕ ∈ C∞c (Rm). By
Lebesgue’s bounded convergence theorem,

lim
t→0

∫
f(x+ tu)− f(x)

t
ϕ(x) dx =

∫
Duf(x)ϕ(x) dx,

lim
t→0

∫
f(x)

ϕ(x− tu)− ϕ(x)

t
dx = −

∫
f(x)Duϕ(x) dx.
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Substituting x+ tu by x in the term f(x+ tu)ϕ(x) we see that the two left
sides coincide. Hence,∫

Duf(x)ϕ(x) dx = −
∫
f(x)Duϕ(x) dx,

and similarly ∫
〈∇f(x), u〉ϕ(x) dx = −

∫
f(x)〈∇ϕ(x), u〉 dx.

Now the right sides of these two identities coincide. As ϕ ∈ C∞c (Rm) is
arbitrary, we conclude that Duf(x) = 〈∇f(x), u〉 for Lm-almost every x ∈
B. 2

4.4 Theorem (Stepanov)
Every function f : Rm → Rn is differentiable at Lm-almost all points in the
set

L(f) :=
{
x : lim supy→x |f(y)− f(x)|/|y − x| <∞

}
.

This generalization of Rademacher’s theorem was proved in [Step]. The
following elegant argument is due to Malý [Mal].

Proof : It suffices to consider the case n = 1. Let (Ui)i∈N be the family of all
open balls in Rm with rational center and radius such that f |Ui is bounded.
This family covers L(f). Let ai : Ui → R be the supremum of all i-Lipschitz
functions ≤ f |Ui , and let bi : Ui → R be the infimum of all i-Lipschitz
functions ≥ f |Ui . Note that ai, bi are i-Lipschitz and ai ≤ f |Ui ≤ bi. Let

Ai := {x ∈ Ui : both ai and bi are differentiable at x}.

By Rademacher’s theorem, Z :=
⋃∞
i=1 Ui \ Ai has measure zero. Let x ∈

L(f) \ Z. We show that there exists an index i such that x ∈ Ai and
ai(x) = bi(x); then f is differentiable at x. Since x ∈ L(f), there is a radius
r > 0 such that |f(y) − f(x)| ≤ λ|y − x| for all y ∈ B(x, r) and for some
λ ≥ 0 independent of y. Choose i such that i ≥ λ and x ∈ Ui ⊂ B(x, r).
Since x 6∈ Z, x ∈ Ai. By the definition of ai and bi,

f(x)− i|y − x| ≤ ai(y) ≤ f(y) ≤ bi(y) ≤ f(x) + i|y − x|

for all y ∈ Ui. Hence, ai(x) = bi(x). 2

Generalizations of these results to maps between Banach spaces or even
more general classes of metric spaces are a topic of current research.
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5 Extension of smooth functions

We state Whitney’s extension theorem for C1 functions and an applica-
tion, cf. [Whit], [Fed, Theorem 3.1.14] and [Sim, Theorem 5.3], [Fed, Theo-
rem 3.1.16].

5.1 Theorem (Whitney)
Suppose f : A → R is a function on a closed set A ⊂ Rm, g : A → Rm is
continuous, and for every compact set K ⊂ A and every ε > 0 there is a
δ > 0 such that

|f(y)− f(x)− 〈g(x), y − x〉| ≤ ε|y − x|

whenever x, y ∈ K and |y−x| ≤ δ. Then there exists a C1 function f̄ : Rm →
R with f̄ |A = f and ∇f̄ |A = g.

Note that if f̃ : Rm → R is C1, then f := f̃ |A and g := ∇f̃ |A satisfy the
assumptions of the theorem.

5.2 Theorem (C1 approximation of Lipschitz functions)
If f : Rm → R is Lipschitz and ε > 0, then there is a C1 function f̄ : Rm → R
such that

Lm({x ∈ Rm : f(x) 6= f̄(x)}) < ε.

Proof : By Rademacher’s theorem, f is almost everywhere differentiable,
and g := ∇f is a measurable function. According to Lusin’s theorem, there
is a closed set C ⊂ Rm with Lm(Rm \C) < ε/2 such that g|C is continuous.
For x ∈ C and i ∈ N, let

ri(x) := sup
|f(y)− f(x)− 〈g(x), y − x〉|

|y − x|
,

the supremum taken over all y ∈ C with 0 < |y − x| ≤ 1/i. We know that
ri → 0 pointwise on C as i → ∞. By Egorov’s theorem, there is a closed
set A ⊂ C with Lm(C \ A) < ε/2 such that ri → 0 uniformly on compact
subsets of A. Now extend f |A to Rm by means of Theorem 5.1. 2

6 Metric differentiability

Let Y = (Y, d) be a metric space. Suppose I ⊂ R is an interval (i.e. a
connected set) and γ : I → Y is a curve (i.e. a continuous map). The length
of γ is the possibly infinite number

L(γ) := sup

N∑
k=1

d(γ(tk−1), γ(tk)),

where the supremum is taken over all finite sequences t0 ≤ t1 ≤ · · · ≤ tN in
I; γ is rectifiable if L(γ) <∞.
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6.1 Theorem (metric derivative)
Suppose that a < b, Y is a metric space, and γ : [a, b] → Y is Lipschitz.
Then the limit

|γ̇|(t) := lim
h→0

d(γ(t+ h), γ(t))

|h|
exists for L1-almost every t ∈ [a, b], and

L(γ) =

∫ b

a
|γ̇|(t) dt.

Compare [Kir, Proposition 1], [BurBI, Theorem 2.7.6], and [AmbT, The-
orem 4.1.1]. The proof given below is taken from [AmbT].

Proof : Choose a dense sequence (yj)j∈N in γ([a, b]) and define rj : [a, b]→ R,
rj(t) = d(γ(t), yj). Note that Lip(rj) ≤ Lip(γ) since

|rj(s)− rj(t)| ≤ d(γ(s), γ(t)).

Hence, for almost every t ∈ [a, b], the derivative ṙj(t) exists for all j, and

lim inf
h→0

d(γ(t+ h), γ(t))

|h|
≥ sup

j
lim
h→0

|rj(t+ h)− rj(t)|
|h|

= sup
j
|ṙj(t)|.

On the other hand, whenever a ≤ t < t+ h ≤ b, then

d(γ(t+ h), γ(t)) = sup
j
|rj(t+ h)− rj(t)| ≤

∫ t+h

t
sup
j
|ṙj(τ)| dτ ;

for the first step, compare Proposition 1.1. Hence

lim sup
h→0

d(γ(t+ h), γ(t))

|h|
≤ lim sup

h→0

1

|h|

∫ t+h

t
sup
j
|ṙj(τ)| dτ.

It follows that for every Lebesgue point t of the measurable function τ 7→
supj |ṙj(τ)|, the limit |γ̇|(t) exists and equals supj |ṙj(t)|. This proves the
first part of the theorem.

The above argument also shows that

d(γ(t+ h), γ(t)) ≤
∫ t+h

t
|γ̇|(τ) dτ

whenever a ≤ t < t+ h ≤ b, which implies that L(γ) ≤
∫ b
a |γ̇|(t) dt. For the

reverse inequality, fix ε > 0, and choose N ≥ 2 such that h := (b−a)/N ≤ ε.
Put tk := a+ kh, k = 0, 1, . . . , N . Then

1

h

∫ b−h

a
d(γ(t), γ(t+ h)) dt =

1

h

∫ h

0

N−1∑
k=1

d(γ(τ + tk−1), γ(τ + tk)) dτ

≤ 1

h

∫ h

0
L(γ) dτ = L(γ).
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Using Fatou’s lemma, we conclude that∫ b−ε

a
|γ̇|(t) dt =

∫ b−ε

a
lim
N→∞

d(γ(t+ h), γ(t))

h
dt

≤ lim inf
N→∞

1

h

∫ b−ε

a
d(γ(t+ h), γ(t)) dt ≤ L(γ).

Letting ε→ 0, we obtain
∫ b
a |γ̇|(t) dt ≤ L(γ). 2

6.2 Definition (metric differentiability)
Suppose Y is a metric space, U ⊂ Rm is an open set, and x ∈ U . A map
f : U → Y is metrically differentiable at x if there exists a seminorm σ on
Rm such that

lim
|v|+|w|→0

d(f(x+ v), f(x+ w))− σ(v − w)

|v|+ |w|
= 0.

Then we call σ the metric differential of f at x and denote it by md fx.

6.3 Theorem (metric differentiability of Lipschitz maps)
Suppose that Y is a metric space, U ⊂ Rm is an open set, and f : U → Y is
a Lipschitz map. Then f is metrically differentiable at Lm-almost all points
in U .

See [Kir] and [KorS]. For the proof we need the following technical
proposition.

6.4 Proposition
Let f : U → Y be given as in Theorem 6.3.
(1) Let B be the set of all x ∈ U with the property that the limit

σx(v) := lim
t→0

d(f(x+ tv), f(x))

|t|

exists for all v ∈ Rm. Then Lm(U \B) = 0. For every x ∈ B, σx : Rm →
R is Lip(f)-Lipschitz, and

σx(sv) = |s|σx(v) ∀v ∈ Rm, s ∈ R.

(2) There exists a sequence of compact sets K1,K2, . . . ⊂ B with Lm(B \⋃∞
j=1Kj) = 0 and with the following property: for every j and every

ε > 0 there is a δ > 0 such that

|d(f(x+ v), f(x+ w))− σx(v − w)| ≤ ε|v − w|

whenever x ∈ Kj , v, w ∈ Rm, |v|, |w| ≤ δ, and x+ w ∈ Kj .

The proof of (2) given below is taken from [Wen].
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Proof : (1): Choose a countable dense set D ⊂ Sm−1. Using Theorem 6.1,
we conclude similarly as in the first part of the proof of Rademacher’s The-
orem 4.3 that there exists a measurable set B ⊂ U with Lm(U \B) = 0 such
that the limit

σx(u) = lim
t→0

d(f(x+ tu), f(x))

|t|
exists whenever x ∈ B and u ∈ D.

Let x ∈ B. For a fixed t 6= 0, the map Rm 3 v 7→ d(f(x + tv), f(x))/|t|
is Lip(f)-Lipschitz. It follows that the limit σx(u) exists uniformly for all
u ∈ Sm−1. (Compare Lemma 4.2.) The existence of σx(u) also implies the
existence of σx(ru) for all r 6= 0, and

σx(sv) = |s|σ(v)

for all v ∈ Rm and s ∈ R. Moreover, σx : Rm → R is Lip(f)-Lipschitz.

(2): Now consider the map σ : B → C(Sm−1), x 7→ σx, where C(Sm−1)
denotes the space of continuous real-valued functions on Sm−1, endowed
with the supremum norm. This space is separable, and σ is measurable. By
Lusin’s Theorem there exist closed sets C1, C2, . . . ⊂ B such that Lm(B \⋃∞
k=1Ck) = 0 and σ|Ck

is continuous for each k. For y ∈ B and i ∈ N, let

ri(y) := sup
0<t≤1/i

sup
|u|=1

∣∣∣∣d(f(y + tu), f(y))

t
− σy(u)

∣∣∣∣ .
From the proof of (1) we know that ri(y) → 0 (i → ∞) for every y ∈
B. Using Egorov’s Theorem we find compact sets K1,K2, . . . ⊂ B with
Lm(B \

⋃∞
j=1Kj) = 0 such that each Kj is contained in some Ck (hence

σ|Kj is uniformly continuous) and ri → 0 (i → ∞) uniformly on each Kj .
Now let j ∈ N and ε > 0. Then there is an i such that

sup
|u|=1

|σx(u)− σy(u)| ≤ ε

2
, ri(y) ≤ ε

2

whenever x, y ∈ Kj and |x− y| ≤ δ := 1/(2i). Given x ∈ Kj and v, w ∈ Rm
with |v|, |w| ≤ δ, v 6= w, and y := x + w ∈ Kj , put t := |v − w| and
u := (1/t)(v − w). Then it follows that 0 < t ≤ |v|+ |w| ≤ 2δ = 1/i and

|d(f(x+ v), f(y))− σx(v − w)|
≤ |d(f(y + v − w), f(y))− σy(v − w)|+ |σx(v − w)− σy(v − w)|

= t

∣∣∣∣d(f(y + tu), f(y))

t
− σy(u)

∣∣∣∣+ t|σx(u)− σy(u)|

≤ εt.

As y = x+ w and t = |v − w|, this completes the proof. 2
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Proof of Theorem 6.3: Let compact sets K1,K2, . . . ⊂ U be given as in
Proposition 6.4. Suppose x ∈ Kj is a point with Lebesgue density 1, i.e.,

Θm(Kj , x) := lim
r→0+

Lm(Kj ∩ B(x, r))

Lm(B(x, r))
= 1.

Let ε > 0, and let δ = δ(j, ε) > 0 be given as in Proposition 6.4. By adjusting
δ if necessary, we arrange that for every w ∈ Rm with |w| ≤ δ there exists a
w′ = w′(w) such that x+ w′ ∈ Kj , |w′| ≤ |w| and |w − w′| ≤ ε|w|. Suppose
now that v, w ∈ Rn, |v|, |w| ≤ δ, and w′ = w′(w). Using Proposition 6.4 we
conclude that

|d(f(x+ v), f(x+ w))− σx(v − w)|
≤ |d(f(x+ v), f(x+ w′))− σx(v − w′)|

+ d(f(x+ w), f(x+ w′)) + |σx(v − w)− σx(v − w′)|
≤ ε|v − w′|+ 2 Lip(f)|w − w′|
≤ ε(|v|+ |w|) + 2εLip(f)|w|
≤ ε(1 + 2 Lip(f))(|v|+ |w|).

Since almost every point in U is a density point of some Kj , this shows that

lim
|v|+|w|→0

d(f(x+ v), f(x+ w))− σx(v − w)

|v|+ |w|
= 0

for almost every x ∈ U .
It remains to prove that σx satisfies the triangle inequality. For v, w ∈

Rm we have

σx(v + w) = lim
t→0+

d(f(x+ tv), f(x− tw))

t

≤ lim
t→0+

d(f(x+ tv), f(x))

t
+ lim
t→0+

d(f(x− tw), f(x))

t

= σx(v) + σx(−w).

Since σx(−w) = σx(w), the proof is complete. 2

7 Hausdorff measures

For m ∈ N, denote by

αm := Lm(B(0, 1)) =
πm/2

Γ(m2 + 1)

the Lebesgue measure of the unit ball in Rm, and put α0 := 1. Now let X
be a metric space. For m ≥ 0, 0 < δ ≤ ∞, and A ⊂ X, define

Hmδ (A) := inf
∞∑
i=1

αm
(
1
2 diamCi

)m
,
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where the infimum is taken over all coverings (Ci)i∈N of A with diamCi ≤ δ
for all i. (Here the conventions (diam ∅)m = 0, 00 = 1 are used.) Then

Hm(A) := lim
δ→0+

Hmδ (A) = sup
δ>0
Hmδ (A)

is the m-dimensional Hausdorff measure of the set A. For every m, Hm is a
Borel regular metric outer measure on X. With the chosen normalization,
Hm = Lm on Rm. Whenever A ⊂ X and f : A→ Y is a Lipschitz map into
another metric space Y , then

Hm(f(A)) ≤ Lip(f)mHm(A).

Suppose X is a metric space, A ⊂ X, and x ∈ X. Then the m-dimensional
upper density and lower density of A at x are defined by

Θ∗m(A, x) = lim sup
r→0+

Hm(A ∩ B(x, r))

αmrm
,

Θm
∗ (A, x) = lim inf

r→0+

Hm(A ∩ B(x, r))

αmrm
,

respectively. If the two coincide, then the common value Θm(A, x) is the
density of A at x. If A,B ⊂ X are two Hm-measurable sets with A ⊂ B
and Hm(B) <∞, then

2−m ≤ Θ∗m(B, x) ≤ 1

for Hm-almost all x ∈ B,
Θm(B, x) = 0

for Hm-almost all x ∈ X \B, and

Θ∗m(A, x) = Θ∗m(B, x), Θm
∗ (A, x) = Θm

∗ (B, x)

for Hm-almost all x ∈ A. (See e.g. [Mat, Theorem 6.2 and Corollary 6.3].)

We remark that if ‖·‖ is a norm on Rm with norm ball B‖·‖ := B‖·‖(0, 1),
then

Hm‖·‖(B‖·‖) = αm

(cf. [Kir, Lemma 6]). The inequality Hm‖·‖(B‖·‖) ≤ αm follows from the fact

that the quotient Hm‖·‖(B‖·‖(x, r))/r
m is constant for all x ∈ Rm and r > 0

and, hence, is less than or equal to αm since Θ∗m(Rm‖·‖, x) ≤ 1. The reverse

inequality is a consequence of the isodiametric inequality in Rm‖·‖, cf. [BurZ,

Theorem 11.2.1], which states that

Lm(C) ≤ Lm(B‖·‖)
(
1
2 diam‖·‖C

)m ∀C ⊂ Rm.

It implies that for every covering (Ci)i∈N of B‖·‖,
∑∞

i=1(
1
2 diam‖·‖Ci)

m ≥ 1,
thus Hm‖·‖(B‖·‖) ≥ αm.
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8 Area formula

The next goal is to prove Theorem 8.3 below. We start with a technical
lemma, cf. [Kir, Lemma 4].

8.1 Lemma (Borel partition)
Suppose Y is a metric space, f : Rm → Y is Lipschitz, and B is the Borel
set of all x where f is metrically differentiable and md fx is a norm. Let
λ > 1. Then there exist a Borel partition (Bi)i∈N of B and a sequence of
norms ‖ · ‖i on Rm such that

λ−1‖x− x′‖i ≤ d(f(x), f(x′)) ≤ λ‖x− x′‖i,
λ−1‖v‖i ≤ md fx(v) ≤ λ‖v‖i

for all x, x′ ∈ Bi and v ∈ Rm.

In the “classical” case, when Y = Rn and B is the Borel set of all x
where f is differentiable and Dfx has rank m, all norms ‖ ·‖i may be chosen
to be euclidean, i.e., induced by an inner product, cf. [Fed, Lemma 3.2.2],
[EvaG, p. 94].

Proof : Choose a sequence of norms ‖ · ‖i on Rm such that for every norm
‖ · ‖ on Rm and for every µ > 1 there is an i ∈ N with

µ−1‖v‖i ≤ ‖v‖ ≤ µ‖v‖i ∀v ∈ Rm.

Given λ > 1, pick δ > 0 such that λ−1 + δ < 1 < λ− δ. For i, k ∈ N, denote
by Bi,k the Borel set of all x ∈ B with

(i) (λ−1 + δ)‖v‖i ≤ md fx(v) ≤ (λ− δ)‖v‖i for v ∈ Rm,

(ii) |d(f(x+ v), f(x))−md fx(v)| ≤ δ‖v‖i for |v| ≤ 1/k.

To see that the Bi,k cover B, let x ∈ B, choose i ∈ N such that (i) holds, let
ci > 0 be such that |v| ≤ ci‖v‖i for all v ∈ Rm, and pick k ∈ N such that (ii)
holds with δ‖v‖i replaced by (δ/ci)|v|; then x ∈ Bi,k. Now if C ⊂ Bi,k is a
set with diamC ≤ 1/k, then

d(f(x+ v), f(x)) ≤ md fx(v) + δ‖v‖i ≤ λ‖v‖i,
d(f(x+ v), f(x)) ≥ md fx(v)− δ‖v‖i ≥ λ−1‖v‖i

whenever x, x + v ∈ C. By subdividing and relabeling the sets Bi,k appro-
priately we obtain the result. 2

8.2 Definition (jacobian)
(1) Suppose that X,Y are normed spaces, dimX = m ∈ N, and L : X → Y

is linear. The jacobian J(L) of L is the number satisfying

Hm(L(A)) = J(L)Hm(A) ∀A ⊂ X.
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(2) If σ is a seminorm on Rm, we define the jacobian J(σ) of σ as the
number satisfying

Hmσ (A) = J(σ)Lm(A) ∀A ⊂ Rm

in case σ is a norm and J(σ) = 0 otherwise.

We remark that if A ⊂ Rm is Lm-measurable, and f : A → Y is a
Lipschitz map into a metric space Y , then f(A) is Hm-measurable. This is
because A can be written as the union of countably many compact sets and
a set of measure zero, thus the same is true for f(A).

8.3 Theorem (area formula)
Suppose Y is a metric space and f : Rm → Y is Lipschitz.
(1) If A ⊂ Rm is Lm-measurable, then∫

A
J(md fx) dx =

∫
Y

#(f−1{y} ∩A) dHm(y).

(2) If g is a real-valued Lm-integrable function on Rm, then∫
Rm

g(x)J(md fx) dx =

∫
Y

∑
x∈f−1{y}

g(x) dHm(y).

See [Kir]. Note that # = H0. In the case Y = Rn we obtain the clas-
sical area formula as J(md fx) coincides with J(Dfx) for Lm-almost every
x ∈ Rm. Cf. [Fed, Theorem 3.2.3], [EvaG, Sect. 3.3]. That formula says, in
particular, that the differential geometric volume of an injective C1 immer-
sion f : U → Rn, U an open subset of Rm, equals Hm(f(U)).

Proof : (1) We may partition A into countably many measurable sets and
prove the respective formula for each of these sets separately. In particular,
we lose no generality in assuming Lm(A) <∞. Let A0 denote the set of all
x ∈ A where f is not metrically differentiable. Then

Hm(f(A0)) ≤ Lip(f)mLm(A0) = 0

by Theorem 6.3, thus A0 does not contribute to either side of the claimed
identity. Now we split A \ A0 into the two sets A′, A′′, where A′ consists of
all x for which md fx is a norm, i.e. J(md fx) > 0.

First we consider A′. Let λ > 1. Using Lemma 8.1 we find a measurable
partition (Ai)i∈N of A′ and norms ‖ · ‖i on Rm such that f |Ai is injective,

λ−mHm‖·‖i(Ai) ≤ H
m(f(Ai)) ≤ λmHm‖·‖i(Ai),

and λ−1‖ · ‖i ≤ md fx ≤ λ‖ · ‖i for all x ∈ Ai. This last assertion yields

λ−mJ(‖ · ‖i) ≤ J(md fx) ≤ λmJ(‖ · ‖i).
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Since f |Ai is injective, y 7→ #(f−1{y} ∩Ai) is the characteristic function of
the set f(Ai), which is Hm-measurable. We conclude that∫

Y
#(f−1{y} ∩Ai) dHm(y) = Hm(f(Ai))

≤ λmHm‖·‖i(Ai)

= λmJ(‖ · ‖i)Lm(Ai)

≤ λ2m
∫
Ai

J(md fx) dx.

Similarly, we obtain the estimate∫
Y

#(f−1{y} ∩Ai) dHm(y) ≥ λ−2m
∫
Ai

J(md fx) dx.

As λ > 1 was arbitrary, the two integrals are equal. This shows that (1)
holds for each Ai and hence for A′.

Now we turn to the set A′′ of all x ∈ A where J(md fx) = 0. We prove
that Hm(f(A′′)) = 0; thus either side of the claimed identity is zero for A′′.
Let ε > 0, and define

g : Rm → Y × Rm, g(x) = (f(x), εx).

Equip Y ×Rm with the l1 product metric d1((y, z), (y
′, z′)) = d(y, y′)+|z−z′|.

Clearly, g is metrically differentiable at x whenever f is, and

md gx(v) = md fx(v) + ε|v| ∀v ∈ Rm.

In particular, md gx is a norm on Rm for every x ∈ A′′. Fix x ∈ A′′ for the
moment, and put ‖ · ‖ := md gx. Consider the norm ball B := B‖·‖(0, 1) ⊂
Rm. As remarked earlier, Hm‖·‖(B) = αm. Since md fx is not a norm, there

is a v0 ∈ Rm with ‖v0‖ = 1 and md fx(v0) = 0, hence |v0| = 1/ε. Moreover,
for every v with ‖v‖ = 1, we have 1 = md fx(v)+ ε|v| ≤ (Lip(f)+ ε)|v|, thus
|v| ≥ 1/(Lip(f) + ε). In other words, the convex set B contains {v0,−v0} ∪
B(0, 1/(Lip(f) + ε)), where |v0| = 1/ε. It follows that

Lm(B) ≥ cm
ε(Lip(f) + ε)m−1

for some constant cm depending only on m, hence

J(md gx) = J(‖ · ‖) =
Hm‖·‖(B)

Lm(B)
≤ αmε(Lip(f) + ε)m−1

cm
.

Applying the above result for (f,A′) to (g,A′′), we get

Hm(g(A′′)) =

∫
A′′

J(md gx) dx ≤ αmε(Lip(f) + ε)m−1

cm
Lm(A′′).
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Since the canonical projection Y × Rm → Y is 1-Lipschitz and maps g(A′′)
to f(A′′), we have Hm(f(A′′)) ≤ Hm(g(A′′)), and letting ε tend to 0 we
conclude that Hm(f(A′′)) = 0.

(2) follows from (1), by approximating g by simple functions. 2

9 Rectifiable sets

The following notion is fundamental in geometric measure theory.

9.1 Definition (countably rectifiable set)
Let Y be a metric space, and let E ⊂ Y .

(1) The set E is countably m-rectifiable if there is a countable family of
Lipschitz maps fi : Ai → Y , Ai ⊂ Rm, such that E ⊂

⋃
ifi(Ai).

(2) The set E is countably Hm-rectifiable if there is a countably m-
rectifiable set E′ ⊂ Y such that Hm(E \ E′) = 0.

In (1), it is often possible to take without loss of generality Ai = Rm,
e.g. if Y is a Banach space (recall Theorem 3.3).

9.2 Proposition (bi-Lipschitz parametrization)
Suppose Y is a locally complete metric space and E ⊂ Y is an Hm-
measurable and countably Hm-rectifiable set. Then there exists a countable
family of bi-Lipschitz maps fi : Ci → fi(Ci) ⊂ E, with Ci ⊂ Rm compact,
such that the fi(Ci) are pairwise disjoint and

Hm
(
E \

⋃
ifi(Ci)

)
= 0.

Compare [Fed, Lemma 3.2.18] and [AmbK2, Lemma 4.1]. In case Y = Rn
it is possible to choose all fi to be λ-bi-Lipschitz, for any given λ > 1.

Proof : First we assume that E ⊂ Y is a Borel set contained in the image
of a single Lipschitz map h : A → Y , where A ⊂ Rm is compact. Consider
an isometric embedding Y ⊂ Ȳ := l∞(Y ), and extend h to a Lipschitz
map h̄ : Rm → Ȳ . Since h(A) is closed in Ȳ , h̄−1(E) is a Borel set. Using
Lemma 8.1 (Borel partition), Theorem 8.3 (area formula), and the inner reg-
ularity of Lm, we find a sequence of bi-Lipschitz maps gk : Dk → gk(Dk) ⊂
E, with Dk ⊂ Rm compact, such that Hm(E \

⋃
k gk(Dk)) = 0. Consider

the Borel sets

D′k := Dk \ g−1k
(⋃k−1

j=1gj(Dj)
)
.

Then
⋃
k gk(D

′
k) =

⋃
k gk(Dk), and the gk(D

′
k) are pairwise disjoint. For

every k, choose a sequence of pairwise disjoint compact sets Ck,l ⊂ D′k such
that Lm(D′k \

⋃
l Ck,l) = 0. It follows that Hm(E \

⋃
k,l gk(Ck,l)) = 0, and

the gk(Ck,l) are pairwise disjoint.
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To prove the general result, partition Hm-almost all of E into a se-
quence of Hm-measurable sets Ej with Ej ⊂ hj(Aj) for some Lipschitz map
hj : Aj → Y , where Aj ⊂ Rm is compact. This is possible since Y is locally
complete, thus every Lipschitz map h : A→ Y extends locally to the closure
of A ⊂ Rm. Then Hm(Ej) <∞, and by the regularity of Hm there is an Fσ
set Fj ⊂ Ej with Hm(Ej \ Fj) = 0. Now apply the above result to each Fj .

2

9.3 Proposition (countably rectifiable sets in Rn)
A set E ⊂ Rn is countably Hm-rectifiable if and only if there exists a se-
quence of m-dimensional C1 submanifolds Mk of Rn such that

Hm
(
E \

⋃
kMk

)
= 0.

See [Fed, Theorem 3.2.29], [Sim, Lemma 11.1].

Proof : Suppose that Hm(E \
⋃
ifi(Rm)) = 0 for a sequence of Lipschitz

maps fi : Rm → Rn. By Theorem 5.2, we assume w.l.o.g. that the fi are
C1. Let Ui ⊂ Rm be the set of all x ∈ Rm where Dfx has rank m. By the
area formula, Hm(fi(Rm \ Ui)) = 0. Hence, Hm(E \

⋃
ifi(Ui)) = 0. Finally,

it follows from the inverse function theorem that each fi(Ui) is a countable
union of C1 submanifolds.

The other implication is clear. 2

For x ∈ Rn and r > 0, define Tx,r : Rn → Rn, Tx,r(y) = (y − x)/r. Note
that Tx,r maps B(x, r) onto B(0, 1).

9.4 Definition (approximate tangent space)
Suppose E ⊂ Rn is an Hm-measurable set with Hm(E) < ∞. Let x ∈ Rn.
An m-dimensional linear subspace L ⊂ Rn is called the (Hm-)approximate
tangent space of E at x if

lim
r→0+

∫
Tx,r(E)

ϕdHm =

∫
L
ϕdHm

for all ϕ ∈ Cc(Rn). Then we write L =: Tanm(E, x).

Clearly Tanm(E, x) is uniquely determined if it exists. There are various
definitions of approximate tangent spaces in the literature, compare [Sim,
Definition 11.2], [Fed, 3.2.16], and [Mat, Definition 15.17].

9.5 Theorem (existence of approximate tangent spaces)
Suppose E ⊂ Rn is an Hm-measurable and countably Hm-rectifiable set
with Hm(E) < ∞. Then for Hm-almost every x ∈ E, Tanm(E, x) exists
and Θm(E, x) = 1.
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For this result and Theorem 9.6(1) below, see [Fed, Theorem 3.2.19],
[Sim, Theorem 11.6], and [Mat, Theorem 15.19].

Proof : Choose a sequence of m-dimensional C1 submanifolds Mk of Rn
such that Hm(E \

⋃
kMk) = 0, cf. Proposition 9.3. Put Ek := E ∩Mk;

then Hm(E \
⋃
k Ek) = 0. Since Mk is C1, it follows that for Hm-almost

every x ∈ Ek, we have Θm(Ek, x) = 1 and Tanm(Ek, x) = TxMk. Moreover,
for Hm-almost every x ∈ Ek, Θm(E \ Ek, x) = 0. Combining these two
properties we conclude that for Hm-almost every x ∈ Ek, Θm(E, x) = 1 and
Tanm(E, x) = TxMk. 2

The following two converses to Theorem 9.5 hold. The second is a deep
result of Preiss [Pre]; an account of the theorem and its history is given
in [Mat, Sect. 17].

9.6 Theorem (rectifiability criteria)
Suppose E ⊂ Rn is an Hm-measurable set with Hm(E) <∞.
(1) If Tanm(E, x) exists for Hm-almost every x ∈ E, then E is countably
Hm-rectifiable.

(2) If the density Θm(E, x) exists for Hm-almost every x ∈ E, then E is
countably Hm-rectifiable.

Finally, we state the Besicovitch–Federer projection theorem which
played a very important role in the development of the theory of currents.
This deep result was proved in [Bes] for m = 1 and n = 2 and in [Fed0]
for general dimensions. See [Fed, Theorem 3.3.13] and [Mat, Theorem 18.1].
A set F ⊂ Rn is purely Hm-unrectifiable if Hm(F ∩ f(Rm)) = 0 for every
Lipschitz map f : Rm → Rn. Every set A ⊂ Rn with Hm(A) < ∞ can
be written as the disjoint union of a countably Hm-rectifiable set E and a
purely Hm-unrectifiable set F (cf. [Mat, Theorem 15.6]).

9.7 Theorem (Besicovitch, Federer)
Suppose F ⊂ Rn is a purely Hm-unrectifiable set with Hm(F ) < ∞. Then
for γn,m-almost every L ∈ G(n,m), Hm(πL(F )) = 0. Here γn,m denotes the
Haar measure on G(n,m), and πL : Rn → L is orthogonal projection.

10 Coarea formula

For the proof of the coarea formula, Theorem 10.4, we need the following
general coarea inequality, which is also of independent interest.

10.1 Theorem (coarea inequality)
Suppose that X,Y are metric spaces, f : X → Y is Lipschitz, A ⊂ X, and
m, k ≥ 0. Then∫ ∗

Y
Hk(f−1{y} ∩A) dHm(y) ≤ αkαm

αk+m
Lip(f)mHk+m(A).
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Here
∫ ∗

denotes the upper integral; in general, the integrand y 7→
Hk(f−1{y} ∩A) is not Hm-measurable. However, if X is proper (i.e. closed
bounded subsets of X are compact) and A is Hk+m-measurable with
Hk+m(A) < ∞, then f−1{y} ∩ A is Hk-measurable for Hm-almost every y
and y 7→ Hk(f−1{y}∩A) isHm-measurable, cf. [Fed, 2.10.26]. Theorem 10.1
is stated with some additional assumptions in [Fed, Theorem 2.10.25]. As
remarked in [Dav, p. 236], these are superfluous. We prove the result in the
case Y is an m-dimensional normed space.

Proof : For every j ∈ N, choose a covering (Cjn)n∈N of A such that diamCjn ≤
1/j for all n and

∞∑
n=1

αk+m
(
1
2 diamCjn

)k+m ≤ Hk+m1/j (A) + 1/j.

Denote by Dj
n the closure of f(Cjn), and by gjn the characteristic function of

Dj
n multiplied by αk(

1
2 diamCjn)k. For all y ∈ Y and i ≤ j we have

Hk1/i
(
f−1{y} ∩A

)
≤
∞∑
n=1

gjn(y).

Using the isodiametric inequality in Y (see p. 16) we obtain∫ ∗
Y
Hk1/i

(
f−1{y} ∩A

)
dHm(y) ≤

∫
Y

∞∑
n=1

gjn(y) dHm(y)

=
∞∑
n=1

∫
Y
gjn(y) dHm(y)

=

∞∑
n=1

αk
(
1
2 diamCjn

)kHm(Dj
n)

≤
∞∑
n=1

αk
(
1
2 diamCjn

)k
αm
(
1
2 diamDj

n

)m
≤
∞∑
n=1

αkαm Lip(f)m
(
1
2 diamCjn

)k+m
≤ αkαm
αk+m

Lip(f)m
(
Hk+m1/j (A) + 1/j

)
.

Now we let first j →∞, then i→∞. 2

10.2 Lemma (factorization)
Suppose f : Rn → Rm is Lipschitz, n ≥ m, and A ⊂ Rn is an Ln-measurable
set such that Dfx exists and has rank m for all x ∈ A. Let λ > 1. Then
there exist a family (Ai)i∈N of Ln-measurable sets Ai ⊂ A, Lipschitz maps
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hi : Rn → Rn, and linear maps Li : Rn → Rm such that Ln(A \
⋃
iAi) = 0,

hi|Ai is λ-bi-Lipschitz,
f = Li ◦ hi,

and for all x ∈ Ai, D(hi)x exists and is λ-bi-Lipschitz.

Proof : It is easy to see that for every x ∈ Rn where Dfx exists and has rank
m there is a coordinate projection p : Rn → Rn−m such that Dux has rank
n, where

u : Rn → Rm × Rn−m, u(x) = (f(x), p(x)).

According to the possible choices of p we obtain a covering of A by finitely
many measurable subsets. For the proof of the lemma it suffices to consider
a single such subset which, for simplicity, we denote again by A. Thus, we
are assuming that there is a fixed projection p as above such that Dux has
rank n for every x ∈ A. By applying Lemma 8.1 to u, we find a measurable
partition (Ai)i∈N of A such that each u|Ai is bi-Lipschitz. For every i, choose
a Lipschitz extension

vi : Rm × Rn−m → Rn

of (u|Ai)
−1. There is a measurable set Bi ⊂ Ai with Ln(Ai\Bi) = 0 such that

for all x ∈ Bi, vi is differentiable at u(x) and the differential is the inverse of
Dux. Let λ > 1. Applying Lemma 8.1 to vi, we find a measurable partition
(Ci,k)k∈N of u(Bi) and a sequence of linear isomorphisms Ti,k : Rm×Rn−m →
Rn such that

λ−1|Ti,k(y, z)− Ti,k(y′, z′)| ≤ |vi(y, z)− vi(y′, z′)|
≤ λ|Ti,k(y, z)− Ti,k(y′, z′)|

and λ−1|Ti,k(·)| ≤ |D(vi)(y,z)(·)| ≤ λ|Ti,k(·)| for all (y, z), (y′, z′) ∈ Ci,k. It
follows that the restriction of

hi,k := Ti,k ◦ u

to vi(Ci,k) is λ-bi-Lipschitz, and D(hi,k)x is λ-bi-Lipschitz for all x ∈ vi(Ci,k)
as well. Finally, we define q : Rm × Rn−m → Rm by q(y, z) = y and put

Li,k := q ◦ T−1i,k .

Then Li,k ◦ hi,k = q ◦ u = f . 2

10.3 Definition (coarea factor)
Suppose that X,Y are normed spaces, dimX = n ≥ dimY = m, and
L : X → Y is linear. The m-dimensional coarea factor Cm(L) is the number
satisfying

Cm(L)Hn(A) =

∫
Y
Hn−m(L−1{y} ∩A) dHm(y)

for all Hn-measurable sets A ⊂ X with Hn(A) <∞.
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See [AmbK1, Sect. 9]. Note that the right side is invariant under trans-
lations of A and, by Theorem 10.1 (coarea inequality), less than or equal
to (αn−mαm/αn) Lip(L)mHn(A). Therefore Cm(L) is a well-defined finite
number. Clearly Cm(L) = J(L) if n = m. Note that Cm(L) = 0 if L
has rank < m, since Hm(L(X)) = 0. Now suppose L has rank m. Choos-
ing an m-dimensional linear subspace Z ⊂ X complementary to the kernel
kerL and a set A of the form A = B + C for B ⊂ kerL and C ⊂ Z, we
infer that Cm(L)Hn(A) = Hn−m(B)Hm(L(A)). Since L(A) = L(C) and
Hm(L(C)) = J(L|Z)Hm(C), this yields the identity

Cm(L)Hn(A) = J(L|Z)Hn−m(B)Hm(C).

In the case X is a euclidean space, it follows that

Cm(L) = J
(
L|(kerL)⊥

)
≥ J(L|Z),

where (kerL)⊥ denotes the orthogonal complement of kerL and L is still
assumed to have rank m.

Finally, we remark that if H is a linear automorphism of the euclidean
space X, and if H is λ-bi-Lipschitz, then

λ−mCm(L) ≤ Cm(L ◦H) ≤ λmCm(L).

This holds trivially if the rank of L is < m. If the rank is m, put Z :=
H−1((kerL)⊥). Then

Cm(L ◦H) ≥ J(L ◦H|Z) = J(H|Z)J
(
L|(kerL)⊥

)
≥ λ−mCm(L),

which proves the first inequality. To verify the second, apply the first with
L ◦H and H−1 in place of L and H, respectively.

10.4 Theorem (coarea formula)
Suppose f : Rn → Rm is Lipschitz, n ≥ m ≥ 1.
(1) If A ⊂ Rn is Ln-measurable, then∫

A
Cm(Dfx) dx =

∫
Rm

Hn−m(f−1{y} ∩A) dy.

(2) If g is a real-valued Ln-integrable function on Rn, then∫
Rn

g(x)Cm(Dfx) dx =

∫
Rm

∫
f−1{y}

g(x) dHn−m(x) dy.

Proof : (1) We may partition A into countably many measurable sets and
prove the respective formula for each of these sets separately. In particular,
we lose no generality in assuming Ln(A) <∞. Let A0 denote the set of all
x ∈ A where f is not differentiable. It follows from Theorem 10.1 that A0,
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as well as any other set of Ln measure zero, does not contribute to either
side of the claimed identity. Now we split A \ A0 into the two sets A′, A′′,
where A′ consists of all x where Cm(Dfx) > 0, i.e. Dfx has rank m.

First we consider A′. Using Lemma 10.2 we choose a family (Ai)i∈N of
pairwise disjoint measurable sets Ai ⊂ A′, Lipschitz maps hi : Rn → Rn,
and linear maps Li : Rn → Rm such that Ln(A′ \

⋃
Ai) = 0, hi|Ai is λ-bi-

Lipschitz, f = Li ◦hi, and D(hi)x exists and is λ-bi-Lipschitz for all x ∈ Ai.
We have Dfx = Li ◦D(hi)x and hence

λ−mCm(Li) ≤ Cm(Dfx) ≤ λmCm(Li)

for all x ∈ Ai. We conclude that∫
Rm

Hn−m(f−1{y} ∩Ai) dy

=

∫
Rm

Hn−m
(
(hi|Ai)

−1(L−1i {y} ∩ hi(Ai))
)
dy

≤ λn−m
∫
Rm

Hn−m(L−1i {y} ∩ hi(Ai)) dy

= λn−mCm(Li)Ln(hi(Ai))

≤ λ2n−mCm(Li)Ln(Ai)

≤ λ2n
∫
Ai

Cm(Dfx) dx.

Similarly, we obtain the estimate∫
Rm

Hn−m(f−1{y} ∩Ai) dy ≥ λ−2n
∫
Ai

Cm(Dfx) dx.

As λ > 1 was arbitrary, the two integrals are equal. This shows that (1)
holds for each Ai and hence for A′.

Now we turn to the set A′′ of all x ∈ A where Cm(Dfx) = 0. We must
show that

∫
Rm Hn−m(f−1{y} ∩A′′) dy = 0. Let ε > 0, and define

g : Rn × Rm → Rm, g(x, z) = f(x) + εz,

p : Rn × Rm → Rm, p(x, z) = z.

Suppose that (x, z) ∈ A′′ × Rm. Then

Dg(x,z)(v, w) = Dfx(v) + εw ∀(v, w) ∈ Rn × Rm.

In particular, Dg(x,z) has rank m, and dim(kerDg(x,z)) = n. We have

dim
(
kerDg(x,z) ∩ (Rn × {0})

)
= dim(kerDfx) ≥ n− (m− 1),
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hence dimW ≤ m − 1 for W := p(kerDg(x,z)) and dimW⊥ ≥ 1 for the

orthogonal complement of W in Rm. Since {0}×W⊥ ⊂ Z := (kerDg(x,z))
⊥,

it follows that

Cm(Dg(x,z)) = J
(
Dg(x,z)|Z

)
≤ ε(Lip(f) + ε)m−1.

Let C := [0, 1]m ⊂ Rm. Using Fubini’s theorem and Theorem 10.1 (coarea
inequality), we obtain∫

Rm

Hn−m(f−1{y} ∩A′′) dy

=

∫
C

∫
Rm

Hn−m(f−1{y − εz} ∩A′′) dy dz

=

∫
Rm

∫
C
Hn−m(f−1{y − εz} ∩A′′) dz dy

=

∫
Rm

∫
Rm

Hn−m(p−1{z} ∩ g−1{y} ∩ (A′′ × C)) dz dy

≤ αn−mαm
αn

∫
Rm

Hn(g−1{y} ∩ (A′′ × C)) dy.

Applying the above result for (f,A′) to (g,A′′ × C), we get∫
Rm

Hn(g−1{y} ∩ (A′′ × C)) dy =

∫
A′′×C

Cm(Dg(x,z)) d(x, z)

≤ ε(Lip(f) + ε)m−1Lm(A′′).

Letting ε tend to 0 we conclude that
∫
Rm Hn−m(f−1{y} ∩A′′) dy = 0.

(2) follows from (1) by approximation. 2

10.5 Theorem (rectifiable level sets)
Suppose X is a metric space, n ≥ k ≥ 1, E ⊂ X is countably Hn-rectifiable,

and f : E → Rk is Lipschitz. Then for Lk-almost every y ∈ Rk, f−1{y} is
countably Hn−k-rectifiable.

Proof : Consider first the case E = X = Rn. Let B denote the set of all
x ∈ Rn where Dfx exists and has rank k. Choose a Borel partition (Bi)i∈N
of B and coordinate projections pi : Rn → Rn−k such that each ui|Bi is bi-
Lipschitz, where ui = (f, pi), cf. the first part of the proof of Lemma 10.2.
For all y ∈ Rk,

f−1{y} ∩Bi = (ui|Bi)
−1(({y} × Rn−k) ∩ ui(Bi)).

For Lk-almost every y ∈ Rk, we have in addition that Hn−k(f−1{y}\B) = 0
since ∫

Rk

Hn−k(f−1{y} \B) dy =

∫
Rn\B

Ck(Dfx) dx = 0.

27



This shows that for Lk-almost every y ∈ Rk, f−1{y} is countably Hn−k-
rectifiable.

Now consider the general case. Choose Lipschitz maps hi : Ai → E, Ai ⊂
Rn, such that Hn(E\

⋃∞
i=1 hi(Ai)) = 0. For each i, put fi := f ◦hi : Ai → Rk

and pick a Lipschitz extension f̄i : Rn → Rk. For Lk-almost every y ∈ Rk,
we know that f̄−1i {y} is countably Hn−k-rectifiable, thus

hi(f̄
−1
i {y} ∩Ai) = hi(f

−1
i {y} ∩Ai) = f−1{y} ∩ hi(Ai)

is countably Hn−k-rectifiable. Moreover, for Lk-almost every y ∈ Rk,
Hn−k(f−1{y} \

⋃∞
i=1 hi(Ai)) = 0 since∫ ∗

Rk

Hn−k(f−1{y} \
⋃∞
i=1hi(Ai)) dy

≤ αn−kαk
αn

Lip(f)kHn(E \
⋃∞
i=1hi(Ai)) = 0

by Theorem 10.1 (coarea inequality). 2
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