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1. Introduction

Let k< K be a finite Galois extension of fields, with group G .
The group G acts on the Brauver group Br(K) and the invarient subgroup
BrEK}G consists of 61asses of G;normal algebras, i.e. central simple
K-algebras A with a map G - AutKﬁA} extending the action of & on K,
In 1940 Teichmiller [T] constructed a map d: Br(K]G——+ H3[G,K*) such that
the kernel consists of algebra classes which come from Kk by scalar extension,
In this paper we show how faithfully flat descent can be used to define
a Teighmﬂller map for arbitrary finite extensions. Let R be a commutative
ring and S an extension of R , The two different S-algebra structures
of S@3 (S acting on the first or gn the second factor) induce two maps.
Br(3) — Br{S®35) of Brauer groups, Lst 8r(s)° be the kernel of the

pair of maps

(1.1) 0 —— Br(8)® —— Br(S) =3 Br(S@Ss)

The image of the map Br(R)—s Br(S) induced by scalar extension clearly lies
in Br(S]O » We shall define a group homomorphism d from Br(S]O into
HS{S/R] , the third Amitsur cohomology group of the extension R< S, such
that the seqgusnce

(1.2) Br(R) — Br(s)® —2 & HO(S/R)

is exact, in the following cases:

I) The ring R is semi-local and S i1s finite faithful projectivq as
R-module, If, furthermore, R C S 1s Galois with group 6 , then we show
th;t Br(s)° = Br(S]G and that our map corresponds %® the classical Teich-
miiller map. Using ideas of Childs [C] it is probably possible to define

a Teichmiiller map for the non semilocal case. The group HS(S/R] then has

to be replaced by a more complicated group.



IT) The use of Amitsur cohomology also allows a Teichmiiller cocycle map for
purely inseparable field extensions. More generally the map d can be defined
if S 1is finite faithful projective as R-module and the multiplication map

S® 5> 5 has a nilpotent kernel. The ring R can be any commutative ring.
In this case Br{S)° coincides with Br(S), Consider for example a finite
radical extension § o% R, i.e. .R has characteristic p, p a prime, and‘
s9¢ R for some power g of p . By Berksons's theorem ([KD] p. 142) T
HB[S/R] = 0 and one concludes that for such extensions the map Br(R) * Br(S)

is surjective. This was first proved by Hochschild [Hl for purely inseparable

field extenslons. As an application we show that the Brauer group of a domain

of charaqtéristic p., p & prime, is p~divisible.

$2 recalls some results on descent and cohomology, In §3 we define a notion of
normal algebras for an arbitrary extension which generalizes the notion of a
G-normal algebra for a Galois extension with group G . In §4 we introduce the
Teichmiiller cocycle map and analyée the kernel of the map in §5. $B gives the
relation with the classical map in the Galoisrcase. In §7 we describe an explicit
construction of the Chase-Rosenbery seqUence; One of the homomorphisms turns out
to be a Teichmiller map for the Picard group Pic., After completion of this work,
Alex Rosenberg told us that the maps were already explicitely described by G.
Garfinkel in his thesis (Cornell, 1968), Since apparently Garfinkel did not explicite
ly verify the exactness and since the verification with the methods of thigpaper
is easy, we thought it worthwhile to keep these results here. §8 provides an exact
sequence which describes the image of the Teichmiiller map for the Brauer group of
algebras split by a finite extension. This sequence contains various known se-
guences of Eilenberg-Mac Lane-Hochschild-Serre, Amitsur, Rosenberg-Zelinsky and
Yuan ([EM], [Hs] . [al, [rz], [Y])..

Rings and algebras are always commutative if nothing is mentioned. Unadorned tensor

products are .usually over R .

We thank M. Ojanguren for his unfailling encouragements during the preparation

aof this work,



2., Faithfully flat descent and cohomology.

We briefly recall some results., Pictures and proofs can be found in
Bﬂ] (for examplel). let S be an R-algebra and A,B,...,U,A",B',.,.,U*
R-modules, For any tensor product T = A®,., ®@U we denote the module obtained

by putting a factor S in i-th position by Ti and the corresponding map

T>T, by ¢

1 1 We write si[g] =8y for ge T and for any homomorphism

ft: T> T = A'®,.e@U' we denote the map Ti > Ti' obtalined by tensoring f

with the identity in i-th position by Fi . Finally we denote the iterated

[Ai)j by Aij (first i, then J } and shall systematically use the "cosemi-

simpliecial” identities A

g1 = Py, geq for 1<

tet 5 be a faithfully flat R-algebra, M an S-module and ¢: M1 > M2 an

S@S-isomorphism, We say that ¢ 1s a descent-datum from S to R for

M if ?2 = ¢3¢1 .

(2,1} Theorem. Let ¢: M > M2 be a descent datum and let N be the

1
R-module {;ce¢ﬂ ¢E1X = eéx} + Then the homomorphism of S«modules n: N1 -+ M

defined by n(sen) sn is an isomorphism such that

-1
(2.2} ¢ = T]3't1 l’l‘1

where 713 S&N - N&®S is as usual the switch, If N' is an R-module and

nt [n%]nq_, then there

nreNg M an isomorphism of S-modules such that ¢ 374

exists a unique isomorphism p: N> N' such that n =n’'p

1 -

(2,3) Remark, If M 4is an S-algebra and ¢ 1is an isomorphism of algebras,
then the descended module N has a canonical structure of R-algebra, If for
example M 1is an Azumaya S~algebra, i.s. a central separable S-algebra, then

N is an Azumaya R-algebra.

{2.,4) Example: Galois descent

G
let & be a ring, G a finite group of automorphisms of S and R =5 the
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subring of invariant elements. Recall that R < S i1s a Galois extension

if the homomorphism of S-~algebras

hys S@s— 11 S
'. o6

defined by hi(set] = (o(s]t)U is an isomorphism, Let M be an S-moduls,

A Galois descent-datum on M is a family {5, 0&G} of R-automorphisms of

M such that

1} & is o -semilinear, i.,e., @lsm) = ¢l3)8(m), 8&€ S, me M
(2.5) '

ety - -

ii) T=01 and 1 =1

s ~ .
let N =M = {xeM|3(x) = x, 6€6}, then the map n: N, ~ M defined by
n{sen) = sn 1is an isomorphism such that ©&n = n[dﬁ11N] and the pair (N, n)

is characterized (up to unique isomorphismsj by this property.

Let now ecé. S5, 005, be the inverse imaé;es of the canonlcal idempotents

H - .
of Oe.GS + For any S-module M rthe cancnical maps M ~+ M1 -+ e°M1 and
M~ NZ > EOMZ are clearly isomophisms of S-modules, The following diagram
e ¢
M ————jL——b e M
ST g2

(2.5) s]‘ '[s
' g
M ee— M
defines a one-to-one correspondence between $& S-isomorphisms ¢: M, > M

1 2

and families {0,0e G} of semilinear automorphisms of M . An easy computation

shows that ¢ is a descent-datum if and only if {G,0&G} 1s & Galois descent-

datum.

(2.7) We now recall the dafinition of Amitsur cohomology. Let S be an

R-algebra and let S[n] be the tensor product of n copies of S . For any

covariant functor F. from the category of commutative rings to the category

of abelian groups consider the sequence



- g =

A Ay

. Ay
(2.8) 0 > F(s) —% pes'?) (3)

)-*F(S )_"""lﬁl
T 4N
where An~1 F[£1J F[ezl + Les *+ (~1) F(€n+1} .

the cosemi-simplicial identities, one verifies easily that An+1An = 0

Using

and ons defines Hn(S/RJ.Fl = ker An/ImAn_1 to be the n-th Amitsur cohomoleogy

group of the extension S/R with valus in F .

{2,9) Example, The group Br(s)° defined by (1.11 is just HO{S/R,Br} .

(2.10) Exemple, If R c $§ 1is Galois with group G, then it is well known
'b B .
that Hn(S/R,FJ*+ HnEG.F(Sll . We briefly recall how the map is defined,
Let E"(S) be the S-algebra of functions of n wariables defined on G with

valugs in S , Then the isomorphﬁisms
(2.11) hiSe,.05—> E'(S) (n+1 factars S)

defined by hn[§1 .s n§n+1)EG1""'gnJ = 0.0, 440 [5110

172" "'n "cn(szl"'ontsn}sn+

2 1

induce isomorphisms of the Amitzur complex onto the standard non-homogeneous

cochain complex of G with coefficients in F(Sl ., See [CHR] for details,

3y Normal Azumaya Algebras

(3.1} For a given extension R <« S, a normal Azumaya S-algebra is

an Azumaya S-algebra A together with an S S-isomorphism of algebras

$1 A1 + A If A and B are normal then clea;ly A®_B is normal,

2" S

Any induced algebra Se®C , C Azumaya over R , is normal,

(3.2} Proposition. in both cases I and II (of the introduction) the subgroup
Br[SJ0 of Br(8S) consists of classes of normal algebras,

Proof, For any class [Fﬂ e Br(s)°® , w8 can choose a repressntative A of
constant rank over S . By definition of Br[S]i [A1] = [Aé] » therefore there

exist . faithfully projective  S-modules P and Q such that



(3,3) A1® (P} = A d (Q)

sast™sas 2%ses M 9se s

Again we can assume that P and @ have constant ranks, In cass I,
S@&S5 is semi~local, hence P and @ ars free and the class [PJ clearly
contains a representative which is normal. In case II, let us denote by
P the S-module PBSpSS where S 1is viewed as So S-algebra via the

multiplication map, Now (3,3) induces an isomorphism of S-algebras

A@SEndS(P] = AaSEndS(QJ .

Tensoring over S with the opposite algebra A° of A gives
Ends[AlssEndS[Pl = Endg (Ala_End () .

Since A is faithfully projective over S , there sxists an S-module ™
such that NaSA ¢ s" for some ne N (18] p.39), therefore
Endstﬁn] = Ends(@n) . We now recall a result due to Rosenberg and Zelinsky

[R.Z]1,

(3.4) Lemma, let P and Qv be faithfuliy projective.R-modules and let

o EndR[PJ-34 EndR[Q} be an iéomorphism of'R—algebras. Then o 1is induced
by an isomorphism of R-modules f: P®I + Q where I is an invertible
R-module., If g: P®J > Q is another isomorphism inducing o , then there

is an isomorphism pt I > J and a unit X € U(R} such that Af = gllep) .,

Applying the lemma to Ends[ﬁn]4i+ Ends(ﬁn], we know that this isomorphism is
induced by an isomorphism f: ﬁn®83‘34 8" with (J) € Pic(8) , the Picard
group of S . Since the kernel of the multiplication map u: S@aS -+ 5 1is

nilpatent, the induced map Pic(SeS) + Pic(S) is an isomorphism, Choose -

) - =N = =
(I} € Pic(SeS) such that I =J and replace f by g: P sSI-+ 0 . By

- . n n
Nakayama's lemma, g is induced by some S ®S-isomorphism g3 P @SGSI‘“* W

and this g defines an isomorphism

oy
End sSMﬂ(S&S) EndSQS(Q}®S®SMnESaS)

S®S{P]®S



Putting everything together we obtain an isomorphism

] = ®
A1 S&SEndSGS(P]GSOSMn[S@S] AZ S@SEndSsS(P]QSQSMn(SsS] .

Choose finally P' such that P'ms@SP = (S&5)  and tensor with EndSQS{P')
for the result,

{3.5} Example, Let R<c S be a Galois extension with group G . We shall
see in §6 that a normal algebra is a G-normal algebra in the classical sense

[EM]. Notice that Br(s)° = Br[S)G follows from (2.9) and (2,10) since

Br(s)°® = H°(G,8r(8)) .

(3.6) We now show that Br($)° = Br(S) in case II, Let Br[S]1<: Br(s)®
be the subgroup generated by classes of normal algebras A such that

¢®SWS1S= A~ A is the identity of A,

(3,7) Proposition, 8r(S)1 = Br[S)o = Br{S) if the kernel of the multiplication
map u: S@S » S is nilpotent,
Proof. Let p,: Br(SeS) » Br(S) be the map induced by u . By [RS] p, is

injective and the proposition follows from y,[SeA] = y,[AsS] .

4, The Teichmiller cocycle,

If A is a normal Azumaya S-algebra, select an S & S-isomorphism
: oo . (3)
gt Ay - A2 + The composition ¢ = ¢, ¢3¢, 18 an S automorphism of
A which is inner in both case I and II by Rosenberg and Zelinsky's general-

11
(see [ko] p,107)/
isation of the Skolem-Nother theorsm.N'In any case ¢ 1is of the form

Y(x) = g x g-1 where g 1s a left A with

(3)

11-isomorphism ‘A11&3

(BJJ = 0 since S(S}"‘is semi~local,

(3157 M

{I) € Pic(S 3« In case I, Pic(8)

In case II, choosse ¢ such that ¢as®s1s ig the identlty of A , this can

be done by (3.7), Then (I) lies in the kernel of the myltiplication



insett <b‘1/

3 .
Pic[S[ )] + Pic(S) which is zero since the multiplication has nilpotent kernel,

Let now ¥(x) = gx 3-1 s B E U[A11] « Using the cosemi-simplicial identities,

one verifies that
&P,

=1e.=1 =1, W\f.=1 -1 -1 -1
(4.1 o, b0 0o ¢2J4 b, 0 ¢2)2(¢2 0301) (03 0300) = 1

-1y =1y -
hence ¢11(g4 ]g21g3g1 lies in the csnter 8[4] of A111 . We call this element

a Teichmiller cocycle of A and dsnote it by

=ty =1y -1

(4,3) Proposition., 1) d(g} is a cocycle in Amitsur's complex with valus

in U (= "Units") and the class [d{g)] ¢ HB(S/R,U} is independent of the

choice of g which induces ¥ . 2) The class [d(g)] € H3(s/R,U) 1is inde-

pendent of the choice of ¢ and only depends on the class [A] of A in Br(s) .

Proof, The second assertion of 1) is easy. We prove the first, i1.s. ABdEg] = 1
(4)

in U(S ') , We shall use that any cyclic permutation of the factors of dig)

does not modify dl(g) . Then A d(gl =

» 1y -1 -1 -1 - o1 (1T,
(675 238401402, )} (o HOuE 258), (8 £ gz¢11tg4})4g11¢111{(¢11(g4 Je, g3g1)}5 Er

herée the product of the three first factors gives

-1

- - - -1
811%411(841)0115(243)20385481 14 (84g) - Bt noW

T -1 .
g11¢111{(¢11(g4 Je, g3’5'1)3 By T 11811971 (Eaa 2010110 (83200015 (Bag M1y (8ag)”

- -1
. g1: so that the product of the first four factors gives 8508 32g12¢142[g42] whlcw

2

j— lis d{g]
77 For the proof of 2), let ¢ A1 =+ A, and A1 > A2 be two Sa& S-isomorphiams,

-1
As before, we can assume that there exists g e U(Azl such that ¢({x) = g¢lxlg .
Take now T € U{A11] inducing ¢;1¢3¢1 by conjugation and h & U(A11) inducing
¢2 ¢3¢1 . Ong has

“p =1y,
h = ¢2 [g2 ga]¢2 ¢3(g1lf u



(BJJ

for some u € U[S Since f and fu induce ¢ , we can supposs that

= "1 = "1 "1 »
u =1, By definition of ¥, ¢2 ¢3[g1l +‘¢1 (g,l)“F hence

-1, =1 -1 -
h = ¢2 (g2 ga]F¢1 (gql » We now compute Eh ]h2 h3h1 =
=1y =1 -1 -1 - 1 -1
= Ppqlggqhy g11)"2 h3h1 14 ] ¢11{ 14(14354 ¢24 34) 24[g24%'¢11{g111¢ (312) ’
e e e Y0 (g (o )60 (180 (e, 200 (gt ) wetot (g F s () =

5 P9olB35)9550855)0,518,3 )0 518,50 F 0,5 (R 50004 M8,0) "0y 1911 819

x o 1a71 - . -1, -1, -1 )
= ¢114’31%31”11(*4 ]¢12¢32(gs4]¢12¢32(g241_”Jf2 “522(55::52)‘1’:2:3,[‘3‘33)1° ¢21[g31) 1 -

-1.-1 11(1"‘?“?@

) “f ety -1y =1 -1
= fy 9y legy)F, ¢11(f4 iEy bt 22 820 18,75 0,5(805) 05518550 F500, (850 7,

A, -t
= 0 lfy My fy o

(4.4) Proposition, 1) if A 1is a normal S-algebra with {A] = 1 € Br(S) ,

then [d{g)] = 1 ¢ H(S/R, U .

2} If A and A' are normal with maps ¢ and ¢ and elements g and g’
: -1 |-1 [ ] 1 | t 'l 3 -

in UA,,) dnducing ¢, ¢50, and @) 036, . then d[g®é(3)g } is a Teich

miller cocycle for Ae A’ and dlge (BJg'J = d(gld(g') .
S

: -1 0
3} If A 1is normal, then the opposite algebra Ao is normal, d((g 1)) is a

-1 0 -
Teichmiiller cocycle for A°  and d@g J) = dig) ! .

(4,5) Corollary. The map A+~ d(g) induces a natural group homomorphism

ds Br(s)°—s H(S/R,U) .

Proof, 1) Let [A] =1 in Br(S) , We may assume that A ¥ Endg (P} has
constant rank., Then P is free in case I, A % S@Mn(R} and the result
follows from (4.3,2), choosing ¢ = 7, » In case 1I, we may assume that

¢t S8 A = Endg  (SeP) > Endg  (PeS) = A®S in induced by some f: S®P » P& §
(as ‘in the proof of 3,2) . The composition ¢; ¢3¢1 then is induced by

g = f;fa*ﬁl and the result follows from the identity (4.1) with f = ¢ .
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r

2} is clear since g@s‘iA, and ‘Iﬁasg' comnutes in (AQSA'),” + To prove

-1
3), choose some ¢ A‘t > Az and let ¢ = ¢ $5, be induced by ge A'H .
-1 oo

The same ¢ dsfines an automorphism ¢0: A:J -+ A; but now 4°(x°) = g% x'g

ST -
¢ ig reversed., The formula d(go ) = dig) 1

since the multiplicaton of Ay

follows for the same reason.

5. The kernsl of the Teichmiiller map.

If A is normal, choose an S@ S-isomorphism  ¢: AT A, and let
g & U(A,H) induce ¢ = ¢;1 0394 » Call N the left A-module S&A with
the action a-n = ¢-1[€2<3)ﬂ and define .

(5.1) flgl: N ->N2

1
by flgllx] = T,8% where T , as usual, is the switch. This is clearly an
Se S-isémorphism. _

{5.,2) Proposition. 1) The map f(g) is ¢-linear, i.e, Hg}{{ssa) , (tﬁn]}- =
plsaal -F('g][.t&’n}, where A acts on N as defined above,

2} The map f(g) induces an S® S-isomorphism of algebras
$plgls EndSQA(SaN]———J» EndMS{N&S].

3) 1¢ [dg)] = 1€ H(S/R,U), then ¢lg) is a descent-datum.

-1

Proaf, 1) We show that f[g3”1 is ¢ '-linear. let n = xeb & N and

¢-1£aa1) = Z 8;8a,, then f(g]-1{[aas) . (xabet]} = f(g]"]{[z sisaies)txebaty} =
i
= -1(2 5,88®9a }(xswb]] = _1¢“1Ea@s®1]g g-1(xat®b)= ¢-1¢-1(asse1) f[gf%xebat] =
g i%°993 & % 1 93 2

¢>;1[Z siasaim] f"[g)“‘l (xobet) = ¢-1(aes] . f(g]-1txebat] .

2) follows easily from 1). We now prove 3), Multiplying & by a unit &f
3 “1r =1y =1 . -1 -1
(5)° if necessary, we cen assume that ¢11{g4 )g2 8384 © 1 ar g5 B84 © ¢11[g4) .

= =T = T T
17 T118q 1 37 TqaBp 7 T45714B

Write f(g) = f for the moment, Since ,31'11
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and {2 = s wa obtaln that f;mfaf is the left multiplication

T14 %282 1

- ; -1
by By BaBy s hence by ¢11Eg4} which commutes with tha elements of
EﬂdSDSaA(S@—‘S@N] by definition of the S®Sw®A -structure of Se®SeN .,

Therefore ¢(g]2 = ¢(g}3¢[g)1 .

(5.3) Corollary., The sequence

(1.,2) Br(R)—> Br($)0 —%—s H>(5/R,U)

is exact,

Proof, If C is an Azumaya R-algebra, then clearly d{seC) = 1 , Choose:
$: C11 - 813 to be Ty ?hen ¢;1¢3¢1 =1, If dlA} =1 in _HBES/R,U] ’
let C be the desdended algebra for the descent-datum ¢l(g) . Then

[seC] = [End ()] = [A] in Br(S) by [B]p.108, since N is a faithfully

projective A-module,

(5,4} Remark.-There is no hope in general to construct a descent-datum for

the normal algebra A ditself. OSee [EM] for an example in the Galois case,

(5.5) Theorem. Let R be a ring of characteristic p , p a prime, and S

a finite radicial extension of R, i.e, S is finite faithful projective as

R-module and S7 ¢ R for some power g of p . Then the map Br(R) - Br(S)
induced by scalars extension is surjective.
Proof.ByBerkson's theorem [KO],HS(S/R,U] = 0 For such an extensicon, then

apply (3.7},

(5,6) Remark. Another {(more complicated) proof of (5.5) can be found in [KD]_ .

————

{5,7) Theorem. Let R be an integral domain of characteristic p . Then

Br(R) is p~divisible.
Proof, Let K be the quotient field of R and RVD all p-th rocts of
Vp T Vp
elements of R in K © , By [KO] ¥.6.3,the p-th power M:R'" > R Induces
an isomorphism M, BrfRVp) + Br(R) such that the p-th power in the Brauer

£roup P: Br(R) + Br(R) factorizes:

Cw <
Yor
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: p
Br(R) ————— Br(R).

A

Br(R'P)

Therefore it suffices to show that BrIR]—a-Br(RVp] is surjective, Let A
Vp Vp :
be an R,. - Azumaya algebra,. Since R is limit of rings of the form

R{a ..-.an] ) 85 € Kyp with &, € R, and that A is finitely gensrated over
RYP

[l

1

’ there exists a ring Ro = R[§1,,,,an] and an Azumaya Rc-algebra Ao

such that A ®_ R'P
c R

o) .
of the map S +-R0 induced by Xi > a, is clearly nilpotent., Hence by a .

= A, Let now S=RD%“.”&J/WE~35] . The kernel

recent result of DeMeyer Eﬂ, Br(s) = BrEROJ . Using (5.5) one finally obtains

an Azuﬁaya R-algebra C such that [CefRVp] = [CeRRO&R Rvplff [A6®R RVp 5 [A@ '
0

(5.8) Remark. (5,6) was proved for very special rings in [KO] .

(5.9) Remark., As noticed by Ojanguren; De Meyer's result Br(R)} = Br(R/I) for
I nilpotent can be proved by an easy cohomological argument due to Grothendieck,

Groupe de Brauer I, Séminaire Bourbaki 64/65, Remarque 4.3,

6. The Galois case,

We show now that the Teichmilller cocycle (4.2) corresponds to the
classical Teichmiiller cocycle in Galois cohomology by the isomorphism (2.11).
let R¢c S be a Galois extension with group 6 . If A 1is a G-normal algebra,
select a family {0,0 ¢ G of semilinear automophisms of A . For each pair
(0,1) € G x G the composition 575777 is an S-automorphism of A , hence
given by the conjugagion with some unit u, é;U(A] (in the semi-local case 1),

The clsssical Teichmiller cocycle, [T] or [EM] , then is defined by

- . -1 -1
{6.1) dlw (pso,t) = p[uo.T)Up.orupc,Tuc.r .

Let ET(A) = g A be the algabra of functions defined on G'= Gx..xG
1!0.; n

with values in A ., The isomorphisms {2.11) extend to isomorphisms
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htS@..es A—ET(A) .
Recall that hn(s13 e @ snaa] = 0102..0n(s1)02..0nfszl...0n(sn]a +» Recall

furthermore that by {2.6) S® S-isamorphisms ¢: A1 > A2 are 1ln one-to-one

correspondence with families or semilinear automorphisms of A {d,0€Gl ,

-An easy computation shows that h3¢;1¢-1¢ hot corresponds to {afﬁ?-1} .

323 a,T
Therefore if gé&ULA ] induces ¢;1¢3¢1 by conjugation, then 5t5171 is
induced by Uy ¢ = hsg“1 +» A straightforward computation then shows that
- *
1

_1) _1 -
hed(g) = h,¢ (s, Je, g48,) = dWp,0,7) ,

7 .- The Chase-Rosenberg sequence.

As usual denote the kernel of Pic(R) = Pic(S} for any R-algebra S
by PidS/R) and the kernel of Br(R) = Br(S) by Br(S/R). Using spectral

sequences Chase and Rosenberg {CHR] proved the existence of an sxact sequence

(7.1) 0 - 1l s/R, U =2 Pic(R) —2 HO(S/R,Pic) —= 1o (s/R,U) —Yo

— Br(S/R) —= 1 (s/R,Pic) ~2> HO(S/R,U)

for any finite projective extension R & S ., We now give an explicit description **
of natural homomorphisms to render the seguence (7.1) exact. We shall lszave
some easy computations to the reader., In particular we shall not‘verify that
all the maps are well-defined. Also it will be an immediate consequence of

the definition of the maps that the sequence is a complex,

{7.2) Definition of o ,

: - 2
It is well known that Hq[S/RgU]“+PlC(S/RJ. If te lJGS{ ]) is a cocycle,

define ¢: S8 S— 5SS by multiplication with t . Since t2 = t3t1 , ¢

is a descent datum which defines an invertible R-module I sauch that seIss ,

** Ses the introductiaon,
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Conversely, if f: Se I 255 is an S-isomorphism the map ¢ = 'F3‘t1f;1= SeS +Sas
is the multiplication with a cocycle t & LI@JZ{) « The map o 1is the composition

1 ~,
H {S/R,U) = Pic(S/R)—> Pic(R) . It is easy to verify that & is an isomorphism,

(7.3) Definition of B and exactness at Pic{R}.

The map B 1is induced by scalars extension (I) ¢ Pic(R) *— (SeI)., The exactness

is clear,

(7.4} Definition of d and exactness at HO(S/R,Pic].

let I be an invertible S & S-module such that [I]'é HO(S/R,Pic) « It means

- I_, Then ¢-1¢ %, 1is an

. . & 51 . .
that there exists an S S-isomorphism ¢ Iq 5 5 939,

S[Sl

- automorphism of I and hence given by a unit u < U(éts}). Cne

11
verifies that u 1is a cocycle and defines d{I) = [u] £ HZ(S/R,U] + The map

d clearly is the analogous for Pic of the Teichmiiller map., The exactness is

gasy (modify §51),

(7.5} Definition of Y.

The map Y is the map defined by Resenberg and Zelinsky in [RZ]Z,p.SSQ. We
shall give here a description of vy using descent, The construction then is
similer to the construction of & or of (5.1}, Actually it is the translation

for Amitsur cchomolaogy of the crossed product construction fer Galeis cohomology.

Let P be the S-module S5&S with S acting on the first factor. For any

t e U(Sm}) define an S ®S-isomorphism f(t): P'l = S®@SeS—S8eSesSF P2

by multiplying with t and switching the last two factors S , f{¥)(y) = T1ty .
For any s & U(é[Z}) denote the map P -+ P induced by left multiplication

with s by 1(s] .

‘o -1
(7.8) Propositiond) Let f = f(t) . The composition f, £aF,0 Py Py is

1

the multiplication with tqt; ty v

2] If t is a coecycle, f(t) dinduces a descent-datum
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¢tt}:f3a5ndstpl—4-EndS(P)as
and hence defines an Azumaya R-algebra A(t) = {x € EndS(P]]¢(t]E1x = ezx}
such that n: SeA(T)>S EndS{P]. Moreover A(t} contalns S as maximal

commutative subalgebra, If ¢

I

1, then A(1) = EndR(S] s

3) If t 1s a cocycle and s ¢ U(Stz}) » then lis}AitAzs]l[s“1] = AlL) | 4
4} If s and t are cocycles, then 1(t)A(ts)e A(1)1Et-13 = Alt)e Als) ,

5) If t is a cocycle, then A£)° = A[t-1] .

(7.7) Corollary. The map t ~ A(t) induces a well defined homomorphism

vt HO(S/R,U) — Br(S/R) .

and

Proof gf'the prqposition. 1) Since F1 = 111t1,f3 =-T14t4_= T14T11t3T11

f 5 the result is evident,

VA PL
2} The first part is clear since t1£;1t3 = t4 liges in the center of
EndS(BJ[SaS®P} . The algebra S®1 clearly lles in A(t) and is maximal
since Se5S is maximal in EndSEP]. The last assertion is obvious,.

3) An element x € EndS(P] lies in 1(s)”TA(£)1(s) if and only if

-1 . “1,-1_ -1 ) .
1{s) x1{s) e A(t], i.s, r1ts1x1s1 t Ty = 8g%,8, Using that sS4 lies
in the center of EndsastssP) and that T1[32] = S5, One cbtainsg
St ots s xS ettt =rots.e X8 iss bt hence x & A(tA.s)
Ko T IS8y XqTp8 Y Ty T T4TSyS, 83%%3 8% P Tq v 2% .

4) The proof of 4) is similar to the precesding one. let f(s) and f{t):

P1_+ P2 be the maps induced by s and t . Then f[s]asgsf(t] induces a

descent-datum ¢(51®S®S¢(t) for Als)® A(t) . Explicitely f(s)@sesf(tl is

+ . » a = : L] ) .F
given by the composition T,,t.T,,8, Similarly F(stleg F(1)

T12%14%3% *
. . . -1
is given by 112114s4t4 . lLet now xe EndS(PaSP] be in 1{t JA(s)& A(t])1(t) .,

-1 -4 =1 =1 L
Then 1{t) x ;(t ) e Als)® A(t]) or Tao 114t354t1x1t1 54 Ts 114742 “;P4x2t4 '
. ' _ -1, N -
Using that 142114(t ]‘— t4 and that t1t2 t3 = t4 one obtains X5
-1,-1

T, ts x5, t i.8. x € Alstle A1) .

T12%94%%4%1%5 4 “1a"z2 0

5) is easy.



(7,8) Exactness at H2(S/R;U).

If y{t) = 1, choose an R-isomorphism o: A(t)}™> EndR(Q) and denote the
composition (100111-1: EndS(PI"‘* EndS(Sa[-J) by ¥ . Recall that P = Se5

where S acts on the first factor and that n is the canonical splitting

Se A(t) — Ends(P] . By (3.4) ¥ is induced by an S-isomorphism h: PoSI > Sa80,

where (I) € Pic{S) . Consider the S eS-isomorphism g defined by

h
SeSed w—-mi—-»-* [S@PwS@I = Seles

S
SeQes T [F’OS]&SsSIZ = IeSes

The map g clearly verifies the descent condition (the descended module has
to be 0!) which looks like

g4g1 = 114g2 t SgSs8lal - Ia?@S@_S .

- .

=1
Moreover g dinduces by conju-gaticn the map ws 11¢1 = n301311c11n1 =

-1

4 ¢(t} . Hence

T13T1ﬂ

gt (SoP)aSeSIq-—+ EP@S]@S@SIZ
and

f(t): S@p ——> P®S
induce the same map ¢(t) . By (3.4), there exists an isomorphism of SeS-modules

¢1 I, % I, such that (fltle c1>lg'1 belongs to the center of End. _(PeS) .

1 365

Let (F[t]®568¢3g-1,= 8 € U(S(Z] . Replacing ¢ by ¢$_1 , one obtains that

g = f(tJQSGS¢ . Writing the descent condition for g and using (7.8] one
-1 1 , . . -1
i i i & @S , t,t., t
obtains that t1t2 t3¢2 ¢3¢1 is the identity of SéeSeleS Since 155 g

-1 . . . -1
is the multiplication by t4 s ¢2 ¢3¢1 is just the multiplication by t

hence d(I™1) = [t] .

(7.9) Definition of & and exactness at Br(S/R}.

et [A] € Br(S/R) and let o: S®A > End (Q) be a splitting of A . Danote

c s -1 ‘ .
the composition 0,7,0, EndSQSESaQ) > EndS@S[Q®S] by ¢ . Use (3.4) againi
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¢ 1s -induced by some f‘i{ﬁamasesl -*Q@.S , (I) € Pic(Se8S) . Since

u

2~ 13% 3T

1f s(A) = [1]

9, = 634, » 1 , and one can put §(A) = [I]e H1(S/R, Pic)

1, then I ¥ [S@J)%OS@S(JQS]_1 and one can replace f by
. . C =1 (3]
a map g! 01—*-Q2 to induce ¢ . Then 25 8484 iz a unit t € UIS .

Consider now

se_n(t): S@A® ALt )= End_(Qe_P)
3 S 78
- -
where ni{t ) denotes the canonical splitting of A(% 1) and P = Ses

as usual, Then ¢[t‘1) is induced by h = geSsSf(t'1] and
-1

h2 h3h1 is the multiplication by the element t't”1 = 1 of the center of

¥8oeg

End [3](8883[398!9) . The map h is therefore a descent-datum for [JaSP .
5

et MV be the descended module, Using uniquensss of descent it follows

i

easily that ABALL ) End, (M) , or [A] = [A(+)] in Br(s/R) .

(7,108} Definition of » and exactiness at H1[S/R,Pic).

If [I] 3 H1[S/R,Pic], choose (I) € Pic(SeS) and an 8[3)-isomorphism

f: I = I . Using the cosemi-simplicial identities, one can consider

-4 -1
P . 2 isn @ *
the composition f4 Fz f3f1 which gives an automorphism of 111 8E41131€%{4)I33

-1 -1 . . 4]
Therefore f4 f2 F3F1 is aunit u of S

plI) = [u] é HB(S/R,U} . The reader should verify that u is really a cocycle 1

=1 -1
1f p(I) = [u] =1, then u = 8,8, 558,

@ 1
1°g(3)73
and one defines

-1
Replacing f by fs s One can
suppose that f;1f1f3 = f, « Denote the S-module I with S acting on the

first factor of S®S by O and consider the composition

T.‘
gt (Semle_, T = tSQQk%(3313-4f+ 1, —1> ges .

-1 -1
As it should be, we obtaln gz g3g1 = FZ f3f1 since £q = 111f1 ’

= T -F

Bs= T1afy = T1aTqTaTqr 2nd 857 TqgTypfp o BUt

fu ES@S@Q)@S[4]114®S(4]I34 — ESquQmS[4)Iz4

induces the identity of End [3)[S®S®Q] . Therefore the conjugation with g
S

gives a descent-datum which defines an Azumaya algebra A, Clearly &(A) ='[I] .

-
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\‘.-k .
8. The image of the Teichmiiller map.,

Let R< S be a finite pfojectiva extension satisfying condition | I
or II of the introduction and let T be a finite projective extension of S .
Consider ST as S-algebra with action on ths first factor and denote the
subgroup of Br(S} consisting of classes of normal S-algebras split by S&T
by Br(sar/s)® ,
(8,1) Theocram. The sequence

0 + Br(s/R) — Br(1/R) =% Br(sa1/9)° % 1dis/r,u B W rR,LY

where o 15 obtained by scalars extension, d is the Teichmiller map and 8
is induced by the injection S > T, is exact.
Proof. It is evident that oi = 1 and da =1 is a conseguence of (5.3),
Exactness at Br(T/R} is clear., Let . [A] € Br(seT/s)° with d(A) =1 in
H(S/R,U} . By (5.3), [A] = [seB] for some [B] & Br(R) . Since
[Aeg(seT)] = [BoSsT] , we have [BeSeT] =1 in Br(SeT) , hence [BeT] = 1 in
B(T) by the multiplication map S®T » T . Therefore [B] ¢ Br(1/R} and
a[B] = [A] . Finally we prove the exactness at H3[S/R,U} + Denote the injection
S >S®T of S in the first factor by p and by p, all possible induced maps.
Since ap, = p,d » the map p,d sends Bri5e7/5)° to zero of HS{SaT/R,U)
by (4,3), Composing with the map Hs(SaT/R) - HS(T/RI inducad by the multipli-
cation, shows that B8d = 0 . Llet now [u] € H3£S/R.U] with 8fu}] =1 . Choose
v1v;1v3 in T(h) (we identify 54} rwith its

1. Let P be the Se®T-module S®T®T with actlon on the

v € U(S(S]) such that u =

image in TM)

first two factors and define an S ®T® T-isomorphism
f3 (SwTﬁSP =S5eTeTeT + SoTeTeT = PsS(SaT]

T11uv;1x , The map f is not a descent-datum from SeT to S

. -1 + :
for P but the obstruction is ggven by ~F3 f4fF2 . A by now routine calculation

by filx) =

shows that f;1f4f2 is the multiplication by
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A1, -1, -
(uvy 5 (uv, ]J@v1

= u_1u u.v v—1 - u, - v_1] =
3 Ya¥2VaVqaVp T U5tV VoVa B g

}(SaT(4)) ., Hence T induces a

1
]2

which belongs to the center of End ..
Set(3
descent-datum on EndS@T{P) . The descended algebra is an Azumaya S-algebra

A split by S&7T . Using the notaticn of (7,6) one can write A = A(uv;1] .

We now show that A is normal, Consider S&A = A(lJ1V ] and A®S = A[uzv ]_

11 12
as subalgebras of Ends@seT[SaSaTET} . By (7,6,3) (for the extension
SeSeT/SeS) one has l[U]A(uqvqjazu}l[u]-1 = AEu1v;:] . But in our context

~ -1 -1 _ -1 -1 : ~
Azu Ual, Ugs SO that u1v11A2u T U Ve T ULV, and finally SeA =
. |
= 1(u)(A&S])1(u) in EndSQSQT[S®SsT@T] . Therefore an SeS-isomorphism
$1 A1 - A2 is given by the conjugation with u . The composition ¢;1¢3¢1
then is induced by the conjugation with u,lu;u3 = u4u;1 « Since U is a

(3] -1 . s
central element of End8(3]®T(S :sT@T) 1 ¢y 999, 1S already induced by U,

and we can choose g = Uy for the construction of the Teichmiiller cocycle,
-1, =-1. -1 -1 -1 -1 -1 -1
Then dlgl = 64,0z, Jg, 838, = UpqUgaUoqlsplaglaq = (UgUy Ugty Jg = Ugg o

But u._. as slement of the center of End (5(4]®T@€) comes already from

55 5{4)gr

the center of S(4l9A , namely from W , hence [u] = dlA) ..

(8,2) Proposition., The multiplication S@T s T in T induces an equality
Br(SeT1/S) = Br(1/S) in the following cases:

i) the extension S/R verifies condition II of the introduction

ii) the extensions S/R and T/S are finite field extensicns, S/R is

separable and T/3 1is normal.

Proof, 1) Let [A] € Br(1/s), i.e. [AgT] =1 in Br(T) . Then
[A@S(SeT)] = [AoT] lies in the kernel of Br{S®T) » Br(T) which is zero

by [RS] since S®T » T has nilpotent kernel, It then follows that

[A] € Br{seT/s) . _ |

ii) It follows from (7,1} that BrkT/S] = HZ(T/S] and Br(sSaT/S) = HZ[SmT/S]

since everything is semilocal, The result then is a consequence of [A], Th.5.12,
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(8.3) In the cases where (8.2) appliss, there is an exact sequence

0 » Br(S/R) » Br(T/R) + Br(1/5)%= H2(S/R) » H-(T/R) .
Proof. If Br(SeT/S)2% Br(1/S) , then 8r(ser/s)”Z Br(1/s) .

{8.4) Remark, In the Galois case, (8,3) corresponds to the Eilenberg-
MaclLane results [EN], In case II, i.e, if the kernel of the multiplication

SeS + S is nilpotent, 8r(7/3)° = Br(7/s) by (3.7) and we obtain the sequence.

(8.5) 0 = Br(S/R) » Br(T/R) » Br(1/8) —%» K (s/R) » H>(T/R)

which gives an explicit description of various exact sequences of Amitsur,
Rosenberg~Zelinsky and Yuan [A], [RZ]31 [Y] « If Berkson's theorem applies,
for example if R has characteristic p , p & prime and S9 ¢ R for soms
power g of p , then

fa,6) 0 - Br(S/R) » Br(1/R) > Br(7/S} » 0

is exact, This result was proved by Yuan for purely unseparable ring exten-

sions of exponent one (see [Y]) .

(6,7) Remark. The sequence {8,6) is not equivalent to (5.,5) since it is not

known 1f an Azumaya algebra can always be split by a finite projective extension,
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