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Foreword

These notes grew out of a course given at UNICAMP for two months between August and October
1987. One aim of the course was to present the basic theory of quadratic forms and Clifford alge-
bras over a field in a characteristic free way. In even dimension we restrict attention to nonsingular
forms. In odd dimension nonsingularity implies that the characteristic must be different from 2.
An elegant way to avoid this restriction is to work with %fregular forms. Such a form is the or-
thogonal sum of a 1-dimensional form and of a nonsingular form of even dimension. The %ﬂregular
forms behave almost as nicely as nonsingular forms and they are also defined in characteristic 2.
A typical example in dimension 3 is given by the elements of reduced trace zero in a quaternion
algebra. The notion of %7regularity is due to Kneser (see his Gottingen lecture notes mentioned
in the bibliography at the end of these notes).

Another purpose of the lectures was to give a detailled study of forms of low dimension, low
meaning < 6. The Clifford algebra gives much information for these forms. In particular the
Clifford algebra can be used to describe quite explicitly the spin group, the Lie algebra of the
orthogonal group and the group of special similitudes of a form. In dimensions 4, 5, and 6 we have
applied methods developed in joint papers with Parimala and Sridharan. These methods also give
a different approach to results of Dieudonné (Acta Math. 87, 1952). Moreover they do not depend
on the characteristic of the field. The main tool is a reduced pfaffian, introduced independently
by Frohlich, Jacobson and Tamagawa. Its role is very similar to the role of the reduced norm of a
quaternion algebra in the study of forms of dimension 3 and 4. A general theory of the pfaffian and
applications to quadratic forms of rank 6 over commutative rings can be found in the papers with
Parimala and Sridharan mentioned above. This theory of forms of rank 6 is related to the theory
of central simple algebras of dimension 16. In particular it yields new proofs of some theorems of
Albert.

These notes have two appendices. In the first one we summarize, in a chart, all the proven
results on the structure of Clifford algebras in low dimensions. The second gives some concrete
applications. We introduce spinors, following Chevalley, and compute explicitly the spinor repre-
sentations of four Clifford algebras occuring in physics: the Pauli algebra, the Minkowski algebra,
the Majorana algebra and the Dirac algebra.

Even if this course deals with forms over fields, it was sometimes convenient (and even nec-
essary) to consider forms over commutative rings. Moreover readers, familiar with the techniques
of commutative algebra, will observe that the argument, used many times, to prove a result by
passing to some field extension, comes from descent theory.

We make the following conventions. The ground field is denoted by K. Vector spaces are
always finite dimensional. Algebras are associative with 1 (if not explicitly mentioned) and K is
identified with K - 1. Unadorned tensor products are taken over K. The group of units of an
algebra is denoted by A®. Maps are written on the left, like functions. We use a unique numbering
in each chapter for Examples, Lemmas, Propositions, Theorems and Corollaries. The bibliography
only contains books and papers mentioned in the notes. We did not try systematically to give
credits for the results or the proofs used.
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Chapter 1

Quadratic Forms

This chapter gives basic facts about quadratic forms which hold over fields in-
dependently of the characteristic. The proof of Theorem 10 (Witt cancellation) fol-
lows Wagner (see also the notes of Micali-Revoy). Useful references are the books of
Bourbaki, Chevalley, Lam, Scharlau, Baeza, Demazure—Gabriel and Micali-Revoy,

as well as the paper of Bass on Clifford algebras.

Let K be a field. A quadratic form is a pair (V,q), where V is a finite dimen-
sional vector space over K and ¢ is a map ¢ : V' — K such that

1) gq(Az) = Nq(z), N€ K, z€V;

2) the map b, : V x V — K defined by b,(z,y) = q(z + y) — q(z) — q(y) is
bilinear.

We call b, the polar of gq.

Let b: V x V — K be a symmetric bilinear form on V. The map
h:V —V*=Homg(V,K), h(z)="0bx, =), €V,

is called the adjoint of b. If we identify V' with V** through the map x — z**, 2**(f) =
f(z), f € V* we have h*(z) = b(—, ), where h* : V** — V* is the transpose of h,
ie. h*(z*)(y) = ™ (h(y)) = h(y)(z). Hence h* = h, since b is symmetric. We say
that b is nonsingular and that the pair (V,b) is a symmetric bilinear space if h is an
isomorphism. A quadratic form ¢ : V' — K is called nonsingular and the pair (V] q)
is called a quadratic space if the polar b, is nonsingular. We denote its adjoint by

hg. If the characteristic of K is not equal to 2, the polar b, determines g, since

q(.’L’) = %bq(l‘,.’l)), HS ‘/7
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and the theory of quadratic spaces is identical with the theory of symmetric bilinear
spaces. The two theories are quite different in characteristic 2. In these notes we

shall restrict to quadratic spaces.

A morphism of quadratic forms
e:(V.q) = (V',d)

is a K-linear map ¢ : V' — V' such that ¢'(¢(z)) = ¢(z) for all z € V. Similarly a

morphism of bilinear forms

@: (V) — (V1)

is a K-linear map ¢ : V. — V' such that bv'(p(z), p(y)) = b(z,y) for all z,y € V.
A morphism ¢ : (V;b) — (V', V') (resp. (V,q) — (V' ,¢')) must be injective if b
(resp. q) is nonsingular. Morphisms, which are isomorphisms, are called isometries.
The group of isometries of (V,b) (resp. (V,¢)) is denoted by O(V,b) (resp. O(V,q))
and is called the orthogonal group of (V,b) (resp. (V,q)). An isometry of quadratic
forms induces an isometry of the associated polar forms but not conversely (if char

K = 2), see Example 2.

Let ¢ : V — K be a quadratic form and K C L a field extension. We can
extend the form ¢ to a form ¢, : L ® V' — L by putting

(DN ®vi) = Z)\?q(vi) + 2 Aidby(vi, v;).

i<j
The polar of ¢, is 1 ® b, and its adjoint is 1@ hy: LAV - L@ V* = (LR V)" It
is usual to denote ¢, by 1® ¢ and (L®V, 1®¢q) by L® (V,q). Obviously L® (V,q)

is nonsingular if, and only if, (V] ¢) is nonsingular.

Let {e1,...e,} be a basis of V' and let
a; = q(ei), aij = byleise;), 1<4, j<n.
The form ¢ is determined by the a; and a;, since

q(l‘) = Za/zm? + Zal]l‘ll‘] for z = Z{L'Zel
i i

1<j
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In matrix notation, we have ¢(z) = 'a&, £ denoting the transpose of £, where

1 ay Q2 -+ Aip
0 a2 " oe e a2n
£E= : and a=
. : 0 .. :
n 0 --- 0 a,

Conversely, for any (n x n)-matrix p, we can define a quadratic form ¢ on V' by
putting ¢(z) = &'p€ for x = 3, z¢; and € = (x1,...7,)". The matrix p is not
uniquely determined by q. We have

EpE=¢pE, Y€ K" p=p +7, 7 alternating.

We recall that an alternating matrix is a matrix of the form

0 C12 R & 1)
—C19 0 S Cop

’)/ =
_Cln _CQn T 0

i.e. v is antisymmetric and has zeroes on the diagonal. A matrix v is alternating if
and only if v = d — 0" for some matrix 6. Thus, a basis {e,...e,} of V being fixed,
q is determined by the class [p] of p modulo alternating matrices and each such class
corresponds to a quadratic form. Moreover in each class [p] there is a triangular
matrix. We say that p and p’ are equivalent if [p] = [p/] i.e. if p — p’ is alternating.

If « is as above, the matrix 5 = (b,(e;, €;)) of the polar is

200 a2 -+ Qg

a2 202 - Qg ‘
ﬁ = = + (6%

Qip  Q2p - 2an

and bq(xvy) = gtﬁn with g = (l‘l,...,{L‘n)t, n = (yla'-'ayn)t if v = Zl‘iei and
y =Y y;e;. Obviously  depends only on the class [a] of a.. Let {e},...,eX} be the
dual basis of V*, i.e. €f(ej) = 0;;. We get

hy(e;) =D aije;

so that (V] ¢) is nonsingular if and only if det3 # 0. We call det the discriminant of
q with respect to the basis {ey,...,e,} and denote it by d(eq, ..., e,). Let {e}, ..., ¢

’rn

be another basis of V' and let

ej = > ujes.
13
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Let v be the matrix (u;;) and let 8" = (b, (e}, €;)). We have

B =v'p.

Let K*2 be the set of squares in K*. The class of d(ey, ..., e,) modulo K** does not
depend on the choice of the basis {eq,...,e,}. We denote this class by disc(q) and
call it the discriminant of ¢. Similarly, if ¢ : (V,q) — (V',¢’) is an isometry and

o(e;) =Y uie;
7

for bases {e1,...,e,} of V, resp. {e],... e} of V', we have § = v'(3'v, putting 3 =
(bg(ei,e5)), B = (by(ej,€})) and v = (u;;). The condition 3 = v*B'v is necessary
and sufficient for the existence of an isometry of the bilinear spaces (V,b,), (V',b])
but is not sufficient for an isometry of the quadratic spaces (V, ¢) and (V',¢'). If y =
(), zeV, lety=3,ye;, ©=>3zie, 1=y, ...,yn)" and £ = (z1,...,2,)",
so that n = v€. Assume that g(z) = £'af and ¢/'(y) = n'a’n for matrices a, resp. «'.
We have

o =nla'n = Wa'vE for all € e K™

Therefore v € GL,(K) defines an isometry if and only if [o] = [V'a/v]. It follows
that isometry classes of quadratic spaces are in 1 — 1—correspondence with equiva-

lence classes [a] of matrices & € M,,(K) such that a + o is nonsingular.

Remark 1. The interpretation of a quadratic space as the class [«] of a matrix «
modulo alternating matrices was already applied in Klingenberg—Witt. This inter-
pretation has led to important generalizations of the notion of a quadratic space (see
the papers or books by Bak, Bass, Tits, Wall and Scharlau). We shall try to give an
idea of these generalizations by some examples. Let R be a ring with an nvolution
r — T, i.e. an automorphism of the additive group of R such that T =1, 7s =57
and 7 = r for all r,s € R. Further let ¢ = &1 and let A be an additive subgroup of
R such that

(W) {r—er,reR}CAC{reR|T=—cr},

(2) for all r € R, TAr C A.
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Further, let

A Q12 '+ dip
—ga1s Ay
—&Q1n )\n

For any matrix o = (a;;), we put o = (@;;)". It follows from the properties (1) and
(2) of A that
vyeEN = a'yae A, for all «€ M,(R).

We define now an equivalence relation o ~ o' on M, (R) by
a~d Sa—ad €N

and denote the equivalence class by [o]. We say that [o] is an (e, A)—quadratic
form on R™ and that [«] is nonsingular if f = a + ca* is invertible (observe that (3
depends only on the class [a] of @). An isometry [a] — [¢/] is by definition a matrix
v € GL,(R) such that [a] = [v*a/v]. We remark that an (¢, A)-quadratic form on
R™ is not, as in the classical theory, a quadratic map R" — R. But we can associate

to [a] a map
q:R"— R/A, q(§) =class of &"a& mod A.

We now consider different special cases of (¢, A)-quadratic forms. Let Ay, =
{r—eF,re€ R} and Aoy ={r € R|T= —cr}.

1) R a field with trivial involution, ¢ = 1 and A = A, quadratic forms,
A = Aphax: symmetric bilinear forms.

2) R a field with trivial involution, ¢ = —1 and A = Ap;,: alternating forms,
A = Apay: antisymmetric bilinear forms.

3) R a skew field with a nontrivial involution, ¢ =1 A = A, @ even hermitian

forms, A = A.c: hermitian forms.

More exotic cases are possible. We give two examples (without claiming that
the corresponding theories have applications!)

4) R a field of characteristic 2 with trivial involution, £ = 1 (!) and A = (R?, +),
the additive group of squares in R.

5) R a commutative ring with trivial involution, £ = —1 and A an ideal of R
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such that 2R C A.
We now give an important example of a quadratic space:

Example 2. Let V' be a 2-dimensional vector space over K with a basis {e, f}. We

define a quadratic form on V' by

01 T
dee+yf)=zy or qo:):gt(o 0)5 for 5=(y>.

The polar b, has matrix (} §), hence (V, ¢) is nonsingular. We observe that (V,q) ~
(V, \q) for any \ € K*, since

o)) 8)=(53)

The quadratic space (V,q) is called the hyperbolic plane and is denoted by H(K).
We have

owm={ (5 ¥ )eemmn (1) (TE)(5 1) -(10))

:{<i g) € GLy(K) | 2zu = 2vy =0, uy+xv:1}

so that

O(V,bq):SLQ(K):{<fL y)EGLQ(K) |det<i 35):1}

v

if char K = 2. On the other hand

O(V,q):{<$ y)EGLQ(K) | zu = vy =0, uy+xv:1}.

u v

Thus O(V, q) is strictly contained in O(V,b,) in characteristic 2.

Let (Vi,q1), (V2,¢2) be quadratic forms. We define the orthogonal sum
(Vig) = (Vi LVa,q1 L qo)

as V=Vi@®V, and q(z) = ¢1(z1) + q2(z2) for z=(x1,25) €V, z;, €V,. We
have obviously

disc(q; L go) = disc(qy) - disc(gz).
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In particular ¢; L ¢ is nonsingular if, and only if, ¢, g2 are nonsingular. Let (V] q)
be a quadratic form (not necessarily nonsingular) and let U C V' be a subspace. We

denote the restriction of ¢ to U by ¢|y and we set
Ut={z eV |b(z,y)=0, VyecU}

Lemma 3. Let (V,¢) be a quadratic form and let U C V' be a subspace such that

(U, q|r) is nonsingular. Then
(Voq) = (Uyqlo) L (U, qlu).

Proof. It clearly suffices to show that V = U @ U*. Let h : V — V* be the
adjoint of ¢ and let h|y : U — U* be its restriction to U. By hypothesis it is an
isomorphism. Let now v € V. The restriction of h(v) € V* to U* is in the image of
h|y since h|y is an isomorphism. Thus there exists u € U such that b(z, u) = b(z,v)
for all x € U. This means that v — u is an element of U+ or that V = U + U*. The
fact that U N U+ = {0} follows from the fact that ¢|y is nonsingular.

Important examples of quadratic spaces are hyperbolic spaces. The hyperbolic
plane H(K) was defined in Example 2. A quadratic space isometric to the orthogonal
sum of n hyperbolic planes is called a hyperbolic space of dimension 2n and is denoted
by H(K™). The space H(K™) is given by the class [(J §")], where 1,, is the n x n—
identity matrix. There is another, more intrinsic, way to define hyperbolic spaces.

Let V be a vector space of dimension n over K. We define a quadratic form on
HV)=VeV”

by
q(x, f) = f(x), xe€V, [feV~

Choosing a basis {ej,...,e,} of V and taking the dual basis in V* it is easy to see
that H (V) is isometric to the hyperbolic space H(K™). Any K-linear isomorphism

¢ : V=V induces an isometry
H(p) = (g, ") : H(V)>H(V').

Further, we have canonical isometries H(V @ W) ~ H(V) L H(W).
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Let (V, q) be a quadratic space. Then (V, —¢q) is also a quadratic space. We have
Proposition 4. (V,q) L (V,—q) ~ H(V).

Proof. If (V,q) is given by the class [a], then ¢ | —q is given by the class [(§ 2)].

«

We have to find an invertible (2n x 2n)-matrix v such that

(5 5 ) =105 7))

Such a matrix is given by

(use that (% ¢') is alternating and that [a] = [o]).
Corollary 5. Any quadratic space is an orthogonal summand in a hyperbolic space.

Let (V,q) be a quadratic space. An element e # 0 € V is called isotropic if
q(e) = 0 and a subspace U of V is called totally isotropic if ¢|y is identically zero.
For example the subspace V' of the hyperbolic space H (V) is totally isotropic. Con-

versely, we have

Proposition 6. Let U be a totally isotropic subspace of a quadratic space (V,q).
There exists a morphism ¢ : H(U) — (V, q) whose restriction to U is the identity.

In particular (V, ¢) contains an orthogonal summand isometric to H(U).

Proof. The embedding U — V induces a surjective map V* — U*. Composing
with the isomorphism A, : V=V* we obtain a surjective map ¢ : V' — U™ given by

v > by(v, —)|y. Its kernel is U™, i.e. the sequence
05UtV 55U =0

is exact. Let W be a direct summand of Ut in V such that ¢|y is an isomorphism
W=U*. It follows that the dual map U — W*, which is given by u +— b,(u, —)|w is
also an isomorphism. Since U C U+, UNW = {0} and U, W generate a subspace
of V' which is a direct sum U @ W. The restriction of b, to U @ W is given by a bloc
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0 of
= (o %)

if we choose a basis {e1,...,e,} of U @ W such that {e,...,e,} is a basis of U

matrix

and {e,11,...,€9,} is a basis of W. Since § is of the form « + o, § is of the form

£+ &' and we can choose for o the matrix

a:<0 0>
CY1§'

If we make a change of basis in U @ W given by a bloc matrix v = (| ¢), we get

(0 0
- Qq CYl.fU"‘f

for the new matrix. This does not change the basis of U. Since « is invertible, we
may choose = —a; '£. Therefore we can assume that £ = 0 or o = @, 9)- Wenow

t t
replace o by (§ '), which differs from « by the alternating matrix (% g'). We

recall that of is the matrix of ¢|y : W—=U*. Thus (} (02),1) defines an isomorphism
1

p: U U*=Ue®W CV. Since

(o )5 5) (o )= (50)

¢ is a morphism H(U) — V of quadratic spaces and ¢y is the identity.

Corollary 7. Let (V, g) be a quadratic space of dimension 2m. If U C V is a totally
isotropic subspace of dimension m, then (V,q) ~ H(U).

Corollary 8. Let (V, q) be a quadratic space and let e € V' be an isotropic element.
There exists an isotropic element f € V such that b,(e, f) = 1. In particular V

contains a hyperbolic plane as an orthogonal summand.

A pair {e, f} of elements of V is called a hyperbolic pair if e, f are isotropic
and b, (e, f) = 1.

Let (V, q) be a quadratic form. We say that = # 0 € V' is anisotropic if ¢(z) # 0
and that (V) q) is anisotropic if all x # 0 € V' are anisotropic.
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Corollary 9. Let (V, q) be a quadratic space. There exists a decomposition
Voq) = (Vo, q0) L H(K™)

with (Vp, qo) anisotropic.

The decomposition is unique up to isometry, in view of the following Witt can-

cellation theorem and we call n the Witt indez of (V] q).

Theorem 10 (Witt cancellation).. Let (Vi,q1), (V2,¢2) and (V',¢") be quadratic
spaces such that (‘/Iaql) 1 (Vlaql) = (‘/27(]2) 1 (Vlaql)' Then (‘/Iaql) = (‘/27q2)

Before proving Theorem 10, we remark that Witt cancellation does not hold

for bilinear spaces in characteristic 2. We have

t

100 110 110
g={o0o01]=|101 101
010 111 111

so that 13 and 8 define isometric bilinear spaces over IFy. But (§ ) and (! ) are

not isometric.

Proof of Theorem 10. By Corollary 5 and induction, we may assume that we

have two orthogonal decompositions
(‘/17QI) 1 Hl = (V, q) = (‘/27(]2) 1 H2

of a quadratic space (V,q) with Hy, Hy hyperbolic planes. Let {eq, f1} be a hyper-
bolic pair in H; and {es, fo} a hyperbolic pair in H,. In view of the next propo-
sition there is an isometry ¢ of (V,¢) such that ¢(e;) = es, ©(f1) = fo. Since
(Vi,q) = Hi" and (Va,q2) = Hy, @ is an isometry (V1,¢1)=>(Va, ga).

Proposition 11. Let (V,q) be a quadratic space and {ey, f1}, {es, f2} be hyper-
bolic pairs in V. There exists an isometry ¢ of (V, ¢) such that p(e1) = e2, ©(f1) =

fo-

We give some definitions before proving Proposition 11. We say that two hy-
perbolic planes Hy, H, in (V,q) are adjacent if there exists a hyperbolic pair {e;, f1}
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in H; and a hyperbolic pair {ey, fo} in Hy with a common element. We say that H;
and H, are related if there is a finite chain of adjacent hyperbolic planes connecting
H1 and HQ.

Lemma 12. Two hyperbolic planes H;, H, in a quadratic space (V,q) are always
related.

Proof. Let {e1, f1}, {e2, fo} be hyperbolic pairs in Hy, H,. If one of the 4
elements by(er,e2), by(er, f2), by(fi,e2), by(fi, f2) is not zero, say b,(er,es), we
replace the pair {es, fo} of Hy by the pair {es, f3}, es = eabyler,e2) !, f3 =
fabg(e1,e2). Then Hy, H, are adjacent to the hyperbolic plane generated by the
hyperbolic pair {ej,e3}. If all of the above 4 elements are equal to zero, then
{e1, fi+ez2}, {fo, fi +e2} are hyperbolic pairs generating hyperbolic planes Hj and
H,. The chain H,, H3, Hy, Hy shows that H; and H, are related.

Proof of Proposition 11. In view of Lemma 12, we may assume that e; = e,.
Let f = fo— fiand let U = Kf. If b,(f, f1) # 0, then V = Kf, & U'. The
map ¢ : V. — V given by ¢(Afi +w) = A(f1 + f2) + w is an isometry such that
o(f1) = f2 and p(er) = er. If by(f, f1) = 0, then ¢(f) = 0 and f € Hi-. Let
v € Hi such that {f,v} is a hyperbolic pair in H{" and let Hs be the hyperbolic
plane generated by {f,v}. The linear map uw; : H; L Hy — H; L Hj given by

er — ey, firr fi+ f, f— fand v — v — e; has the matrix

1 000

o 110

Z1 0 010

100 1

with respect to the basis {v, f, fi,e;1}. Since

010 0 0 110 010 0
10000 0 000|_]0000
YTooo1 Y | =1t0o01] looo1]|
000 0 0 000 000 0

we see that g is an isometry of H; | Hj such that u;(e;) = e; and ui(f1) = fo.
Since

(V,q) ~ H, L Hy | (H, L Hy)*,
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uy can be extended to an isometry u = u; L 1 with the wanted property.

If the characteristic of K is not equal to 2, there is a much simpler proof of
the Witt cancellation theorem. We need the notion of a diagonalizable form. Let
V = K™ with the canonical basis {ey,...,e,} and let aq,...,a, be elements of K.

We denote by (aq, ..., a,) the quadratic form ¢ : V' — K given by
qgle;) =a;, i=1,...,n, byle;e;) =0, i#j.

A quadratic form (V',¢') is called diagonalizable if (V' ¢') ~ (a4,...,a,) for some
ai,...,a, € K. Obviously

(ay,...,an) ~ {ay) L --- L {(ay).

Lemma 13. If char K # 2, any quadratic form is diagonalizable.

Proof. This is clear if ¢(v) = 0 for all v € V. Assume that ¢(v;) = a; # 0 and
let U = Kv;. Since char K # 2, (U, q|y) is nonsingular and the claim follows from

Lemma 3 and induction on the dimension.

Thus to prove Witt cancellation for quadratic spaces over a field of characteristic

not equal to 2, it suffices to show that
(‘/laql) 1 <Cl> = (‘/27QZ) 1 <CL> = (‘/laql) = (‘/27QZ)

This, in turn, is a consequence of

Proposition 14. Let (V, ¢) be a quadratic space over a field K of characteristic not
equal to 2 and let x, y be elements of V' such that ¢(x) = ¢(y) # 0. There exists an
isometry ¢ of V' such that ¢(z) = y.

To prove Proposition 14 we need the notion of a reflection. Let u be an

anisotropic element in a quadratic space (V,q) (over any field K). The map 7, :

V' — V defined by
by, u) "

(@) = q(u)
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is called a reflection. Obviously 7,(u) = —u and 7, = 1 on (Ku)t. We let it as an

exercise to check that 7, is an isometry of (V,¢) and that 72 = 1.

Proof of Proposition 14. If ¢(z) = ¢(y) we have the equality
by(x+y, x+y)+b,(x—y, v —y)=4b,(z, ).

So either  — y or x + y is anisotropic. If x — y is anisotropic, then 7,_,(z) = y. If

= + y is anisotropic, then 7,,,7,(z) = v.

Corollary 15. O(V,q) is generated by reflections if char K # 2.

Proof. Since (V,¢) is a quadratic space over a field K with char K # 2, there exists
x € V anisotropic. Let ¢ € O(V,q) and let y = (). By Proposition 14, there
exists a product of reflections 7 such that 7(y) = z, so (1¢)(z) = z. Let U = (Kx)*.
We have V = U L Kz, since z is anisotropic (and char K # 2 !) and 7|y is an
isometry of U. By induction on the dimension, 7¢|y is a product of reflections in
U. These reflections can be extended to reflections on V' (by taking the identity on

x). This proves the claim.

Remark 16. Corollary 15 is a weak form of the theorem of Cartan—Dieudonné.
The corollary holds also in characteristic 2, except for (V,q) = H(IF,) L H(IF3),
where the switch of the 2 hyperbolic planes is not a product of reflections. The proof

in the general case is quite complicated (see Dieudonné, Sur les groupes classiques).

If the characteristic of K is not equal to 2, any quadratic space is the orthogonal
sum of 1-dimensional spaces. In general, we have the weaker (and best possible) re-
sult that a quadratic space of even dimension is an orthogonal sum of 2-dimensional

subspaces. For a, b € K, let [a, b] denote the quadratic form (K2, ¢) with

gler) =a, qlex)=b and byler,ez) =1,

where {e;, e} is the canonical basis of K?. The form [a,b] is nonsingular if, and

only if, 1 — 4ab # 0.
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Lemma 17. Any quadratic space (V,q) of even dimension 2m is isometric to an

orthogonal sum of m spaces [a;, b;] with 1 —4a;b; #0, i=1,...,m.

Proof. Assume first that char K = 2. Since (V,q) is nonsingular, there exist
xz, y € V such that b,(z,y) = A # 0. Replacing y by %y, we have b,(z,y) = 1.
Let ay = q(x), b = q(y). Since d(z,y) = 4a1by — 1 = 1, we see that: (1) z, y
are linearly independent; (2) the restriction of ¢ to Kz & Ky is nonsingular. The
claim then follows by Lemma 3 and induction on the dimension. If char K # 2, it
suffices to show that a 2—-dimensional diagonal space (a,b), a-b # 0, is isometric to
a space [a1,bi| with 1 — 4a;by # 0. Let 21,29 € V with ¢(x1) = a, g(x2) = b and
by(z1,12) = 0. Let 3 = 29 + ﬁ x1. We get

by(xi,23) =1, q(as) =b+4 and 1—4a(b+ )= —4ab#0

so that (a,b) ~ [a,b + £ ].

In characteristic 2 a quadratic space cannot have odd dimension, since the
matrix of its polar form is alternating and an (n X n)-alternating matrix has zero
determinant if n is odd. To overcome this difficulty (and since there exist interest-
ing forms in odd dimensions also in characteristic 2 !), we introduce the notion of
s-regular forms (see the notes of Kneser). We first define the —discriminant. For
this we need the following

Lemma 18. Let n be an odd integer and let a;, 1 <7 <n, and a;;, 1 <i<j <mn,

be indeterminates. There exists a polynomial p(a;, a;;) € Z|a;, a;;] such that

201 a2 -+ Qi
a2 2ay -+ Qo

det . . } = 2p(a;, a;;).
Aip Q2p -+ 2a/n

Proof. Since n is odd the determinant on the left hand side is zero modulo 2.

For example, we have

200 a2 13
2 2 2
det 12 2@2 23 = 2(4&1&2@3 + Q120Q93013 — 1093 — Q2013 — a3a12).
a3 (g 2a3
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Let now (V,q) be a quadratic form over K with DimgV = n odd. Let
{e1,...,e,} be a basis of V and let a; = q(e;), a;; = by(es,ej), i < j. We
call the element p(a;, a;;), where p is as in Lemma 18, the %fdiscriminant of ¢ with
respect to the basis {e1,...,e,} and denote it by dy(ey,...€e,). As for the discrimi-
nant, the class of dy(ey, . ..e,) modulo K*? is independent of the choice of the basis
and we denote it by 3disc(q). If (Vi,q1) is of odd dimension and (V5,¢s) of even

dimension, we have
sdisc(qr L g1) = 3disc(qy) - disc(ga).

We say that (V,q) is i—regular if 1disc(q) # 0. A 1-dimensional form (a) is i-

regular if @ # 0 and ¢; L ¢ is %fregular if ¢, is %fregular of odd dimension and ¢,

is nonsingular of even dimension.
We have the following decomposition theorem for %fregular forms:

Lemma 19. Let (V,q) be i-regular of dimension 2m + 1. There exist elements

ag, a1, b1,..., 0y, b, € K with ay and 1 — 4a;b;, +=1,...,m, not zero, such that
(‘/7 Q) = <a0> 1 [a’labl] Lol [amabm]'

Proof. If char K # 2, the claim follows from Lemma 17 and Lemma 13. Assume
that char K = 2 and that DimgV > 3. Since (V,¢q) is s-regular, b, is not identi-
cally zero and there exists xy, y; € V with by(z1,31) = 1. Then 24, y; are linearly
independent and q restricted to Kz, @& Ky, is nonsingular. The claim now follows

by Lemma 3 and induction.

We observe that the notion of %fregular quadratic forms is also important in
the theory of forms over commutative rings R such that % ¢ R but not necessarily
2 =0in R. A recent application can be found in the paper of Swan mentioned in

the bibliography.

Remark 20. The decomposition (V,¢q) = (ag) L (V',¢') with (V’,¢') nonsingular,
given by Lemma 19, is in fact unique in characteristic 2. The 1-dimensional space

(ap) is the radical of ¢, i.e.

(ag) ={x €V | by(x,y) =0, VyeV}
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and (V',¢') is the nonsingular part, i.e. V' is generated by all z € V with b,(x, 2) # 0

for some 2z € V.



Chapter 2

Central Simple Algebras

This chapter presents basic results about finite dimensional algebras. References
are the books of Cohn, Herstein, Jacobson (see the bibliography) or any advanced
algebra textbook. A reference for this chapter as well as for the next two chapters

is the book of Scharlau. Many proofs in this chapter are copied from Scharlau’s book.

Let R be a ring. A left or right R—module M is called simple if M # 0 and
M has no submodules other than M and 0. The ring R is called simple if it has
no two-sided ideals other than 0 and R. By Schur’s lemma the endomorphism ring
A = Endg(M) of a simple module is a skew field (i.e. a ring such that any non-zero

element has an inverse). We define the centre Z(R) of a ring as
Z(R)={r € R | axr =za, Va€ R}.

Obviously R is a Z(R)-algebra. For any ring R we denote the ring of all (n x n)-
matrices with entries in R by M,(R). We define the opposite ring R of R as
R = R as additive group while the product in R is defined as a° - b° = (ba)°,

where a° is a viewed as an element of R°P.

Lemma 1. Let D be a skew field with centre K. The ring M, (D) is simple. Its

centre is K - 1,,, where 1,, is the (n x n)-unit matrix.

Proof. Let E;; be the matrix with entry 1 in place (7, j) and entries zero otherwise.
Then E;;Eye = 05 Ej, where d;;, is the symbol of Kronecker. If o is a matrix with a
non-zero entry a;;, then ai_lekiank = Eji. Therefore the two—sided ideal generated

by a contains the unit matrix 1, = Ej;+- - -+ E,,. This proves that M, (D) is simple.
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If @ = (a;;) € Z(M,(D)), the equation Ejja = aE;; implies that a; = a;; for all i
and j and a;; = 0 for all i # j. Thus @ € K-1,. This shows that Z(M,, (D)) = K-1,.

We have the following converse:

Lemma 2. Let K be a field and A a finite dimensional simple K—algebra. There
exists a skew field D such that A ~ M, (D).

Proof. Let M be a non-zero minimal left ideal of A. Such exist since A is a finite
dimensional vector space over K. Then M is a simple A-module and End4(M)
is a skew field by Schur’s lemma. Let D = Ends(M)°. We view M as a right
D-module putting m - d = d°(m). For any a € A, let £, : M — M be given by left

multiplication with a. Since ¢, € Endp(M), we have a ring homomorphism
i:A— Endp(M), a—/,,

which is injective, since A simple. We check that 7 is surjective. Let z, y € M.
The map p, : = — zy is an element of D, thus f(vy) = f(z)y for x, y € M
and f € Endp(M). We claim that i(M) is a left ideal in Endp(M). We have
fri)) = Fay) = f@y = i(F@)E), hence £ - i(x) = i(f() € i(M) for
f € Endp(M) as claimed. Since A is simple, we have A = M A, soi(A) = i(M)i(A.
Therefore i(A) is a left ideal of Endp(M). Since 1 € i(A), i is surjective. Finally,
we have Endp(M) ~ M, (D) for some n since M is a finite dimensional vector space

over D.

Lemma 3. Let D be a skew field and A = M,,(D). Then
1) The ideals L; of column matrices:
0 . 0
Li=|: : S, =12,

0 * e 0
1 — th column

are minimal left ideals of A and M,,(D) ~ L, & --- & L,,.
2) All simple A-modules, in particular all minimal ideals of A, are isomorphic.

3) Every A-module M # 0 which is finite dimensional as a D—vector space, is
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a direct sum of simple A-modules.

Proof. 1) Let o = 3, Eja; € L; and a;, # 0, then (a;'Exr)a = Ey; € L;. Hence
the left ideal generated by any non zero element « of L; is L;, so L; is minimal.

2) Obviously all L; are isomorphic as left A-modules. Let N be a simple A-
module. Since A = Y, L; and AN = N, there is ¢ such that L;N # 0. The map
L; -+ N, a+— ax, is not the zero map for some x € N. Since L; and N are simple
this map is an isomorphism.

3) Let N be a maximal submodule of M such that N C M and N # M and
let z € M\N. Since M/N is simple, M = N+ Az = N+, L;xz. Here L;x is either
0 or a simple module. There is ¢ such that L;x 7Cé N. Since L;x is simple and N
is a maximal submodule of M, M = N & L;xz. The claim follows by induction on

DlmDM

Lemma 4. If D, D' are skew fields such that M, (D) ~ M,/ (D’), then D ~ D’ and

n=n.

Proof. To show that D ~ D’ it suffices to show that for any simple M, (D)-module
N, there exists an isomorphism D% ~ End,,py(IN). Since two simple M, (D)~
modules are isomorphic, we can take for N the column D". Since D" is also a right

D-module, we get a map
¢ : D” = Enda,p)(D"), @(d) = rq,

where 7, is right multiplication with d. Obviously, ¢ is a ring homomorphism. Since

D is a skew field, ¢ is injective. We let it as an exercise to check that ¢ is surjective.
The next result follows from Lemma 2 and Lemma 4.

Theorem 5 (Wedderburn). Let A be a finite dimensional simple K-algebra.

Then A ~ M, (D), for a suitable skew field D. The integer n is uniquely determined

by A and D is determined up to an isomorphism.

Let A be a K-algebra. For any subset B C A, we define the centralizer of B



20 2. Central Simple Algebras

in A to be
Za(B)={a€ Alab="ba, Vb€ B}.

In particular Z4(A) is the centre of A. Obviously K C Z4(A) = Z(A) and we say
that A is central if K = Z(A). We shall use the abbreviation “c.s. algebra” for a

finite dimensional central simple K—algebra.

Lemma 6. 1) If A, B are finite dimensional K-algebras and A' C A, B’ C B
are subalgebras, then Z 55(A' ® B') = Z4(A") ® Z(B'). In particular we have
Z(A® B)=Z(A) ® Z(B).

2) If A is a c.s. algebra and B is a simple algebra, then A ® B is simple.

3) A® B is a c.s. algebra if and only if A and B are c.s. algebras.

Proof. 1) The inclusion D is obvious. Let {by,...,b,} be a basis of B and let
r = Zl‘l X bz & ZA®B(AI X BI)
i=1
We have
(ax)) @b+ = (r10) @by + -+ for all ae A

hence x; € Z4(A"). Let {cy,...,c,} be a basis of Z4(A"). Then z =
Zle ¢; ® Yi, yi € B. The same argument shows that y; € Zg(B').
2) Let I # 0 be a two-sided ideal of A ® B. We have to show that I =
A ® B. Assume first that I contains an element a ® b # 0. We have AaA = A,
hence there exist a;,a. € A, 1 < i < t, such that 1 = Y!_, a;aa’. Therefore
f(a; 1) (a®b)(a; ®1) = 1®0b. The same argument applied to b shows that
1®1 e I. Let now x = Zleai ® b;, a; € A, b; € B be an element of I with k
minimal. Suppose that £ > 1. By the above argument we can assume that a; = 1.
By the minimality of k, ax_; and a; are linearly independent. Since A is central

ap—1 ¢ Z(A). Let a € A such that aay 1 — ar_1a # 0 and let y be the element
(a@ )z —x(a®1) = (aa; —ara) @ by + -+ - + (aax_1 — ax_1a) @ bg_1.

The b; are linearly independent by the minimality of & and the last summand is not
zero, hence y € I is not zero and has a smaller k. Therefore £ = 1 and we are in

the case considered above.
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3) One direction is an immediate consequence of 1) and 2) and the other is ob-

vious: if A is not central, A® B is not central. If A is not simple, A® B is not simple.

An algebra A is c.s. if and only if the opposite algebra A% is c.s. We have

Lemma 7. Let A be a c.s. algebra. The homomorphism of algebras
p: A® A” = Endg(4), ¢(a®b’)(r) = azxb

is an isomorphism.

Lemma 7 is an immediate consequence of Lemma 6 and of the following (obvi-

ous) result

Lemma 8. Let ¢ : A — B be a homomorphism of finite dimensional K—algebras.

If Dimg A = Dimg B and A is simple, then ¢ is an isomorphism.

Let A, B be c.s. algebras over K. We say that A and B are Brauer equivalent
if there exist integers k£ and ¢ such that

A® My(K) ~ B® M/(K).

Let A = M, (D) and B = M,(D'). Then A and B are Brauer equivalent if, and only
if, D ~ D'. Let [A] be the equivalence class of A. We get a well-defined multiplica-
tion by putting [A] - [B] = [A ® B]. The multiplication is commutative, associative,
has [K] = [M,,(K)] as element 1 and each element has an inverse, since [A][A%] = 1.
Thus the equivalence classes of c.s. algebras form a group. It is called the Brauer

group of K and is denoted by Br(K).

Example 9. We have Br(K) = {1} for any algebraically closed field. In fact, let
D be a central division algebra over K, i.e. a skew field D with centre Z(D) = K
and which is finite-dimensional over K. If K C D and K # D, let d € D\K. We
get a field extension K C K(d) C D which is finite over K, so d is algebraic over K
and d € K. Contradiction.

If K = IR, a classical result of Frobenius says that IR, @ and the quaternions IH
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are the only finite dimensional division algebras over IR. Since' is commutative, any

c.s. algebra over IR is of the form M,,(D) with D = IR or IH. Hence Br(IR) = Z/2Z.

If A is a K—algebra and a is a unit of A, i.e. an invertible element, then

1

io(z) =axa™", x € A,

is an automorphism of A. Such automorphisms are called inner. We now prove a

very useful classical result.

Theorem 10 (Skolem-Noether).. Let A be a c.s. algebra over K and B a finite
dimensional simple K—algebra. Let 3,7 : B — A be two algebra homomorphisms.

There exists an inner automorphism i, of A such that v =1, o .

Proof. Let first A = Endg(V), V a vector space over K. We can view V as a left
B-module in two different ways, putting b-v = (b)(v) or b-v = y(b)(v). By Lemma
3 these two B—modules are isomorphic so there exists a K—linear isomorphism f :

V' — V such that
f(BO)(v) =~(b)f(v) for all veV
hence v(b) = f3(b)f~'. For the general case, we consider the maps
1, Y®1:BRA” - A® A” = Endg(A).

The algebra B ® A is simple by Lemma 6. It then follows from the case A =
Endg (V) that there exists f € A ® A such that

v(b) ® a® = f(B(b) ® a®) f~"

for all b € B, a® € AP, Setting b = 1, we see that f € Zagar(l ® A%?) = A® 1
(by Lemma 6). Therefore we get f = a ® 1. The claim finally is a consequence of

Yb)®@1=(a®1)(B0b)®@1)(a®1)".

Corollary 11. Let A be a c.s. algebra. Every homomorphism A — A is an inner

automorphism.
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Remark 12. Let A be a c.s. algebra over K and let S be a finite dimensional
commutative K-algebra. We claim that S—automorphisms of B = S ® A are inner.
This generalization of Corollary 11 will be used later. Let Rad(S) be the Jacobson
radical of S i.e. the set of nilpotent elements of S. The quotient S/Rad(S) is a
product of field extensions of K. Let now ¢ be an automorphism of B and let @ be
the induced automorphism of B = (S/Rad(S)) ® A. By an obvious generalization
of Corollary 11, @ is inner, 3 =iy, 7 € B. Let

J,={re€B | pbjr=xb, Vbe B}.

The automorphism ¢ is inner if, and only if, there exists u € J, which is a unit of

B. We get,

T, = (S/Rad($)) @ J, = J
= {zeB | pbx=1b, Vbe B}
and
J;=8v since P =iy
Let v € B be such that its image in B is 7. By Nakayama’s Lemma (see any of
the algebra textbooks in the bibliography or Scharlau’s book), v is a unit of B and
J, = Sv. This shows the claim.

Corollary 13. Let A, B, C be c.s. algebras. Then A ® B ~ A ® C implies that
B~C.

Proof. Let F = A® C and let a be an isomorphism A ® B=>A ® C. We have
C={z€E|z(a®l)=(a® )z, VacA}=Zp(A®1)

a(B)y={ye FElya(a®1l)=a(a®1l)y, Vaec A}="Zp(a(A®1)).

Let now 1 : A — E be given by ¢(a) =a® 1 and ¢ : A — E by p(a) = a(a ® 1).
By Theorem 10 there exists u € E such that ¢ =i, o . It follows that i, induces

an isomorphism a(B)=C.

Lemma 14. 1) Let K C L be a field extension and let A be a K-algebra. Then
Ais a c.s. K—-algebra if and only if L ® A is a c¢.s. L-algebra. In particular K C L
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induces a group homomorphism Br(K) — Br(L).
2) Let A be a c.s. K-algebra. There exists a finite field extension K C L such
that L ® A ~ M,(L). In particular Dimg A is always a square.

Proof. 1) follows from Lemma 6 (at least one direction of 1) !).

2) Let K be the algebraic closure of K. By Example 9, we get that K ® A ~
M,(K). Let a be such an isomorphism. Let {x1,...7,} be a basis of A over K,
then

a(l®xy) = Z NijeEij,  ije € K,
ij
where {E;; | 1 <1, j < n}, is the canonical basis of M,(K). Let L be the subfield
of K generated by K and the Aije- Since the );j, are algebraic over K, L is a finite

extension of K and « can be viewed as an isomorphism L ® A= M, (L).

We call a pair (L, a), a: L® A5 M, (L), a splitting of A. The following result
is a nontrivial sharpening of Lemma 14. We refer to any of the books mentioned at

the beginning of this chapter for a proof (for example Herstein or Scharlau).

Theorem 15. For any c.s. K—algebra A, there exists a splitting (L, «) with K C L

a finite Galois extension.

We now use the existence of Galois splittings to construct the characteristic
polynomial of a c.s. algebra. Let (L, «) be a Galois splitting of A. If L[X] is the
polynomial ring in one variable X over L, we extend K-automorphisms of L to
K[X]-automorphisms of L[X] by putting ¢(X) = X for all g € G = Gal(L/K). As

for fields, we have
KX = {p(X) € LIX] | g(p(X)) =p(X), VgeG}.
Further, we can extend the isomorphism « : L ® A= M, (L) to an isomorphism
a: LIX]® A5 M, (L[X])

by putting a(X ® 1) = X - 1,. For a € A, we define the reduced characteristic

polynomial of a by
X(X,a) =det(a(X ®1—-1® a)).
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Let x(X,a) = X" + X\, 1 X" ! 4+ --- + ). The coefficient (—1)"), is called the
reduced norm of a. We denote it by n(a) or ns(a). The coefficient — A, ; is the

reduced trace and it is denoted by tr(a) or tra(a).

Lemma 16. The polynomial x(X,a) is independent of the choice of the Galois
splitting (L, &) and has coefficients in K. In particular n(a) € K and tr(a) € K for
a € A.

Proof. Let o : L ® ASM,(L) and o : L' ® A M, (L") be two Galois splittings.
Replacing L and L' by a Galois extension L” which contains L and L', we see that
we may assume L = L'. In view of Corollary 11, we have o/ = i, o a for some

u € GL,(L) so that
det(@/ (X ®1—1®a)) = det(u(@X®@1—1®a))u")
= det(a(X ®1-1®a)).

We finally show that x(X,a) € K[X]. For any g € Gal(L/K), let g be the K-
automorphism of M, (L[X]) given by

9(ai;) = (g9(aij))-

The automorphism a(g ® 1)a~'g™" of M, (L[X]) is L-linear, hence there is u €
GL,(L) such that a(g ® 1)a~'g ' =i,. Then we get

a(l®a) = ug(a(l®a))u™".

Since det(g(a;;)) = g(det(as;)), it follows that x(X,a) = g(x(X,a)) for all g € G.
Therefore x (X, a) € K[X], as claimed.

The reduced norm and trace satisfy the following formulas
n(ab) = n(a)n(b) tr(a+b) =tr(a)+ tr(b)
n(Aa) = A"n(a) tr(Aa) = Mr(a)
tr(ab) = tr(ba)
for a, b € A and A € K. Further a € A is invertible if and only if n(a) # 0. These
properties follow from the corresponding properties of the determinant and the trace

for matrices. Further x(a,a) = 0 for all a € A, i.e. the Cayley-Hamilton theorem

holds for the characteristic polynomial.
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Involutions on Central Simple Algebras

Let R be a ring. As already mentioned in Chapter 1, Remark 1, an involution

on Risamap o:z+— T of R to itself such that

1) a+b=a+b 2) ab=ba, 3) @=a.

for all a, b € R. A homomorphism ¢ : (R,0) — (R',¢’) of rings-with-involution is

a homomorphism ¢ : R — R’ such that poo =0 0 .

Let now A be a K—algebra, K a field. If o is an involution of A, the restriction of
o to K is an involution g of K. If oq is the identity, we say that o is an involution of
the first kind. Hence involutions of the first kind are K-linear. If oq is not the iden-
tity, let K be the fixed field of g, Ky = {x € K | 0¢(z) = z}. The extension Ky C K
is a quadratic Galois extension with Galois group Gal(K/Ky) = {l,00} ~ Z/2Z.

If this case occurs we say that o is an involution of the second kind.

We now study involutions of the first kind on c.s. algebras and begin with
the algebra A = M, (K). For any matrix x, the map = — z' is an involution of
M, (K) of the first kind. If o is another such involution, the map z — o(z') is
an automorphism of M, (K). Therefore, by the Skolem—Noether theorem, there is
u € GL,(K) such that

o(x") =uzu ' or o(x)=ur'ut, z¢€ M,(K).

The fact that 02 = 1 implies u’ = cu, where ¢ = £1. We denote the involution
x — uz'u~! by o, and call ¢ the type of o0,. This is well defined, since o, = o,
implies u = v for 0 # A € K. Involutions of type 1 are usually called of orthogonal
type and involutions of type — 1 of symplectic type. If char K = 2 there are no
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differences between the two types. In this case it is useful to consider a more special
class of involutions. We say that o, is of even e—type if u is of the fom v + evt. In

particular o, is of even symplectic type if u is an alternating matrix

0 Uy ... Uip
—U19 0
u = s
—Unp 0

not just a skew-symmetric matrix. We observe that involutions of even symplectic
type can only occur if n is even. This is clear if charK # 2. If charK = 2, an
alternating matrix is the matrix of the polar of a quadratic form. Its determinant is
a multiple of 2 if n is odd (Lemma 18 of Chapter 1) hence is zero in characteristic

2. Thus an (n x n)-alternating matrix, n odd, is never invertible. Let
Alt,(K) ={y € M,(K) | y is alternating } = {x — 2" |z € M,(K)}.

over K. Let now ¢ = o, be an

The vector space Alt, (K) is of dimension —"(n;l)

involution of M, (K) of type . We call
Alt)(K) = {z —eo(x) |z € M,(K)}.

the space of alternating elements of 0. We have for y € Alt] (K),

1 1

y = z—co(r)=1z—curtu™" = (vu — surt)u”
= (2u — (zu))u™"

and similarly y = u(uv™'z — (u™'x)*). Thus

Lemma 1. We have Alt? (K) = Alt,(K)-u ! = u-Alt,(K) if ¢ = 0. In particular
DimgAlt?(K) = 21,

Let 0,, 0, be two involutions on M, (K) and let
¢ (M (K), 00) = (My(K), 00)
be an isomorphism of K-algebras-with—involution. By Corollary 11 of Chapter 2,
¢ = i, ¢ € GL,(K), and co,(x)c™" = o,(cxc™) for r € M,(K).
A computation shows that v~'cuc! is in the centre of M, (K). Hence there exists

A € K*® such that

\v = cuc.
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In particular the type of the involution o, is an invariant of the isomorphism class
of (M, (K),o,). Another consequence is the following

Lemma 2. Let s,, be the 2m-alternating matrix with m blocs (% 1) on the diag-
onal and let v be any invertible alternating matrix. There exists ¢ € G Ly, (K) such

that v = ¢s,,¢". In particular (M, (K), 0y,) ~ (Mo, (K), 0s,, ).

Proof. Let V = K?™ and let b : V x V — K be the alternating bilinear form
defined by b(&,n) = ony, € = (v1,...,%9m)" and n = (y1,...,y2m)". Since v is
invertible, there exist &, & € V such that b(£1,&) # 0 and we can even assume

that b(&;, &) = 1. The two vectors & and & are linearly independent. Let now
Vi=K&o K and Vo={6eV | b, =0, i=1,2}

We have V =V, @ Va. Let {&,...,&m} be a basis of V5 and let d = (d;;) be the
matrix of the change of basis, i.e., {; = Y d,je;, where {eq,..., e} is the canonical
basis of K?™. Putting v' = (b(&;,£;)), we have

v = ( %1 UO,, > and ¢ = d"d.

The matrix v” is alternating and the claim then follows by induction on the dimen-

sion of V.

We now discuss involutions of the first kind on c.s. algebras. Let A be such
an algebra, with involution ¢ : a +— @, and let (L,«) be a splitting of A. Then
a(l®o)a™! is an involution of M, (L), hence of the form o,, u € GL,(L). Let € be
the type of o,. Using that € depends only on the isomorphism class of (M, (L), o)
it is easy to check that ¢ is independent of the choice of the splitting (L, ). We call
¢ the type of the involution 0. Again, € depends only on the isomorphism class of

(A,0). In the next Lemma we collect some results whose proofs are straightforward.

Lemma 3. Let A;, Ay be K-algebras with involutions oy ( resp. oy).
1) Then 0; ® 09 is an involution of A; ® A, of the first kind if 0y, 0y are of the
first kind and of second kind if oy, 09 are of the second kind.

2) If o1 has type €1 and oy type €5, then 07 ® o9 has type £1e5.
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3) If w is a unit of A; such that oy(u) = nu, n = +1 and if oy is of type 1,
then i, o oy is an involution of type £;n7. Conversely if i, o oy is an involution for

some unit u of Ay, then oy(u) = +u.

Let A be a c.s. algebra of dimension n? with an involution o of type €. We call

the set
Alt7(A) ={x —co(z) |z € A}

the set of alternating elements of A. Let a : L ® A=>M, (L) be a splitting of A
such that a(1 ® o)a! = g,. By Lemma 1, we have a(Alt7(A)) = u - Alt, (L), thus

Alt7(A) is a vector space of dimension @

over K.

We say that o is of even e—type if there is a splitting (L, o) such that (1 ®
o)a~! = o, with u = v 4+ ev' € GL,(L). This definition is in fact independent
of the splitting. If (L', /) is another splitting, we may assume that L' = L and
o =i.0aq, for some ¢ € GL,(L). If &' (1®0)a'~" = 0, with v’ € GL, (L), we have

= g4, hence M/ = cuc! for some unit A of L. We have \u' = v’ + ev",

100y 01,
where v' = cvc'. If ¢ = —1, we say that the involution is of even symplectic type
and if ¢ = 1, we say that the involution is of even orthogonal type. In fact, if the
involution is of even symplectic type, by Lemma 2, we can even choose the splitting
(L,a) such that a(l ® o)a™t = o, with s, = diag(( 4 3),..., (% ), where
4m? = Dimg A. We further observe that 1 € Alt”(A) if o is of even symplectic type.

Going over to a splitting of A as above, it suffices to remark that s,,' -1 € Alty,, (K).

In the following examples, we now discuss two important classes of K—algebras
with K-linear involutions, the quadratic algebras and the central simple algebras of

dimension 4.

Example 4. Quadratic Algebras. We say that a K-algebra S is quadratic if
DimgS = 2. Let {1,v} be a basis of S. We have

v  =av+b
for some a, b € K. Hence

S ~ K[X]/(X2 = aX —b).
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It follows, in particular, that a quadratic algebra is always commutative. We define

a K-linear map o : x — T of S by
MN+p=MN+p and T=a—v.
It is easy to check that 72 = v2, so ¢ is an involution of S. we have
AU+ 4 A4 = da + 2,
and

M+ p) Qv+ p) = XNov+ (v +70) + p@?
= —b\ +alp+ pt

Therefore v +7 € K and 27 € K for all z € S. By the following Lemma 6, there

exists exactly one involution o of S with
r+o(r)e K and zo(x)e K for all z€S.

We call it the standard involution of S. We denote = + T by tr(z) or trg(z) and 2T

by n(z) or ng(x). The map n: S — K is a quadratic form and its polar form

bu(z,y) = n(z +y) — n(z) — n(y)

(2 )

with respect to the basis {1,v} of S. We say that S is a separable quadratic K-

has the matrix

algebra if n is nonsingular. If K C L is a field extension, then S is separable
quadratic over K if and only if L ® S is separable quadratic over L. Since

2 a )
—det (a _2b>—a + 4b

is the discriminant of the polynomial X? — aX — b, S is a separable quadratic K-
algebra if and only if S ~ K[X]/p(X) for some separable quadratic polynomial
p(X). Let now S be separable quadratic. Since

n(zy) = zyTy = xyyT = n(x)n(y),

S is a field if and only if n is anisotropic. If n is isotropic, it follows from Corollary

8 of Chapter 1 that the quadratic space (S, n) is isometric to H(K). Thus there
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exists e, f € S such that e¢ = 0, ff = 0 and ef + fe = 1. It follows from
r+T=tr(z) € K and 2T = n(z) € K that

2 —tr(z)r +n(x) =0, z€S.

Let now 1 = e+ puf, A, ;1 € K. We have also 1 = M\e+ uf, hence e = ufe, f = \ef
and ef = 0. It follows that e = \e?. Since e? — tr(e)e + n(e) = 0, we get e +& =
and puf = Me. Similarly, we have f = pf2. Now 1 =€&f + fe = §f2+£62 = §f+%e,
soAp=1, A\=e+p’f=e+ f=pand \? = > = 1. Finally we get

>|

1= XN 2=+ 2, 2fP=0
and {e?, f?} is a pair of orthogonal idempotents in S. Therefore
S~ K x K  with the involution (A, u) — (1, A).

To summarize, we have shown that a separable quadratic K—algebra S is either a
quadratic field extension of K or is isomorphic to K x K. The first case occurs if
the norm of S is anisotropic and the second if the norm is isotropic. Finally we
observe that for any separable quadratic K—algebra S, S® S ~ S x S. An explicit
isomorphism is given by x ® y — (zy,27),z,y € S.

Example 5. Quaternion Algebras. We define a quaternion algebra over a field
K to be a c.s. K-algebra A of dimension 4. In view of Theorem 5 of Chapter 2,
A is either a central division algebra over K or A ~ M(K). The reduced norm
is a quadratic form on A, the trace is a linear form on A and the characteristic

polynomial reduces to
x(X,a) = X? —tr(a) X + n(a).

If A= M5(K), the reduced norm is the determinant. Its polar bge, has the matrix

0 -1 0 0
-1 0 0 0
0 0 01
0 0 10

with respect to the basis e; = Fio, €9 = Fo,e3 = 11 and e4 = Fay. Therefore det is
a nonsingular quadratic form on My (K). The subspace U = (K ) of My(K) is to-
tally isotropic. Thus we get by Corollary 7 of Chapter 1 (or by a direct computation
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) an isometry of quadratic spaces
(My(K),det) ~ HU) ~ H(K) L H(K) = H(K?).

For any matrix a = (¢ %) € My(K), let @ = tr(a) — a. We have

c

(d =bY_ [0 1\(a b\ [0 1\
T\ a )7\ -10)\cd -10) -
Thus o — @ is an involution of even symplectic type of My(K) such that

a+a=tr(a) ¢ K and oa=aa=det(a)ec K

for all @ € My(K). By the following Lemma 6, o — @ is the unique involution o of
M, (K') with the property that o + o(a) € K and ac(a) € K for all a € My(K).
Let now A be any c.s. K—algebra of dimension 4 and let 0 : A — A be defined by

o(a) =a=tra(a) — a.

Let o : L& A= My(L) be a splitting of A. Since tr4(a) is the trace of the matrix a(1®
a), the map (1 ® o)a~" is the involution defined above for A = My(K). Therefore
o is an involution of even symplectic type. We call o the standard involution of A.
We have n4(a) = ac(a) = o(a)a since it holds over a splitting and o is the unique

involution of A such that
a+o(a) e K and ac(a) € K  for all a€ A

Let ¢ : A= B be an isomorphism of ¢.s. algebras of dimension 4 and let o/ = po 47"
where 0,4 is the standard involution of A. The map ¢’ is an involution of B such that
z+0'(x) € K and zo'(z) € K for all x € B. Hence ¢’ = o and ¢ is automatically
an isomorphism (A,04)—>(B,op) of algebras—with—involutions. It follows that ¢
induces an isometry (A, n4)—=(B, np) of the reduced norms. In particular, a splitting

of A, a: L ® A= M5(L) induces an isometry
L X (A, TLA) = (L X A, nL®A)L>(M2(L), det).

Since (My(L), det) is nonsingular over L, (A, n,) is nonsingular. We have n4(zy) =
na(z)na(y) for x, y € A and ny(1) = 1. Thus A is a division algebra if and only if
n4 is anisotropic. Since either A is a division algebra or A = M,(K), we see that

n4 is isotropic if, and only if, A = My (K).
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Let A be a K-algebra. We say that a K—linear involution o on A is a standard

involution if
a+o(a) e K and ao(a) € K for all a€ A

(In fact it suffices to assume that ao(a) € K for all a € A, since (a + 1)o(a+ 1) =
ao(a) + a+ o(a) + 1 if A has an element 1).

Lemma 6. A K-algebra A can carry at most one standard involution.

Proof. Let ac(a) = n(a) and a + o(a) = tr(a). We have
a* —tr(a)a+n(a) =0

in A for any standard involution o. Let now oy, 0, be standard involutions on A
and let tr;(a) = a + o4(a), n;(a) = ao;(a). Let {e1,...,e,} be a basis of A with

e; = 1. Since
er —tri(e;)e; +nie)er = ef — tra(es)e; + noleg)er

we get try(e;) = tra(e;) for i > 2, hence o1(e;) = oa(e;) for i > 2. On the other

hand, 01(1) =1 = 05(1), thus, as claimed o7 = 05.

The existence of standard involutions is related with the existence of com-
position algebras. Let A be a finite dimensional K—vector space with a bilinear
multiplication (a,b) — ab which has a neutral element 1, ie. a-1=a=1-a. In
the following, we call A an algebra even if the multiplication is not associative. We
say that A is a composition algebra if there exists a nonsingular quadratic form n
on A such that n(ab) = n(a)n(b) for all a, b € A. An associative K-algebra with
1, which carries a standard involution o, is a composition algebra for the quadratic
form n(a) = ao(a), since

n(ab) = abo(ab) = abo(b)o(a) = ac(a)bo(b) = n(a)n(b).
The following result, which is due to Hurwitz in characteristic not 2, describes all
possible composition algebras. It implies that separable quadratic algebras and c.s.

algebras of dimension 4 are the only examples of associative algebras with a stan-

dard involution such that the corresponding norm is nonsingular.
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Theorem 7. Let (A, n) be a composition algebra over K. Then either
1) A=K,
2) A is a separable quadratic K—algebra and n = n4,
3) Ais a c.s. K—algebra of dimension 4 and n = ny,
)

4) A is a separable Cayley algebra. In particular Dimg A = 8.

Proof. We give the proof of van der Blij and Springer, which works also in charac-
teristic 2. Let (z,y) be the polar of n, i.e. (z,y) = n(x+y) —n(x) —n(y). Since by

assumption n is nonsingular,
(z,y)=0, Yye A =zx=0.
The following formulas are deduced from n(zy) = n(x)n(y) by linearization:

(zy1, 7y2) = n(z)(y1,2)
(3.1) (T1y,22y) = n(y)(z1, 22)
($1y2,$2y1)+($1y1,$2y2) = (371@2)(%,?;2)-

We must have n(1) = 1. Putting 21 = y» = z, x5 = z and y; = 1 in the third

formula of (3.1), we obtain

(22 — (1, 2)z +n(z)-1,2) =0
for all z € A. Since n is nonsingular we get
(3.2) 2 — (1,z)z +n(z)-1=0

for all z € A. We call (1, ) the trace of z and denote it by tr(z). Let T = tr(z) — .
It is straightforward to check that

Ty=7yT, =2 and 1=1.
Hence x — T is an involution on A. Further
(383) e =To=nl), n)=n@), (y.2)=(,72) = (@ 7).

We also need the formulas

(3.4) z(Ty) =n(x)y and  (yx)T = n(x)y.
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For the proof of the first one, we have
(x(Ty), 2) = (Ty,T2) = (n(z)y,2) for all z€ A.
The proof of the other one is similar. It follows from (3.4) that x(Ty) = (27)y.
Therefore
w(wy) = a(tr(z)y —Ty) = (vtr(z) — 2T)y = (z2)y

and similarly (yx)z = y(zx). This shows that A is an alternative algebra. Assume
now that Dimg(A) > 1. Since n is nonsingular, it is easy to check that there exists
u € A such that the set {1,u} is linearly independent in A and such that the re-
striction of n to B; = K1 Ku is nonsingular. By (3.2), By is a separable quadratic
K-algebra. We have A = By | Bi-. If Bt # 0, the restriction of n to Bi- is non-
singular and there exists v € Bi- such that n(v) # 0. We put n(v) = -\, A € K.

To conclude we use the following:

Lemma 8. Let B be a proper subalgebra of A such that the restriction of n to B
is nonsingular and let v € B+ be such that n(v) = —\ is not zero. Then B ® vB is

a subalgebra of A. We have
n(a+wvb) =n(a) —An(b) and a+vb=a— vb

for a, b € B. Further B is associative and B is commutative if A is associative.

Proof. The fact that B @ vB is a subalgebra follows from the formulas
(va)b = wv(ba)

(3.5) a(vb)

(va)(vb) = —=ban(v)= \ba
for a, b € B. We only check the first one. The proof of the others is similar. We
have 7 = —wv, since (v,1) =0, and 0 = (v,a) = Ta + av = —va + av, thus va = av
for a € B. Further

((vb)a, z) = (vb, za) = (bv, za) = —(ba, zv).

The last equality follows from the third formula of (3.3), using that (v,a@) = 0 for
a € B. On the other hand

—(ba, zv) = —((ba)v, 2) = (v(ab), 2).
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This holds for all z € A, hence (vb)a = v(ab) as claimed. The formulas for n and

the involution are easy. Let now

n((a+vb)(c+wvd)) = n(ac+ Adb+ v(ch+ ad))
= n(ac + \db) — Mn(cb +ad).

On the other hand

n((a+vb)(c+uvd)) = n(a+ vb)n(c+ vd)
= (n(a) = An(b))(n(c) — An(d)).

Comparing both expressions and using once more that n is multiplicative, we obtain
(ac, \db) + n(v)(cb,ad) = 0

or

(ac,db) = (ad, cb)
then it follows from (3.3) that
((ac)b,d) = (a(cb),d)  for all a, b, ¢, d € B.

Thus (ac)b = a(cb) and B is associative. If A is associative, we have (va)b = v(ab) =

v(ba) and ba = ab. Therefore B is commutative.

We now go back to the proof of Theorem 7. The algebra B, = B; & v B is an
associative K—algebra of dimension 4. We let it as an exercise to check that By is
central simple. If B, is a proper subalgebra of A, let B3 = By +wBy with w € By,
If By = A, the formulas (3.5) show (by definition!) that A is a Cayley algebra (see
the book of Schafer). If Bj is a proper subalgebra of A, we get By = B3 + 2B3 with
z € Bi-. By Lemma 8, Bs must be associative and hence By commutative. This is

not possible.

Let A be a c.s. K—algebra with an involution o of the first kind. Since o is
an isomorphism A=A, the class of A in Br(K) is of order < 2. Conversely any
c.s. K—algebra A such that its class in Br(K) is of order < 2 carries an involution

o of the first kind. More precisely:
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Theorem 9 (Albert). Let A be a c.s. K-algebra such that 2[A] = 0 in Br(K).
1) There exists an involution o of the first kind on A. 2) If the dimension of A is

even, the involution o can be chosen of even orthogonal type or of even symplectic

type.

Proof. We follow the proof given by Saltman. If 2[A] = 0 in Br(K), [A] = [A?]

so there exists an isomorphism 7 : A=A% of K-algebras. Let
v: A® ASEndg(A)

be the isomorphism defined by ¢(a ® b)(x) = axT(b). Let now w4 be the switch of
A® A, ie wala®b) =b® a. By the Skolem-Noether theorem, wy = i, for some
u€ (AR A). If A=Endg(V), AQA =Endg(VeV)andu: VeV - VeV can
be chosen as the switch wy. If & : L@ A=End (V) is a Galois splitting, the element
u=(a®a)'(wy) E L® A® A is in fact in A ® A (this can easily be checked by
Galois theory). Thus u € (A ® A)® can be chosen such that (o ® «a)(u) = wy for
any Galois splitting. In particular u?> = 1. Let now ¢ : A — A be given by ¢(u).
We have

Y*=1 and (ax7(b)) =bY(z)7(a) for a, b, x € A.

Lemma 10. Let w = ¢(1) € A. 1) We have 1 = wr(w) = 7(w)w and 7% = (i) "
2) If there exists a unit a € A such that ¢(a) = a, then 0 = i, o 7 is a K-linear

involution of A.

Proof. 1) We have 1 = ¢(w) = ¢(w - 1) = wr(w). On the other hand 1 =
Y(1-w) =77 (w)w. Thus w is a unit of A with inverse 7(w) = 7' (w). Further we
have x = ¢*(z) = ¢ (¢ (2 - 1)) = Y (wr(x)) = ¢(r(2) - 1) - 7(w) =

wr?(z)7(w) = (iy o 72) (). 2) We have o(zy) = o(y)o(z) since o is an antiau-
tomorphism. We check that o? = 1. Tt follows from a = ¢(a) = ¥(1 - a) = 7(a)w
that w = ar(a)~!. Thus

02 = (igoT1)? = Gar(a)-1 © 2 =1 since 72 =1i,-1.

Proof of Theorem 9. To prove the first part, we have, by Lemma 10, to construct
a unit a € A such that ¢(a) = a. We may assume that A = M, (D), D a division
algebra. Since 2[D] = 0 in Br(K) there exists an antiautomorphism 3 : D=>D. If
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(3 is an involution, we extend (3 to A by taking the transpose on M, (K). If 3 is
not an involution, we construct as above a map v : D — D such that ¢?> = 1 and
Y(axB(b)) = bip(x)B(a) for a, b, x € D. Since 5% # 1, 2 = i,! for w = (1)
implies that w ¢ K. Thus 1+ ¢(1) # 0 and a = 1 + (1) is the wanted element a.
If A~ M, (K), A has an involution given by the transpose.

We now prove the second claim of Theorem 9. By 1) A has an involution o,
say of type . Let n = +1. If A contains a unit of the form u = z + eno(z), then
o' =1i,00 is of type n and in particular, o’ will be of even symplectic type if n = —1.
Thus to prove 2) it suffices to show that for some K-linear involution o of A and
any ¢ = +1, there exists a unit of A of the form u = z + £0(z). Assume that
A = M,(D), D a division algebra, D # K. By 1) D has an involution o; and it
obviously suffices to find z; € D such that z; +e0y(21) # 0. Since D # K, 01 # 1
so z1 + e01(z1) = 0 for all 2y € D is impossible. If A = M, (K) with n = 2m we
write A = My(K) ® M,,,(K), take 0 = 01 ® 0y, where o is the standard involution
of My(K) and oy is transposition. Then for z = (§ ) ®1, z+eo(z)=(( H®1

is a unit of A.

One can also give conditions for the existence of involutions of the second kind
on c.s. algebras. For this we need the notion of corestriction. Let Z be a separable
quadratic K—algebra with standard involution oy and let A be a K—algebra. Then
Z ® A is a Z-algebra and, by Galois theory, A can be identified with the set of
elements y € Z® A such that (6p®1)(y) = y. The map & = 0y ®1 is a op—semilinear
automorphism of Z ® A such that 52 = 1. Conversely, let B be a Z—algebra with a

oo-semilinear automorphism & such that 62 = 1. Let

A={ye Blo(y) =y}

Then A is a K—algebra and the multiplicationmap 4 : Z® A — B, y®a > ya is an
isomorphism of Z-algebras such that & = (oo ®1)u~". We say that A is descended
from B (and &) by Galois descent. Obviously Galois descent also applies to other
structures, like quadratic forms. If B is a Z-algebra, we denote by ,, B the algebra
with the Z—action twisted through og, i.e. y-b=00(y)b, y € Z, b € B. The map

5'ZB®Z D'OB_>B®Z UOB
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given by 6(b ® ¢) = ¢ ® b is op—semilinear and the corresponding K—algebra
A={r € B®y ,,B|d(x) =1}

is called the corestriction of B and is denoted by cor(B). If B has a Z-linear in-
volution o, then cor(B) has an induced K-linear involution cor(c). We can now

formulate a well-known existence criterion for involutions of the second kind:

Theorem 11 (Albert, Riehm).. Let L be a separable quadratic extension of K
and let A be c.s. over L. Then A admits an involution of the second kind if and

only if [cor(A)] = 0 in Br(K).

Theorem 11 will not really be used in the following and we do not prove it. A

proof can be found in the book of Scharlau (p. 309).

Let K C L be a separable quadratic extension and let A be a c.s. L-algebra
with a fixed involution z — x* of the second kind. In the next Lemma we describe

all possible other involutions of the second kind on A.

Lemma 12. Let o be an involution of the second kind on A.

1) There exists g € A®, with ¢* = g, such that o(z) = gz*g L.

2) Let g € A® such that g* = g and let o,(z) = gz*g~"'. Then o, is an involution
of the second kind and o, = oy if and only if g = A\g’ for A € K*.

Let ¢ : (A,04)=(A,04) be an isomorphism of L-algebras-with-involution.

There exist ¢ € A* and A € K* such that ¢’ = Acgc*.

Proof. 1) By Skolem-Noether, there exists g € A® such that o(z*) = i,(z). It then
follows from o2 = 1 that ¢g* = vg for some v € L such that voy(v) = 1. By the
following Lemma (which is a special case of Hilbert Theorem 90) there exists A € L
such that v = A7log(A\). Replacing g by A71g, we see that we can assume ¢* = g.
The claims 2) and 3) are similar to the corresponding claims for involutions of the

first kind and we do not check them.

Lemma 13. Let v € L be such that voy(v) = 1. There exists A € L such that
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v=A"lop(N).

Proof. If there exists p € L such that A\ = oo(p)+0o(v)p # 0, then og(A)A "t =v. If
not, p — —og(v)p is a K-linear automorphism of L. This can only occur if v = —1

(put p = 1!). Let then z be a generator of L such that o¢(z) =1 — z. The element
A =1 -2z is such that og(\) = =X and v = —1 = A Lop(N).



Chapter 4

The Clifford Algebra

Let (V, q) be a quadratic form over a field K. We would like to find a K—algebra
C and a K-linear map ¢ : V — C such that

(4.1) i(r)?=q(x) - 1¢ for all =z €V.

We define the Clifford algebra C(V, q) of (V, q) as the K—algebra which is universal
with respect to the property (4.1): A Clifford algebra for (V, q) is a K—algebra C' to-
gether with a K-linear map i : V' — C verifying (4.1), such that for any K-algebra
A and any K-linear map ¢ : V — A with ¢(z)? = ¢(x) - 14, there exists a unique
K—-algebra homomorphism ¢’ : C' — A such that ¢ = ¢ 0.

Lemma 1. For any quadratic form (V) ¢) over K, there exists up to isomorphism a

unique Clifford algebra (C(Vq), 7).

Proof. The uniqueness follows from the universal property of the Clifford algebra

and we let its proof as an exercise. We prove existence. Let
TV)=KeVeVeaVae---

be the tensor algebra of V, let J be the 2-sided ideal of T'(V') generated by all
elements x @ x — g(x) -1 for x € V and let C = T(V)/J. We claim that C' together
with the canonical map

i VTV S TV)T

is a Clifford algebra. Let ¢ : V — A be a K-linear map such that ¢(z)? = q(x) - 14.
By the universal property of the tensor algebra, ¢ extends to a unique homomor-

phism ¢ : TV — A of K-algebras such that ¢|, = ¢. We have ¢(J) = 0, so ¢
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induces, as claimed, a unique homomorphism ¢’ : C' — A such that ¢ = ¢’ 0.

Since a Clifford algebra is uniquely determined up to a unique isomorphism we
shall speak in the following of “the” Clifford algebra of (V,¢) and we shall denote it
by C(V,q) or C(q). From now on we identify K - 1 with K.

We observe that (4.1) implies

(4.2) (@)ily) +i(y)i(z) = by(v,y), @, yeV

where b, is the polar of ¢.

We say that a K—algebra A is Z /2Z—graded (or simply graded) if A has a direct
sum decomposition A = Ay @ A;, as K—vector space, such that A;-A; C A;;, i+]
mod 2. We have K -1 C Aj. Such a grading on the tensor algebra T'V is given by

TV)y=KaVoVad--
TV =VeVeVeVea:--

i.e. TV is graded by the degree. The generators © ® © — ¢q(z) of J have even
degree. Therefore we get a Z/2Z—grading of C(q), C(q) = Cy @ Cy, where Cj
is generated by the even products of elements of V' and C; by the odd products.
In particular Cj is a subalgebra of C', sometimes called the even Clifford algebra,
and (V) C Cy. By definition a graded homomorphism « : Ay & 4; — Aj & A}
of Z /27 —graded algebras is an algebra homomorphism such that a(A4;) C AL, An
immediate consequence of the universal property of the Clifford algebra is that any
morphism ¢ : (V,q) — (V',¢') of quadratic forms induces a graded homomorphism
C(e) : Clq) — C(¢'). In particular any isometry ¢ : (V,q)=(V',¢') induces an
isomorphism C(¢) : C(q)=C(q'). As we shall see later the converse does not hold,

i.e. non isometric forms may have isomorphic Clifford algebras.

Lemma 2. Let K C L be a field extension. There is a canonical isomorphism

C(L® (V,q)) =~ L®C(V,q) for any quadratic form (V,q).

Proof. Themap 1®i: LV — L®C(V,q) induces a homorphism C(L®(V,q)) —
L ® C(V,q). The homomorphism V' — L ® V — C(L ® (V,q)) yields the inverse
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homomorphism.

We now compute the Clifford algebra of an orthogonal sum. For this we need
the graded tensor product AQB of two Z /2Z—graded K-algebras A = A;® A, and
B = By ® B;. As a K-vector space AQB = A ® B. The product is defined for
homogeneous elements a, a' € A, b, b’ € B by

(a ® b)(al ® bl) — (_1)3(b)8(a’)aa/ ® bb,,

where 0(b) is the degree (0 or 1) of b, and is extended by linearity to arbitrary
elements. The algebra A®B is graded by

(A@)B)O - AO ® BO + Al ® Bl

(A@B)l - Al ® BO + AO ® Bl-
Let A= Ay ® A, be a graded algebra. We call the grading

4 A A A
M2(A)°:<A(1) Aé) and M2(A)1:<A(1) A?)

of My(A) the checker-board grading. On My(K') the checker-board grading is

MZ(K)():(IO( ?{) and M2(K)1:<IO( [()()

Let B = By @ By be any Z/2Z-graded algebra. As an exercise in the theory of

graded algebras (and because it will be used later) we prove the following

Lemma 3. There exists an isomorphism of graded algebras
¢ My(K)®B>My(K)® B = My(B).

Proof. We define p(z ® 15) =z ® 1p for x € M,(K) and

(1 ® (b +by)) = ( go+bl 20 Ly ) € My(B).

Proposition 4. C(q L ¢') ~ C(q)®C(q') as graded algebras.
Proof. Let y = (z,2') € V@ V'. The map y — i(z) ® 1 + 1 ® i(z') induces a map

C(q L ¢)— C(q)®C(q'). On the other hand, the inclusions z + (z,0) € V & V'
and 2’ — (0,2") € V@ V' extend to algebra homomorphisms C(q) — C(q L ¢') and
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C(¢") — C(q L ¢'). These two maps combine to a homomorphism C(q)®C(q') —
C(q L ¢') which is the inverse of the first map.

Let {ei,...,e,} be a basis of V. In view of the relations (4.1) and (4.2) the 2"
elements 1, i(ey),...,i(e,), i(e1)i(ea), ... i(en_1)i(en), i(er)i(ex)i(es),. ..,
i(e1)---i(e,) form a set of generators of C(V,q) as a vector space over K. A cele-

brated theorem says that they form a basis of C'(V,q).

Theorem 5 (Poincaré-Birkhoff-Witt).. If {e1,...,e,} is a basis of V, the set
{1, i(ej,)---i(ej,), 1 <r<mn, 1<j; <js---<j, <n}isa basis of C(V,q).

Proof. If the theorem is true for ¢; and ¢, it is true for ¢; L g by Proposition 4. The
theorem is true if (V, ¢) = (a) because, if v is a generator of V' with ¢(v) = a, then
TV ~ K[X], J ~(X?—¢q(v)) and C(q) ~ K[X]/(X?—q(v))=K-1® K -i(v).
Hence the theorem is true if {eq,...,e,} is an orthogonal basis. If the theorem is
true for a given basis, it is clearly true for any basis of V. By Lemma 13 of Chapter
1 the theorem is true for any field of characteristic not 2. Let R be a domain of char-
acteristic not 2. By embedding R into its field of fractions, we see that the theorem
is true for R. If now K is a field of characteristic 2, we can write K as a quotient
R/I with R a domain of characteristic zero (for example a polynomial ring over Z).
Let V be the free module with basis a set of symbols {e;,...,e,}, so V = V/IV.
We define a quadratic form g on V' by choosing elements a;, a;; (i # j) in R such
that a; + I = q(e;) and a;; + I = by(e;, e;). We have (V, q) @ R/I ~ (V,q) and by
Lemma 2 (or better an obvious extension of Lemma 2 for forms over commutative
rings) C(V, q) @z R/I ~ C(M, q). The theorem is true for C'(V, g) because R is a

domain of characteristic zero. Therefore it is also true for (V] q).

Remark 6. This proof of the Poincaré-Birkhoff-Witt theorem, which is due to
Kneser, works obviously also for quadratic forms over finitely generated free R—
modules, R any commutative ring. In fact we have used the notion of quadratic
forms over rings in the proof as well as some basic facts, which are straightforward

generalizations of the corresponding facts for forms over fields.
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Corollary 7. If V' has dimension n, then C(V, ¢) has dimension 2™ and Cj, C} have

both dimension 271,

It follows from Theorem 5 that i : V' — C(V,q) is injective. From now on
we shall identify V' with its image (V') in C(q). We now describe the structure
of the Clifford algebras for nonsingular even dimensional forms and %fregular odd
dimensional forms. We put C' = C(V,q), Cy = Cy(V, q) and C; = C1(V, q).

Theorem 8. 1) Let (V, ¢) be a quadratic space of even dimension 2m over K. Then
C'is a c.s. K—algebra, the centre Z(Cy) of Cj is a separable quadratic K—algebra.
If Z(Cy) is a field, Cy is c.s. over Z(Cy). If Z(Cy) ~ K x K, there exists, up to
isomorphism, a unique c.s. K—algebra A such that Cy ~ A x A as K x K-algebra.

2) Let (V,¢q) be i-regular of odd dimension 2m + 1. Then Cj is c.s. over K,
the centre Z(C) of C'is a Z/2Z-graded quadratic K—algebra Z, & Z; such that
Zy = K and Z, is generated by an element z with 22 = X\ -1, A € K*. Further the

multiplication in C' induces an isomorphism Z(C') @ Cy=C.

Proof. We first prove Theorem 8 in dimension 1 and 2, then by induction for forms

(V,q) = H(K) L (V',¢') and finally for arbitrary forms.

Case n = 1 : We have (V,q) = (a), a # 0. Let v € V with ¢(v) = a. Then
C=K-1+Kv, Cy =K -1, C; = Kv and the multiplication is given by v? = a.
The algebra C' is commutative, so Z(C') = C.

Case n = 2 : We assume that (V,q) = [a,b]. Let V = Ku @& Kv with ¢(u) =
a, ¢(v) =b and b,(u,v) = 1. Then C has the basis {1, u,v,uv} with the relations

u =a, v°=0, uv—+ovu=1.

To show that C'is c.s., it suffices to show that L ® C' is c.s. over L for some field
extension L of K. Let e = Au+ v, X a symbol. We get ¢(e) = \a + A + b and
we choose L such that the polynomial X2a + X + b has a root A in L. Then e is
isotropic in L ® V. By Corollary 8 of Chapter 1, L ® (V,¢q) ~ [0,0] and L ® C'is

generated by elements u, v with u? = 0, v? = 0 and uv+vu = 1. It is easy to verify
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that

0

urr (o o) v (o)

induces an isomorphism

L ® C=My(L).

Hence C is c.s. over K. We have in fact proved that
C(H(K)) ~ My(K),

as graded algebras, if M5(K) has the checker—board grading. This will be used later.
Let now (V, q) = [a, b] as above. We have Cy = K-1® Kuv and (uv)? = u(l —uv)v =

uv — ab. Thus the element z = uv is a generator of Cy such that

22 =2 —ab.

By Example 4 of Chapter 3, Cy is a quadratic algebra and is separable if and only
if 1 —4ab # 0. Since the discriminant of ¢ with respect to the basis {u,v} is
4ab — 1, Z(Cy) = Cy is a separable quadratic K—algebra. In particular Z(Cy) is
either a field or Z(Cy) ~ K x K.

This shows that Theorem 8 holds in dimension 1 and 2. We assume now that
(V,q) = H(K) L (V',¢'). Let C" = C§ & C be the Clifford algebra of (V',q"). We
get

C ~ My(K)®C'

by Proposition 4 and the fact that C(H(K)) ~ My(K). Thus by Lemma 3
C~ MQ(K) (%9 C, = MQ(C,)

If we use the isomorphism C'= M, (C") given by Lemma 3 to identify C' with M, (C"),

then
c, c, ) ,
C() = ( C,? C,[}] > and Cl = ( C(}) C? ) mn MQ(C)

Assume that V' has even dimension, so V' also has even dimension. By induction,
Theorem 8 holds for (V',¢'). In particular C' is c.s. over K since C' is c.s. over K.
We now construct an inner automorphism of M,(C") which maps Cy to My(CY). Let
x € V' be anisotropic (such an element exists since ¢’ is nonsingular). Then z is

1

invertible in C" with inverse 7! = z-q(z)™" € C}. Left and right multiplication with
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x induce isomorphisms C]=C}, of K-vector spaces. In particular zC] = C}, Clz =

C} and zChz = Cj). Thus inner conjugation with the unit (J 2) of M5(C") maps

x

(o Ch Clw N _ o
Co = ( cc > to ( 201 O ) = Me(Co)
It follows that Z(Cp) ~ Z(C}) and that Cp is as described in 1). If (V, ¢) is 3-regular

of odd dimension, then (V' ¢') is also %fregular of odd dimension. We have as above
C ~ MQ(CI) and CO ~ MQ(C(I))

so that, by induction on the dimension, Cj is c.s. over K and Z(C) ~ Z(C') is a
quadratic algebra. Since the isomorphism C' ~ M, (C") is an isomorphism of graded
algebras, Z(C) ~ Z(C") as graded algebras. The last claim Z(C) ® Cy—C'is also
clear by induction.

If (V,q) is arbitrary, there exists a field extension K C L such that L® (V, q) ~
H(L) L (V',q"). Therefore Theorem 8 holds for L ® (V,q). Assume that V has
even dimension. The algebra C is c.s. over K since L ® C'is c.s. over L and Z(CY)
is separable quadratic since Z(L ® Cy) = L ® Z(Cy) is separable quadratic over L.
If Z(Cy) is a field, it also follows from Theorem 8 that Cy is c.s. over Z(Cp). If
Z(Cy) = K x K, we only get that there exists an isomorphism of K x K-algebras
Co>Ax B, A, B c.s. over K with L® A~ L ® B. To show that A ~ B, we use
the following

Lemma 9. Let (V,¢) be nonsingular of even dimension. There exists an isomor-
phism
(ol Z(Co) X C;)Endco (C) = MQ(C())

of Z(Cy)—-algebras, where C' is viewed as a right Cy—module through the multiplica-

tion in C.

Proof. We define p(z2®c)(z) = cxz for z € Z(Cy), ¢, x € C. If Z(Cy) is a field, ¢ is
an isomorphism since Z(Cy) ®C'is a c.s. algebra over Z(Cy) and Z(Cy) @C, My(Ch)
have the same dimension. A similar argument works if Z(Cy) = K x K. The fact

that Ende, (C) ~ My(Cy) follows from Cy = Cyz for z € V' anisotropic.
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We go back to the proof of Theorem 8. If Z(Cy) = K x K and Cy = A x B,

we have by the above lemma
My(A) x My(B) ~C x C.
Since My(A), My(B) and C are simple algebras, it follows that
My(A) ~ C ~ My(B),

hence A ~ B by Corollary 13 of Chapter 2.

Finally if V' is %fregular of odd dimension, Cj is c.s. over K since L ® Cj is
c.s. over L. Further Z(C) is quadratic. Let z = zy + 21, z; € C; be a generator of
Z(C). The part zy of degree zero lies in the centre of Cp, hence is a scalar, so z
also generates Z(C') as an algebra. Since 27 # 0 in L ® Z(C), 27 # 0 and Z(C) is

as claimed.



Chapter 5

Invariants of Quadratic Forms

In this chapter and the next the fact that we do not assume char K # 2 has a
strong influence on the presentation of the results. Demazure—Gabriel is a useful ref-

erence for these two chapters. Parts of Proposition 5 are copied from Micali-Revoy.

Let (V,q) be a quadratic form which is either nonsingular of even dimension or
%fregular of odd dimension. Let
B | Z(Cy(V,q)) if Dim V is even
2(V.a) = Z(q) = { Z(C(V,q)) it Dim V is odd.
We call Z(q), which is a graded quadratic algebra, the discriminant algebra of (V, q).
The algebra Z(q) is separable if Dim V' is even or if Char K # 2. Clearly any
isometry (V,q)=>(V"',¢') induces a graded isomorphism Z(q)—=Z7(q'). By the proof
of Theorem 8, Chapter 4, we have

ZHK)1Lq) ~Z(q and Z(H(K))~K x K,

hence Z(H(U)) ~ K x K for any hyperbolic space H(U).
Lemma 1. Z(q) = Z¢(Cy).

Proof. The claim follows from Theorem 8, Chapter 4 and Lemma 6, Chapter 2, if
DimV is odd. Assume that DimV is even. The inclusion C is clear. Let x € Z¢(C))
and let x = xg + x; be its decomposition in homogeneous parts. Since Cj is ho-
mogeneous, o and x; must lie in Zo(Cy). By Proposition 5 of this chapter, we
have a generator z of Z(q) such that z1z + zz1 = =z, so (1 — 2z)z; = 0. But

(1—22)2=1+4(2*>— 2) = 1 +4r is a unit (Proposition 5), hence z; = 0. (The use
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of Proposition 5 in the proof is not very elegant but is legal since Lemma 1 is not

applied in the proof of Proposition 5 !).

We call the isomorphism class of Z(q) the Arf invariant of (V,q) and denote it
by a(q). We say that the Arf invariant a(q) is trivial if Z(q) ~ K x K.

Example 2. Assume that char K # 2 and that {e;,...,e,} is an orthogonal basis
of (V,q). The element z = e; - - - ¢, is a generator of Z(q) and

n(n—1) n(n—1)

P2=(=1)"7 a-a,=(-1)"2 dey,...,en).

Let Z =K -1+K-zand Z/ = K-1+4 K -2 be two quadratic algebras with
2? = a and (2')? = b. We claim that Z ~ 7' if and only if a = A\?b for some \ € K*
(assuming char K # 2!). Let ¢ : Z=Z' be an isomorphism and let ¢(2) = Az’ + p.
Since ¢ is an isomorphism, A # 0. We have ¢(2?) = ¢(2)?, so a = \%b + 2 \uz’ + p?.
Since 2\ # 0, u = 0 and a = A?b as claimed. Therefore Z(q) is determined up to

n(n—1)

isomorphism by the class of (=1)" 2 @y ---a, in K*/K*? if char K # 2. This class

n(n—1)

is equal to disc(g) multiplied by the class of 2"(—1)" > in K*/K*?, since disc(q)
is the class of 2"a; -+ -a,. For any a € K*, let [a] denote its class in K*/K*2. The

element
n(n—1)

0(q) = [(=1)"= ] - disc(q) € K*/K**

is called the signed discriminant of (V, q). It follows from the above discussion that,
for forms of the same dimension, Z(q) ~ Z(q') if and only, if §(¢) = 6(¢") (if char
K #2).

The following property of the discriminant algebra follows from Theorem 8 of
Chapter 4 or from Lemma 1 and the fact that C(L ® (V,q)) ~ LR C(V,q), Co(L ®

Lemma 3. For any field extension K C L, Z(L® (V,q)) ~ L ® Z(V,q).

We now construct a generator z of Z(q), for any characteristic, given orthogonal

decompositions (see Chapter 1)

(V,q) =[ar, 1] L -+ L [am, byl if DimV =2m,
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(V,q) = [a1,b1] L -+ L [am, by L (agme1) if DimV =2m + 1.

We construct z by induction, using the following

Lemma 4. Let (V;,¢) and (V3, ¢2) be quadratic spaces of even dimensions, and let
7y =Z(q1), Zs = Z(q2). For i = 1,2, we assume that Z; has a generator z; such
that

Z=zi+r, mn €K with 144r;#0

and

ziv; +viz; =v;  forall v €V

Then Z = Z(q; L ¢2) has a generator z such that
2 =z41r with r=r +ry+4driry, hence 1+ 4r = (1 +4r)(1 + 4ry)

and

2+ vz="uv for all veV =V V.
Proof. let 2 =21 @1 +1® 2 — 221 ® 2 in C(q; L ¢) = C(ql)@)C’(qg). We get
2

2° = z+r with r = r; + r9 4+ 4r;ry. The other claims follow by straightforward

computations.

Let (V,q) = [a,b] and let {x,y} be a basis of V such that ¢(x) = a, ¢(y) = b
and b,(x,y) = 1. The discriminant algebra Z(q) = Cy is generated by z = xy
and 22 = z — ab. It is easy to verify that zv + vz = v for all v € V. Further
1 — 4ab = —d(x,y) is not zero. Thus we can apply Lemma 4 to quadratic spaces

Vi, Vs of type [a, b] or to orthogonal sums of such spaces. Let V; = [a;, b;] and

(Vv q) = (‘/IaQI) L. L (Vman)-

We choose in each V; a basis {e;, ¢;1,,,} such that
q(e)) = ai,  q(eiym) = b and  by(e;, eiqm) =1

and put z; = €;€;1m, 7 = —q(€;)q(€irm) = —a;b;. By Lemma 4 (and induction) the

element

2= (=2)"718;(z1,- -, Zm),

m
=1
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where S; is the j — th elementary symmetric function in m letters, is a generator of

Z(q) such that

m
Z=z4r, r=> 4780, )
j=1

and zv 4+ vz = v for all v € V. Further

m

1+4r = H(l +4r;) = (=1)™d(er, e10my - - - » €m, €2m)-
i—1

Therefore the class of 1 + 4r in K*/K*? is the signed discriminant 6(q) of (V, q).

Let now (V, ¢) be of odd dimension. We assume that

(V, Q) = (‘/Ia(h) Lol (Vman) L <a2m+1> = (Vlaql) L <a2m+1>

with V; as above. Let ey,11 € V be a basis of (agy,1) such that ¢(eami1) = am1-
By the even dimensional case, we have a generator z' of Z(¢') C Cy(q') such that

22 =2 4+7" and 2'v' +v'2 =o' for all v’ € V'. The element
Z = €ama1 X (1 — 22,)

of C({azm4+1))RC(¢") = C(q) is of degree 1 and commutes with all elements of Cy(q),
thus z € Z(q). Since

22 = g (1 +47") = (=1)"dy(e1, . . ., €2m, €omi1),

the element z is a homogeneous generator of Z(q). We call the class of
(=1)™dy(e1, . . ., eam+1) in K*/K*? the signed 3—discriminant of (V,¢) and denote it
by 36(q). The element £6(q) depends only on the isometry class of (V,¢). By the

above discussion, we have for spaces of the same odd dimension

Z(q) ~ Z(q") (as graded algebras) < 26(q) = 30(q").

Observe that if (V,q) = [a1,b1] L -+ L [am, bm] L {a2m+1) and char K = 2, then

+0(q) = [azm41] € K*/K*?. Summarizing, we have

Proposition 5. 1) Let (V,¢) be a nonsingular quadratic form of even dimension.
There exists an element z € Cy such that

) Z(Co)=K-1®K -2, 2°=z+r,re Kand 1+4r € K*.

ii) The class of (1 +4r) in K*/K*? is the signed discriminant of q.
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iii) vz 4+ zv = v for all v € V, hence zz + zz = x for all z € C}.
2) Let (V,q) be s-regular of odd dimension. There exists an element 2z € C; such
that

) Z(C)=K -1 K-z 22=s, s€ K*.

ii) The class of s in K*/K*? is the signed 3—discriminant of ¢.

The quadratic algebra Z(¢) has a unique standard involution o,. We now study
how oy is related to the structure of the Clifford algebra C'(¢). By the universal prop-
erty of the Clifford algebra, there exists a unique K-linear involution o of C(q) such
that o(v) = —v for v € V. We call o the standard involution of C(q) (even if o is
not necessarily a standard involution in the sense of Chapter 3). The involution o’
of C' which is the identity on V' will be called the canonical involution of C'. Fur-
ther, let C'(—1) be the automorphism of C'(¢q) such that C'(—1)(v) = —vforallv € V.

Proposition 6. 1) If (V, q) is %fregular of odd dimension, then &g is the restriction
of C(—1) to Z(q). 2) Assume that (V] ¢q) is nonsingular of even dimension. Then

i) oo(z)y = yx for all z € Z(q) and y € C.

ii) If the dimension of V' is congruent to 2 (mod 4), oq is the restriction of
the standard involution o of C(g).

iii) If the dimension of V' is congruent to 0 (mod 4), the standard involution

o of C(g) induces the identity on Z(q).

Proof. Let z € Z(q) be as in Proposition 5. The claims follow from Proposition
5, using that o¢(z) = —z if the dimension of V' is odd and oy(z) = 1 — z if the

dimension of V' is even. Observe that we cannot describe o if DimV = 0(4).

In characteristic 2, the discriminant does not give any information on ¢ or Z(q),
since §(¢) = 1 for any nonsingular form. On the other hand the element r € K of

Proposition 5 can be used to characterize Z(q). We have

Lemma 7. Let K be a field of characteristic 2 and let 7 = K -1 ® K -z, 7' =
K -1+ K -7 be quadratic K -algebras with 22 = z+r, 22 =247, r, r' € K. Then
Z and Z' are isomorphic if and only if there exists u € K such that ' —r = p? + pu.
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Proof. Let ¢ : Z — Z' be an isomorphism given by p(z) = Az’ + u. It follows from
©(2%) = (p(2))? that A2 = X and A\*'—r = p>+p. Hence A = 1 and ' —r = p®+p as
claimed. Conversely we define an isomorphism ¢ : Z — Z' by putting ¢(z) = A2 +pu.

The set of elements of K of the form p? + p, u € K is an additive subgroup
of K if char K = 2. We denote it by p(K). Let (V,q) be a quadratic space and let
z € Z(q) be a generator as given by Proposition 5, i.e. 22 =2+7r, r € K. The
class of r in the additive group K/p(K) is the classical Arf invariant of (V,q). We
denote it by a(q). In view of Lemma 7, «(q) is an invariant of the isometry class of

(V,q) and by Lemma 4
ol L @) = a(q) + a(ge).

If (V,q) =[ay,b1] L -+ L [am,by], then
a(q) = arby + - + apbp.

In particular a(q) = 0 for any hyperbolic space (V, q).
The following formulas hold for orthogonal sums:

Lemma 8. 1) If (V5,¢;) is nonsingular of even dimension and (Vj,q;) is any

quadratic form, then
Clar L @) = C((1+4r2)q1) ® C(g2),

where 75 is as in Proposition 5 (for (V3, ¢2)).

2) If (Va, qo) is %fregular of odd dimension and (V3, ¢;) is any quadratic form, then

Co(qr L q2) ~ C(—=s2q1) ® Co(qa),

where s is as in Proposition 5 (for (13, ¢z)). In particular
Co((A) L g) = C(=Ag)

for any quadratic form ¢: V — K.
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Proof. 1) Let 25 and ry be as in Proposition 5 (for (V2, ¢2)). The element wy = 1—22,
satisfies og(we) = —wy and w3 = 1+ 4ry, where oy is the standard involution of

Z(q2). We define a homomorphism
p: Cla L g2) = Clq1)@C(g2) = C((1 + 4r3)q1) ® C(g2)

by ¢(v; ® 1) = v ® we and (1 ® v3) = 1 ® vy for v; € V; (apply Proposition 6,
the universal property of the graded tensor product and the universal property of
the Clifford algebra !). Since Vi and V5 are contained in the image of ¢, ¢ is an
isomorphism.

2) Let 20 € Z(q2), s2 € K be as in Proposition 5 (for ¢»). We define

Y C(—52q1) ® Co(q2) = Colqr L ¢o)

by (1 ® x) = ja(x), where j; : C(¢;) = C(q1 L go) is the canonical embedding,
i = 1,2, and ¢ (v1) = ji(v1)ja(29) for v; € V4. The map 1) is surjective, hence an

isomorphism.

Another important invariant of quadratic forms is the Witt invariant w(q),

which takes values in the Brauer group Br(K) of the field K. We define

(q) = [C(q)] € Br(K) if ¢ is nonsingular of even dimension
=9 1Co(q)] € Br(K) if ¢ is s-regular of odd dimension.

The Witt invariant obviously depends only on the isometry class of ¢. Further, by
the proof of Theorem 8, Chapter 4, we have

wH(K) L) =w(q) and w(H(K)) =1

so w(H(U)) = 1 for any hyperbolic space H(U). We now compute the Witt in-
variant of an orthogonal sum ¢; L ¢ with ¢o of even dimension. For any class
§ € K*/K*? and any quadratic form ¢, the isometry class of ¢ - ¢ is well defined.

With this in mind, we get from Lemma 8:

Proposition 9. Let ¢ be a nonsingular form of even dimension.

1) If ¢; is nonsingular of even dimension, then

w(qr L g2) = w(d(g2)q1)w(qz)-
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2) If ¢y is 3 regular of odd dimension, then

w(g L ¢2) = w(g)w(=56(q1)qa)-

Let (V,q), (V',¢') be quadratic forms and let A € K*. A K-linear isomorphism
¢ : VSV such that ¢'(p(x)) = Ag(x) for all x € V' is called a similitude with mul-

tiplier A\. Two similar forms have isomorphic even Clifford algebras:

Lemma 10. Let ¢ : (V,q)=(V",¢') be a similitude with multiplier A\. There exists
an isomorphism Cy(¢) : Co(q)—Co(q') such that

Co(p)(zy) = A'p(a)p(y)  for =z, yeV.

Proof. Let T°(V') be the even part of the tensor algebra of V. The algebra isomor-
phism T%(¢) : T°(V) — T°(V"), defined by T°()(z¢®- - -®2,) = A0 (o) - - - ©(Ton),

induces the wanted isomorphism.

We describe now another useful isomorphism of Clifford algebras. First we need
a definition. Let Z be a separable quadratic K—algebra with standard involution

oo:z+—zand let A € K*. As in Lemma 8 of Chapter 3, we define a K—algebra
A=7Zduz
of dimension 4 by the multiplication rules
(21 + uze) (23 + uzg) = 2123 + AZoz24 + (2023 + Z124).

The algebra A is c.s. of dimension 4, hence a quaternion algebra over K and has

the grading Ay = Z, A; = uZ. We denote it by (A, Z/K].

Proposition 11. Let (V,q) be nonsingular of even dimension. There exists an

isomorphism of graded algebras
My(K) @ C(V, Ag)=(A, Z(q)/ K] @ C(V, q).

In particular w(Aq) = w(q) - w((A, Z(q)/K]).

Proof. Let Z = Z(q) and let ¢; : V — (A, Z/K] ® C(V,q) be given by ¢;(v) =
u®u, v € V. By the universal property of the Clifford algebra ¢ extends to a homo-
morphism ¢ : C(V, A\q) — (A, Z/K]® C(V, ¢) which is injective since C'(V, Aq) is ¢.s.
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Let A be the commutant of ¢(C(V, \q)) in (\, Z/K|® C(V,q), so A® C(V,\q) =~
(A, Z/K]® C(V,q). The algebra A is generated by (7 ® Z)7°®?0 ~ K x K and by
u,80 A~ (K x K)®u(K x K) ~ (\, K x K|. We claim that (\, K x K] ~ M(K).

K0 >andur—>(? 2)-

In fact an isomorphism is induced by K x K — ( 0 K



Chapter 6

Special Orthogonal Groups and Spin
Groups

Let (V,q) be a quadratic form and let O(q) be its orthogonal group. We denote
by Auté (C) the group of automorphisms of the Clifford algebra C' = Co®C of (V, q)
as a graded algebra. Any ¢ € O(q) induces an element 3 = C(p) € Aut}(C) such
that SV C V. Conversely, let 5 € Aut%-(C) be such that V' C V. Then ¢ = 3|y
is an automorphism of V' such that ¢(¢(v)) = ¢(v)? = B(v*) = q(v), v € V, hence
¢ € O(q). Therefore we can identify O(g) with the subgroup of elements (3 of
Aut%(C) such that gV C V:

O(q) = {B € Auti(C) | BV C V}.

We assume in the following that (V,¢q) is either %fregular of odd dimension or
nonsingular of even dimension. Let Z(q) be the discriminant algebra of (V,q), i.e.
the centre of C' if the dimension of V' is odd or the centre of (Y if the dimension
of V' is even. For any ¢ € O(q) the restriction of ¢ to Z(¢) is an automorphism of

Z(q) as a graded algebra. Thus the restriction defines a group homomorphism
p:O(q) = Aut(Z(q)).

Lemma 1. The group Aut% (Z(q)) is either trivial (if the standard involution g of
Z(q) is the identity) or has two elements 1, oy.

Proof. If DimV is even, Z(q) is concentrated in degree zero and has a generator z
such that 22 = z + r for some r € K. Let § be a K—automorphism of Z(q) and let
0(z) = Az + p. Tt follows from 0(2?) = 0(z)? that

l=A+2u and pu+r=X\r+ 4’
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Substituting A = 1 — 2y in the second equation we get
P2 (4r 4+ 1) = p(4r +1).

By Proposition 5 of Chapter 5, 4r +1#0,so pu=1or g =0 and f(2) = —z+1 or
0(z) = z. If DimV is odd, Z(q) is generated by an element z of degree 1 such that
22 =35, s#0€ K. Thus, if § € Aut%(Z(q)), we must have 6(z) = Az and \* = 1.

In view of Lemma 1, we may define a homomorphism O(q) — Z/2Z, the
so-called Dickson map, by putting:

- _ ) 0 i C(p)|z(q) =1
Dick(¢) _{ L if C(p)]z¢q) # 1.

The kernel of the Dickson homomorphism is called the special orthogonal group and
is denoted by SO(q). This is not the usual definition of SO(q) as kernel of the
determinant map, which can only be used if the characteristic is not equal to 2. We
need a different definition to include the case of characteristic 2. However the next
lemma shows that the two definitions are related. Any ¢ € O(q) is represented by a
matrix (also denoted ¢) if we fix a basis of V. The determinant of ¢ is independent

of the choice of the basis. Thus the determinant induces a homomorphism
det : O(q) —» K°.

Lemma 2. Assume that (V,¢) is either $-regular of odd dimension or nonsingular
of even dimension. Then

1) det(p) = £1if p € O(q).

2) SO(q) C Ker(O(q) & {+1}).

3) SO(q) = Ker(O(q) & {£1}) if (V,q) is s-regular or char K # 2.

Proof. Let {e;,...,e,} be a basis of V and let (u;;) be the matrix of ¢ € O(q) with

respect to the basis, i.e.

plef) = uge;.
We have det(u;;)?d(ey,...,e,) = d(er,...,e,) # 0 if ¢ is nonsingular and
det(u;j)?do(eq, ..., e,) = doler, ... e,) # 0if ¢ is %fregular. Thus det(u;;)? = 1

and the first claim is proved. For the second claim, we choose a basis of (V,q) as

in Lemma 17 (resp. 19) of Chapter 1 and choose a generator z of Z(q) as given by
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Proposition 5 of Chapter 5. Let ¢ € O(q). We claim that

Clp)(z) = det(p)z +

for some p € K. This is clear if char K = 2, since det(¢) = 1 by 1) and z — 2, z
z 4 1 are the only possible automorphisms of Z(¢q) by Lemma 1. Assume that char

K # 2. We have a unique decomposition
2z = Aey - -+ e, + terms of lower length

by the P.B.W. theorem. In view of the expression for z computed between Lemma
4 and Proposition 5 of Chapter 5, the coefficient A is not zero (since char K # 21).
We get

Cle)(z) = Apler)---p(en) + terms of lower length
= Adet(p)ey - - - e, + terms of lower length.

Since, on the other hand, C(p)(z) = vz + pu for some v, p € K, v # 0, we
must have v = det(p) by the uniqueness of the decomposition z = ey ---e,+
terms of lower length. The formula C'(¢)(z) = det(p)z + p implies 2). We now
check 3) if (V,q) is 3-regular. Since Z(q) is graded and generated by an element
z of degree 1 and since C'(p) preserves grading, we must have C'(¢)(z) = det(p)z.
Thus C(¢p) is the identity on Z(q) if and only if det(p) = 1. If char K # 2, we
choose an orthogonal basis {ej,...,e,} for V. The element w = e;---e, is a gen-
erator of Z(q). For any ¢ € O(q), the basis {¢, = ¢(e;)} is also orthogonal and

C(p)(w) = ¢ ---el = det(p)w. This shows 3) if char K # 2.

Example 3. Let (V,q) = H(K). By Example 2 of Chapter 1,
O(q)={C V) eMyK)|zv+uy=1, 2zu=0, yo=0}

if we identify V' with K? through a basis given by a hyperbolic pair {e, f}. The
element z = ef is a generator of Z(q). We have ¢(e) = xe + uf, o(f) = ye +
vf if = ¥). Thus

u

C(e)(z) = (e +uf)(ye+vf) = (xv — uy)z + uy.

If follows that
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In characteristic 2, O(q) N SLy(K) = O(q), so SO(q) is a proper subgroup of
Ker(O(q) & {+1}).

In the next section we assume that K is a field of characteristic not equal to
2. For any quadratic space (V,q) of dimension n, we define the Lie algebra of the

group SO(q) as the set

so(q) = {f € Endx (V) [ by(f(2),y) + by(x, f(y)) = 0},

where b, is the polar of ¢. If ¢ = (1,...,1), then so(q) = Alt,(K). In particular

Dimgso((1,...,1)) = @ and the K—vector space so(q) is obviously a Lie algebra

for the Lie product [f, g] = fog—gof. Since charK # 2, any quadratic space (V, q) is

diagonalizable and there exists a field extension K C L such that L®qg ~ (1,...,1).

@ and so(q) is a Lie algebra.

Thus in general Dimgso(q) =

Let now [V, V] be the K-linear subspace of C(q) generated by all [z,y] =
xy —yx, x,y € V. It follows from the P.B.W. theorem that Dimg[V,V] = n(n2_1).
Further, [V, V] is a Lie algebra for the product [, | and [[V,V],V] C V. Again this

is easily seen by taking an orthogonal basis of V. Let

v: [V,V] — Endg (V)
be defined by v(§) = [§,v] = v —vE, € € [V, V]. We have

by ([€, v], w) + by(v, [€, w]) = 0.

This can be checked for £ = [z, y] using the defining relations of the Clifford algebra
and the general case follows by linearity. Thus 7 is a homomorphism of Lie algebras
[V,V] — so(q). We claim that v is an isomorphism. Since both algebras have the
same dimension, it suffices to check that v is injective. If v(£) = 0, then £ lies in the
centre of C(q) and in the centre of Cy(q) so £ € K. But K N[V, V] = 0. Therefore
the Lie algebra so(q) can be identified with [V, V] C Cy(q). We observe that

[so(q), so(q)] = so(q) if n > 3.

This, again, can be easily checked by taking an orthogonal basis of V' and us-
ing the identification so(q) = [V, V]. It follows that so(q) is always contained in
Co(q) =[Co(q), Co(q)]. We shall use this remark later.
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We now introduce different subgroups of the group of units of the Clifford
algebra C' = Cy @ C) of (V, q). These groups will help to describe O(gq) and SO(q).

The field K can be of arbitrary characteristic. Let u € C*® be a unit which is
homogeneous , i.e. u € C§ or u € C*NC,. We define the graded inner automorphism
i0:C—C by i9(z)=(-1)2W@ gy
for £ homogeneous, d(u) denoting the degree of u, i.e. d(u) = 0 if u € C, and

J(u) =1 if u € Cy. The group
I'(q) = {u € C*, u homogeneous | (V) C V}
is called the Clifford group of (V,q) and the subgroup
ST(q) = {u e C§ [ iu(V) C V}=T(q) N Co

is the special Clifford group.

Let o be the standard involution of C. We define a map
p:C—=C by plc)=oc(c)e, ceC.

We have p(v) = —q(v) for v € V.

Lemma 4. Assume that (V,¢) is nonsingular if the dimension of V' is even and
s-regular if the dimension of V' is odd. Then p(c) € K* for ¢ € T'(¢) and j induces
a group homomorphism
p:T(qg) — K°.

Proof. If suffices to check that u(c) € K* for ¢ € T'(¢). The property p(zry) =
p(z)p(y) then is immediate. For any ¢ € I'(¢) and v € V', we have iJ(v) = —o (i (v)),
since i¢(v) € V. On the other hand o(i?(v)) = —iJ -1 (v), since o(v) = —v. There-
fore o(c)cv = vo(c)e for all v € V. It follows that o(c)c is in the centre of Cj and in

the centre of C, so o(c)c € K*.

Example 5. An element v € V belongs to I'(¢) if and only if ¢(v) € K*, i.e., v is
anisotropic. For if ¢(v) € K*, then

() = —vzv ! = —vrvg(v) "t = (zv — by(v,z))ve(v)

bg (v,x
= x— —qq((v) Jy = T ().
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Thus ¢ is the reflection 7.

Since 2 (V) C V for u € T'(q), 4 € O(q) and we have a group homomorphism
I'(q) = O(q), wu +— i9. We denote it by m. Since i, is the identity on Z(q) if
u € ST(q), = restricts to a homomorphism S7 : ST(¢) — SO(q).

Proposition 6. The sequences
1= K*—=T(q) 5 0(q) =1

and

1— K* — ST(q) 55 50(¢q) — 1

are exact.

Proof. If i(v) = v for all v € V, then u € Z(Cy) = Z(q) by Lemma 1 of Chapter
5. Thus u € ST(q) if DimV is even and ¢ = i,. But then i,(v) = v implies that
u € Z(C) = K. If the dimension of V' is odd, either u € K*® or u = Az, z a generator
of Z(q) as given in Proposition 5 of Chapter 5. If u = Az, we get i (v) = —zvz™!,
thus zv = —vz. But zv 4+ vz = v by Proposition 5 of Chapter 5, thus v = 0 which
is absurd. The surjectivity of 7 if (V,q) % H(IF,) L H(IF3) follows from Exam-
ple 5 and the fact that O(q) is generated by reflections (Corollary 15 of Chapter
1). The case (V,q) = H(IF;) L H(IF;) can be checked directly by counting the
order of the groups. We finally verify that S7 is always surjective. Let ¢ € SO(q).
We have to show that C'(¢) = i, for some v € C§. If DimV is even and Z(q)
is a field, then Cj is c.s. over Z(q), C(¢)|c, is Z(q)-linear so by Skolem—Noether
C(p)lcy = iu, ue€ Cy. If Z(q) = K x K, we apply Skolem—Noether componentwise
to get C(¢)|c, = tu, u € CJ. On the other hand C(p) = i, for v € C* since C' is
c.s. We have i,|c, = iy, hence u = dv for § € Z(q)* and we may assume that v € Cj.
A similar argument works for the odd dimensional case since Z(¢)—-automorphisms
of C' are inner by the generalization of Skolem-Noether mentioned in Remark 12 of

Chapter 2.

Let ¢ € SO(q). By Proposition 6 there exists u € ST'(¢q) such that C(p) = i,
and by Lemma 4 u(u) € K*. We call the class of u(u) in K*/K*? the spinor norm
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of ¢ and denote it by SN (). The element SN(¢) does not depend on the choice
of u such that C(¢) = i,. If 4, = i,, then u = \v, A € K* and p(u) = Nu(v). Let
now

Spin(q) = {u € ST'(q) | p(u) = 1}.

Theorem 7. The sequence
. St SN 1-e 2
1 — {£1} — Spin(q) = SO(¢q) = K*/K

is exact.
Proof. Obvious by the definition of ST and SN.

Even if its definition looks quite complicated, the group Spin(q) is very use-
ful. Moreover, Theorem 7 shows that Spin(q) is a good ”approximation” of SO(q).
As we shall see later, for low dimensions, the group Spin(q) is easier to compute
than SO(q). As an algebraic group it is connected and simply connected if ¢ is
of dimension > 3. There are also topological reasons to introduce Spin(gq). If

(V,q) = (IR", (1,...,1)), n > 3, then Spin(q) is the universal covering of SO(q).
Another classical group associated with a quadratic from (V, q) is its group of
similitudes. We denote it by GO(q). There is an exact sequence
1 0(g) = GO(q) & K°,

where (), ¢ € GO(q), is the multiplier of the similitude . Let {ej,...,e,} be a
basis of V' and let o = (b,(e;, €;)) be the matrix of the polar of ¢. Further let ¢ be
the matrix of ¢ € GO(q). We have

Olap = A

so A" = (dety)?. Thus, if n is odd, A is a square, A = p?, and ¢ = p~'p is an

isometry. It follows that there exists a direct product decomposition
GO(q) =0(q) x K* if n is odd.

By Lemma 10 of Chapter 5, similitudes of (V) ¢) induce automorphisms of Cy. As-

sume that DimV is even. We say that a similitude ¢ is special if the induced
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automorphism Cy(p) of Cy is Z(q)-linear, i.e. is the identity on the centre of Cj.
We denote the group of special similitudes of (V, ¢) by GO, (q). It contains SO(q)
and K* but is not a direct product of these groups. The computation of GO, (q)
for nonsingular quadratic forms of dimension < 6 over a field of characteristic not
equal to 2 was done by Dieudonné in a paper of Acta Mathematica 1952 (see the
bibliography). In the next chapters, we shall study forms of dimension < 6 and in

particular reprove Dieudonné’s results in a characteristic—free way.



Chapter 7

Quadratic Forms of Dimension 2

Let (V,¢) be nonsingular of dimension 2 and let C' = Cy @ C; be the Clifford
algebra of ¢. We have C1 =V, Cy = Z(q) and C is c.s. of dimension 4. Let o be
the standard involution of C' (as a Clifford algebra) and oy the standard involution
of Z(q). By Proposition 6 of Chapter 5, oq is the restriction of o to Cy. Further it is
easy to check, using a basis of C' given by the Poincaré-Birkhoff-Witt theorem, that
o(z)xr € K for all z € C. Hence o is the standard involution of C' as a quaternion
algebra. Writing an element z € C' asx =v+y, v € C; =V and y € Cj, we have
o(z) = —v + oo(y). Thus the reduced norm n of C' is given by

n(z) = zo(x) = —q(v) + no(y),
where ng is the norm of Cy = Z(¢), and we have an orthogonal decomposition

Proposition 1. Two quadratic spaces of dimension 2 are isometric if and only if

they have the same Witt invariants and the same Arf invariants.

Proof. Let ¢, ¢’ be the two forms and let C' = C}, @ V' be the Clifford algebra of
q'. From w(q) = w(q'), we get C' ~ C" and from a(q) = a(q’), we get Cy ~ Cj. The
following lemma implies that (C,n) ~ (C’,n) and (Cy, ng) ~ (C}, ny), so that the

claim is a consequence of Witt cancellation.

Lemma 2. Let A, B be algebras with standard involutions o4, op. Any iso-

morphism ¢ : A5B of K-algebras is an isometry of the corresponding norms

na(z) = roa(z), np(y) = yop(y).
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Proof. The involution po4¢~! is a standard involution of B, hence by the unique-

ness of standard involutions po40~! = 0. Thus

np(p(r)) = p()op(p(r)) = p()p(0a(r) = p(na(2)) = na(2).

Example 3. Let Z be a separable quadratic algebra with standard involution o.
We compute the Clifford algebra of its norm. By definition, we have C'(Z,nz) =
(1, Z/ K], where (1, Z/K] is the algebra Z @& uZ with the multiplication rules u? =1

and zu = uoz(z). We define a K-linear map
p:Z — Endg(Z)

by p(z)(y) = woz(y). Since p(z)*(y) = nz(z)y, the map p induces a homomorphism
C(Z,nz) — Endg(Z), which is an isomorphism since C(Z,ny) is c.s. over K. On
the other hand, if z € Z is a generator such that 22 = 2z +r and if we take {1, 2} as
a basis of Z, it is easy to check that Co(Z,nz) ~ Z. We get

C(Z,nz) ~Endg(Z) and Cy(Z,ny) ~ Z.

Thus, by Lemma 2 above and Lemma 10 of Chapter 5, two quadratic separable

algebras are isomorphic if and only if their norms are similar.

Proposition 4. Let (V, ) be a quadratic space of dimension 2. Then

1) (V,q) is isotropic if and only if Z(q) = Cy ~ K x K, i.e. its Arf invariant is
trivial.

2) (V,q) represents 1 if and only if C(q) ~ My(K), i.e. its Witt invariant is

trivial. In particular, C'(¢) is a division algebra if and only if ¢ does not represent 1.

Proof. 1) Assume that ¢ represents some A # 0 € K and let z € V with ¢(x) = .
The map Cy — C; = V defined by ¢ — zc is an isometry (Coy, Ang)—=(V, q) since
q(zc) = —n(xc) = —xco(xe) = —xo(x)ng(c) = q(x)ng(c). Thus the claim follows
from Example 3 and the fact that ¢ is hyperbolic if and only if Ag is hyperbolic.

2) Assume that C' ~ My(K). Then by Lemma 2,

(C,n) =~ (My(K),det) ~ H(K?).

Further, by Proposition 4 of Chapter 1, (V,q) L (V,—q) ~ H(K?), so that (7.1)
and Witt cancellation imply that (V,¢q) ~ (Cy,ng). This shows that ¢ represents
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1. Conversely, if ¢ represents 1, then (V,q) ~ (Cy, ng) and the claim follows from

Example 3.

Remark 5. The hyperbolic plane H(K) obviously represents any element A € K.
Hence if the Arf invariant of a quadratic space of dimension 2 is trivial, its Witt

invariant is trivial. Example 3 shows that the converse is not true.

Proposition 1 can be weakend to the following

Proposition 6. Two quadratic spaces of dimension 2 are similar if and only if they

have isomorphic even Clifford algebras, i.e. the same Arf invariants.

Proof. The claim follows from the fact that (V,q) ~ (Cy, Ang) if ¢ represents the

element ).

We conclude this chapter by computing Spin(gq) of a quadratic space (V,q) of
dimension 2. We use freely the notations of Chapter 6. The norm of C' as a Clifford
algebra is the reduced norm of C, so that u(z) € K for all z € C. Since V' = (Y,
we have

ST(q) = C§
and
Spin(q) = {z € Cy | no(x) = 1}.
Lemma 7. Let ¢ € SO(q). Then

1) C(p)leo = Lep-

2) p(r) =ux, x €V, for some u € C§ such that ny(u) = 1. Conversely, let
pu:x — ux, z €V and u € Cy, then p, € SO(q) if ny(u) = 1. In particular, the

map u — p, is an isomorphism
Spin(q)=SO0(q).

Proof. 1) Follows from the definition of SO(q), since Cy is commutative. We prove
2). Let v € V be anisotropic and let ¢(v) = A # 0. We have for x € V, C(p)(z) =
C(p)(A'%z) = A1C(p) (v)vr since vz € Cy and Cj is invariant under C'(¢). The
element u = A\~'C'(¢)(v)v lies in Cy and ¢(z) = C(¢)(x) = uz. Since the map ¢ is an
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isometry ¢(z) = q(p(z)) = q(uz) = (ux)? = ng(u)x® = ne(u)q(x), hence ng(u) = 1.
Conversely let u € C§ with ny(u) = 1, then p, € O(q). Since p,(z)p,(y) = uo(u)zy
for x,y € V', p, induces the identity on Z(q) and p, € SO(q).

The map St : Spin(q) — SO(q) is given by u + i,. We have i,(r) = uzu™" =
uco(u) 'z by Proposition 6 of Chapter 5. Since ng(u) = 1, uog(ut)

= u? and S7 can be identified with u > p,2.

Remark 8. By Example 3 any separable quadratic K—algebra is the even Clifford
algebra of a quadratic space of dimension 2. We claim that any c.s. K-algebra A
of dimension 4 is the Clifford algebra of a quadratic space of dimension 2. As in the
proof of Theorem 7, Chapter 3, we can find a separable quadratic K—algebra B C A
and an element u € B C A (L with respect to the reduced norm of A) such that
A=B®uB, u>= )€ K* and ub = og(b)u for b € B. By the universal property
of the Clifford algebra the map B — A, b+ (0,ub), extends to an isomorphism
C (B, \np) ~ A.
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Quadratic Forms of Dimension 3

Let (V, g) be a 3—regular form of dimension 3 with Clifford algebra C = Co®C}.
By Proposition 5 of Chapter 5, Cj is a c¢.s. K—algebra of dimension 4, hence a sep-
arable quaternion algebra, the centre Z(q) of C' is a quadratic K-algebra generated
by an element z € C; such that z2 = s € K and the class of s in K*/K*? is the

signed éfdiscriminant of q.

Example 1. Let A be a separable quaternion algebra (i.e. a c.s. K-algebra of

dimension 4) with standard involution o, trace ¢r, norm n and let
A'={zeAlzr+o(x)=0}

We claim that (A’ n), is %fregular of dimension 3. By Remark 8 of Chapter 7, we can
assume that A is the Clifford algebra of a space [a, b]. If {x,y} is the corresponding
basis, then A’ has the basis {1 — 2zy,z,y} and (A',n) ~ (4ab — 1) L [—a,—b] is
%fregular, as claimed. The signed %fdiscriminant of (A’,n) is the class of —1 in

K*/K*2. For A = My(K), we get
A'={x € My(K) | tr(z) =0} =~ (-1) L H(K).

We compute the Clifford algebra of (A, —n). The signed i-discriminant is trivial.
Let Z be the quadratic K—algebra generated by a symbol Z such that 2 = 1. We
define

p: A ARZ
by p(a) =a® z for a € A'. For any a € A, we have a® — tr(a)a+ n(a) = 0, so that
a’> = —n(a) if a € A" and ¢(a)? = —n(a). By the universal property of the Clifford

algebra, ¢ induces a homomorphism (also called ¢)

p:C(A,—n) > A® Z.
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Let {eq, €1, e} be the basis {1, z, y} (if char K = 2), resp. {zy, z,y} (if char K # 2).
The element z = ey(1 — 2e1e5) of Proposition 5, Chapter 5, is mapped to 1 ® Z so
that ¢ maps Cy(A’, —n) into A. Since Cy(A’, —n) is c.s. over K, ¢ restricts to an
isomorphism Cj(A’, —n) ~ A and is an isomorphism C'(A’, —n)—>A ® Z. Thus

CA,—n)~A®Z,  where Z=K[X]/(X*-1)

and
Co(A', —n) ~ A.

We now use Example 1 to describe (V,¢) in general. Let C(q) = Cy ® Z(q) and
z € Z(q) as above. Since z is of degree 1, the homomorphism p : z — zx maps
V into Cjy. Let o be the standard involution of C' as a Clifford algebra. Using a
basis of Cy given by the P.B.W. theorem, it is easy to check that xo(z) € K for any
x € (. Hence o is the standard involution of C as a quaternion algebra. We get
o(zx) = o(x)o(z) = —vz = —zx for x € V, so that p(V) C Cj. Since p is injective
and V, C{ have the same dimension, p is an isomorphism V=C{. Further, since

—n(zx) = (27)? = 2222 = sq(x), p is an isometry
(V.q) = (Cg, —sn).

We also have V = {z € O} | o(x) +x = 0} since p~' maps C}, to the set of elements

x € Cy such that o(x) + 2 = 0. Summarizing we get

Proposition 2. Let (V,q) be a %—regular form of dimension 3. Then

1) V={z €y |z+o(x) =0}, where o is the standard involution of C.

2) (V,q) ~ (C}, —sn), where C}, = {z € Cy | z + o(x) = 0} and s € K is such
that [s] = sdisc(q) € K*/K*%.
Corollary 3. Two %fregular forms of dimension 3 are isometric if and only if they
have same Witt invariants and same %fdiscriminants. They are similar if and only

if they have same Witt invariants.

Proof. If suffices to notice that if A, B are two quaternion algebras then, by unique-
ness of standard involutions, any homomorphism of algebras ¢ : A — B maps A’

into B'.



72 8. Quadratic Forms of Dimension 3

Corollary 4. A %—regular form (V, q) of dimension 3 has trivial Witt invariant if,

and only if, it is isotropic.

Proof. Since ¢ is isotropic if and only if sq is isotropic for any s € K*, we can assume
that (V,q) = (A’,n) for some c.s. K—algebra A of dimension 4. Then w(q) = [4] in
Br(K). If [A] =1, then A = M,(K), and A" = sly(K) is isotropic. Conversely, if
(A’ n) is isotropic, (A,n) is isotropic and A = My (K).

Corollary 5. Cy(q) is a division algebra if and only if (V] ¢) is anisotropic.

We now compute the special Clifford group, the spin group and the Lie algebra
of (V,q). Since the norm y of Cy is the reduced norm n of Cy, p(x) € K for all
x € Cp. Similarly, we claim that u(z) € K for all z € Cy. Writing x = uz with
u € Cy, we have p(x) = uzo(uz) = —z%u(u) € K. We now claim that i,(V) C V
for all w € C§. By Proposition 2, V' =
{x € C, |z =—0o(x)}. We get 0(iy(7)) = o(uzu™') = —o(u) 'zo(u) = —uzu™' =
—iy(x) since wo(u) € K. This shows that

ST(q) =C; and Spin(q) = {u € C§ | n(u) = 1}.

For any c.s. K—-algebra A, we denote the group of elements of M,(A) of reduced
norm 1 by SL,(A),

SLn(A) = {z € My(A) | nay,ay(z) = 1},

so Spin(q) = SLy(Cy). By Proposition 2, we have (V,q) ~ (C}, —sn), where [s] =
$0(q) € K*/K*?, so that

SO(V,q) ~ SO(V, sq) ~ SO(Cq, —n).

We assume now that (V,q) = (A’, —n) for some quaternion algebra A. It follows

from Example 1 that
Co(V,g)=A and C=AQZ

with Z generated by an element z of degree 1 such that 22 = 1. If we identify
V C C} with 2V C Cj, then (V, q) is identified with (A’, —n) as a subset of Cy = A.
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The map
Sw:SLi(A) = SO(A",—n) = SO(A', n)

is then given by u — i,, where i, is now viewed as an automorphism of Cj (not C).
Similarly
Sm:ST(A',n) = A* — SO(A',n)

is identified with u + i,, u € A®. The map i, is indeed an isometry of A’ since

na(uzu~') = na(x). Proposition 6 of Chapter 6 implies that
SO(q) ~ Cy/K*".

In particular

SO(A')n) ~ A*/K".
If the %fregular form (V) ¢) is anisotropic, Cj is a division quaternion algebra D and

Spin(q) ~ SLy(D), ST (q) ~ D*.
If (V, q) is isotropic, Cy ~ My(K),
Spin(q) ~ SLy(K), ST(q) ~ GLy(K)

and

SO(q) ~ PGLy(K).

Let for example (V,q) = (IR?,(1,1,1)) = (IH',n). We have ST'(q) = IH*. Since

the standard involution of Cy = IH as a Clifford algebra is the standard involution of
HH as a quaternion algebra, we get SN(¢) > 0 for any ¢ € SO(H’,n) (by definition
SN(p) = ng(u), where C(p) = 1i,). It then follows from Theorem 7 of Chapter 6,
that

St : Spin(HH',n) — SO(H',n)

is surjective. Therefore any ¢ € SO(IH',n) can be represented as ¢(r) = axa™'

with a € IH of reduced norm 1.

For the Lie algebra, we get
so(A',n) = A" =[A, 4],

since so(q) C [Cy, Cy] and both algebras have the same dimension.



Chapter 9

Quadratic Forms of Dimension 4

Let (V,q) be a quadratic space of dimension 4 over K. The Clifford algebra
C = Cy @ C is c.s. of dimension 16, the even Clifford algebra Cj is of dimension
8, its centre Z(q) is a separable quadratic K-algebra and Cj is c.s. of dimension 4
over Z(q) if Z(q) is a field or Cp ~ A x A if Z(q) = K x K, A c.s. of dimension 4

over K.

Example 1. Let A be a quaternion algebra with standard involution a + @, norm

n and le' )\ € K. The map
QOIA—>M(A) QOI(CL)— CLEA
' 2 ’ )\Ql 0 ’

induces a graded homomorphism ¢ : C(A, An) — M(A), which must be an isomor-
phism by Lemma 8 of Chapter 2. If we identify both algebras through ¢, we get
Co(A,An) = Ax A, Z(A, n) = K x K and the standard involution o of C(A, An)

a b = a —-\'c
c d —\b d :

since its restriction to ¢'(A) is —1. The canonical involution ¢’ corresponds to

a b . a \le
c d A d '

Both involutions o and ¢’ are of even symplectic type, since they are the tensor

is given by

product of the standard involution of A with the involutions

)= )= n) ) (6

resp.
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which are of orthogonal type. Since there is a field extension K C L such that
L® (V,q) ~ H(L?) ~ (My(L), det),

the standard involution and the canonical involution of C(V,q), V a quadratic
space of dimension 4, are of even symplectic type. Since C'(A,n) ~ My(A) and
Z(A,n) = K x K, the Witt invariant of (A,n) is the class of A in Br(K) and the

Arf invariant of (A, n) is trivial. Let A, B be quaternion algebras and
i (A,n) — (B,n)

a similitude with multiplier \. By the above computations and Lemma 10 of Chapter

5, ¥ induces an isomorphism
wl tAX A= C’O(A,n) = C()(B,n) =B x B.

Since A and B are c.s. algebras, it follows that A = B. This, together with Lemma
2 of Chapter 7, shows that two quaternion algebras are isomorphic if and only if

they have similar norms.

The centre Z(q) of Cy is either a quadratic field extension of K or Z(q) ~ K x K.
In the first case Cj is a quaternion algebra over Z(g) and in the second Cp ~ A x A
as a K x K-algebra (see Theorem 8 of Chapter 4). In both cases Cj has a standard

Z(gq)-linear involution (the componentwise involution in the second case).

Lemma 2. The standard Z(g)-linear involution of Cyy as a quaternion algebra is
the restriction to Cy of the standard involution o of C'. Further, zo(z) € Z(q) for
any r € (.

Proof. There exists a field extension K C L such that L ® (V,q) ~ H(L?) ~
(My(L),det). Thus by uniqueness of the standard involution, we may assume that
(V,q) = (A, n) for the algebra A = My(K). The first claim then follows from the
formula for the involution given in example 1. For the second claim we may also

assume that (V,q) = (A,n). Let z = (° %) be an element of C; = (% ). We have

C

o= (3 ) e (6 R) = 20
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as claimed.

Let n: Cy — Z(q) be the quadratic map defined by n(x) = zo(z). Even if Z(q)
is not necessarily a field, we can view Z(¢) ® (V,¢) in an obvious way as a quadratic

space over Z(q).

Lemma 3. The multiplication in C' induces an isometry ¢ : Z(q) ® (V,q) =~
(C1, —n). In particular Z(q) ® (V, q) is similar to (Cp, n).

Proof. Let y € Z(q) and v € V. Since n(yv) = yvo(yv) = —y?q(v), the map
1 is a morphism of quadratic spaces. Further 1) is injective because Z(q) ® (V,q)
is nonsingular. Comparing dimensions shows that v is an isomorphism. The last
claim follows by choosing some v € V anisotropic and observing that the map

¢ — ve, ¢ € Cy, is a similitude (Cyp, n) — (C1,n) with multiplier —q(v) # 0.

Assume that the Arf invariant of (V,¢) is not trivial, i.e. Z(q) is a quadratic
field extension L of K. It follows from Lemma 3 that C} is a quaternion division
algebra over L if and only if L®(V, ¢) is anisotropic and that Cy ~ M, (L) if and only
if L® (V,q) is isotropic. On the other hand we claim that L ® (V) ¢) is anisotropic if
and only if (V, ¢) is anisotropic. Assume that L ® (V,¢q) is isotropic and that (V] q)
is anisotropic. Let z be a generator of L such that 2> = 2z +r, r € K and let

u+20£20€LQ®V, u, veV besuch that g(u+ zv) = 0. We have
q(u) +rq(v) =0 and  by(u,v)+q(v) =0.
Let s = q(v), s # 0 since ¢ is anisotropic. We get
by (u, u) by(u,—v) \ _ [ —2rs s
by(—v,u) by(—v,—v) s 2s
and det("2* ;) = —s*(1 + 4r) # 0. Therefore u, —v are linearly independent and
qlv, U= Ku® K(—v), is nonsingular. The form ¢|y is isometric to (L, sn) where

n is the norm of L, so there exists an orthogonal decomposition
(V,q) =~ (L,sn) L (V',¢").

By Example 3 of Chapter 7 and Lemma 10 of Chapter 5, the Arf invariant of (L, sn)

is L. Since L is also the Arf invariant of (V,¢), (V',¢') must have trivial Arf invari-



9. Quadratic Forms of Dimension 4 7

ant (consider the cases char K # 2 and char K = 2 separately). By Proposition 4
of Chapter 7, (V',¢') is isotropic, hence (V] q) is isotropic. This is a contradiction.

Summarizing, we get

Proposition 4. Let (V, ) be a quadratic space of dimension 4 with nontrivial Arf
invariant L. Then
1) Cy(q) is a quaternion division algebra over L if and only if (V/ ¢) is anisotropic.

2) Co(q) ~ My(L) if and only if (V, ¢) is isotropic.
Proposition 5. V ={z e C, |z +o(x) =0}.
Proof. Let oy be the standard involution of Z(g) and let 6 = ¢ (0o ® 1)1p~", with
¥ as in Lemma 3. We get
V={xel |5) =2}
by Lemma 3 (and Galois descent!). But 6(yv) = o¢(y)v = vy = —o(yv) by Propo-

sition 6 of Chapter 5, thus 6 = —o and V = {x € Cy | z = —o(x)} as claimed.

We now put Z(q) = Z and identify Z ® V with C;. Let a, b € Cy and x € C.

The map = — axo(b) is a homomorphism
v:Co®z sCo = Endz(Z@V)=27®Endg(V).
Lemma 6. 1) v is an isomorphism and restricts by Galois descent to an isomorphism
v = cor(Co) =>Endg (V).

2) The involution cor(o) of cor(Cy), induced by the standard involution o of

Cy, is such that
yeor(o)y ™' (f) = hy' f*he,  f € Endg(V),

where h, : V=V is the adjoint of ¢ and f* is the transpose of f.

Proof. The map 7 is an isomorphism, since it is a map between c.s. algebras of the
same dimension over Z. We prove that cor(Cy) ~ Endg (V). Let f =~v(X a; ®@b;) €
Endg (V). It suffices to check that f = (X b; ® a;). Putting T = o(x), we have, by
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Proposition 5, f(v) = —f(v) forv € V. Since f(v) = X @®b; = — X b;®a; = — f(v),
we get f=v(X b; ® a;) as claimed. To prove 2), we verify that

(9.1) (v(@®b))* o (1®hy) =(1®hy)oy(@®b)
for a, b € Cj. We have

(1 ® hg)(2)(y) = by(z,y) = —(z Y +y T)
by Lemma 3, so that (9.1) reduces to
(9.2) vo(ay b) + ay b o(x) = a zbo(y) + yo(a zb)

for a, b € Cy, x, y € Cy. The left hand side of (9.2) is equal to tr(zb 7 @) and the
right hand side to tr(axby), where tr is the reduced trace of Cyy as Z—algebra. Both

sides are equal since tr(uv) = tr(vu) for u, v € Cy.

Theorem 7. Two quadratic spaces of dimension 4 over K are similar if and only if

they have isomorphic even Clifford algebras.

Proof. 1If ¢, ¢ are similar, then Cy(q) ~ Cy(¢’) by Lemma 10 of Chapter 5.
Conversely, let ¢ : Cy(q) = Cp(¢') be an isomorphism of K—-algebras and let Z =
Z(q) be the centre of Cy(¢q). Then ¢ induces an isomorphism Z=Z(q'). We view
C) = Co(q') as a Z—algebra through this isomorphism, so that ¢ is Z-linear. In view
of the uniqueness of standard involutions, ¢ is an isomorphism of Z—algebras—with—
involution. By Lemma 6, ¢ induces an isomorphism ) : Endg (V') — Endg (V") such
that ¢ o v = 4" o cor(p), where v : cor(Cy)=>Endg(V), v : cor(C))=Endg (V')
are as in Lemma 6. Hence 1 is an isomorphism of algebras—with-involution. Fixing
isomorphisms Endg (V) ~ My(K), Endg (V') ~ My(K), we can write by Skolem—
Noether, ¢(f) = pfp~! for some K-linear isomorphism p : V-=3V". Since 1) is an

isomorphism of algebras—with—involution, we get
ph;lf*hqpfl — h;l(p f pfl)*hq,

for all f € Endg (V). This implies that A - hy = p*h,p for some A € K*. Therefore
p is a similitude (V,b,)—=(V',by) of the polar forms. To check that p is in fact a

similitude of the quadratic spaces, we observe that
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1) the reduced trace tr : Cy — Z induces an isomorphism
t : Homg, (Z @ M,Cy) — Homz(Z @ M, Z),

where we view Z ®@ M = (' as a left Cp-module through multiplication in C'.
2) t7 o (1®hy)(v)(v) =1®¢q(v) for veV.

3) The reduced trace commutes with .

3) follows by uniqueness of the standard involution. 1) and 2) can easily be checked
in the case (V,q) = (A,n) (see Example 1) and the general case follows from the
fact that there exists a field extension K C L such that L ® (V,q) ~ H(L?) =
(Ms(L), det).

Corollary 8. Two quadratic spaces of dimension 4 are similar if they have the same

Witt and Arf invariants.

Proof. By Lemma 9 of Chapter 4, we have [Cy(q)] = [Z(¢) ® C(q)] in Br(Z(q))
(assume that Z(g) is a field or do the necessary changes if Z(q) = K x K!). There-
fore Co(q) ~ Co(q') if Z(q) ~ Z(¢") and [C(q)] = [C(¢')] in Br(K).

Not any multiplier A can occur in Corollary 8. We have:

Lemma 9. Let (V,¢q) be a quadratic space of even dimension. Then w(q) = w(Aq)
if and only if A =ny(&), £ € Z(q)* and ny is the norm of Z(q).

Proof. If A = ng(€), then V' — C(q) given by v + &v extends to an isomorphism
C(Aq)=C(q). If w(q) = w(Aq), then w((\, Z(¢)/K]) = 1 by Proposition 11 of
Chapter 5. The map

Z(q) = (M Z(q)/K] = Z(q) ® uZ(q)

given by = — (0, uz) extends by the universal property of the Clifford algebra to an
isomorphism

C(Z(q), Ano) =~ (A, Z(q)/ K].

By Proposition 4 of Chapter 7, C'(Z(q), Ang) ~ My (K) if and only if Angy represents
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1, i.e. ny represents \.

Remark 10. Let Z be a quadratic algebra and let B be a quaternion algebra over
7. By Lemma 6 a necessary condition for B to be isomorphic to the even Clifford
algebra of a quadratic space of dimension 4 is that the class of the corestriction of
B in Br(K) is trivial. As shown in Knus—Parimala—Sridharan this condition is also

sufficient.

Remark 11. As an application of Theorem 7, (and Example 1) we get that a
quadratic space of dimension 4 and trivial Arf invariant is similar to the norm of a

quaternion algebra. This could of course be easily checked directly.

To discuss the structure of C' (in particular to give conditions under which C'is
a division algebra) we need some results of Chapter 11. We shall see in Proposition
8 of Chapter 11 that C' is a division algebra if and only if (Z(q),no) L (V,—q) is

anisotropic.

We now compute the groups Spin(q), the Lie algebra so(q) and GO, (q) for
quadratic spaces of dimension 4. By definition the group Spin(g) is a subgroup of

the group SL;(Cj) of units of Cy of Clifford norm 1. We claim that in fact
Spin(q) = SLy(Cy).

We have to check that for any u € SL(Cy), 4, (V) C V. By Proposition 4, V' =

{reCi|x+o(x) =0} We get

o(iy(7)) = o(uzu ) = —o(u Hzo(u) = —uru*,

since uo(u) = 1. Thus o(i,(z)) = —i,(z) as claimed.

Assume now that (V,¢) has trivial Arf invariant. As observed in Remark 11,
(V,q) is similar to the reduced norm of a quaternion algebra A. Therefore, to
compute Spin(q) and SO(q), we may as well assume that (V,¢q) = (A,n). As usual,

we denote by a — a the standard involution of A. By Example 1,

00:<64 ?4> C My(A)=C
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or Cy = A x A. The involution o maps (a,b) to (@, b). Since

V:{(S ﬁ) ve A,

the condition i, (V) C V for u € C§ is equivalent to bza=' = ax b~! for all x € A.

This, in turn, is equivalent with n(a) = n(b). Thus
ST(q) = {(a,b) € A x Afn(a) =n(b)},
Spin(q) = {(a,b) € A x A|n(a) =n(b) =1} = SL1(A) x SLi(A)
and the homomorphism S7 : ST'(¢) — SO(q), resp. Spin(q) — SO(q) is given by
St(a,b)(z) =bra . If A= My(K), we get
Spin(H(K?)) = SLy(K) x SLy(K).

If A = IH, the spinor norm of any ¢ € SO(IH,n) is trivial, so that by Theorem
7 of Chapter 6, any ¢ € SO(IH,n) can be represented as p(x) = bra™" for a, b
quaternions of norm 1. In general, by Proposition 6 of Chapter 6 and the above
computation of ST(q), any ¢ € SO(A,n) can be written as ¢(z) = bza~! for ele-
ments a, b € A of equal norm. We recall that A = M, (K) if (V,q) is isotropic and

A is a division algebra if (V, ¢) is anisotropic.

If the Arf invariant of (V,¢) is not trivial, the centre of Cy(g) is a quadratic
field extension L of K and () is a quaternion algebra over L. Thus () is either a
division algebra over L or Cy ~ My(L). By Proposition 4 the first case occurs if

(V,q) is anisotropic and the second if (V] q) is isotropic. Therefore
Spin(V, ¢) ~ SLy(L)

if (V, q) is isotropic and
Spin(V,q) ~ SL,(B),

with B = Cj a division algebra over L if (V,¢q) is anisotropic. We claim that
B~ L ® By,

By a division algebra over K. By Lemma 5, cor(B) is trivial. By the theorem of
Albert—Riehm (Theorem 11 of Chapter 3), B admits an involution 7 of the second

kind, i.e. such that its restriction to L is the standard involution og of L. Now 707
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is an involution of B which is L-linear and such that ro7(x) -z € L for all z € B,
since o7(z) - 7(x) € L. In view of the uniqueness of the standard involution o,
we get o1 = o or (70)> = 1. The map 6 = 70 : B — B is oyp—semilinear.
By Galois descent, we have B ~ L ® By with By = {z € B | 6(z) = x}. One
could also construct By such that B = L ® By using a basis of V: Assume that
(V,q) = [a,b] L [c,d] and let {x1,y1, T2, 92} be a corresponding basis of V. Then

2 = T1Y1 + T2Y2 — 2219122y

is a generator of L and the elements x,y;, %9, y172 generate a subalgebra By of

dimension 4 over K. It can be checked that L ® By = Cy, so By is c.s. over K.

The computation of the Lie algebra so(q) is simple. We have so(q) C C} =

[Co, Cy] in general. Since
Co={reCy|z+tr(z) =0}
is of dimension 3 over Z, we must have
so(q) = Cy = {x € Cy | x + tr(z) = 0}.

We finally compute the group of special similitudes GO (q) of a quadratic space
of dimension 4. Let
p: K*xCy— GO(q)

be defined by p(v,u)(x) = v 'uzu. Since M = {x € C |z + T = 0} (see (4.2.3)),
p(v,a)(x) is a linear automorphism of V' for all « € C§, v € R*. Further it follows

from

Ao @) = (plr.0)(x)?
= v a0y (u(a))g(2)a

= vno(p(a))q(@)
that p(v,a) is a similitude with multiplier v=2ng(uu(a)), where p(a) = aa € Z (see
(4.1.1)). We now check that p(r,a) € GO, (q). We have for all elements z,y of V

p(v,a)(@)p(v,a)(y) = v azaaya
v=2a0q(pu(a)rya
v=2u(a)oo(p(u)arya™

= v *no(p(a))azya™
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Since the products zy, x,y € V, generate the algebra Cj, we see that the extension
Co(p(v,a)) to Cy of the similitude p(v,a) is the inner conjugation i, by a. Thus
Co(p(v,a)) is Z-linear and, by definition, p(v,a) is a special similitude. We now

claim that the kernel of p is the subgroup
{(no(2),2) € K* x Z*| z € Z*}

of K* x C3. Tt follows from p(v,a)) = 1 that Cy(p(v,a)) = i, = 1¢, and a is an
element of the centre Z of Cy. We have a = a for a € Z. Thus p(v,a)(x) = «
implies v taoy(a)r = v 'ng(a)r = x for all z € V. Since V is nonsingular, we get
no(a) = v as claimed. We finally claim that p is surjective. Let Z = Z(q). For any
Z-module M, let , M be the Z-module M with the action of Z twisted through

0g. The subset E of My(C) consisting of matrices
a b c UOC() 0001
c d Cl C()

7@V — E, xr—><2 m)

is a Z—algebra. The map

0

extends by the universal property of the Clifford algebra to a homomorphism 7 ®
C — FE, which is an isomorphism since both algebras have the same dimension and

C is c.s. over K. We use it to identify Z ® C' with E. The standard involution of

ZQCis
[ a b s a ¢
T\ e d b d

since o restricted to Z@V ={(0 ), x € Z@V}is —1zgv. Let f € GO, (q) with

multiplier p. The map
0 -7 0 p'f(x)
(x 0 ) > ( f(z) 0 , z€V,

extends by the universal property of the Clifford algebra to an automorphism ¢ of
Z ® C. It is easy to check that the restriction ¢’ of ¢ to

+Co O
Z®00:< 00 Co>

is the automorphism Cy(1 ® f). By Skolem—Noether (and Remark 12 of Chap-
ter 2), ¢ = i, for some u € (Z ® C)*. Since f € GO,(q), ¢ = Co(1® f) is
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7 ® Z-linear, hence we also have ¢’ =i, v € (Z® (Cy)*. Since i, = i, on
Z®Cy u=rv, reZ®7Z=({ %) andue (Z@Cy)*. Letu= (¢ 9 € (Z7®Cy)*,
so that f(z) = dra . Since V. ={x € C, | 2 +7 = 0} we get dva * = @ ‘zd for
all z € V or cx = x¢ with ¢ = ad. It follows that cx € V for all x € V. Thus we get
(cx)? = cxxc = ceq(x) € K* for all z € V, so that ¢¢ € K*. Since also ¢xc € V, we
have ccxc = cxee, hence xc = cx for all z € V. It follows from zyc = xcy = cry that
¢ € Z and, since ¢ = ¢ for ¢ € Z, that xc = cx for all x € V. This finally implies
that ¢ € K*, let ¢ = v, so that a = vd~" and f(x) = v=ldxd for d € Cy, as claimed.

Summarizing, we get

Theorem 12. Let (V,¢) be a quadratic space of dimension 4 with Clifford algebra
C = Co®Cy. The homomorphism K*xC§ — GO(q), (v,u) — p(v,u)(xz) = v luzu

induces an isomorphism

K* x G5 /{(no(£),€), & € 2° }>GO(q),

where Z is the centre of (.

We describe some special cases of Theorem 12. If (V] ¢) has trivial Arf invariant,

we have GO, (q) ~ GO (A, n) for some quaternion algebra A, since (V] q) is similar
to (A,n). Then

Co=A"x2°, Z°=K"x K and no(Z°) =K",

SO

GO, (q) ~ A* x A*/{(\,N), N e K*).

In particular
GO, (q) 2 GLy(K) x GLy(K)/{(\,\), e K*}
if further (V,q) is isotropic, i.e. (V,q) = H(K?).
If the Arf invariant of (V) ¢) is not trivial, Z is a quadratic field extension of K and
Z ® (V, q) is similar to a quaternion algebra (B,n) over Z. Then

GO (q) = K* x B*/{(no(2),2), z€ 2"},
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where B is a division algebra if (V,¢) is anisotropic and B = M,y(Z) if (V,q) is

isotropic. In this case

GO, (q) = K* x GLy(Z) /{(no(2),2), z€ Z°}.



Chapter 10

The Pfaffian

We first recall the definition and some properties of the pfaffian of an alternating
matrix and then define a reduced pfaffian for c.s. algebras. Let z;;, 1 <i < j <2m
be indeterminates and let z;; = —x;; for i < j, x5 =0, ¢ =1,...,2m. The matrix
¢ = (w;;) with entries in Z[z;;] is called the generic alternating (2m x 2m)-matriz.
In view of Lemma 2 of Chapter 3 its determinant is a square in@(x;;). Since det§ €
Z|x;j] and Z|[z;j] is integrally closed in @(z;;), det is the square of a polynomial
pf(€) in Z[z;j]. The polynomial pf(£) is uniquely determined up to a factor +1.
We normalize pf(£) by requiring that pf(s,,) = 1 for s,, = diag((°, 3),...,(% ¢)).
In particular, pf (&) is homogeneous of degree m, i.e. pf(A) = A"pf (&) for A € K.

For example, we get

0 z12 713 Tus

0 @93 x4
pf 0 = T12T34 — T13T24 + T14T23.
X34

0

Let now K be a field and Z[z;;] — K[xz;;] be induced by the unique homomorphism

Z — K. Specializing £ — « for any alternating (2m X 2m)—matrix «, we get
det(a) = pf ().
Lemma 1. For any a € Alty,,(K) and v € My, (K), we have

pf(v'av) = det(v)pf ().

Proof. It suffices to verify the claim over Z for o and v generic matrices (i.e. with
indeterminates a;; for a and u;; for v as entries). We have pf (vlav)? = det(v'av) =
det(v)?pf(cr)? over the polynomial ring Z[a;;, us;], so that pf (viav) = £det(v)pf ()
and the sign + is independent of the choice of @ and v. Specializing v to the identity
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matrix shows that the sign + must hold.

Let A be a c.s. K—algebra of dimension 4m? with a K-linear involution 7. We
assume that either 7 is of even symplectic type or that A is isomorphic as an algebra
with involution to the tensor product of two quaternion algebras with the involution
given by the tensor product of the two standard involutions. For example My(K),
with the involution x ~ !, is isomorphic to such a tensor product. Let ¢ be the
type of 7 and let

AltT(A) = {z —e7(x), z € A}

be the set of alternating elements of A. We claim that there exists a reduced pfaffian
pfa: Alt"(A) — K such that

PfA(ilC)2 =na(r) and pfa(r(a)ra) =nala)pfa(z)

for x € Alt"(A), a € A, ny denoting the reduced norm of A. We first consider
the case where 7 is of even symplectic type. Let a: L ® A= Ms,,(L) be a Galois
splitting of A. The involution (1 ® 7)ot of My, (L) is of the form 7,(z) = uztu~?
with u € GL,,,(K) an alternating matrix. In view of Lemma 2 of Chapter 3, we can
modify « by an inner automorphism of Ms,,(L) in such a way that u is the matrix

Sm defined above.We get by Lemma 1 of Chapter 3,

a(L ®Al7(4)) = Altl (L)
= Sm* Altgm(L) = Altgm(L) . 8_1

m

and we define

pfala) =pfla(l®a)sy,) for a€ Alt"(A).

We first check that pfa(a) € K of all a € Alt"(A). For any g € Gal(L/K), let
G My, (L) — Mo (L) be given by g((a;j)) = (g(a;;)) i.e. g acts entrywise. The

1

map a(g®1)a ¢! is an L-automorphism of My, (L) which respects the involution

a(1® 7)a™" of My,,(L). Hence there is ¢ € GLy,, (L) such that
a(g® Da ' (z) = cj(z)c™! forall x € My, (L)
and \s,, = cs,,c’ for some A € L*. We have

pfala) = pf(a(l1® a)sm) = pfcgla(l®a))c 'sp)
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since a(g ® Na ' (a(l ® a)) = a(1 @ @). On the other hand ¢ 's,, = A7 s,,ct, so
that

P eg(a(l @ a))smc’)
= AT"det(0)pf(9((1® a))sm).

pfa(a)

We get A\™ = det(c) by taking the pfaffian of As,, = ¢s,,,¢' and

pf(gla(l®a))sm) = pf(gla(l®@a)sy))
= gpfla(l®a)sn)) = g(pfala)),

since s, is defined over K. This shows that pfs(a) € K. To verify that pfs is
independent of the choice of the splitting (L, «), it suffices (as for the characteristic
polynomial) to consider splittings (L,«) and (L,«') (i.e. the same field L). Let
o =iyoa, y € GLyy,(L). Since a(1®@ 7)o~ and /(1 ® 7)a/~" give the involution
Ts,, Of Mo, (L), we get by the discussion between Lemma 1 and Lemma 2 of Chapter
3, Ay = yS,y' for some A € L*. Let now pfs be the pfaffian defined through o
and pf! the pfaffian defined through o/. We have

pfi(a) = pf(a’(1®a)sm) =pf(ya(l®a)y™ sn)
= pf(Aya(l ® a)s,y') = A7"det(y)pf (a(1 ® a)sn)
= pfa(a)
since Asp, = yspy' implies A = det(y) (take the pfaffian on both sides). The
formulas
pfa(x)® =na(z) and  pfa(r(a)za) = na(a)pfa(z)

follow from
pfa(@)? = pfa(l1®z)sy)? = det(a(l ® x)s,,) = det(a(l ® z)) = na(x)
and

pfa(r(a)za) = pf(sma(l®a)'s,'a(l® z)a(l®a)sy)
= pf((sp a(1@a)sm) (1 ® x)sm(s,, a(1® a)sn))
= det(a(1® a)pf(a(l @ z)s,)
= na(a)pfa(x).
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Further we have pfs(Aa) = AN"pfa(a) for A € K and pfa(l) = pf(sm) = 1 (we
observed earlier that 1 € Alt"(A) if 7 is of even symplectic type).

We now define the reduced pfaffian pfs for A = A; ® Ay, Ay, Ay quaternion
algebras and 7 = 0; ® o, the tensor product of the standard involutions o; of A;.
We observe that 7 is of orthogonal type since oy, 09 are of symplectic type. Let
a; : L ® A;>My(L) be a splitting of A;, ¢ = 1,2 (we can choose the same L for

-1

both algebras). Then a = a; ® ay is a splitting of A and (1 ® 7)a™" is the tensor

product of two copies of the involution
=GN (N ) =as

Thus a(L @ Alt™(A)) = (s; ® s1)Alty(L) = Alty(L)(s; ® 1), where

51 ® S =

)
0
0
0
1

o~ oo
|
co~o
oo or

and we define
pfala) =pfla(l1®a)(s; ®s1)) for a€ Alt"(A).

As in the case of even symplectic involutions, one checks that pfa(a) € K for all
a € Alt"(A) and that pfs does not depend on the choice of the splitting «
(o always of the form a; ® ay !) One has to use that det(u; ® ug) = (detu; - detus)?

for u; € GLy(L). We leave the details as an exercise.

Let now A be a c.s. algebra of dimension 16 with an involution 7 which is either
of even symplectic type or A = A; ® Ay and 7 = 01 ® 09, A; a quaternion algebra

with standard involution o;, =1, 2.

Lemma 2. pf, : Alt"(A) — K is a nonsingular quadratic form on the vector space
Alt"(A) of dimension 6.

Proof. By definition of the reduced pfaffian, it suffices to consider the case of the
classical pfaffian on Alty(K’). The formula given at the beginning of this chapter
shows that

(Alty(K),pf) ~ H(K?).
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We now construct a “standard involution” on Alt"(A), A as above. We first

consider the case A = M (K). Let m : Alty(K) — Alty(K) be defined by

0 T2 T13 T4 0 —T34 T4  —T23

T —T12 0 Loz  To4 _ T34 0 —T14  T13

—T13 —T23 0 T34 —T24 T14 0 —T12
—Tyy —Xoy —I3 0 T2z —T13 Ti2 0

We get xm(z) = w(x)xr = pf(z) for x € Alty(K). Further 7 is, in some sense, unique:

Lemma 3. Let v : Alty(K) — Alty(K) be a K-linear automorphism such that
v(z)r € K for all x € Alty(K) (or zy(r) € K for all x € Alty(K)). There exists
A € K* such that v = Ar.

Proof. Let {E;;}, 1 < i, j < 4 be the standard basis of My(K). Let
{9:}, 1 <i <6 be the basis {h;; = E;; — Ej;} of Alty(K) ordered lexicographically.
The condition v(g;1)g1 € K implies that v(¢1) = ugs, p € K and v(gs)gs € K
implies v(gg) = p'g1, 1 € K. The condition (g1 + g6)(g1 + g6) € K then implies

i = p' and the lemma follows by further similar computations.

If Ais c.s. of dimension 16 as above, we shall define 74 : Alt"(A) — Alt"(A)
through a splitting « : L ® A=M,(L) as above. We put

a(l®@ma(a)) = som(a(l®a)sy) a€A
in the even symplectic case and
a(l®ema(a)) = (s1 @ s1)m(a(l1®a)(s1 @ s1))
if A=A ® Ay. Let s = s (resp. 1 ® s1). We have
a(l®a)a(l®@ma(a)) = a(l®a)st(a(l®a)s)

= pfla(1®a)s) = pfala),
a(lema(a)a(l®a) = st(a(l®a)s)a(l® a)

)
)
s)a(l ® a)s)s

s)s~' = pfa(a)

= s(r(e(l®a

~—

= spfla(l®a

~—

mala)a =ama(a) =pfala), a€ Alt"(A).
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Further 74 is, up to scalars, the unique isomorphism 7 : Alt"(A4) — Alt"(A) such
that y(a)a € K for all a € Alt"(A) (or such that ay(a) € K for all a € Alt™(A)).
The automorphism 74 allows us to compute the Clifford algebra of (Alt"(A),pfa):

Proposition 4. Let A € K*. The map

Al(A) = Ma(4), = ( on M(gx) )

induces an isomorphism ¢ : C(Alt"(A), Apfa)—=>Mz(A).

Proof. The existence of ¢ follows from the universal property of the Clifford alge-
bra. It is an isomorphism since C'(Alt"(A),pf4) is c.s. and both algebras have the

same dimension.

If we identify C(Alt"(A),pfa) with My(A), we get Co = (3 %), C1 = (& )
and the standard involution o of C'is given by
b 0 e
a 10

(ea) = (5 7) = ()

where a — @ = 7(a) is the involution of A and ¢ is the type of 7. Indeed, the

Vo~ {( M “éx) ) L ze AltT(A)}

ol &l

restriction of o to

is —1v.

Let A be c.s. over K with an even symplectic involution 7 and let A[X] =
A ® K[X] be the polynomial ring in one variable X over A. We extend 7 to A[X]
by putting 7(X) = X. We obviously have

AltT(A[X]) = AltT(A) @k K[X]
and we get by scalar extension a pfaffian pfaxj over A[X] with values in K'[X]. Since
1 € Alt"(A), we can define, for all a € Alt"(A), a polynomial 7x(X,a) € K[X] by
mx(X,a) =pfax)(X -1 —a).

We call mx(X,a) the pfaffian characteristic polynomial. Tt is of degree m if A has

dimension 4m?. In particular, if m = 2,

mx(X,a) = X? —pft(a)X + pfala)
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where pft is a linear form on Alt"(A). We call it the pfaffian trace of A. We have a
Cayley-Hamilton theorem. i.e. mx(a,a) =0 for all a € Alt"(A).

Example 5. Let B be a quaternion algebra with standard involution b — b and let
A = M,(B). The involution

)

of A is of even symplectic type since it is the tensor product of the involution z +

of My(K') with the standard involution of B. We get

o Q)
l ol

AT(A) ={(} }). = yeKk beB}

y

To compute the pfaffian, we split B and apply the formula pfa(a) =
pf(a(l® a)sy,) (which defines pfa(a)!). We get

pfA(zgf E)vay—bﬁ

Let v : Alt"(A) — Alt"(A) be defined by ~ (Z" E) = (lib ’5) . Since ay(a) = pfa(a),

y T

(i9)-(27)

Further pft(a) = b(a, 1), where b is the polar of pf4, so
r b
pft < b y> = r+y

(as one would guess!). In particular, we get

we must have v = w4, so

a+7mala) =pftla) € K for all a € Alt"(A).

This strengthens the (heuristic) fact, already mentioned, that 74 is a ”standard

involution” on Alt™(A).
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Quadratic Forms of Dimension 6

At the end of Chapter 10, we have shown that the Arf invariant of a quadratic
space (Alt"(A), A\pfa), A ac.s. K-algebra of dimension 16 with an even symplectic

involution and A € K*, is trivial. Conversely we claim that

Proposition 1. Let (V,q) be a quadratic space of dimension 6 with trivial Arf
invariant. Assume that (V) q) represents A € K*. There exist a c.s. K-algebra A
and an even symplectic involution 7 on A such that (V,q) ~ (Alt"(A), Apfa).

Let C = Cy @ C be the Clifford algebra of (V, ¢) and let e, f be two nontrivial
idempotents generating Z(¢q) = K x K. Before proving Proposition 1, we describe

V' as a subspace of C';. We denote as usual the standard involution of C' by o.

Lemma 2. The map V' — Ve, x — ze, is an isomorphism and
Ve={(x —o(x))e, x € C1} ={y—o(y), y € Cie}.
Similarly V ~ V f and
Vi={@—-o(@)f, v Ci} ={y—oly), ye Cif}.

Proof. Since if suffices to check the claims over an extension K C L, we can assume
that (V,q) = (Alt"(A),pfa) for some c.s. algebra A of dimension 16 with an even
symplectic involution (for example A = M,(K) and 7(z) = soa'sy'). Then by
Proposition 4 of Chapter 10,

e o(25) = (56 ) o= (0)
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and we can choose e = (} 3), f = (0 9). The space V is embedded in C' as the set

v:{( 0 “é”), xeAltT(A)}.

T

All the claims of Lemma 2 can now easily be explicitly checked.

Proof of Proposition 1. The algebra A = Cye (with 14 = e) is c.s. of dimension
16 over K. We shall construct an even symplectic involution 7 on A such that
(V,q) ~ (Alt"(A), A\pfa). Replacing ¢ by Ag, we may assume that ¢ represents 1.
Let v € V be such that ¢(v) = 1 and let P = vA. The standard involution o of C

maps P to P since

o(vee) = —fo(c)v = —o(c)ve =vle, for  =—vo(c)v,

by Proposition 5 of Chapter 5. Let 7 : A — A be defined by o(va) = —vr(a). We
have 7(ab) = 7(b)7(a) and va = 0?(va) = —o(vr(a)) = v7?(a), so 72 = 1. Therefore

7 is an involution of A and by Lemma 2,
Ve=uv-Alt"(A).

We claim that the type of 7 is independent of the choice of v. Let w € V with
q(w) =1 and let w = vu, u € A. If 7' is defined by o(wa) = —wr'(a), we get

o(vua) = —vur'(a) = —v7r(ua) = —v7(a)7(u).

On the other hand w € V so o(vu) = —vu and o(vu) = —v7(u). It follows that
u=7(u) and 7" =i, o7. Thus 7’ is of even symplectic type if and only if 7 is of even
symplectic type. To compute the type of 7 we may now assume (as in the proof of
Lemma 2) that (V, q) = (Alt™ (A),pfa), with 71 an even symplectic involution of A,
and we can choose v = 1. For this choice, we get 7 = 71, thus 7 is of even symplectic
type. We finally check that the map p: V — Alt"(A) defined by ze = vp(x) is an
isometry: we have similarly
Vf=AIt"(A) v
and we define y : Alt"(A) — Alt"(A) by the formula p~'(a)f = v(a)v. We get
v(a)a = y(a)vva = q(p *(a))e for alla € Alt”(A),

so by Lemma 3 (and the discussion following Lemma 3) of Chapter 10 , v = v-m4 for

some v € K* and ¢g(z)e = vpfa(p(z)) (recall that e = 14!). Since p(v) =€, v =1
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and p is an isometry, as claimed.

In view of the next theorem, the algebra A in Proposition 1 is determined up

to isomorphism by the class of similitudes of (V ¢q).

Theorem 3. Let A and B be c.s. algebras of dimension 16 over K with pfaffians
pfa and pfp. Then A ~ B if and only if the corresponding pfaffians are similar.

Proof. Let o4 be the involution of A and op the involution of B. Let : ASB
be an isomorphism of algebras and let o' = o468 '. Then 3 is an isomorphism
(A, 04)=3(B, 0") of algebras with involutions and we get a pfaffian pfj : Alt” (B) —
K such that 3 : (Alt"4(A), pfa) — (Alt” (B),pf}) is an isometry. Let o’ =i, o o,
SO

Alt” (B) = uAlt"? (B) = Alt?(B)u .
We claim that the map
u B Alt74(A) — Alt?3(B)
is a similitude of the corresponding pfaffians. Let
v Alt?2(B) — Alt72(B)

be defined by v(y) = B(7raB  (uy))u. We have v(y)y = pfa(8 ' (uy)) € K for all
y € Alt"?(B). Therefore by Lemma 3 of Chapter 10, there exists v € K* such that

vy = 7 and, as claimed, '3 is a similitude. Conversely, let

@ : (ALt (A),pfa) = (Alt"?(B), pfp)

be a similitude. By Proposition 4 of Chapter 10, ¢ induces a graded isomorphism
My(A)=Ms(B), where both matrix algebras have the checker—board grading. In
degree zero, we get A X A ~ B X B, hence A ~ B.

Example 4. Let A = M,(B), B a quaternion algebra with standard involution

() (-

b+ b. The involution

ol &l
|

Q

N——
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of A is the tensor product of the two standard involutions. We get
Alt‘”(A):{( b ff) beB, yEK}
and for the corresponding pfaffian (use a splitting !):

y —b
b = -
pfl(y _5> = —xy — bb

so that (Alt"*(A),pf1) ~ H(K) L (B, —ng). On the other hand, (see Example 5 of

Chapter 10)
(i) (30

is of even symplectic type. We get

Alt72 (A) = {( .

and for the corresponding pfaffian:

sz( §> = xy—bd

T
b
so that (Alt°2(A),pfs) ~ H(K) L (B, —np) and both pfaffians are indeed similar.

<o
ISH oY

Corollary 5. There exists a bijection between similitude classes of quadratic spaces
of dimension 6 with trivial Arf invariant and isomorphism classes of c.s. algebras
of dimension 16, with even symplectic involutions. The correspondence is given by
(V,q) — A = Cye, where e is a nontrivial idempotent of the centre of Cy. Further

1) A is a division algebra if, and only if, (V, ¢) is anisotropic.

2) A ~ M,(D), D a quaternion division algebra if, and only, if (V,¢) has Witt
index 1.

3) A~ My(K) if, and only if, (V,q) ~ H(K?).
The class of A in Br(K) is the Witt invariant of (V/ ¢q).

Proof. The first claim follows from Lemma 10 of Chapter 5, Proposition 1 and

Theorem 3; the others, then from Example 4.

We now apply Theorem 3 to prove a classical result of Albert. Observe that,

again, we do not assume char K # 2.
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Theorem 6. Any c.s. K-algebra of dimension 16, whose class in Br(K) is of order

2, is isomorphic to a tensor product of quaternion algebras.

Proof. Let A be c.s. of dimension 16 such that 2[A] = 0 in Br(K). By Theorem 9 of
Chapter 3, there exists an even symplectic involution o on A. Let pf4 : Alt?(A) - K
be the corresponding pfaffian. We have 1 € Alt°(A) and pfa(1) = 1. We denote by
b: Alt”(A) x Alt”(A) — K the polar of pf4. Since pf4 is nonsingular, there exists
z ¢ K -1 such that b(1,z) = 1. The element z is a root of its pfaffian characteristic
polynomial, so

Z=z—r, where 1r=npfa(2),

and z generates a quadratic separable K—algebra Z. With the notations of Chapter
1, we get [1, z] ~ (Z,ng) and

(ALt7(A),pfa) = [1,2] L [a, 0] L [c,d]

for some quadratic spaces [a,b], [c,d]. We remark that [a,b] L [¢,d] has Arf invari-
ant Z (compute the discriminant if char K # 2 and the classical Arf invariant if char
K =2). Let now (Vi,q1) = [a,b], (Va,q2) = [¢,d], (V,q) = (Vi,q1) L (Va,¢2), and
let C' = C(—q) = 4, ® Ay with A} = C(=6(¢2)q1), Ay = C(—¢) (see Lemma 8 of
Chapter 5). The canonical involution o’ of C'is of even symplectic type by Example

1 of Chapter 9 and C, has centre Z.
Lemma 7. (Alt” (€), pfz) = (Z,n0) L (V,q).

Proof. If suffices to prove Lemma 7 over some field extension K C L so that we
can assume that (V,—¢q) = (A4,n), where A is a quaternion algebra with reduced
norm n. By Example 1 of Chapter 9, we get

Altﬂ’(é):{<% Z), z,y € K, beA}cMQ(A):C

and pfz(F ) = xy — bb as claimed.

By Lemma 7 A and C' = A; ® A, have isometric pfaffians and by Theorem 3,
A ~ A; ® Ay. This proves Theorem 6. Lemma 7 may also be used to describe the
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structure of the Clifford algebra of a quadratic space of dimension 4 :

Proposition 8. Let (V, ¢) be a quadratic space of dimension 4. Then

1) C(q) is a division algebra if, and only, if the space (Z(q),no) L (V,—q) is
anisotropic.

2) C(q) =~ M(D), D a quaternion division algebra if, and only, if the space
(Z(q),n0) L (V,—q) has Witt index 1.

3) C(q) ~ My(K) if, and only, if (Z(q),ne) L (V,—q) ~ H(K?).

Proof. By Lemma 7 we have (Alt“'(C(q)),pr(q)) ~ (Z,ng) L (V,—¢q) so that

Proposition 8 follows from Corollary 5.

Example 9. Let A = A; ® Ay be a tensor product of quaternion algebras and
let 0 = 01 ® 02 be the tensor product of the corresponding standard involutions.

Assume that char K # 2 and let A = (K - 1)+ C A; for the reduced norms. Then
AIt7(A) =41 @1+ 10 A, ~ A| @ A,
We claim that

pfa(xy + 22) = na, (x1) — na,(xg) for xz; € A,

SO
(Alt”(A), pfa) = (A}, n4,) L (A5, —na4,).
It suffices to check the formula over a field extension K C L. Hence we can assume
that A; = M,(K). By Example 4, we have
AlE7(A) = {( Z 7 ) Csyek, be A2}.
Writing b as z + b/, b € A,, we get b=z — 1/,

b =z B z 0
y b)) = \y =) T low
b x _ 9 W) = d z
pfa 3 ) = —ey— 2 = n(b) = det )

) ; ) —n(b),

as claimed. The quadratic space (A],n4,) L (A, — ny,) is called the Albert form
of Ay ® Ay. We denote it by Q(A;, A3). In view of Theorem 3, two tensor prod-

and

ucts A; ® A; and By ® By of quaternion algebras are isomorphic if and only if the
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Albert forms Q(A;, A2) and Q(Bi, Bs) are similar (assuming char K # 2). This
result is due to Jacobson. We mention two more results of Albert which are easy
consequences of Theorem 3. We assume char K # 2.

1) Let A, B, C be quaternion algebras. If [A][B][C] = 0 in Br(K), then
Q(A, B) is isotropic.

2) Let A, B be quaternion algebras. Then A ® B ~ M,(C) if, and only if,

there exists a quadratic separable algebra Z which is contained in A and B.

1) is clear by Theorem 3. We sketch a proof of 2). If Z C A and Z C B then
(Aynag) ~ (Z,ng) L (Vi,q1) and (B,ng) ~ (Z,ng) L (Va,q2) so that (A',n,)
and (B’,npg) represent a (nonzero) common element. If follows that Q(A, B) is
isotropic. Conversely if A® B ~ My(C'), Q(A, B) is isotropic and (A, n,), (B',ng)
represent a common element A € K. If A =0 A ~ My(K), B ~ My(K) and
the claim is obvious (take Z = K x K). If A # 0 and ¢(v1) = A = ¢(vq), then
Z=K- 1K -vy~K- -1® K - vy is the algebra Z.

We now consider quadratic spaces (V,q) of dimension 6 with arbitrary Arf
invariant. Let Z = Z(q) be the centre of the even Clifford algebra Cj of (V, q). Let
o be the standard involution of C' = C'(¢) and let

Alt”(C’l) = {l‘ — O'(l'), T € 01}
Lemma 10. The inclusion V' — (' induces an isomorphism
7 @ VSAI? (Ch).

Proof. Since it suffices to prove Lemma 10 over a field extension K C L, we may
assume that (V,q) = (Alt"(A),pfa) for A a c.s. K-algebra of dimension 16 with an

even symplectic involution 7 : @ +— @. The claim then follows easily from Example 4.

We now assume that ¢ represents 1, let v € V with ¢(v) = 1, s0 v* =1 in C.
We have o(v) = —v and 0y = 4, 0 0 is a Z-linear involution of C (observe that o
is op—semilinear, where oy is the standard involution of 7). We claim that oy is an
involution of Cj of even symplectic type. The type does not depend on the choice

of v € V (such that v? = 1), so we can take (V,q) = (Alt"(A),pf4) as above and
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“1<8 2>:<g(a) T(b?>'

Since 7 is of even symplectic type, oy is of even symplectic type. By definition of

v=(} ) =14 Then

o1, the maps C; — Cy given by A\, : © — vz and p, : * — xv induce isomorphisms
)\v, Puv - AltU(CI)L)AltUI (Co)

Let pf; : Alt”(Cy) — K be the pfaffian given by o; and let m : Alt”(Cy) —
Alt”*(Cp) be such that 7 (z)x = xm (z) = pfi(x) for all x € Alt"*(Cp). We claim

that p, is an isometry
po: (Z®V,1®q) = (Alt7(Co), pf1).

We have (1 ® ¢)(z) = —zo(x) forall z € Z @V = Alt”(Cy). Let v : Alt” (Cp) —
Al (Cy) be defined by y(zv) = —vo(z) for v € ZQV. We get zvy(zv) = —zo(x) =
(1®q)(x), so vy = vm for some v € K*. Putting x = v shows that v = 1, v = 7, and
as claimed, p, is an isometry. Further we know that V ={x € ZQ@V | o(x) = —z}

or, since o(z) = —vm (2v),

(11.1) V={2xeZeV|uvm(zv)=ura}.

We are now ready to prove the following

Theorem 11. Let (V,q), (V',¢') be quadratic spaces of dimension 6 and let
Co = Co(q), C} = Cy(q") with the standard involutions. Then (V,¢q) and (V',¢) are

similar if and only if Cy and C are isomorphic as algebras-with-involution.

Proof. We assume that the centre Z of Cj is a field (the other case is similar).
Since ¢ maps Z to the centre Z' of C{, we view C as a Z-algebra through ¢. Then
¢ is a Z-linear isomorphism. Let ¢ : Co—C{ be an isomorphism as algebras—with—
involution, i.e. such that o = oy, o the standard involution. We can assume
that V' and V' represent 1 (since only similitude classes matter), so let v € V
with ¢(v) = 1 and v' € V' with ¢/(v') = 1. Let oy be the involution i, o o of Cy
and o} = iy o 0. Further let pfy : Alt"(Cy) — Z, pfl : Alt”1(C}) — Z be the

corresponding pfaffians and

m s Alt7H(C) — ALE7H(Cy), )  Alt7L(Ch) — Al (Ch)
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be such that 7, (z) = pfi(z), 2’7} (z') = pfi(x). The involution o' = @ o, =" of
C} is of even symplectic type and, writing o' =i, oo}, u € C§, we get o}(u) = u
1

or v'o(u)v' = u. Since po = o, it follows that pi,cp ! = iy, to = iyiyo

1

so that ¢ 01, = i,y 0 @ or p(vrv) = uv'p(x)v'u~". Replacing x by vz v, we get

o(x) = uw'o(vzv)v'u™"!, so there is u € Z* such that puv’ = v'u~'. This, together
with v'o(u)v" = u, implies that o(u)u € Z*, so also uo(u) € Z*. The Z-linear
isomorphism Cy — C!), x> o(z)u maps Alt” (Cy) to Alt” (C}) since
(AIt" (Cy)) = Alt” (Ch) = Alt"(Ch) - u™
= u-Alt7(Cp).
Let now « : Alt”* (Cy) — Alt”*(Cp) be defined by

Y(x) = ¢~ (umi (p(2)u)).
Since
wy(z) = o~ (p(w)umy(p(x)u)) = pfi(p(x)u) € Z,
there exists A € Z* such that v = Am; and z — p(z)u is a similitude
(ALt (Co), pfr) — (ALE3(Ch), pf7)
with multiplier A\. We compute A. By the discussion preceeding Theorem 11, the
map z — @(zv)ur' is a similitude Z ® (V,q) — Z® (V',¢') with multiplier A. Since
(1®¢) (") = —2'0(2'), we get (1@ ¢')(p(zv)ur’) =
(p(zv)uv)o(p(zv)uv') = p(xv)uo(u)op(zv). Now uc(u) € Z and op = o, so
(1®¢)(p(xv)ur') = uo(u)(1®q)(z). Tt follows that A = uo(u) and o(\) = og(\) =
A, so A € K*. We claim that, in fact, x — @(zv)uv’ restricts to a similitude

(V,q) = (V',¢') with multiplier \. We have by (11.1)
V=A{2eZV |vm(zv)=z}, V' ={2'eZxV' |7 (z"V) =1}

so we have to check that v'm](¢(xv)u) = @(zv)uv’ if © = vm(zv). By definition of

v and the fact that A = uo(u), we get
o(u)pm(zv) = 7 (p(zv)u) for xv € Al (Ch).
On the other hand we obtain, using that z = v (2v),

o(u)em(zv) = o(u)p(vr) = o(u)p(v(zv)v)

= o(u)uv'p(zv)v'ut = v'p(av)uo(u)o(u) v = v'p(zv)ur'.



102 11. Quadratic Forms of Dimension 6

Thus

vVip(zv)ur' = i (p(zv)u)  or  plav)uv’ = v'm (p(zv)u)

as claimed.

Remark 12. The first part of Corollary 5 is a consequence of Theorem 11 if
Z = K x K. In fact the algebra Cj is isomorphic to a product A x A and the
standard involution o corresponds to the involution o4 : (a,b°) — (b,a®). Any iso-
morphism of algebras A — B extends to an isomorphism A x A”? — B x B of
algebras—with—involution. (Observe that the standard involution o of Cy is of the

second kind).

Remark 13. Assume that the Arf invariant of (V) ¢) is not trivial, i.e. Z = Z(q) is
a field. Since
Z @ (V,q) = (Alt” (Co), Apf1)

for some A € Z* and some even symplectic involution oy of Cj, it follows from
Corollary 5 that

1) Cy is a division algebra if, and only, if Z ® (V] ¢) is anisotropic.

2) Cy ~ Ms(D), D a quaternion division algebra over L if, and only, if
Z ® (V,q) has Witt index 1.

3) Coy~ My(Z) if and only if Z ® (V,q) ~ H(Z?).

Remark 14. Let B be a c.s. Z—algebra, Z a separable quadratic field extension
of K. The corestriction cor(B) is a c.s. K-algebra and B + cor(B) induces a
homomorphism cor: Br(Z) — Br(K). As shown by Arason for fields of character-
istic different from 2 or (in a more general context, in particular for fields of any

characteristic) by Knus-Parimala-Srinivas, the sequence
QBT(K) —9 BT(Z) ﬂQ BT(K)

is exact. Here o Br(K) denotes the subgroup of Br(K) of elements of order 2. Let
now Cj be the even Clifford algebra of a quadratic space of dimension 6. Since
the standard involution o is of the second kind, the corestriction of Cj is trivial
(Theorem 11 of Chapter 3) and by the exactness of the above sequence, Cy is of the

form Z ® B for some c.s. K-algebra B. This is also true for forms of dimension
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4 (see Chapter 9) and dimension 2. We believe that the even Clifford algebra of a
quadratic space of arbitrary even dimension is of the form Cy = Z(¢q) ® B. This is
clear if n = 2 (4) by Proposition 6 of Chapter 5 and if CharK # 2 by Lemma 8 of
Chapter 5. Observe that the algebra B is not uniquely determined by the form ¢
(except if Z(q) = K x K).

Let A be a c.s. Z—algebra of dimension 16 which is isomorphic to the even Clifford
algebra Cj of a quadratic space (V) ¢q) of dimension 6 with Arf invariant Z. As we
have seen a necessary condition for such an A is that A has an involution b — b*
of the second kind (necessary and sufficient conditions are given in Knus—Parimala—
Sridharan). Let o be another involution of A of the second kind. By Lemma 12
of Chapter 3, 0 = o, for ¢ € A® such that ¢* = g (0, denotes the involution
oq(z) = gz*g~ ). Further (A,0,) ~ (A,0,) < ¢ = Acge* for A € K* and ¢ € A°.
In this case we call g and ¢’ similar. By Theorem 10, the similitude classe of (V] q)

corresponds to the similitude class of g.

Remark 15. Let (V,q) and (V’,¢') be quadratic spaces of dimension 6 with the
same Arf invariant. We choose as a representative of the Arf invariant the centre
Z of Cy(q) and view Cy(q') as a Z-algebra through the choice of an isomorphism
Z5Z(Co(q')). We claim that Cy(q) and Cp(¢') are isomorphic K—algebras if and only
if the quadratic spaces (V,¢) ® Z and (V',¢') ® Z are similar. Let ¢ : Cy(q)=>Co(q")
be an isomorphism of K-algebras, so that ¢ ® 1 is an isomorphism of the even
Clifford algebras of the spaces (V,q) ® Z and (V',¢') ® Z. Since Z @ Z>7 x 7
( an isomorphism being £ : z ® y — (xy,zoo(y)), these spaces have trivial Arf
invariant. Hence, by Corollary 5, they are similar. Conversely, if the quadratic
spaces (V,q) ® Z and (V',¢') ® Z are similar, there exists an isomorphism of Z-
algebras C(q) ® Z=Cy(¢') ® Z (see Lemma 10 of Chapter 5). The isomorphism & :
Z Q747 x Z composed with the projection Z x Z — Z onto the first factor induces
a homomorphism of K-algebras Cy(¢') ® Z — Co(q’). Let ¢ be the composition

Co(q) — Co(q) ® Z=Co(d) ® Z — Co(q).

The map ¢ is K-linear and maps the centre Z of Cy(q) into the centre Z' of Cy(¢').
By the uniqueness of the standard involution of quadratic algebras, the restriction

vz of ¢ to Z is a morphism (Z,nz) — (Z',nz) of quadratic spaces of the same
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dimension. Since @y is not the zero map, ¢z is an isomorphism. If we view Cy(q')
as a Z-algebra through ¢z, ¢ is a Z-homomorphism between c.s. Z-algebras of the

same dimension. Thus ¢ must be an isomorphism.

We now compute the special Clifford group, the spin group and the Lie algebra
of a quadratic space (V, ¢) of dimension 6. We may assume that ¢ represents 1, so let
v with ¢(v) = 1. Let u € C§. With the same notation as in the discussion preceding
Theorem 10, the condition i, (V) C V implies uzu~'v € Alt” (Cy) for all z € V| in
particular oy (uru™'v) = uzu='v, so uru~'v = vvo(u")vrvo(u)v and o(u)u must
be in the centre of Cy. Since og(o(u)u) = o(o(u)u) = o(u)u, we get o(u)u € K.
To simplify notations we put o(u)u = uo(u) = p(u). Further since by (11.1)

1

V={x € ZQV | vm(av) =x}, i, (V) CV is equivalent with vm (uzu'v) = uzu™!

-1 -1

for all x € V. We have, using that m (ayoi(a)) = n(a)oi(a)"'7(y)a™", n the

reduced norm,

vy (uzu v) = vm (uzvp(u) oy (u))
= op(u) oy (u) " (zv)un(u)

(u)

(u)

vr(zv)u™ " 'n(u)

p(u) "o (u)
p(u) ™2 n(u)uzu™",
Thus 4, (V) C V is equivalent with n(u) = p(u)? and

ST(q) = {u € C3 | n(u) = p(w)*}
Spin(q) = {u € ST(q) | p(u) =1}.

Let Z be a quadratic field extension of K. For any c.s. Z—algebra A with an

involution of the second kind o, we define an involution a +— «o* of M, (A) by
o = (O'(C‘Lij))t if a= (Cbij) € MH(A),

ie. o — a* is the tensor product of the involution o of A with the involution
x — at of M, (Z). We call a matrix g € M, (A) hermitian if g* = g and we say that
two hermitian matrices g, ¢' are congruent if there exists © € GL,(A) such that

g = xgx*.
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Let g € M,(A) be an hermitian matrix. We call the group
GU,(A,g) ={x € GL,(A) | zgz* = A\g, N € K}
the group of unitary similitudes of g, the group
Un(A,9) = {z € GLy(A) | 292" = g}
the unitary group of g and
SUW(A, g) = {z € Un(4, 9) | nar,(a)(2) = 1}
the special unitary group of g. With these notations we get
(11.2) Spin(V, q) = SU;(Cy, 1).
We consider some special cases. First let
(11.3) (Voq) = (Z,nz) L (B, Ang),
where B is a quaternion algebra over K and A # 0 € K. We have
C(q) ~ C(B, np)RC(Z,ny).

By Example 1 of Chapter 9, C'(B, Ang) is isomorphic to My(B) with the checker-

board gradation. The standard involution is given by
a b a —=X'le
(C d>'—><—)\b d>,a,b,c,d€B,
where a — @ is the standard involution of B. Further by Example 3 of Chapter 7
C(Z,ng)=1,Z/K|~Z ®uZ,

with the multiplication rules zu = uoy(z), u> = 1 (0y is the involution of Z) and
the standard involution of C'(Z, nz) corresponds to x + uy — oo(x)u —uy, x,y € Z.

We define a graded isomorphism

V1 My(B)R(Z @ uZ)>My(B @ (Z ®uZ))

(2 ) owrmn (130 m sl m)
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We use v to identify C'(q) with My(B ® (Z @ uZ)). In particular we get

= B®Z BuZ
="\ BouZ B®Z

and it is easy to check that the map

(a@xl b® uwsy ) . ( a®x b® oy(r) )

cRQurs dQ x4y c®x3 d® og(zry)
is an isomorphism ¢ : Cy(q)>M(B ® Z). Let o be the standard involution of
Co(q). We get

a®mr bRury \ _ [ a®oo(xr) E_®)\*1ux3
g cRQurs dQ Ty M ®ury d® og(zy),

SO

-l [ @®T b@xy \ _ [ aQog(x1) N 'e®og(xs)
o c®ry d®xy |\ A op(xs) d® oo(z4)

Thus the transport of o to My(B ® Z) is the involution

()= ()= 2)(35)13 )

where & = a ® op(z) fora =a®x € B® Z. In view of (11.2) we get

(11.4) Spin((B, Ang) L (Z,nz)) ~ SUy(B ® Z,diag(1, \)),
If (V,q) is a quadratic space with Arf invariant [Z] such that
(M7Q) ® Z =~ ((BanB) 1L (ZanZ)) ® Z

then, by Remark 15, Cy(q) ~ My(B ® Z). The standard involution of Cy(q) is of
the form o(z) = gz*g~" for some hermitian matrix g € My(B® Z) (i.e. g = g*). In
this case

Spin(V,q) ~ {z € SLy(B® Z) | xgz* = g} ~ SUs(B, g).

We observe that g is determined up to similarity by (V,¢) (see Remark 15). If | in
(11.4), B = M(K) (and A = 1), we get

Spin(M, q) ~ SU4(Z, s3)

since the standard involution of My(K) is a + siats7! for o € My(K). Ifi A0 € Z
is an element of trace zero, the matrix is; € My(Z) is hermitian and is congruent

to (¥ §). In fact we have (¢ §)(9 §)(© }) =is;. Thus

Spin(H(K?) L (Z,nz)) ~ SUL(Z, diag(1, 1, —1, —1)).
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Finally we assume that there exists an isomorphism B ® Z-M,(Z) of algebras—
with—involution where the involution on B® 7 is the tensor product of the standard

involutions and the involution on M;(Z) is the involution

Then
Spln((Z, le) 1 (Ba)‘nB)) = SU4(ZJ dlag(la 1; )‘7 )‘))

This is the case for B = IH and Z =@'. In fact the isomorphism IH =T & j € ~
M,( @) given by

. r —y
(x®jy)®z'—><g j>z

has the wanted property.

We now assume that (V, ¢) has trivial Arf invariant and that (V, ¢) represents 1. By
Proposition 1, we can choose (V, q) = (Alt"(A),pf4) for some c.s. algebra A with an
involution 7 of even symplectic type. Then Cy ~ A x A and o(a,b) = (7(b), 7(a)).
It follows that

Spin(V, q) ~ {(a,7(a)™"), a € SL;(A)} ~ SL,(A)
and the map S7 : Spin(V, ¢) — SO(V, q) is given by
a € SLi(A) — St(a)(x) = 7(a) ‘'za .

If (V,q) is anisotropic, A is a division algebra. If (V,¢) has Witt index 1, (V,q) is
similar to H(K) L (B,ng), B a quaternion division algebra with standard involution

b+ b (by Example 4). Then A = My(B) with the involution
a b\
cd) \bd)’

Spin(V, q) ~ SLy(B).

| 2l
| ol

So

If (V,q) ~ H(K?), we have B = M,(K) in the above formula. Therefore A = M, (K)

with the involution 7(z) = syats; ' and

Spin(V, q) ~ SL4(K).
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By definition of pfa, the map 0 : z — s; 'z is an isometry
0: (V,q) = (Alt"(My(K)), pfary(r)) = (Alta(K), pf) = H(K?).
Let u € Spin(Alt" (M4(K)), pfa(x))- Since
0Sm(u)0~" () = s5 ' (squlsy ') soruTt = (u) rauT,
the map S7 corresponds through 6 to the map
SLy(K) — SO(Alty(K),pf) = SO(H(K?))

defined by u +— (z — (u!)"'zu™").

We now compute the Lie algebra so(q). Let
S(Co,0) ={x € Cy | z+o(z) =0}
We obviously have so(q) = [V, V] C §(Cy, o), thus
so(q) = [so(q), so(q)] C §(Cy,0)" = [8(C,0),5(Co,0)].
We claim that
so(q) = 8(Cy, o).

It suffices to verify that DimxS(Cy, o)’ = 15. We can assume that (V,q) = (A, pfa)
S0
S(Cy,0) ={(a,—a), a € A} ~ A.

Taking further A = My(K), we get Dimg[A, A] = 15 as claimed. We leave it as an

exercise to compute so(q) for the different cases considered above.

We finally compute the group GO, (q) of special similitudes of a quadratic space
of dimension 6. Let Z = Z(q) be the centre of Cy. Let ng(z) = xoy(z) be the norm
of Z, n the reduced norm of Cy (as Z—algebra), o the standard involution of C' and

p(u) = uo(u). Let GUL(Cy) = {u € Cy | u sigma(u) € Z°.

Theorem 16. Let G be the subgroup of Z*xGU,(Cy) of pairs (z, u) with zoy(2) ! =

n(u)pu(u)™2. There exists an isomorphism

G/ 2z 1), z€ Z°}23G0,(q).
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Proof. Let C' = Cy @ C} be the Clifford algebra of (V,¢). By Lemma 10, we may
identify Z ® V' with Alt”(C}). For (z,u) € Z* x GU(Cy), let p(z,u) : Alt7(Cy) —
Alt7(C1) be the map p(z,u)(x) = zuxo(u). Since (1 ® q)(z) = —zo(x), p(z,u) is a
similitude of Z®V with multiplier ng(2)u(u)? € K*. We claim that p(z,u) restricts
to a similitude of V if and only if z0¢(2)™" = n(u)u(u)™2 By (11.1) and with
the notations introduced after Lemma 10, we have to check that vm (zuzo(u)v) =

zuzo(u) for z € V. We get
vy (zuzo(u)v) = oo(2)m (urvo(u)).
It now follows from pf;(uco(u)) = n(u)pfi(c) for ¢ € Cy that

w1 (ucoy(v)) = n(u)oy (u) tri(c)ut,

hence
v (zuzo(u)v) = oo(2)n(w)oy (u) try(zv)u !
= oo(2)n(uw)u(u)*uzo(u),
using that vm(xv) = z, oy(u) = vuv and p(u) = wo(u). Thus, as claimed,
zuro(u) € V if and only if oo(z)n(u)u(u)™ = 2. The multiplier of p(z,u) is

no(2)p(u)?. The extension of p(z,u) to Cy is given on elements zy, x, y € V, by

Co(p(z,u))(2y) = no(2) 'p(u) *zuze (v)ruyo(u) = uryu

(see Lemma 10 of Chapter 5), thus p(z,u) € GO4(q). If p(z,u) = 1, then, by the

above formula, v € Z and zu? = 1. Therefore p induces an injective map
PG, 2€ 2% = GOL(a).

We check that p' is surjective. Let

_ O'CO UCI
E—( c, c, ) C MQ(C)

The map Z @ V = Alt’(Cy) — E, x> (27) extends to an isomorphism
7 @ CSE of Z-algebras and we identify Z @ C' with F through this isomorphism.
Let f: V — V be a special similitude with multiplier ». The map

(2 g>EZ®VI—><f(Ox) ”_lg(f’”) > c E—=ZaC
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extends to an automorphism ¢ of Z® C. As in the proof of Theorem 12 of Chapter
9, one checks that ¢ = i, with u € (Z ® Cy)*. As in Lemma 4, Chapter 6, we
have o(u)u € Z°*. The standard involution of Z ® C' viewed as an involution of E

corresponds to
Since

the condition o(u)u € Z* implies

+Co O
Z®CO:< 00 Co)’

o Ale(d)7t 0
‘e ( 0 d
(z) = Adzo(d). Since if 1 ® f

for some d € C§ and X\ € Z°*. If follows that (1 ® f
n(d)~'pu(u)® and f = p(A, d).

descends to f: C'— V, we must have Aog(\)~! =

As for Spin(V,q), the computation of GO, (gq) given in Theorem 16 can be
applied to a lot of cases (see the Appendix A), depending on the type of (V,¢q). We
only consider the cases of trivial Arf invariant. We may assume that (V, ¢) represents
1,80 (V,q) = (Alt"(A),pfa) for some c.s. K-algebra of dimension 16 with an even
symplectic involution 7. We have Cy ~ A x A, o(a,b) = (7(b), 7(a)),

GU,(Cy) = {(A\r(d) t,d), de A®, A€ K*}
so p(u) = A for u = (A\7(d)~!,d) and
n(u)u(u) ™ = (Nag(na(d)) ™, na(d)A™*) = zo9(2) ™

for 2 = (1,n4(d)\?), where ny4 is the reduced norm of A. Projecting Z* x C§ onto

the second factor K*® x A*, we get
G~K*xA*

and
GO, (q) ~ K* x A'/{()\Q,)\_l), Ae K*}



Chapter 12

Quadratic Forms of Dimension 5

The theory of %fregular quadratic forms of dimension 5 is a by—product of the

theory of quadratic spaces of dimension 6. We begin with an example:

Example 1. Let A be a c.s. K-algebra of dimension 16 with an even symplectic

involution o4 and let
Alt?(A) = {x +o4(z), z € A}

be the corresponding set of alternating elements. Let pfy : Alt°4(A) — K be the
reduced pfaffian. For any a € Alt°4(A). we have a pfaffian characteristic polynomial
mx(X,a) = X? —pft(a)X + pfa(a) (see Chapter 10) and 7x(a,a) = 0. To simplify

notations, we put
Alt7(A) = Ay, pft(a) =ti(a), pfa(a) =ny(a)
and
AL ={aec Ay |ti(a) =0}
We check that (A',,n,) is %fregular of dimension 5 and compute its Clifford algebra.
Let Z be the graded quadratic K—algebra with a generator z of degree 1 such that
22 =1. We grade A ® Z by assuming that the elements of A are of degree 0.

Proposition 2. 1) (4',,—ny) is 3-regular of dimension 5. 2) There exists a
graded isomorphism C'(A!, —n;)=A ® Z. In particular Co(A™, —n,)—=A and the
s-discriminant of (A’,, —n, ) is trivial. 3) The standard involution of C'(A;, —n.)
corresponds to the involution o4 ® 0g, where oy is the standard involution of 7, i.e.

oo(z) = —z.
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Proof. If suffices to prove 1) over an extension K C L so that we can assume that
A = M,(B), B a quaternion algebra with standard involution b + b and o, is

given by (see Example 5 of Chapter 10)

(0 0)=(5 %)

Then B
x b
A+_{<b y) x,yEK,bEB},
T b - b
n+<b y>—xy—bb, t+<b y)—x+y,
Al —{ v b reK beB}
o b —x )’ ’ ’
and (A’ , —ny) ~ (1) L (B,np) is 3—regular. We have a? = —n, (a) since a satisfies

its pfaffian characteristic polynomial and ¢, (a) = 0. Thus the map
p: AL 2 A®Z, ¢i(a) =a®z,

extends, by the universal property of the Clifford algebra, to a homomorphism of
graded K—algebras
p:CA,—ny) - A®Z

Let Z(C) be the centre of C(A’ , —n.). We claim that the restriction of ¢ to Z(C)
is an isomorphism Z(C)=Z. By passing to an extension K C L, we may assume

that (Ay,—ny) = (1) L (My(K),det). Then Z(C) is generated by
Z1 = 60(1 - 2€1f1)(]_ - 262f2),

where eq is the generator of (1) and the elements

() o=(50) e=(o0) a7

are hyperbolic pairs in My(K) (see Chapter 5). A computation (!) shows that
¢(21) = #, thus as claimed ¢ : Z(C)=Z. It then follows that ¢ maps Cy(A’, —ny)
to A and is an isomorphism. To prove 3), we observe that the restriction of o4 ® oy
to the image of A’ is —1.

1

Let (V,q) be a ;-regular quadratic form of dimension 5. Since there exists

an extension K C L such that L ® (V,q) ~ (1) L H(K?) ~ (1) L (My(K),det),
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it follows from Proposition 2 that the standard involution of Cy(V,¢q) is of even
symplectic type. Let Cy, be the corresponding set of alternating elements and
ny @ Cop — K the reduced pfaffian. Let z € Z(q) be a generator of degree 1
with 22 = s and [s] = $0(q) in K*/K*? (see Proposition 5 of Chapter 5), and let
p:V — Cy be the map induced by v +— zv. By going over to an extension K C L

and applying Proposition 2, we get that p is an isometry
(12.1) (V,4)>(Chy, —smy).

Theorem 3. 1) Let (V, ¢) be a s—regular quadratic form of dimension 5. There ex-
ists A € K* and A c.s. of dimension 16 with an even symplectic involution o4 such
that (V,¢q) ~ (4, An). The class of X in K*/K*? is equal to 30(¢) and (A, 04) is
unique up to isomorphism of algebras—with—involution. 2) Two %fregular quadratic
forms (V,q), (V',¢') are isometric if and only if 16(g) = 36(¢") and Co(q) ~ Co(¢)
as algebras-with—(standard)-involution. 3) (V,q), (V',¢’) are similar if and only if
Co(q) ~ Cy(q') as algebras—with—involution.

Proof. 1) We take A = —s and A = C with the standard involution.

2) It suffices to check that an isomorphism ¢ : (4,04) — (B, o0p) of algebras-with—
involution induces an isometry (A’ ,ny)=(B’,ny). Clearly ¢ maps A, to B,. Let
w4t Ay — Ay be such that xma(z) = ma(x)z = pfa(x) and 75 : By — By such
that zmp(r) = mp(x)r = pfp(r). Let v = prap™' : By — B,. Since v is a
K-linear isomorphism such that y(z)z € K for all x € B, v = Anp for A € K°.
It follows from ~(1) = 1 that A = 1 and ¢my = mp. Thus ¢ is an isometry
(Ay,ny)=>(By,ny). The fact that ¢ restricts to an isometry (A’ ,ny)=>(B',ny)
follows from the formula z + w4 () = t(z) (see Example 5 of Chapter 10). Finally
3) follows from (12.1).

Remark 4. In view of Proposition 6 of Chapter 7, Corollary 3 of Chapter 8, Theo-
rem 7 of Chapter 9, Theorem 10 of Chapter 11 and Theorem 3 above, two quadratic

forms (V,q), (V',¢') which are of dimension < 6 and are nonsingular in even dimen-

sion, resp. %—regular in odd dimension, are similar if and only if the even Clifford

algebras Cy(q) and Cy(q') are isomorphic as algebras—with—involution, where the

involutions are the standard involutions.
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The next result is due to Tamagawa in the case of (signed) trivial discriminant.

We do not know if it holds for %fregular forms of dimension 5 in characteristic 2.

Proposition 5. Let K be a field of characteristic different from 2 and let (V] q)
be a quadratic space of dimension 5 and signed discriminant [d] € K*/K*?. The
following conditions are equivalent:

1) (V,q) represents d.

2) (V,q) ~ (d) L (B, Anp) for some quaternion algebra B and A\ € K°.

3) Co(V, q) =~ My(B) for some quaternion algebra B.
Thus Cy is a division algebra if and only if (V,¢) does not represent d.

Proof. 1) implies 2) by Remark 11 of Chapter 9, since (d)" is a quadratic space of
dimension 4 with trivial discriminant (and hence trivial Arf invariant). If 2) holds,
then Cy(V, q) ~ C(B, —dAng) by Lemma 8 of Chapter 5 and C' (B, —dAng) ~ My(B)
by Example 1 of Chapter 9. Let now Cy(V,q) ~ My(B). By Lemma 8 of Chapter

5, we have
Co({(—d) L q) ~ C(dq) =~ Cy(dg) @ Z(dq) ~ Co(q) x Co(q)

(since Z(dq) ~ K x K). On the other hand (—d) L ¢ is of dimension 6 and has
trivial Arf invariant. By Corollary 5 of Chapter 11 (applied to the form (—d) L ¢
and A = Cy(dq)), we get that Cy(q) ~ Cy(dq) ~ My(B) if and only if (—d) L ¢ has
Witt index > 1. Thus Cy(q) ~ My(B) implies that

(=d) Lq~(-1) L(1) L¢' ~(=d) L{d) Lq

and

q~(d) Lq

by Witt cancellation. As claimed, ¢ represents d.

We now compute the spinor group of a %fregular form of dimension 5. By

Theorem 3 we may assume that (V,q) = (A, —ny) for a c.s. K-algebra A of

dimension 16 with an involution o of even symplectic type. In view of Proposition

2 Cy(V,q) ~ A and the standard involution on Cj is the involution o of A. For any
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u € A, let p(u) = uo(u) and n(u) = na(u). We have Z(q) = K -1® K - 2z with z
of degree 1 such that 22 = 1. Through the map V — Cj, v+ zv, we can identify
V ~ Al C () with A’ as a subspace of A = (. Any isometry ¢ of V' extends to
an automorphism of A = () as an algebra—with—involution, hence to an isometry
of (Ay,ny) (or (A4, —ny)), which restricts to ¢ on A’ . Thus for any v € A®, i,
is an isometry of A', (i.e. i,(A") C A") if and only if i,(A;) C A;. By Lemma
4 of Chapter 6, p(u) € K*if u € ST(A',,—ny). On the other hand, obviously
iw(Ay) C Ay ifu™ =vo(u), ve K*. Thus

ST(A, —ny)={ue A®* |uo(u) € K}.

We recall that a matrix g € M, (A) is hermitian (with respect to o) if g = ¢g*, where

*

g =(olay)" if  g=(ay).
The group
GU,(A,g) ={x € GL,(A) | xgz™ = \g, A € K*}

is the group of (unitary) similitudes of g (see Chapter 11). With this definition,
ST(A!,—ny) = GU (A1)

and
SO4 (A, —ny) ~ GU (A, 1)/K".

We claim that
Spin(A’, —ny) = {z € A* | zo(z) = 1}.

We have to check that na(u) = 1 if uo(u) = 1. By passing to an extension K C L,

1

we may assume that A = M,;(K) and o(a) = sea’sy . It follows from uo(u) = 1

that sy = uspu’. Taking pfaffians shows that det(u) = 1 as claimed. The map

Spln(A,—l—a —7L+) — SO(AI-H —7L+)

1

is given by u — (z — uzru' = uzro(u)). In fact x — uxo(u) is an isometry since

ny(uzo(u)) = na(u)ny(x) and ny(u) = 1.

We consider now some special cases. Let

(Viq) = (1) L (B, Anp)
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for a quaternion algebra B with standard involution b — b and A € K*. By Lemma
8 of Chapter 5, we have Cy(V, q) ~ C(B, —Ang) and by Example 1 of Chapter 9,
C(B,—Ang) ~ My(B) with the standard involution given by

()= (B -G ER) 63)

Therefore
SO+(V7 q) = GUZ(Ba dzag(l, )‘))/K.

ol

and
Spin(V, q) ~ SU,(B, diag(1, \)).
If B= My(K) and A = 1, then b = s,b*s7", so
ST((1) L H(K?)) = {x € GLy(K) | zsya'sy' € K*}
= GSpy(K)
and
Spin((1) L H(K?)) = {x € GLy(K) | zsya's,' =1}
= Spi(K),
if we define the group of symplectic similitudes GSpay,(K) by
GSpom(K) = {x € GLyp(K) | x5mx" = XS, X € K*}.
and the symplectic group Spom(K) by
Spom(K) = {x € GLyp(K) | 28,m2" = 810}

We finally show that (1) 1 H(K?) can be identified in a natural way with a subspace
of Alty(K), the set of alternating (4 x 4)-matrices.
We have
(1) L H(K?) = (My(K)', —n.)

for the involution o(z) = s,2's; "', and the map 6 : z — s; 'z is an isometry
0 : (My(K), —ny)=(Alty(K), —pf)

by definition of n,. Since

z 0 d —=b
0 r —c «a

My(K)y :{ a b —z 0 € M4(K)}’
c d 0 —=x
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M, (K)" has image

0 —z ¢ —a
ooy ={| = 0 0 | e mu)

a b —xz 0

We call matrices in 0(My(K)" ) alternating matrices with pfaffian trace zero and

denote §(My(K)',) by Alt)(K). Let u € Spin(My(K)'., —ny), since 0 i, 0 *(z) =

sy useru ' = ut zu~t, the map

sm 2 Spin(My(K)',, —ny) = SO(My(K)', —ny)
corresponds through # to the map
Spa(K) — SO(Alty(K), —pf)

defined by v — (z — u!~'zu™").

We finally compute the Lie algebra of (V,q) = (A, —n4). Let
SA)={z e A|z+o(x)=0}.
We have so(q) C S(A). Since DimgS(A) = 10, we get

so(A,—ny)=8(A)={z e A|z+o(x) =0}



Appendix A

A Chart of Results

We summarize in the following chart all the information we have obtained in
these notes on the structure of Clifford algebras of forms of dimension < 6. We
restrict to nonsingular forms, so we assume that char K # 2 in odd dimensions. We

use the following notations:

14 the dimension of V'
v the Witt index of (V] q)
L a separable quadratic field extension of K
D,, . a central division algebra over K of dimension m?
L® D,, : a central division algebra over L of dimension m? induced by
scalar extension from a central division algebra over K
M,(R) : the ring of n X n—matrices over R.
¢ (V,q) Z(q) | Cole) |Clg)
2(v=0,1€q(V) L L M, (K)
v=0,1¢&qV) L L D,
v= Kx K || Kx K | My(K)
3|lv= Kx K DQ DQ X DQ
v=0,v(L®q)=0]|L D, L ® D,
v=0,v(L®q) =1]|L D, M,(L)
v = K X K || My(K) | My(K) x My(K)
Vv = L M2 (K) M2 (L)
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] (Viq) Z(q) | Colq) Clq)
4|v= KxK D2 X D2 MQ(DQ)
v(V,—q) L (L,n))=0 L L ® Dy Dy

v=0,v((V,-¢) L (L,n)=1 |L L ® D, My(Ds)
v=1,1¢€qH(K)") L My(L) M, (K)
v=1, 1¢ q(H(K)") L My (L) My(Ds)
V= K x K || My(K) x My(K) M, (K)

] (V.9 ‘ Z(@) || Cole) [Cl9)

5| Let L=K(Vd), d¢ K*.
I/ZO, ]_Q(](V) KxK || Dy D, x D,
Vv = 0, 1e Q(V) KxK MQ(DQ) MQ(DQ) X MQ(DQ)
v=0,d¢gqV), 1€q(LoV),
V((l)l) =0in LV L D, My (L ® D)
v=0,d¢gqV), 1€q(LoV),
(V) =2in LoV L Dy M,(L)
v=0,deqV),
v=0,deqV),
V(L ® (d)') =2 L My(Dy) | Mi(L)
V= Kx K MQ(DQ) MQ(DQ) X MQ(DQ)
vV = ]_, V(L@q) 1 L MQ(DQ) MQ(L@DQ)
V= ]_, I/(L X Q) =2 L MQ(DQ) M4(L)
V= K x K || My(K) | My(K) x My(K)
vV = L M4(K) M4(L)

¢ (Voq) Z(q) || Colq) Clq)

6| v=0 K XK | Dyx Dy My(Dy)
v=0,v(L®q) =0 L L ® Dy ?
v=0,v(L®q =1 L My(L ® D) ?
v=0,v(L®q) =3 L My(L) ?
V= Kx K MQ(DQ) X MQ(DQ) M4(D2)
v=1,v((V,—¢) L (L,n)=1 |L My(L ® D) My(Dy)
v=1,v((V,—¢) L (L,n)=2 |L My(L ® D) My(Ds)
v=2,1¢€qH(K*)*") L M, (L) My(K)
v=2,1¢ q(H(K?)") L M,(L) My (D)
v= K x K || My(K) x My(K) Mg (K)

It would be interesting to know the structure of the Clifford algebra C(q) for ¢ =
6, v = 0and Z(q) ~ L. In particular one would like to know under which conditions
(on q) C(q) is a division algebra. We observe that the case v =0, »(L®¢q) = 0
cannot occur over ) : Let d be the signed discriminant of ¢, so that L = @(\/3)
By Meyer’s theorem (see Serre) any quadratic space of dimension > 5 over @), which
is indefinite over IR, is isotropic. So d must be negative. Let now z # 0 € V.

The quadratic form ¢|,. L dqlg, is isotropic, again by Meyer’s theorem, since it is
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indefinite over IR. Thus there exists y L z such that ¢(y) = —dg(x) and L ® q is
isotropic. The case v = 0, v(L ® ¢) = 1 cannot occur over IR but can occur over
@. An example is given by the form (1, 1, 1, 1, 1, 7). Let L =@Q(v/—7). f L®q is

hyperbolic, then L& (1, 1, 1, 1) is hyperbolic, since L& (1, 7) is hyperbolic. Thus the

—-1,-1
L

quaternion algebra ( ) is a matrix algebra. This is the case if (1, 1) represents

—1 over L. It would follow that —1 is a square modulo 7.
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Spinors

We define spinors as in the book of Chevalley and compute some examples from
physics. We shall only consider nonsingular forms and assume that the character-
istic is not equal to 2. More on applications of Clifford algebras to physics can be

read for example in the book of Hermann.

I. Spaces of even dimension.

In view of Theorem 8 of Chapter 4, the Clifford algebra C' = C(q) of a quadratic
space (V, q) of even dimension is simple. Thus there exists up to isomorphism only
one type of simple C'(¢)—modules or, in the language of representation theory, all
irreducible representations of C'(q) are equivalent. If we select such a representation,
p:C(q) = Endg (W), we call W the space of spinors of (V,q), p the spin represen-
tation of C'(¢q) and the restriction py of p to Cy = Cy(q) the spin representation of Cj
. Thus spinors are elements of a fixed simple C'(¢)-module. The representation p
induces representations of I'(¢), ST(¢) and Spin(q). The algebra Cj is either simple
(if its center is a field) or the sum of two simple algebras (if Z(¢) ~ K x K), see
Theorem 8 of Chapter 4.

Lemma 1. Let p: C — Endg (W) be an irreducible representation of C. The
restriction pgy of p to Cj is irreducible if Cj is simple and is the sum of two nonequiv-
alent irreducible representations py : Cy — Endg (W), py : Co — Endg(W™) if

Cy is not simple.
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Proof. Since all irreducible representations of C' are equivalent, we may assume
that W is a minimal left ideal of C' and that p is the regular representation, i.e.
p(u)y = uy. Let W' # {0} be a subspace of W of minimal dimension which is
invariant under all operations py(x), = € Cj, so that the induced representation
Cy — Endg (W') is irreducible. Let x € V' be anisotropic and let W = p(z)W".
Since C; = 2Cy = Cox and Cy = zCy = Ciz, we get po(Co)W” = W" and
p(CYW'+ W") = W'+ W". Since p is irreducible, we must have W = W' + W".
If W' NW" # {0}, the minimality of W' implies that W' NW" = W'. Since W' and
W" have the same dimension, it follows that W = W' = W". It W' nW" = {0},
then W = W' @ W". Thus the representation py is either irreducible or the sum of
two irreducible representations. Assume now that Cj is not simple. Then Cj has
two types of nonequivalent irreducible representations (see Theorem 8 of Chapter
4). The representation py being faithful, these two types occur in pg. Therefore, as
claimed, py is the sum of two nonequivalent irreducible representations W+ = W’
and W~ = W". This case occurs if K is algebraically closed. Thus we see, by going
over to the algebraic closure, that, if py is the sum of two irreducible representations,
these representations cannot be equivalent. It follows that py must be irreducible if

Cy is simple.

The elements of W, W™ are called %fspmors (if W' is not equivalent to W")

and the induced representations of Cy are the %fspm representations.

Lemma 2. Let (V,q) be a nonsingular quadratic space (of arbitrary finite di-
mension) non isometric to H(F3). Let v € V be anisotropic and let M = {z €
V| q(x) =q(v)}. 1) The set M generates as a linear space V. 2) Cy(q) is generated
as a K-algebra by all products xzy, =,y € M. 3) ST(q) is a set of generators of
Co(g). 4) Spin(q) is a set of generators of Coy(q).

Proof. 1) Let U be the linear hull of M. Let w € V' be an anisotropic element and

b(v,w)
q(w)

or w € U't. Since V has an orthogonal basis we must have V = U L U*t. Assume

now that U+ # 0. Let v € M and w # 0 € M~*. For any A # 0 € K, the element
v + w is isotropic, thus A?¢(v) + q(w) = ¢(v) + q(w) = 0 and A\* = 1. There exists

let 7, be the reflection at w. Since 7, (v) = v — w, we get that either w € U
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only one field K of characteristic not 2 such that A\ = 1 for all A\ # 0 € K, namely
IFy. Since V = U L U*, U and U* are nonsingular. It is then easy to see that
DimgU = DimgU+ =1 and V = H(IF3). 2) and 3) are immediate consequences of
1). We check 4). Since Cy(q) is generated by all products of two elements of M, it
is also generated by the products a~'zy with a = ¢(z) = ¢(y). But a'zy belongs
to Spin(q).

Proposition 3. Assume that (V] ¢) is nonsingular of even dimension and (V,q) %
H(FF3). The spin representations of ST'(¢) and Spin(q) are either irreducible or the

sum of two irreducible nonequivalent representations.

Proof. Proposition 3 is an immediate consequence of Lemma 1 and Lemma 2.

I1. Spaces of odd dimension.

Since we restrict to nonsingular forms, we must have charK # 2. The algebra
Co(q) is c.s., hence its irreducible representations are all equivalent. We fix one,

which we call the spin representation:
po = Co(q) — Endg (W).

The elements of W are called spinors of (V,q).

Proposition 4. The induced representations py : ST(q) — Endg (W),
po : Spin(q) — End g (W) are irreducible.

Proof. As Proposition 3.

If C(q) is simple, then C'(q) = L ® Cy(q), K C L a quadratic field extension

and po can be extended in an unique way to an irreducible representation of C'(q):
1®p: L®Cy(q) =C(q) = End,(LW).

We call this representation the spin representation of C(q).
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Proposition 5. If C(g) is not simple, then p, can be extended to exactly 2 non

equivalent irreducible representations of C'.

Proof. If C(q) is not simple, we have Z(q) ~ K[xz]/(z* — 1). Let z be a generator
of degree 1 of Z(q) such that 2> = 1. Any u € C(g) has a unique representation
u =uy +uzz, u; € Cy(q). Since z is in the centre of C'(¢) the maps

O ruruy +uy and @7 ug — us

are homomorphisms C' — Cj of K—algebras. The representations p/ = py o ¢’ and
p" = poo " extend py to C. Conversely let p : C — Endg (W) be an irreducible
representation which extends py. Let ¢ = p(2) € Endg (W). We have 1 = 1 and ¢
commutes with all elements py(Cy). Therefore W = W, & Wy, where

Wy={zxeW|Y()=2} and Wy ={z e W |¢Y(z) = —z}.

These spaces are invariant under py(Cjp). Since p is irreducible, one is zero and the

other W. Thus ) = £1 and p is one of the representations p' or p”.

If C'(¢q) is not simple, the two non equivalent representations of C'(¢) given by

Proposition 5 are called the spin representations of C'(q).

In chapter 6 we identified the Lie algebra so(q) with a subalgebra of C(¢). Thus
a spin representation of Cy(q) induces, by restriction, a representation of so(q). We

call this representation the spin representation of so(q).

The chart of Appendix A gives an (abstract) description of spin representations
in low dimensions. To have a concrete description, we need explicit representations
of the Clifford algebras, i.e. explicitly given simple C'(¢)—modules. We now construct
such representations for three cases occuring in physics. In some of the examples,
we get representations over the real quaternions /H. Writing any quaternion z as
x + jy, z,y €@, we define an injective map p : IH — M,(@) through the regular
representation ¢,(z) = az. In the following we shall identify IH with its image

() = {(; 7 > 7, ye(p} c M(@).
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In particular we get for the pure quaternions

) 1 0 ) 0 -1 . 0 —1
z-(o —i) ]—(1 0>andk—w—<_i 0).

Example 6. Let (V,q) = (1,1,1) over IR. The algebra C(q) is the Pauli algebra.
We have (see Appendix A)

C(q) ~ My(@) and Cy(q) ~ H.

Explicit isomorphisms can be constructed using the Pauli matrices:

0—1:<(1) é) 0—2:<(3 _Oi> 03:<(1) _01> in ML@).

Let {e1,e2,e3} be an orthonormal basis of V. We define
o'V — My(@)

by e; — o0;, i =1,2,3. By the universal property of the Clifford algebra, ¢’ extends
to a homomorphism ¢ : C(q) — M(@). It is easy to check that ¢’ is a @'linear
isomorphism if we identify @' with Z(q) through i — ejese;. The subalgebra Cy(q)
is mapped by ¢ onto the IR—subalgebra of M, (@) with basis

10 (i 0 (o0 -1 (0 i
0 1 , 0102 = 0 —i , 0103 = 1 0 , 0203 = i 0 .

Thus ¢ restricts to an isomorphism Cy—IH. The isomorphism ¢ : C>M>(@) is a
spin representation. We construct an explicit representation: let e = £ (1 + e3) €
C(q). We have p(e) = (} 3), so ¢(C(q)e) = (% 9) and we can choose W = (& 9).
Spinors are pairs (7) € @”. Since Spin(V,q) = {a € Cy | ng,(a) = 1}, ¢ induces an
isomorphism

Spin(V,q) = {a € H |ng(a) =1}
_ SUQ(@):{<§ _Tg>,x,y€@|det<§ _Tg>:1}.

The Lie algebra so(q) = [V, V] is generated by o109, 0903 and oy03. Let

su2(cv):{<z _Ty>,x,ye([’ | tr<z ‘T@>:o},

we get p(so(q)) = sus(@).
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Example 7. Let (V,q) = (1,—1,—1, —1) over IR. The algebra C(q) is the Minkowski
algebra. By Appendix A, we have

C(q) ~ My(IH) and  Cy(q) =~ Mx(@).

We construct explicit isomorphisms. Let {ep,...,e3} be an orthogonal basis of V/
such that q(eg) =1, ¢(e;) =—1 i=1,2,3. Let ¢ = (1,—1) and ¢» = (—1,—1), so
C(q1)>My(IR) with ey — 01 and e} — 01 ,

10 -1 0
C(QQ)%H with €9 i, €3 — j
(where i, j, k =ij are the pure quaternions in IH) and

Y C(q)>Me(R)®IHMy(IR) @ IH = My(IH)

(the second isomorphism is as in Lemma 3 of Chapter 4). Explicitely

s = (10 ) we=( 0 0).

ser= (3 %) ma ver=(4 ),

It is not obvious that t restricts to an isomorphism Cy(q)—=M,y(@). Using a trick
as in the proof of Theorem 8 of Chapter 4, we replace @) by ¢ = i, o1, where
u=(y ¥ e M@). We get

Then
-1 0 0 -1 0 —k
daen = (T ) e = (] g ) etaen = (7
0 —1 0 k kE 0
80(6162) = 1 A 80(6163) = E 0 >, 90(6263) = 0 —Fk
and

—k 0
p(epereges) = 0 —k |

so ¢ maps Co(q) to M»(@), with@ = IR(k). The element e = 144 js an idempotent
of C(q) such that p(e) = (§ ). So C(g)e is a space of spinors. We have

w(C(q)e)ZVV:(g 8)-
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By the general theory of Chapter 9 ¢ induces an isomorphism Spin(q) ~ SLy(@).
Further the image of so(q) is

slo@) = {x € My(@) | tr(x) = 0}.

Example 8. Let (V,q) = (1,1,1,—1) over IR. The algebra C(q) is called the

Majorana algebra. By our chart
C(q) ~ My(IR) and Cy~ My(@).
We construct explicit isomorphisms. We decompose ¢ as
¢g=q lg with ¢=(-1,1) and ¢ =(1,1)

and take corresponding orthogonal bases {eg, e}, {ea,e3}. We have

Claq) = My(IR), 60H<_(1) é) 61H<(1) é)
and
Clg) > My (IR), eQHG é) 63H<é _?)
These two isomorphisms induce
v:Clg) = Cla)®C(g2) = My(R)@My(IR)
= My(IR) ® My(IR) = My(IR),
applying Lemma 3 of Chapter 4. Here again it is not obvious that ¢» maps Cy(q) to

M, (@) and we first modify 1) to get a better representation (as in Example 7). To

simplify notation, we use the symbols

(00) (3 2) e (20)

Let now ¢ = i, o1, where u = (§ 9) € My(IR) = My(My(IR)). We have by
definition of ¢

where 1 stands for the (2 x 2)-unit matrix. So

s =( 25 ) wten= (25 ),
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de=(5 ) wtea= (1 0).

If we identify @ with the subalgebra R(ev) of M,(IR) by putting i = cv, we get

p(eger) = ( (1) _(1) ) , pleges) = ( _(1) _(1) ) , pleges) = ( _(; (Z) ) )

plerey) = ( ? _(1) > , pleres) = ( (l) é ) » Pleaes) = ( (Z) —2 )

1 0
80(60616263) = ( 0 i )

s0 ¢ : Co(q) = M>(@) as claimed. The element € = 9L is an idempotent of Cy(q)
such that p(e) = (§ ). Thus

and

663 +1 . 1+ €3 + ege; + €geres

T 1
is an idempotent of C'(¢) such that
1000 R 0 0 O
0000 R 0 0 O
0000 R 0 0 O

Therefore C'(g)e is an explicitly given space of spinors for ¢. As in Example 8, ¢
induces isomorphisms Spin(q) =S Ly (@) and so(q)—=sls(@).

Example 9. Let (V,q) = (=1,1,1,1,1) over IR. The algebra C(q) is called the
Dirac algebra. By Appendix A,
C(q) ~ My@) and  Co(q) ~ My(H).

Let {ep,...,es} be an orthogonal basis such that g(eg) = —1 and ¢(e;) =1, @ =
1,...,4. We decompose ¢ as ¢; L ¢ with ¢y = (=1,1) and ¢» = (1,1,1), so
C(q) ~ C(q1)®C(qz). We have, as before, an isomorphism

- 01 01
C(ql)%MQ(B% €o — ( _1 0 ) ) €1 = ( 1 1 )
and by Example 6

C(CI2);>M2((F), €y — 01, €3+> 02, €4+ 03,
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o; the Pauli matrices. Using Lemma 3 of Chapter 4, we get
¥ Clq)=>My(@) = Ma(M2(@))

such that

st =( 34 ) wer=(1 5. we=(7 ).

sed= (7 0] wer=(T ).

Let a — @ be the standard involution of M (@). The involution

e(ea)(Fa) (o) (5 )V 0)

c d c a 10 b d 10

of My(M,(@)) is the identity on the images v (e;) of ¢;, 7 =0,...,3. Thus o* is
equal to 1o'yp~!, where o’ is the canonical involution of C'(q) (usually we prefer to
work with the standard involution o of the Clifford algebra, i.e. the involution which

is —1 on V. But we could not guess how o looks like !).

We now twist ¢) by an inner automorphism ¢, in such a way that the diagram

Clg) ™% M@) = My(M(@))

u U
Colq) == M,(IH)
is commutative. Let
1 0
u = 0 o1 > € GL4 (G),

where o; = (% ) is the first Pauli matrix and let o' = i, o ¢». We get

= 5) ve= (2 5) (3 L)

/ _ oy 0 ' o O3 0
1/)(63)—<0 02> and w(e4)_<0 03>'
It follows from Example 6 that ¢/ maps Cy(q) to My(IH), as claimed. Further the

involution & = ¢'o’y)'~! = i,0*i " is given by 6(x) = uo*(u)o*(z)(uo*(u))~" or

[ a b . 0 —01 @ E 0 —01 71_ 0'180'1 —0'150'1
Ned)™ oy 0 b d oy 0 -\ —oicoy oao; |

We have o,ao; = kak™" for all @ € My(@). Thus
0 1
k .

(:2)-(28)]

<o
Ul ol
o =
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Observe that & is of symplectic type, as it should be. Since the standard and the
canonical involutions coincide on Cy(gq), the computation of Spin in Chapter 12

shows that

¥'(Spin(q)) = {x € My(H) | 26 (z) = 1}

={(2 e (220

so v is an isomorphism

k
0

Erplien]

0
k

)(

> Q)
ISH el
N——
Il
VR
o
N~ —
N——

Spin(q)=>SUs(H, (3 £)).

By formula (12.2) of Chapter 12, we have

Spin(q) ~ Spin(—¢)>SUy(H, diag(1, —1).

In fact the hermitian matrices (0 F) and (;* ?) are congruent since

(ea)=(H-0) 0 )0
k0 bt 0 —1 I
We finally compute an idempotent of C'(¢) which generates a simple C(¢)—module.

We have ¢/ (H42<) = (§ §) € M,(@), thus

1—|—€061 1—|—€4 1+€4+€0€1+60€1€4
y )= 1

o=

is such that

1000 ¢ 00 0
v o000 @ o000
¢(€)— 0000 and @(C(Q)e)_ a 0 0 0
0000 ¢ 00 0
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