
Some recent applications of expanders
in number theory

E. Kowalski

ETH Zürich

January 6, 2011



Introduction

There have been links between expander graphs and number
theory for a long time.
Today’s topics are quite recent applications of expansion properties
of graphs to number theory.

1. Sieve and expansion:
I Sieve in orbits (Bourgain, Gamburd, Sarnak, etc);
I Large sieve problems (Jouve, K., Zywina, etc);

2. Expander towers of coverings and arithmetic geometry
(Ellenberg, Hall, K.); see Jordan’s talk tomorrow since I won’t
say more!



(cont.)

A common feature in these two applications is that the use of
expanders comes through their spectral characterizations. There is
however a big difference:

I Expansion fits sieve like a glove (if expander graphs didn’t
exist, sieve-theorists would have invented them!)

I The connection between expanders and arithmetic geometry is
much more surprising (first very implicit in some works of
Zograf, Abramovich).

In both cases, the connection is an invigorating brew for those who
believe in the unity of mathematics.



Sieve

[References: A. Lubotzky’s Colloquium lectures in this meeting; my survey for

Bourbaki, arXiv:1012.2793; “The large sieve and its applications”, CUP (2008)]

Sieve can be presented as a form of local-global principle. We have
a set Y of “global” objects, and for every prime p, a “reduction
map” Y −→ Yp, giving “local” information.

Sieve is particularly concerned with subsets of Y consisting of
objects restricted by local conditions

T = {y ∈ Y | y (mod p) satisfies Pp for all/some p},

or

S = {y ∈ Y | y (mod p) does not satisfy Pp for all/some p},

where the local conditions P are defined on Yp.

arXiv:1012.2793


(cont.)

Example (Classical)

Take Y = Z, Yp = Z/pZ, Y → Yp reduction modulo p. For
Pp = (y (mod p) = 0), p ≤ X , we see that S is the set of integers
with no prime factors ≤ X , and its first elements are 1 and the
primes between X and X 2.

Example (Expansive)

Take Y = SLm(Z), Yp = SLm(Z/pZ), Y → Yp reduction modulo
p. For Pp = (det(T − y (mod p)) is irreducible), we see that S

contains the matrices with reducible characteristic polynomial.



(cont.)

Example (Baroque)

Take Y = {2n | n ∈ Z}, Yp = Z/pZ, Y → Yp reduction modulo
p. For Pp = (y (mod p) = 1), p ≤ X , we see that S is the set of
integers n such that 2n − 1 has no prime factors ≤ X ...



Counting

The goal of sieve is really to estimate, as precisely as possible, the
“size” of the sifted set S. This requires stating how the size is
measured. A general way to do it is to assume that a finite
measure µ is given on Y , and to attempt to find µ(S).

Example

I Take a finite subset Yn ⊂ Y , and the counting measure
supported on Yn. Typically the Yn exhaust Y as n→ +∞,
and one considers the behavior of µn(S).

I Define a random walk (Xn) on Y , and take the distribution
law µn of the n-th step of the walk; again, consider the limit
n→ +∞.



(cont.)

Example (Integers)

Here Y = Z, Yp = Z/pZ. Take µn the uniform counting measure
on {1 ≤ y ≤ n}. If, for instance,

Pp = (y (mod p) ∈ {0, 2} ⊂ Yp)

for p ≤
√

n, then S is the set of twin primes between
√

n and n.

Example (Unimodular matrices)

Take Y = SLm(Z). Fix a generating set S of Y , for instance
elementary matrices Id± Ei ,j , i 6= j . Define

µn(y) =
∑
· · ·

∑
s1,...,sn∈S
s1···sn=y

1.

This corresponds to a random walk.



What to expect, and when

Recall

S = {y ∈ Y | y (mod p) does not satisfy Pp for all/some p}.

If we assume that

I There is a definite “probability” that Pp holds, say τp;

I The different reductions behave “independently”;

then a reasonable guess is that

µ(S) ≈ µ(Y )
∏

p

(1− τp).

General fact. Sieve methods can confirm this guess in part under
suitable conditions; however, in full generality, one has to be
careful at interpreting ≈.



The “local” probability

If we put a single condition Pp, we expect

µ({y ∈ Y | Pp holds}) ≈ µ(Y )τp,

or
1

µ(Y )
µ({y ∈ Y | Pp holds}) ≈ τp.

If we have a sequence µn of measures, we may therefore expect
that for each p, the image measure on Yp of µn/µn(Y ) converges
to a measure νp such that

τp = νp({y ∈ Yp | Pp holds}).

(Recall that Pp is a property of local objects, with no reference to
Y .)



Independence of reductions

To go from a single condition to multiple condition, those must be
somehow independent. Among global objects, this is not literally
the case. However, one can expect asymptotic independence. This
means that for a fixed set d = {p1, . . . , pk} of distinct primes, the
image measure on

Yd =
∏
p∈d

Yp

of µn/µn(Y ) should converge to the product measure

νd =
k∏

i=1

νpi .



Examples

Example (Classical)

Integers in an interval become equidistributed in all residue classes:
for counting measure µn on {1, . . . , n}, the local limit measure νp

is the uniform probability measure on Yp = Z/pZ. Since
Yd ' Z/dZ for d = p1 · · · pk (Chinese Remainder Theorem), we
get independence also.

Example (Baroques can’t sieve)

The image of the set of powers of 2 in Z/pZ (p ≥ 3) is very badly
understood. In particular there is no sign of independence.



Discrete groups and random walks

Let Γ be a finitely generated discrete group (e.g. SLm(Z)) with a
finite quotient φ : Γ� G (e.g. SLm(Z)� SLm(Z/pZ)). Let
S = S−1 be symmetric generators with 1 ∈ S and Xn the n-th step
of a random walk on Γ with uniform independent steps from S .

Basic fact: φ(Xn) becomes equidistributed on G according to the
uniform probability measure as n→ +∞. Even better, there exists
ρG < 1 such that

P(φ(Xn) = g0) =
1

|G |
+ O(|G |1/2ρn

G )

for n ≥ 1 and all g0 ∈ G (exponentially fast convergence).
Moreover, 1− ρG is essentially the spectral gap of the associated
Cayley graph of G with respect to the generators S .



(cont.)

If Γ has two quotients G1, G2 (or more), then the same applies to
Γ→ G1 × G2, except that the limit measure is the uniform
probability measure on the image subgroup of this diagonal
quotient map.

In particular, there is asymptotic independence for multiple
quotients if and only if the “simultaneous reduction” map

Γ −→ G1 × G2 × · · ·

is surjective.



(cont.)

Example (Where it works)

Take Γ = SLm(Z), Gi = SLm(Z/piZ), pi distinct primes. For each
i , Γ→ Gi is surjective (look at elementary generators). For
multiple conditions, we must consider whether

Γ→
∏

1≤i≤k

SLm(Z/piZ)

is surjective. This is true: by Chinese Remainder Theorem, we have∏
1≤i≤k

SLm(Z/piZ) ' SLm(Z/p1 · · · pkZ)

and SLm(Z)→ SLm(Z/dZ) is always surjective (same reason).



(cont.)

Example (Where it doesn’t)

Let Γ = O(2, 1)(Z) (orthogonal group of X 2 + Y 2 − Z 2) and its
image Gp in O(2, 1)(Z/pZ). Then because the determinant ±1 of
γ ∈ Γ is “the same” as that of any of its reductions modulo p, the
simultaneous reduction map

O(2, 1)(Z)→ Gp1 × Gp2

is never onto. In such cases one has to adapt the sieve settings.



Why sieve and expanders match

We can now connect sieve with expanders. We consider µn arising
by random walk on a suitable subgroup Y = Γ ⊂ SLm(Z) with
respect to reductions Γ� Γp, which we assume to be independent.
Hence

Γ −→ Γd =
∏

1≤i≤k

Γpi

is always surjective for d = {p1, . . . , pk}. To implement sieve
results one must control the sum of error terms in the
equidistribution

µn(Ppi holds, 1 ≤ i ≤ k) =
∏

i

νpi (Ppi ) + rd (n)

when summed over all d in a range as large as possible.



(cont.)

We illustrate by going back to the classical case.

Example (Classics return)

Take Y = Z again and the “twin-prime” conditions. Then

1

n
|{1 ≤ y ≤ n | y ≡ 0, 2 (mod pi )}| =

2k

d
+ O(2k n−1)

uniformly. The sum of error terms over d is then smaller than the
number n of integers counted as long as d < n1−δ. This leads
(after much work) to existence of infinitely many integers n such
that n and n + 2 both have a small number of prime factors (V.
Brun). In fact it would be enough, qualitatively, to control error
terms up to nα for some α > 0.



(cont.)

For the discrete groups, one has

rd (n) = O(|Γd |3/2ρn
Γd

).

To sum over d , one needs uniform control of the spectral radius
ρΓd

< 1; if we sum up to d < D, the best we can get seems to be∑
d<D

rd (n)� D(max
d<D
|Γd |)3/2(max

d<D
ρΓd

)n

which we want to tend to 0 as n→ +∞ with D as large as
possible. (Think also of the size of Γd being polynomial in d .)



(cont.)

In fact, because of the underlying exponential growth, we want
D = βn for some β > 1. The only reasonable way this may happen
is if

sup
d≥1

ρΓd
< 1.

This is exactly to say that the family of Cayley graphs of
(Γd , S (mod d)) is an expander.



The large sieve inequality

Adapting sieve ideas (going back to Linnik, Montgomery, etc) one
can then prove, among other things, the following:

Theorem (“Large sieve” inequality)

Let Γ ⊂ SLm(Z) with reductions Γp, generating set S, and µn the
distribution measures of the corresponding random walks. Assume

I Independence of the reductions;

I The Cayley graphs of Γd form an expander family;

Then there exists β > 1 such that for any conditions Pp for
p ≤ βn, we have

µn(S) ≤ 2∆−1,

where

∆ =
∑

d≤βn

∏
p|d

νp(Pp)

1− νp(Pp)
≥

∑
p≤βn

νp(Pp).



Applicability

Example

This result, and the sieve in orbit of Bourgain-Gamburd-Sarnak, is
applicable (in decreasing order of “softness”) to

I SLm(Z), m ≥ 3, or Sp2g (Z), g ≥ 2, or finite index subgroups
thereof (Property (T ) of Kazhdan);

I SL2(Z) (Selberg’s λ1 ≥ 3/16 inequality);

I Any Zariski-dense finitely generated subgroup of SLm(Z)
(Helfgott, Gill, Pyber-Szabó, Breuillard-Green-Tao,
Bourgain-Gamburd, Varjú, Salehi Golsefidy, . . . )



Galois groups

Definition
Let g ∈ GLm(Q). The Galois group Galg of g is the Galois group
of the splitting field of the polynomial det(T − g) ∈ Q[T ].

Theorem (Jouve, K., Zywina)

Let Γ ⊂ G(Q) ∩ GLm(Z) be an arithmetic subgroup of a split
reductive group G/Q. Let S be a finite symmetric generating set
of Γ, 1 ∈ S, (Xn) the corresponding random walk. Then

P(GalXn is not W (G))

tends to zero exponentially fast as n→ +∞.

[Reference: F. Jouve, E. K. and D. Zywina: Splitting fields of characteristic

polynomials of random elements in arithmetic groups, to appear in Israel J. of Math.;

arXiv:1008.3662]

arXiv:1008.3662


(cont.)

Here, the Weyl group W (G) is, as abstract group, isomorphic to
N(T)/T where T is a maximal torus of G. For SLm, this is the
symmetric group on m letters.

Basic idea of the proof: use the large sieve! More precisely:

I First reduce to walks on cosets of a suitable subgroup of Γ to
avoid non-independence problems and problems related to
examples like 2Z;

I Prove the existence of an a-priori injection

Galg ↪→W (G);



(cont.)

I Once independence is achieved, define maps

θp : Γp →W (G)]

such that θp(Xn (mod p)) “is” the conjugacy class of the
Frobenius at p in the splitting field of g (ideas go back to
Steinberg);

I Show that the image of θp also becomes equidistributed:

1

|Γp|
|{γ ∈ Γp | θp(γ) = c}| =

|c |
|W (G)|

+ O(p−1/2)

for any fixed conjugacy class c of W (G);



(cont.)

I If GalXn does not intersect c, then for all p we have the local
condition

Xn (mod p) /∈ {γ ∈ Γp | θp(γ) = c} ;

I Combining using the “large” sieve, we find for each c that

P(GalXn does not intersect c)� 1/π(βn)

which tends to 0 exponentially fast;

I And we conclude because no proper subgroup of the finite
group W (G) can miss a fixed conjugacy class (due to another
Jordan).



Application: relations between roots

Having “large” Galois group can have interesting applications.
Here is an example: take Γ = Sp2g (Z), the integral symplectic
group. The previous result applies (that case was already proved
by Rivin and myself independently).

Corollary

Let (Xn) be a random walk as before on Γ. Then

P(the roots of PXn = det(T − Xn) are Q-linearly dependent),

P(the roots of PXn satisfy non-trivial multiplicative relations)

both go to zero exponentially fast as n→ +∞.



The unreasonable effectiveness of fast equidistribution

The results described previously are asymp-
totic. However, in practice, the limits are
approached quite fast.
To give an example: consider Γ = E8(Z);
can we write down an element of Γ with
Galois group W (E8) (a subgroup of S248

with 696, 729, 600 elements)?
Yes we can! (Il peut le faire !)

γ = xα1 · · · xα8x−α1 · · · x−α8

[Reference: F. Jouve, E. K. and D. Zywina: An explicit

integral polynomial whose splitting field has Galois group

W (E8), J. Théor. des Nombres de Bordeaux; arXiv:

0801.1733]

P = X
240

−1036 X
239

+524196 X
238

−172780744 X
237

+41750823190 X
236

−7891735235348 X
235

+1215851970713420 X
234

−157091146151823332 X
233

+17380474134528679395 X
232

−1673266051567041731024 X
231

+141960057255519204339064 X
230

−10723427628959935533427112 X
229

+727394297412802397634666616 X
228

−44626699241366232444198544708 X
227

+2491576525585376737174616672356 X
226

−127266404044445877388206210725028 X
225

+5974858569798389262366582933828269 X
224

−258875683945758956951540474713149652 X
223

+10389193830723404857734111059385285300 X
222

−387445019280037054121771100534773610952 X
221

+13466211017459259484293544306690679740554 X
220

−437357363846377764829679348841371155263324 X
219

+13305386437856490579368374795649893137287020 X
218

−379990105090602004627457847208134934470310028 X
217

+10208109072114904620892863623861403819940203683 X
216

−258434964163970742628274333544678815846385454596 X
215

+6176368828281350371753718087149730318348847484444 X
214

−139565898758027939062479427718217698991605312588980 X
213

+2986267330010433387966571819985597967250310325591604 X
212

−60586583187737115866331064408723085830492120777857044 X
211

+1167019619380957865430124553651423094709382802223799452 X
210

−21367486652154280459021520014441922797550120820335556492 X
209

+372296936547364090190964419321296056278497291369120200689 X
208

−6179363817820185176325491861466902200865354751240090883628 X
207

+97801802911934633961959685573080342096050446175297460730368 X
206

−1477421796135072049378209020498839594149189821592198005302736 X
205

+21320614076074764680736444462146157059017492953937644678183474 X
204

−294167422407864940560097528312729301413106809409317791803058324 X
203

+3883576634742078925787209415375216263459001306501307847660293924 X
202

−49094918030551686430131203118180765215916300055064055000370158820 X
201

+594725983937568458546675346346899084210448820993612329727276485127 X
200

−6908217173231281937356749988294967030600195171547634795031542924532 X
199

+76994980163064845170112228698385540639257494193632636159037245059836 X
198

−823894346706504107506366937288823098839833071383410291631579701822336 X
197

+8469273772958262026710628271999622792564758068103659846230706711532052 X
196

−83681132726524072048095995734747130203974681459266192265997317092279336 X
195

+795144243523689332927630872176415708135969830845118255806216540782823152 X
194

−7269780187119664809342349161327122631110208917713820059680937579283339540 X
193

+63982909794418805079095704404425508797358820911832825754452961044310230749 X
192

−542344596081635062105311815302842214996129916014095163477636972631508573428 X
191

+4429431466540078126432548466348852936034225631626084315238970022210226876952 X
190

−34871178992978810471345921918688218483059002567620593360358523353893228098512 X
189

+264733103054038507966415634388282053468987874464590121124378959291288436212766 X
188

−1938842880951173315287180043642617705714625447140019495532675112747062169652220 X
187

+13703536303662734312214866242681941295455927297452121978431949442882238741291012 X
186

−93504991617710905839592872909674221329272390496193324229086375504468817328629224 X
185

+616168230178545470491894637536019221220573836858083963918418837683089051735160983 X
184

−3922568844926017638523080754153460113040605228180022472039397282523084957508013240 X
183

+24131673130882223229560930078928592844683498721956512240170682982819452413336945400 X
182

−143510404126312601154426556592421867918735143543109086548816908774906409691970013192 X
181

+825252549041145211431260846849858773300754178584454489577873382505999681358654278248 X
180

−4590093149022911042777602372747885743431534633731255058579603331781753842889736339672 X
179

+24700528472461530985461871583819687241081364668806427240469718045464903958154886863524 X
178

−128633972052847392715369232758479232251197010780569673394445563869717285112419514300276 X
177

+648455450328140327457654967416326758543579996285739905059971344566366342771522426567113 X
176

−3165089033834173242851754781599583315342736180062033083330430619971104137771812967234992 X
175

+14961510824026757374877737923364820673388043958686143074319810827962307256658598286947568 X
174

−68508963002546594735044434595285331550906187942649627585361672810889760965164656880371100 X
173

+303946309424213208409204597228456875078886223467318681610711139624516453124796728849856346 X
172

−1306819403699392532033286768776965469849624538070716800764601270155111310472497744460663612 X
171

+5446178512933051368820376372869448255666468732033730737514114925918295106730433053158384144 X
170

−22004472938581732291031614135938605448300352556746833545104739410964434260992807292830399000 X
169

+86209477110259674644940462761344599491587364283861874797325499775387466388150119970592115419 X
168

−327569295751179590504796415090686005804107812804874338707269797651856464963696139872079737312 X
167

+1207346281759347240928257425964059164304873145451582578460449131073455651348698216996768100052 X
166

−4317323612475182364858370054234209164791723615572206061864509984691271731558703634975809648764 X
165

+14980365386913237385734850898254568183777311338833234424691626349891950376348129178150391904600 X
164

−50445642176924229575595020894055830761084361896568583773165624893767589702178523122618749516620 X
163

+164886184942089512572946319921162008112155565815619086215484326837226422195933935902710579429236 X
162

−523200048148111099544557167300316108819924725853330305537224391701521774805016674786481258270844 X
161

+1611889913013760071215587021965374843195759253455233270096169631693767193017725263904013056291013 X
160

−4822209060101306613582969659170386887734737530638821316902736507233111255743562801475003722913328 X
159

+14010593289737795065024969082068102469627644126170258941794770543488412879068366701116216151861624 X
158

−39538620983089946681835183045207417000968377538438167951509026144347413194132064495705237933843524 X
157

+108391100106877693405802416618266239685144046867000072589480601909517120953415422102133493094261558 X
156

−288684499316478311930739607782339141901040844984078127689838640557418207391402625464511066391618404 X
155

+747067296722650205935915385845598127320416333328858001880103207266942760753379697292745351674211972 X
154

−1878664388715489776599186668763185854079363180894329305673150894489343019554713435270532301219525468 X
153

+4591312612076621124075752085511880422205570916402951202036186110432124014902170371954754163198271739 X
152

−10906009878514667214096420100283535328778843330277372808669508898682801805574560449343393385849533244 X
151

+25181274656255368553858500949699159765448838257093685181422226195128850943342125682985858553077950084 X
150

−56521291198209955824050516688626136846643097217988192151608071415460394420217649796486714031515941484 X
149

+123340886274752112287198500269506236619292244465646557343283048860189764769468300294260749178913550860 X
148

−261697243144017680990228002740613209962642277192398956476697862467424497014502335125271257122370133732 X
147

+539912284852139165416318231249687943317656883234278101368221633764387365276651014137722114438021526716 X
146

−1083209825148085211429954932094475595516858652266019049501275794678490634194516643832326750571864874644 X
145

+2113484757178554843856371920394402075157174826931588959936058927236897604472149817724078213433135531597 X
144

−4010635051143112344258184466850709117439866251134095258418458171176801589475560908297738853466963665560 X
143

+7402587718189879232270203951039256978971011861545754167573549698859477346090965707802142582089825921188 X
142

−13290393680698047521279791780408940174813299566688696389247093430699247777006647860155896103373794529148 X
141

+23211439353708688348866778731030333080191158903096866740474641715106806269415986777750283708397698655498 X
140

−39436734643965862436740192878619024834781430056649208862569920889065476134868785008131341309225224370700 X
139

+65186525381164155480334081702580197185360241369821881294669661859492949565884005601810250539722249895180 X
138

−104832214132982470585927785022637541273551769486493123573898776931841777079263869662438356624398097861676 X
137

+164033463482708230114629199325916312789448321663227670912949360403658410499638460721522419485238163877511 X
136
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