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1. Introduction

Throughout these lectures the letter F will stand for a field. An F -algebra A is

always finite dimensional as a vector space over F , has an identity 1 and is, if not

further specified, associative.

Suppose that dimFA = r and let F (X1, . . . , Xr) be the rational function field in

r variables X1, . . . , Xr. Let u1, . . . , ur be a basis of A. The element

x =

r∑

i=1

Xiui ∈ A⊗ F (X1, . . . , Xr)

is called a generic element of A (even if x 6∈ A!) The set of polynomials

p(T ) ∈ F (X1, . . . , Xr)[T ] such that p(x) = 0 in A ⊗ F (X1, . . . , Xr) is an ideal

of F (X1, . . . , Xr)[T ], hence there is a unique monic polynomial

PA,x[T ] = Tm − s1(x)Tm−1 + . . .+ (−1)msm(x)1

of least degree which has x as a root. This is the generic minimal polynomial of A.

The coefficients si(x) are homogeneous polynomials in the variables Xi, s1(x) is the

generic trace, denoted by tA, sm is the generic norm, denoted by nA and m is the

degree of A. The bilinear form

tA(x, y) = tA(xy)

is the bilinear trace form of A. Its is symmetric if A is associative. Let α : A→̃A′
be an isomorphism of algebras. In view of the uniqueness of the generic minimal

polynomial, we have

PA′,α(x)[T ] = PA,x[T ]

and, in particular tA′(α(x), α(y)) = tA(x, y). Thus α induces an isometry of the

corresponding trace forms. In this way techniques of the theory of bilinear forms

can be applied to algebras. We now describe the class of algebras A for which tA is

nonsingular:

Theorem 1.1. Let A be an algebra. The following conditions are equivalent:



3

(1) the bilinear trace form tA is nonsigular

(2) for any field extension F/F,A ⊗ F is semisimple, i.e. is a direct sum of

simple twosided ideals.

Algebras satisfying the equivalent properties of Theorem 1 are called separable.

The structure of separable algebras is described in the following

Theorem 1.2. A separable algebra is the product of a finite number of simple

algebras whose centers are finite separable field extensions of F .

Remark: A finite field extension L/F is separable as an F -algebra if and only if it

is separable in the sense of field theory.

Since a simple algebra is central over its center, Theorem 2 reduces the study of

separable algebras to

(1) commutative separable algebras; it is usual to call them étale algebras

(2) central simple algebras

Example: Algebras of degree 2. For convenience we assume here that F is a field

of characteristic not equal to 2. A quadratic étale algebra K is either isomorphic to

F ×F or is a quadratic field extension. In both cases we can write K = F [X]/(X 2−
a), a 6= 0. Denoting by i the class of X in K and putting x = x1 · 1 + x2 · i, we have

PK,x[T ] = T 2 − 2x1T + (x2
1 − ax2

2)1 and tK(x, y) = 2x1y1 + 2ax2y2.

A central simple algebra Q of degree 2 is a quaternion algebra i.e. Q is generated

by two elements i, j with relations

i2 = a, j2 =, a, b 6= 0 and ij + ji = 0
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A basis of Q is {1, i, j, ij} and we have for x = x1 · 1 + x2 · i + x3 · j + x4 · ij

PQ,x(T ) = T 2 − 2x1T + (x2
i − ax2

2 − bx2
3 + abx2

4) · 1,
tQ(x, y) = 2x1y1 + 2ax2y2 + 2bx3y3 − 2abx4y4

We denote Q = (a, b)F ; Either Q ' M2(F ) or Q is a division algebra. The last

case occur if and only if nQ is anisotropic.

There is another interesting class of algebras of degree 2, which however are no

longer associative, but alternative i.e. the weaker form

x(xy) = (xx)y and (xy)y = x(yy)

of associativity holds. These algebras are octonion algebras, of dimension 8, and can

be represented as

O = Q⊕Qz
as vector spaces over F , where z is a symbol such that z2 = c, c ∈ F× and Q is a

quaternion algebra. If Q = (a, b)F , we write O = (a, b, c)F .

In all these examples (quadratic, quaternion and octonion algebras) the algebra

admits an involution (i.e. an antiautomorphism of order 2) x 7→ x such that x + x

is the generic trace tA and x ·x the generic norm nA, so that the generic minimal

polynomial is obviously T 2 − tA(x)T + nA(x) · 1. Summarizing, we have examples

of dimension 2, 4 and 8 in degree 2. The aim of the lectures is to describe algebras

of dimension 3, 9 and 27 in degree 3.

2. Etale algebras.

We follow here [KMRT]. For any finite dimensional commutative F -algebra L we

denote by

X(L) = AlgF (L, Fsep)

the set of F -algebra homomorphisms of L to a separable closure Fsep of F .
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Theorem 2.2. For a finite dimensional commutative F -algebra L the following

conditions are equivalent

(a) L is separable

(b) L ' K1 ×K2 × . . .×Kr, Ki/F finite separable field extensions

(c) L⊗ Fsep ' Fsep × . . .× Fsep

(d) card X(L) = dimF L

If F is infinite the conditions above are also equivalent to L ' F [X]/(f) for

some polynomial f ∈ F [X] which has no multiple roots in an algebraically closed

extension of F .

As already mentioned an algebra satisfying these properties is called étale. The

category EtF of étale algebras over F is closed under products L1 × L2 and tensor

products L1 ⊗ L2 (this is the main reason to work with étale algebras v.s. finite

separable field extensions). The algebra F × . . . × F (n times) is the split étale

algebra of dimension n. The generic minimal polynomial of F (with respect to the

basis element 1) is PF,x(T ) = T − x1. Since

PA×B,(x,y)(T ) = PA,x(T ) · PB,y(T )

for a product algebra A × B, the generic minimal polynomial of the split algebra

F×. . .×F is (T−x1) . . . (T−xn), hence is of degree n. The degree is invariant under

changes of base fields, hence i follows from Theorem 2.2, (c) that the generic minimal

polynomial of an étale algebra of dimension n has degree n. Let ρ : L→ EndF (L)

be the regular representation. Since the characteristic polynomial det (T ·Id−ρ(x))

has degree n, the Cayley - Hamilton theorem implies that

PL,x(T ) = det(T · Id− ρ(x))

and tL(x) = tr(ρ(x)), where tr is the trace. Thus by Theorem 1.1 a commutative

algebra L is étale if and only if the bilinear trace form tL(x, y) = tr(ρ(x)ρ(y)) is

nonsigular.
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The extension Fsep/F is a Galois extension with group

Γ = lim
←
α

Gal(Fα/F ),

where the limit is taken over all finite Galois extension F ⊂ Fα ⊂ Fsep. The group Γ

has a topology induced by the discrete topology on the groups Gal(Fα/F ). It acts

(on the left) on X(L):

γξ = γ ◦ ξ for γ ∈ Γ and ξ ∈ X(L).

The action is continuous, in the sense that it factors through a finite quotient

Gal(M/F ) of Γ: take for M any finite Galois extension which contains ξ(L) for all

ξ ∈ X(L).

Let SetsΓ be the category of finite sets with continuous left action of Γ. The

correspondance L 7→ X(L) defines a contravariant functor

X : EtF → SetsΓ

We define a functor in reverse direction. For X ∈ SetsΓ, consider the Fsep-

algebra Map(X,Fsep) of all set-theoretic maps f : X → Fsep with pointwise addition

and multiplication. It is convenient to write f(ξ) = 〈f, ξ〉 for f ∈ Map(X,Fsep) and

ξ ∈ X. We define a Γ-semilinear action of Γ on Map(X,Fsep) as follows

〈γf, ξ〉 = γ(〈f, γ−1

ξ〉)

Let M(X) = Map(X,Fsep)Γ denote the F -algebra of Γ-invariant maps. The

algebra M(X) is étale since by Galois descent

Map(X,Fsep)Γ ⊗F Fsep ' Map(X,Fsep) = Fsep × . . .× Fsep.

Hence we get a contravariant functor M : SetsΓ → EtF , X 7→M(X).

Theorem 2.2. The functors X and M define an anti-equivalence of categories

EtF ≡ SetsΓ.
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“Proof.” The maps L → Map(X(L), Fsep)Γ, ` 7→ e`, 〈e`, ξ〉 = ξ(`) and

X → X(Map(X,Fsep)Γ), ξ 7→ eξ, eξ(f) = 〈f, ξ〉 are isomorphisms.

Under this equivalence a direct product decomposition L1 × L2 corresponds to

a disjoint union X(L1) ∪ X(L2). We have L ' F × . . . × F (i.e. L split) if and

only if Γ acts trivially and L is a field if and only if Γ acts transitively on X(L). In

particular the decomposition of L as a direct product of fields corresponds to the

decomposition of X(L) in orbits under Γ.

We have a map

X(L1)×X(L2)→ X(L1 ⊗ L2)

defined by (ξ1, ξ2)(x ⊗ y) = ξ1(x)ξ2(y). Every F -algebra homomorphism

ϕ : L1⊗L2 → Fsep is of this type, since ϕ(x⊗y) = ϕ((x⊗1)(1⊗y)) = ϕ(x⊗1)ϕ(1⊗y).

Thus we may identify

X(L1 ⊗ L2) = X(L1)×X(L2).

γ acting diagonally on the right. In particular we have a canonical isomorphism

L⊗ L ' Map(X(L)×X(L), Fsep)Γ.

In the same way as étale algebras generalize finite separable field extensions,

there is a generalization of finite Galois field extensions: let L be étale and let

G ⊂ AutF (L) be a finite group of F -automorphisms of L. We say that L is a

G-Galois algebra if (1) |G| = dimFL, (2) LG = F . There is a right action of G on

X(L), ξ 7→ ξg = ξ ◦ g, ξ ∈ X(L), g ∈ G, which corresponds to the G-action on L

through the equivalence EtF ≡ SetsΓ, and this action on X(L) is Γ-equivariant.

Moreover X(L) is a G-torsor, i.e. for all ξ, η ∈ X(L) there is a unique g ∈ G such

that η = ξg.

The Galois closure and the discriminant. Let X be a Γ-set of n elements and

let

Σ(X) = {(ξ1, . . . , ξn) | ξi ∈ X, ξi 6= ξj for i 6= j}
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The set Σ(X) has n! elements and is a Γ-set through the action γ(ξ1 . . . , ξn) =

(γξ1, . . . ,
γξn). Furthermore the group Sn of permutations of n objects acts Γ-

equivariantly through permutations: (ξ1, . . . , ξn)σ = (ξσ(1), . . . , ξσ(n)). Clearly Σ(X)

is an Sn-torsor and the projections on the various components define Γ-equivariant

maps

πi : Σ(X)→ X.

If L is étale of dimension n we can associate to L under the antiequivalence EtF ≡
SetΓ the Sn-Galois algebra

Σ(L) = Map(Σ(X(L)), Fsep)Γ

with n canonical embeddings εi : L ↪→ Σ(L) defined by

〈εi(`), (ξ1, . . . , ξn)〉 = ξi(`)

The algebra Σ(L) is called the Galois Sn-closure of L.

For X as above, let ∆(X) be the set of orbits of Σ(X) under the action of the

alternating group An with the induced action of Γ. This set has 2 elements. If

X = X(L) for L étale of dimension n

∆(L) = Map(∆(X(L)), Fsep)Γ

is a quadratic étale algebra over F . Alternatively we have

∆(L) = Σ(L)An

An element γ ∈ Γ acts trivially on ∆(X(L)) if and only if the permutation

ξ 7→ γξ is even. Therefore the kernel of the action of Γ on ∆(X(L)) is the subgroup

Γ0 ⊂ Γ which acts by even permutations on X(L) and

∆(L) '
{
F × F if Γ0 = Γ
(Fsep)Γ0 if Γ0 6= Γ.

The algebra ∆(L) is called the discriminant algebra of L.

Example: Let L = F [X]/(f), f of degree n without multiple roots. Let x

be the class of X in L and let x1, . . . , xn ∈ Fsep be the roots of f . We have
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X(L) = {ξ1, . . . , ξn} where ξ1(x) = xi. If char F 6= 2, γ ∈ Γ induces an

even permutation of X(L) if and only if γ(
∏

i<j

(xi − xj)) =
∏

i<j

(xi − xj). Thus

∆(L) ' F [T ]/(T 2 − d), where d =
∏

i<j(xi − xj)2 is the classical discriminant of f .

Exercice: If char F 6= 2, ∆(L) ' F [T ]/(T 2 − d), where d represents the

determinant of the bilinear trace form tL(x, y).

3. Etale algebras of dimension 3. The aim is to establish canonical isomor-

phisms

L⊗ L ∼→ L× Σ(L) and L⊗∆(L)
∼→ Σ(L)

for L an étale algebra of dimension 3. Let X be a Γ-set of 3 elements and

Σ(X) = {(ξ1, ξ2, ξ3)|ξi ∈ X, ξi 6= ξj, i 6= j}

the associated S3-torsor. Consider the transpositions

τ1 = (2, 3) , τ2 = (1, 3) and τ3 = (1, 2)

in S3 and the corresponding subgroups {1, τi} = Hi of order 2.

Let Σ(X)/A3, resp. Σ(X)/Hi be the set of orbits under A3, resp. Hi. The

canonical map

Σ(X)→ Σ(X)/A3 × Σ(X)/Hi

which carries ξ to the couple (ξA3, ξHi) is Γ-equivariant and is a bijection since

ξA3 ∩ ξHi = {ξ}. Moreover the projection πi : Σ(X) → X factorizes through

Σ(X)/Hi; thus we get three canonical Γ-equivariant bijections

π̂i : Σ(X)
∼→ ∆(X)×X.

Theorem 3.1. Let L be étale of dimension 3. The canonical embeddings εi : L→
Σ(L) induce isomorphisms

ε̂i : ∆(L)⊗ L ∼→ Σ(L), i = 1, 2, 3
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Proof. The ε̂i correspond to the π̂i through the antiequivalence EtF ≡ SetsΓ

Consider now the Γ-set X×X with Γ acting diagonally. It has a disjoint decom-

position (as Γ-sets)

X×X = D ∪ E

where D is the diagonal and E is its complement. There is a canonical bijection

X
∼→ D which maps ξ ∈ X to (ξ, ξ). Moreover we have three canonical bijection

vi : Σ(X)→ E, i = 1, 2, 3,

which each forgets the i-component. These maps are Γ-equivariant, hence we get

three isomorphisms of Γ-sets

v̂i : X ∪ Σ(X)
∼→ X ×X

which corresponds to three F -algebra isomorphisms

θi : L⊗ L ∼→ L× Σ(L)

through the antiequivalence EtF ≡ SetsΓ

Theorem 3.2. θi maps x ⊗ y to (xy, fi), where fi ∈ Map(Σ(X(L)), Fsep)Γ carries

(ξ1, ξ2, ξ3) ∈ Σ(X(L)) to θi(ξ1, ξ2, ξ3)(x⊗ y).

The action of Γ on X(L) can

(1) be trivial, “case” 1S3

(2) factor over Z/2Z, “case” 2S3

(3) factor over A3, “case” 3S3

(4) factor over S3, “case” 6S3
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We consider each case separately. Since the decompositions of L as product

of fields corresponds to the orbit decomposition of X(L) under Γ, we have

L ' F × F × F in case (1), L ' F ×K,K a quadratic field in case (2) and L is a

field in case (3) and (4).

Case 1S3: The split algebra L = F × F × F is obviously a A3-Galois algebra, A3

acting through cyclic permutations. We have

Σ(L) =
∏

σ∈S3

Fσ,

where the Fσ are copies of F indexed by S3 and S3 acts by right translations. In

particular we get ∆(L) ' F × F .

Case 2S3: Let L = F ×K with K a quadratic étale (=Galois) field extension of F

and let z 7→ z be the conjugation in K. Assume that K ⊂ Fsep. The three elements

of X(L) are

r1 : (x, z) 7→ x, c1 : (x, z) 7→ z, c2 : (x, z) 7→ z

The action of Γ permutes c1 and c2. The isomorphism

L
∼→ Map(X(L), Fsep)Γ

is given by

(x, z) 7→




〈e(x,z), r1〉 = x
〈e(x,z), c1〉 = z
〈e(x,z), c2〉 = z

Let now Σ(X(L)) = {ξ1 = (r1, c1, c2), ξ2 = (r1, c2, c1), ξ3 = (c1, r1, c2),

ξ4 = (c2, r1, c1), ξ5 = (c1, c2, r1), ξ6 = (c2, c1, r1)}
The action of Γ permutes the elements ξ1, ξ2, resp. ξ3, ξ4 and ξ5, ξ6. We claim

that Σ(L) = K ×K ×K. It suffices to give a map

K ×K ×K → Map(Σ(X(L)), Fsep)Γ.

We set 〈e(z1,z2,z3), ξ1〉 = z1, 〈e(z1,z2,z3), ξ2〉 = z1, ...
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Writing S3 as a semidirect product S3 = A3 o Z/2Z, according to the exact

sequence

1→ A3 → S3 → Z/2Z→ 0,

one sees that A3 permutes the factors and Z/2Z acts as (z1, z2, z3) 7→ (z1, z2, z3).

Thus ∆(F × K) ' K and the isomorphism L ⊗ ∆(L) ' Σ(L) is clear, since

K ⊗K ' K ×K, x⊗ y 7→ (xy, xy).

Case 3S3: L is a field and is Galois with group A3, i.e. L is cyclic. Let ρ ∈
Gal(L/F ) = A3 be a generator. Then

X(L) = {ε, ε ◦ ρ, ε ◦ ρ2

where ε : L→ Fsep is a fixed embedding. We have

Σ(L) = L× L

and, if σ ∈ S3 of order 2 is such that σρσ = ρ2, we let ρ act as ρ(u, v) = (ρ(u), ρ2(v))

and σ as the switch, σ(u, v) = (v, u). We get in particular that ∆(L) ∼= F × F .

Case 6S3: Here L is a separable non-normal cubic field extension. The group Γ

acts as the full permutation group S3 on X(L), hence Γ acts simply transitively on

Σ(X(L)) and Σ(X(L)) ' L⊗∆(L) is Galois of degree 6 over F with group S3. In

particular ∆(L) is a quadratic Galois extension of F and Σ(L) is cyclic of degree 3

over ∆(L).

Exercises: (1) Prove directly that L is a A3-Galois algebra over F if and only if

∆(L) ' F × F .

(2) Show that L étale of degree 3 has a primitive element, i.e. L ' F [X]/(f)

for some f ∈ F [X] except if F = IF2 and L = F × F × F .
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Example: Let L = F [X]/(f) with f ∈ F [X] of degree 3 without multiple roots. If

charF 6= 3, then f can be chosen as f = X3 +pX+q and, if furthermore charF 6= 2,

∆(L) ' F [t]/(t2 − δ)

where δ = −4p3 − 27q2 is the classical discriminant. If char F = 2,

∆(L) ' F [t]/(t2 + t + 1 + p3q−2)

In particular, we have ∆(L) ' F [t]/(t2 + t + 1) if f = X3 − b and charF 6= 3.

We call a separable F -algebra of the form L = F [X]/(X3 − b) a Kummer algebra.

Conversely we claim that L is a Kummer algebra if ∆(L) ' F [t]/(t2 + t + 1). The

class ω of t in ∆(L) is a primitive cubic root of 1. If ω ∈ F,∆(L) ' F×F, L is cyclic

and, by Exercise (2) above, L 6' F × F × F , so that L is a cyclic field extension of

F . Let ξ ∈ L be a primitive element and let ρ ∈ Gal(L/K) be a generator of the

Galois group. The Lagrange resolvent

x = ξ + ρ(ξ)ω2 + ρ2(ξ)ω

satisfies ρ(x) = xω, hence x3 = xρ(x)ρ2(x) = NL/F (x) ∈ F (and x 6= 0 since

by Dedekind, 1, ρ, ρ2 are linearly independent). Thus L is a Kummer extension.

Assume now that ω 6∈ F , so that ∆(L) = F (ω) is a quadratic field over F . If L

is not a field, L = F × F (ω) = F [x]/(x3 − 1) is a Kummer algebra. If L is a field

L⊗∆(L) = L(ω) is a Galois field extension of F of degree 6, cyclic of degree 3 over

F (ω). Let ρ ∈ Gal(L(ω)/F (ω)) be a generator and let ξ ∈ L be primitive. Let again

x = ξ + ρ(ξ)ω2 + ρ2(ξ)ω

If x ∈ L, then by the above computation, L is Kummer over F . Let τ be the

automorphism of L ⊗ ∆(L) = L(ω) induced by the conjugation of F (ω), so that

τ |L = 1L, τ(ω) = ω2 and τρτ = ρ2. Then obviously τ(x) = x and x ∈ L as claimed.

The trace form. We denote by 〈a1, . . . , an〉, ai ∈ F× the bilinear form f(x, y) =

Σaixiyi and by f ⊥ g the orthogonal sum of two bilinear forms f, g. Let L be cubic
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separable. If L is not a field, say L = F × K, K quadratic étale, we have for the

trace form

tL = tF ⊥ tK

Assume charF 6= 2, so that K has a basis {1, i} with i2 = d, d ∈ K×. We have

tK ' 〈2, 2d〉 with respect to this basis, so that

tL ' 〈1, 2, 2δ〉

since tF = 〈1〉. Recall that K ' ∆(L), so that

(∗) tL ' 〈1, 2, 2δ〉

where ∆(L) ' F [X]/(X2− δ). We claim that the same holds if L is a field. We use

the following

Theorem 3.3 (Springer) Let f, g be nonsigular bilinear forms over a field F with

charF 6= 2. If f ⊗ F and g ⊗ F are isometric for some finite field extension F/F of

odd degree, then f ' g.

Proof of (∗): We have L⊗ L ' L× L⊗∆(L), hence

tL⊗L/L ' 〈1〉L ⊥ tL⊗∆(L)/L ' 〈1, 2, 2δ〉L
hence the claim by Springer’s theorem.

4. Central simple algebras of degree 3. We recall that a central simple algebra

A is a “form” of a matrix algebra, i.e. there exists a field extension F/F and an

isomorphism

α : A⊗ F ∼→Mn(F ).

In particular the dimension of A over F is always a square. The generic minimal

polynomial of Mn(F ) is

PMn(F ),x(T ) = det(T · Id− x)
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(by Cayley-Hamilton, since det(T · Id− x) is irreducible. Hence

PA,x(T ) = det(T · Id− α(x⊗ 1))

for an arbitrary central simple algebra A. Thus deg A =
√

dimF A. Particularly

nice central simple algebras are cyclic algebras: let Cn denote the cyclic group Z/nZ
with generator ρ = 1 + nZ, let L be a Galois Cn-algebra and let a ∈ F×. The cyclic

algebra (L, a) is defined as

(L, a) = L⊕ Lz ⊕ . . .⊕ Lzn−1

where z is a symbol subject to the relations

z` = ρ(`)z, ` ∈ L and zn = a

Example: Let L = F × . . .× F with the Cn-structure defined by ρ(x1, . . . , xn) =

(x2, x3, . . . , x1). We have (L, a) ' Mn(F ) for all a ∈ F×. An explicit isomorphism

is given by

(x1, . . . , xn) 7→




x1

x2

xn


 and z 7→




0 1 0 . . . 0
0 0 1 . . . 0
... 1
a . . . 0




From this example, it follows that (L, a) is central simple for all Cn-algebras L and

all a ∈ F×, since (L, a)⊗ Fsep ' (L⊗ Fsep, a) and L⊗ Fsep ' Fsep × . . .× Fsep. Not

every central simple algebra is cyclic. This is true in degree 2, since cyclic algebras

of degree 2 are quaternion algebras, and in degree 3: (however in degree 4 there are

examples of noncyclic algebras, due to Albert).

Theorem 4.1. (Wedderburn) Every central simple algebra of degree 3 is cyclic.

We give a proof due to Haile [H], assuming charF 6= 3. Let A× be the group of

units of A.
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Lemma 4.2. Let A be central simple of degree 3 and let x ∈ A×. If

tA(x) = 0 = tA(x−1), then x3 = nA(x) · 1.

Proof. Let T 3 − tA(x)T 2 + sA(x)T − nA(x)1 be the generic minimal polynomial

(the reduced characteristic polynomial of x ∈ A. Then

T 3 − sA(x)

nA(x)
T 2 +

tA(x)

nA(x)
T − 1

nA(x)
· 1

is the generic minimal polynomial of x−1. Therefore tA(x−1) = sA(x)nA(x−1)

and the reduced characteristic polynomial of x has the form T 3 − nA(x) · 1 if

tA(x) = 0 = tA(x−1).

Proof of Theorem 4.1: In view of the above example we may assume that D

is a central division algebra. We claim that it suffices to find y, z ∈ D such that

z 6∈ F, y 6∈ F (z) and

tD(x) = 0 = tD(x−1)

for x = z, yz, yz2. Indeed by the lemma we have

z3 = nD(z), (yz)3 = nD(yz) (yz2)3 = nD(yz2);

since nD(yz2) = nD(yz)nD(z), it follows that (yz2)3 = (yz)3z3 hence, after cancel-

lations

zyz2y = yzyz2

Dividing both sides by z3 = nD(z) we get

zyz−1y = yzyz−1

Hence zyz−1 commutes with all elements of F (y). Since y 6∈ F, F (y) is a cubic

subfield of degree 3 of D, hence is maximal, so that zyz−1 ∈ F (y). We have

zyz−1 6= y since y 6∈ F (z) and we define a C3-algebra structure of F (y) by letting

ρ(y) = zyz−1 and

D ' (F (y), nz(z))
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is cyclic, as claimed. We now proceed to construct y, z as wanted. Let L ⊂ D be

an arbitrary maximal subfield. L is separable since charF 6= 3. Since the bilinear

form tL is nonsingular, we have

tD = tL ⊥ tU

where U = L⊥ = {x ∈ D | tD(x, y) = 0, ∀y ∈ L}. Let 0 6= u1 ∈ U and let

V = (Fu−1
1 )⊥. Since dimFV ≥ 8 and dimFL = 3, V ∩L 6= {0}, so let 0 6= u2 ∈ V ∩L.

We set z = u1u
−1
2 ; we have tD(z) = tD(u1, u

−1
2 ) = 0 since u1 ∈ L⊥, u2 ∈ L and

tD(z−1) = 0 because u2 ∈ (Fu−1
1 )⊥. We cannot have z ∈ F , because tD(ξ) = 3ξ 6= 0

for ξ ∈ F×. Next pick v1 ∈ F (z)⊥. Since

dim(zF + z−1F )⊥ = 7

we have

v1(zF + z−1F )⊥ ∩ F (z) 6= {0}

we thus can find a nonzero element v2 in the intersection and set y = v−1
2 v1. We

claim that v1 6∈ F (z) : v1 ∈ F (z) implies

F (z)⊥ ∩ F (z) 6= {0}

This contradicts the fact that tF (z) is nonsingular, since F (z) is separable. Hence

v1 6∈ F (z) and y = v−1
2 v1 6∈ F (z). Since v1 ∈ F (z)⊥ and v2 ∈ F (z) we have

tD(yz) = tD(v−1
2 v1z) = tD(v1zv

−1
2 ) = tD(v1, zv

−1
2 ) = 0

and

tD(yz2) = tD(v1, z
2v−1

2 ) = 0

On the other hand, since v−1
1 v2 ∈ (zF + z−1F )⊥ by definition of v2 and z3 =

nD(z) we have

tD(z−1y−1) = tD(z−1v−1
1 v2) = 0 and tD(z−2y−1) = nD(z)tD(zv−1

1 vz) = 0

and y, z are as wanted.
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Remark. Assuming Springer’s theorem, the bilinear trace form of D central simple

of degree 3 over F is easy to compute. The algebra D is either M3(F ) or is a

division algebra. If D is a division algebra, a maximal commutative subfield, which

is of degree 3 will split D. Thus, by Springer’s theorem tD ' tM3(F ). An easy

computation shows that

tM3(F ) ' 〈1, 1, 1〉 ⊥ 〈1,−1, 1,−1, 1,−1〉

5. Central simple algebras with involution. An involution σ of a ring A is an

antiautomorphism of order 2, i.e. σ(ab) = σ(b)σ(a) and σ2 = IdA. Examples are

conjugation for quaternions and transpose x 7→ xt for matrices. Let A be central

simple over F . An involution needs of Anot to be F -linear. However σ(F ) = F and

one says that σ is of the first kind if σ|F = IdF and of the second kind if σ|F 6= IdF .

For example for x ∈ Mn(IC), x 7→ x∗ with x∗ = (aij)
t if x = (aij) is of the second

kind. If σ is of the first kind, we have an isomorphism

A⊗ A ∼→ EndF (A), a⊗ b 7→ `a⊗b(x) = axσ(b)

and A has order 2 in the Brauer group Br(F ) [and conversely, by a classical result

of Albert]. Since a central simple algebra of degree 3 is either split, i.e. A 'M3(F ),

or has order 3 in Br(F ), such an algebra admits an involution of the first kind

if and only if it splits. However central division algebras of degree 3 may admits

involutions of the second kind. For such an involution σ, F is Galois quadratic over

F0 = {x ∈ F |σ(x) = x}

It is convenient to view F0 as base field and from now on we change notation: we

give us a quadratic extension K/F with conjugation i = iK and consider central

simple algebras B over K with involutions τ such that τ |K = iK .

Examples 5.1. (1) A = Mn(K), x 7→ x∗, x∗ = (aij)
t, τa(x) = ax∗a−1 with a∗ = a.

It can be shown that any τ of second kind on Mn(K) is of the form τ = τa.

(2) Let Q0 be a quaternion algebra over F , let Q = K ⊗Q0 and τ = τK ⊗ σ, σ the

conjugation of Q0. Then τ is of second kind and it can be shown that any quaternion
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algebra Q over K with involution of second kind is of this type.

(3) It is convenient to define involutions of second kind also if K = F ×F : let A be

central simple over F and let

B = A× Aop,

where Aop is the opposite algebra, i.e. A = Aop as a set and xop ·yop = (yx)op through

the identification x → xop. We view B as an F ×F -algebra with componentwise

addition and multiplication and define τ as

τ(x, yop) = (y, xop).

The vector space (over F ) of symmetric elements

H(B, τ) = {x ∈ B | τ(x) = x}

of a central simple algebra with involution of second kind has dimension dimKB,

since we have an isomorphism of K-vector spaces

H(B, τ)⊗K ' B, x⊗ y 7→ xy.

Furthermore H(B, τ) is closed under the Jordan multiplication

x ◦ y =
xy + yx

2
(we assume charF 6= 2)

hence it is a Jordan algebra with identity 1 (in fact, with correct definitions it is a

central simple Jordan algebra).

In particular powers xn of elements x ∈ H(B, τ) lie in H(B, τ) and the reduced

characteristic polynomial of B restricts to a generic polynomial PH(B,τ),x(T ) for the

Jordan algebra H(B, τ), over F of the same degree as the reduced characteristic

polynomial. In particular we have a nonsingular trace form tH(B,τ) on H(B, τ).

Our aim is to study H(B, τ) as an ”object” of degree 3. We begin with two examples.

Examples 5.2. Let L0 be a cubic separable field extension over F , let K = ∆(L0)

and let M = Σ(L0) = L0⊗K. Then M is cyclic over K and we get a cyclic algebra

(M, a) over KM for any a ∈ K×:

B = M ⊕Mz ⊕Mz2
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with zmz−1 = ρ(m), ρ a generator of Gal(M/K), and z3 = a. Assume that a ∈ F×;

let i(`⊗ x) = `⊗ x be the automorphism of M extending the conjugation of K. It

is easy to check that the map τ : B → B such that

(1) τ |M = iM , (2) τ(z) = z and (3) τ(mz) = zτ(m)

is an involution of second kind of B such that

L0 ⊂ H(B, τ) and F (z) ' F [X]/(X3 − a) ⊂ H(B, τ)

Observe that the construction also makes sense if ∆(L0) ' F × F , i.e. L0 is cyclic,

in which case B = A× Aop with A = (L0, a).

Example 5.3. Let L be cubic cyclic over F , so that L⊗K = M is cyclic over K for

any quadratic étale algebra K. For any a ∈ K× we get a cyclic algebra B = (M, a)

over K. If aa = 1 in K,B admits an involution of second kind τ such that

1) τ |M = i 2) τ(z) = z−1 and 3) τ(mz) = z−1i(m).

Observe that, in this case H(B, τ) contains L and the extension L′ ⊂ K(z) defined

by

L′ = {x ∈ K[z] | τ(x) = x}
In order to describe the discriminant of L′, we first define a product on quadratic

algebras; for K1, K2 quadratic étale, we put

K1 ∗K2 = {x ∈ K1 ⊗K2 | (i1 ⊗ i2)(x) = x}

where i1, i2 are the conjugation of K1, K2. If charF 6= 2, K1 = F (
√
α), K2 =

F (
√
β), then K1 ∗K2 = F (

√
αβ). With these notations, it can be shown that

∆(L′) = K ∗ (F [t]/(t2 + t + 1))

Thus ∆(L′) = F (
√
−3α) if K = F (

√
α) (assuming char F 6= 2).

Observe that in example 5.2 L0 is not cyclic over F but L0 ⊗ K is cyclic over

K and that F (z) is Kummer over F ; in Example 5.3 L is cyclic over F , L′ is not
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Kummer over F but L′⊗K is Kummer over K. In view of the following result, due

to Albert, case 5.2 always occurs; however there exist examples of central simple

algebras of degree 3 with involution of second kind which do not contain cyclic

algebras over F . Thus, the case 5.3 is “exceptional”. From now on we assume

charF 6= 2, 3.

Theorem 5.4. (Albert) Let B be a central simple K-algebra of degree 3 which

admits an involution of second kind. There exist a cubic étale F -subalgebra L0 of

B, such that L0K ⊂ B is cyclic over K and is a S3-Galois algebra over F , and an

element z ∈ B such that z3 = a ∈ F× and B = L0K ⊕ L0Kz ⊕ L0Kz
2 = (L0K, a).

The proof of Albert is quite involved and we shall give a simpler proof, which

is taken from [HK]. We begin with a preliminary lemma.

Lemma 5.5. Let B be a central division algebra of degree 3 over K with an

involution τ of second kind and let S = H(B, τ) be the set of symmetric elements.

Let L be an étale cubic extension of F contained in S. Then

(1) There exists d ∈ S ∩ B× such that tB(Ld) = 0

(2) For d as in (1) the space V = {` ∈ L | tB(d−1`) = 0} is at least 2-dimensional over

F . (3) The space U = d−1V is contained in H(B, Int(d−1) ◦ τ) and u3 = nB(u) ∈ F
for all u ∈ U .

Proof. We first observe that any element in S not in F generates an extension L

as wanted. We prove (1). For any x ∈ S the linear map

f(x)(`) = tB(`x)

has values in F since τ(tB(`x)) = tB(τ(`x)) = tB(τ(x)τ(`)) = tB(x`) = tB(`x). Thus

we get an F -linear map S → L∗ = Hom(L, F ), x 7→ f(x). Since dimF S > dimF L

there is d as wanted in (1).

(2) The linear map ` 7→ tB(d−1`) has values in F , hence its kernel V has dimension
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≥ 2. We prove (3). By the choice of d we have

tB(d−1`) = tB(`−1d) = 0 for all ` ∈ V ∩B×

hence tB(u) = tB(u−1) = 0 for all u ∈ U ∩B×. Thus, by Lemma 4.2 u3 = nB(u) for

u ∈ U ∩B×, hence for all u ∈ U . Since u = d−1`, nB(u) = u3 lies in F .

Finally we have for u ∈ U

d−1τ(u)d = dτ−1(d−1v)d = d−1vd−1d = d−1v = u,

hence U ⊂ H(B, τ).

Let B[X] = B ⊗ F [X]. For any ξ ∈ B×, θ ∈ B, we have

X − ξ−iθξi = ξ−1−i(ξX − ξθ)ξi

Thus

(X − ξ−2θξ2)(X − ξ−1θξ)(X − θ) = ξ−3(ξX − ξθ)3

In particular, for w1, w2 ∈ U , where U is the space defined in Lemma 5.5, we

have, putting ξ = w1 and θ = w−1
1 w2

(w1X − w2)3 = w3
1(X − w−2

1 θw2
1)(X − w−1

1 θw1)(X − θ)

Lemma 5.6. Let θ1 = θ = w−1
1 w2, θ2 = w−1

1 θw1, and θ3 = w−2
1 θw2

1.

Then

(1) Int (w−1
1 )(θi) = θi+1(mod 3) and

w−3
1 (w1X − w2)3 = (X − θ3)(X − θ2)(X − θ3)

is the reduced characteristic polynomial of θi, i = 1, 2, 3.

(2) tB(θi) = θ1 + θ2 + θ3 = tB(w−1
1 w2) and nB(θi) = θi+2θi+1θi = w−3

1 w3
2.

(3) For the involution τ ′ = Int(d−1) ◦ τ , where d is as in Lemma 5.5 we have

τ ′(θ2) = θ2 and τ ′(θ1) = θ3.

(4) There exist w1, w2 ∈ U linearly independent such that tB(w−1
1 w2) = 0. For

such a choice we have θ1 + θ2 + θ3 = 0.
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Proof. The first part of (1) is clear. We compute the generic characteristic poly-

nomial of θ1 = w−1
1 w2. Using that

(w1X − w2)3 = nB[X](w1X − w2) ∈ F

by the choice o w1 and w2 ∈ U ,.5, and similarly B(w1) = w3
1, we get

nB[X](X − w−1
1 w2) = (X − θ3)(X − θ2)(X − θ1),

hence (X − θ3)(X − θ2)(X − θ1) is the generic polynomial of θ1 = w−1
1 w2. Thus

tB(θ1) = θ3 + θ2 + θ1 and nB(θ1) = θ3θ2θ1 = w−3
1 w3

2. Conjugating with w−i1 , i = 1, 2,

gives the other formulas of (2). The claims in (3) follow from

θ2 = w−3
1 (w1w2w1), θ1 = w−3

1 (w2
1w2), θ3 = w−3

1 (w2w
2
1)

and the fact that τ ′ fixes U . We finally check (4). The linear map x 7→ tB(w−1
1 x)

on U has values in F . Since U is at least 2-dimensional there exists 0 6= w2 ∈ U
with tB(w−1

1 w2) = 0. Since tB(z) = 3z 6= 0 for 0 6= z ∈ F, w1 and w2 are linearly

independent.

Proof of Theorem 5.4. Let θ1, θ2, θ3 be as in Lemma 5.6. Let M = K(θ−1
2 θ3) if

θ−1
2 θ3 6∈ K and M = K(θ2) if θ−1

2 θ3 ∈ K. We claim that M ⊂ B is cyclic over K

and S3-Galois over F . Assume first that θ−1
2 θ3 6∈ K, so that dimK K(θ−1

2 θ3) = 3.

Since

(∗) Int (w−1
1 )(θ−1

2 θ3) = θ−1
3 θ1 = −θ−1

3 (θ3 + θ2) = −1 + θ3 − θ2 ∈ K(θ−1
2 θ3),

Int (w−1
1 ) restricts to an automorphism ρ of K(θ−1

2 θ3). If ρ is the identity, (∗)
shows that θ−1

2 θ3 satisfies the equation y2 +y+1 = 0. Since B is of degree 3 such an

equation implies θ−1
2 θ3 ∈ K, in contradiction to the assumption. Thus ρ is nontrivial

of order 3. Furthermore we have for τ ′:

τ ′(θ−1
2 θ3) = θ1θ

−1
2 = θ2(θ−1

2 θ1)θ−1
2 = −θ2(1 + θ−1

2 θ3)θ−1
2
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so that τ ′′ = Int (θ−1
2 ) ◦ τ ′ satisfies

τ ′′(θ−1
2 θ3) = −(1 + θ−1

2 θ3)

and defines an automorphism of order 2 of K(θ−1
2 θ3). To show that ρ = Int(w−1

1 )

and τ ′′ generate a group isomorphic to S3, it suffices to verify that τ ′′ ◦ ρ = ρ2 ◦ τ ′′.

We check it on the generator θ−1
2 θ3:

τ ′′ ◦ Int(w−1
1 )(θ−1

2 θ3) = (θ−1
2 θ3)(θ−1

1 θ2) = (θ−1
1 θ2)(θ−1

2 θ3) = θ−1
1 θ3

since θ−1
1 θ2 ∈ K(θ−1

2 θ3). On the other hand Int (w−2
1 ) ◦ τ ′′(θ−1

2 θ3) = θ−1
1 θ3.

Assum now that θ−1
2 θ3 = y ∈ K. By Lemma 5.6, we must have y3 = 1 (since

nB(θ2) = nB(θ3)). If y = 1, we get θ1 = θ2 = θ3, a contradiction to θ1 + θ2 + θ3 = 0.

Thus y ∈ K is a primitive cubic root of 1. It follows from θ3 = yθ2 that θ1 = yθ3

and θ2 = yθ1. Thus nB(θ2) = θ1θ3θ2 = θ3
2 and θ3

2 ∈ K. Since τ ′(θ2) = θ2, we even

have θ3
2 ∈ F . Further we deduce from τ ′(θ1) = θ3 and θ1 = yθ3 that θ3 = τ(y)θ1,

so that τ(y) = y2 and K = F (y). Thus we have K(θ2) = K(θ3) = K(θ1) and the

restriction ρ of Int(w−1
1 ) to K(θ2) is given by θ2 7→ θ3 = yθ2. It is then easy to check

that {τ ′, ρ} generate a group of automorphisms of K(θ2) isomorphic to S3. We now

define L ⊂ M as the subfield fixed under τ ′′ if M = K(θ−1
2 θ3), resp. under τ ′ if

M = K(θ2). We finally get z ∈ B such that

B = M ⊕Mz ⊕Mz2 = (M, a)

by taking z = w−1
1 ; by construction ρ = Int(z) and, since w1 ∈ U,w3

1 = nB(w1) ∈ F×
by Lemma 5.5, hence a ∈ F×.

Remarks. (1) We have used the existence of an involution τ of the second kind in

the proof. However the result does not say anything about τ .

(2) Wedderburn’s theorem is a special case of Albert’s theorem, taking K = F × F
and B = A× Aop.
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6. The trace form

As already noticed, we have a 9-dimensional bilinear trace form on the F -space

S = H(B, τ) of symmetric elements. The next aim will be to compute this form.

We begin with two special cases:

Assume first that B = M3(K) is split. By the theorem of Skolem-Noether any

involution τ of the second kind on B is of the form

τa(x) = ax∗a−1

with x∗ = (aij)
t for x = (aij) and a = a∗. Thus a is a hermiltian matrix and is

isometric to a diagonal matrix a′ = diag (α1, α2, α3) with αi ∈ F×. There exists

u ∈ GL3(K) such that a′ = uau∗ and
∫

(u) is an isomorphism of τa and τa′ . Thus

we may assume that a is diagonal. The symmetric elements of (M3(K), τa) are then

represented as matrices

a =




x1 k3 α−1
1 α3k2

α−1
2 α1k3 x2 k1

k2 α−1
3 α2k1 x3


 b =




y1 r3 α−1
1 α3r2

α−1
2 α1r3 y2 r1

r2 α−1
3 α2r1 y3




and the bilinear trace form is given by

tS(a, b) = x1y1 + x2y2 + x3y3 + α−1
3 α2bK(k1, r1) + α−1

1 α3bK(k2, r2)

+α−1
2 α1bK(k3, r3)

where bK(k, r) = kr+kr. If K = F (
√
α) (assuming charF 6= 2), bK ' 〈2,−2α〉 and

tS ' 〈1, 1, 1〉 ⊥ 〈2,−2α〉 ⊗ 〈α−1
3 α2, α

−1
1 α2, α

−1
2 α1〉

hence is of the form

tS ' 〈1, 1, 1〉 ⊥ 〈2,−2α〉 ⊗ 〈β1, β2, β3〉 with β1β2β3 = 1

We claim that this is true for an arbitrary (B, τ). In fact a corresponding

result holds for arbitrary degrees but even for degree 3 we do not have a simpler

proof. The strategy will be to fix a cubic étale F -algebra L ⊂ S = H(B, τ) and

to study the orthogonal complement V = L⊥. The existence of such an algebra L
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can be directly checked if B = M3(K) is split and, if B is a division algebra, any

x ∈ S, x 6∈ F , will generate such an algebra, since we assume charF 6= 3. We begin

with some preliminary results.

Lemma 6.1. Let L ⊂ H(B, τ) be cubic étale over F and let R = L⊗L⊗K. Then

B is a free R-module via left and right multiplication; the action is equivariant

with respect to the involution τ on B and the action σ : R → R given by

σ(λ⊗ µ⊗ x) = µ⊗ λ⊗ x. In particular we have an induced action of the invariant

ring Rσ on H(B, τ).

Proof. Since all actions are explicitely defined it suffices to check the claimed prop-

erties over a separable closure Fsep of F , so that we even may assume that F is sepa-

rably closed. Then K ' F ×F,B = B1×B2 and τ(B1×{0}) = τ((B1×B2)(1, 0)) =

(0, 1) · (B1 × B2) = {0} × B2. It follows that B1 and B2 are antiisomorphic. Let

f : Bop
1
∼→ B2

be defined by τ(x, 0) = (0, f(xop)). We identify now B1 × B2 with B1 × Bop
1 by

mapping (x1, x2) to (x1, f
−1(x2)). Under this map τ is identified with the switch

(x1, x
op
2 ) 7→ (x2, x

op
1 )

(see Example 5.1., (3)) and we have L = {(`, `op) | ` ∈ L2} for some L2 ⊂ M3(F )

cubic étale. Since F is separably closed L2 ' F×F×F is given by three idempotents

of M3(F ). These three idempotents can be mapped by an automorphism of M3(F )

to the three diagonal idempotents. Since any automorphism of M3(F ) extends to

an automorphism of M3(F )×M3(F )op as algebra with involution, we may assume

that

L = {(`, `op) | ` ∈M3(F ) is diagonal.}

Let L′ be the set of diagonal matrices in M3(F ). We have

M3(F ) = L′ ⊗ L′x+ L′x2
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where x is a permutation matrix of order 3, for example x =




0 1 0
0 0 1
1 0 0


 (see

p.15). Then ξ = 1 + x + x2 is a free generator of M3(F ) as L′ ⊗ L′-module and

(ξ, ξop) is a free generator of B as L⊗ L⊗K-module.

Let again L ⊂ H(B, τ) be cubic étale over F and let tL the trace, nL the norm

of L. The restriction of the bilinear trace form tB to L is tL, hence is nonsingular

and we have an orthogonal decomposition

H(B, τ) = L ⊥ V

For v ∈ V , let Q(v) =
1

2
tB(v2)−πL(v2) ∈ L where πL is the orthogonal projection

H(B, τ) → L. We define an action of L on V such that (V,Q) is a nonsingular

quadratic space of rank 2 over L. We recall that (see section 3)

L⊗ L = L× L⊗∆(L)

with the following properties:

(1) the twist x⊗ y 7→ y ⊗ x restricts on ∆(L) to the conjugation a 7→ a.

(2) there are three embeddings of L in L ⊗ ∆(L). Two of then are given by

x 7→ pr(x⊗ 1) and y 7→ pr(1⊗ y), where pr: L⊗ L → L⊗∆(L) is the projection

and the third, the L-action on L⊗∆(L), corresponds to

` 7→ tL(`) · 1− pr(`⊗ 1)− pr(1⊗ `)

[ the last claim follows from the fact that the sum of the three must be the trace]

and is invariant under the twist.

We have an induced decomposition for R as in Lemma 6.1

R = L⊗ L⊗K = L⊗K × L⊗∆(L)⊗K

The action σ described in Lemma 6.1 restricts on L⊗∆(L)⊗K to λ⊗x⊗ y 7→
λ⊗ x⊗ y, so that the fixed algebra is

Rσ = L× L⊗H
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where H = ∆(L) ∗K = F (
√
αδ) if K = F (

√
α) and ∆(L) = F (

√
δ).

Lemma 6.2. The decomposition of the R-module B induced by the decomposition

R = L⊗K × L⊗∆(L)⊗K reduces to the decomposition

B = L⊗K ⊥ V ⊗K

over K. In particular Rσ = L× L⊗H acts on H(B, σ) componentwise and V is a

free L⊗H-module of rank one. The action of L on V is given by

` ◦ v = tL(`)v − `v − v`.

Proof. By Lemma 6.1 and the consideration before Lemma 6.2.

Lemma 6.3. (V,Q) is a quadratic space over L for the action ` ◦ v = tL(`)v−`v−v`
described in Lemma 6.2 and

tH(B,τ)((`1, v1), (`2v2)) = tL(`1, `2) + tL(Q(v1, v2)),

where Q(v1, v2) = Q(v1 + v2) − Q(v1) − Q(v2). Furthermore, we have

Q(hv) = nH(h)Q(v) for h ∈ H = F (
√
αδ) and v ∈ V .

Proof. By going to a separable closure we may, as in the proof of Lemma 6.1,

assume that B = M3(K), where K = F × F, τ is the switch and L = {(`, `op | `
diagonal}. Then V can be identified wit the set of matrices

v =




0 c3 c2

c3 0 c1

c2 c1 0


 , ci ∈ K

and the action of L on V is

(λ1, λ2, λ3) ◦




0 c3 c2

c3 0 c1

c2 c1 0


 =




0 λ3c3 λ2c2

λ3c3 0 λ1c1

λ2c2 λ1c1 0



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We further have Q(v) = (c1c1, c2c2, c3c3), so that

tL(Q(v)) = c1c1 + c2c2 + c3c3

and the formula for tH(B,τ) follows from the computation in the split case given

at the beginning of this section. Finally, we have H = K, since ∆(L) ' F × F

andK acts componentwise on v, so thatQ(kv) = kkQ(v) = nK(k)Q(v) as claimed.

The quadratic space (V,Q) is attached to a given étale F -algebra L ⊂ H(B, τ).

Assume now that L ⊂ H(B, τ ′) for another involution τ ′. Writing τ ′ = Int(z) ◦ τ ,

the fact that τ ′|L = IdL implies that z ∈ L×. Let now

q : L→ L

be the quadratic map such that `q(`) = nL(`) for all ` ∈ L. For example

q(x1, x2, x2) = (x2x3, x3x1, x1x2)

if L = F × F × F .

Lemma 6.4. Let V ′ = L⊥ ⊂ H(B, τ ′). Putting

Q′(v′) =
1

2
tB(v

′2)− π′L(v
′2), v′ ∈ V ′

where π′L is the projection H(B, τ ′) → V ′, the map v 7→ zv is an isomorphism

V
∼→ V ′ such that

Q′(zv) = q(z)Q(v), v ∈ V.

Thus, v 7→ zv is a similitude (V,Q)
∼→ (V ′, Q′) with factor q(z) ∈ L×.

Proof. As in the proof of Lemma 6.3 we may go to a separable closure and check

the claim by explicit computations.

For any bilinear form b over L, let (TL)∗(b) be the form over F given by

(TL)∗(b(x, y)) = TL((b(x, y)).
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Theorem 6.5. The bilinear form Q(v1, v2) over L has a diagonalization

〈2,−2αδ〉 ⊗ 〈λ〉

for some λ ∈ L× such that nL(λ) ∈ F×2, so that

tH(B,τ) ' 〈1, 2, 2δ〉 ⊥ 〈2,−2αδ〉 ⊗ tL(〈λ〉L)

Proof. Let v ∈ V be such that Q(v) is invertible in L. Then v is a basis of V as

L⊗H-module, hence gives a diagonalization as wanted, putting λ = Q(v). To get

nL(λ) ∈ F×2, we observe that

nL(Q(πV (v2))) = nL(Q(v))2,

where πV : H(B, τ) → V is the orthogonal projection on V . This can be checked

over an algebraic closure, using the explicit computation on page 30. The element

v1 = πV (v2) is also a basis of V as L⊗H-module, so that we get the first claim for

λ = Q(πV (v2)). The last claim follows from Lemma 6.3 and Frobenius reciprocity

(see [S], Scharlau, p.48).

Theorem 6.6. These exists λ ∈ L such that nL(λ) ∈ F×2 so that

tH(B,τ) ' 〈1, 1, 1〉 ⊥ 〈2δ〉 ⊗ 〈1,−α〉 ⊗ tL(〈λ〉L).

In particular tH(B,τ) is of the form

tH(B,τ) ' 〈1, 1, 1〉 ⊥ 〈2,−2α〉 ⊗ 〈β1, β2, β3〉 with

β1β2β3 = 1.

The proof of Theorem 6.6 uses techniques from the theory of symmetric bilinear

forms. We recall that the forms

hn = 〈1,−1〉 ⊥ . . . ⊥ 〈1,−1〉

of dimension 2n is called hyperbolic. Two forms f and g are Witt equivalent if

f ⊥ hn ' g ⊥ h`
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for hyperbolic forms hn, h`. We have an addition on Witt equivalence classes

[f ] + [g] = [f ⊥ g]

Since f ⊥ −f ' hn, with n = dim f , we get a group structure on the set W (F ) of

equivalence classes, putting −[f ] = [−f ] and 0 = [hn]. The corresponding group is

the Witt group of F . Since Witt cancellation

f ⊥ g ' f ′ ⊥ g ⇒ f ' f ′

holds, we see that [f ] = [f ′] and dimf=dimf ′ implies f ' f ′. Furthermore, for any

finite field extension F/F the transfer map

W (F )→W (F ).

defined as f 7→ tF ◦ f , is a group homomorphism. Let in particular F = F (
√
δ). By

Scharlau [S] p. 50, the image of the transfer map

W (F (
√
δ))→ W (F )

is killed by 〈1,−δ〉. Another result we shall use is the fact that if λ0 ∈ F× is a norm

from F (
√
δ), i.e λ0 = x2 − δy2, x, y ∈ F , then

〈λ0〉 ⊗ 〈1,−δ〉 ' 〈1,−δ〉.

Lemma 6.7. Let L be cubic étale over F and let λ ∈ L× be such that nL(λ) ∈ F×2.

Then

[〈1,−δ〉 ⊗ tL(〈λ〉)] = [〈1,−δ〉]
in W (F ).

Proof. By Springer’s theorem, it suffices to check the claim over L, hence we may

assume that L = F ×K with K = F (
√
δ). Let λ = (λ0, λ1) ∈ F ×K; then

tL(〈λ〉) = 〈λ0〉 ⊥ tK(〈λ1〉)

and, as above observed, tK(〈λ1〉) is killed by 〈1− δ〉.
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On the other hand

nL(λ) = λ0nK(λ1) ∈ F×2,

hence λ0 is a norm from K, so that

〈1,−δ〉 ⊗ 〈λ0,−1〉 = 0

which implies the claim.

Proof of Theorem 6.6. We have

〈1,−αδ〉 = 〈1,−α〉 · 〈δ〉+ 〈1,−δ〉

in W (F ), hence

tH(B,τ) = 〈1, 2, 2δ〉+ 〈2〉 · 〈1,−αδ〉 · tL(〈λ〉)
= 〈1, 2, 2δ〉+ 〈2δ〉〈1,−α〉 · tL(〈λ〉) + 〈2〉 · 〈1,−δ〉 · tL(〈λ〉)
= 〈1, 2, 2δ〉+ 〈2δ〉〈1,−α〉tL(〈λ〉) + 〈2〉〈1,−δ〉

by Lemma 6.7. Further we have in the Witt group

〈2δ〉+ 〈2〉 · 〈1− δ〉 = 〈2〉 and 〈1, 2, 2〉 = 〈1, 1, 1〉

which implies that

tH(B,τ) ' 〈1, 1, 1〉 ⊥ 〈2δ〉 ⊗ 〈1,−α〉 ⊗ tL(〈λ〉L)

In particular tH(B,τ) is of the form

tH(B,τ) ' 〈1, 1, 1〉 ⊥ 〈2,−2α〉 ⊗ 〈β1, β2, β3〉

putting 〈δ〉 ⊗ TL(〈λ〉L) = 〈β1, β2, β3〉. The fact that β1β2β3 = 1 follows from

Lemma 6.8. For L/F cubic étale and λ ∈ L× we have

det(tL(〈λ〉L)) ≡ δnL(λ) mod F×2
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where ∆(L) = F (
√
δ).

Proof. As in the proof of Lemma 6.7 we may assume that L = F × K with

K = F (
√
δ). Let λ = (λ0, λ1), λ0 ∈ F, λ1 ∈ K and put λ1 = ξ1 + ξ2

√
δ with

ξ1, ξ2 ∈ F . The matrix of tL(〈λ〉) with respect to the basis {(1, 0), (0, 1), (0,
√
δ)} of

L is 


λ0 0 0
0 2ξ1 2δξ2

0 2δξ2 2δξ1




so that det (tL(〈λ〉)) = 4λ0δ(ξ
2
1 − δξ2

2) = 4δλ0nK(λ1) = 4δnL(λ).

Theorem 6.9. Let τ, τ ′ be two involutions on B such that τ |L = τ ′|L = IdL so that

τ ′ = Int (z) ◦ τ for z ∈ L×. If λ ∈ L× is such that

tH(B,τ) ' 〈1, 1, 1〉 ⊥ 〈2δ〉 ⊗ 〈1,−α〉 ⊗ tL(〈λ〉L)

then

tH(B,τ ′) ' 〈1, 1, 1〉 ⊥ 〈2δ〉 ⊗ 〈1,−α〉 ⊗ tL(〈q(z)λ〉L)

Proof. By Lemma 6.4 and Theorem 6.5 λ = Q(v1) has to be replaced by

Q(zv1) = q(z)λ.

Theorem 6.6. has the following converse, which shows that the expression given

for the trace form is not as exotic as it may appear first.

Theorem 6.10. Let B central simple of degre 3 with an involution of second kind.

Let L be an arbitrary étale F -algebra in B. For every λ ∈ L× such that nL(λ) ∈ F×2,

there is an involution τ on B leaving L elementwise invariant and such that

tH(B,τ) ' 〈1, 1, 1〉 ⊥ 〈2δ〉 ⊗ 〈1,−α〉 ⊗ tL(〈λ〉L)

Proof. We first check that there exists an involution τ1 which leaves L invariant.

Let τ2 be a involution of second kind of B (such a τ2 exists by hypothesis). Let
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L = F (ξ), ξ ∈ B, and let

W = {x ∈ L | τ2(x) = x and xτ2(ξ) = ξx}

If W contains an invertible element z, then Int(z) ◦ τ2 = τ1 leaves ξ, hence L invari-

ant. W is a vector space over F in which the invertible elements form a Zariski open

set. In order to prove that this set is not empty we may extend scalars from F to

an algebraic closure and assume that B = M3(F )×M3(F )op. Let ξ = (y1, y
op
2 ) and

let u ∈ M3(F ) be such that uy2u
−1 = y1. If ε is the switch involution on B, then

Int(u, uop) ◦ ε leaves ξ invariant. This involution is of the form Int(z) ◦ τ2 and z is

as wanted. Let now µ ∈ L× be such that nL(µ) ∈ F×2 and

tH(B,τ1) ' 〈1, 1, 1〉 ⊥ 〈2δ〉 ⊗ 〈1,−α〉 ⊗ tL(〈µ〉L)

Let ν ∈ F× be such that nL(λµ−1) = ν2. We have

λµ−1 = ν2q(λµ−1) = q(νλ−1µ)

where q(`) · ` = nL(`). Then τ = Int(νλ−1µ) ◦ τ1 has by Theorem 6.9 the wanted

trace form.

Example. Let (B, τ) be as in Example 5.2, i.e.

B = M ⊕Mz ⊕Mz2

where M is cyclic over K = F (
√
α) and is an S3-Galois algebra over F . Furthermore

we have M = L⊗K where

L = {x ∈M | τ(x) = x} ⊂ H(B, τ)

has discriminant algebra K. The involution τ is such that τ(z) = z. For x ∈ M

we have τ(xz) = ρτ(x)z, where ρ(x) = zxz−1 and similarly τ(xz2) = ρ2τ(x)z. It

follows that

H(B, τ) = L⊕ ρ2(L)z ⊕ ρ(L)z2

and V = ρ2(L)z ⊕ ρ(L)z2 is an L-module through the action

` ◦ v = ρ2(`)x1z + ρ(`)x2z if v = x1z + x2z
2
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Observe that we have in fact ` ◦ v = tL(`)v − `v − v` since

`v = `x1z + `x2z
2 and v` = ρ(`)x1z + ρ2(`)x2z

2

and tL(`) = `+ ρ(`) + ρ2(`) since tM |L = tL and

tM(x) = x+ ρ(x) + ρ2(x),

M being Galois over K. We next compute Q(v). We have

v2 = [ρ2(`1`2) + ρ(`1`2)]a + aρ(`2)`2z + ρ2(`1)`1z
2

for v = ρ2(`1)z + ρ(`2)z2. Since

(xz)3 = nB(x)a ∈ K and (xz2)3 = nB(x)a2 ∈ K

for x ∈M , we have tB(xz) = 0 = tB(xz2) and

Q(v) =
1

2
tB(v2)− πL(v2) = `1`2 for v = ρ2(`1)z + ρ(`2)z2.

Thus (V,Q) ' h1 ' 〈1,−1〉 is hyperbolic of rank 2. Observe that α ≡ δ mod

F×2 since ∆(L) = K, so that, taking λ = 1 in Theorem 6.6, we get

〈2〉 ⊗ 〈1,−α〉 ⊗ tL(〈1〉) = 〈2,−2δ〉 ⊗ 〈δ, 2δ, 2〉
' 〈2δ,−2, 4δ,−4, 4,−4δ〉
' 〈2,−2δ〉 ⊗ 〈−1,−1, 1〉

using that 〈x,−x〉 ' 〈1,−1〉 for any x ∈ F×. Thus

tH(B,τ) ' 〈1, 1, 1〉 ⊥ 〈2,−2α〉 ⊗ 〈−1,−1, 1〉

in this example. The condition Q hyperbolic over L is in fact characterisitic for

algebras as in Example 5.2:

Theorem 6.11. Let K = F (
√
α) be a field and let L ⊂ H(B, τ) be such that

∆(L) ' F (
√
δ). The following conditions are equivalent

(1) (V,Q) is hyperbolic over L;

(2) δ = α in F×/F×2;
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(3) LK is cyclic over K and S3-Galois over F .

Moreover, if these conditions hold, then B is a cyclic algebra

B = LK ⊕ LKz ⊕ LKz2

for some z such that z3 ∈ F and τ(z) = z.

Proof. (1) ⇔ (2) follows from Theorem 6.5, since 〈x, y〉 is hyperbolic if and only if

xy = −1 in F×/F×2.

(2)⇒ (3): The discriminant of LK over K is ∆(L)⊗K and ∆(L)⊗K ' K×K
if δ = α in F×/F×2. Hence LK is cyclic since it has trivial discriminant. Let

ρ ∈ AutK(LK) be a generator of the Galois group Gal(LK/K). The restriction σ

of τ to LK is an automorphism of order 2 and σρ 6= ρσ, since L/F is not Galois

(having discriminant K 6' F ×F ). Thus {ρ, τ} generates a group of automorphisms

of LK of order at least 6; since [LK : F ] = 6 it must be S3. We next show that B

contains an inversible element z such that τ(z) = z and z` = ρ(`)z for all ` ∈ LK.

These relations imply that z3 centralizes LK, is τ -symmetric and commutes with z,

hence z3 ∈ F . Let

Z = {z ∈ H(B, τ) | z` = ρ(`)z for all ` ∈ LK}

This is a vector space over F in which the invertible elements form a Zariski open

set. In order to prove that this set is not empty we may extend scalars from F to

an algebraic closure and assume B = M3(F )×M3(F )op, σ is the switch involution

and L = {d, dop) | d ∈ M3(F ) diagonal }. We may further assume that

ρ(diag(α1, α2, α3), diag(α′1, α
′
2, α

′
3)op) = (diag(α3, α1, α2), diag(α′2, α

′
3, α

′
1)op)

We may then choose

z =

(


0 0 1
1 0 0
0 1 0


 ,




0 0 1
1 0 0
0 1 0




op)
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It follows that B is a cyclic algebra, as claimed. Finally (3) ⇒ (1) follows from

the explicit computations given in the example above .

7. A Classification of involutions in degree 3. Let (B, τ) be central simple

of degree 3 over K = F (
√
α) with τ an involution of the second kind. We assume

that charF 6= 2, 3. By Theorem 6.6, we have

tH(B,τ) ' 〈1, 1, 1〉 ⊥ 〈2〉 ⊗ 〈1,−α〉 ⊗ 〈−b,−c, bc〉

for some b, c ∈ F×. We introduce some new notations. We set

〈〈α〉〉 = 〈1,−α〉 and 〈〈α1, . . . , αn〉〉 = 〈〈α1〉〉 ⊗ . . .⊗ 〈〈αn〉〉

for α1, . . . , αn ∈ F×. The bilinear form 〈〈α1, . . . , αn〉〉 is 2n-dimensional and is

called a n-Pfister form. Examples are given by the norm of quadratic, quaternion

and octonion algebras. Let nK, nQ, nO resp. be the norm n(x) = xx of such an

algebra and let bK, bQ, bO resp. be defined by

b(x, y) =
1

2
[n(x + y)− n(x)− n(y)]

Then bK = 〈〈a〉〉 if K = F (
√
a), bQ = 〈〈a, b〉〉 if Q = (a, b)F and bO = 〈〈a, b, c〉〉

if O = (a, b, c)F . Observe that in these cases the Pfister form is either anisotropic

(if the algebra is a division algebra) or hyperbolic. This is true in general (see

Scharlau). We further set

〈〈α1, . . . , αn〉〉′ = 〈1〉⊥,

so that, for example, 〈〈b, c〉〉′ = 〈−b,−c, bc〉. If follows that the trace bilinear form

of H(B, τ) has the form

tH(B,τ) = 〈1, 1, 1〉 ⊥ 〈2〉 ⊗ 〈〈α〉〉 ⊗ 〈〈b, c〉〉′

Finally we need one more notation. If 〈a1, . . . , an〉 is a bilinear form over F , we

denote by 〈a1, . . . , an〉K its extension to K as a hermitian form, i.e

(x, y) 7→
∑

xiaiyi, x = (x1, . . . , xn), y = (y1, . . . , yn).
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The main result of this section is:

Theorem 7.1. Let τ, τ ′ be involutions of the second kind on a central simple

K-algebra B of degree 3. Let

tH(B,τ) = 〈1, 1, 1〉 ⊥ 〈2〉 ⊗ 〈〈α〉〉 ⊗ 〈〈b, c〉〉′

and

tH(B,τ ′) = 〈1, 1, 1〉 ⊥ 〈2〉 ⊗ 〈〈α〉〉 ⊗ 〈〈b′, c′〉〉′

The following conditions are equivalent:

(1) the involutions τ and τ ′ are isomorphic, i.e. there exists an automorphism

ϕ of B such that τ ′ ◦ ϕ = ϕ ◦ τ ;

(2) the bilinear forms tH(B,τ) and tH(B,τ ′) are isometric;

(3) the bilinear forms 〈〈α〉〉 ⊗ 〈〈b, c〉〉′ and 〈〈α〉〉 ⊗ 〈〈b′, c′〉〉 are isometric;

(4) either K = F×F or the K-hermitian forms 〈−b,−c, bc〉K and 〈−b′,−c′, b′c′〉K
are isometric

(5) the Pfister forms 〈〈α, b, c〉〉 and 〈〈α, b′, c′〉〉 are isometric.

Proof. (1) ⇒ (2) let ϕ(x) = uxu−1, x ∈ B, by Skolem-Noether. Then ϕ maps

H(B, τ) to H(B, τ ′) and

tH(B,τ ′)(ϕ(x), ϕ(y)) = tH(B,τ ′)(uxu
−1, uyu−1)

= tB(
uxu−1uyu−1 + uyu−1uxu−1

2
)

= tB(
xy + yx

2
) = tH(B,τ)(x, y) .

Now (2) ⇔ (3) ⇔ (5) follows by Witt cancellation for quadratic forms and (3) ⇔
(4) is a theorem of Jacobson ([J]) if K is a field and is clear if K = F × F . We

finally check that (4) ⇒ (1). If K = F × F all involutions on B ' A × Aop are

isomorphic to the switch involution so (1) is clear. Thus we may assume that K is a

field. Assume next that B = M3(K) is split. Up to automorphisms of (B, τ), resp.

(B, τ ′), we may assume that τ = τa, i.e τ(x) = ax∗a−1 with a = diag(α1, α2, α3) and
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τ ′ = τa′ with a′ = diag(α′1, α
′
2, α

′
3). We may further assume α1α2α3 = α′1α

′
2α
′
3, since

a, resp. a′, is only determined up to a scalar. In view of the example at the very

beginning of section 6 we have

tH(B,τ) ' 〈1, 1, 1〉 ⊥ 〈2〉 ⊗ 〈〈α〉〉 ⊗ 〈α2α
−1
3 , α3α

−1
1 , α1α

−1
2 〉

and

tH(B,τ ′) ' 〈1, 1, 1〉 ⊥ 〈2〉 ⊗ 〈〈α〉〉 ⊗ 〈α′2α
′−1
3 , α′3α

′−1
1 , α′1α

′−1
2 〉

so that, by Witt cancellation, we have an isomorphism

〈α1α
−1
3 , α3α

−1
1 , α−1

1 α2〉K ' 〈α′2α−1
3 α′3α

−1
1 , α′1α

′−1
2 〉K

of K-hermitian forms. Since

〈α1α2α3〉 ⊗ 〈α2α
−1
3 , α3α

−1
1 , α−1

1 α2〉 ' 〈α1, α2, α3〉K

the two K-hermitian forms 〈α1, α2, α3〉K and 〈α′1, α′2, α′3〉K are isometric; let u ∈
GL3(K) be such that

a = ua′u∗

Then τa(uxu
−1) = a(uxu−1)∗a−1 = au∗−1x∗u∗a−1 = ua′x∗a

′−1u−1 = uτa′(x)u−1

and the two involutions are isometric. Assume that B is a division algebra. For any

u 6= 0 in H(B, τ) we have a τ -hermitian space.

〈u〉B(x, y) = τ(x)uy

A right B-module automorphism x 7→ xv, v ∈ B×, is a similitude 〈u1〉B ∼→ 〈u2〉B
if there is λ ∈ F× such that λτ(v)u1v = u2. Let now τi = Int(ui) ◦ τ . It follows from

Skolem-Noether that (B, τ1) ' (B, τ2) if and only if 〈u1〉B and 〈u2〉B are similar:

in fact if Int(v) is an isomorphism (B, τ1)
∼→ (B, τ2), then u2 = λvu1τ(v) for some

λ ∈ F× and conversely any similitude induces an isomorphism.

Let now τ ′ = Int(u) ◦ τ . By the above consideration we have to check that

〈u〉B and 〈1〉B are similar to conclude that τ and τ ′ are isomorphic. Replacing u

by unB(u) we may assume that nB(u) ∈ F×2. Let x ∈ H(B, τ), x 6∈ F , so that

L = F (x) is cubic over F . The algebra B ⊗ L is split over K ⊗ L and by the split
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case 〈u〉B⊗L and 〈1〉B⊗L are similar, i.e. there is v′ ∈ GL3(K ⊗ L) and λ ∈ L such

that

u⊗ 1 = λv′(σ ⊗ 1)(v′)

Denoting by x 7→ x the conjugation in K we get

nB⊗L(u⊗ 1) = λ3nB⊗L(v′)nB⊗L(v′) = µ2

with µ ∈ F× since nB(u) ∈ F×2 and we can write

λ = (µλ−1nB⊗L(v′)−1)(µλ−1nB⊗L(v′)−1) = νν

It follows that u⊗ 1 = v(σ ⊗ 1)v with v = νv′, so

〈u〉B⊗L ' 〈1〉B⊗L
By the Bayer-Lenstra [BL] generalization of the theorem of Springer to her-

mitian spaces we have 〈u〉B ' 〈1〉B and by the above consideration (B, τ) ' (B, τ ′).

8. Distinguished involutions. Let (B, τ) as above and let tH(B,τ) ' 〈1, 1, 1〉 ⊥
〈2〉⊗ 〈〈α〉〉⊗ 〈〈b, c〉〉′. In view of Theorem 7.1, the isometry class of the Pfister form

〈〈α, b, c〉〉 determines the isomorphism class of τ . We denote it by π(τ). Further-

more, since two 3-Pfister forms which are isotropic, are hyperbolic, hence isometric.

Thus by Albert’s theorem and Theorem 6.11 any central simple algebra of degree 3

which admits an involution of second kind, carries an involution such that π(τ) is

hyperbolic. We call such an involution distinguished. Distinguished involutions can

be characterized by different properties. We first need some notations. Let

H(B, τ)0 = {x ∈ H(B, τ) | tH(B,τ)(x) = 0}

Since tH(B,τ)(x) = tB(x) = tB(x, 1) we have H(B, τ)0 = 1⊥ and since

tB(1) = tB(1, 1) = 3 6= 0, we see that H(B, τ)0 is a nonsingular bilinear space for

the restriction of the trace form. We denote the restriction by t0H(B,τ).

Lemma 8.1. Putting tH(B,τ) ' 〈1, 1, 1〉 ⊥ 〈2〉 ⊗ 〈〈α〉〉 ⊗ 〈〈b, c〉〉′ we have

t0H(B,τ) ' 〈2〉 ⊗ (〈1, 3〉〉 ⊥ 〈〈α〉〉 ⊗ 〈〈b, c〉〉′)
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Proof. We have tH(B,τ)(1, 1) = 3. Further the bilinear form 〈1, 1, 1〉 = f obviously

contains x such that f(x, x) = 3. By Witt theorem (see Scharlau) there exists an

isometry of tH(B,τ) which maps 1 to x. This isometry maps 1⊥ to x⊥. However the

orthogonal of x inside 〈1, 1, 1〉 is isometric to 〈2, 6〉 since

〈1, 1, 1〉 ' 〈3〉 ⊥ 〈2, 6〉

Writing 〈2, 6〉 as 〈2〉 ⊗ 〈1, 3〉, we get the claim

In the Witt group we have

〈〈α〉〉 · 〈〈b, c〉〉′ = 〈〈α, b, c〉〉 − 〈〈α〉〉

hence

(∗) t0H(B,τ) = 〈2〉 · (〈3, α〉+ 〈〈α, b, c〉〉) in W (F ).

Any symmetric bilinear form f can be decomposed in a unique way up to isom-

etry as

f ' hn ⊥ fan

where fan is anisotropic, i.e. fan(x, x) = 0 ⇒ x = 0 and hn is hyperbolic of rank

2n. The number n is called the Witt index of f and is denoted by w(f). Comparing

dimensions on both sides of (∗) we have

w(t0H(B,τ)) = w(〈3, α〉 ⊥ 〈〈α, b, c〉〉)− 1.

Isotropic elements of t0H(B,τ) are elements x ∈ H(B, τ) such that tB(x) = 0 =

tB(x2) (since tB(x2) = tB(x, x)). Since the characteristic reduced polynomial of B

can also be written as (exercise!)

X3 − tB(b)X2 +
1

2
[tB(b)2 − tB(b2)]X − nB(b) · 1

we see that x ∈ H(B, τ)0 is isotropic if and only if

x3 = nB(x) ∈ F
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We now get to the announced equivalent properties of distinguished involutions:

Theorem 8.2. Let (B, τ) be central simple of degree 3 over K with τ an involution

of second kind. The following properties are equivalent:

(1) τ is distinguished;

(2) either K = F × F or 〈−b,−c, bc〉K ' 〈1,−1, 1〉K
(3) w(t0H(B,τ)) ≥ 2

(3’) H(B, τ) contains a subspace of dimension 2 whose elements satisfy u3 = nB(u)

(4) w(t0H(B,τ)) ≥ 3

(4’) H(B, τ) contains a subspace of dimension 3 whose elements satisfy u3 = nB(u)

(5) H(B, τ) contains an étale cubic F -algebra whose discriminant algebra is

isomorphic to K

(6) B is a cyclic algebra

B = M ⊕Mz ⊕Mz2

where M is cyclic over K, τ preserves M,M is a S3-Galois algebra over F and

τ(z) = z

Proof (1)⇒ (2) follows from Theorem 6.11 and Theorem 7.1. (3)⇔ (3’) and (4)⇔
(4’) are consequences of the preceding observation on isotropic elements of t0H(B,τ).

(1) ⇒ (3) follows from the above formula

W (t0H(B,τ)) = W (〈3, α〉 ⊥ 〈〈α, b, c〉〉)− 1

(5) ⇔ (6) is part of Theorem 6.11, (4) ⇒ (3) is clear. We now show (3) ⇒(1): if

W (t0H(B,τ)) ≥ 2, then 〈3, α〉 ⊥ 〈〈α, b, c〉〉 contains isotropic subspaces of dimension

3. Therefore 〈〈α, b, c〉〉 is isotropic, hence hyperbolic, proving (1). To show that (5)

⇒ (4), recall that

tH(B,τ) ' 〈1, 2, 2δ〉 ⊥ 〈2,−2αδ〉 ⊗ tL(〈λ〉L)
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by Theorem 6.5; (5) implies that αδ ≡ 1, so that 〈2,−2αδ〉 ' 〈2,−2〉 ' 〈1,−1〉 is

hyperbolic, hence

〈2,−2αδ〉 ⊗ tL(〈λ〉L ' h3

and since on the other hand 〈1, 2〉 ' 〈3, 6〉, we get (4). To complete the proof we

show that (3’) ⇒ (6). Assume first that K = F × F , so that B = A×Aop and τ is

the switch involution. By Wedderburn’s theorem A contains a cyclic extension L of

F and we put

M = {(`, `op)|` ∈ L}.

If B = M3(K), then since (3)⇒ (2), we may assume that τ = Int(a) ◦ ∗, where

a defines an isotropic hermitian form. We may take up to isomorphism

a =




1 0 0
0 0 1
0 1 0




then

M =

{


f 0 0
0 k 0
0 0 k


 |f ∈ F, k ∈ K

}

Thus we are reduced to the case where B is a central division algebra. We

use computation made in the proof of Albert’s theorem (p.24-25). Since we have

by assumption a 2-dimensional subspace U ⊂ H(B, τ) of elements u such that

u3 = nB(u) ∈ F , we may take τ ′ = τ in the proof of Albert’s theorem (see the

remark p.23). With the notations in p.24, let τ ′′ = Int(θ−1
2 ) ◦ τ and let L′ ⊂ M

denote the subfield of τ ′′-invariant elements. Since L′K = M is cyclic over K and

S3-Galois over F , Theorem 6.11 shows that L′ has discriminant algebra K. Observe

now that

θ2 = w−3
1 w−3

2 (w1w
2
2)(w2

2w1),

hence θ−1
2 = λvτ(v) for λ = w3

1w
3
2 and v = w−1

1 w−2
2 so that

Int(v) : (B, τ)
∼→ (B, τ ′′)
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is an isomorphism of algebras with involution. Pulling L′ ⊂ H(B, τ ′′) back to

H(B, τ) gives the wanted étale algebra L.

Theorem 8.3. For every cubic étale F -algebra L ⊂ B, there is a distinguished

involution τ such that L ⊂ H(B, τ).

Proof. Let λ0 ∈ L× be such that tL(λ0) = 0 and let λ = λ0nL(λ0)−1, so that

nL(λ) = nL(λ0)−2 ∈ F×2

By Theorem 6.10 there is an involution τ on B such that L ⊂ H(B, τ) and

tH(B,τ) ' 〈1, 1, 1, 〉 ⊥ 〈2δ〉 ⊗ 〈〈α〉〉 ⊗ tL(〈λ〉L)

hence

t0H(B,τ) ' 〈2〉 ⊗ (〈1, 3〉 ⊥ 〈δ〉 ⊗ 〈〈α〉〉 ⊗ tL(〈λ〉L)

Since tL(λ) = 0, tL(〈λ〉) is isotropic and the Witt index of 〈〈α〉〉⊗ tL(〈λ〉L) is at least

2.

Therefore condition (3) of Theorem 8.2 is satisfied and τ is distinguished.

Corollary 8.4. The space H(B, τ) contains an isomorphic copy of every cubic

étale F -algebra of B if and only if τ is distinguished.

Proof. Since all distinguished involutions of B are isomorphic, the if direction

follows from Theorem 8.3. Conversely, by Theorem 8.2 the only involutions which

leave elementwise invariant étale cubic F -subalgebras of discriminant algebra K

are the distinguished involutions

9. Some complements

9.1. In section 7 we showed that the isomorphism class of the hermitian form

h = 〈−b,−c, bc〉K
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correspond to the isomorphism class of the 3-Pfister form 〈〈α, b, c〉〉. On the other

hand a 3-Pfister form 〈〈α, b, c〉〉 determines an isomorphism class of octonions, rep-

resented by the algebra O = (α, b, c)F , (see the introduction). There is a way to

describe directly the correspondence. Let

〈−b,−c, bc〉K = (W,h) ,W = K3

Since (−b)(−c)bc ∈ F×2 we may fix an isomorphism

ϕ : ∧3(W,h)
∼→ 〈1〉K

of hermitian forms ((W,h) has trivial hermitian discriminant). Let v × w ∈ W be

defined by h(u, v × w) = φ(u ∧ v ∧ w) Then

O = K ⊕W

is an octonian algebra under the product

(a, v) · (b, w) = (ab− h(v, w), aw + bv + v × w)

Conversely, given K ⊂ O, O any octonian algebra, we put W = K⊥ for the

scalar product induced by the norm. It can be shown that W is a K-space and

admits a 3-dimensional nonsingular hermitian form h which has trivial hermitian

discriminant. Observe the similarity with the situation L ⊂ H(B, τ) and V = L⊥.

9.2. Exceptional Jordan algebras

Let (B, τ) of degree 3 over K with involution τ of second kind. As observed in

section 5, H(B, τ) is closed under the product

(∗) x · y =
xy + yx

2

This product satisfies

((a · a) · b) · a = (a · a)(b · a),
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is commutative and has an identity 1. In fact (∗) defines the structure of a Jordan

algebra , denoted A+ for any associative algebra A. A Jordan algebra J is special if

J ⊂ A+ for some A associative, exceptional otherwise. There is a notion of central

simple Jordan algebras and it can be shown (Albert) that there exist exceptional

Jordan algebras which are central simple only in dimension 27. These algebras are

of degree 3. We give two examples:

Examples 1. Let O be an octonian algebra over F , let a = diag(α1, α2, α3) ∈
M3(F ), α1α2α3 6= 0. On

M3(F )⊗O = M3(O)

we define τ(x) = axta−1 and put

H3(O, τ) = {x ∈M3(O)|τ(x) = x}

Then x ·y =
xy + yx

2
defines on H3(O, τ) the structure of an exceptional Jordan

algebra of degree 3.

Example 2. Let (B, τ) be of degree 3 with involution of second kind. On

J = (B, τ)⊕H(B, τ)

one can define the structure of a central simple Jordan algebra of degree 3 which

is exceptional (Tits construction) and Tits has shown that any central simple

exceptional Jordan algebra of dimension 27 is of that kind.

9.3. Galois cohomology

Let Fsep be a separable closure of F and let Γ = Gal(Fsep/F ). If A is a Γ-module

(with continuous action) one can define cohomology groups

Hn(Γ, A)
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Typical examples are A = Cn (cyclic of order n) with trivial action, A =

µn(Fsep), where

µn(F ′) = {x ∈ F ′|xn = 1}
for any field F ′. Assume charF 6= 2. We have

H1(Γ,Z/2Z) = H1(Γ, µ2) ' F×/F×2

and this group classifies quadratic étale F -algebras. If the action of Γ on A is trivial,

we have

H1(Γ, A) = Hom(Γ, A),

in particular H1(Γ,Z/2Z) = Hom(Γ,Z/2Z). Thus to a quadratic étale F algebra

K, we may associate a homomorphism ϕK : Γ → Z/2Z. If A is a Γ-module which

admits an automorphism α of order 2, we may twist the action of Γ by putting

γ ◦ α = ϕK(γα)

We denote the new action by A[K]. In particular we have

µ3 = C3[F (ω)].

where F (ω) = F [X]/(X2 +X + 1). Assume that charF 6= 3.

Then

H1(Γ, µ3) ' F×/F×3

and H2(Γ, µ3) is the subgroup of the Brauer group Br(F ) of F of elements of order

3. Let K/F be quadratic étale not split and let

ΓK = Gal(Fsep/K)

(we assume that K ⊂ Fsep). The norm map nK : K → F induces a group homo-

morphism

H2(ΓK, µ3)→ H2(Γ, µ3)

and, by a result of Albert-Riehm-Scharlau [S], its kernel consists of classes of algebras

of exponent 3 over K which admit involutions of second kind. Using the Lemma

of Eckmann-Faddeev-Shapiro, it can be shown that this kernel is isomorphic to

H2(Γ, µ3[K]). In the description of Albert of algebras of degree 3 which admit an
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involution of second kind, two typical étale algebras of degree 3 over F occur: the

algebra F (z) with z3 = a ∈ F×, which corresponds to an element [a] ∈ H1(Γ, µ3),

and an algebra L of discriminant K. Such an algebra corresponds to a class

[L] ∈ H1(Γ, (C3)[K]).

We have an isomorphism

µ3 ⊗ (C3)[K] ' µ3[K]

of Galois modules, so that the cup-product induces a pairing

∪ : H1(Γ, µ3)×H1(Γ, (C3)[K])→ H2(Γ, µ3[K]

and [a] ∪ [L] ∈ H2(Γ, µ3[K]) is the class of the algebra (B, τ). Finally the classifica-

tion of involution through Pfister forms can also be described is cohomology terms.

A 1-Pfister form 〈〈α〉〉 corresponds to a quadratic étale algebra, hence an element

in H1(Γ, µ2). To a n-Pfister form 〈〈α1, . . . , αn〉〉 we associate the cup-product

[α1] ∪ . . . ∪ [αn] ∈ H3(Γ, µ2) and it is known that n-Pfister forms are classified by

their cohomology class. This is “classical” for n ≤ 3 and was proven recantly by

Voesvodsky in general. Thus we see that triples (B,K, τ) viewed as objects over

F are classified up to isomorphisms by three cohomological invariants: the class

of K in H2(Γ, µ2), the class of B (as an algebra which admits an involution) in

H2(Γ, µ3[K]) and the class of the Pfister form π(τ) is H3(Γ, µ2), which classifies the

involutions.
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