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Introduction
Fluctuations in distinct intervals

lim sup estimates

On the critical line
Off the critical line
Zeroes in one interval

Gaussian fluctuations for the number of eigenvalues in distinct arcs
of the circle (Wieand, Diaconis-Evans). Analogous result for ζ ?

Conjecture for the lim sup of |ζ|.
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Introduction
Fluctuations in distinct intervals

lim sup estimates

On the critical line
Off the critical line
Zeroes in one interval

The Keating-Snaith central
limit theorem
un ∼ µU(n)

log det(Id− un)√
1
2 log n

law−→ N1 + iN2

as n →∞.

Selberg’s central limit theorem
ω uniform on (0, 1)

log ζ
(

1
2 + iωt

)
√

1
2 log log t

law−→ N1 + iN2

as t →∞.

N1 and N2 independent standard real normal variables
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Introduction
Fluctuations in distinct intervals

lim sup estimates

On the critical line
Off the critical line
Zeroes in one interval

εn → 0, εn À 1/n, un ∼ µU(n)

log det(Id− e−εnun)√
−1

2 log εn

law−→ N1 + iN2

Normalization
√

1
2 log n if

εn ¿ 1/n

εt → 0, εt À 1/ log t, ω
uniform on (0, 1)

log ζ
(

1
2 + iεt + iωT

)
√
−1

2 log εt

law−→ N1 + iN2

Normalization
√

1
2 log log t if

εt ¿ 1/ log t
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Introduction
Fluctuations in distinct intervals

lim sup estimates

On the critical line
Off the critical line
Zeroes in one interval

Nn(α, β) : number of eigenvalues e iθ of un with α < θ < β,
δn(α, β) = Nn(α, β)− EµU(n)

(Nn(α, β)),

δn(α, β) =
1

π
(Im log Z (un, e

iβ)− Im log Z (un, e
iα))

N(t) for the number of zeroes z of ζ with 0 < Imz ≤ t

N(t) =
t

2π
log

t

2πe
+

1

π
Im log ζ (1/2 + it) +

7

8
+ O

(
1

t

)

∆(t1, t2) = (N(t2)− N(t1))−
( t2

2π
log

t2
2πe

− t1
2π

log
t1

2πe

)
,

Zurich, October 31, 2008 Counting the ζ zeroes in distinct intervals



Introduction
Fluctuations in distinct intervals

lim sup estimates

On the critical line
Off the critical line
Zeroes in one interval

Nn(α, β) : number of eigenvalues e iθ of un with α < θ < β,
δn(α, β) = Nn(α, β)− EµU(n)

(Nn(α, β)),

δn(α, β) =
1

π
(Im log Z (un, e

iβ)− Im log Z (un, e
iα))

N(t) for the number of zeroes z of ζ with 0 < Imz ≤ t

N(t) =
t

2π
log

t

2πe
+

1

π
Im log ζ (1/2 + it) +

7

8
+ O

(
1

t

)

∆(t1, t2) = (N(t2)− N(t1))−
( t2

2π
log

t2
2πe

− t1
2π

log
t1

2πe

)
,

Zurich, October 31, 2008 Counting the ζ zeroes in distinct intervals



Introduction
Fluctuations in distinct intervals

lim sup estimates

For unitary matrices
For ζ
Sketch of proof

Wieand, 1998 As n →∞, the finite-dimensional distributions of
the process

δn(α, β)
1
π

√
log n

, 0 ≤ α < β < 2π,

converge to those of a Gaussian process
{δ(α, β), 0 ≤ α < β < 2π} with covariance function

E
(
δ(α, β)δ(α′, β′)

)
=





1 if α = α′ and β = β′

1/2 if α = α′ and β 6= β′

1/2 if α 6= α′ and β = β′

−1/2 if β = α′

0 elsewhere

.
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lim sup estimates

For unitary matrices
For ζ
Sketch of proof

Analogue on ζ. ω uniform on (0, 1). As t →∞, the
finite-dimensional distributions of the process

∆(ωt + α, ωt + β)
1
π

√
log log t

, 0 ≤ α < β < 2π,

converge to those of a Gaussian process
{δ(α, β), 0 ≤ α < β < 2π} with covariance function

E
(
δ(α, β)δ(α′, β′)

)
=





1 if α = α′ and β = β′

1/2 if α = α′ and β 6= β′

1/2 if α 6= α′ and β = β′

−1/2 if β = α′

0 elsewhere

.
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Fluctuations in distinct intervals

lim sup estimates

For unitary matrices
For ζ
Sketch of proof

For α1 < · · · < α`, convergence of

1√
log log t

(log ζ(1/2 + iωt + iα1), . . . , log ζ(1/2 + iωt + iα`))

to a vector of independent Gaussian random variables. Finite
Dirichlet series are sufficient thanks to Selberg :

1

t

∫ t

0

∣∣∣∣∣∣
log ζ(1/2 + is)−

∑

p≤t

p−is

√
p

∣∣∣∣∣∣

2

ds < c .
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lim sup estimates

For unitary matrices
For ζ
Sketch of proof

Landau

ζ ′

ζ
(s) = −

∑

n≤x

Λ(n)

ns
+

x1−s

1− s
−

∑
ρ

xρ−s

ρ− s
+

∞∑

n=1

x−2n−s

2n + s
,

Selberg

ζ ′

ζ
(s) = −

∑

n≤x2

Λx(n)

ns
+

x2(1−s) − x1−s

(1− s)2 log x
+

1

log x

∑
ρ

xρ−s − x2(ρ−s)

(ρ− s)2

+
1

log x

∞∑

n=1

x−2n−s − x−2(2n+s)

(2n + s)2

where

Λx(n) =

{
Λ(n) for 1 ≤ n ≤ x ,

Λ(n)
log x2

n
log n for x ≤ n ≤ x2,
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Fluctuations in distinct intervals

lim sup estimates

For unitary matrices
For ζ
Sketch of proof

Complex numbers apt (p ∈ P, t ∈ R+), supp |apt | → 0,∑
p |apt |2 → σ2 as t →∞.

Existence of (mt) with log mt/ log t → 0 and

∑
p>mt

|apt |2
(
1 +

p

t

)
−→
t→∞ 0.

Then, if ω is a uniform random variable on (0, 1),

∑

p∈P
aptp

−iωt law−→ σY

as t →∞, Y being a standard complex normal variable.
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Fluctuations in distinct intervals

lim sup estimates

For unitary matrices
For ζ
Sketch of proof

Analogue of this result, which implies the fluctuations observed by
Wieand.

Diaconis-Evans, 2001. Complex constants {anj | n ∈ N, j ∈ N},
limn→∞

∑∞
j=1 |anj |2(j ∧ n) = σ2. Existence of positive integers

{mn | n ∈ N} such that limn→∞mn/n = 0 and

lim
n→∞

∞∑

j=mn+1

|anj |2(j ∧ n) = 0,

Then, if un ∼ µU(n), as n →∞
∞∑

j=1

anj Tr(uj
n)

law−→ σY .
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lim sup estimates

lim sup
t→∞

log |ζ(1/2 + it)|√
log t/ log log t

≥ c

Montgomery, 1977 : on RH, c = 1/20
Soundararajan, 2007 : c = 1

Farmer, Gonek, Hughes, 2007. Analogy with a convergence in
probability for matrices of increasing size :

lim sup
t→∞

log |ζ(1/2 + it)|√
log t log log t

=
1√
2
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lim sup estimates

1√
log log n

(log ζ(1/2 + iωn + i), . . . , log ζ(1/2 + iωn + ni))

Resnick-Tomkins. (Xi ) i.i.d. random variables and
F (x) = P(X1 < x). Let µn = F−1(1− 1/n). Then

max(X1, . . . ,Xn)/µn → 1

almost surely when n →∞ iff, for all δ > 1,
∫∞
1

dF (x)
1−F (δx) < ∞.

For i.i.d. standard Gaussians,

max(X1, . . . , Xn)√
2 log n

→ 1

almost surely. This supports the conjecture

lim sup
t→∞

log |ζ(1/2 + it)|√
log t log log t

≥ 1.
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lim sup estimates

Shrinking intervals (α/Kt , β/Kt) :

I Kt/ log t → 0 : Gaussian fluctuations.

I Kt = λ log t : Montgomery-Odlyzko law, the number of zeroes
may converge to a discrete random variable (Gram law).

Correlations in the mesoscopic regime : δ ∈ (0, 1),

1√
1
2 log log t

(
log

∣∣∣∣ζ
(

1

2
+ iωt

)∣∣∣∣ , log

∣∣∣∣ζ
(

1

2
+ iωt +

i
(log t)δ

)∣∣∣∣
)

converges in law to

(N1, δN1 +
√

1− δ2N2).
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