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Let P be a central division algebra of rank 16 over a field K which
represents a 2-torsion element in the Brauer group of K. A classical result
of Albert asserts that D splits as a tensor product of quaternion sub-
algebras. Further, D admits an involution which is trivial on K. We say
that an involution ¢ on D splits if there exist quaternion subalgebras H,;
of D with involutions ¢, such that D = H,@MH, and o—0,80,. An
involution « issplit if and only if D has e-invariant quaternion subalgebras.
A natural question arises as to when an involution ¢ on D splits. Examples
of rank 16 division algebras with involutions which admit no invariant
quaternion subalgebras were constructed in ([2] and [8]). It was proved in
([7), Theorem B, p. 296) that if o is of even symplectic type and char K5 2
then o splits. One can modify easily the arguments in [7] to include the case
char K = 2 also in the even symplectic case. In ([5], p. 196) aninvariant
called pfaffian discriminant was attached to any involution on a central
simple algebra of even dimension with values in K*/K*2, Tt was shown in
[6], using quadratic form theory and Clifford algebras that if char K2
and o is of orthogonal type on a rank 16 algebra, ¢ splits if and only if
the pfaffian discriminant of o is trivial. The aim of this paper is to give a
criterion for an involution o on a rank 16 central simple algebra A over
a field X to split, without restriction on the characteristic of X. We have
included the proofs in the case char K # 2 to make the discussion self-

contained.

The method of proof is to produce o-invariant quadratic subalgebras
of A using a certain pfaffian adjoint map defined in [5] on the set of
alternating clements for ¢ in 4.
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§ 1. Generalities on involutions

:.:t /:‘ beca f:entral simple algebra over a field K with an involution a of
lu b1rs.l kind. Let g: K®@x 4 >~ M,(K) be a splitting for A4 over the
algebraic closure K of XK. Let o transport 1®o to the involution

X —s UX'U-, UEGL,(K), U* = eU with e=41.

There exists VeGLy(K) such that VU
vt —1 i identi
i or E where 1is the identity

If char K £ 2, the first possibility arises if e= 1 (in which case, we call o
to be of rype 1) and the sccond possibility arises if e=—1, (In this case
we call a to be type-1). If char K = 2, e=1, and both cases can arise We:
say that an invelution is of orthagonal type if it can be split over K as
X 1+—> X" and is of e 7 if i i

. Ly en symplectic type if it can be split over K as

§ 2. Pfaffian discriminant

Let A be a central simple algebra of rank 16 over a field X such that
the class of 4 1s 2-torsion in Br(X). Let ¢ be an involution on A of t
e. By Albert’s theorem, we may write 4 — H\®H,, H, denoting uat: T::
ion subalgebras of A. Let 7; denote the standard involution on‘;l virz :
14{x)=Trd x—x, Trd denoting the reduced trace. Then a—Int u-('r’,®r;)'
fc.vr some unit ¥ of A, Int # denotingthe inner automorphism x._.,z:xu-‘
Since type 7 — — L, type (v, @ T,) = 1 and typc ¢ — & implies tha;
(7,@7y) (¥) = eu. Let S, = {x—ea(x), x & A} be the sef of alternati
elements for 6. Then dlmension of S is 6. 2

LewMa 2.1,  There exists a K-linear isomorphism p,: S, — S, satisfying
X pelx) — -2 " i

% pe.,(K]‘ Po(X)-xE K, X & So. The map is unique upto scalars and
a

Proof. Suppose first that A = H @ H,, 0 =t = 7,1y 7 denoting the
standard involutions on Hj. Then type v = 1 and it is easy to verify that
Se ={x®@1—-1Qy, x& H,, y € H,, Trdg,x = Trdg,y}, Trd denotin

the reduced trace, The map py — 1®7,: S; = S; is K-linear, Further, t‘of

—
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x€ H, y€ H, with Trd x = Trd 3, if z = x®1—1Q@Y. then,

z.pLz) = py(z)-z = —Nrd x + Nrdy € K,

pr=14
Let ¢ — Int wer with Tu = eu, € being the type of 0. If x € Se, then
ux & S.. We define po: So > S, to be the map po(x) = Pl x)-u
We have, for x € Sa,
xpex) = X-pdut X)ut

— uf(@? ) plut N wt € K
as well as the fact that p; € K* may
f A. Therefore we assume that
n by X — uxu-t, Ut =el.

The uniqueness upto scalars of pa
be verified by going over to 2 splitting ©

o M(K) - M(K) is the involution give
Let p: Soy = Se» b 2 K-lincar map satisfying X-p(X)E K ¥ XE So.

For X € S., U X € Al (K)= {he set of alternating matricesin M(X).
The map p: Alty(K) = Alt(K) defined by p(Y) = p(UY)U satisfies
ANY € K, »Y € Alt(K). Then, upto a scalar, p must coincide with
the pfaffian adjoint map (cf[5D)

0 B UL A 0 =t v —u
—X 0 T t 0 —z y

pfad —
—v z 0 —x

—y —u x t

ey Al SRl | =y X 0

Further, (pfad)® = 1. Thus p(X) = &-pfad (U X)-U? for A E K.
This proves the uniqueness of p, upto scalars. The formulae

pfaffian (UXU") = detU- pfaffian (X),

pfad (UXU") = (detl) (U (pfad X) U=,

for Y & Aly(K) yield, for X € Se,

pA(X) = pfad (U~ pfad (U™ X) U=y Ut

= (detl)" X.

This completes the proof of the lemma.

Definition. The scalar p? & K* modulo squares is defined to be the

pfaffiian discriminant of @, denoted by pf disc a.
denoting  the

Remark 2.2. If ¢ = Int uev on H®H, = ©®% i
disc ¢ = Nrd u,

standard involutions on H; it is casily verified that pf
- where Nrd denotes the reduced norm,
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Remark 2.3, (cf [5], Prop. 3.4, p. 197) The pfaffian discriminant of an
even symplectic involution is trivial.

Remark 2.4, Let A = Hi@H, and 6 = a,(®o, o; denoting involutions
on H; Then the pfaffian discriminant of ¢is trivial. In fact, if
oy = Int woty, 2 denoting units in M), ©; denoting the standard involu-
tions of Hj, then ¢ = Int (4,(0uy)o(r, @ 7,) and by (2.2), pf disc « is the
class of Nrd (¥, @u,) in K¥/K*,. We have,

Nrd (1,@u,) — (Nrdu, Nrdu,)* € K*.
§ 3. Main Theorem

We prove the following

Tororem 3.1, Let A be a rank 16 central simple algebra over a field K
with an involution o of the first kind. Then (A, o) splits as

(H@ H,y, 0, AL

Hy denoting quaternion subalgebras of A, if and only if’ the pfaffian dis-
criminant of o iy trivial,

We begin with the following special case of the theorem for even
symplectic involutions, which is already contained in [7] for char K £ 2.
We include it here for the sake of completeness and to cover the case
char K = 2 as well.

Prorosimion 3.2.  Let a be an even symplectic involution on a division
algebra D of rank 16. Then & has an invariant quaternion subalgebra.

Froof. Every element x € S, satisfies a quadratic polynomial over X, In
fact, in a splitting of s as X — EX7E-1, x looks like £Y where ¥ is an
alternating matrix and x satisfies the equation

pfaffian (E-1T 4 ¥) =0

which is quadratic in T. Further, not every element of Ss has its square
a scalar. For, otherwise, the same would be true for E. Alt,(K). This
however is not true since there are elements in E-Alt,(K) whose squares
do not belong to K. We choose x € S, which generates a separable
quadratic algebra K{(x) over X. The involution a restricts to identity on
K(x) since o(x) = x. Let « be the nontrivial antomorphism of Kix) over
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K Let & D* be such that Int # extends = to 0. The element utaou
commutes with x so that if w4ouz=0, Int (u4-cu) | K(x)=Int u | K(x).
The element y—u-4-au belongs to S, so that K{¥)/K is quadratic, Further,
yx-! = a(x). Thus (x, ¥) generate a quaternion subalgebra of D invariant
under o. Suppose u 4 ou = 0. Since & may be replaced by s for any
& D, where Iy is the commutant of K(x) in I, it is enough to show
that there cxists A& 0, such that &2 4 a(wd) % 0. Suppose not. Then
whal = a2) A € Dy; bee. u(Aput = o(hp), ¥ A, peDyie,

o) a(w) = afp) a(d) ¥4 n& .

This implies that £, is commutative, conlradicting [£: K] = B. Thus,
one may choose h & D, such that vk 4 o(vh) £ 0. We set p=uh4-a(ud).
Then (x, ¥) gencrate a a-invariant quaternion subalgebra of .

ProrosiTioON 3.3.  Ler A be a central simple algebra of vank 16 over a
freld K with an even symplectic imvokition o. Then A has c-invariant
gquaternion subalgebras.

Proaf. 'We need only to consider the case 4 = M(H)., where Hisa
quaternion (not necessarily division) algebra over K. Let bar on #f denote
the standard involution on H and bar on M,(H} denote the invelution

a b a c
— | .
=G
Then any even symplectic involution ¢ on M(H) is of the form
n

W

= B
a{d) = UAU-L, where U = (_ ) 3K, peH. There exists

T

<. ( U)
VUP! = ;
0 »

v, N& K, Therefore, e is conjugate to the involution

¥ e GL(H) such that

W N S

which clearly fixes both My(K) and K.
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Lemma 3.4, (cf [4], Lemma 2.1) Let o be an invelution on o rank 16
central simple algebra A. Let x A be such thay K(x)K is a separabie
quadratic subalgebra and a restricts to the nontrivial automorphism of K{x)

over K. Then there is a guaternion subalgebra H of A such that o restricts
to the standard involution on I,

Praof. Let D, be the commutant of K(x)in A. Then ¢ restricts to an

involution on the quaternion alzchra D, which is nontrivial on its centre

K(x). Thus by [1, p. 161] which is valid even if K(x) > Kx K, there cxists
a quaternion algebra M, D, such that Dy = K(x) Hy e~ K(x)@H, and
« restricted to D, is simply x®it, a denoting the nontrivial automorphism
of K(x) over K and = the standard involution on #,. The

quaternion
subalgebra H, is the required one,

Let o be an involution on a rank 16 central simple algebra A4 with

pf disc = trivial, Then one can chose p,: S, = S, such that oy =1 Let

W* = {x + po(x), x Sl W= = {x — Po(x), x & S, If char K — 2
= B~ letxe= Wi x =y 4+ Pl ¥ = 5,. Then

2 = (0 + p(¥)- (7 + pa(y)
= 7 + pa(3) (B3 + pa(3))

= (¥ 4+ p.())) P+ i E K

Thus W+ is a K subspace of D such that every element of W+ has its
square in &

Prorosimion 3.5 Ler char N2 2 and o an involytion of orthogonal type

on a rank 16 central-simple algebra A with pf disc o trivial. Then there
exist quaternion subalgebras Hyof A such that 4 — HEH,, o= 1,@®-,,
% denoting the standard fvolutions on H,,

Proof. Letp,: S, — S, be such that Pi = 1. Since ¢ is of orthogonai

type, for x = 5, o(x) = — x. Thus, P+ NK — {0). In fact dim W+ -3
is seen from the fact that over the algebraic closure K of K, if o is split

a8 X' — Xi(a being orthogonal), the space K@W+ is simply the space
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Thus, we may choose x& W=, x#0. Sirl.cr: f5$+ani -:.i?;) i_—,iz.;
K(x)/K is a separable quadratic algcbra. Smce‘xE fK(;‘_).. :;Er S
50 that & restricts to the nontrivial ?;-;T;iplj-:SszﬂA : L(mh g
ere exisls a quaternion su :bra i ;
:: ::Iffjt:lr]murd involution =, of H,. Let H, be the mmmtltu:t é:: Hy bl:. L:Z
and a, the restriction of & to M. Then 4 = Hl@pH,,. .:.: : 11 Thi; ook
type ¢ = | and type 7, = — 1, it follows tITmt type ;9 i t].m s
ihvolutiun of symplectic type on a quaternion algebra 1s

= T Tas
involution so that 7, = 7, and ¢ = 5, ®7;

LEvma 3.6. TLet A be a rank 16 algebra over K wim rhw;:r ”—&: F;:.E:
be an involution on A with pf dise o trivial. Let WF be as +E .l m%xima!
If o is even symplectic, W* =K. If & is erthogenal, K + W :_s :; i
commutative subalgebra of A which is purely inseparable of m. ex ﬁﬂ{; .
K. In particular it is o commutative Frobenius subalgebra of dimen

in 4.

e that 4 = M K) and o
bk e k€= 1. W6 ool e U AR
gn're; h—{ S Pi:_g:vcn by pol ¥)=pfad (U2 V)U-, pfaw.‘l: :Mt‘{ﬁ.’ }—rhlt,l[f;}
iz.in: the ;sua!l plaffian adjoint map. One can Ei{];lllf:ll!}" cum_puttcr Mh.
Sup;c.sa o is even symplectic and U = E, then, B+ = K. If o s given by

T then,

|’ 0 A pov -}

|

J 20 v I;I.’F,?EK}

W = |
| 1 W G R
L vy R 0

In this case, dim W+ = 3, W+ K = 0 and one can verify directly that
n this case, = X ;
K 4 W+ is a maximnl commutative subalgebra of M(K).
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ProrosiTion 3.7. Let 4 be an algebra of rank 16 over a field K of

characteristic 2. Let  be an involution on A with pfdisc o trivial, Then, A

has a o-invariant quaternion subalgebra.

Proof. In view of (3.3), we may assume that 7 is of orthogonal type.
In this case, L = K + W* is a maximal commutative subalgebra of 4 of
dimension 4 over X which is purely inseparable of index 2 over K. Let

X, » € L be genarators of L over K with x* — g, ¥ =b, a, be K. Since
Ais a commutative Frobenius subalgebra of A4 of dimension 4, by ([3],
Th. 3, p. 223), the K-derivation d : L—L defined by dx — x,dy =0
extends to an inner derivation on 4, j.e. 3% € A such that Ex 4 x£ = x,
Ey = yE. The element E2 4 E commutes with L and L being maximal
commutative, £* + £ & L and hence (E*+EP=ceEK. Let y — E2 Then
% +~1 = ¢ and Xy + 0¥ = x. Thus (x, v) gencrate a quaternion sub-
algebra of A. We show that this is invariant under o. The element o1

commutes with Z and hence belongs to L so that (on + %) =deK;

Le., on =N + d. This completes the proof of the proposition.

The propositions 3.3, and 3.5 and 3.7 lead to the theorem.
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