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Gaussian fluctuations for the number of eigenvalues in distinct arcs
of the circle (Wieand, Diaconis-Evans). Analogous result for ¢ 7

Conjecture for the limsup of |(].
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[ntroduction] | [On the criticalTinel
[Zeroesn one Tntervall

The Keating-Snaith central
limit theorem

Un ~ Hy(n)

log det(Id — u,) A G

w/%logn

as n — oQ.

N7 and N, independent standard real normal variables
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[ntroduction] | [On the criticalTinel
[Eluctuations Tn distinct intervald | [Offthe critical Tinel
:}mm

The Keating-Snaith central Selberg’s central limit theorem
limit theorem w uniform on (0, 1)
Un ~ Hy(n)
log det(Id — up) 1w log ¢ (5 +1wt) taw i
og det( u,,)hl_)/\/.l_i_ijv2 gcl()a_>j\/‘1+1/\/‘2
\/% 5 loglog t
as n — o0. as t — oo.

N7 and N, independent standard real normal variables
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€n — 0, €n > 1/n, up ~ py(n)

log det(Id — e~ “"up)

18L—W>/\/'1—|-i/\/2

Normalization \/% log n if
en < 1/n
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[ntroduction] | [On the criticalTinel

(0

et — 0, 6> 1/logt, w
€n—0,€,>1/n, up ~ HU(n) uniform on (0,1)
log det(Id — e~ u,,) log ¢ (5 +i€e: +iwT)
\/—%Iogen \/—%Ioget
law, N1 +iN, Low, N1 + N>
Normalization /3 log n if Normalization /3 log log t if
en < 1/n € < 1/logt
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[On the critical Tine]
[Off the critical lind

N,(a, B) : number of eigenvalues €' of u, with a < 6 < 3,

(5,-,(0[, /6) = Nn(a7 ﬁ) - Euu(n)(N”(aa 5))'

1 . .
Z(Imlog Z(up, €”) — Jmlog Z(uy, €?))
s

On(av, B) =
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n the critical line

N,(c, 3) : number of eigenvalues el of u, with a < 6 < 33,

5n(aa /6) = Nn(a7 ﬁ) - }EHU(”)(N,;(CY, 5))'

1 . .
Z(Imlog Z(up, €”) — Jmlog Z(uy, €?))
s

On(av, B) =

N(t) for the number of zeroes z of { with 0 < Jmz <t

t t 1 7 1
N(t) = — log —— + ~Jml 1/2 +it) + = -
(t) o= 0g2We+7erogC(/ +1)+8+O<t>
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or unitary matrices

Fluctuations in distinct intervalsl

etch of proof

Wieand, 1998 As n — oo, the finite-dimensional distributions of
the process

dn(cv,

M’ 0 S a < ﬁ < 27T,

1
=Vlogn
converge to those of a Gaussian process
{d(e, 5),0 < a < B < 27} with covariance function

1 fa=ad and B =0

1/2 ifa=d and g #

E (6(c, B)5(c, ")) = 1/2 ifa#d and g=7
~1/2 iff=d
0 elsewhere
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For unitary matrices]

Fluctuations in distinct intervals

etch of proof

Analogue on ¢. w uniform on (0,1). As t — oo, the
finite-dimensional distributions of the process

A(wt + a,wt + )
%\/Ioglogt

converge to those of a Gaussian process
{6(a, 8),0 < o < B < 27} with covariance function

, 0<a< B <2,

1 fa=cad and B =0

1/2 ifa=d and g # 7

E (6(c, B)5(c, ")) = 1/2 ifa#d and =0
~1/2 ifg=d
0 elsewhere
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For unitary matrices]

Fluctuations in distinct intervalsl

etch of proof

For a1 < -+ < ay, convergence of

\/I();W(logql/2 +iwt +iaq),...,log ((1/2 + iwt + iay))

to a vector of independent Gaussian random variables. Finite
Dirichlet series are sufficient thanks to Selberg :

2
1 t —is
t/o IogC(1/2+is)—Z% ds < c.

p<t
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For unitary matrices]

Fluctuations in

Landau

oy A X B .
LD DA i Sy i By e

n<x
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For unitary matrices]

Fluctuations in distinct intervalsl
Landau
CI /\(n) les xP—$ x Xf2nfs
7(5) = — + — _|_ ,
¢ EX ns 1-s ;p—s n:12n+s
Selberg
CI( ) Ax(n)+x2(175) _ les+ 1 Z xP—S — x2(p—s)
N s —_—
¢ — o (1= s)?logx  logx (p—s)?
1 & x2n—s _ —2(2n+s)
+ log x 4= (2n +s5)2
where
A(n) for 1 < n < x,
/\X(n) = Iogﬁ 2
AN(n)rogr for x < n < x%,
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For unitary matrices]

Fluctuations in ct _intervals|

etch of proof

Complex numbers ap; (p € P,t € RY), sup, ap:| — 0,
> lapt|?> — 02 as t — oo.
Existence of (m;) with log m;/logt — 0 and

2 p
>l (14+5) =0
p>me
Then, if w is a uniform random variable on (0, 1),
> anp oY
peP

as t — 00, Y being a standard complex normal variable.
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For y matrices]
Fluctuations in distinct intervalsl

etch of proof

Analogue of this result, which implies the fluctuations observed by
Wieand.

Diaconis-Evans, 2001. Complex constants {a,; | n € N,j € N},
limp—oo 2724 |anj|2(j A n) = 0. Existence of positive integers
{mp | n € N} such that lim,_ m,/n =20 and

o0
. 2/ -
lim > Jagl?(GAn) =0,
j:mn+1

Then, if u, ~ Hu(n), @S N — 00

Z anj Tr(u) v sy,
j=1
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| 1/2 41
lim sup og|c(l/2+it)l
t—oo +/logt/loglogt
Montgomery, 1977 : on RH, ¢ =1/20
Soundararajan, 2007 : ¢ =1
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| 1/2 41
lim sup og|c(l/2+it)l
t—oo +/logt/loglogt
Montgomery, 1977 : on RH, ¢ =1/20
Soundararajan, 2007 : ¢ =1

Farmer, Gonek, Hughes, 2007. Analogy with a convergence in
probability for matrices of increasing size :
log|C(1/2+18) 1

lim sup =

00 log tloglog t V2
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\/|og1|W (log ¢(1/2 +iwn +1),...,log ¢(1/2 4 iwn + ni))

Resnick-Tomkins. (X;) i.i.d. random variables and
F(x) =P(X1 < x). Let up = F71(1—1/n). Then
max(Xi, ..., Xn)/tn — 1

almost surely when n — oo iff, for all § > 1, floo % < 00.
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\/|og1|W (log ¢(1/2 +iwn +1),...,log ¢(1/2 4 iwn + ni))

Resnick-Tomkins. (X;) i.i.d. random variables and
F(x) = P(Xi < x). Let gy = F~}(1 —1/n). Then
max(Xi, ..., Xn)/tn — 1
almost surely when n — oo iff, for all § > 1, floo % < 00.
For i.i.d. standard Gaussians,
max(X1, ..., Xn)
V2logn

almost surely. This supports the conjecture

| :
loelca2rinl
t—oo +/logtloglogt

—1
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Shrinking intervals (a/Ke, B/ K¢) :

» K:/logt — 0 : Gaussian fluctuations.

» Ki; = Alogt : Montgomery-Odlyzko law, the number of zeroes
may converge to a discrete random variable (Gram law).

Correlations in the mesoscopic regime : ¢ € (0, 1),

__r (Iog ¢ (1 + iwt) ¢ (1 +iwt + L )D
\/%Iog log t 2 2 (log £)°

converges in law to
(Nl, N1+ V1-— 52N2).

,log
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