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Abstract

The aim of the thesis is to illustrate how tensor categorical methods used in
the theory of knots and quantum groups can be applied to give a new ap-
proach to some classical algebraic results. Following ideas of Markus Rost,
we determine the admissible dimensions of certain algebraic structures, like
vector product algebras or composition algebras, by diagrammatic compu-
tations in a category of graphs attached to the given algebra. We essentially
consider five types of algebraic structures: vector products and symmetric
compositions, where we present results due to M. Rost, then J-algebras,
3-vector products and unital composition algebras. For example we show
that 3-vector products can only occur in dimension 1, 2,4 and 8. Classically
these results follow from the (known) structure of the algebras.

In the first part we use a construction of Turaev to associate in a natural
way a category of graphs to an algebraic structure defined by a set of tensor
identities. Closed graphs in the graph category represent numerical invari-
ants of the given algebra, like the dimension.

In a second part of the thesis we apply the categorical formalism to specific
situations and show how diagrammatic computations lead to conditions for
the numerical invariants. Special feature of symmetric compositions is the
appearance of a second basic numerical invariant, connected with a Casimir
element. The presence of a bilinear form play an essential role in our con-
structions. Diagrammatic calculus applies particularly well for trace bilinear
forms. The multiplication of the algebra can be represented by a trivalent
vertex and graphical representations are simpler. We have trace forms in
the cases of 2-vector products and symmetric compositions. For forms which
are not trace forms, the representation of the multiplication by a graph is
more delicate. In order to use multivalent vertices to represent products we
need to refine Turaev’s construction by working with a category of bicolored
ribbon graphs. These refinements are used in the last chapters for 3-vector
products and composition algebras with identity.
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Riassunto

Lo scopo di questo lavoro ¢ di illustrare 'applicazione di metodi tensoriali
categorici, usati nella teoria dei nodi e dei gruppi quantici, a risultati alge-
brici classici. Motivati da idee di Markus Rost, determiniamo le possibili
dimensioni di alcune strutture algebriche, come algebre di prodotti vettoriali
e algebre di composizione, con calcoli diagrammatici nelle categorie di grafi
ad esse associate. Consideriamo cinque tipi di strutture algebriche: prodotti
vettoriali e composizioni simmetriche, dove vengono presentati risultati di
M. Rost, e J-algebre, 3-prodotti vettoriali e algebre di composizione con
identita. Per esempio, mostriamo che 3-prodotti vettoriali possono esistere
solo in dimensione 1,2,4 e 8. Classicamente questi risultati seguono dalla
struttura (conosciuta) dell’algebra.

Nella prima parte utilizziamo una costruzione di Turaev per associare ad
una struttura algebrica, definita da un insieme di identita tensoriali, una
categoria di grafi. Nella categoria dei grafi, i grafi chiusi rappresentano in-
varianti numerici dell’algebra data, come per esempio la dimensione.

Nella seconda parte della tesi applichiamo il formalismo delle categorie
e mostriamo come le operazioni diagrammatiche portano a determinare
condizioni per gli invarianti numerici. Una peculiarita delle composizioni
simmetriche ¢ il manifestarsi di un secondo invariante numerico, correlato
all’elemento Casimir. La presenza di una forma bilineare ha un ruolo essen-
ziale nelle costruzioni. Il calcolo diagrammatico si applica efficacemente nel
caso di forme bilineari associative: la moltiplicazione nell’algebra puo venir
rappresentata da un vertice trivalente e le rappresentazioni con i grafi risul-
tano molto semplici. Forme bilineari associative compaiono in 2-prodotti
vettoriali e in composizioni simmetriche. Nel caso di forme non associative la
rappresentazione grafica della moltiplicazione & piu delicata. Per poter rap-
presentare le moltiplicazioni con vertici multivalenti € necessario affinare la
costruzione di Turaev, lavorando nella categoria dei grafi bicolorati. Questi
perfezionamenti sono utilizzati negli ultimi capitoli, per 3-prodotti vettoriali
e algebre di composizione con identita.
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Introduction

Diagrams occur in various fields of pure and applied mathematics. Examples
are Feynman diagrams, flow charts, diagrams of knots or links. Penrose
introduced a graphical notation for calculating with tensors (see [PR84]).
Recent developments in knot theory and the theory of quantum groups have
led to consider categories whose morphisms are represented by diagrams or
graphs. The technique of diagrammatic morphisms is now an important
ingredient in comprehending and visualizing certain types of categories with
structure (see for example [BA02], [Bla03], [BN95] or [Tur94]). A historical
account of the subject can be found in [Yet03]. A typical feature is to
represent structural identities by graph relations. Examples are the Homfly
relations in skein theory (see [Bla03]) or the IHX identity (see [BN95]):

Observe that the IHX identity is a geometric translation of the Jacobi iden-
tity of a Lie algebra.

The aim of the thesis is to illustrate how the technique of diagrammatic
morphisms can be applied to give a new approach to some classical algebraic
results. Inspired by ideas of Markus Rost, we determine the admissible
dimensions of certain algebraic structures, like vector product algebras or
composition algebras, by diagrammatic computations in a category of graphs
attached to the given algebra. Classically these results follow from the known
structure of the algebras.

In Chapter I we start by recalling the most important definitions and results
on braided tensor categories and give the example of the braid category.
This category gives a first example of diagrammatic calculus. Then we give
the definition of a ribbon category C, i.e., a braided tensor category with a
twist and a compatible duality, and we introduce the notion of category of
ribbon graphs Rib¢ associated to C, as in Turaev [Tur94, Chapter I]. Every
morphism of Ribg¢ is depicted diagrammatically by a ribbon graph composed
of bands, coupons and annuli; the graph is C-colored in the sense that each
band and each annulus are equipped with an object of C and each coupon is
equipped with a morphism of C. An important result on ribbon categories

vii



viii Introduction

is the existence (and uniqueness) of a specific functor R: Rib¢ — C. The
passage to the category Ribg is the tool which allows to apply diagrammatic
calculus. The concepts of trace and dimension are discussed; for example
the dimension of an object V' of C is depicted by a circle diagram:

d:=dimV = QV .

Chapter II describes the categorical approach for algebras of tensor type.
Such an algebra is a data A = (V,b,m, &), where V is a vector space over
a field F' of characteristic not 2, b is a symmetric nonsingular bilinear form
onV,m: V®V — V is is a bilinear multiplication, and b and m satisfy a
given set € of multilinear relations. We associate to the data A = (V, b, m, €)
a category of ribbon graphs Ribr, enriched with a linear structure, and in
which the relations € become graph identities. Closed graphs of Ribr form
a ring Er (the ring of numerical invariants) and the aim of the thesis is to
compute Er for different algebras of tensor type. The dimension is a typical
numerical invariant.

The presence of a nonsingular symmetric bilinear form is essential. A case of
special interest is when the form is associative with respect to the multiplica-
tion, i.e., when b(m(az,y), z) = b(az,m(y, z)) holds for all z,y,z € V. Such a
form is also sometimes called a trace form. In this situation the coupon rep-
resenting the multiplication can be replaced by an oriented trivalent vertex
and computations become much simpler.

Chapter IIT and Chapter IV essentially give a diagrammatic categorical pre-
sentation of results of M. Rost [Ros95] (see also [Boo98]). In Chapter III
it is shown by diagrammatic computations that for the dimension d of a
vector product algebra holds the equation d(d —1)(d —3)(d —7) = 0. Chap-
ter IV is dedicated to the study of symmetric composition algebras. These
are composition algebras where the bilinear form is associative. It appears
that, beside d, the numerical invariant depicted by

e=(O—0O)

is another generator of the ring of numerical invariants. The values of these
invariants are given by the system of equations

e(e —(d— 2)2) =0,
(d—2)(d—8)(d—e)=0.

The only possible values of the pair (d, e) of invariants are
{(0,0), (1,1), (2,0), (4,4), (8,0), (8,36)}.

In dimension 8 there are essentially two types of symmetric composition
algebras (see [KMRT98, Theorem (34.37)]). One type is characterized by
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the relation e = (d — 2)? and the other by e = 0. Hence, the invariant e
distinguishes the two types. In the next sections we investigate the pos-
sible dimensions of some special cases of symmetric composition algebras.
The case of symmetric compositions arising from associative algebras is of
particular interest.
In Chapter V we consider J-algebras, a class of Jordan algebras introduced
by Springer. They are of two types: J-algebras of quadratic type (with any
possible dimension > 2) and Freudenthal algebras (with possible dimensions
d = 6,9,15,27). Since these two types satisfy the same tensor identities,
it is not possible to have a unique relation determining the values of the
dimension. However, the invariant e plays a fundamental role in detecting
the two classes of algebras. We compute graphically and algebraically the
values of e. We find that e is zero for Freudenthal algebras, and e = (d — 2)?
for J-algebras of quadratic type.
Until now, we only considered algebras where the bilinear form was asso-
ciative with respect to the multiplication. The theory of ribbon graphs is
extended in Chapter VI to include the treatment of 3-vector products. A
3-vector product on a d-dimensional vector space V over F is a trilinear
map P3: V xV x V — V satisfying certain tensor identities. We aim to
use a quadrivalent vertex to graphically represent the 3-product. Due to the
fact that for 3-vector products the bilinear form is no longer associative, we
have to generalize the concept of a category of ribbon graphs Ribg over a
ribbon category C. We introduce bicolored ribbon graphs: a graph, already
colored by C, has an additional color, with values +1 or —1. If the value is
positive, the band is depicted with a normal line; for a negative color the
band is depicted with a dotted line. This bicoloring allows to distinguish
the elements z,y, z and the outgo of the multiplication Ps(x,y,z) = zyz:

T Yy z

TYz

This makes possible the use of a quadrivalent vertex to represent the multi-
plication. With this extension of the theory of ribbon graphs we get a new
diagrammatic proof that 3-vector products only exist in dimpV =1,2,4,8.
In the last chapter, we present another extension of the theory of ribbon
graphs, allowing to consider unital algebras. Simple examples where the
bilinear form is a trace form include Jordan algebras of degree 2 and unital
symmetric composition algebras. The last sections are dedicated to unital
composition algebras and a diagrammatic proof of Hurwitz Theorem. The
main difficulty here is that the bilinear form is not a trace form, so that, as
for the 3-vector product, we need bicolored graphs to represent the multi-
plication by a trivalent vertex.

Parts of the thesis were published in [CKRO05].






Chapter 1

A tensor categorical
approach

In this chapter we first introduce ribbon categories, which play a fundamen-
tal role in this work. These are categories with a tensor product endowed
with braiding, twist and duality. Following the book of Turaev (see [Tur94,
Chapter 1I]), we then describe the construction of the category of ribbon
graphs associated with a given ribbon category. This allows to represent
morphisms in a ribbon category by graphs and to develop a graphical cal-
culus for these morphisms.

For details and proofs we refer to the books of Turaev ([Tur94, Chapter IJ),
Kassel ([Kas95, Part Three, Chapters X-XIV]), Bakalov and Kirillov ([BKO01,
Chapters 1 and 2]), and to the articles [Yet90], [RT90], [JS91], [JS93] and
[Shu94].

1 Categories and functors

Definition 1.1. A category C consists of
1. a class Obj(C), whose elements are called objects of the category,

2. for each pair of objects (U,V) € Obj(C) a set Morc(U, V), whose
elements are called morphisms from U to V, where Mor¢(U, V) N
Morc(U", V) =0 it U # U or V # V'. If f is in Morc(U, V), we
write f: U — V, U = s(f) is the source and V' = b(f) the target of f,

3. a composition map
Mor¢ (U, V') x More(V,W) — Morc(U, W),
(f.9) > gof,

(the composition of two morphisms is defined whenever b(f) = s(g)),

1



2 Chapter 1. A tensor categorical approach

such that the following axioms hold:

(A1) (associativity of the composition) for f € Morc (U, V'), g € More(V, W)
and h € Mor¢(W, Z), we have

ho(gof)=(hog)of,

(A2) (identity) for every object U there exists a morphism 1y € Mor(U, U),
called the identity morphism for U, such that 1yo f = fand goly =g
for all f € Mor¢(V,U), g € More(U, V).

From these axioms, one can prove that there is exactly one identity mor-
phism for every object.

Example 1.2. A group is a category with one object in which all morphisms
are isomorphisms.

Definition 1.3. Let C,D be two categories. We call a map F: C — D
a covariant functor if it associates to each object U € Obj(C) an object
F(U) € Obj(D), and to each morphism f € Mor¢(U, V') a morphism F(f) €
Morc (F(U), F(V)), such that the following properties hold:

L. for any U € Obj(C): F(1ly) = 1pw),
2. for any morphism f € Mor¢(U, V), we have s(F(f)) = F(s(f)) and
b(F(f)) = F(b(f)).

3. F(go f) = F(g) o F(f) for all morphisms f € More(U,V), g €
More(V, W).

We will call a covariant functor simply functor. Two important consequences
of the functor axioms are: a functor F transforms each commutative dia-
gram in C into a commutative diagram in D, and if f is an isomorphism in
C, then F(f) is an isomorphism in D.

Recall that for two functors F,G: C — C' a functorial morphism ¢: F — G
is a collection of morphisms

u: F(U)— G(U), U eObj(),
such that for every f € Mor¢(U, V') the following diagram is commutative:

F(U) = F(V)

W |

G(U) 5 GV)

Functorial morphisms are also called natural transformations or canonical
morphisms. If, furthermore, ¢y is an isomorphism of C’ for any object U in
C, we say that ¢ is a functorial isomorphism (or natural isomorphism).
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Example 1.4. (The category Vecy(F) of finite-dimensional vector spaces
over a field). Let F' be a field. We call Vecy(F) the category of finite-
dimensional vector spaces, where morphisms are linear maps. In Vecy(F)
there exists a functorial isomorphism between a vector space V and its
double dual, V' ~ V** but there is no functorial isomorphism between V'
and V*.

2 'Tensor categories

In this section we summarize without proofs some basic results from the
theory of tensor categories (see [JS93], [Shu94] and [Tur94, Part I, I.1.]).
Tensor categories are categories enriched with an associative (up to coherent
isomorphism) tensor product. They have been studied and used extensively.
In the literature, they are also called monoidal categories.

Definition 2.1. A tensor product in a category C is a covariant functor
®: C x C — C which associates to each pair of objects V, W of C an object
V @ W in C and to each pair of morphisms f: V — V' g: W — W' a
morphism fRg: VoW — V' @ W'

The following identities hold for the covariant functor ®:

(2:2) (fofY®(ged) = (f@g)o(f®@d),
2.3

lvew = 1v ®ly,

whenever the composites fo f’ and go g’ are defined. Relation (2.2) implies
that

(2.4) feg=(@ly)o(ly®g) =1y @g)o(f®1lw).

Definition 2.5. A functor F': C — D preserves the tensor product ® if for
all VW € Obj(C) and all morphisms f, g, as above, we have

F(le) =1p, F(VeW)=FV)oFW), F(f®g) =F()eF)

Given a category C, we are interested in what kind of associativity should
be required for a functor ®: C x C — C. We cannot require the equality
UV)eW =U® (Ve W) for all U V,W, because this is not true
even in the category of finite-dimensional vector spaces Vecy(F'). We may
ask instead (U®@ V)@ W ~ U ® (V ® W), but then the condition is too
weak; for example, in Vecs(F') every two vector spaces of equal dimension
are isomorphic. The correct definition of associativity arises from natural
isomorphisms:

Definition 2.6. A tensor category C = (C,®,1,a,l,7) is a category C
equipped with a tensor product ®: C x C — C, a unit object I € Obj(C),
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and natural isomorphisms

a=apyw: (UV)eW — U ((VeW),
l=ly: IV — V,
r=ry: Vol — V,

(called the associativity, left unit, right unit constraints, respectively), such
that for all objects U, V, W, Z € Obj(C) the following diagrams commute:

1. Associativity pentagon.

«U®VNNV)®ZAJKZQEEA>(U®VmMW®Z)

W

avyw®lz ve(Ve(wez))

%ﬂ\;:vz
ay(vw)z

(ve(vew))ez ————— U ((Vew)oz)

2. Triangle for unit.

ay

UeneV v UIRV)
UV
Given objects Vi,...,V, in the category C, we have many ways to define

the tensor product Vi ® --- ® V,,, depending on the choice of parentheses
we use. If we have an associativity constraint a (see Definition 2.6), the
various choices of parentheses on V; ® --- ® V,, lead to isomorphic objects.
For instance, there are five ways of putting parentheses around the tensor
product of four objects U, V, W, Z: the associativity pentagon diagram shows
all five of them, as well as the connecting morphisms that are expressible in
terms of the identity morphisms and the constraint a. In particular, we see
that there are a priori two different isomorphisms from ((U®V) ®W) ®Z to
U® (V QWeZ )) It is natural to require that these two isomorphisms are
the same or, equivalently, that the pentagon diagram commutes. When the
associativity constraint a satisfies this condition, then, between two ways
of putting parentheses on U ® V ® W ® Z, there exists a unique natural
isomorphism expressible in terms of a.

Definition 2.7. A tensor category is strict when all the constraints agyw,
ly, ry are identity morphisms.
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We have

UaV)eW = U (VeW),
(fegeh = fo(geh),
Vel=V =1V,
(2.8) feli= f =h®f/,

for all objects U, V, W and all morphisms f, g, h in a strict category.

Example 2.9. The category Vecy(F) is not a strict tensor category because
the isomorphisms a, [ and r are not identity morphisms.

It is clear that in a strict tensor category one can write multiple tensor
products V1 ® --- ® V,, without employing brackets. MacLane’s coherence
theorem establishes that every tensor category is equivalent to a strict one
(for details see [Mac98, X1.3.]). It follows that in a tensor category we can use
the canonical isomorphisms to write the tensor product without brackets, in
the same way we write the tensor product of vector spaces. Therefore, we can
also think of V1 ®- - -®V,, as an object of C by identifying all expressions with
brackets. In each formula it is also possible to omit parentheses, associativity
and unit isomorphisms, without the loss of generality.

2.a Braidings and braided tensor categories

In the category of finite-dimensional vector spaces Vec(F'), we have a com-
mutativity isomorphism 7, called switch isomorphism:

v VoW SwWaeV, for any V, W € Obj (Vecy(F)).

The switch transforms any vector v ® w into w® v and extends to V @ W by
linearity. The system of switch isomorphisms is compatible with the tensor
product in the obvious way: for any three objects U, V, W, we have

vvew = (lv @ Tuw) o (To,y ® 1w),

Tvev,w = (Tuw @ 1y) o (1Iy @ Tv,w).

Moreover, it is involutive in the sense that 72 = 1. We would like to axiom-
atize this kind of structure; however, we want to allow that 72 # 1, since
this happens in many interesting examples.

Definition 2.10. A braiding in a tensor category C consists of a natural
family of isomorphisms

(2.11) c={cvw: VoW -WeV},

where V, W run over all objects of C, such that for any three objects U, V, W,
we have

(2.12) cuvew = (v @ cuw) o (cuy ® 1w),
(2.13) cvevw = (cuw @ 1y) o (1y @ cyw).
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According to some authors, a braiding is also called commutativity isomor-
phism.

The naturality of the isomorphisms (2.11) means that for any morphisms
f: V=V g:W—W, we have

(2.14) (9@ f)ocyw =cyrwr o (f @ g).

In other words, this diagram commutes

VoW Y wev

f®gl lg@f
Cy// i

V/®W/ V‘W; W/®V/
Applying (2.12) and (2.13) to V =W =T and U = V = I and using the
invertibility of cy 1, ¢y we get
(2.15) Cvl =CLv = 1V
for any object V' of C (for a proof, see [Ste98, Lemme 1.3.2.]).

Definition 2.16. A braided tensor category is a tensor category C with a
braiding ¢ such that the following two hexagon diagrams commute:

cu, V®W

QVIW) —=VeoW)®
UeV)® ®(WeU)

ayuUw

(VeolU)eoW — VU W)

CURQV,W

U)W —> W U®eYV)

UVW wuUv
(W ®

UV eWw) U)®
Uo(WeV) 25 UeW)®

Definition 2.17. If a braiding c in a braided tensor category C satisfies the
extra condition ey v ocyw = lygw, we call C a symmetric tensor category:

lvew

VoW VoW

cv, W cw,v

WeVv
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If ¢ is a braiding then ¢/, given by c&,’W = (cwyv)_l, is also a braiding, since
the second hexagon diagram is obtained from the first by replacing ¢ with
c’. Note that C is symmetric if ¢ = ¢.

Example 2.18. The category Vecs(F') is a symmetric tensor category.

Now we state an important property of a braided tensor category. It is the
categorical version of the Yang-Baxter equation.

Proposition 2.19. (Yang-Baxter identity). Let U,V,W be objects of a
strict braided tensor category. Then

(cviw @ 1y) (v @ cow)(cuy @ 1lw) = (lw @ cuy)(cow @ 1y )1y @ evw).

Proof. Because of the length of the formulas we have omitted the composi-
tion symbol o. We have

(cvw @ 1p)(lv @ cow)(cuy @ lw) = (cvw @ lu)cuvew
=cuwev(lu ® cvw)
= (1w @ cuv)(cow @ 1v)(1y ® cvw).

The first and the last equalities follow from (2.12), the second one from
(2.14) with f =1y and g = cyw. O

Finally, we recall the definition of functor between braided tensor categories:

Definition 2.20. Let C1,Csy be braided tensor categories. A tensor functor
from C; to Cy is a pair (F,J), where F is a functor F': C; — Co and J is a
functorial isomorphism

Juy: FU®V)S FU)® F(V)
such that:

1. F(a1) = ag, where a1, as are the associativity isomorphisms in Cy, Co,
respectively, and

Flam): F(UeV)eW) = F(U® (VeW))
is considered as an operator
(F(U) ® F(V)) QF(W)— FU)® (F(V) ® F(W))
using J.

2. F(e1) = cg, where c¢q, co are the braidings in Cyp, Co.
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2.b An example: the braid category

We dedicate this section to a non-trivial example of particular interest: the
braid category. This example, which will not be used later, has the purpose
of clarifying some definitions. For more details, we refer the reader to [JS93,
Example 2.1], [Kas95, Section X.6] and [BK01, Section 1.2.].

A braid in n strands is an isotopy class of a union of n nonintersecting
segments of smooth curves in R? with start points {1,...,n} x {0} x {1}
and end points {1,...,n} x {0} x {0}, such that for each of these strands
the third coordinate z is strictly decreasing from 1 to 0 (so strands are
considered “going down”). An example of a braid in 7 strands is illustrated
below:

Let s; be the braid depicted by

S; = R

i+l

then the Artin braid group on n strands B, is given by the generators
S, ... ,8,_1 subject to the relations

5;8; = 5,8 forl1<i<j—1<n-2,
Si415:8i1 = 88418 for1<i<n-—2.

The set By has one single element, namely the empty braid. The unit 1,, is
represented by

Composition of braids is just multiplication in this group, represented dia-
grammatically by vertical stacking of braids with the same number of strings.
A strict tensor product of braids is defined by

D: Bn XBm—>Bn+m
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and algebraically described by the equation s; ® s; = $;Sp4j(= Sptjsi). It
is illustrated as in the following example:

LTI

In other words, one adds the number of strings by placing one braid next to
the other longitudinally.

The braid category B is the disjoint union of the B,,. Therefore, the objects
of B are the natural numbers N and the morphisms are given by

B,, whenn=m
B — s . 9
(n,m) { (0, otherwise.
For any couple (n,m) of non-negative integers, a braiding ¢, ,: n & m —
m @ n for B is given by crossing the first n strings under the remaining m

as illustrated below:
n m

—_—

%
DN

m n

Note that we have ¢y, = ¢, 0 = 1,,. For simplicity, one can also depict ¢, m

as follows:
n m

e

m n

Then, ¢}, ,, = (¢mn) " is represented by

n m
— —_—
[ —

m n
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For all f € B,, and g € By, naturalness of ¢, ,, is proved pictorially by the
equality

m n m n

The second hexagon diagram is proved pictorially by the following two il-
lustrations: the left and the right one represent, respectively, the lower and
the upper way of the diagram.

e
A

Example 2.21. The Yang-Baxter identity can be drawn with the aid of B3

as the identity: \ \
.
\
\

3 Ribbon categories

\

In this section we introduce the notion of a ribbon category: it is a braided
tensor category provided with two additional structures (the terminology of
rigid balanced braided tensor category is also used). Every object has a dual
satisfying some natural properties, and there are functorial isomorphisms
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V 5 V** compatible with the tensor product. This kind of category will be
useful to develop graphical calculus in the sequel.

The category C will always be assumed to be a braided tensor category.
As mentioned in the previous section, it would be too restrictive to require
cew,v ocyw = lygw for the braiding. This suggests to introduce the notion
of a twist as follows:

Definition 3.1. A twist (or balancing isomorphism) in a tensor category C
with a braiding c¢ consists of a natural family of isomorphisms

0={0y:V -V}

where V' runs over all objects of C, such that for any two objects V., W of
C, we have

(3.2) Ovew = cwy o cyw o (B @ Ow).
The naturality of § means that for any morphism f: U — V in C, we have
Oy o f = f o 0y. Then, we may rewrite the last equation as follows:
Ovew = cw,v o (Ow @ 0Oy) ocyw = (B @ Ow) o cw,y o cy,w-
Note that 6y = 1;. This follows from the invertibility of 6; and the formula
(01)* = (1 ® 1) o (11 ® 0y) = 61 @ O = 0.

These equalities follow respectively from (2.8), (2.2), (A2), (3.2) and (2.15),
where we substitute V =W =1

Example 3.3. (The braid category). The twist 6,: n — n is obtained
by taking n vertical parallel strings with ends tied to two horizontal par-
allel rigid rods, and rotating the top rod through a full 360° twist in the
right-hand screw direction with thumb pointing upwards. Then 6y, #; are
identities, while 2 = (c11)? = (s1)?: 2 — 2 and is represented by

Let C be a tensor category. Assume that to each object V of C there are
associated an object V* of C and two morphisms

y: 1=V eV
ey: V'@V — 1L
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Definition 3.4. The rule V — (V* iy, ey) is called a duality in C if the
composition
v XY, yevrgy MEY, v

is equal to 1y, and the composition

1V* Ry ev®1v*
—_—— —_—

Vv VreVeV* v

is equal to 1y~.

Note that we do not require (V*)* = V. We also skip the canonical associa-
tivity and left unit constraints in our formulas; otherwise, we would have to
write, for example, the map iy ® 1y as

1

Iy 7 a
V Y 1oV X2 vev eV —4s Ve (Vi V).
Definition 3.5. The identities

(3.6) (ly @ey) o (iv ® 1y) = 1y,
(6\/ X 1v*) o (1\/* (024 ’iv) = 1y,

defining a duality are sometimes called rigidity axioms.

We need one axiom relating the duality morphisms iy, ey, with braiding and
twist.

Definition 3.8. Let C be a category equipped with a braiding ¢, a twist
0 and a duality (*,4,e). We say that the duality is compatible with the
braiding and the twist of C if

(3.9) (Ov @ Ly«) oiy = (ly @ y«) o iy

holds for every object V' of C. In this case we say that C is a ribbon category.
A ribbon category is called strict if its underlying tensor category is strict.

Examples of ribbon categories are provided by the theory of quantum groups,
for example finite-dimensional representations of a quantum group form a
ribbon category. The term ribbon was introduced by Reshetikhin and Tu-
raev in [RT90]; in the literature they are also called tortile tensor categories
(see [Shu94)).

The compatibility relation (3.9) leads to a number of implications pertaining
to duality. In particular, Turaev showed that any duality in C compatible
with braiding and twist is involutive in the sense that V** = (V*)* is canon-
ically isomorphic to V' ([Tur94, Chapter I, Corollary 2.6.1.]): in every ribbon
category there exists a functorial isomorphism

(3.10) Sy VS y
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with the properties dygw = dy ® dw, o = 1, and dy» = (6{/)_1 (see also
[BKO1, Section 2.2.]).

Ribbon categories admit a consistent theory of traces of morphisms and di-
mensions of objects. This is one of the most important features of ribbon cat-
egories, sharply distinguishing them from tensor categories (see Section 5.b).

MacLane’s coherence theorem, that establishes equivalence of any tensor
category to a strict tensor category, works in the setting of ribbon cate-
gories as well. This enables us to focus attention on strict ribbon categories:
all results reported below for these categories directly extend to arbitrary
ribbon categories.

Remark 3.11. (cf. [Tur94, Remark XI.1.4.]). There is a general procedure
transforming any tensor category R into a strict tensor category C = C(R).
The objects of C are finite sequences (V1,..., V) of objects of R, including
the empty sequence. The morphisms from (Vi,...,Vy) to (Wy,...,W;) are
R-morphisms V1 ® -+ @V — W1 ® - -- ®@ W;. The tensor product of objects
of C is the juxtaposition of sequences, the tensor product of morphisms is
obtained by the obvious application of the tensor product in R. It is easy
to check that C is a strict tensor category with the unit object being the
empty sequence. There is a covariant inclusion functor R — C assigning to
any object V' of R the 1-term sequence V and assigning to any morphism
f: V. — W the same morphism in C. This inclusion is an equivalence of
categories. It may be verified that any braiding (resp. twist, duality) in R
induces a braiding (resp. twist, duality) in C. In particular, (Vi,...,Vi)* =
(V¥ ..., Vi*). In this way any ribbon category gives rise to a strict ribbon
category. An exhaustive construction turning tensor categories into strict
ones is also given in [Kas95, XL.5].

With the help of the morphisms ¢y, and ey one defines the dual f*: W* — V*
of a morphism f: V — W in C to be the morphism
(312) f* = (GW & 1‘/*) o (1W* Rf® 1\/*) o (1W* & Zv)
If f: V — W and g: U — V are morphisms of C, then we have (f o g)* =
g* o f*and (1y)* = 1y~ for any object V.
Example 3.13. (The category Vecy (F)) For every finite-dimensional vec-
tor space V, there is a dual vector space V* and natural morphisms

y: F—-VeV*,

ey: V@V — F.
The morphism ey is the evaluation map, i.e., ey (f' ® ¢;) = fi(e;) = dij,

and iy (1p) := > e; ® f%, where {e;} and {f‘} are dual bases in V and V*.
Via the isomorphism
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VoV* S Endp(V), z®@g—h:y— h(y)=z-g(y),

the element iy (1) corresponds to 1y. The duality in the category Vecy(F)
satisfies the rigidity axioms: for example (3.6) is equivalent to the well-
known identity >, e;(f%,v) = v for v € V.

4 The category of ribbon graphs

In [Tur94] Turaev relates the theory of ribbon categories to the theory of
links in the Euclidean space R3. More precisely he associates to a ribbon
category a category of ribbon graphs in such a way that morphisms in the
ribbon category are represented by graphs. This leads to the diagrammatic
calculus used in Section 5. Section 4 is basically a summary of [Tur94,
Chapter II, Section 2] and many of the definitions and results are taken
from there. Only the orientation of the ribbon graphs has been reversed.

4.a Ribbon graphs and their diagrams

Ribbon graphs are oriented compact surfaces in R3 decomposed into ele-
mentary pieces, called bands, coupons and annuli.

Definition 4.1. A band is a square [0, 1] x [0, 1] or a homeomorphic image
of this square. The images of the intervals [0,1] x {0} and [0,1] x {1} are
called bases of the band; the image of the interval {1} x [0,1] is called the
core of the band. An annulus is a cylinder S' x [0,1] or a homeomorphic
image of this cylinder; the image of the circle S* x {%} is called the core of
the annulus. A band or an annulus is directed if its core is oriented. The
orientation of the core is called the direction of the band (annulus).

Definition 4.2. A coupon is a band with a distinguished base. This distin-
guished base is called the top base of the coupon, the opposite base is said
to be the bottom one.

Given k, [ non-negative integers, we define ribbon graphs with & inputs and
[ outputs or, briefly, ribbon (k,[)-graphs:

Definition 4.3. A ribbon (k,1)-graph in R? is an oriented surface ) embed-
ded in the strip R? x [0,1] and decomposed into a union of a finite number
of annuli, bands and coupons such that

1. Q meets the planes R? x {0}, R? x {1} orthogonally along the following
segments which are bases of certain bands of :

{[z — %0, 7+ %] X {0} X {0} ‘ 1=1,... ,l} “bottom boundary intervals”
{[] — %7] + %] X {0} X {1} | j=1,... ,k‘} “top boundary intervals”

In the points of these segments, the orientation of €2 is determined by
the pair of vectors (1,0,0), (0,0,1) tangent to .
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2. Other bases of bands lie on the bases of coupons; otherwise the bands,
coupons and annuli are disjoint.

3. The bands and annuli of Q2 are directed.

The surface 2 with the splitting into annuli, bands, and coupons forgotten
is called the surface of the ribbon (k,[)-graph Q. Condition 1. fixes the
right-handed orientation in R3: near the boundary intervals the preferred
side of Q2 is the one turned up, i.e. towards the reader.

By isotopy of ribbon graphs we mean isotopy in the strip R? x [0, 1] constant
on the boundary intervals and preserving the splitting into bands, annuli and
coupons, as well as preserving the directions of bands and annuli, and the
orientation of the graph surface.

Each band should be thought of as a narrow strip or ribbon with small bases.
Each coupon should be thought of as lying in R? x (0, 1) as a small rectangle
with a distinguished base.

The following picture represents a ribbon (1,2)-graph:

In [Tur94, pp. 32-33], Turaev describes a technique enabling the represen-
tation of ribbon graphs by plane pictures, generalizing the standard knot
diagrams. The main idea is to put a ribbon graph by isotopy into a “stan-
dard position” close to the plane R x {0} x R:

- coupons are plane rectangles parallel to R x {0} x R,
- the bases of coupons are parallel to the horizontal line R x {0} x {0},
- the top base of each coupon lies higher than the bottom one,

- the orientation of coupons induced by the orientation of £ should
correspond to the counterclockwise orientation in R x {0} x R,

- the bands and annuli of the graph should go close and “parallel” to
this plane,

- the projections of the cores of bands and annuli in the plane Rx {0} xR
should have only double transversal crossings and should not overlap
with the projections of coupons.
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After having deformed the graph in such a position, one can draw the pro-
jections of the coupons and the cores of the bands and annuli in R x {0} x R
taking into account the overcrossings and undercrossings of the cores. The
projections of the cores of bands and annuli are oriented in accordance with
their directions. The resulting picture is called the diagram of the ribbon
graph, or shorter graph diagram. The following graph diagram represents
the above ribbon graph \

The technique of graph diagrams suffices to represent ribbon graphs. Any
ribbon graph is isotopic to a ribbon graph lying in a standard position and
therefore presented by a graph diagram. From such a diagram it is possible
to reconstruct the original ribbon graph, up to isotopy, just by allowing
the bands and annuli to be “parallel” to the plane of the picture along their
cores. The only problem one may encounter is that the bands may be twisted
several times around their cores; however, both positive and negative twists
in a band are isotopic to cirls which go “parallel” to the plane. Hence,
denoting isotopies by equalities, we have that:

(14) _ @ _ @

The same holds for:

(15 _ @ :@

4.b Ribbon graphs over C

Let C be a strict tensor category with duality.

Definition 4.6. A ribbon graph is said to be colored (over C) if each band
and each annulus of the graph is labelled by an object of C. This object is
called the color of the band or annulus.
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Coupons of a ribbon graph will be colored by morphisms in C. For this
we need to distinguish between bottom and top bases of coupons. Let T
be a coupon of a colored ribbon graph Q. Let Vi,...,V,, be the colors of
the bands of € incident to the top base of T" and encountered in the order
induced by the orientation of €2 restricted to T'. Let e1,...,e, € {+1,—1}
be the numbers determined by the directions of these bands: we set ¢; = +1

if the band is directed “in” the coupon and £; = —1 in the opposite case.
(‘/1751) (vagm)
!
(4.7)
(W17V1) (Wnayn)

Let W1, ..., W, be the colors of the bands of €2 incident to the bottom base
of T and encountered in the order induced by the opposite orientation of
T. Let vy,...,v, € {+1,—1} be the numbers determined by the directions
of the bands W;: v; = +1 if the band is directed “out” of the coupon
and v; = —1 in the opposite case. In other words, the band is directed
downwards if the corresponding number is +1 and upwards if the number
is —1.

A color of the coupon T is then a morphism

[V -V =W Win,
where for an object V' of C, we set
Vil=v and V!l=V*

Definition 4.8. A ribbon graph is C-colored if it is colored and all its
coupons are provided with colors as above.

By isotopy of C-colored ribbon graphs, we mean color-preserving isotopy.
The technique of diagrams readily extends to C-colored ribbon graphs. In
order to represent a colored ribbon graph by a graph diagram, we attach
objects of C to the cores of bands and annuli, and we assign colors to all
coupons.
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Example 4.9. Figure (4.7) presents a C-colored ribbon (m,n)-graph con-
taining only one coupon and m+n vertical untwisted unlinked bands incident
to this coupon, and no annuli. We call a C-colored ribbon graph with only
one coupon an elementary C-colored ribbon graph.

Example 4.10. Let Vecy(F') be the category of finite-dimensional vector
spaces. The picture

is the graph diagram of a Vecp(F')-colored ribbon (2, 1)-graph. The color of
the bands is the vector space V', and the color of the coupon represents the
morphism m: V® V — V|, since all ¢; and v; are equal to +1.

4.c The category of ribbon graphs over C

Let C be a strict tensor category with duality. The C-colored ribbon graphs
over C may be organized into a strict tensor category denoted by Ribe and
called the category of ribbon graphs over C. The objects of the category Rib¢
are finite sequences ((Vl, €1)yney (Vin, sm)), where V7, ..., Vi, are objects of
C and e1,...,&, € {+1,—1}. The empty sequence is also considered as an
object of Ribe and is denoted by 0.

A morphism v — ¢/ in Ribe is the isotopy type of a C-colored ribbon graph
such that v (resp. v') is the sequence of colors and directions of those
bands which hit the top (resp. bottom) boundary intervals. As usual,
€ = +1 corresponds to the downward direction near the corresponding
boundary interval and € = —1 corresponds to the band directed upwards.
For example, the ribbon graph drawn in Figure (4.7) represents a morphism
[+ ((Viser), ..o, (Vinsem)) — (Wi,e1), ..., (W, en)).

Let f: v — v/ and g: v/ — v be two morphisms, represented by C-colored
ribbon graphs F' and G. The composition g o f is obtained by placing G on
the bottom of the ribbon graph F', gluing the corresponding ends, and com-
pressing the result into R? x [0,1]. The identity morphisms are represented
by ribbon graphs which have no coupons, no annuli and consist of untwisted
unlinked vertical bands. The identity endomorphism of the empty sequence
is represented by the empty ribbon graph.

We next provide Ribe with a tensor multiplication O. The tensor product
of objects v and v/ is their juxtaposition vOv’. The tensor product of mor-
phisms f, g represented by graphs F, G is obtained by placing the graph F
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to the left of G so that there is no mutual linking or intersection, and is
denoted by FOG. It is obvious that this tensor multiplication makes Rib¢
a strict tensor category.

Remark 4.11. Note that the same technique for defining composition and
tensor multiplication was used for the braid category.

The category Ribe admits a natural braiding, a twist and a duality, and
becomes in this way a ribbon category. We shall not use these structures
nor discuss them here.

Definition 4.12. A ribbon graph over C without coupons is called a ribbon
tangle over C (or simply tangle if the context is clear).

It is clear that ribbon tangles form a subcategory of Ribe which has the
same objects as Ribe but less morphisms. This subcategory is called the
category of colored ribbon tangles and is a strict tensor category under the
same tensor product. There exist particular ribbon tangles which generate
through composition and tensor product all ribbon tangles. This alphabet
of tangles consists of the tangles

Vv Vv J
4

V V v U
denoted |v, Tv, v, ¢y, Nv, Ny, Uy, Uy, and of the tangles

VR

Yy

denoted X7y Xy ws Yohws Yows Zows Zovws Tyws Tyw» where V, W run
over objects of C (see [Tur94, Chapter I, Figures 2.5 and 2.6]). In comparison
to Turaev’s alphabet, note that the orientations of some tangles have been
reversed. This is due to the drawing of graphs from top to bottom. However,
the tangles have the same algebraic meaning.
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4.d The functor R

The following Theorem 4.13 plays a fundamental role in the theory of ribbon
categories. It relates a ribbon category with its category of ribbon graphs
and can be viewed as a machine representing morphisms in the ribbon cat-
egory by graphs.

Theorem 4.13. (Reshetikhin-Turaev, [Tur94, Chapter I, Theorem 2.5.]).
Let C be a strict ribbon category with braiding c, twist 6, and compatible
duality (x,i,e). There exists a unique covariant functor R = R¢: Ribe — C
preserving the tensor product and satisfying the following conditions:

1. R(0) =1, and R transforms any object (V,+1) into V and any object
(V,—=1) into V*;

2. R(lv) = 1\/, R(Tv) = 1V*;

3. for any objects V,W of C we have
R(X{y) =cvw, Rlpv) =0y, R(W) =iy, R(Uy)=ey;

4. for any elementary C-colored ribbon graph G, we have R(G) = g, where
g is the color of the only coupon of G;

5. for any objects v,V or C-colored ribbon graphs G,G" of Ribe we have:
R(vOv) =R(v) @ R(V) and R(GOG') = R(G) @ R(G");

6. if G and G' are composable, we have R(G o G') = R(G) o R(G").

The functor R has the following properties:
R(Py) = 0v)!, R(Xyy) = (ewy) s RYy) = (ewy-) ™,

R(Yyw) =cvew, R(Z{yw) = (ewv)™' R(Zyy) = cvw,
R(T‘-}—,W) = CV*,W*) R(T‘ZW) = (CW*,V*)_l'

For a proof of Theorem 4.13 we refer to [Tur94, Chapter 1, Theorem 2.5.]
and to the original paper [RT90, Theorem 5.1.]. The idea of the proof is the
following. One can express any ribbon graph through composition and ten-
sor product in Rib¢ in terms of the ribbon graphs occuring in items 3. and
4. of the theorem. One would like to use such an expression to define the
value of R for any ribbon graph. Such an expression is not unique. However
two different expressions for the same ribbon graph can be obtained from
each other by Redemeister moves and some other local transformations. To
show that R is well defined, one has to verify the invariance of R under
these moves.
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Let G and G’ be C-colored ribbon graphs. We write G=G" if the correspond-
ing morphisms R(G) and R(G’) are equal in C. Similarly, for a C-colored
ribbon graph G and a morphism f in C, we write G=f whenever f = R(G).
For example, X‘J}?Wicv’w and @y =0y .

Lemma 4.14. The image under R of any (non empty) C-colored ribbon
(0,0)-graph is in End(I).

Proof. A ribbon (0,0)-graph G is a graph without free ends, hence it is
necessarily a closed graph (or a union of closed graphs) and represents a
morphism ) — ). Since R(0) =1, R(G) is a morphism in End(I). O

5 Diagrammatic calculus for morphisms

Using the category Ribe and the functor R constructed in the previous sec-
tion one can represent any morphism in a strict ribbon category by a ribbon
graph. This leads to a diagrammatic calculus which is developed in this
section.

The projections of coupons and cores of a ribbon graph, deformed into a
standard position, give rise to the graph diagram (as explained on page 15).
In the sequel we will represent all ribbon graphs with their graph diagrams.

Remark 5.1. The twist 6y : V — V is represented by the graph diagram

~

7|

which is obviously isotopic to the graph diagram |y, but R(¢v) # R(lv), or
Ay # 1y, unless the category C is symmetric. This becomes clear considering
the Figures (4.4) and (4.5): to count twists, one has to consider ribbon
graphs instead of the diagrams. Hence, isotopy must always be referred to
as ribbon graphs (and not to their diagrams).

v =

5.a Graphical calculus

The basic idea is that we can represent a morphism f: V — W in the
category C by a graph diagram in Ribg:

L]
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When f is the identity morphism, the box will be omitted: 1y is represented
by a vertical arrow directed downwards and colored with V:

,
vElv]

\%

Since [ V ~ V @ ~ V for any object V', we can add arrows labeled with
I's to any picture without changing the morphism it represents. Similarly,
vertical arrows colored with I may be effaced from any picture. Hence, we
agree that the empty picture represents the identity endomorphism of I.
The composition g o f of two morphisms is obtained by placing the picture
of f on the top of that of ¢ and gluing the corresponding free ends of the
arrows. Of course, this procedure may be applied only when the numbers
of the arrows, as well as their directions and colors, are compatible. For
f:V —=Uand g: U — W, we represent g o f by

sl
) =[go7]
[ 9]

w W

The tensor product f ® g of two morphisms f: V — V' and g: W — W' is
depicted by placing the diagram F' of f to the left of the diagram G of g as
follows:

v Iw Vew
Foc=[f][v] =[feg] .

\%4 w’ V'ew’

Example 5.2. For any morphisms f: V — V' and g: W — W/, the iden-
tities
(ly®glo(f@lw)=feg=(f®1ly)o(ly®g)

have the graphical incarnation:

e LY vy
17 LgJ LfJ w’

V/

This leads to a useful isotopy principle: for any figure presenting a morphism
of C, the part of the figure lying to the left (or to the right) of a vertical line
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may be pushed up or down without changing the corresponding morphism
in C. We shall use this principle frequently and without any further expla-
nation in the sequel.

A morphism f: Vi1 ® - V,, - W1 ® --- ® W, is depicted as

Vl Vm

Wi Wh

Example 5.3. (Bilinear product). Let V' a vector space of Vecy(F). We
represent a bilinear product m: V@V — V, x ® y — zy, as a graph

Assume now that C is braided with braiding c. For any pair V, W of objects
we represent cy,i = R(X{y,) and its inverse (cy,w) ™! = R(Xy;,) by the

graph diagrams
w v v w

Remark 5.4. Note that (cv.w) ™! # cw,v, since lygw = (cyw)™
cw,v © cy,w. Diagrammatically:

N N
v —_— W<>V # Wév'
; S

The first equality is called “the second Reidemeister move” in knot theory.

Locyw #
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The functoriality of ¢, i.e. cyw o (f ® g) = (9 ® f) o cv,w, has a graphical

incarnation:
o
w 1%

‘i
\

Remark 5.5. Replacing f by cpy: U®V — V®U and g by 1y in the last
relation, we obtain the identity known as “the third Reidemeister move”.
This relates two different ways to go from U@V @ W to W ® V ® U by
repeated braiding;:

vov. w U vV W
Example 5.6. Let 1 < i,k < n. For U; € Obj(C) we consider the “switch”

morphism
pn;U1®...®Un_>Un®...®U1

defined by the formula

P = ((Cnp1) ' ®1, 00 @1b@11) o0 ((crng) ' ®12®11)
o((c3.m2) ' ®11) 0 (c2.m1) "

where the object U; is labeled by i, U; @ Uj41 ® --- ® Uy, by ¢...n and
U, @ U1 ®---®U; by k...1. The inverse (pn)_lz U,® - U —
U ®---®U, is the morphism

(p)™' = (21®@13® - ®@1,)0(c321@14®---®1,)0---0

(Cn—2,n—3...1 ®1lp_1® ln) o (Cn—l,n—Z...l 0y 1n) o (Cn,n—l...l)-

We call P,, the graph diagram in Ribe representing the morphism p,. For
example, for n = 9 we have:
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A vertical arrow directed upwards and colored with V' represents the identity
endomorphism of V*:

ly«=Av.

Also we identify V** with V via dy (see (3.10)):

Ty sx= = .
v yoex %

A morphism f: V* — W* may be represented as

7]

w

The morphism ¢y : I — V ® V* corresponds to the alphabet graph Ny :

I -
iviv/\vzmv'
1% Vv

Similarly, ey : V* ® V — I corresponds to Uy:

%4
Vo, .
I v]

By using these pictures as building blocks of the alphabet of ribbon graphs,
one can represent any morphism in C. For example, with our graphical
conventions, the dual f*: W* — V* of a morphism f: V — W, defined by
[f=(ew@1ly+)o(lyy* @ f @ 1y+) o (ly+ ®iy) as in (3.12), is represented
by

(Dﬁ)* A\ 7 é

w w

Hence, to draw duals one has to rotate the diagram by 180°. Note that we do
not need to write the asterisk on the label to denote the dual space because
the direction of the arrow does this for us automatically. Conversely, we
need to put the asterisk in the label of the coupon because the direction
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of the arrows may not be sufficient to distinguish f from f*. Consider an
operator f: V — V*. The adjoint is f*: V — V* and, because the operator
f does not need to be self-adjoint, not putting the asterisk would lead to an
ambiguous diagram

() = .

Remark 5.7. The diagrams of iy, and ey are not dual, since they are
obtained from one another by reflection and not by rotation.

Example 5.8. (Rigidity axioms). The rigidity axioms (3.6) and (3.7) take
the graphical form

/\\d 1% and s \= AV

Thus we can equate the left diagrams to the identity on V', resp. V*, by
“straightening out” the diagrams. In the category Vecs(F') of finite dimen-
sional vector spaces over F, the first relation means that ) e;(f*,v) = v,
for v € V, {e;} and {f*} bases of V and V* (V a finite-dimensional vector
space).

Example 5.9. (Degenerate cases). The pictures

.

and

f ‘ v

represent two degenerate cases, in the sense that one of the involved objects
is I. The first is a representation of a morphism f: V — I and the second
of a morphism f: 1 — V. Finally, we interpret a morphism f from I to I as

the diagram
AL

5.b Trace and dimension

Let C be a ribbon category. Denote by E¢ the semigroup End(I) with
multiplication induced by the composition of morphisms and with the unit
element 1;. The semigroup F¢ is commutative because for any morphisms
k k' T — 1, we have kok = (k®11)o(11®k) = k@k' = (1®K )o(k®1) =
K o k.
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Definition 5.10. Let V be an object in a ribbon category C. For any
endomorphism f: V — V. we define the trace Tr(f): I — I of f to be the
composition:

Te(f) =ev ocyy=o (Ovf ® ly«) oy,
i.e., the composition of the morphisms

IV, yvev: 2O oy 9V prgy L

Proposition 5.11. ([Tur94, Corollary 2.7.1.]). Let f be an endomorphism
of an object V' of C. Let G5 be the ribbon (0,0)-graph consisting of one
f-colored coupon and one V -colored band, presented by the diagram below.

Then R(Gy) = Tr(f).

Gy =

The main properties of the trace are collected in the following lemma.

Lemma 5.12. ([Tur94, Lemma 1.5.1.]). For f: V. — W and g: W — V in
a ribbon category C we have Tr(f o g) = Tr(go f). Moreover, Tr(f ® g) =
Tr(f) Tr(g) for any endomorphisms f, g of objects of C and for any morphism
k:1— 1, we have Tr(k) = k.

The first claim of this lemma implies the naturality of the trace: for any
isomorphism g: W — V and any f € End(V), we have Tr(¢g ' o fog) =
Tr(f). For a graphical proof we refer to [Kas95, Theorem XIV.4.2.].

Definition 5.13. We define the dimension of an object V' as the trace of
the identity morphism 1y:

dimV = Tr(lv) =eyocyyxo (9\/ & 1v*) otly.

The last lemma implies fundamental properties of the dimension. Isomor-
phic objects have equal dimensions, since for f: V — W and g: W — V
with go f = 1y and fog = 1y, we have dimV = Tr(ly) = Tr(go f)
= Tr(f og) = Tr(ly) = dimW. For any objects V,W, we have that
dim(VeW) =Tr(lygw) = Tr(ly @ 1y ) = Tr(1ly) @ Tr(1y) = dimVdimW
and dim(I) = Tr(1y) = 15.

The dimension of V' is depicted by an oriented circle. Since dimV = dimV™*
(see [Tur94, Corollary 2.7.1.]), the orientation is irrelevant and we represent
dimV by the diagram:

(5.14) dimV = QV.
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Chapter 11

Graph categorical approach
for algebras

In this chapter we associate ribbon categories to a certain type of algebraic
structures. This allows to give a categorical description of these structures
and to use the diagrammatic calculus introduced in Chapter I. We consider
structures defined on a vector space by multilinear identities. Moreover we
will always assume the existence of a symmetric bilinear form on the space.

6 Bilinear forms

Let F' denote an arbitrary field of characteristic different from 2 and let V'
be a finite-dimensional vector space over F' of dimension d. Let ¢: V — F
be a quadratic form. The polar of g is the symmetric bilinear form b defined
by

b(z,y) = 3 (a(z +y) — q(z) —a(y)).

Note that b is the unique symmetric bilinear form satisfying b(x, z) = q(z).
We view b as a tensor b: V ® V — F and symmetry can be written as the
tensor identity b = b o 7, where 7 denotes the switch 7(z ® y) = y ® x, see
Section 2.a. We assume that the bilinear form b is nonsingular, i.e. for each
vector & # 0 there is a y with b(z,y) # 0. In other words, b induces an
isomorphism

b: V=5 V* =Homp(V, F), z — by,

defined by b, (y) = b(z,y) for z,y € V.
Let V¥¥ = F and V®" = V ® --- ® V be the tensor product of n copies
of the vector space V. For any linear map ¢: V& — V™ Jet the map

@ (VE™)* — (VE)* be its dual. By identifying the spaces (V®")" with

29
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(V*)®" through the canonical map (V*)®" — (V®n)* given by

(1@ @gn)(v1 @+ ®@vn) = g1(v1) - gn(vn)
for g; € V* and v; € V, one can identify the dual ¢* of ¢ with a map
P (V) = (),
Deﬁmtlon 6.1. We denote by ¢!: V™ — V" the linear map given by
(b2™) "1 o Y 0 b®™ and call it the transpose of .

By extending the base field F' if necessary, we will assume that the symmetric
bilinear form b always admits an orthonormal basis (ei,...,eq) of V| i.e.
beij,ej) = ;5 for 1 < 4,5 < d. We fix f; = b(e;,—), i =1,...,d, as a dual
basis of V*, so that the isomorphism b: V — V*is given by e; — f;.
The bilinear form b can be viewed as a contraction b: V @ V. — F. Its
transpose b': F — V ® V is given by

d

bt(lp) = Z e; X e;.

i=1
We can extend b to a bilinear form by on V¥, k > 1: for u;, v; € V the map
bp: VO @ VOE  F is defined as:
k

br((u1 @ Qup) @ (1 ® -+ @) = Hb(uz‘,vz‘)-
i=1
The form b, can be expressed as a composition and tensor product of linear
maps from the alphabet {1y, b, 7 = cyv}. Numbering the i-th copy of V'
in V®k by 4, we have:

bp=bo (1 ®bR@1g)o-0(1;® - 13013 -+ ® 1j)
(6.2) o(lx®-- 120013 ®@-- - R1)o (PR ® -+ ® 1)

and the claim follows from the fact that the morphism p; of Example 5.6
admits such an expression. Similarly, we have

bp=(pk) '@ ® @) o(L® LRV - ®1)
(6.3) o1, @130 R13®---®@ 1) o -0 (1, @b @ 1) o V',

and

d d d
=) YD e @@ R, e Bei, @ @ ey

k=1  dp=li=1

Remark 6.4. Let dimpV =d. It easily follows that

bobt Zbel,el =d,

and (b, o bL)(15) = d*.
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7 The ribbon category V

Let V be a finite-dimensional vector space over a field F' of characteristic
different from 2 and let b: V®2 — V be a nonsingular symmetric bilinear
form. We associate to (V, b) aribbon category V. The objects of the category
Y are all tensor products V" =V @ ---® V, n € N, with the convention
V& = F_ and the morphisms for two objects V®" and V®™ are F-linear
maps f: VO — V& We also call elements of Homp(V®" V&™) for
arbitrary n and m, tensors.

A braiding in V is given by the switch morphism of vector spaces 7 =
wow:UW — WeU, 7(u®w) = w® u. Moreover, the category is
symmetric, since Tyw,iy o 7y,w = ly,w, and is equipped with the trivial twist
0y = ly. Symmetry of 7 leads to (TU7W)_1 = Tw,u. Obviously, the unit
object I is the ground field F = V®0,

We next define the structure of a ribbon category on V. Let b: V"5 V* be
the isomorphism induced by the bilinear form b (see the previous section).
The diagrams

VieVv —Y ., F F Y, yveov:
o e | e
VeV —2 . F r-". vev

are commutative and the rule V — (V,b!,b) satisfies the properties of a
duality for the object V, with V* = V| as defined in Definition 3.4. For
example, fixing an orthogonal basis (eq,...,eq) of V, we have:

(ly@b)o(®@1y)(v) = (Ly@b)(X,ei®e @)
= >, e®ble;,v) =>,b(v,e)e; =w.

The diagrams (7.1) can be extended with the help of formulas (6.2) and (6.3)
to any object VE* of V and one proves that V¥ i— (VE* bt b) is a duality
for the category V. Thus V is a tensor category equipped with a braiding
7, a twist (the identity morphism) and a compatible duality (1,b%,b;). In
other words, V is a ribbon category. We say that V is the ribbon category
generated by the space (V,b).

The dual of a morphism f: V®" — V& in V is the transpose f': V& —
V& as defined in Definition 6.1,

For any object V@ we have by o Tyek Yok = br, and the trace of an endo-
morphism f: V& — V®* is given by the formula

Tr(f) =br o (f ® 1yer)o bz.
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Note that V is not a strict ribbon category, since for example (U@ W) ® Z is
not equal to U ®@ (W ® Z). By MacLane’s coherence theorem, V is equivalent
to a strict ribbon category (see Remark 3.11). Thus we can apply Theorem
4.13 to V and use the diagrammatic calculus of Section 5.

8 The category of ribbon graphs Riby,

Using the general formalism of Section 4 we associate to V a category Riby of
ribbon graphs. The properties of V simplify in a nice way the construction
of Riby. First of all, in the finite sequences representing the objects of
Riby the ¢; (determining the directions of the bands) are superfluous, since
V+t =V ~ V* = V~. The directions of the bands can also be eliminated
since

\% \%
(a graph without arrows means that all arrows are pointing downwards).
Similarly the tangles Ny, Ny, can be represented by the same diagram N
and the tangles Uy, Uy, by N. By convention, we will draw a morphism
f: Ve 5 VO™ by representing each V with a distinguished band; in other
words, by a coupon labeled with f, with n incoming and m outgoing bands.
In this way, we do not need to label the bands of the graph anymore since
each band is labeled with V. An object of Riby, is then written as a sequence
(Vi,...,V4), where V; denotes a copy of V.

Example 8.1. For f: V®2 = Vand g: V®V — V, the diagram expressing

Vev

L]

will simply be drawn as
g g |

\%4

Since 6y = 1y, we do not care about twists: this enables us to replace
ribbon graphs with graph diagrams (see Remark 5.1). Hence

Ok

Moreover, the symmetry of the category implies

(8.2) % = %
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Since ey = b the tangle U represents the bilinear form b and the symmetry
of b, b(x,y) = b(y,x) = bo7(x,y), is depicted as

&/i\(vi.

The symmetry of b also makes the choice of an alphabet for graphs easier:
since labels and arrows have been eliminated, only a small set of tangles
remains, namely

, T:A, s=\_/ . #=/\

Let k € N. By Iy, = I0O---0OI (k times) we understand the diagram

(83) I=

——
k

We define the ribbon graphs 5 and 3} as the compositions
B = Bo(IOBOI)o--- o ([p_o0B0I 5)o (Ix_10801x 1) o (P.OIy)
and

B = ((P)"'0I)) o (It 10B'0I 1) 0 -+ o (IO 0y) o (I06°0I) o 5.

For example, the pictorial interpretations of 35 and 3% are

ﬂ:\\\\Y//// ﬂ:m

In Riby the transpose f': V™ — V& of a morphism f: V& — yem,

defined in (7.2), is pictured by
‘X“\\

m

n

Informally, the bottom bands are moved up and the top bands are moved
down.
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Remark 8.4. Observe that in Riby, the transpose of a morphism is graphi-
cally depicted by a reflection along the horizontal axis, and not by a rotation
of 180°. This would be the case if the n bands colored with V' were combined
to a unique band with color V®".

9 Updown transformations

The transpose of a ribbon (n, m)-graph is depicted as ribbon (m,n)-graph.
Let m > n. There is another interesting way of inverting the number of
bottom and top bands: it consists in “moving” the rightmost m —n bottom
bands up to the horizontal line of the top ones. For p € Homp(V®", V&™),
the new morphism generated from this move is given by

p, — (1V®n ® bmfn) o (p ® 1v®(m—n)) S HOmF(V@)m, V®n)

This is a special case of a bigger family of operations in the category V. Let
n,m,k € N arbitrary and m > k, then we have a bijection

(9.1) Homp(VE", VE™) = Homp (VO y@im=k)y 5 pl=k
where pl=*l is the composite

PRL, ek 1@ (m—k) ®bk
VeV —m VeV —m———— V-V,
—_——— ——— —_———

n—+k factors m—+k factors m—k factors

The operation p — pl=* can obviously also be realised on the level of the
category Riby. Pictorially,

n k

The isomorphisms (9.1) are a sort of “shift up” of bottom bands on the
right. It is also possible to “shift down” the right top bands. Let k& < n and
let p — pl¥l denote the inverse of p — pl=*. Then pl% = p and

m—k

Homp(VE™", VE™)  —  Homp(VEr=h), yeimih)
p — o = (p® 1yer) o (lyewm-n © b
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is represented by

n—k
X\\
p[k] -
p
m k

35

In an analogous way it is possible to define operations which “shift up” left

bands from the bottom:

HomF(V®n’V®m) N HomF(V®(n+k),V®(m_k))

p — Fk]p = (bk (=) 1v®(m—k)) © (1V®k X P)-
k n
P
[*k]p -
///
m—k

The inverse of the previous operation is given by
Homp(VE", VE™) — Homp(VEM—F) yeimtk))
p — Hp = (Iyer ® p) o (b, ® lysm-n)-
n—k

(K]
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We shall refer to these operations in graphs as updown transformations.
Of particular interest is a composition of these operations which yields to
an alternative definition of the transpose of p € Homp(V®", VE™M);

pt = (Tl = =ml(plnly ¢ Homp(ve™, vem).

10 Algebras of tensor type

Definition 10.1. Let F' be a field. An algebra A is a pair (V,m) where V/
is a finite-dimensional vector space over F' and m: V ® V — V is a bilinear
multiplication. From now on we assume that F' has characteristic different
from 2 and that the underlying space V carries a nonsingular symmetric
bilinear form b. The multiplication m is then a morphism in the ribbon
category V generated by (V,b), hence it defines a coupon in Riby, colored
by m:

p= [m],

and we may view m as a ribbon (2, 1)-graph.

For simplicity, we will denote the algebra by A = (V, b, m) and the product
m(z ® y) by zy. In most interesting examples the product satisfies a set of
tensor identities. In this work we will focus our attention on algebras whose
identities can be expressed with the help of the morphisms 1y, 7, b, b, m.

Definition 10.2. For any algebra A = (V,b,m), we call alphabet the set of
tensors

Alph = {1y, 7,b,b", m}.

Let € = {¢; € Homp(V®" V®Mi)} bhe a set of tensors generated through
compositions, Z-linear combinations and tensor products of elements of
Alph. We say that the algebra A is of tensor type € if the ¢; are identi-
ties for A, i.e. if ¢j(x1 ® -+ ® ;) = 0 for all ¢ and all z, € V.

Example 10.3. The vector product in R?, m: = ® y — x x y, satisfies the
identities

0 = sxy+yxaea,
(104) 0 = <:L‘ XY, Z> - <$7y X Z>7
0 = zx(yxz2)—(z,2)y+ (92

for z, y, z € V, where (x,y) = b(x,y) is the scalar product. The tensors are
m+mort, bo(m®1y)—bo(ly®@m) and mo(ly@m)—(b®1y )o(ly @7)+bR1y
in Homp(V®* V), k=2, 3.

Remark 10.5. Note that the decomposition of a morphism in elements of
Alph is not unique.
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To describe the algebra A = (V,b,m), we do not need the whole category V
since the only morphisms needed are those induced by the alphabet Alph.
We look for a smaller category endowing A: it appears natural to consider
the ribbon subcategory Vi of V, where Obj(V;) = Obj(V) and the sets of
morphisms are the sets of morphisms generated through composition and
tensor product of elements in Alph. The category V; is not strict, but there
is an equivalent strict category in view of MacLane’s coherence theorem
(cf. Remark 3.11). Hence, we may apply Theorem 4.13 to V; without
restrictions.

Theorem 10.6. There exists a unique covariant functor R = Ry, : Riby, —
V1 preserving the tensor product and satisfying the following conditions:

1. R0) =F, R((V1,...,Vn)) = V" (V; denotes a copy of V);

2. R(I) =ly, R(T) =T, R(ﬁ) =b, R(,u) =m;

3. for any objects v,V or Vi -colored ribbon graphs G, G’ of Riby, we have:
R(vOV) =R(v) @ R(V) and R(GOG) = R(G) @ R(G');

4. if G and G' are composable ribbon graphs, we have R(G o G') =
R(G) o R(G');

5. R(GY) = (R(G))t for any Vi -colored ribbon (n, m)-graph G, where

= (5m|:|]n) © (ImDGDIn) © (Im‘:‘ﬂ;);

6. the functor R is compatible with the updown transformations p — [k]p

and p — pl¥ defined in Section 9.

Proof. Ttems 1., 2., 3. and 4. follow directly from Theorem 4.13. It remains
to prove that R(G!) = (R(G))t The fact that R(8;) = by and R(8}) = b,
follows trivially from the definitions (6.2) and (6.3). The picture

7

shows that I} is isotopic to Iy, hence R(I}) = e ---oRU) =
(1y)®F = 1v®k Finally,
R(G") =R ((BnOI,) o (1,0GOL,) o (I,,08}))

= (R(Bm) @ R(Ln)) o (R(Im) © R(G) © R(In)) © (R(Im) @ R(5,))

= (b @ Tyen) o (lyem @ R(G) @ Lyen) o (1yem @ b,) = (R(G))".
L]

Definition 10.7. We call the set of ribbon graphs Alph* = {I, 1,3, 3%, u}
the alphabet of basic ribbon graphs. We have R(Alph*) = Alph.
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11 Categories associated to tensor relations

The categories V and V; are pre-additive categories. This means that for
any pair of objects U, W the set Homp(U, W) is an additive abelian group
and the composition of morphisms and tensor product are Z-bilinear, i.e.
for all f,g,h € V:

(f+g9)oh=foh+goh, — fo(g+h)=fog+foh,

(f+9)®@h=fRh+gh, f@@+h)=f®g+f®h.
For k € Z we have

(kf)og=(k® flo(lr®g)=k®(fog) =k(fog)

and similarly f o (kg) = k(f o g).

However, in the category Riby,, the sets MorRibv1 (X,Y) do not possess an
additive structure. Let R be a fixed associative and commutative ring with
1, which admits a homomorphism h: R — F. The ring R will be called
the coefficient ring. In most applications we choose R = Q for simplicity,
assuming that the base field F' has characteristic zero.

We associate to the category Riby, its R-linearization Rib:;l. This cate-
gory has the same objects as Riby, and for two objects X, Y in Riby,,

Morgg,+ (X,Y) is the free R-module RMorRiby, (X,Y)
1
Morgip,,, (X,Y). Thus a morphism of Rib)t1 is a formal R-linear combina-

tion of ribbon graphs of a fixed type (m,n). We also call such a linear
combination a ribbon (m,n)-graph.

generated by the set

Diagrammatically, we draw an R-linear combination of graphs in Rib{ﬁl as

U U

AF +uG = \- Ef] +u-[9],

w w

where f, g morphisms of V; and A, u € R.

For FF = % . a;F; and G = Zj bjGj, 1 < i,j < o0, a;,b; € R, F; ribbon
(n, m)-graphs and G ribbon (m, ¢)-graphs in Riby, we define the composi-
tion in Rib\t1 to be the ribbon (n, ¢)-graph

GoF = Zaibj(Gj OFZ').

1,
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Moreover, the tensor product extends by linearity:

FOH = a;b;(F,OH;)
ihj
for F;, H; € Riby,. The identity for the composition is 1z - I}, and for the
tensor product O the identity is 1p - ). Moreover the updown transforma-

tions defined in Section 9 clearly also extends to Rib;;l. Composition and
tensor product coincide on MorRib; (0,0) and endow MorRib‘t (0,0) with
1

the structure of a commutative R-algebra with 1.

We can extend Theorem 10.6 by R-linearity to the category Rib;;l:
Theorem 11.1. There exists a unique functor R : Rib$1 — V1 such that
1. R™ =R in Riby,;
2. RY(G) =, h(ai)R(G;) for G =3",a,Gi, a; € R, G; € Riby,;

3. RY(FOG) =R (F)®R"(G), and RT(FoG) =R (F)oR"(G) for
F,G € Riby, ;

4. RT is compatible with updown transformations.

Let now A be an F-algebra of tensor type, defined by a set of tensors € =
{¢; € Homp (V& V&)1 Recall that the tensors ¢; are generated by
elements of Alph through compositions, Z-linear combinations and tensor
products. The category Ribij1 does not reflect the identities of A. The next
step is to impose relations in RibJr17 in order to obtain the “right” category
associated with A.

Let

I'={ye 1\/[01"Rib;rl (Ve yemiy)

be a set of morphisms in Ri‘b$1 such that R (v;) = ¢; for all ¢; € €. The
elements ~; are represented by ribbon (n;, m;)-graphs and I" represents pic-
torially the relations defining the algebra A. The set I' generates an ideal I
of the category Rib]tl. For each pair of objects (X,Y") of Rib]tl, this ideal
is given by the R-submodule I(X,Y") of MorRib\t (X,Y) generated through
compositions and tensor products by the ;. Let Iliiibp be the factor category
Riby; /I. By definition we have Obj(Ribr) = Obj(Riby,) and

Morgip,. (X,Y) = MorRib{; (X, Y)/I(X,Y).
1

For any p € MorRib{;r (X,Y), let [p] be its class in Morgip. (X,Y). We get a
1

projection functor
P Rib{';1 — Ribrp
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such that P(X) = X for X € Obj(Rib{tl) and P(p) = [p] for p any mor-
phism. In particular we have P(v;) = 0 for each ~; € I'.

The category Ribr is a category of ribbon graphs. We say that the ~; are
relations defining Ribr and we call Ribr the ribbon graph category asso-
ciated with the set of relations I'. Classes of ribbon graphs in Ribr will
also be called ribbon graphs. The R-algebra MorRﬂﬁ1 (0,0) projects onto

Er = Morgip.(0,0). We say that Er is the ring of numerical invariants
of the category Ribr, and we call the elements of Er closed graphs. The
computation of Er for a series of algebras of tensor type is the main feature
of this dissertation.

An immediate consequence of Theorem 11.1 is:

Theorem 11.2. Let A = (V,b,m) be an algebra of tensor type € for a
set of tensors € = {¢;}. Let I' = {v;} be a set of relations in Ribf;l such
that RY(;) = ¢; for all ¢; € €, and let Ribr be the corresponding ribbon
category of type I'. Then there is a unique functor Rr: Ribr — V of ribbon
categories such that RT™ = Rr o P. Moreover Rr is compatible with updown
transformations.

For ribbon graphs F, G, we write from now on F'=G if Rr(F) = Rr(G).

Example 11.3. The simplest nontrivial element of Er is the circle, denoted

by d:
d:ﬂoﬁt:©.

Rr(BoB)(1r) = (bot")(1p) = 3 blei, ei) = dimpV,

1

Since

the image under Rr is the dimension of V; for this reason it is convenient
to use the same symbol d for both circle and dimension.

Corollary 11.4. A necessary condition for the existence of an algebra
of tensor type € = {¢;}, is the existence of an R-algebra homomorphism
®: Er — F, where I' = {v;} is a set of relations in Rib{tl such that
R (vi) =c¢i for all ¢; € €.

Proof. If such an algebra exists, the functor Rr induces a homomorphism
EF = MOI"RibF(@, (D) - HOHIF(F, F) =F. ]

Remark 11.5. Let A = (V, b, m) be an algebra of tensor type. The category
Ribr associated to A is the same as the one attached to A, = A ® L for
any field extension L of F. In some sense Ribr is a “universal category”
reflecting the tensorial structure of A.
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12 Associative bilinear forms

Applying updown transformations and twist to the ribbon (2,1)-graph
representing the multiplication of the algebra, we get a set of six ribbon

(2,1)-graphs, p1 = p, po = pl= pg = FULN g = pyo 7, s = paor
and pg = ps o 7, which corresponds to the set of permutations of the three
bands connected with the coupon colored by m:

(121) p=[ m |, | m | ps=| [ m |
He =

= % 7 W ’
AN N
AN
=[], = , -
These six ribbon graphs are not isotopic. However there are cases where we

can identify some of these graphs in the category Ribr.

Definition 12.2. Let A = (V,b,m) be an F-algebra of tensor type. We say
that the bilinear form b is associative with respect to m or is a trace form if

(12.3) b(zy, z) = b(z, yz)
for all z,y, z € V, equivalently, if the trilinear form

(12.4) f(x,y,2) = blzy, 2)
is invariant under a cyclic permutation.

Let mi = m, mg = [Hm[*l]? ms = [*1}m[1}, my =mq 0T, My =meooT and
mg =mg o7 € Hom(V ® V, V), with the notations of Section 9.

Lemma 12.5. If the bilinear form b is associative with respect to m we have
mi1 = mg = m3 and myg = M5 = Mg.

Proof. We only check m; = mo. We have
Uz ey) =1y @b)o(ly @me 1y) o (b @ lye:)(z ®y)
=(ly@bo(ly@mely)Ye®er®y)

=1y @b, e®er®y)
=Y e @blejw,y) =D, e @ b(ei, ry) = Y.
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If (12.3) holds for A, it is a tensor identity and we assume that this identity
belongs to the set € of tensors identities defining the algebra A. Then the
associativity of b is graphically represented by the relation

and Lemma 12.5 implies that p1=pe=ps and pus=ps=pe. Observe that the
two graphs in (12.6) are not isotopic, even if they are equal under Rp. The
same is true for the three graphs 1, o, 13, resp. p4, 5, thg- This suggests
to introduce a new notation for u: we omit the coupon in the graph and
replace it with a black point, as in the figure

sz.

Thus the multiplication m is now represented by a black trivalent vertex
which we still call u. We use a white trivalent vertex to represent m o 7:

The associativity of the bilinear form b is depicted by

(12.7) \<j - L>/ |

The two graphs now are isotopic; we can deform them to obtain a third

isotopic graph:

This reflects the fact that the trilinear form

f(x1, 22, 23) = b(z122, 23)

is invariant under cyclic permutations of the x;. Moreover the equalities
Ho=p1=p3 mean that

U YU
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and we see that the graphs us and s are just rotations of the graph p. In
particular they are isotopic to u. The same holds for us = ppo 7, pus and pug.
We fix a clockwise (or positive) orientation on black trivalent vertices and,
accordingly, a counterclockwise (or negative) orientation on white trivalent
vertices. Then p corresponds to a positive oriented trivalent vertex and por
to a negative oriented one. The replacement of the six ribbon (2,1)-graphs
1; by two oriented trivalent vertices is a huge simplification and will be used
in an essential way in the following chapters.

We conclude this section with some more properties of algebras with asso-
ciative bilinear forms.

Example 12.8. Let A = (V,b,m) be an algebra where b is a trace form.
The image under Rr of the ribbon (1, 2)-graph

pt = (B0Iy) o (IDuOI,) o (IOfY),

depicted as

is the morphism m!: V — V ® V. Note that transposing changes the orien-
tation of the trivalent vertex (u! is the result of a reflection of u along the
top line of the graph). There is a simple expression for m‘: V. — V @ V
(only valid for trace forms):

m'(v) = (@ 1ye2)o(ly @ m® lye:)o (ly @bh)(v)
= 0@ lyse)o(ly@m@lys) > 1@e®e;De; D e;
ij
= (b®1v®2)zv®eiej®ei®€j
7:7.]‘

= Y blv,eiej)e;@e; =Y bleju.er)e; @ e
i’j 7‘7-]

= Z €V X €j.
j

Hence, m! corresponds to the morphism (m ® 1y) o (ly ® 7) o (b' ® 1y) for
b associative. Similarly, modifying the last two steps in the above computa-
tion, we get the equivalent expression m!(v) = Zj ej ® ve;j. The graphical
incarnations of these formulas are:

SURARNEPN

t
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One can associate a Casimir element to any trace form:

Lemma 12.9. Let A = (V,b,m) be an algebra with a trace form b and let
(e1,...,eq) be an orthonormal basis of V. The Casimir element

c:ZeieZ-EV
7

is uniquely determined by the property Tr(l,) = b(c,x), where l,: V — V is
the linear map l,(y) = xy. In particular, it is independent of the choice of
the orthonormal basis.

Proof. (cf. [CKRO05, Lemma 1.5.]). Uniqueness follows from the fact that b
is nonsingular. Let xze; = Zj xijej, so that Tr(ly) = >, x4 We have

Z b(CE, eiei) = Z b(mei, 6,‘) = Z a:ijb(ej, 62‘) = Z Tii-
i i %, %

Tensorially, we have m o b® = m o 7 o b® and both tensors map 17 to the
Casimir element ¢ = ), e;e;. Graphically ¢ is represented by the Casimir
graph

(12.10) po it = ? = Q

Hence the orientation of the trivalent vertex is superfluous in the Casimir
graph, which will be depicted by

If reversing the orientations at a specific trivalent vertex does not change
the graph, we will systematically omit to mark the vertex.

O]

Composing the Casimir graph with itself, we get the graph

e=(O—).

which is another interesting element of the ring Er. Its image under Rr is
the scalar b(c, ¢), where c is the Casimir element in V.

We conclude this section by a trivial example:

Example 12.11. Let (V, b, m) be an algebra with m = 0. Then I' = {u}
and the circle d generates Er. The ring Er is isomorphic to the polynomial
ring R[d] and Rr(d) = dimgV. Thus there is no obstruction to the existence
of such an algebra in any dimension d (which is, of course, obvious!)
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and by a less trivial one:

Example 12.12. The classical vector product (R3, x) satisfies the set of
relations (10.4). In particular the bilinear form given by the scalar product
is associative with respect to the product x. With the techniques described
in the next chapter, it can be shown that for the corresponding category
Ribr of relations, with R = Q,

Er = Q[d]/d(d — 1)(d — 3)

and it follows from Corollary 11.4 that a nontrivial vector product satisfying
the identities (10.4) can only exist in dimension 3.
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Chapter III

Vector product algebras

In this chapter we apply the formalism of Chapter II to vector products.

13 r-Vector products

Let V be a d-dimensional vector space over a field F' of characteristic zero
and let b be a nondegenerate, symmetric bilinear form on V.

Definition 13.1. An r-vector product in (V,b) is an r-linear map
P:Vi=VxVx-.-.xV—YV, 1 <r<d,
satisfying the following properties:

(13.2) b(Pr(vi,...,0),0) =0 forv;eV,i=1,...,r
(13.3) b(P(vi,...,0p), Pr(v1,...,vp)) = det (b(vi,vj))ij

It follows by linearizing (13.2) that the multilinear form

f(vla <oy Up,y Ur+1) = b(Pr(UL- . '7UT‘)7UT‘+1)

is alternating. Since the bilinear form b is nondegenerate the r-vector prod-
uct is also alternating. In 1943 Eckmann defined a r-vector product on a
d-dimensional real vector space V to be a continuous map P.: V" — V
satisfying axioms (13.2) and (13.3) and proved with topological techniques
that a vector product exists in precisely the following cases:

dis even, r =1,

- d is arbitrary, r = d — 1,
-d=3or7,r=2,

-d=4or8, r=3,

47
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(see Eckmann [Eck43], Whitehead [Whi63]). The classification of multilinear
vector products over arbitrary fields is given by Brown and Gray in [BG67].
Explicit formulas for these vector products are known in all cases; for further
details we refer to the articles [Zve66], [Sha89], [Eck91] and [Eld96].

14 Vector product algebras

Definition 14.1. A vector product algebra VPA = (V,b, x) consists of a
vector space V together with a nondegenerate symmetric bilinear form b on
V and a 2-vector product P, in (V,b). We denote the product Ps(z,y) with
x X y and call it simply a vector product.

Setting 7 = 2 in (13.2) and (13.3), we see that the identities defining a vector
product algebra are:

(14.2) b(x xy,z) = blxxy,y) =0,
(14.3) bz xy,zxy) = blx,x)b(y,y) - blz,y)%
forall z,y € V.

For later use we need another set of defining relations:

Lemma 14.4. The set of identities (14.2) and (14.3), defining a vector
product algebra VPA, is equivalent to the set:

(14.5) b(x xy,z) =b(z,yxz) and zXy=-yxuzx,

(14.6) (xxy)Xz4+zx (yxz)=2b(zx,2)y —bz,y)z — by, 2)z,

for all x,y,z € VPA. In particular, a vector product algebra admits an
associative bilinear form b with respect to the 2-vector product X.

Proof. Condition (14.2) is equivalent to f(z,y,x) = b(xz X y,z) being al-
ternating and this, in turn, is equivalent to (14.5). Linearizing (14.3) we
get

b(x X y,x x z) = b(z,x2)b(y, z) — b(z,y)b(x, 2),

and the associativity of b yields to
b((z x y) x x,2) =b(b(z, x)y, z) — b(b(z, y)z, 2).
Since b is nonsingular we have
(r xy) xx=0b(z,x)y —bz,y)z
and linearizing again gives (14.6). O

As a special case of the possible dimensions of r-vector products listed above
we see that a vector product can only exist in dimension 3 or 7:

Theorem 14.7. The dimension d of a vector product algebra satisfies the
equation d(d —1)(d — 3)(d —7) = 0.
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15 Vector product algebras and composition alge-
bras

Vector algebras are related with composition algebras and Theorem 14.7 is a
consequence of the classification of composition algebras with identity. Let
(V,m) be an algebra, i.e., V is a finite dimensional vector space over a field
Fandm: VeV -V, x®y+— x-y,is a F-bilinear multiplication.

Definition 15.1. A composition algebra with identity C = (V,-) is an alge-
bra over a field F’ with an identity element 1~ and a nondegenerate quadratic
form g: V — F such that:

(15.2) q(z-y) =q(x)q(y) forall z,y e V.

We say that a quadratic form satisfying (15.2) is multiplicative.

In characteristic different from 2, the notions of composition algebra with
identity and that of vector product algebra are equivalent. Given any com-
position algebra C' with identity, one can construct a vector product algebra
VPA by taking V = <1c>L and defining a vector product by

(15.3) Txy=3i(z-y—y- ).

Conversely, given a vector product algebra VPA = (V,b, x), we get a com-
position algebra by putting C' = (1¢) L V and defining the product on C
by

(15.4) (ale + ) - (ble +y) = (ab—b(z,y))1c +ay + bz + z x y,

for a,b € F, x,y € V. In particular the dimension of a vector product
algebra V PA associated to a composition algebra C with identity is related
to the dimension of C' by the formula

dimpVPA = dimpC — 1.

Thus Theorem 14.7 is an immediate consequence of the following structure
theorem for composition algebras:

Theorem 15.5. (Hurwitz Theorem). The following is a complete list of the
composition algebras with identity over a field F: (1) F, (II) quadratic étale
algebras, (111) quaternion algebras, (IV) Cayley algebras. In particular, they
only exist in dimension 1,2,4 and 8.

Theorem 15.5 was proved by Hurwitz in 1898 for sums of squares over R. A
proof for composition algebras over arbitrary fields can be found in Jacobson
[Jac58], or in [KMRT98, Chapter VIII].

Remark 15.6. A ribbon graph category can also be attached to composi-
tion algebras with identity and a direct diagrammatic proof of the fact that
composition algebras with identity can only exist in dimension 1,2,4 and 8
will be given in Chapter VII.
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16 A diagrammatic proof of Theorem 14.7

Inspired by diagrammatic techniques, Markus Rost gave in 1996 a tensor cat-
egorical proof of Theorem 14.7 (see [R0s96], and also the two diploma theses
of students of M. Rost, [Mau98] and [Boo98]). In 2002 Meyberg gave a modi-
fied version of the proof of Rost’s dimension relation d(d—1)(d—3)(d—7) =0
for vector product algebras using trace formulas ([Mey02]). In this section
we present the diagrammatic proof of M. Rost given in [Ros95], using the
formalism of Chapter II.

A vector product algebra (V,b, x) is an of algebra of tensor type with defin-
ing relations € = {c1, ca, c3}, where:

1. Clzbo(m®lv)—bo(1v®m),
2. co=m+mor,
3. cs=mo(m®1ly)+mo(ly@m)—2(bx1ly)o(ly@7)+bR1y + 1y ®b.

With the notations of Chapter II, we choose Q as ring of coefficients for
the category Rib;;l. If v1,7v2,73 in Rib;;1 are ribbon graphs represent-
ing ¢, co and c3, we denote Ribypa the corresponding category of type
I' = {71,72,73}. The functor Rr: Ribp — V, where V is the tensor cate-
gory generated by the vector space V' (see Theorem 11.2), will be denoted
Ryvpa. In view of the first relation, the bilinear form b is associative with
respect to the product x and we are in the situation described in Section
12. In particular we shall represent the ribbon graph associated with the
multiplication by an oriented trivalent vertex.

To simplify notations, we will denote equalities of graphs representing the
same morphisms with the equality sign =, and no longer with =, as in Chap-
ter 1L

We have some basic identities in Riby p4:

i
hehgod
-
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w o 99.9-9

b4

The first set is the pictorial version of the rigidity axioms, the second and
the third follow from the associativity of b and have already been discussed
in Section 12. The ribbon graph v, is pictured by

=YY
and we have the relation
(16.2) Y = —Y .

Relation (16.2) can be used to replace white trivalent vertices by black ones
with a negative sign. Since we then have only black marks we can as well
omit the mark and s is represented by

+\yg.\;/+v N

Using updown transformations, we can shift down the leftmost band at the
top of 3 and get the relation:

o A L X

Let Eypa = Morgib, p,(0,0) be the ring of numerical invariants of the
category Riby pa. The following result is due to M. Rost ([Ros95]):
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Theorem 16.4. Let J be the ideal of the polynomial ring Q[d], generated
by the element p(d) = d(d — 1)(d — 3)(d — 7). Then the homomorphism
®: Qd] — Evpa = Morgip, ., (0,0) given by ®(d) = d, induces an isomor-
phism of rings

Qld]/J = Evpa.

In particular the only possible values of the invariant d are 0, 1, 3 and 7.

Proof. Quoted identities in this work are indexed by a double index (z.y),
x,y € N. For G a ribbon graph, we use the notation (z.y) o G to denote the
identity (x.y) composed with G. For example (16.2) o 3! gives the identity

77

Together with (16.1) we deduce

(16.5) CP =0,

since, by assumption, 2 is invertible. It follows from (16.5) that any graph
which contains a graph of type (16.5) is zero.

Next consider (801) o (10(16.3)) o (8'01):

b e

By the previous remark the first graph in the left sum is zero. On the right
side the first graph is isotopic to a line, and the second one is the disjoint
union of the circle d with a line. Hence

(16.6) = —(d—1)-

Gluing the top and the bottom bands together, that is 8o (I0(16.6)) o 57,
yields immediately

(16.7) @ = —(d—l)-@ = —d(d—-1).
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Relation p o (16.3) gives

Yooy oo

The last graph on the right is zero; the second on the left can be simplified
by using (16.6), and the first graph on the right changes sign because of

MV 0N N Y
w Y e

Remark 16.9. (Springer’s Formula). The functor Ry p4 associates to any
diagrammatic identity a tensor identity. Identity (16.8) translates to the

identity
d

Z(u X ;) X (e xv) = (d—4)(u xv)

i=1
due to Springer and which is valid in any vector product algebra. In fact,
one can decompose the graph on the left as composition and disjoint union
of elements in Alph:

oA

\r \r = po (uBu) o (I0F'0I).

We apply the functor Ry pa on both sides of equation (16.8). On the left

we get
d

Rypa(po (10u) o (I3'01)) (1, v)=3 " Rypa(o (1Op)) (u® ¢ @ ¢; © v)
=1

on the right Ry pa((d —4)p)(u,v) = (d — 4)u x v.
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The graphs in Springer’s formula can be drawn as ribbon (0, 3)-graphs via
updown transformations:

(16.10) % = (d—4)-

and also as ribbon (3, 0)-graphs:

(16.11) % = (d—4)-

Let v = (I0uOI) o (B'0f%) be the graph

/TN

We close the three top bands together by gluing (16.11) with ~:

Composing (16.11) and (16.10), we find

(16.12) | (d — 4)2 @ 1) (d—4)2

Now comes the final step. We compose So(uOu)o(10(16.3)01)o(u!Out)ofs?,
which gives

(| + = 2. — —

Note that p! is obtained by reflection along the horizontal axis, hence the ori-
entation of the trivalent vertex is modified (see Example 12.8). This implies
a change of sign. Since u! appears two times, the sign of the expression does
not change. The two leftmost and the two rightmost graphs are isotopic.
So, after dividing by 2, we have

For the middle term one finds

(16.13) = @ = (d—4)-<|> = —d(d—1)(d — 4).
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The first equality holds since both pictures are just different projections of
the same graphs but with signs changed at two vertices; the other two equal-
ities follow from (16.8) and (16.7).

To compute the rightmost graph, one applies formula (16.6) twice and finds

Q- (e

This formula, (16.12) and (16.13) give the relation d(d—1)(d—3)(d—7) =0
in Byps. We next prove that the ring Eyp4 is generated by d.

Performing (16.3) o (uO1) we obtain the relation:

Hence
>—~§/ = — }4%\ + sum of graphs with one trivalent vertex.

The two graphs differ by a sign and a rotation of order 5. Therefore, iterating
5 times yields

(16.14) 2. = sum of graphs with one trivalent vertex.

Consequently, any graph with three trivalent vertices can be replaced by a
sum of graphs with only one trivalent vertex. In general one can reduce the
number of trivalent vertices on a connected closed graph step by step by 2.
Since closed graphs can only have an even number of trivalent vertices, they
can all be reduced to sums and products of closed graphs without trivalent
points, i.e., represented by the circle d. This observation, together with
the computations of the previous section, yields to the conclusion that, for
k € N, k£ > 0, any closed connected graph with, at most, 2k — 2 trivalent
vertices can be expressed by a polynomial in d of degree < k. In particular
FEypa is generated by d. Thus we have a surjective homomorphism

Q[J]/J — Eypa.

By Corollary 11.4 this already implies that only the dimensions 0, 1, 3 and 7
are possible for nontrivial scalar products. The fact that ® is an isomorphism
follows from the fact that all dimensions can be realized. O
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Chapter IV

Symmetric composition
algebras

Symmetric composition algebras are a special class of composition alge-
bras without identity. They were independently investigated by Peters-
son [Pet69], Okubo [Oku78], Faulkner [Fau88]. A complete classification
was given by Elduque-Myung [EM93], see also Elduque-Pérez [EP96] and
[KMRT98, Chapter VIII]. Symmetric compositions form a class of algebras
of tensor type for which the techniques of Chapter II nicely work. The idea
to apply diagrammatic calculus to symmetric compositions is due to M.
Rost. We assume in all this chapter that F' is a field of characteristic zero.

17 Invariants of symmetric composition algebras

Definition 17.1. A symmetric composition algebra is an algebra A =
(V,b,m) with a nonsingular associative bilinear form b such that for all
z,y,z€V:

(17.2) q(zxy) = q(@)q(y),
(17.3) bx*y,z) = blx,yxz),

where m(z,y) = =y and ¢(x) = b(x, x).
Linearizing the first relation, we get the equivalent tensor identity
(17.4) b(x *xy,z*t) +b(xxt,zxy) =2b(x, 2)b(y,t)

for all z,y, z,t € V. Thus symmetric compositions algebras are algebras of
tensor type, with the two relations (17.3) and (17.4), and we can associate
to the data A = (V,b,m) a category Ribgca as in Section 11. We choose
R = Q as coefficient ring. The identity (17.3) means that b is associative

o7
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with respect to the multiplication x. Thus we may replace the ribbon (2, 1)-
graph associated with the multiplication m by an oriented trivalent vertex,
as in Section 12. The relation in Ribgca representing (17.4) is pictured by

the graph UWL\\E/:?\\/\/‘

Applying the updown transformation p — 1 (p[l] to the above graph yields:

B e e

Let Esca = Morgibg. 4 (0,0) be the ring of numerical invariants of the cat-
egory Ribgca. As in Chapter II we denote

:Q, —O—0O.

Theorem 17.6. Let J be the ideal of the polynomial ring Q[d, €], generated
by the elements

(17.7) p=é(e—(2—d)?),
p2 = (d—2)(d —8)(d — &).

Then the homomorphism ®: Q[d,e] — Esca = Morgipgo, (0,0) given by
®(d) =d, (e) = e, induces a surjective homomorphism of rings

®: Q[d,e]/J — Esca-
In particular the only possible values of the pair (d,e) of invariants are
(17.8) (d,e) =(0,0), (1,1), (2,0), (4,4), (8,0) and (8,36).

Remark 17.9. We do not know whether the homomorphism ® in Theorem
17.6 is injective. There is an isomorphism

Qld,e]/J ~ QxQxQl/(?) xQxQx Q

given by -
d—(0,1,2,4,8,8), e— (0,1,€,4,0,36).

On the other hand, since the 6 pairs in (17.8) can be realized by a symmetric
composition algebra over Q (see Proposition 17.34), there is a homomor-
phism Fgca — QG with

d— (0,1,2,4,8,8), e (0,1,0,4,0,36).

It f_ollows that the kernel of ® is contained in the 1-dimensional radical of
Qld, el/J.



17. Invariants of symmetric composition algebras 59

Proof. The proof of Theorem 17.6 is due to M. Rost (see [CKRO05, pp. 46-
58]). We keep the convention that if in a graph no orientation is indicated we
understand that the graph does not depend on the choice of the orientation.
We recall that the following identities are valid in Riby, (see page 51):

(17.10) =),

(17.11) =

We first consider the following consequence of (17.5):

DR

This and (17.10) show that is invariant under a reflection. Together

with the identity (12.10), this means that in such a graph the orientation
at the two vertices is nonessential. Therefore, we may disregard them and
write

m 0.9.9.9.9

We have by (17.10) and (17.12)

(17.14) #} C}S

Identities (17.11) and (17.5) show

s
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Hence we have

(17.15) #)#) d-|,

which implies

(17.16) oO—0O—=d-O———.

By (17.13) and (17.15) this equation is valid for any choice of orientation.
Similarly, relation (17.14) implies

By (17.16) this gives
(17.17) =2-d) -O————.
Composing both sides with each other yields

=2-d)? O—0O = (2-d)%.

In the next computation, the second equation follows from (17.5):

= 2¢2.

o

We conclude that (2 — d)%e = €2, and we obtain the first relation of Theo-
rem 17.6. Now transforming (17.5) into

Bo (I0B0I) o (I,08015) o ((17.5)0u0u01;) o (I04'01L,05'01) o (3'04Y)
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gives

@ Q0-0~+O-0O
Hence

(17.18) = (2 —d)d>.

A further application of (17.5) gives

- T

Composing this relation with itself shows

III@@®

We compute the three terms on the right. Relation (17.14) gives

o OO0

Then (17.15) and the last computation give

-0

Applying (17.14) twice for the first equation, then (17.20), (17.14), (17.5)
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for the second equation and finally (17.16) for the third equation gives

OO0

= 4(2d —e)

O—Q—O
@%

= 4(2d —e) — 4(2e — de) Qde—d2
= (2dfe) (2 d)(— 46+de)

Thus far we have computed

=4(2d —e) —4d(2d —e) +4(2d — e) + (2 — d)(—4e + de)
= (2 —d)(8d — 8e + de).

The right hand side is invariant under orientation reversing. Hence

. EB<Qd><gdge+de>.

Next, observe that

(17.22) m+B(175)2.g2.®.

For the second equality note that the two graphs are the same, they are just
drawn in a different way. Relations (17.18), (17.21) and (17.22) give after

dividing by 2
m @ o

Putting all together:
0=(2—d)(8d —8e+de) — (2—d)d*> = (d—2)(d — 8)(d — e).

This is the second desired equality. To complete the proof of Theorem
17.6 we check that the two graphs d and e generate the ring of numerical
invariants Fgca.
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Definition 17.23. Two graphs are called equivalent if one can be obtained
from the other by a sequence of moves

Proposition 17.24. For any graph with at least one trivalent vertex there
s an equivalent one which contains one of the portions

Proof. In a graph Q we call path a graph with trivalent vertices {vo, ..., vx}
and edges (bands) connecting vy with vy, v1 with v, ..., vx_1 with vy, where
the v; are pairwise different, with the possible exception of vy = vg. In the
case vg = v, the path is closed and is called cycle in . By length(S) we
mean the number of trivalent vertices on the cycle S.

Fix some direction on S. Then at each vertex P we have an incoming
edge, an outgoing edge and the third edge not belonging to S. This triple
determines an orientation at the vertex P which may be different from the
given orientation in P. We now divide the vertices on the cycle S into two
classes: the set of vertices for which this new orientation coincides with
the given orientation of the trivalent vertex and the others. If two vertices
belong to the same class, we say they have the same orientation with respect
to S.

We choose an isotopic graph to 2 which contains a cycle S of minimal length.
If length(S) = 1, the proposition is clear. Suppose length(S) > 2. For an
edge o of S the two endpoints have either the same orientation or not:

S/X_[\ or S/X_Z\
g o

In the second case we say that o is an alternating edge. In the first case we
could make a move

(17.25)
S

and find a cycle of smaller length in a graph equivalent to 2. Since length(S
is minimal, any edge of S is alternating. Suppose that the endpoints P, Q
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of an edge o of 2\ S lie both on S. Then the union of ¢ with one of the arcs
on S between P and ) would have a smaller length than S, except when
each of these arcs have length 1. But then length(S) = 2. The last two
conclusions show that in case length(S) > 3 there is a portion as indicated
by the first of the following pictures:

Now the two indicated moves would again give rise to a cycle of smaller
length. So we know length(S) < 2 and in case length(S) = 2 the edges of S
are alternating. O

We next consider graphs modulo the relation

(17.26) >—< +I =

Proposition 17.27. The ring of closed graphs modulo the relation (17.26)
18 generated by the circle d and the closed graph e.

Proof. Relation (17.26) has the following consequence (see the proof of
(17.15)):

(17.28) = 0.

Let © be a closed graph. We must show that ) is a polynomial in d and
e. We may assume that {2 is connected and argue by induction on the
number of vertices in €. By Proposition 17.24 € is equivalent to a graph €’
containing one of the portions of Proposition 17.24. In the first case we may
use (17.28) and reduce the number of vertices. Let us consider the second
case, i.e., {) contains a portion

Q.

We may assume that €2 has more than two vertices because otherwise €2 = e.
Relation (17.26) gives

LY
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Iterating this relation three times yields
(17.30) = —

It follows that if we change the orientation of a vertex, we merely change
the sign of Q. This is clear if the vertex is near n as in (17.30). However,
in general we may use (17.29) to move 7 to the vertex, then change the
orientation and move back again using (17.29). If we are not concerned
with orientations, then it is easy to use (17.26) to produce a further cycle of
length 1. So Q is equivalent to ', where Q' contains a portion

But this is equal to (2 — d) - O————, see (17.17). O

Theorem 17.6 follows now from the next corollary and Corollary 11.4. [
Corollary 17.31. The ring Esca of closed graphs is generated by d and e.

Proof. The claim follows from a filtration argument, where filtration is by
the number of vertices. More precisely, consider for example the case of a
cycle S in the closed graph {2 containing two black vertices:

(17.32)
S

Instead of relation (17.26) which leads to steps

S - = S

to reduce the length of S, we use the relation

(17.33) >—<+I=2-X.

We claim that for S with minimal length, length(S) < 2. Assume that
length(S) > 3. Let T be any cycle in , different from S, but connected with
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S through the two marked black vertices in (17.32). We have length(7") >
length(S). For each move induced by (17.33), T is replaced by a linear
combination of a cycle of length length(7) — 1 (corresponding to the term

I) and a cycle of length length(T") 4 length(S) — 4 (corresponding to the
AN

term \). If length(7T") = length(S) we get in any case shorter cycles. If

length(T') > length(.S), S is replaced by a linear combination of cycles which
contains a shorter cycle. O

We show that all values in Theorem 17.6 can be realized.

Proposition 17.34. Let F' be an algebraically closed field of characteris-
tic different from 2 and 3. For each value (0,0), (1,1), (2,0), (4,4), (8,0)
and (8,36) of the pair (d,e), there exists up to isomorphisms exactly one
symmetric composition algebra with the given value.

Proof. Symmetric composition algebras are of two types (see [KMRT9S8,
34.A.], [O081] or [EM93]). The first one is related to quadratic composition
algebras with an identity element (also called Hurwitz algebras), which, by
Hurwitz Theorem, occur in dimension 1, 2, 4 and 8. Over an algebraically
closed field, Hurwitz algebras are split, and there is only one type up to
isomorphism for each possible dimension. The polar form of the norm is not
associative but satisfies identities of the form

(17.35) b(zy, 2) = b(x, 27),

where x — Z is the conjugation map. It readily follows from (17.35) that, for
the new multiplication x x y = Z¥y, the bilinear form is associative. Thus we
can associate to every Hurwitz algebra a symmetric composition algebra,
which is usually called a Para-Hurwitz algebra. To compute the Casimir
element ¢ we may assume that the standard basis (1,4, j,...) of quadratic
extensions, resp. quaternions or octonions, is so normalized that i? = j2 =
... = —1. Then the standard basis is orthonormal. We get

c=1+(d-1)(~1) = (2 —d).

Thus e = b(c,c) = (d — 2)? and the numerical invariants for Para-Hurwitz
algebras are (d,e) = (1,1), (2,0), (4,4) and (8, 36).

The other type of symmetric compositions is related to separable associative
cubic algebras and was first considered by Okubo (see [Oku78] or [KMRT9S,
34.C. and 34.D.]). These composition algebras are called Okubo algebras.
We have three classes of cubic separable and associative algebras A over F':
F, cubic étale F-algebras and central simple F-algebras of degree 3. We
denote the multiplication of A by (z,y) — xy. Let

pe(X) = X3 —T(2)X* 4+ S(x)X — N(z) -1
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be the generic polynomial of A. The linear form T is the trace, S is a
quadratic form and N is cubic. Let A° = {z € A | T'(x) = 0} be the vector
space of trace zero elements in A. Let g = —%S and let b be the polar of
the quadratic form ¢. Let w be a primitive cubic root of 1. The bilinear
form b is associative with respect to the multiplication defined on A° by
(x,y) — x *y with

(17.36) zxy = 52ry + Hyr — 3T (xy) -1

and q(z xy) = q(z)q(y) for all z € A° (see for example [KMRT98, (34.18)]).
Thus (A%, ¢, %) is a symmetric composition algebra. One verifies that in all
three cases the Casimir element is trivial (see next sections), so that sym-
metric composition algebras associated with cubic algebras have invariants
(d,e) = (0,0), (2,0) and (8,0). For algebraically closed fields, each class
corresponds up to isomorphism to a unique separable associative algebra.
The two symmetric compositions algebras in dimension 2 (and for which
e = 0) are isomorphic over an algebraically closed field. In contrast, we
have two types of symmetric compositions in dimension 8 which are never
isomorphic, since they have different e-invariant. O

Remark 17.37. In dimension 8, one class of symmetric composition alge-
bras (“type” G3) is associated with octonions, and the second (“type” Asz)
is associated with central simple algebras of degree 3. The existence of these
two types is related to the existence of two non conjugate trialitarian actions
of S3 on Sping (see [KMRT98, (35.35)] or [HelO1, Chap. X, Exercise E.2]).
Observe that relation (17.7) has two branches, one (e = 0) corresponding to
type Az and the other one (e = (d —2)?) to type Go. The fact that the type
of a symmetric algebra can be easily detected through the Casimir element
is new.

18 Algebraic computation of ¢ in Okubo algebras

The computation of the invariant e is easy for Okubo algebras of dimen-
sion 2, see Section 19, and we consider in this section Okubo algebras of
dimension 8.

18.a Via cyclic algebras

The idea behind this first computation consists of expressing a central sim-
ple associative algebra of degree 3 as a quotient of a twisted polynomial ring.
This leads to a special base of the algebra. Some of the results reported in
this section are taken from [E1d99].

We recall that the base field F' has characteristic zero. We assume here that
F' contains a cubic primitive root w of 1, but we do not have to assume that
it is algebraically closed. Consider the twisted polynomial ring F,[X,Y].



68 Chapter IV. Symmetric composition algebras

This is a polynomial ring, however the variables X and Y do not commute
but satisfy the relation YX = wXY. The center of F,[X,Y] is the subring
generated by X2 and Y3. Given two nonzero scalars a and 3 in F), let Inp
be the ideal generated by the central elements X —a and Y3 — 3. Let x and
y denote the classes of X and Y modulo I, g, and denote by Fy P [x,y] the
quotient F,[X,Y]/I, 3. Thus Fy Plz,y] is the unital associative F-algebra
generated by x and y and subject to the relations

P=a, =0 and yz=wzy.

In other terms the algebra F B [x,y] is a cyclic algebra (see for example
[Pie82, Chapter 15]). The next proposition is Wedderburn’s theorem for
central simple algebras of degree 3. A proof can be found in [Pie82, Chapter
15].

Theorem 18.1. Let F' be a field of characteristic not 3. If F' contains a
primitive cubic root w of 1, then for any central simple associative algebra
A of degree 3 over F there are nonzero scalars o, 8 € F such that

A= F e, y).

Lemma 18.2. For all z'y?, 0 <i,7 <2, (i,5) # (0,0), we have T(z'y’) =
T((z'y?)*) =0.

Proof. Note that the element z in F5"°[x, y] verifies T'(z) = S(x) = 0 since
its minimum polynomial is of the form X? — o. The same happens for y.
Let S(u,v) be the symmetric bilinear form such that S(v,v) = S(v). It is
known that the form is nonsingular. We have T'(vw) = T'(v)T (w) —2S (v, w).
It immediately follows that T'(z?) = —2S(z) = 0 and S(2?) = —3T(2*) =
—3T(ax) = 0; hence T(y?) = S(y?) = 0. The rules 2° = o and y* = 3
imply T(z~1) = T(y~!) = 0.

We conclude by proving that mixed terms 2’y’ have trace zero. First note
that z'y/ = w™¥yiz’, then T(z'y/) = T(w ¥ylz’) = w IT(y2?) since
T(xy) = T(yz). Now, if w™¥ # 1 the claim is clear, and if w™% = 1, which
is equivalent to ¢ = 0 or j = 0 (but not both), we have no mixed terms. The
same arguments show that 7'((z'y?)?) = 0. O

0
Let Ff’ﬁ[x, y|] be the space of trace zero elements in FP [z,y]. In view of
. 0
Lemma 18.2 the elements z'y?, 0 < i,7 < 2, (i, ) # (0,0), lie in F5P [z, y]

and clearly form a basis of F5"” [1:,3/]0. Following [Eld99] we choose the
elements

{zij = —w2y’ | —1<i,7<1,(i,j) # (0,0)}

as a special basis. Let u = I_T“’ On Ff’ﬁ[x, y| define the new product

uwov = puv+ (1 — pou.
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The elements w9 ziyl of F3P [, y] multiply according to

Wi 6w Mgyl — (1= A)(w= (HRGH) 50 (4D

where A g ‘ mod 3 € {0,1,2}.

— ‘ ‘
Tk
The Okubo multiplication is:

uxv = puv+ (1 — p)ou — %T(uv) 1l=wuov—2b(u,v) - 1.
The multiplication Table IV.1 for the Okubo multiplication in F b [z, y]o is
in [E1d99].
To compute the Casimir element we need an orthonormal basis with respect
to the norm form g(u) = —15(u) = $T(u?). The basis used in the multipli-
cation table is not orthonormal since, for example, x19 = —x and z91 = —y
are isotropic.

Proposition 18.3. Assume that F contains an element v with > = —1.
The elements
Y10 = Z1,0+T—1,0,
y-10 = t(z10—7-10),
Yo1 = Zo,1+ To,—1,
Yo,—1 = L(fL'O,l - xo,fl),
y11 = w(@+ro1-1),
Yy-1,-1 = w(r11—x_1,-1),
Yy-11 = w2(l’—1,1 +x1,-1),
Y11 = w(z_11—21,-1),

form an orthonormal base of Ff’ﬂ[x,y]o.

Proof. A lenghty computation! O

Theorem 18.4. For any Okubo algebra the Casimir element is zero. In
particular the numerical invariant e of a symmetric composition of Okubo
type is zero.

Proof. The basis elements of the previous proposition can be grouped into
four pairs: every pair (y; j,yx;) with i + &k = j + 1 = 0 spans < z; ;, xg; >.
Let p € {0,1,2}, then for any pair (y; , yk,;) we find:

Yij*xYij =  W(@ij+ae) xwP (25 + 2kg)
2
WP (Tij * Tij + Tjj* Thy + Thy * Tijj + Thg * Tg 1)

Table IV.1 o
= W@ * T+ Thg x Thy),
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* Z1,0 T-1,0 xo,1 €0,-1 T1,1 T-1,—1 T-1,1 x1,—1
Z1,0 —Qar_1,0 0 0 T1,—1 0 Zo,—1 0 ar_1,—-1
T-1,0 0 —0571.7)1,0 T-1,1 0 0,1 0 04711‘171 0
x0,1 x1,1 0 —Bwo,-1 0 Br1,-1 0 0 T10
x0,—1 0 T_1,-1 0 —B7z01 0 B e 1, T_1,0 0
1,1 ar_q 0 0 71,0 —(af)x_1,1 0 Bro,—1 0

T_1,1 0 a~try r_1,0 0 0 —(aB) a1 0 B lao
T_1,1 Zo,1 0 Br_1,-1 0 0 a~lrg —a 1Bz 0
T1,-1 0 T0,-1 0 B 1w ar_1,0 0 0 —aflroq

Table IV.1: Multiplication table
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and
Ukl * Ukt = wl (@ — xpg) * wb (255 — T1y)
2
= —wP(Tij *Tijj — Tij ok Tk — Tkt * Tijj + Th * Tht)
Table IV.1 2
=7 —w Pz * Tij + Ty * D)
= _yl’] * yl,j °
Hence, the sum of every pair gives zero. O

18.b Via a Gell-Mann basis

We now compute the Casimir element with the help of a Gell-Mann basis.
Since we may assume that the base field is algebraically closed, we may
take as a model of the Okubo composition the space Mz(F)? of trace zero
elements in M3(F). The quadratic form S evaluated on a matrix x = (x;;)
is given by

S(x) = inixjj - xijl'ji-

i<j
Let ¢ = —%S and let b be the associated polar form. We have
ba,y) = glalz+y) —al@) —qly) = —§(S(x+y) - S(z) - S(y))
= —5 Z?,j:l TiiYjj — TijYji
= —%($11y22 — T12Y21 T T11Y33 — T13Y31 + T22Y11 — T21Y12

+x22Y33 — T23Y32 + T33Y11 — T31Y13 + T33Y22 — $32y23).

We generate an orthonormal basis of Ms3(F)? with respect to b by Gram-
Schmidt orthonormalization, starting with the matrices

1 00 00 O
0 -1 0 and 01 0
0 00 00 -1
The following set of matrices {ej,...,eg} defines an orthonormal basis of
M;3(F)°:
V3 0 0 10 0
er=[ 0 —V3 0 e2=101 0
0 0 0 0 0 -2
0 V3 0 0 iV/3 0
ez = V3 0 0 eq4 = ( —iv3 0 0
0 0 O 0 0 O
0 0 V3 0 0 V3
e5 = 0 0 O eg = ( 0 0 0
V3 0 0 —ivV/3 0 0
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0 0 0 0 0 0
ez=10 0 3 es=| 0 0 V3
0 vV3 0 0 —iv3 0

We recall that Okubo multiplication is obtained from the matrix multipli-
cation (z,y) — xy by the formula:

1
exy=pay+ (1 - pye - T(y) 1,

where p = I_T“’ and w is a primitive cubic root of unity. Then:

10 0 -1 00

epxep = 0 1 0 €9 x ey = 0 -1 0
0 0 -2 0 0 2

10 0 10 0

esxez3= 1| 0 1 0 eaxes =1 0 1 0
0 0 -2 0 0 -2

1 0 0 1 0 0

€5 % €5 = 0 -2 0 €6 * €g = 0 -2 0
0 0 1 0 0 1

-2 0 0 -2 0 0

e7*xe7r = 010 eg x eg = 010
0 0 1 0 01

Thus the Casimir element ¢ = Z§:1 ei*e; is zero and the invariant e = b(c, ¢)

is also zero.

Remark 18.5. The basis used here are a modification of the Gell-Mann
basis given in [EM90, p. 307].

To give more illustrations of diagrammatic calculus we consider, in the next
sections, commutative symmetric composition algebras, associative symmet-
ric composition algebras and symmetric composition algebras associated
with associative algebras.

19 Commutative symmetric composition algebras

Commutativity for symmetric composition algebras means that

Yoy
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and we do not have to care about orientations of trivalent vertices. The
graph relation (17.4) reduces to

m o OHXX

Closing on the left side we obtain
O—{ ) ¢ )

(19.2) — 2.

and hence

On the other hand,

bbb

(19.3) =d-

so that

Comparing relations (19.2) and (19.3) we find
=(2—4d)-

and finally

c=(O)—)=0e-ad

If we substitute this value of e in the formula e(e — (2 — d)?) = 0, valid for
arbitrary symmetric composition algebras, we get

0 = (2-d)d(2-d)d—(2-d)?) =d(2—d)*d—2+d)
= 2d(2 —d)*(d —1).

Thus:
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Theorem 19.4. A symmetric composition algebra is commutative only if
the dimension is equal to 0, 1 or 2; the possible values of the pair (d,e) are
(0,0), (1,1) and (2,0).

Example 19.5. Para-Hurwitz algebras of dimension 2 with orthonormal
basis {e1, ea} have the following multiplication table

*‘ el €2

€1 | €1 —€2
€2 | —€2 —€1

For the Casimir element we have: ¢ = 2 + 3 = 0. Hence e = b(c,c) = 0.

Example 19.6. Let dimpS = 2, for S a symmetric composition algebra
which is not Para-Hurwitz. Let ¢ be the norm on S and b the polar of g,
b(x,x) = q(x). Then S contains no idempotent and is isomorphic to an
algebra A, with basis {u,v}, with ¢(u) = ¢(v) = 1 and b(u,v) = %, and
multiplication table

* ‘ u v

u | v o,
v|u Au—v

where A € F is chosen such that the polynomial X —3X — X is irreducible,
see [E1d97, p. 298]. The basis
! (u+v) and b !
a= u+v n =
V24 A V2 =X

is orthonormal and we can compute the invariant e with the help of this

(u =)

basis. Since

1 1
a? = 2+)\(u+v)2:2+)\(u2+uv+vu+v2)
1 1
and, analogously,
v = ! (u—v)% = ! (v—u—u—i—)\u—v)—i()\—Q)u——u
2- S 2-) S 2-) -

we find that e = g(a? + b?) = q(u — u) = 0.

20 Associative symmetric composition algebras

Associativity of the algebra A = (V,b,m) means that (zxy)*xz = z* (y* 2)
for all z,y,z € V. Graphically we translate this relation as the identity for
ribbon (3, 1)-graphs
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or, by applying updown transformations, as an identity of ribbon (2,2)-
graphs

SIS 4

The relation 7 o (20.1) o 7 give rise to a similar graph relation with white

trivalent vertices:

which can be used to replace the defining relation of symmetric composition
algebras (17.5) by

X

By gluing the upper and lower bands on the right we get

We attach a circle in the upper band to obtain a ribbon (0, 1)-graph

Hence,

Transposing and collating gives
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On the other hand, we get from (20.2) the identity

<A

which yields:

Hence, e = e?. Moreover, by closing the two left bands and the two right

bands of (20.2), we find that 2e = 2d. Thus the only possible values of
(17.8) are (d,e) = (0,0) and (1,1).

Theorem 20.3. An nontrivial associative symmetric composition algebra
has dimension 1.

The fact that an associative symmetric composition algebra is commutative
is trivial, but we show how it can be proven with the help of diagrammatic
calculus. We first compose the equivalent version of (20.2)

DEPED

e

Y oY

Since d = 1, we get the commutativity identity.

with the graph u:

From

we have
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21 Symmetric compositions and associative alge-
bras

More interesting cases are symmetric compositions arising from associative
algebras A. More precisely, we consider symmetric compositions whose mul-
tiplication is defined in terms of the multiplication of an associative alge-
bra. This is the case of Okubo algebras, where the multiplication is defined
through the multiplication of a cubic associative algebra, and the case of
para-Hurwitz algebras of dimension < 4. As we shall see, all these algebras
admit a tensor identity which is not valid for para-Cayley compositions.
We call such symmetric compositions symmetric compositions of associative

type.

Lemma 21.1. Any symmetric composition (V,b,x) of associative type sat-
isfies the identities

(21.2) 2b(x,2)y = (xxy)*z+ (zxy)*x
(21.3) = xx(y*z)+zx(y*x)
(21.4) 2b(z,y)z —2b(z,y)r = zx(z*xy)+ (yxz)*xx—z*x(z*Yy)

—(y*xx)*xz— (2xy)*xx + 2% (y *7)

Proof. The first two identities are well known and hold for arbitrary sym-
metric composition (see [KMRT98, Formula (34.2)]). They can be obtained
graphically from the basic identity (17.4) by applying updown transforma-
tions. We first prove the last identity for Okubo compositions. Let A be
a cubic associative algebra with multiplication (z,y) — xy. We recall that
the Okubo multiplication on A° = {z € A | T(x) = 0} is given by

1
exy=pay+ (1 - pye - T(xy) - 1,

where p = PT“’ and w is a primitive cubic root of unity. Then (A°, ¢, x) is

a symmetric composition algebra for the quadratic form ¢(x) = —%S (x) =
£T(2?). Let b the polar of g. We compute (z *y) * z — x * (y * ) in terms
of the multiplication of A:

(@xy) x 2= pP(2y)z + p(l — p)(y)z + p(l = p)z(zy) + (1 - p)*=(yz)

S T(y)z — ST (=(ay)) — 5 (1~ )T (=(y)) + g Tp)T()

and analogously

@k (y*z) = pPa(yz) + p(l — pz(zy) + p(l — p)(yz)z + (1 - p)?(zy)z

STy — SuT((y2)e) — 5 (1= )T ((z0)) + 5 T(a)T (@),
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Since (zy)z = z(yz), Wl —p) = &, T(z) = T(z) = 0 and T(zy) =
—25(z,y) = 6b(z,y), we get

(zxy)kz—x*(yxz) = %((ym)z—l—z(xy)—x(zy)—(yz)m)—2b(y,x)z+2b(z,y)x.

The terms on the right can be computed with the help of formula

2(xy) = wzk(zxy)+2zx (Y z)+ (zxy)*z+w(yxz)*z
+2b(x,y)z + 2(1 + w)b(z, z * y) — 2wb(x, y * 2),

which is a consequence of zy = (1 + w)x xy — wy * x + 2b(z,y) - 1, cfr.
[KMRT98, (34.22)] (with a 2 factor). Then

(a:*y)*z—a:*(y*z):%(:n*(z*y)—I—(y*z)*x—z*(x*y) — (y* ) * z)
+§(z*(y*a:)+(az*y)*z—az*(y*z))
(21.5) —%((z*y)*x—b(z,y)x+b(x,y)z).

The wanted identity for Okubo algebras then follows using the first two
identities of Lemma 21.1:

20(z,y)z — 2b(z,y)r=x*x (2% y) + (y*x2)xx — 2% (x*xy) — (y*xx) * 2
F22zx(yxx)+axx(yxz)—(x*xy)xz—2(z*y) *xx
=zx(zxy)+ (yx2)*xx— 2% (xxy) — (yxx) * 2

—(z*xy)*z+ zx (y*x).

The multiplication for a para-Hurwitz composition is (z,y) — x*y = Ty
where x — Z is conjugation and (z,y) +— zy is the multiplication in the
Hurwitz algebra. We recall that

1, _ 1 _ _
bl ) = 5 (x5 + y7) = 5Ty + )

for z,y € V. Let ds be the difference of the right and the left hand side of
(21.4). Using that the multiplication in the Hurwitz algebra is assumed to
be associative, we have:

(21.6) d3 =y(zx —zz) + (2y —y2)T + Zoy — 2y 2.

One readily checks that d3 = 0 if x,y or z is the identity element. Thus we
may assume that z,y and z are pure, i.e., T = —x, § = —y and z = —z.
Then (21.6) reduces to

ds = (zy + yz)z — z(xy + yx)

and the right hand side is zero since %(wy +yx) = b(x,y) for pure elements.
O
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Let SCA° be the set of tensor identities obtained by adding the third rela-
tion of Lemma 21.1 to the relations defining symmetric compositions. Let
Ribgc 40 be the corresponding category of ribbon graphs and Egogq0 =

Morgin,,, ,o (0, 0) be the ring of numerical invariants of the category Ribgc 0.

Theorem 21.7. Let J be the ideal of the polynomial ring Q[d, €], generated
by the elements

I/-\ [}
l\D
~—
—~
OO
~~—
/—\
Cb
~—

= ( 2)( )+é(5ci—12).
Then the homomorphzsm ®: Qld,e] — Egcao given by ®(d) = d, ®(e) = e,
induces an isomorphism of rings
®: Q[d,e]/J — Egcao-
In particular, only the values (d,e) = (0,0), (1,1), (2,0), (4,4) and (8,0)
are admissible and all are simple.

Proof. Clearly, all relations obtained in the proof of Theorem 17.6 are still
valid. In particular we have ®(p;) = ®(p2) = 0. We check that ®(p3) = 0.
The relations (17.14) and (17.15) imply

(21.8) = 2d—e,
(21.9) = d2
Moreover,

(the second and the third bands joining the black and the white vertices have
been permuted in the first equality; this implies a change of orientation).
We compose (17.5) with the graph pu:

\ / ; W/
and hence
(21.10) ; ; =(2-d)- Y ’
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(DO@Og

A consequence of (17.5) is

] 2.\/\5
YY)

Close the three ends together with a clockwise orientation:

SARORONE

= 2(2d—e)—2d*+ed = )(2d — e)

which implies

and with a counterclockwise orientation:

JOROLC

= —22d—e e:2d2 4d + 4e — de.

A similar computation yields

Qe Do

Now the third relation in Lemma 21.1 translates into a graph identity of
ribbon (3, 1)-graphs:

/

Y
XY
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or, equivalently, of ribbon (2,2)-graphs by applying updown transforma-

) (O
OO

We compose it with the graph >_< (glued at the bottom):
N

The next step is to collate the left bands and also the right ones together.
We find:

Hence,
22d—e) —2e = 2d(2d—e) —d*> — (2—d)(2d — €) — (2 — d)d* + 242,

which implies the wanted relation d(d — 2)(d — 8) + e(5d — 12) = 0. The
fact that ® is an isomorphism is a consequence of the fact that all values are
simple and can be realized by compositions over (. The last claim follows
from Corollary 11.4. O
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Chapter V

J-algebras

22 Jordan algebras

Definition 22.1. A Jordan algebra J is a commutative finite-dimensional
unital algebra over F' such that the multiplication m(a,b) = a - b satisfies

((@-a)-b)-a=(a-a) (b-a)

for all a,b € J. For any associative algebra A, the product a-b = %(ab + ba)
gives A the structure of a Jordan algebra, denoted by AT. A Jordan algebra
A is special if there exists an injective homomorphism A — DT for some
associative algebra D and is exceptional otherwise.

Jordan algebras admit generic minimal polynomials (see [KMRT98, Chapter
IX]). The degree of the generic minimal polynomial is called the degree of
the Jordan algebra.

Example 22.2. (Jordan algebras of quadratic forms, see [Jac68, p. 13]).
Let V be a vector space over a field F' which is equipped with a symmetric
bilinear form f. The vector space J(V, f) = F -1 ® V with the product

(al+2)(BL+y) = (af + f(z,y))1+ (Bz + ay)

for a, B € I, x,y € V, is a Jordan algebra, called the Jordan algebra of the
quadratic form f, where f(x) = f(x,z). Such a Jordan algebra is of degree
2 and is special.

Example 22.3. (Freudenthal algebras, see [KMRT98, p. 516]). Let C' be
a Hurwitz algebra over a field F' of characteristic not 2 and let M3(C) =
M3(F) ® C. For X = (¢;j) € M3(C), let X = (¢;;) where ¢ — ¢, c € C,
denotes conjugation. Let av = diag(a1, ag, a3) € GL3(F') and

Hs(C,a) = {X € M3(C) | a ' X'a = X}.

83
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The space H3(C, a) is a cubic Jordan algebra for the product XY = $(XY+
Y X), where XY is the usual matrix product. We call Jordan algebras which
are isomorphic to algebras Hs(C,«), for some Hurwitz algebra C, reduced
Freudenthal algebras, and we call twisted forms of Hs3(C,a) Freudenthal
algebras. Freudenthal algebras are of degree 3. The possible dimensions
are 1, 3, 6, 9, 15, or 27. The 27-dimensional Freudenthal algebras are
exceptional, the others are special.

Let Py (X) = X3 — Ty(z)X% + Sy(x)X — Ny(z)1 be the generic minimal
polynomial of the cubic Jordan algebra J. The form Ty is the generic trace
and Ny is the generic norm. The bilinear trace form T'(x,y) = Ty(x - y)
is symmetric and associative. According to Dieudonné’s theorem, its non-
singularity implies that the Jordan algebra is separable (cfr. [KMRT9S,
Corollary (32.3) and Theorem (32.4)]). A separable Jordan algebra of degree
3 is either a Freudenthal algebra or is of the form F'* x J(V, q), where J(V, q)
is the Jordan algebra of a quadratic space of dimension > 2 (see [KMRT98,
Theorem (37.2)]).

23 J-algebras

In his book [SV00, Chapter 5], Springer introduced a new kind of Jordan
algebras, which are a generalization of Freudenthal algebras. We recall some
of the results of [SV00, Chapter 5] (because of our definition of polar form,
some factors are modified):

Definition 23.1. Let F be a field of characteristic not 2,3. A J-algebra
over F' is a finite-dimensional commutative, not necessarily associative, F'-
algebra A with identity element € together with a nondegenerate quadratic
form ) on A such that the conditions

(23.2) Q*) = Qz)* if (z,e) =0,
(23.3) (zy,2) = (z,y2),
(23.4) Qe = o

are satisfied. The form @Q is called the norm of A, and the polar form of @
is denoted by (,).

A linearized version of (23.2) will be used for graphical computations:
Lemma 23.5. ([SV00, Lemma 5.1.3]). Ifz, y, z and u are elements of e+,
then

(xy, zu) + (zz,yu) + (zru,yz) = (x,y)(z,u) + (x, 2){y, u) + (x,u)(y, 2).

Proof. By substituting Az + py + vz + pu for x in (23.2), writing both sides
out as polynomials in A\, p, v and p, and equating the coefficients of Auvp
on either side, we immediately get the formula. Here we use that the degree
of the polynomials is 4 and that |F| > 4. O
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Lemma 23.6. (Hamilton-Cayley equation, [SV00, Proposition 5.1.5]). Any
J-algebra A is a Jordan algebra and an element x € A satisfies a cubic
equation

2® — 2z, e )a? — (Q(x) — 2(z, )%z — det(z) e = 0,
where det is a cubic form on A. Note that det(e) = 1.

A J-algebra is called reduced if it contains an idempotent # 0,e. By ([SV00],
Lemma 5.2.2) it also contains an idempotent u such that Q(u) = 1. Such
an idempotent is called primitive idempotent. J-algebras are reduced over
algebraically closed fields. It follows from Lemma 23.6 that det(u) = 0,
(u,e) = %, u(e —u) = 0, (u,e —u) = 0 and Q(c —u) = 1 hold for a primitive

idempotent.

Let A be a reduced J-algebra with a primitive idempotent u. Define £ =
(Fe®Fu)t = {v € A| (v,e) = (x,u) = 0}. The restriction of Q to
F e ®Fu is nondegenerate, hence the same holds for £. Let t: £ — E be
the linear transformation defined by x — wux. Then

1

E=Ey® E, where Ei={z e E|tlx)=ux= im}

and we have a decomposition A = Fu & F(e —u) ® Ey @ Ej.

Proposition 23.7. (J-algebra of quadratic type, [SV00, Proposition 5.3.5]).
Let A be a reduced J-algebra with a primitive idempotent u, and let E, Ejy
and Eq be as before, with respect to u.

(i) Ey = 0 if and only if A is 2-dimensional; then A = Fu ® F(e —u).

(ii)) If By = 0, then A = Fu®F(e —u)®Ey. For \, N, p, / € F, z, 2’ € Ey
product and norm are given by

(Mutp(e —u)+z) (Nutp' (e —u)+2') = AN u+(pup'+q(z, o)) (e —u)+pa’+4'z

and
Q(\u+ p(e —u) + ) = 1IN+ 1 + q(2),

where q is a nondegenerate quadratic form on Ey with polar form q(, ). Con-
versely, for any vector space Ey (possibly 0) with a nondegenerate quadratic
form q, the above formulas define a J-algebra A.

Such a J-algebra is closely related to the Jordan algebra of a quadratic form
q as defined in Example 22.2: in fact A is the direct sum of a one-dimensional
algebra F'u and of the Jordan algebra F'(e —u)® Ey of ¢ with € —u as identity
element.

One can show that if dimpFy = 1, then A is of quadratic type. The same
holds for F; = 0. We assume now that A is a reduced J-algebra with
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a primitive idempotent u such that dimpFEy > 1 and F; # 0. One can
construct an element 27 € Ejy such that Q(x1) = i by taking any y € E
with Q(y) # 0. Then z1y = %y. Let

C=xtNEy={zcFEy| (z,21) =0}

It is possible to turn C into a composition algebra with an appropriate
product and a multiplicative norm. Then one can construct an isomorphism
A =5 H3(C, ). The main theorem states that there are only two different
types of J-algebras.

Theorem 23.8. ([SV00, Theorem 5.4.5]). A reduced J-algebra A over a
field F' of characteristic not 2,3 with identity element € and a quadratic
form Q is of one of the following two types:

(I) A= Fu® F(e—u) ® Ey, where u is a primitive idempotent, ux = 0
for x € Ey, and xx’ = (x,2")(e —u) for z,a’ € Ey.
Here Ey can be any vector space (possibly 0), and the restriction of Q
to Ey can be any nondegenerate quadratic form on it. These algebras
are called J-algebras of quadratic type.

(II) A ~ H3(C,a) for C a composition algebra over F. They are called
proper J-algebras; in this case dimpA = 6,9,15 or 27.

Moreover, a J-algebra of type (I) cannot be isomorphic to one of type (II).

Proof. For a proof we refer to [SV00], Section 5.4, pages 137-140. O

24 Graphical calculus for reduced J-algebras

For graphical computations we utilize the identity of Lemma 23.5, which is

valid only in et.

In e+ we have Tj(x) = 2(zx,e) = 0, and the Hamilton-Cayley equation be-
comes 73 — Q(x)x — det(z) e = 0. Hence, S;(x) = —Q(x). As for symmetric

composition algebras, we define a multiplication in e by
1 1
a:*y:xy—gTJ(yx)a, T,y E€.
Since Ty (zy) = —285;(z,y) = 2(z,y) we have zxy = zy — 2(z,y) €.

The bilinear form (,) is associative, hence we can again depict the multipli-
cation graph g as a trivalent vertex. Commutativity of the multiplication
and Lemma 23.5 are the tensor identities defining the algebra (e+, ). We
choose R = Q as coefficients and let Rib;jl be the associated ribbon cate-
gory. The set I' defining the corresponding category of ribbon graph Ribr
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contains the following relations:

Yev
T K (0K

(in view of the first relation, it is not necessary to mark trivalent vertices).

As in the previous chapters, set

so d = dimp(et).
Theorem 24.2. The relation

ele—(2—d)?) =0
holds in the ring Er of numerical invariants.

Proof. We start by gluing together the two bands on the right of (24.1)

¢+}—O+¢d- + |+ 1,
hence
(24.3) ¢ }—O (d+2)-

Moreover, p o (24.1) gives

, KYQ

The last identity can be modified by closing the left upper band with the

bottom one. Then ? (P
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One can also modify it by closing the two upper bands together:

2.? ; :Q.CP ; d.(P,

B d | CP '
Relation (24.3) implies similarly

%(m).c;,

—2-d)-O—— .

which yields

and consequently
Composing both sides with each other yields

The next computation is a direct consequence of (24.1)

P

We conclude that ( 2¢ = €2 or e(le—(2— =0. O

Proposition 24.4. The invariant e distinguishes the two types of J-algebras:
its value is equal to zero for Freudenthal algebras Hs(C, ) and to (d — 2)?
for J-algebras of quadratic type (d denotes the dimension of et ).
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Proof. We start with a J-algebra A of type (I). Since A is a direct sum of
a one-dimensional algebra and a Jordan algebra of a quadratic form, A is
alternative (a direct proof can be done by testing the identity x(xy) = (zx)y
with the product given in Proposition 23.7). It follows from [KMRT98,
Proposition (34.19)] that the algebra (A% x) is a symmetric composition
algebra with norm n(z) = —3S;(z) = $Q(z). For a generic element = =

Au + pu(e —u) + v the Cayley-Hamilton identity has the form

2¥ — (A +2u)2? — (q(v) — p? = 2Mp)z — A(p? — q(v)) e = 0.

Hence for an element in et we have that A = —2u, © = p(e —3u) + v
and n(z) = p? + %q(v). The goal is to compute the invariant e given by
n(c) = by(c,c), where ¢ = > x; x x; is the Casimir element. We have
to fix an orthonormal base {z;} of e*. First we remark that the element
zo = € —3u lies in e and that n(zo) = $Q(e —3u) = 1, so we have the first
basis element. The other d — 1 elements may be found in Ey by choosing an

orthogonal basis {z1,...,24-1} with ¢(z;) =3, 1 <i < d— 1. Finally:

d—1 d—1
n(zz;x,*x,) = n(xo*xo—l—;xi*:ci)

= n(:cg — %Q(xo) €+ dim? — gq(azl) 5)
i=1

= n<5+3u25+§q(5m)(5u)gq(mi)s>

T

= n(3u —e+(e —3u) 1)
i=1

= n<3u—5+(5 —3u)(d — 1))

- n<(d —9)(e —3u)) = (d — 2)%n(z0) = (d — 2)2.

We next consider J-algebras of type (II). The elements of a Freudenthal
algebra H3(C, ) can be represented as matrices

S
1& c3 aq Q3Co

a= | a; oc3 &2 c1 , el §eF,
C2 a§1a251 &3

and the generic minimal polynomial is

Pro(X) = X* = Ty(2)X* + S;(x)X — Ny(2)1,
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where

Ty(w) =& + & + &3,

Sy(z) =&& + &+ && — a5 aaNe(er) — oy 'agNe(co)
—ay a1 Ne(es),

Ny(z)=&&Es — a3 aséiNe(er) — ai tasé&aNe(c2) — a; 'arésNe(es)
+Tc(cscice).

The forms N¢o(x) = 2z and To(z) = bo(x, 1¢) are the norm and the trace,
respectively, of the Hurwitz algebra C' with identity 1¢. For an element

! / —1 —/
151 C3 Qp 36y
_ — = ! / / !
b= Oy (1C3 152 1 ) G € Cu éz € F)
/ — =/ !
5 a5 iaCy &3

it turns out that

Siab) = 5(Sy(xty) — Si(x) — Ss(y)

= %(515& + &6 + E2863 + 583 + L1853 + £163)

—ozglagbc(cl, ) — al_lagbc(cQ, ch) — a;lalbc(c;;, ).

The identity element ¢ is represented by the matrix diag(1,1,1); the multi-
plication in H3z(C, )® = {z € H3(C, ) | Ty(z) = 0} is given by

Txy = %(waryx) - %TJ(wy)E
and the norm of the symmetric composition algebra (Hg(C’, a)o,*) is given
by n(z) = —2S;(z). Without loss of generality we set o = (1,1,1). We
assume (by extending the base field if necessary) that the standard basis of
the Hurwitz algebra C' is orthonormal with respect to N¢o and denote it by
(€i)i<dimpc- An orthogonal basis for H3(C, a)o is the set of matrices:

10 0 10 0

zo1=| 0 2 0 |, ma2=v3-{0o0 0 |,
0 0 -1 00 —1
0 0 00 &

Tl = 3 - 0 O €; s 17271':\/5‘ 0 0 O s
0 & 0 e 00
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Then,
2
-1 0 0 1 1 00
xo,1 % To,1 = 0 2 0 - gTJ(ﬂng) 010
0 0 -1 0 0 1
1 00 1 00
= 040 ]—-21010 |=z01
0 01 0 0 1
and analogously
1 0 0
20,2 X 0,2 = 0 -2 0 = —Z0,1-
0 0 1
For j=1,2,3and¢=1,...,8 we find
1 — 301, 0 0
Ty * Tji = 0 1— 3(52]' 0
0 0 1 — 303,

and from the formula for S; we conclude that all elements are orthonormal
with respect to n, in fact Sj(z;;, xr;) = —30;x6y for 0 < j,k < 3 and
1 <4,0 <8. It readily follows that the Casimir element is zero:

2 3 8
c = E Toi* Lo+ E E Tji*Tj;
=1

j=1 i=1
8 8 8
= 20,1 — Zo,1 t+ Z T1i*x X145+ Z Toi*x24 + Z«T?;,i * T3
i=1 i=1 i=1
-2 0 0 1 0 O 1 0 0
= 8 0O 1 0 +81 0 -2 0 |]+8] 0 1 O =0.
0 01 0 0 1 0 0 -2
Hence e = n(c) = 0. O

Unfortunately, the axioms used to determine the graphical relations are
valid for a generic J-algebra, i.e., also for a J-algebra of quadratic type
A = Fu® F(e —u) @ Eyg. The space Ey can have arbitrary dimension.
It follows that all integers are possible dimensions. To reduce to the four
cases 6,9,15,27 one would need one or more relations which only hold for
Freudenthal algebras.
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Chapter VI

3-Vector products

It follows from the list of possible dimensions of r-vector products given in
Section 13 that non trivial 3-vector products can only exist in dimension 4
and 8. In this chapter we associate a ribbon category to 3-vector products
and give a diagrammatic proof of this result.

25 Tensor identities for 3-vector products

Let V be a d-dimensional vector space over a field F' of characteristic zero
and let b be a nondegenerate, symmetric bilinear form on V. By setting
r = 3 in Definition 13.1 we get the following;:

Definition 25.1. A 3-vector product in V is a trilinear map
P: VXV XV —YV,
satisfying the following properties:

(25.2) b(P3(vi,v,v3),0) =0  forv; €V, i=1,2,3
(25.3) b(PT(Ul, v2,v3), Pr(v1,v2, 1)3)) = det (b(’l)i, Uj))i,j

It follows from (25.2) that the 3-vector product P3 and the multilinear form

f(v1,v2,v3, v4) = b(Ps(v1,v2,03), v4)

are alternating. Denoting the 3-vector product by m: V@V @ V — V and
putting m(v1, ve,v3) = vivov3 we have

(25.4) Ur(1)Vr(2)Vr(3) = sgn(ﬂ)vlvgvg, v €V
and
(25.5) b(xyz,t) = —b(x,yzt) for x,y, zand t € V.

93
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Relation (25.3) becomes
(25.6) b(xyz,zyz) =det || b(y,

Linearizing (25.6) we get:

(25.7) b(uzt,vys) + b(uxs, vyt) + b(uys, vat) + b(uyt, vrs) =
= 4b(z,y)b(u,v)b(s,t) — 2b(x,y)b(u, s)b(v,t) — 2b(x, y)b(u, t)b(v, s)
—2b(x, u)b(y,v)b(s,t) — 2b(x,v)b(y, u)b(s,t) — 2b(x, s)b(y, t)b(u,v)
—2b(x, t)b(y, s)b(u,v) + b(z, u)b(y, t)b(v, s) + b(x,v)b(u, t)b(y, s)
+b(x, u)b(y, s)b(v,t) + b(x,v)b(u, s)b(y,t) + b(z, s)b(y, u)b(t,v)
+b(z, s)b(y, v)b(t, u) + b(z,t)b(y, u)b(s,v) + b(z,t)b(y, v)b(s, u)

forall u, v, z,y, sand t € V.

Thus 3-vector products are characterized by the tensor identities (25.7) and
(25.8)  f(Tx(1)> Tr(2),Tn(3)s Tr(a)) = 880(7) f (21, 22, 23, 24).

By the general formalism of Section 11 we may associate a ribbon category
to 3-vector products. The multiplication m: (x,y, z) — xyz is represented
by a ribbon (3,1)-graph u. For drawings it will be convenient to replace

the coupon in p by a quadrivalent vertex, as we did for 2-vector products.
A difficulty is that the form f(z,y,z,u) = b(zyz,u) is alternating. If we

represent [ as

then relation (25.5) translates to

(25.9) = —

Both graphs are isotopic to the graph

N\

hence one concludes that
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which is absurd. To take into account the fact that f(x,y, z,u) = b(zyz, u)
is alternating, we represent the outgoing edge as a dotted edge:

r Yy z
(25.10) = \V

Tyz
Since the product is alternating we have relations

Uny Urg Uns V1 V2 U3

(25.11) W = sgn(m) W

for any permutation 7w € S3. In view of (25.11) we can fix an ordering on the
three undotted edges. We shall always assume that the three undotted edges
are positive (clockwise) oriented. This yields a well defined representation
of the ribbon (3, 1)-graph p as a graph with four edges and one quadrivalent
vertex:

(25.12) W

One can also view the three normal (undotted) edges in a two-dimensional
plane and the dotted edge as a vector perpendicular to the plane:

26 Bicolored ribbon graphs

In order to use the formalism of ribbon graphs for 3-vector products as rep-
resented in (25.10) we need to have two types of bands, corresponding to the
dotted and undotted edges. For this we introduce the notion of a bicolored
category of ribbon graphs. For simplicity reasons we start with the cate-
gory Riby instead of a general ribbon graph category. We give two colors
x = 1 or x = —1 to the space V generating Riby. Objects of the bicolored
ribbon category of graphs BiRiby associated to Riby are finite sequences
((Vi,x1)s---» (Vasxn))s Xk € {£1}. A ribbon graph is bicolored over V if
each band and each annulus of the graph are equipped with a bicolored ob-
ject (V, x); we represent bands with x = +1 with a normal line, and bands
with x = —1 with a dotted line. Morphisms of BiRiby, are bicolored ribbon
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graphs. Composition is by gluing bands of the same color.

Let Alph* = {I, 7,3, 3"} of Riby, be the basic alphabet. Then we have the
following coloring rules:

1. The ribbon graphs I: (V,x1) — (V, x2), B: ((V, x1), (V, XQ)) — 0 and
B0 — ((V,x1), (V, x2)) are bicolored if x1x2 = 1;

2. The ribbon graph 7: ((V, x1), (V. x2)) — ((V, x3), (V,x4)) is bicolored
if x1x4 = x2x3 = 1.

Thus we get the following bicolored basic alphabet BiAlph* for BiRiby:

For example the identity morphism of an object is represented by a series
of vertical undotted and dotted lines. Thus the graph

represents the identity morphism for ((V, +1), (V, —1), (V, —1)).

We have accordingly bicolored updown transformations extending the up-
down transformations defined in Section 9. Let Alph] be an alphabet
containing Alph* and let BiAlph] be a bicoloration of Alph] containing
BiAlph*. For example we can adjoin a graph u representing a multiplica-
tion to Alph* and a corresponding bicolored multiplication (also denoted
wu) to BiAlph*. The bicoloring of the multiplication is such that the in-
coming bands have color +1 and the outcoming band has color —1. Let
Riby; be the subcategory of Riby whose morphisms are generated by the
alphabet Alph} and let BiRiby, be the associated bicolored ribbon graph
category. As in Section 11 we can R-linearize BiRiby, and we get a well
defined functor R*: BiRib{;1 — V sending elements of BiAlph] to corre-
sponding elements of Alph]. Given a set I' of morphisms in BiRib{;l, we
define the factor category BiRibr by going “modulo” T', again as in Sec-
tion 11. Typically T' is a set of relations arising from an algebra of tensor
type. Let P: BiRiby, — BiRibr be the projection functor. Theorem 11.2
generalizes to

Theorem 26.1. Let € = {¢;} be a set of tensors in Vi and let I' = {~;} be
a set of bicolored graphs in BiRib{;1 such that RT(v;) = ¢; for all ¢; € €.
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Let BiRibr be the corresponding bicolored ribbon category of type I'. Then
there is a unique functor Rr: BiRibpr — V of ribbon categories such that
Rt = Rr oP. In particular we have Rr(vy;) = 0 for all v; € T. Moreover
Rr is compatible with updown transformations.

27 Possible dimensions for 3-vector products

We now apply Theorem 26.1 to a 3-vector product (V,b,m). The bicolored
ribbon (3, 1)-graph

(27.1) m

representing the multiplication m has to be added to the basic alphabet
BiAlph*. The relations in V are (25.7) and (25.8). Let I" = 3vec be a set
of bicolored ribbon graphs representing (25.7) and (25.8) and let Ribsyec be
the corresponding factor category. As already observed, the relations (25.8)
allow a representation of p in Ribgye. as a quadrivalent vertex with colored
edges:

(27.2) = W

.T]IJZ

with a fixed (clockwise) ordering of the three undotted edges. We can move
the dotted edge to any position with the help of updown transformations.
For example

(27.3) ‘/ = [,

and (25.8) leads to

Remark 27.5. Relations (27.4) can be viewed as rules for changing colors.
It is important to have such a rule since, by the definition of the composition
of bicolored graphs, one is only allowed to glue bands of the same color.
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Relation (25.7) has now the following diagrammatic translation:

1o S+ o N -
S DK N2 e
—2~>\<—2/—2\\ 7
o] X xXH XX L
XS

The functor Rr: Ribgyec — V induces a ring homomorphism
E3vee = MorRiby,. (0,0) — F,

and the aim is to compute Esye. (or at least part of it). Here again a simple
element of F3yec is the circle

e

Since Rr(B o ') = dimpV, we denote the circle also by d.

Lemma 27.7. Let (e1,...,eq) be an orthonormal basis of V. The image of
pt under Rp ism!: V-V @V @V and m' is given by

mt(v) = — Z ejerv @ e; @ ey,
j7k




27. Possible dimensions for 3-vector products 99

Proof. The transpose is given by u' = (3*013) o (I*OuO13) o (I04%). Thus

m'(v) = Rr((6°0I3) o (I"ODp0I3) o (1045))(v)
— ’RF((ﬁ*DIg)o(I*DMDIP,))(ZU@)&@@]'®ek®€i®€j®ek)

i’j’k
= Rr(p"0IL) Z VR eejer Qe Qe Qe
2'7j7k
25.5
- Z b(v, eiejer)e; @ €j @ ep 29 _ Z b(es, ejepv)e; @ e; @ ey,
i7j7k iajak
= - Z ejept ¥ e; Q eg.

j7k‘.

Theorem 27.8. Let
p(d) = d(d — 1)(d — 2)(d + 2)(d — 4)(d + 4)(d — 8) € Q[d].
The map Q[d] — FE3pee, induced by d — d, induces a Q-algebra homomor-

phism ) B
Q[d]/p(d) - E?mec-

Proof. We verify that p(d) = 0 in E3,e.. Relation (25.11) implies that

bd<b

In fact:
Rr (,uo IDﬁt Z:vezeZ 25:4

Closing the leftmost bands on the left of (27.6) gives

o Qg oo ) (XX

and closing the last relation on the right:

(27.11) :(dl)(d2)- ‘

As a consequence of (27.4) we have

D=-a-1-2)-
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Relation (27.11) yields immediately

(1.12) @ @ S1)-2)

Composing both sides of (27.11) with each other, one finds

()
(27.13) “ =d(d —1)*(d — 2)°.
()

We next close (27.10) with the graph ) to get:
(27.14)

S o 1O

The fourth graph is zero by (27.9). The first graph can be redrawn as

. ‘ 274) ‘

and the second one as

resulting in the useful relation:

(27.15) + =-3(d—-2)- (9 = 3d(d —1)(d —2)2.

The next step is to look for an equation which permits the computation of
the second graph on the left side of (27.15). The strategy is to attach two
copies of 1 at the six bands of the graphs in (27.6). For example, the graphs
on the left become

This yields
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Applying equation (27.11) we get

3-:—(d—l)(d—2)(d+2)(d—5)-§.

Connecting the dotted lines we obtain the second graph of (27.15):

>,
1
(27.16) .!_ N )= —2d(d—1)(d—2)(d+2)(d - 5),
K > ‘ 3

so that

1
27.17 = —d(d — 1)(d — 2)(d?® + 6d — 28).
( ) ) 3( )( )(d” + )

The graphs in (27.13), (27.16) and (27.17) play a central role in the next
computations, since all other computed graphs will be linear combinations
of these three.

As further application, p o (27.6), gives

We transform the last relation into a relation of ribbon (0,4)-graphs by
updown transformations. We obtain

Then, composing this relation with itself:

= —d(d—1)(d—2)(d+2)*(d—5)2.

The graph relation (27.6) can be collated in many different ways with other
graphs of type

N,
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to get on the left side of (27.6) linear combinations of the diagrams

and on the right side linear combinations of the diagrams

, and ,

which are already computed. In the sequel, we show three of these ways. As
an example, we only draw the composition for the first graph on the left side
of (27.6); to make the lecture easier, we shadow it with a grey box. Here
are the first two ways:

The third way is obtained by applying

\

and then successively by composing po(IOGOI*)op, where G is the resulting

graph, ‘
= \/ and p= %\

We get a system of four equations

= —d(d—1)(d—2)(d+2)(7d — 26),

)@
—2-+ = —6d(d —1)(d —2)*(d — 4),

(8)@Y

&)

= d(d—1)(d — 2)(d* + 24d — 100),

= —d(d—1)(d—2)(d+2)*(d - 5)*,
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which has the solutions

= %d(d —1)(d —2)(d + 2)(d® — 8d* — 37d + 206),
—%d(d —1)(d—2)(d— 4)(d+4)(d — 8)(d+2),
- %d(d —1)(d—2)(d — 4)(d + 4)(d — 8)(d + 2),

1
= gdld- 1)(d — 2)(d* — 6d° — 29d> + 168d — 44).

DEE®

Two other ways of collating (27.6) yield the two equations:

. ‘2.
+ #)
which imply ea =0, hence

—gd )(d —2)(d +2)(d — 4)(d + 4)(d — 8) = 0

_l’_

&€
@
SISk

@@
L @
@ @

@

in E3vec . ]

Corollary 27.19. The possible values for the dimension of a vector space
admitting a 3-vector product are 0, 1, 2, 4 and 8. In dimension 0, 1 and 2
the product is degenerate.

Proof. The existence of a 3-vector product in dimension d* > 0 implies the
existence of an evaluation map FE3ye. — F', sending d to d*. Such a map
induces a homomorphism Ql[d]/p(d) — F (where Q[d]/p(d) is as in Theorem
27.8), sending again d to d*. Thus d* has to be equal to 0, 1, 2, 4 or 8. In
dimension 0, 1 and 2 the product is trivial. O

Remark 27.20. The polynomial p(d) also admits the negative zeroes —2
and —4. We do not know if there is another relation in Fs3... which would
exclude these values.

Remark 27.21. From all the computations of the proof, it seems plausible
that there are no other invariants except for the dimension d. However, we
are not able to show that d is the only generator of Esyec, for example there
is not a similar argument to the one for symmetric composition algebras (see
Proposition 17.27).
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Remark 27.22. Let

X = ((V17X1)7"'>(Vk7Xk)) and Y = ((Vk+17Xk+1)>'"7(Vm7Xm))7

with x; = 1 for 1 < 4,k < m. One can ask if a bicolored ribbon graph
G: X — Y with a given number of inner 4-valented vertices always exists.
Without loss of generality, we investigate a graph G’: XOY — 0 (apply
updown transformations), where X0OY = ((Vl, D)yeoy (Vin, 1)) Let n be
the number of inner trivalent vertices. Since each vertex corresponds to
four edges, we have 3n normal and n dotted edges which have to be glued
together to compose a graph. The number of the couples of dotted edges is
5, hence n is even. Moreover, only 3n —m normal lines can be used for the
“inner” of the graph, the other being part of the boundary. So, %(372 —m)
is the number of couples, hence m is even and 3n > m. Finally, a ribbon
graph only exists if n, m are even and 3n > m.

There is another interesting remark about 3-vector products and 2-vector
products investigated in Chapter III. By carefully examining some of the
identities found in both chapters, one observes that some relations are very
similar. Imagine drawing all graphs in such a way that all undotted lines
lie in a two-dimensional plane and all dotted edges are perpendicular to the
plane, as in (25.13). Look at the relation drawn in the plane (ignore the
dotted edges, as if you eliminate the third dimension), then the composition

(27.10) o 7
3L ) ()

becomes the identity

< e ) (X0

This is the axiom (16.3) defining 2-vector product algebras, but modified
with a (d — 2) term on the right. The same happens by ignoring the dotted
edges from (27.11): we get relation (16.6) multiplied on the right with the
same term (d — 2). Moreover, both graphs

S

are zero. If we draw black and white points to indicate the orientation of
the normal lines in a 4-valented vertex, i.e.

N
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then we obtain the skew-symmetry axiom (16.2) for 2-vector products. We
do not know how to formalize this similarity, since it does not apply for
all the identities of this chapter: it is not always possible to “cancel” the
dotted edge and find a similar graph for 2-vector product algebras. First of
all, it is necessary that only undotted lines form the boundary of the graph.
Possible ribbon (m,0)-graphs by 2-vector products with n inner vertices
exist if 3n — m > 0, and n, m are both even or both odd. Remark 27.22
states that 3-vector products always exist for 3n — m > 0 and n,m are
both even. At last, it is possible that after eliminating the dotted edge the
resulting graph in the plane is no longer connected.
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Chapter VII

Unital algebras

In this chapter we apply diagrammatic calculus to algebras with identity.
The identity is viewed as a morphism. We first consider some cases where
the bilinear form is a trace form and end with composition algebras with
identity, in which case the bilinear form is not a trace form and the formalism
of bicolored graphs developed in Section 26 has to be applied.

28 Unital algebras

Let F' be a field of characteristic not 2 and let A = (V,m) be an algebra,
where V' is the underlying vector space over F' and m: V@ V — V is
the bilinear multiplication. As in Section 10 we assume that V carries a
nonsingular symmetric bilinear form and we view the multiplication m as
a morphism in the ribbon category V attached to V. The morphism pu is
represented by a ribbon (2, 1)-graph in the category of ribbon graphs Riby.
Combining the notations of Sections 12 and 26 and working in the bicolored
category BiRiby, we are allowed to represent p by a bicolored oriented graph

z Y
y

By applying updown transformations we get the six bicolored ribbon (2, 1)-
graphs (see (12.1)), represented by:

LYY Y

Remark 28.2. This representation is not completely satisfactory, since by
definition of a category of colored ribbon graphs, only bands of the same

107



108 Chapter VII. Unital algebras

color can be glued together. Thus, for example, the composition p o (uOT)
does not make sense even if it makes sense in V. In this situation rules for
changing colors help. Such rules occur for example in Remark 27.5. If the
bilinear form is a trace form, then no bicoloring is needed and we only have
two types of ribbon (2, 1)-graphs (see Section 12).

Definition 28.3. A unit in A is an F-linear map 1: F' — V satisfying the
condition:

(28.4) mo(1®1ly)=1y =mo(ly ®1)
and the algebra A = (V,m) is called unital if it admits a unit.

We introduce the unit ribbon graph ¢ representing the morphism 1: F' — V.
From Example 5.9 follows that it is graphically depicted as the ribbon (0, 1)-

graph
1

Let Alph be the alphabet {1y, 7,b,b",m, 1} in V. The corresponding alpha-
bet BiAlph* in BiRiby is:

(28.5)

The unitality relation (28.4) is represented by

(28.6) = | =

Note that here, even if the multiplication in A is not (necessarily) commu-
tative, the orientation of the trivalent vertex is irrelevant.

By replacing the undotted line by one of the graphs containing the unit, one
obtains two bands with different colored ends; hence identity (28.6) allows
to glue undotted with dotted lines. Moreover, we can always replace dotted
with normal lines (and conversely) in graphs without trivalent vertices: it
suffices to exchange the color x with —x (the color x has the unique function
to differentiate the result of the multiplication in the graph u). This allows
to overcome the difficulty mentioned in Remark 28.2 if A admits a unit.
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29 Unital Jordan algebras of degree 2

We consider unital Jordan algebras J = (V,m) of degree 2, i.e., Jordan
algebras with a generic minimal polynomial

Pra(X) = X* = Ty(z)X + Ny(z)1.

T is the generic trace and N; the generic norm. We denote the product
by m(z ® y) = x - y and choose as a bilinear form the trace form T (x,y) =
Tj(zx -y). Linearizing the generic polynomial and taking traces shows that

(291) 2bNJ (':Ua y) = TJ(.’L‘)TJ(Z/) - TJ(.CE ' y)a
where by, is the polar of N;, and
1
(29.2) Ty = §(TJ(?J)$ +Ty(x)y + Ty(x,y)1 — Ty(x)Ts(y)1).

It follows from (29.1) that the trace form is symmetric and it is easy to
deduce from (29.2) that the trace form is associative with respect to the
product (z,y) — x - y.

Jordan algebras are commutative by definition and 7T’y is associative with
respect to the multiplication. Graphically, this means that we can avoid
using bicolored ribbon graphs and vertex orientations. The alphabet Alph*
is given by the basic graphs

=], 1= ,T:X,ﬂzu,ﬁt:/\,u:

and the existence of a unit is represented by

(29.3) =| =

Let (V,T7,m,1) be a commutative unital algebra satisfying the relation
(29.2), i.e., a Jordan algebra of degree 2. Let R = Q and and let Rib\t1 the
associated category of ribbon graphs. Lifting the relation (29.2) to a rela-
tion in Rib;;1 and going modulo this relation, we get the category Ribs jorq
associated to Jordan algebras of degree 2. Let Fsj,rq = Morrip,,,, d(@, 0) be
its ring of numerical invariants.

Theorem 29.4. There is a unique functor R: Riboj,rq — V sending tensor
product to tensor product and such that

R =1, RI) =1y, R)=r,
RB) =Ty, R@BHY=T;",  R(u)=m.
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As before, we identify graphs whose images under R are equal. Since

Ty(x,1) =Ty(1,z) we have

and we shall denote the graph corresponding to the morphism 7;: V — F|
x— Ty(z,1), as

(29.5) l :

-l-d

Observe that the graph (29.5) is the transpose of the unity ¢.

so that:

Lemma 29.6. The relations

hold in the category Ribs jorq-

Proof. The first equality is a direct consequence of Tj(z,y) = Tj(z -y) =
Ti((z-y)-1) = Ty(z - y,1). The second equality follows from the unitality
condition mo(1®1y) = mo(ly®1), graphically depicted in (29.3). Applying
an updown transformation to (29.3) shows that the first graph is equal to
the third one. O

Equation (29.2) is then drawn as

o YA\ T )

Theorem 29.8. The ring of numerical invariants Esjorq 1S isomorphic to
the polynomial ring Q|d].

Proof. In view of the relation (29.7) any graph containing a trivalent vertex
can be replaced by graphs without trivalent vertices. Thus Fsj,-q is gen-
erated by d and we have a surjective map Q[d] — Fajorq, d +— d. Since
there are Jordan algebras of degree 2 in any dimension > 2, namely Jordan
algebras of quadratic forms, see Example 22.2, the map is also injective. [
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30 Unital symmetric composition algebras

In this section we show graphically that the field F' is the only unital sym-
metric composition algebra. Axiom (17.5) and all relations established in
the proof of Theorem 17.6 are still valid. We recompute some relations,
using the existence of a unit 1: F — V.

We start by composing the graph (501) o L O(17. 5 . We obtain

ISP SRV

and the unitality condition for graphs yields

501) Y+Y:2.\l.

It readily follows from (30.1) o 8¢ that

P-1

_I_l,

and this yields

We set e =1 in the polynomials

= e(e—(2—-a)?),
= ([d=2)(d-8)(d—e),

(see Theorem 17.6) and find that (d,e) = (1,1) is the only solution. Thus,
symmetric composition algebras of dimension > 2 never admit an identity.

31 Unital composition algebras

By the Hurwitz Theorem unital composition algebras C' have dimension 1,
2, 4 or 8. An indirect diagrammatic proof was given in Chapter III by de-
termining the possible dimensions of vector product algebras and using the
relation dimpC = 1 + dimpV PA. In this section we give a direct proof,
which illustrates the diagrammatic calculus for unital algebras.
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We recall that a unital composition algebra C'is a triple (V, m, q) where m is
a bilinear multiplication m: V@V — V on V, m(z®y) = xy, with a unit 1,
and ¢: V — F is a nonsingular multiplicative quadratic form, i.e., satisfying
q(zy) = q(x)q(y) for all z,y € V. Let b be the polar of ¢q. Linearizing
q(zy) = q(x)q(y) gives

(31.1) b(zz,uy) + b(xy, uz) = 2b(x,u)b(y, 2).

The bilinear form b is not associative. Thus for diagrammatic calculus we
have to work with bicolored graphs and oriented trivalent vertices. We use
the alphabet BiAlph* given in (28.5).

Let R = Q and let Bi Rib:;l be the corresponding category of ribbon graphs.
We define BiRibgg to be the category of bicolored ribbon graphs asso-
ciated to the relations induced by (28.4) and (31.1). Denote by Eca =
MorgiRib 4 (0,0) the ring of numerical invariants of the category BiRibca.

Theorem 31.2. Let C = (V,m,b) be a unital composition algebra. There
is a unique functor R: BiRibca — V sending a bicolored object (V, x) to V,
tensor product to tensor product and p to m. For the other basic graphs of
BiAlph* we have:

R(I)=RUI") =1y, R(t)=R(1*) =R(T™) =1,
R(B) =R(B)=b,  R(B)=REBE*) =0, R =R =1
Moreover, the functor R is compatible with updown transformations.

Again, the functor R induces a ring homomorphism Fcyq — F', and we set

() |

Theorem 31.3. Let J be the ideal of the polynomial ring Q[d], generated
by the element p(d) = (d — 1)(d — 2)(d — 4)(d — 8). Then, the homomor-
phism ®: Q[d] — Eca = Morgiribe, (0,0), given by ®(d) = d, induces an
isomorphism

®: Q[d]/J — Eca.
In particular the only possible values of the invariant d are 1, 2, 4 and 8.

Remark 31.4. Note that

In fact, the image of the graph on the right under the functor R is the
morphism ¢ = (1y®b)o(ly@m®1)o(f'@1y). Then d(z) = Y, b(eiz, 1)e; #
x, for b not associative. Relation (32.10) on page 115 describes explicitely
the difference between the two graphs.
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32 Graphical proof of Hurwitz Theorem

This section is dedicated to the proof of Theorem 31.3. The proof is similar
to the proof of the corresponding result for vector products or symmetric
compositions with the added difficulty of the bicoloring of the graphs. We
only prove injectivity of the map ®. Surjectivity follows from the fact that
d generates Ec 4 and this can also be proved as for vector products or sym-
metric compositions.

We recall the unitality condition:

As in Section 29, the trace Te(z) = 2b(x,1) = 2b(1,z) of an element z € C
is represented by the ribbon (1, 0)-graph

—yerd

Analogously, the trace Te(xy) is represented by the (2,0)-graph

The axioms defining composition algebras with identity are given by (32.1)
and

m OHXX

Trivially the following rules are also valid:

Thus the invariant e = O ----- O does not have orientations. Moreover,
q(z) = q(1z) = q(1)q(z) yields ¢(1) = b(1,1) = 1. Hence

I:l.

It follows from (32.2) that
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and (32.1) yields

(32.3) ( \/ \ !

Similarly, by composing (/00) o 32 2) D[, we find

Y Y

and subtracting the two relations gives the useful rule

( B } N 2'\l_ 2_l/_
Then
(32.5) \o/: *(Jrg,l/_g

\/ \_/ l

(32.6) + 2.
We next rotate the three vertices of (32.3) by a 120° degree clockwise ori-
entation:
and (32.4) implies
(32.7) \-/ ( + 2. } /

This means that (32.5) holds for positive and negative orientations.
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Remark 32.8. Using (32.3) and (32.5) we obtain

Yoo\l

/Y

which is the graphical incarnation of the algebraic relation
vy +yr = Te(y)z + Te(r)y — bz, y)1.

This gives a diagrammatic proof of the fact that the elements x of a com-
position algebra satisfy the quadratic equation x? — 2T (z)z + q(z) = 0.

Equations (32.1) and (32.3) imply

1/ \./ \l

so that

9

N L~

6
which corresponds to the formula b(zy,1) = b(z,y). The last equation
composed with 7 yields the same relation but with a white trivalent vertex
on the left. We get:

Composing (32.10) with itself leads to
%

O =] 1+(0) [N =reimi=a
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Equation (32.9) o 3¢ becomes

O
2-?:2-T+2-T—2- T

hence
(32.11) O — (Q_d).T_
This implies

(32.12) O —(2-d)- I —(2-d),

and

We begin with relation (32.9)

XYY Y
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which composed with itself gives

= g -2 -2 . +2- 5 =2 5
NN N 7 7% N /\
2. b +2 \Z/+4-v+4 $+4- ’

/\ PN A~ T 7
Ll / -/

4. 4. 4

This yields

DL Y ey
OO . O

l L

O —4. \/ — (42— d) — 16 + 4d) -

N

el RN e
O O

Il

—4.

as wanted.
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This permits us to find another relation involving the last graph, since

(32.11)£(32.12) 2(2 — d) l l _ (2_d)'\/
- 2-d)- ,. b \\//>
(32.13) (3210 @-—@.\\T//.
é
Lemma 32.14. We have
_____ O = O

Proof. We compute the first graph:

_____ o - . @m$(2®_(\\\//
O $

Similar steps applied to the second graph of the lemma lead to the same
formula. O

We come to the last steps of the proof. We start with the defining axiom
of unital composition algebras (32.2) and collate its bands in four different
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ways (the two on the left, on the right, on the top and on the bottom). We
obtain the four relations

O+ { )=2|,
----- O+ (=21,
-:i:#+ ----- o=2|,
é::JFO ----- =2

The last lemma implies that

and these diagrams are all equal to

(32.15) 2 | - b0V u—a)y. |—202-a)- .
7
Hence
= (4—-d)yd-22-d —6d 4— d2

We now glue two bands of axiom (32.2) diagonally. A first example shows
the left band on the bottom glued with the right band on the top:
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Analogously,
(32.16)

and

SAs
DD

Remark 32.17. We compose relation (32.6) (Wlth black vertlces)

W\/\l

with its equivalent ribbon (1,2)-graph. We obtain

The final step of the proof is computing the three invariants obtained from
axiom (32.2):

(32.18)
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(32.19) / =@2-d-

With the help of updown transformations, we modify equation (32.19) into
two relations of ribbon (0, 3)-graphs and ribbon (3, 0)-graphs, then collate
them:

=(2—d)*(6d—4—d).

The second invariant of (32.18) is computed as the composition of ;;

with itself. One can erroneously think that this graph is equal to the graph

? f

The dotted edges of the first graph must be on the boundary and not in the
middle of the graph. We must compute

"""" A4 N4 §d ~—
=2 Y —(-d) Y +4Q2-d)  -202-d) .

e \ N R .. b7 . 4
S\ NN\ q
] ‘ 1l

+ 4. -4 .
; ~
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and collate it with \/ to obtain, with the help of (32.9), (32.11),

(32.15), (32.16), Remark (32.17) and axiom (32.1):

v _ \\/2®$2$©+4U
s $ s | |

+4- —4.0
(32.21) = (4—d)-\?/—2-\?/.

The lemma follows immediately. O

From (32.21) we obtain the computation for the second invariant

>¢ ‘ ‘ ‘
i (4—d)? +4 A(4 — d)
: :

= 2 +4)(6d—4—d*) —
= (Z—d)(d —16d2+56d—40).

It only remains to compute the third invariant on the right of (32.18). We
start by remarking that

Since
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we find

O_

gives

and hence

B 2 (4 - d)(6d — 4 - &) — 22— d)d)

=  (2—d)(d* —8d+38).

So far we have computed the three invariant graphs of the equation

2(2 — d)(d® —12d? +36d — 24) = 2(2—d)(d* —8d +8)
(d-1)(d-2)[d-4)(d-8) = 0,
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which has solutions
d=1,2,4 and 8.

Since all possible dimensions can be realized over Q we have injectivity for
®. As already mentioned we renounce to a proof of the surjectivity. The
last claim of the theorem follows from Corollary 11.4.
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algebra, 36
Cayley, 49
composition
symmetric, 57
with identity, 49
Freudenthal, 84
J-algebra, 84
norm @ of a, 84
of quadratic type, 86
proper, 86
reduced, 85
Jordan, 83
degree, 83
of a quadratic form, 83
of degree 2, 109
of tensor type €, 36

Okubo, 66
Para-Hurwitz, 66
unital, 108
vector product, 48
Alph, 36
Alph*, 37
alphabet

of an algebra, 36

of tangles, 19
annulus, 14

core of an, 14

directed, 14

bi, 30

bt 30

band, 14
bases of a, 14
color of a, 16
core of a, 14

directed, 14
bilinear form
associative, 41
braid, 8
braiding, 5

Casimir
element, 44
graph, 44

category, 1
braid, 9
factor, 39

of bicolored ribbon graphs, 95
of colored ribbon tangles, 19

of ribbon graphs, 18
pre-additive, 38
ribbon, 12
generated by (V,b), 31
strict, 12
tensor, 3
braided, 6
strict, 4
symmetric, 6
tortile, 12
coefficient ring, 38
compatible duality, 12
coupon, 14
bottom base of a, 14
color of a, 17
top base of a, 14
cycle, 63

d, 40
dimension, 27
dual, 29
duality, 12

Ec, 26
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Er, 40

FOG, 19
©* (dual morphism), 29

¢ (transposed morphism), 30

functor, 2
tensor, 7

graph
closed, 40
diagram, 16
equivalent, 63

Hamilton-Cayley equation, 85

Hurwitz theorem, 49
ideal, 39
linearization, 38

W, 36

Mor¢(U,V), 1

morphism, 1
dual, 13
functorial, 2

Obj(C), 1

path, 63
polar form, 29
primitive idempotent, 85

Q, 84

quadratic form
multiplicative, 49

Ribe, 18

Ribr, 39
relations defining, 40

Riby, 32

Riby; , 38

ribbon (k,)-graph, 14

ribbon graph
C-colored, 17

elementary, 18

basic, 37
bicolored, 95
colored, 16
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isotopy of, 15
surface of a, 15
unit, 108
rigidity axioms, 12, 26
ring
of numerical invariants, 40

Springer’s Formula, 53

switch isomorphism, 5

symmetric compositions of associa-
tive type, 77

T, 9

tangle, 19
tensor, 31

tensor product, 3
trace, 27

trace form, 41
transpose, 30, 36
twist, 11

unit, 108
updown transformation, 36

V, 31

Vi, 37

Vecy(F), 3

vector product, 47, 93

Yang-Baxter identity, 7
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