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Outline

m Chasing multiple bulges in parallel.
m Aggressive early deflation in parallel.
m Overview of new implementation.

® Numerical experiments.
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QR algorithm in a nutshell

Step 1 (non-iterative). Reduction to Hessenberg form:

QIAleH:\Q

Step 2 (iterative). Reduction from Hessenberg to Schur form:

QEHQFT:V

Optional. Balancing (pre-processing step) and eigenvalue
reordering (post-processing step).

Focus of this talk on parallel algorithms for performing Step 2.
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Chasing multiple bulges
In parallel




An implicit shifted QR iteration

Assume H is Hessenberg (after having performed Step 1).
Iteration of QR algorithm chooses k « n shifts

sigma = eig(H(n-k+1:n,n-k+1:n))

Usually k = 2. Construct 1st col of shift polynomial

o X X X

V = (H — O‘1|)(H — O'zl)el =
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An implicit shifted QR iteration

Qo = Householder reflection with Qpv = ~e;.
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Hessenberg structure of H disturbed by bulge.
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An implicit shifted QR iteration

Chase the bulge by Householder reflections:

T X X XX X XX 7 TX XXX XXX 7
XXXXXXX - XXXXXXX
OXXXXXX - OXXXXXX
OXXXXXX - DOXXXXX--
H= | ogxxxxx... | 7 |odgxgsxss..|
0000XXX - 00XXXXX -
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Chasing multiple bulges

Key to efficient serial and parallel implementations: introduce
another bulge before chasing off the first one.
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m Serial: [Braman/Byers/Mathias’02], [Lang’02].

m Parallel: [van de Geijn'93], [Watkins'94],
[Henry/Watkins/Dongarra’02] and others.
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Chasing multiple bulges in parallel

On distributed memory machines, assume ScaLAPACK'’s block
cyclic distribution of H across P, x P MPI process mesh.
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Chasing multiple bulges in parallel

ScalLAPACK: At most one bulge per diagonal block in the
process mesh. Loosely coupled bulges.
New implementation: Chains of tightly coupled bulges.

ScaLAPACK New implementation
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Chasing multiple bulges in parallel

In new implementation, entire chains of bulges are chased.

An intra-block chase of bulge chz;ins.
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Chasing multiple bulges in parallel

In new implementation, entire chains of bulges are chased.

Odd-numbered windows Even-numbered windows

An inter-block (cross process border) chase of bulge chains.

D. Kressner



Summary

m Chains of bulges (instead of individual bulges) allow to
utilize level 3 BLAS.
Large message size for cross-border communication ~
less penalty from latencies.

® Multithreading on each node using OpenMP directives.

m Decreases wall clock execution time by a factor of 5-6 for
intro example, in comparison to existing ScaLAPACK code
(combined with multithreading on each node).
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Aggressive early deflation
In parallel




Deflation strategies

Classical deflation criterion in ScaLAPACK:

[hisail < umax{fhil, [hiyaisal},
with u unit roundoff (double precision u ~ 1.1 x 10716).

Aggressive early deflation (AED) strategy by Braman, Byers,
and Mathias (2002) in new implementation. Often detects
convergence much earlier and significantly reduces average
#shifts to deflate an eigenvalue.
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lllustration of AED

Choose deflation window size ny;, < n and partition H:

Nn—nyin—1 1 Nyin

N—Nyin—1 Hi1  Hiz His
H=1 Hzo1  Hzo Hgs
Nuin 0 Hs2 Hss

Compute Schur decomposition of Hz3 and update rest of H:
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lllustration of AED

m Search for tiny trailing elements of newly introduced spike

under different eigenvalue orderings of Hss.
®m Return undeflatable part back to Hessenberg form.

For example, if 2 eigenvalues could be deflated:

X X v

~ N~~~

~ N~~~
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AED in parallel

Reorganize AED s.t. groups of eigenvalues are reordered.

m Reordering performed locally in
m Afterwards, entire group of undeflatable eigenvalues
reordered to top left corner with a parallel algorithm

described in [Granat/Kagstrom/Kressner’09].
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Overview of new
Implementation




Routines and dependencies

PDHSEQR
Entry routine for new parallel QR algorithm.

: PDLA( PDLAQRO ‘
‘ Modified version of ScaLAPACK s New parallel QR algorithm.
| current implementation of the A
| parallel QR algorithm. ! / \
””””””””””””” PDLAQRS

¢ Aggressive early deflation and Multishift QR iteration based on
. DLAREF 7 ! shift computation. chains of tightly coupled bulges.
| Multithreaded version of Sca- | {
| LAPACK routine for applying e e
! Householder reflectors. b PBDTRSEN | PDGEHRD | | DLA 1
,,,,,,,,,,,,,,,,,,,,,,,, \ Parallel eigenvalue ‘ \ Hessenberg Lo Modified version of LAPACK's !

| reordering. i | reduction. Lo DLAQRS for local bulge chasing. 1

m ScalL APACK-like implementation based on BLACS and
parallel BLAS.

® Local multithreading on each node by mixing parallel MPI
with OpenMP directives.
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Numerical experiments
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Pr x P x Py 4000 8000 16000 32000
I1x1x1 9332 226 79943 1478
2x2x1 2761 112 20161 640
4x4x1 1174 69 8582 265 67779 1644
6x6x1 697 60 5192 194 32920 1007 oo 6218
8x8x1 418 57 3671 152 20856 595 oo 4164
10x10x1 368 63 2589 165 16755 516 oo 3046
1x1x4 2592 173 18324 0913
2x2x4 1617 126 11032 591
3x3x4 834 102 5692 408 38834 2327
4x4x4 612 76 3986 277 25823 1332 oo 9250
5x5x4 474 70 2971 203 18934 1061 oo 6568

Execution times of ScaLAPACK vs. new implementation (in seconds).
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I Balancing
I Hessenberg red.

[0 QR: AED Schur red
[ QR: AED reordering
[ QR: AED return to Hess.
[ QR: Sweep - updates
I QR: Sweep - local chase)|

n=16000 n=32000

Profile of execution time for new implementation; memory load
corresponds to a 4000 x 4 000 submatrix per core.
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n

= 100.000

m 1024 cores organized in 32 x 32 process grid
m Total execution time 8h 30min
® balancing = 20min
® reduction to Hessenberg form = 1h 7min
® QR algorithm = 7h 3min
W 12 QR iterations with ~ 3000 — 6000 shifts
W n,i, = 6145
B 80% of execution time spent on AED!
W 0.44 shifts per deflated eigenvalue
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Conclusions

®m New parallel implementation significantly outperforms
existing ScaLAPACK implementation.

m Parallel QR iterations by chasing several bulge chains.

m Parallel AED by algorithmic reformulation.

® Tremendous implementation effort.

m AED becomes a serious bottleneck for > O(10%) cores.
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