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Abstract. Frölicher groups, where the notion of smooth map makes sense,

are introduced. On Frölicher groups we can formulate the concept of Lip-
schitz metrics. The resulting setting of Frölicher-Lie groups can be com-

pared to generalized Lie groups in the sense of Hideki Omori. Furthermore

Lipschitz-metrics on Frölicher groups allow to prove convergence of approx-
imation schemes for differential equations on Lie groups. We prove several

inheritance properties for Lipschitz metrics.

1. Introduction

Lipschitz-metrizable groups have been introduced in [6] to show that regularity
of Lie groups (see [1] for all necessary details on Lie groups) is closely connected to
some approximation procedures possible on Lie groups. The convergence of these
approximation schemes is guaranteed by Lipschitz metrics.

In the work of Hideki Omori et al. the beautiful framework of strong ILB-Lie
groups is provided (see [2] for example), where the problem of regularity is solved
by analytic assumption on the group-multiplication in the charts. The advantage
of Lipschitz-metrizable groups is that the notion is ”inner”, i.e. formulated on the
Lie group itself without charts. All strong ILB-groups are Lipschitz-metrizable
regular groups (see [6], Corollary 2.10). Given a Lipschitz metrizable Lie group
we can – by approximation schemes – characterize the existence of exponential
and evolution maps. This can also be applied to solve more general equations as
stochastic differential equations on Lipschitz-metrizable Lie groups.

In this note we motivate the method of Lipschitz metrics and investigate roughly
the inheritance properties of Lipschitz-metrizable Frölicher-Lie groups.

Definition 1. A non-empty set X, a set of curves CX ⊂ Map(R, X) and a set of
mappings FX ⊂ Map(X, R) are called a Frölicher space if the following conditions
are satisfied:

(1) A map f : X → R belongs to FX if and only if f ◦c ∈ C∞(R, R) for c ∈ CX .
(2) A curve c : X → R belongs to CX if and only if f ◦ c ∈ C∞(R, R) for

f ∈ FX

Let X be a Frölicher space, then CX is called the set of smooth curves, FX the set
of smooth real valued functions. Maps between Frölicher spaces are called smooth
if their composition with any smooth curve is smooth. Let X, Y be Frölicher spaces
then the set of smooth maps C∞(X, Y ) has a natural structure of a Frölicher space
due to the following requirement:

C∞(X, Y )
C(f,c)→ C∞(R, R) λ→ R

1



2 JOSEF TEICHMANN

is a smooth map for c ∈ CX , f ∈ FY and λ ∈ C∞(R, R)′, where C(f, c)(φ) :=
f ◦φ◦ c. The Frölicher space structure generated by these smooth real valued maps
is the canonical structure on C∞(X, Y ). The topology c∞X is given by the initial
topology with respect to smooth curves (for all necessary details see [1], chapter
V).

A Frölicher group is an abstract group G with the structure of a Frölicher space,
such that multiplication and inversion are smooth and c∞G is a topological group.
Furthermore we assume that the smooth functions separate points (smoothly Haus-
dorff, see [1], chapter VI).

2. Lipschitz-metrizable Frölicher groups

In the sequel of the article we shall need the following approximation theorem
for product integrals. They exist if their approximations lie uniformly on compact
sets in bounded sets, for the notions of convenient calculus we refer to [1]. For the
approximation theorem and the notion of product integrals see [2], [4] and [6].

Definition 2 (Product integral). Let A be a convenient algebra. Given a smooth
curve X: R → A and a smooth mapping h : R2 → A with h(s, 0) = e and
∂
∂th(s, 0) = X(s), then we define the following finite products of smooth curves

pn(a, t, h) :=
n−1∏
i=0

h(a +
(n− i)(t− a)

n
,
t− a

n
)

for a, t ∈ R. If pn converges in all derivatives to a smooth curve c : R → A, then c
is called the product integral of X or h and we write c(a, t) =

∏t
a exp(X(s)ds) or

c(a, t) =:
∏t

a h(s, ds). The case h(s, t) = c(t) with pn(0, t, h) = c( t
n )n is referred to

as simple product integral.

Theorem 1 (Approximation theorem). Let A be convenient algebra. Given a
smooth curve X : R → A and a smooth mapping h : R3 → A with h(u, r, 0) = e
and ∂

∂th(u, r, 0) = Xu(r). Suppose that for every fixed s0 ∈ R, there is t0 > s0

such that pn(u, s, t, h) is bounded in A on compact (u, s, t)-sets and for all n ≥ 1.
Then the product integral

∏t
s h(u, r, dr) exists and the convergence is Mackey in all

derivatives on compact (u, s, t)-sets. Furthermore the product integral is the right
evolution of Xu, i.e.

∂

∂t

t∏
s

h(u, r, dr) = Xu(t)
∂

∂t

t∏
s

h(u, r, dr),

s∏
s

h(u, r, dr) = e.

Remark 1. The hypothesis on the product integrals will be referred to as bound-
edness condition. For the proof see [4], Theorem 2.2.

The definition of product integrals on Frölicher groups G is done in the same
spirit as on convenient algebras, see [6] for details. It yields the natural non-
commutative extension of integration.
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Definition 3. Let G be a Frölicher group. Given a smooth mapping h : R2 → G
with h(s, 0) = e, then we define the following finite products of smooth curves

pn(s, t, h) :=
n−1∏
i=0

h(s +
(n− i)(t− s)

n
,
t− s

n
)

for s, t ∈ R. If pn converges in the smooth topology of G uniformly on compact
sets to a continuous curve c : R → G, then c is called the product integral of
h and we write c(s, t) =:

∏t
s h(u, du). If h(s, t) = c(t), then the product integral

pn(0, t, h) = c( t
n )n is called simple product integral.

Remark 2. Here we need the assumption that c∞G is a topological group, since
we want to talk about uniform convergence and completeness of the uniform space
c∞G.

The right regular representation ρ of a Frölicher group G

ρ : G → L(C∞(G, R))

g 7→ (f 7→ f(.g))

in the bounded operators on C∞(G, R) is initial and smooth (see [1] for the notion of
initial maps). We shall apply this ”linearization” in the sense of Lemma 1 several
times in the article (see [6] for further details). This is the main link from the
existence theorem for evolutions via Trotter approximations to the general case on
Frölicher groups.

Lemma 1. Let G be a Frölicher group, then each product pn(s, t, h) and the limit
- if it exists -

∏t
s h(u, du) is smooth. The propagation condition

r∏
t

h(u, du)
t∏
s

h(u, du) =
r∏
s

h(u, du)

is satisfied for all r, s, t.

Proof. By the left regular representation ρ on G we get that the product integral

lim
n→∞

pn(s, t, ρ ◦ h)

exists in C∞(R2, L(C∞(G, R))), since that image of a sequentially compact set un-
der a smooth mapping is in particular bounded in the convenient algebra L(C∞(G, R)).
The set formed by pn(s, t, h) and

∏t
s h(u, du) on compact (s, t)-sets is sequentially

compact due to uniform convergence. Consequently we are in the hypotheses of
the approximation theorem Theorem 1, which allows the conclusion of smoothness
of
∏t

s h(u, du), since

ρ

(
t∏
s

h(u, du)

)
(f) = lim

n→∞
pn(s, t, ρ ◦ h)(f)

is smooth and we can evaluate the both sides at e for any f ∈ C∞(G, R). Therefore
– by the definition of Frölicher spaces – we get the desired conclusion for

(s, t) 7→ f

(
t∏
s

h(u, du)

)
is smooth. The propagation condition finally follows from the definition of product
integrals and the continuity of multiplication. �
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Lipschitz-metrizable Frölicher groups are the adequate framework for the appli-
cation of Trotter approximations.

Definition 4 (Lipschitz-metrizable groups). Let G be a Frölicher group, such that
c∞G is a topological group. G is called Lipschitz-metrizable if there is a family of
right invariant halfmetrics {dα}α∈
 on G with the following properties:

(1) For all sequences {xn}n∈N:

∀α ∈ Ω : dα(xk, xl) → 0 ⇐⇒ {xn}n∈N is converging in G.

(2) For all smooth mappings c : R2 → G with c(s, 0) = e, there is on each
compact (s, t)-set a constant Mα such that

dα(c(s, t), e) < Mαt.

On Lipschitz-metrizable groups we can formulate a condition for the existence
of evolution maps. Therefore we need the notion of ”touching at a e”. Given
h1,2 : R2 → G with h1,2(s, 0) = e, then we say that h1 touches h2 at e if for each
compact (s, t)-set there is a constant Mα such that

dα(h1(s, t), h2(s, t)) ≤ Mαt2

on the given compact set. A ”direction” in G is simply given by an equivalence class
of curves c : R → G with c(0) = e under the equivalence relation of ”touching at
e”. We denote the set of equivalence classes by g. A smooth group T : R → G is a
smooth group homomorphism or smooth one-parameter subgroup, a right evolution
d : R2 → G is a smooth mapping with d(s, s) = e, such that d(s, t)d(r, s) = d(r, t)
for all r, s, t ∈ R. Given a smooth curve c : R → G with c(0) = e, then (s, t) 7→
c(t)c(s)−1 is a smooth right evolution.

Theorem 2. Let G be a Lipschitz-metrizable Frölicher group, h : R2 → G a smooth
mapping with h(s, 0) = e, a smooth curve c : R → G with c(0) = e such that h

touches the right evolution associated to c at e, then the product integral
∏t

0 h(s, ds)
exists and equals c(t). The following estimates are valid for the Lipschitz-metrics
dα:

dα(pi(s3, t, c)(s1)pn(s2, t + s2, c)(s1)c(s1, s2, t)−1pi(s3, t, c)(s1)−1, e) ≤ Mαt2

for all i, n ∈ N+ on compact (s1,s2, s3, t)-sets given the smooth mapping d : R3 → G
with c(s1, s2, 0) = e.

Theorem 3. Let G be a Lipschitz-metrizable Frölicher group with c∞G a topological
group. For all smooth mappings c : R3 → G with c(s1, s2, 0) = e the following
estimate is valid

dα(pi(s3, t, c)(s1)pn(s2, t + s2, c)(s1)c(s1, s2, t)−1pi(s3, t, c)(s1)−1, e) ≤ Mαt2

for all n ∈ N on compact (s1,s2, s3, t)-sets. Then all product integrals exist and
depend smoothly on smooth parameters.

Remark 3. In the case of convenient Lie groups this condition can be interpreted as
condition on the ”second derivatives” of the multiplication mapping. Both theorems
are proved in [6]. These Theorems could also be applied to obtain ”regular” solutions
of Stratonovich differential equations on compact (or non-compact) manifolds by
product integration of stochastic vector fields. This will be worked out elsewhere.
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Given a Frölicher group G, then we define its tangent space TeG in the following
way: ρ : G → L(C∞(G, R)) is smooth, so

TeG := { d

dt
|t=0ρ(c(t)) for c : R → G smooth with c(0) = e}.

This is a linear subspace of L(C∞(G, R)). Given Φ : G → H smooth, then the
tangent map Φ′ : TeG → TeH can be defined in the following way: Given X ∈ TeG,
then there is c : R → G with c(0) = e such that X = d

dt |t=0ρ(c(t)), we define
(Φ′(X) ·f)(h) := d

dt |t=0f(Φ(hc(t))) for all h ∈ H and f ∈ C∞(H, R). This does not
depend on the representative since f(hΦ(.)) for fixed h ∈ H is a smooth function
on G and two representatives c1 and c2 with c1(0) = c2(0) = e are equal if for all
smooth functions f : G → R the equality d

dt |t=0f(c1(t)) = d
dt |t=0f(c2(t)) holds.

The tangent map of the conjugation conj(g)(h) := ghg−1 for g, h ∈ G is denoted
by Ad(g) and defines a group isomorphism Ad : G → Lin(TeG). Notice that
these definitions do not require charts, however, we are interested in more analytic
structures on G itself to be able to apply the above linearizations adequately.

Definition 5. A Lipschitz-metrizable Frölicher group G is called Frölicher-Lie
group if g carries a convenient structure by defining

[c1] + [c2] = [c1 · c2],

λ · [c] = [c(λ.)]

with the norm-functions on g, namely

pα([c]) := limt↓0
dα(c(t), e)

t
.

Furthermore the mapping s 7→ [t 7→ h(s, t)] is assumed to be smooth for any smooth
mapping h : R → G with h(s, 0) = e and this are all smooth mappings. Finally
there is a diffeomorphism

Evolr : C∞(R, g) → C∞(R, {0};G, {e})

defined by Evolr(s 7→ [h(s, .)]) =
∏t

0 h(s, ds), where h : R2 → G a smooth mapping
with h(s, 0) = e. The inverse is given by δrc, the right logarithmic derivative.
Furthermore we denote Evolr(t 7→ tX) =: exp(tX), the exponential map.

Remark 4. On strong ILB-groups we are given the structure of a Lipschitz-
metrizable Frölicher-Lie group, see [6], Corollary 2.10. Due to these properties one
can view Lipschitz-metrics on Lie groups as non-abelian generalizations of semi-
norms on convenient locally convex spaces (which are abelian Lie groups).

Lemma 2. Let G be a Frölicher-Lie group such that g carries the above conve-
nient structure, then ρ : G → L(C∞(G, R)) induces a unique smooth mapping
ρ′ : g →L(C∞(G, R)) with (ρ′([c]) · f)(g) := d

dt |t=0f(gc(t)).

Proof. Take a curve c : R → G with c(0) = e, then limn→∞ c( t
n )n =: Tt defines a

smooth group. ρ(c( t
n )n) = [ρ(c( t

n ))]n converges to ρ(Tt) in the convenient topology
of L(C∞(G, R)), so in particular f(gc( t

n )n) → f(gTt) for every g ∈ G on compact
t-intervals in any derivative, so

d

dt
|t=0f(gc(t)) =

d

dt
|t=0f(gc(

t

n
)n) =

d

dt
|t=0f(gTt).
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So ρ′ is well defined on every equivalence class and if we take a smooth curve X
into g we see by the exponential map that

((ρ′ ◦X)(s) · f)(g) =
d

dt
|t=0f(g exp(tX(s))),

which is smooth. �

Given two Frölicher-Lie groups G and H and a smooth homomorphism Φ : G →
H, then φ := Φ′ defined via Φ′([c]) = [Φ ◦ c] is a smooth linear mapping. Since
by regularity every equivalence class [c] contains a smooth group, we see that Φ′ is
well defined and smooth. If G is a Frölicher-Lie group, then we can define the Lie
bracket on g: Given g ∈ G, then there the conjugation conj(g) is a smooth mapping.
conj(g)′ =: Ad(g) is smooth and depends smoothly on g. Given c : R → G with
c(0) = e, then [[c], [d]] := d

dt |t=0Ad(c(t)) · [d].

Lemma 3. Let G be a Frölicher-Lie group, then δr(cd)(s) = δrc(s) + Ad(c(s)) ·
δrd(s) for smooth curves c and d.

Proof. Remark that δrc for a smooth curve c is defined by ”touching at e” of t 7→
c(t+s)c(s)−1. [Ad(c(s))δrd](s) is defined via ”touching at e” of t 7→ conj(c(s))d(t+
s)(conj(c(s))d(s))−1, so we see immediately

[t 7→ c(t + s)d(t + s)d(s)−1c(s)−1]

= [t 7→ c(t + s)c(s)−1conj(c(s))d(t + s)(conj(c(s))d(s))−1],

which yields the formula. �

Remark 5. A Lipschitz-metrizable Frölicher group such that the space g is a con-
venient vector space with the above structures, in particular

C∞(R, g) = {s 7→ [t 7→ h(s, t)] for h : R2 → G a smooth mapping with h(s, 0) = e}
is a Frölicher-Lie group if and only if the conditions of Theorem 3 are valid. This
is proved by Theorem 2 and Theorem 3. In particular this is true for all Lipschitz-
metrizable convenient Lie groups. Notice that further elements of Lie theory can be
developed similarly to [1].

3. Inheritance properties for Frölicher-Lie groups

A virtual Frölicher-Lie subgroup H of a Frölicher-Lie group G is defined to a sub-
group together with h , a c∞-closed subalgebra of g such that Evolr : C∞(R, h) →
C∞(R, {0};H, {e}) is a diffeomorphism. A Frölicher-Lie subgroup is a closed, vir-
tual Frölicher-Lie subgroup.

Theorem 4. We obtain the following inheritance properties:
(1) Let Gi for i ∈ I be an arbitrary set of Frölicher groups, then

∏
i∈I Gi is a

Frölicher group.
(2) Let G be a Frölicher-Lie group and H a closed subgroup, then H is a

Frölicher-Lie subgroup.
(3) Let G be a Frölicher-Lie group and H a normal (closed) Frölicher-Lie sub-

group, then G/H is a Frölicher group and the canonical projection π : G →
G/H is smooth. If g/h is convenient with lifting property, i.e. a smooth
curve to g/h has a smooth lift along π′ and G/H has the lifting property,
then G/H is a Frölicher-Lie group with Lie algebra given by g/h.
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(4) Let G be a Frölicher Lie group and h a c∞-closed subalgebra of g, then there
is a unique, smoothly connected, virtual Frölicher-Lie subgroup H with Lie
algebra h.

Remark 6. One might wonder why we do not treat finite or even infinite products
of Frölicher-Lie groups, since we developed the whole theory for the infinite dimen-
sional usage. However, since c∞(G1 ×G2) is in general finer than c∞G1 × c∞G2,
we cannot hope for good compatibility of the product topology and the c∞-topology.

Proof. Let G be a Frölicher-Lie group and H a smoothly connected, closed sub-
group, then we can define the future Lie algebra

h := {X ∈ g such that exp(sX) ∈ H for all s ∈ R}

as a subset of g. If X, Y ∈ h, then exp(s(X + Y )) = limn→∞(exp( s
nX) exp( s

nY ))n

lies in H for all times s by closedness and regularity, furthermore λX ∈ h for any
real number λ. Consequently h is a linear subspace of g. By smoothness of the
evolution map we obtain its continuity: so Xn → X in g with Xn ∈ h leads to
exp(sXn) → exp(sX) pointwise in the c∞-topology of G, consequently X ∈ h, so
h is c∞-closed in g and hence convenient. The closed subset H carries the natural
structure of a Frölicher group, the metrics can be restricted and so we obtain a
Lipschitz-metrizable Frölicher group. Since h is convenient and the restriction of
the Evolution map is smooth, we are ready.

If H is normal, then h is an ideal, since conj(g)H = H for all g ∈ G, so
Ad(g)(h) ⊂ h for all g ∈ G, therefore [g, h] ⊂ h. We denote π : G → G/H and
π′ : g → g/h the projections. We have to define the structure of a Frölicher space
on G/H by defining its smooth functions, f : G/H → R is smooth if f ◦ π is
smooth. In particular curves of the type π ◦ c for c : R → G are smooth, in
particular π is smooth. The multiplication and inversion are therefore smooth.
We investigate now the mapping π∗ ◦ Evolr : C∞(R, g) → C∞(R, {0};G/H, {H}).
Given X : R → g, then π∗ ◦Evolr(X) = π(Evolr(X)) only depends on π′ ◦X, since
any other smooth lift of this curve is a limit of product integrals with exponentials
and for exponentials we have

π exp(s(X + Y )) = π exp(sX)

for X ∈ g and Y ∈ h by product integration. Consequently we define - via the lifting
property for g/h the evolution map Ẽvolr : C∞(R, g/h) → C∞(R, {0};G/H, {H}),
which is a well defined smooth diffeomorphism.

Next we define the right invariant Lipschitz metrics on G/H via

d̃α(gN, hN) := inf
n∈N

dα(gn, h)

which provides well-defined right invariant half metrics on G/H. They fulfill the
Lipschitz-assumptions by definition and the topology is generated by them in the
correct sense.

Given finally a c∞-closed subalgebra h of g, then the set

Evolr(C∞(R, h))
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is a closed subset of C∞(R, {0};G, {e}), the point evaluations define a subset of G,
which is a subgroup H by the formula

Evolr(X) · Evolr(Y )

= Evolr(t 7→ X(t) + Ad(Evolr(X)(t))Y (t)),

which is valid on Frölicher-Lie groups. A curve c : R → H is smooth if it is smooth
in G, so we get the diffeomorphism property. �

Remark 7. The advantage of this setting is two-fold. Charts are obsolete in this
setting and analysis is possible due to Lipschitz-metrics and the Frölicher space
structure.
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