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ABSTRACT. We prove that the conjugacy class of a Zariski dense
representation m : I' — PU(p,q), ¢ > p > 1, of a finitely gener-
ated group T is completely determined by the pull-back via 7 of
a bounded cohomology class in H2 (PU(p, ¢),R) defined in terms
of the Kahler form on the associated symmetric space. Under the
assumption that HZ (T, R) is finite dimensional, we show that, up
to equivalence, there is only a finite number of such representa-
tions for fixed ¢ > p > 1; moreover, under the hypothesis that
HZ (T, R) injects into H?(I',R), we estimate the total number of
such representations (for all ¢ > p > 1) to be bounded above by
dimg H?(T, R).

RESUME. On montre que la classe de conjugaison d’une représenta-
tion d’image Zariski dense w : T' — PU(p,q), ¢ > p > 1 d’un
groupe de type fini I' est déterminée par 'image inverse par =«
d’une classe de cohomologie bornée dans H2, (PU(p, ), R) déduite
de la forme de Ké&hler de lespace symétrique hermitien associé.
Lorsque HZ(T',R) est de dimension finie, on démontre qu'’il n’y a,
a équivalence pres, qu'un nombre fini de représentations d’image
Zariski dense pour ¢ > p > 1 fixés ; de plus, si I’on suppose que
'application naturelle H2 (T, R) — H2(T',R) est injective, alors le
nombre total de telles représentations (pour tous ¢ > p > 1) est
borné par dimg H?(T, R).
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1. INTRODUCTION

The purpose of this paper is to introduce and study bounded ana-
logues of classical invariants attached to isometric group actions on
Hermitian symmetric spaces.

Let X be a Hermitian symmetric space (of non-compact type), that
is a symmetric space admitting a complex structure invariant under
the connected component G of the group of isometries Iso(X) of X,
and let [' be a group. Then the second continuous cohomology group
H2Z(G,R) of G with real coefficients is a vector space of dimension the
number of irreducible factors of X ([19]) and, fixing a continuous class
k on (G, one obtains for every homomorphism 7 : I' — G an invari-
ant 7*(k) € H2(I',R), well defined and constant on the (topological)
connected components of the representation variety Hom(I', G). For
example, if I' = 7, (S) is the fundamental group of a compact oriented
surface of genus at least 2, the Toledo invariant, which is the evaluation
of 7*(k) on the fundamental class of S, does, in certain cases, distin-
guish the connected components of Hom(I', &), and, when maximal,
contains substantial information about 7 (see [17], [21], [32], [33], [34],
[4], and [7]; see also [22, § 1.1] for analogous results when I is a lattice
in SU(1,n)).

Assuming now that X is irreducible, an explicit differentiable cocycle
ce providing a generator g € H2(G, R) is given by

(11) CG(91792793) = / W,

A(g120,92%0,93T0)
where w is the Kahler form on X and A(z,y, z) denotes an oriented
smooth triangle in X with geodesic sides. The starting point of our
investigation is the fact that cg is a bounded function, namely

llcglloo = 77, re¢ = rankg(QG),

(see [11] for classical groups and [10] for the general case). Thus, in the
terminology of [9] and [27], ¢ defines a continuous bounded cohomol-
ogy class k2 € H% (G, R), which corresponds to g under the canonical
isomorphism H? (G, R) —— H%(G,R) (see [9]).

Hence for every homomorphism 7 : [' — G we obtain an invariant
7*(kY), called the bounded Kahler class of m, which lies in the second
bounded cohomology group H(I', R) of . Echoing the work of E. Ghys
on the bounded Euler class ([14], [15]), and the treatment in [22] of
Matsumoto’s rigidity theorem [25], it is natural to ask which additional
information the bounded Kabhler class contains. In this direction we
have the following:
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THEOREM 1.1. Let G = PU(p,q), I' a finitely generated group, w :
I' » G a homomorphism, and 7* (k%) € HE(I',R) its bounded Kéahler
class. Assume that 1 < p < q and that m has Zariski dense image.
Then

i) (k%) # 0; and

i) 7* (k%) determines m up to G-conjugation.

REMARK 1.2. In Theorem 1.1, the condition that p be different from ¢
is necessary, since if I' = 71(S) is the fundamental group of a compact
oriented surface S of genus at least two and 71,7 : I' — PSU(p, p) :=
G are any two representations with maximal Toledo invariant, then
7} (k) = 75 (k) (see the proof of [7, Proposition 2.1]).

Thus, for G = PU(p, ¢) with p < ¢, Theorem 1.1 gives us an injective
map

K : Rz(T,G) — HE([,R)

b

(1-2) T — T (Keg)

defined on the set of G-conjugacy classes of representations of I' into
G with Zariski dense image, which is equivariant with respect to the
canonical actions of Aut(T") on source and target. Recall that Rzq(T", G)
is in a natural way the set of real points of an affine variety ([1, Propo-
sition 8.2] and [31, Proposition 4.3 and Remark 4.4]).

In fact, Theorem 1.1 is a special case of a more general result to
which we now turn. For ease of statement let us introduce the following
terminology: we say that a representation 7 : I' — G is of type (p, q) if
G is isomorphic to PU(p, ¢). Moreover we say that m; : [ - G and 75 :
I' — G4 are equivalent if there is an isometry T : X1 — X, between the
corresponding symmetric spaces such that mo(y) = T'm(y)7 1. Finally,
the Hermitian symmetric spaces under consideration will always be
equipped with their normalized Bergman metric, when considered as
bounded symmetric domains. Then we have:

THEOREM 1.3. Let I' be a finitely generated group and let ; : I' — G
be pairwise inequivalent representations of type (p;,q;), for 1 <i < n.
Assume that 1 < p; < ¢; and that 7;(T") is Zariski dense. Then the set

{mi(kg): 1<i<n}cCH,R)
is linearly independent over 7.
Using Theorem 1.3 we show:

COROLLARY 1.4. Let I' be a finitely generated group. Assume that
HZ(T,R) is finite dimensional, and fix 1 < p < q. Then there are, up
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to equivalence, only finitely many representations I' — PU(p, ¢) with
Zariski dense image.

REMARK 1.5. In fact, we prove a stronger result from which Corol-
lary 1.4 follows, namely that the image in HZ(I',R) under the map K
in (1.2) of any continuous injective path

c: 1 — RZd(Fa G)

from a non-empty open interval I C R, contains an uncountable subset
which is independent over R (Proposition 9.1).

Recall now that if QH(T") is the vector space of quasihomomorphisms
of T', that is functions f : I' — R such that
sup |f(ab) — f(a) — f(b)] < o0,
a,bel
then the kernel of the comparison map HZ(T', R)——=H?(I',R) is de-
scribed by the quotient

EH}(T) = QH(T)/(€*(T) ® Hom(T', R))

where we identify two quasihomomorphisms when they differ by a ho-
momorphism plus a bounded function. Applying Theorem 1.1 (i) to
[' = [Fy, the free group on two generators, and taking into account that
H%(F,, R) = 0, we deduce that any homomorphism 7 : Fs — PU(p, q),
p < q, with Zariski dense image gives rise in a geometric way to a
quasihomomorphism f, : ' — R, which is not at bounded distance
from a homomorphism. Moreover, in view of Remark 1.5, Corollary 1.4
gives another proof of the fact that the second bounded cohomology
group of a free group in at least two generators is infinite dimensional
by providing a new geometric construction of an uncountable number
of linearly independent bounded classes and hence of linearly inde-
pendent (equivalence classes) of quasihomomorphisms in EH;(T') (see
[5], and also [18] and [26], for the original construction): for example,
Benoist’s construction of e-Schottky groups ([2]) shows that the space
of discrete, faithful, Zariski dense realizations of Fy in PU(p, ¢) has,
modulo conjugation, positive dimension; see also [20] for an example
of an explicit continuous deformation into PSU(1,2) of Fy realized as
the ideal triangle group in PSU(1,1).
Imposing a stronger hypothesis, we conclude from Theorem 1.3:

COROLLARY 1.6. Assume that I is finitely generated and that the map
Hi([,R) — H*(T, R)

is injective. Then the number of inequivalent, Zariski dense represen-
tations of type (p,q), 1 < p < g, is bounded by dimg H*(T', R).
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The hypotheses that HZ (T, R) is finite dimensional and that HZ(T', R)
injects into H?(I", R) are thus intrinsic conditions on the bounded co-
homology of I' garanteeing strong rigidity properties. In the same vein,
N. Monod and Y. Shalom have shown that the condition HZ (A, £2(A)) #
0 imposes on a group A a rather strong rigid behavior in the context
of orbit equivalence, [28].

As sources of examples concerning Corollaries 1.4 and 1.6, we men-
tion the following:

ExampLES 1.7. (1) If I' < G x G, is a lattice in a product of com-
pactly generated locally compact groups with dense projection onto
each factor, one has the isomorphism ([9])

H(I) ~ H, (G) @ He, (Go) -

In the particular case in which if I' < Aut(77) x Aut(73) is a cocompact
lattice in the product of automorphism groups of regular trees 7; of

valency at least 3 and G; := pr;(I") acts transitively on the boundary
7:(c0), from the fact that H (G;) = 0, [9], we obtain that HZ(T) = 0.

(2) If T’ < [] Ga(ke) is an irreducible lattice, where G, are k,-almost
simple groups over local fields k4, with > rank;, G, > 2, then HZ(T)
injects into H(T"), [9], and both spaces are finite dimensional. In this
case Margulis’ superrigidity theorem applies and implies Corollary 1.6.

Acknowledgments: Most of the final work for this paper was done
while the authors were participating in the Research in Pairs program
at the Mathematisches Forschungsinstitut in Oberwolfach. We thank
the MFO for their hospitality and the “Land Baden-Wiirttemberg” for
their support of the Institute.

Our thanks go also to Indira Chatterji and to Nicolas Monod for
stimulating discussions.

2. ON THE PROOF AND THE ORGANIZATION OF THE PAPER

The proof consists of two separate independent parts: roughly speak-
ing, in the first we define an algebraic function which, via properties
related to boundary maps, characterizes the representations up to con-
jugacy, while in the second we interpret this algebraic function in co-
homological terms.

More specifically, we define the Hermitian triple product (-, -, -)
on triples of maximal totally isotropic subspaces in generic position,
which corresponds in the case of SU(1,7n) to the classical notion of
Hermitian triple product, [16]. Realizing SU(p,q) =: G as the real
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points of an algebraic group and considering the corresponding com-
plexified Hermitian triple product (-, -, - )¢, standard arguments in
Zariski topology show that the Hermitian triple product can distinguish
among representations when evaluated on the image of a ['-equivariant
measurable map ¢ : B — Is,..,, where B is a double ergodic amenable
Poisson boundary for I' and Is,. .y is the Grassmannian of maximal to-
tally isotropic subspaces.

The second step consists in relating the pull-back, via ¢, of the Her-
mitian triple product to the pull-back, via 7, of the bounded Kahler
class k2. To do this, using the double ergodicity and once again the
amenability of the ['-space B, we identify as usual the second bounded
cohomology group HZ(I', R) of I with the space ZL% (B?)" of essen-
tially bounded alternating I-invariant cocycles on B3, [9]. Moreover,
we compute H% (G, R) as the cohomology of an appropriate resolution
on generic configurations of points in the Shilov boundary S of X'; the
class corresponding under the isomorphism to the bounded Kaihler
class has then a representative (g which is a strict Borel cocycle on
generic triples of points in the Shilov boundary and hence the pull-
back 7* : H2 (G,R) — HZ(T,R) can be implemented directly via the
map ¢ (after observing that Is(. .y ~ S). Moreover, 3 has the further
crucial property that its exponential is essentially the Hermitian triple
product which could distinguish among Zariski dense representations:
the same property is hence inherited by the pull-back of the cohomology
class of 85 and thus by the pull-back of the bounded Kaéhler class.

The paper is organized as follows.

e In § 3 we describe both the ball and the hyperboloid model for
the hermitian symmetric space associated to G, together with
their explicit isomorphism which relates also the Shilov bound-
ary in the ball model with the subset Is. , of the boundary in
the hyperboloid model. We also describe here the complexifi-
cation of G and Is. ..

e In § 4 we define the Hermitian triple product (-, -, - ), its com-
plexified version (-, -, - )¢, and describe their relation. Then
we show the essential lemma that (-, -, - )¢ is not constant if
and only if p # q.

e In § 5 we explicit the correspondence between generators of
various cohomology groups in degree two (notably H?(G,Z),
HZ(G,R), and H? (G,R)), and we define a cocycle g on the
Shilov boundary in the ball model of the Hermitian symmetric
space, which extends the cocycle cg on the interior correspond-
ing to the Kéhler form (see 1.1).
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e In § 6 we define the resolution whose cohomology computes
the bounded continuous cohomology of G and we show that
the cohomology class of the extension (g corresponds to the
bounded Kihler class k% under the canonical isomorphism in
cohomology.

e In § 7 we construct the boundary map ¢ : B — Is. ) into the
space of maximal totally isotropic subspaces, by first recalling
the existence of a Poisson boundary for ' which implies, by
standard arguments using the amenability of the action of T"
on B, the existence of a I'-equivariant measurable map from
B into the space of probability measure on G/P, where P is a
minimal parabolic subgroup. Using the Zariski density of the
representation and Furstenberg’s boundary theory, we prove fol-
lowing [24] that the action of 7(I') on G/P is mean proximal,
which allows us to deduce that in fact the boundary map alluded
above takes values into G/P. Composition with the projection
G/P — G/Q ~ Is,..y, where () is an appropriate maximal par-
abolic containing P, gives the required map. Furthermore we
prove that the images via ¢ of almost all points in B are pair-
wise in generic position.

e In § 8, using the isomorphism (3.2) between the Shilov boundary
and the space of maximal totally isotropic subspaces, we put to
use the boundary map in § 7 and the resolution in § 5 to show
that indeed the pull-back of the Kahler class is represented by
the composition of ¢ with the cocycle (s defined in § 5.

e In § 9 we prove all results stated in the introduction.

3. PRELIMINARIES

3.1. Two models of Hermitian symmetric spaces. Let V' be a
complex vector space with a non-degenerate Hermitian form (-,-). We
start by recalling two models for the symmetric space X associated to
the special unitary group SU (V, (-, )) and the explicit realization of
the identification between them.

Let p be the index of the Hermitian form (-, -), that is the maximal
dimension of a totally isotropic subspace; then p = min{p,,p_}, where
Pe is the maximal dimension of a subspace W C V such that (-, -)|w
is e-definite, for € € {+,—}. Modulo a change of sign, we may assume
that p = p, < p_. The hyperboloid model X" of X is the open subset
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of the Grassmannian Gr, (V') of p-planes in V' given by
X" = {L € Gry(V) : (-,-)|1. is positive definite },
and its closure in Gr,(V) is
Xh={L € Gry(V): (-,-)|s is semi-positive definite }.

To describe the realization of X' as a bounded symmetric domain,
fix a subspace L, € X" with orthogonal complement L_ and, for
e € {+,—}, let {-,-)c be the restriction to L. of €(-,-). It is easy to
see that for any L € X" the orthogonal projection pry, |1 : L — Ly is
an isomorphism and hence we may define

(3.1) E(L):=pr, o (pr,|r)”" € Lin(Ly, L),

where Lin(L,, L ) is the space of linear maps from L, to L _. More-

over, for all L € X*, E(L) is semi-positive definite and hence the map
(3.2) E: X" — Lin(L,,L_)
defines an identification between X* and

Xb:={AeLin(Ly,L_): Id, — A*A is semi-positive definite },

where A* is the adjoint map with respect to (-,-).. Furthermore, E
identifies X" with

X :={AeLin(L,,L_): Id, — A*A is positive definite },

(whose closure in Lin(L;, L_) is A?), and the space Is. .y of totally
isotropic p-subspaces with the Shilov boundary

S={AeLin(L,,L ): Idy — A*A=0},
of the bounded symmetric domain X°.

3.2. Complexification. We turn now to the description of a suitable
model of the complexification of SU(V, (-, )), and the space Is. . For

this, fix a real structure v — ¥ on the C-vector space V. Let V¢ :=
V x V and define

AV Vo= Ve
v — (v,7).
Then
7(v, w) := (W0, D)
gives a real structure on V¢ with fixed point set Ay (V). The form
[,]:VxV = C
(v,w) = [v,w]:= (v,W)



BOUNDED KAHLER CLASS RIGIDITY 9

is C-bilinear and non-degenerate and, with an appropriate choice of
the real structure v — v, we may assume that it is symmetric.
Let A = C x C be the algebra, product of two copies of C, with
involution
c:A — A
M) = (),

and define Ac : C — C x C by Ac(\) = (A, A). Then

(3-3) (A p) = (7 A)

defines a real structure on A with fixed point set A¢(C). Component-
wise scalar multiplication gives an A-module structure on V¢, defined
over R. The form

F:VexVe — A
((Ulawl): (U2aw2)) — ([U11w2]1 [U2aw1])
enjoys then the following properties:

(1) F'is Hermitian symmetric, that is, for all a,b € A and z,y € V¢,
(a) F(az,by) = ao(b)F(z,y), and
(b) F(y,z) = o(F(z,y)).

(2) Fisdefined over R and extends the Hermitian form (-, -), namely

F(Ay(u), Ay(v)) = Ac((u, v))
for all u,v e V.
The group GLA(V¢) of A-module automorphisms of V¢ is defined over
R and so is the subgroup
G = {T € GLa(V¢) : detsT = 14, T preserves F'},

where det, is the A-valued determinant. Identifying GLA (V) with
GL(V) x GL(V), we get

G={(g9,¢ ): geSLIV)},

where b denotes the adjoint with respect to the symmetric form [-,-].
Finally, restricting to Ay (V') the action of G(R) gives an identification
of SU(V, (-,-)) with G(R).

The set of free A-submodules of rank p consisting of totally F-
isotropic vectors may be identified with the projective variety

Isp = {(U,W) € Gr,(V)xCr,(V) : [u,w] =0, for all u € U,w € W},
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which is defined over R. The action of G on Isg is also defined over R,

and the map
(3 4) AIS( 3 I ) — ISF(R)
' L+ (L, L)

is an identification which is equivariant with respect to the identifica-
tion SU(V, (-, ) ~ G(R).

The group SU(V, (-, )) acts transitively on Is(. .y and Witt’s theorem
implies that it acts transitively on the set

(3.5) I = {(L1, Ly) € (Is.y)? : LN Ly = {0}}

of pairs of transverse totally isotropic p-subspaces.

4. THE HERMITIAN TRIPLE PRODUCT

We proceed now to define an invariant for the action of SU (V, (-, })
on Gr,(V)3. Given Ly, Ly € Gr,(V) and B; = {b! : 1 < j < p} a basis
of L;, set

(By, Bo) := det ((b], b3),s) -
If C; is another basis of L;, and A; is the matrix of change of basis from
B; to C;, we have
(4.1) (C1,Cy) = det Ay (By, By) det A, .

Given now L, Ly, Ly € Gr,(V), and B;, C; bases of L;, it follows from
(41) that <B1, BQ)(BQ, B3><Bg, B1> differs from <01, 02><02, Cg><03, 01>
by a positive real, and hence we obtain a well defined invariant

(42) <L1, LQ, L3> = <B1, B2><BQ, B3><B3, Bl) c R_T_\(C

which we call the Hermitian triple product (by analogy with [16,
§ 2.2.5]).

Observe that if L; € X we can write L; = {v+ E(L;)v: v € L},
so that, if {v1,...,v,} is an orthonormal basis of L, then B; = {v +
E(L;j)vg : 1 <k < p} is a basis of L;. One can easily check that

(Bi, By) = det (Id — E(Ly)"E(Ly)),
and hence one has in RY\C the following equality

(4.3) (Ly, Ly, Ls) = Hdet Id, — E(Li11)"E(L)),

where the indices are to be taken modulo 3.
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Observing that L; N Ly = {0} if and only if (By, By) # 0 (where
B; is a basis of L;), we deduce that on the space Isgi)_> of triples of
pairwise transverse maximal totally isotropic subspaces, the Hermitian
triple product (-, -, -) takes values in RX\C*.

The set of values taken by the Hermitian triple product on the Shilov
boundary shows the remarkable difference between the cases p. = p_

and p, # p_, as recorded in the following:
LEMMA 4.1. The set of values Val taken by the Hermitian triple prod-

uct on ISE?> is as follows:
i) Ifp =p-,
(4.4) Val — {{j:z} mod R} 1:fp 1:5 odd
{£1} mod R} if p is even ;
i) If py < p-,
Val:{{Z: |z| =1,Rz <0} mod R} ifp, =1
RY\C* ifpy > 1.

Proof. We say that

(4.5) Ay, Ay € S are transverse if det(ld, — A3A;) #0,

and define ¢ : (S)® — C by

§5(Ay, Ay, A3) == det(Id, — A3A;) det(Id, — ALA,) det(Id, — AT A;) .
(i) In this case we have that dim L, = dim L_ and every A € S is an
isomorphism of unitary spaces as it verifies Id, = A*A. In particular
we have that AA* = Id_. Given now Aj, Ay, A3 € S pairwise trans-

verse, set C; = Af | A;, for i = 1,2,3 (with the indices intended modulo
3), so that

(4.6) C30,Cy = Id, .
Since C; is unitary, we have
det(Id, — C;) = det(Idy — C;7') = (=1) det(C;) " det(Id, — C;),
which implies, taking into account (4.6), that
8(Ay, Ay, Ag) = (=1)P8( Ay, Ay, As) .

This shows that §(A;, A, A3) is purely imaginary if p is odd and real if
pis even. Taking appropriate special matrices shows that the inclusions
so obtained are in fact the equalities in (4.4).

(7) In case p; = 1, we have the classical Hermitian triple product of
isotropic vectors and the claim follows from instance from [16, § 7.1].
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Incase2 <p, <p_,let p=p, and ¢ = p_, for notational simplicity;
by choosing orthonormal bases in L, L_, we have the identifications
Lin(Ly, L) =~ My,(C) and S =~ S, := {A € M,(C) : A*4A = I,}.

— Ip — _Ip — Z
LetX—<0>,Y—<0),andZ—<ZQ>,Where

A0 ... 0 40 ... 0
0 X ... O 0 0 0
Z1 = : e : and Zy = SRR
0 0 ... A 00 ..0

Then X,Y € S,; moreover Z € S, if and only if |A|> + |u/|*> = 1, and
|Ail =1 for 2 < i < p. Furthermore, X, Y, Z are pairwise transverse if
and only if \; ¢ {—1,1}, for 1 <4 < p, which we assume from now on.
Then a computation gives

XY, 2) =2 (1= P+ - 0) [[0y - ),
=2
which easily implies the claim. U
Moving on to the complexified situation, let Grﬁ(V) be the Grass-
mannian of free A-submodules of Vi of rank p. For £, L, € Grﬁ(V),
and B; = {b] : 1 < j <p} a basis of L; over A, set
(B1, Bo)c = det 4 (F(b7,05),5) € A.
We say that for z = 1,2
(4.7) L; = V; x W; are transverse if Vi N W, = {0} and
WiN+V, = {0},

where U denotes the orthogonal of a subspace U C V with respect to
the symmetric form [-,-]. Then

(4.8) (B1, Bo)c € A if and only if £;, £, are transverse.

If C; is another A-basis of £; and A; € M, ,(A) is the change of basis
from B; to C;, we have

(4.9) (F(ch, c3)rs) = A (F(B],b3)rs) 0(A3) -
Setting

(B1, By, Bs)c = (B1, Ba)c(Bz, Bs)c(Bs, Bi)c
we deduce from (4.9) that

<01, CQ, C3>(C = N(detAAl)N(detAAQ)N(detAA?,)<Bl, BQ, B3>(C s
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where N : A — C is the norm map given by N(a)14 = ao(a). Thus,
for any Lq,L9, L3 € Grﬁ(V), we obtain a well defined G-invariant
Hermitian triple product

(L1, Lo, L3)¢c = (B1, Ba)c(B2, Bs)c(Bs, Bi)c € C*\A.

LEMMA 4.2.
i) G acts transitively on Isp;
ii) For every L € Isp, the set
nt(L) := {L' € Isp : L' is not transverse to L}
is a proper Zariski closed subset of Isg.
Proof. (i) Choose a basis {e1,...,e,} of V such that [e;, e;] = d;;, and
define
Vo=Cei+---+Ce, and Wy=Cepp1+---+ Cey,.

Since 1V, = Cepi1 + ... Cegp D Wy, we have that (Vo, Wp) € Isp.
Let (U, W) € Isp and take g € SL(V) such that gU = V4. Then
g '(W) C +V4. Now,

StabSL(V)(%) = { (13 g) :det Adet C' = 1},

and hence the action of Stabgsy,) (Vo) on 'V via h — h*~! gives the
full GL(*+V)-action on +Vj; since dim ¢* ™' (W) = dim W, there is h €
Stabsr,) (Vo) with h* (g~ (W)) = Wy, and thus (hg, hg* ") (U, W) =
(Vo, Wo)-

(i1) follows from (4.8). O

REMARK 4.3. One can show that G acts transitively on the set of pairs
of transverse elements in Isp, but we shall not need this fact.

The set
Isg’) = {(£1, L2, L3) € (Isp)® : L1, Ly, L3 are pairwise transverse }
is a Zariski open subset of (Isz)3, defined over R. The cartesian product

of the identification Ay, in (3.4) induces an identification

(4.10) AR TP 5 TSP (R).

The affine space A with its R-structure given by 7 (see (3.3)) is acted
upon by C*, and this action is defined over R; we denote by P'(C) the
quotient C*\(A \ {0}) with its corresponding R-structure. Then the

Hermitian triple product gives a regular G-invariant map

(4.11) (¢ 9 - PY(C)
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defined over R and with image contained in C*\A*. The map Ac¢
giving the real structure on A induces a map

A RN\C* - CX\A*,

which is also a group homomorphism with kernel of order 2, and one
verifies that the following diagram

commutes.
For £y, Ly € Isp(R) transverse, let O, ¢, C Isp be the Zariski open,
connected subset of those elements £ € Isy which are transverse to £,

and L£,. Then the function
Pﬁl,ﬁz : Oﬁl,ﬁz — (CX\AX
given by Pr, ¢,(L) := (L4, Lo, L)¢ is regular and:

LEMMA 4.4. If p_ > py, then Pf] . is not constant for any m € Z,
m # 0.

Here P . (L) = (Pey,c,(£))™, where the product is taken in C*\A*.

Proof. Since G(R) is transitive on Isg)(R) o~ Isg_%, (see (3.4), (3.5),

and (4.10)) we have P¢, ¢,(O¢, ¢,(R)) = Image ({-, -, -)C\Is(s)(R)). When
F

p— > py, the latter is infinite by Lemma 4.1. O

5. THE BOUNDED KAHLER CLASS

5.1. The Dupont cocycle as an integral cohomology class. Let
G be a connected simple Lie group with finite center and X its asso-
ciated symmetric space. We assume that X is Hermitian symmetric,
that is X' carries a G-invariant complex structure. Fix zo € X’ a base-
point, let K = Stabg(z), and let g = € @ p be the corresponding
Cartan decomposition of the Lie algebra g of G. We shall equip X
with the metric defined by 3B,, where By is the Killing form of g. For
the associated Kéhler form w we have then,

1
weo(X,Y) = 2By(X,JY),  forall X,Y €p,
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where J € End(p) is the complex structure obtained from the identi-
fication of T,,X with p. The Kahler from w gives rise to the Dupont
cocycle

(5.1) (91,929 = | v,

A(9170,92%0,93T0)
where for any three points z,y,z € X, A(z,y, 2) denotes a 2-simplex
with vertices x, y, z and geodesic sides. The (homogeneous) cocycle cg
is G-invariant, differentiable and bounded, [12] and, in fact, one has

lca(91, 92, 93)| < 7rg,

where 7¢ is the real rank of G, ([11] and [10]). The cocycle cg thus de-
fines both a continuous cohomology class kg € H2(G,R) and a bounded
continuous class k% € H% (G, R) which correspond to each other via the
canonical isomorphism HZ (G, R) ~ HZ(G,R), [9]. Taking into account
that H2(G,R) ~ R, these classes are generators of their corresponding
cohomology groups.

Denoting by H*(G, R) (respectively H*(G, Z)) the Borel cohomology
of G with coefficients in R (respectively 7Z), it is important for us in the
sequel to determine the specific multiple of ¢ which is the image of a
generator of H*(G,Z) ~ 7Z (see [19]) via the map H*(G, Z) — H?*(G, R).
To this end, let Z, € Z () be the uniquely defined element in the center
of ¢ such that ady(Zy)|, = J, u : K — T a generator of the group
Hom, (K, T) of continuous homomorphisms of K into the circle T, and
Dug : £ — 1R its derivative at the identity.

LEMMA 5.1. The cocycle

1 Du.(Z)
Z = e
(91,92, 93) : 9 dim p ca(91, 92, 93)
determines a generator of H*(G,7Z).

Proof. According to [13], such a cocycle % can be represented by

(52) Cg‘(glag%%) = / Qa

A(91%0,9220,93%0)
where € is the invariant 2-form on X whose value at T, X >~ p is

(5.3) Q, (X,Y) = ﬁDue([X, Y), X, Yep.

By using the decomposition ¢ = RZ, & [¢, €], we define a 2-form w; on
p by the equation

(5.4) X, Y] =wi(X,Y)Z+C, C€ltt.
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Thus Du,([X,Y]) = wi(X,Y)Du(Zy) and we proceed to relate w; to
Wge- We have
2wg, (X, Y) = Tr (adg(X) adg(JY)) = Tr (adg(X) adg([Zo, Y])) -
By expanding ady([Zy, Y]), and using (5.4), we obtain
2wy (X,Y) = —Tr (adg([X,Y]) adg(Zp))
—Tr (w1 (X, Y)(adg(Z0))?) — Tr (adg(C) adg(Zo))
= dimpwi(X,Y) — Tr (ady(C) ady(Zy)) -

Using that C' € [t €], one checks that Tr (adg(C) adg(Z,)) = 0, and
thus

2
Du(|X,Y]|) = ——Du.(Zy)wg, (X, Y),
u ([ ]) dlmp u ( 0)w 0( )
which, together with (5.3) and (5.2), implies the lemma. O
LEMMA 5.2.
i) If G = SU(p, q) then c& = mc@v;
i) If G = PSU(p, q) then c% = mc@

Proof. The Lie algebra of SU(p, ¢) is su(p, ) = {X € M,14(C) : X' H+

HX = 0}, where H = (—qu ?) For the Cartan involution #(X) =
P

B
structure on p given by B — ¢B we obtain

_ip_
Zo = (p+qlq _Z,S ) )
0 mlp

If G = SU(p,q), then K = S(U(q) x U(p)), and a generator u of
Hom, (K, T) is given by

A 0
U (0 B) :=det A.

From this we deduce readily that

— 0 B
—X', we have p = { (—t 0) : B € Mq,p((C)}. For the complex

ipq
p+q’
which, together with dimp = 2pq, implies (3).
For part (ii), if we let G, be the adjoint group PSU(p, q), then its
maximal compact subgroup K, is the quotient of K by

Z(G) = {Mpiq: N1 =1}

Due(Zy) =
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and a generator u, of Hom(K,, T) is given by u, := u™, where n € N
is minimal such that u"|) = 1. A computation gives then
_ ptg
ged(p,q)’
which implies (43). O

5.2. Extension to the boundary. Turning now to the ball model X°
of the symmetric space associated to G = SU(V, (-, }), we are going to
extend the cocycle

(5.5) c(z,y,z) = / w
A(z,y,2)

to (a subset of) the closure X% C Lin(L,, L_). To this end, a formula

for (5.5) due to Domic and Toledo will be useful. For X,V € X*
transverse — that is det(/d; — X*Y') # 0, (see (4.5)) — let

P
ag(X,Y) = —2Zarg(1 - i),
j=1

where A;, ..., A, are the eigenvalues of X*Y counted with multiplicity.
Since [A\;| < 1 and A; # 1, then arg(l — A;) € [—n/2,7/2] is well
defined. o

For X,Y, Z € X’ pairwise transverse, let

Ba(X,Y.Z) = ag(X.Y) + ac(Y, Z) + ac(Z, X) .
Then
LEMMA 5.3 ([11]). For every X,Y, 7 € X*

Ba(X,Y, 2) = / v,

A(X)Y,Z)

—(3
Let X 5 denote the set of triples of pairwise transverse elements of
X% Then

—(3
LEMMA 5.4. The function (B¢ : X”() — [—mp,7p| is continuous, al-
ternating, G-invariant, and dfBq(X1, X2, X3, X4) = 0 for all 4-tuples of
pairwise transverse elements.

Proof. The function (g is clearly continuous on F(?)) and, by Lemma 5.3,

satisfies all above properties on (X°)3. Since (X?)? is dense in ﬁ(?’),

we obtain the Lemma. O
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Finally, it follows from the above formula that
e396XV7) — det(Id, —Y*X) det(Id, —Z*Y) det(I;, —X*Z) mod R**
for all (X,Y,Z2) € 2, Taking into account (4.3), we obtain
(5.6) ¢ 38c(E(L1),E(L2),E(Ls)) _ (Ly, Ly, L) in R¥\C*

for all pairwise transverse Lq, Ly, L3 € Xh.

6. A RESOLUTION ON THE SHILOV BOUNDARY
Let G = SU(V, (-,-)), let S be the Shilov boundary of X®, and let us

define, for every n > 2 and in analogy with the notation above,
S — {(Xl,XQ, o Xn) EeST: X, X; are transverse for all 7 # j}.
For every n > 2, the Banach space B (S™) of bounded alternating

Borel functions on S, equipped with the supremum norm, admits a
natural coboundary operator

dy - BX(S™) — B (ST

defined in the usual way. The group G acts by homeomorphisms of
S™ and hence isometrically on B, (S™). Then, in the terminology of
[9] and [27], we have:

LEMMA 6.1. The complex
do - ~ d2
0— R 2> B®(3) — 2> Bx,($?))
is a strong G-resolution.

Proof. Let B2 (S™) be the space of alternating bounded Borel functions
on S™ (with the supremum norm), d’, : B% (S™) — B2 (S™*") the nat-
ural coboundary operator, i a G-quasi-invariant probability measure
on S (for example the K-invariant one), and

Py alt(Sn) — Balt(Sn_l)
o hn_1

where
h,ln_l(l(XQ, ‘e ,Xn) = / a(Xl, XQ, ce ,Xn)d/J,(Xl) .
S

We have shown in [6] that the complex (BX(S*),d,) is a strong G-
resolution of R with homotopy operators h;. Let r, : B3 (S™) —
% (S(M) denote the operator obtained by restricting functions to S
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and i, : BX(S™) — B2 (S™) the one obtained by extending functions
from S to S™ by setting them equal to zero on S™ ~. S™. Both r,
and i,, are G-equivariant; r, is norm decreasing and i,, is norm preserv-
ing, thus they preserve the corresponding subspaces of G-continuous
vectors. We have the simple relation

I .
dp = rp1d, iy .

Observe that, while r, is a morphism of complexes, {i,}, fails to be.
Define now

— r;
by = rphin g1

Since h;, sends continuous vectors to continuous vectors, it follows from
the above remarks that h, sends the subspace of continuous vectors
in B (S™*) into the subspace of continuous vectors in BZ(S™).
All there remains to verify is that the h,’s are homotopy operators.
Using the above definition of h, and the fact that r, is a morphism of
complexes, we have

dn1hn1 = dp 1rn 1l yin = Tody, by, in,
and
(6.1) hodn = (ol in1) (Poaidyin) -
Let o € B, (S™1) and define o := 4y, 17410 Then

a(Xla"':Xn—H) if (Xla"'aXn—H) 65’(”"‘1)

"(X1,..., Xpt1) =
o(X +1) {0 otherwise.

Observe that if (X, ..., X,41) € S™) then
/’L{Xl € S’ : (Xla"' ’Xn-l-l) gé S(n+1)} =0
and hence, for all (X, ..., X,11) € S™),

[ of (X1, Xy ooy Xpgr)dp(Xh) = / (X1, Xo, ..o, Xn1)dpu(X1) -
5 5

This implies that r,hli,117p41 = 7rnhi, which, together with (6.1),
shows that
h’TL—|—1dn+1 = Tnhild{nln y
and hence
dp 1hn 1+ hody = 1o (dl_ 1 hyy_y + By d) iy = Tyt = Tdgos (5 -

This concludes the proof of the lemma. ]
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Applying now [9, Proposition 1.5.2] we obtain a canonical map

(6.2) H* (B3 (S™)%) — H%, (G, R)

o0

from the cohomology of the complex (B,(S®)¢,d,) into the bounded
continuous cohomology of G. In particular the function considered in
§5.2

Be : S® — [—mp, mp)
is a bounded, alternating, G-invariant cocycle on S (see Lemma 5.4),
and thus defines a class [8g] € H? (B3, (S™®)%).

LEMMA 6.2. Under the map (6.2), the class [3g| corresponds to the
class k% € H% (G, R).

Proof. We consider the morphisms of complexes
o (S ——=L>(8%) —=L>(G*),

where the first one is obtained by considering a function on S as a
class in L>®°(S™) (recall that S™ ~ S™ is a null set) and the second
is obtained by realizing S as a homogeneous space of G' by means of
choosing a basepoint b € S. The composed morphism

(8¢ —=L(G")

extends the identity and it follows then from Lemma 6.1 and [9, Propo-
sition 1.5.2] that it implements the canonical map (6.2) in cohomology.
What is left to be shown is that

E(gla g2, 93) = ﬁG(glba g2ba g3b)
is cohomologous to cg in L>®°(G*). Define for all 4-tuples t1, to, t3, 4 of
pairwise transverse elements in X’
D(tla t2’ t3a t4) = /BG(tla tQa t3) + ﬂG(t3’ t4’ tl) -

When t; € X?, this coincides with the integral of the Kihler class
w over an oriented quadrilateral with vertices %1, ¢o, 3,4 and geodesic
sides. Given now two triangles in X'° with vertices x1, x5, 3 and y1, ¥2, ¥3,
and applying Stokes theorem to the geodesic prism with the triangles as
bases, we obtain a relation invoving the integral of w over two triangles
and three quadrilaterals, namely

B (Y1, Y2, y3) = Ba(@1, 2, 3) + O(Y1, Yo, T2, 1)
+ O(y2, y3, 3, 72) + O(ys, y1, 71, 73) -

(6.3)

Using repeatedly the cocycle identity for 8g, one checks that this rela-
tion extends to all 6-tuples of pairwise transverse points in X°.
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Denoting by 0 € X° the origin in the ball model of X, and setting
Yi := 90, z; := g;b and

(6.4) v(g, h) := O(gb, hb, h0, g0),

we obtain from (6.3) for all g1, g2, g3 such that g1, g2b, g3b are pairwise
transverse, that

(65) CG’(gla g2, 93) - E(gla g2, 93) + dr)/(gla g2, 93) .

Since for almost every (g1, g2) € G?, ¢1b, g2b are transverse and

17(91,92)| < 2mp,

we deduce that 7 defines a G-invariant cochain in L*®(G?), and since
(6.5) holds almost everywhere, we deduce that cg and ¢ are cohomol-
0gous. ]

7. BOUNDARY MAPS

We begin by recalling how to construct, from a presentation of a
finitely generated group, a Poisson boundary with useful ergodicity
properties. The statement was proven in [8, Theorem 3 and § 2.5]
and it can be proven in greater generality, namely for all compactly
generated groups, using [8, Theorem 3 and § 2.5] together with [23]
(see [9, Theorem 6]). We recall its proof here in this simpler case for
sake of completeness.

PROPOSITION 7.1 ([8]). Let T be a finitely generated group, S a fi-
nite generating set and (B, v) the Poisson boundary associated to the
measure

1
wi=— Og + 0g-1) .
375 20 0

Then the diagonal action of I on B x B is ergodic and the I'-action on
B is amenable.

Proof. Let Fg be the free group on the set S, p : Fg — I' the associated
presentation of I', Tg the Cayley graph of F5 relative to S and 7T;(o0) the
boundary of 75. Then Tg(co) consists of all reduced words of infinite
length and carries a natural Fg-quasi-invariant measure m defined by
m(C(z)) = (2r(2r — 1)"*1))_1, where 7 = |S|, n is the length of
z, and C(z) consists of all infinite reduced words starting with z. It
is a classical fact that (7s(co),m) is the Poisson boundary for the
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probability measure on [Fg

1

m = g D (6 + 6,-1) € M (Fs).
sES

Moreover the Fg-action on Tg(oc) is amenable, and the Fg-action
on Tg(oo) x Ts(oo) is ergodic. Let N = kerp and (B,v) be the
point realization of the measure algebra associated to the subalge-
bra L>°(Ts(o0))" of N-invariant functions in L*(7s(occ)). That is,
(B, v) is a standard measure space equipped with a measurable map
p : Ts(c0) — B such that p,(m) = v and the pull-back via p identifies
L*®(B,v) with L*®(Ts(c0))¥. Then Fgs acts on B, and this action fac-
tors via p : Fg — I'. Using now that the pull-back via p identifies y =
p«(m)-harmonic bounded functions on I' with N-invariant m-harmonic
bounded functions on Fg, we deduce that (B, v) is a Poisson boundary
for (T', ). Since Fg acts ergodically on Tg(00) x Ts(00), we deduce that
[' acts ergodically on B x B. The amenability of the I'-action on B
follows from a general result in [35], but can also be deduced directly by
using the characterization of amenable actions given in [9]. We follow
this last approach and we shall thus prove that the Banach I'-module
L*>®(B,v) is relatively injective. To this end, let A, B be Banach I'-
modules, i : Ay — Ay an admissible injective I'-morphism (see [9]) and
a: Ay — L®(B,v) a I-morphism. Let j : L*°(B,v) — L*(Ts(c0))
be the injection given by the pull-back via p : Tg(co) — B. Con-
sidering A;, Ay as Banach Fg-modules via p : Fg — I', and 4, j o «
as Fg-morphisms, the amenability of the Fg-action on Tg(oc) implies
that L°(7Ts(00)) is relatively injective and hence there exists an Fg-
morphism §: Ay — L®(Ts(00)) extending joa. Since the N-action on
Ay is trivial, B(A) C j(L®(B,v)) = L*®(Ts(c0))¥ C L*®°(T (o0)), and
hence (j|Loo(7‘(oo))N)_1 of3: Ay — L*(B,v) is a ['-morphism extending
a. 0

Let now I be a finitely generated group, 7 : I' = SU(V, (-, -)) a rep-
resentation, and (B, v) a Poisson boundary of I' as in Proposition 7.1.
Our objective is to prove:

PROPOSITION 7.2. Assume that w([') is Zariski dense. Then there
exists a ['-equivariant measurable map

QO:B—>IS<)

such that for almost all by,bs € B, ¢(b1) and ¢(by) are transverse.

The proof of Proposition 7.2 is based on the following fact, whose
proof we postpone.
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THEOREM 7.3. Let G be a connected semisimple group defined over
R, P a minimal parabolic subgroup defined over R and T : A — G(R)
a homomorphism of a group A with Zariski dense image. Then the
A-action on G(R)/P(R) is mean proximal.

We present first the proof of Proposition 7.2 assuming Theorem 7.3.

Proof of Proposition 7.2. Let G be the complexification of SU (V, (-, ))
as described in § 3.2. In particular, we identify SU(V, (-, -)) with G(R)
and Is. ., with Isp(R). Pick a basepoint b € Isy(R); then Q = Stabg(b)
is an R-parabolic subgroup of G, since Isg is a projective variety and
G is transitive. Let P be a minimal parabolic subgroup of G defined
over R and contained in Q. Then we have an equivariant surjection

G(R)/P(R) = G(R)/Q(R) =Is(.) .

Since the action of I' on B is amenable, there exists a [-equivariant
measurable map
¢: B — M'(GR)/P(R)).

Since the I'-action on G(R)/P(R) is mean proximal, v is p-stationary,
and supp u generates I' (see Proposition 7.1 and Theorem 7.3), [24,
Corollary 2.10, p. 201] implies that for almost all b € B, ¢(b) is a
Dirac measure, thus providing a I-equivariant measurable map into
G(R)/P(R), whose composition with the projection G(R)/P(R) —
G(R)/Q(R) gives a I'-equivariant measurable map

gO:B—)IS< y -

We are left to show that the images under ¢ of almost every two points
in B are transverse. To this purpose, observe that the I'-invariant
measurable map

BxB— N
(b1, ba) = dim(p(b1) N p(b2))

is essentially constant, since I' acts ergodically on B x B. Assume that
this constant is non-zero, and let EssIm(p) C Is...y be the essential
image of ¢. Then EssIm(¢p) is closed and 7(I')-invariant. For every
z € Isp = G/P, denoting by nt(x) the set of y € G/Q which are
non-transverse to x (see § 3), we have for almost all by € B that
©(ba) € nt(p(h)) for almost every by € B. Since nt(z) is Zariski
closed, and hence Hausdorff-closed, we have EssIm(y¢) C nt(p(by)) for
almost all b;, and hence for some fixed by € B. Since EssIm(yp) is

7(I')-invariant, we have the inclusion

EssIm(p) C ﬂ 7w(y)nt(p(b)) := L

ver



24 MARC BURGER AND ALESSANDRA I0ZZI

Since nt(p(by)) is a proper Zariski closed subset of G/P, L is a proper,
non-void, 7 (I')-invariant Zariski closed subset of G/Q which contra-
dicts the Zariski density of 7(I') in G. O

We now turn to the proof of Theorem 7.3. We may clearly replace A
by its image T'(A), so that now A is a Zariski dense subgroup of G(R).
We intend to show that the A-action on G(R)/P(R) is mean proximal
by verifying the hypotheses of [24, Proposition 2.13, p. 201]. This will
rely in an essential way on the following

THEOREM 7.4 ([3], [29]). If A is a Zariski dense subgroup of G(R),
then A contains an R-regular element.

We shall need the existence, shown in [30], of a representation p :
G — GL(W), defined over R, with the following properties:

(a) An element g € G(R) is R-regular if and only if p(g)|w®) has
a unique eigenvalue A\, of maximal modulus which occurs with
multiplicity one. Let x, be the corresponding eigenline in the
real points PW (R) of the projective space PW;
(b) there is 2o € PW(R) such that P = Stabg(z) is a minimal
parabolic subgroup defined over R, { p(g9)xo: g € G} spans W,
and for any R-regular element p € P(R), z, = .
Identifying G/P with p(G)zy C PW, and, analogously, G(R)/P(R)
with p(G(R))zy C PW, we deduce from (b) and the fact that every
R-regular element g € G(R) is conjugate to one in P(R), that z, €
G(R)/P(R). Finally, let W, C W be the sum of all eigenspaces of p(g)
corresponding to eigenvalues of modulus less than A.

LEMMA 7.5. A acts strongly proximally on G(R)/P(R).

Proof. (Compare with the proof of [24, Theorem 3.7, p. 205].) Let
A € A be an R-regular element (see Theorem 7.4). Then p(\) attracts
G(R)/P(R) ~ PW,(R) towards z,. For z € G(R)/P(R) define

G, :={h € G:p(h)z e PW,NnG/P}.

Since PW, N G/P is a proper Zariski closed subset of G/P, the set

G, is a proper Zariski closed subset of G, and hence, since A = G,
for y, z € G(R)/P(R) fixed, there exists u € A with p(u)y ¢ PW, and
p(u)z ¢ PW,. Thus

lim p(A"p)y =

n—r0o0
and
lim p(\"u)z =z,

n—oo
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which proves that A acts proximally on G(R)/P(R). To deduce that
A acts strongly proximally, we proceed to show that every point in
G(R)/P(R) has a contractible neighborhood; the Lemma will then
follow from [24, Proposition 1.6a), p. 196]. Since p(pu)Wx = Wya,-1,
the subvariety of G/P

(N rwems) nee

BEA

is A-invariant and hence G-invariant. It is also properly contained in
G/P and hence void. This implies that

U p(wPws o> G/P,
BEA

and hence that every point in G(R)/P(R) is contained in the con-
tractible open set
G(R)/P(R) N\ PW,p,-1,

for some p. O

Let d be a distance on PW (RR) and define (see [24, p. 203]) ¥, to be
the family of subsets of PIWW(R) of the form

W'(e) := {z e PW(R) : d(z,PW'(R)) > ¢},

where W' € Gry_1 (W) is defined over R for m = dimW. In view of
[24, Lemma 3.2, p. 203], in order to verify [24, Proposition 2.13 (b)],
we need only to show the following

LEMMA 7.6. There exists € > 0 such that for every W'(e) € ¥,
p(A)(W'(e) N G(R)/P(R)) = G(R)/P(R).
Proof. For every W'(R) € Gr,—1(W(R)), z € G(R)/P(R), define
(2, W(R)) = sup d{p(N), PW'(R) 1 G(R)/P(R)).

If f(z, W'(R)) were to vanish, then we would have that p(A)z C PW'N

G /P, and hence p(G)x C PW'NG/P, which would imply that PW' >

G/P and hence

W'D {p(g)zo: g € G}.

Since the latter spans W we would obtain a contradiction. The lower
semicontinuous function f is hence positive on the compact space G(R)/P(R) x
Grpo1(W(R)) and thus there exists € > 0 such that f(z, W'(R)) > ¢

for all z € G(R)/P(R) and W'(R) € Gr,,,_1 (W (R)). This implies the
Lemma. 0l
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8. A FORMULA FOR THE BOUNDED KAHLER CLASS OF A
REPRESENTATION

Let T" be a finitely generated group and (B, v) the Poisson boundary
given in Proposition 7.1. Then the complex

d

R——L®(B)—%>L% (B?)-4— . ..

alt

is a relatively injective resolution of R and hence the bounded cohomol-
ogy Hp(I',R) is canonically isomorphic to the cohomology of the non-
augmented subcomplex of invariants (LS5 (B*)F, d,). Together with the
ergodicity of the I'-action on B x B, this yields an isomorphism of Ba-
nach spaces

~

HZ(T,R) ZLX (B,

where the right hand side is the space of I'-invariant, alternating, es-
sentially bounded cocycles on B®. Let now 7 : I' = G = SU(V, (-, ))
be a representation with Zariski dense image,

©: B —Is.,
the I'-equivariant map given by Proposition 7.2 and ¢ its composition
with E : Is.y — S. Then it follows from Proposition 7.2 that for
almost every (b, by, b3) € B3, (by), v (be),v(b3) are pairwise transverse
and hence

V386 (b1, b2, b3) == Ba((b1), 1 (b2), ¢ (bs))

is a well defined element in ZL, (B?).

THEOREM &8.1. Under the isomorphism
H?(I',R) ——— Z L%, (BT,

7* (k%) corresponds to V3 g.

Proof. We shall use the resolution defined in § 6 on the Shilov boundary
S. Let
Y": B" — §"
be the n-th Cartesian product of the map . Since 9(b;), 9 (by) are
transverse for almost every (b1, by) € B?, we deduce that w”(bl,; ., by) €
S for almost every (b,...,b,) € B". Thus, for f € BX(S™), we
define
Ur(f) (b1, ... by) == f™ (b1, ..., by).

and obtain in this way a morphism of complexes

w* . oo(S(o))_)L;?t(Bo)

[ alt
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extending the identity R — R. Using that the complex of continuous
bounded functions C,(G*) on G™, n > 1, gives a strong resolution by
relatively injective modules, we obtain a morphism of complexes

a1 B (S®)—=Cy(G*) .

Finally, let 7, : Co(G™) — ¢>°(I'") be the morphism of complexes
given by the precomposition with 7 : ' — G. It follows then from [6,
Proposition 1.2] that the diagram in cohomology

H* (L35,(B*)) =2 He (B2 (S)°)

T lH-a

Hy (T, R)

H7 C

commutes. Since by Lemma 6.2, H2a([8s]) = s% and H?y([8g]) is
represented by ;5 3¢, the theorem is proven. ]

9. THE PROOFS

Proof of Theorem 1.1 and Theorem 1.5. Let m; : I' — PSU(V, (-,-))
be homomorphisms with Zariski dense image, and xP the bounded
Kahler class of PSU(V, (-, -);). Since

G; :=SU(V, (-, %)) —=PSU(V, {-,))

is a finite central extension of PSU(V, (-, );), there exist a finite central
extension of T’
[——T,

and homomorphisms
7 : T — SU(V, (-, -)i)

with Zariski dense image such that a;7; = m;a. Assume now that there
are m; € Z not all zero with

XT: mims (k2) = 0.
i=1

Denoting with &P the bounded Kahler class of SU(V, (-,-);), and ob-

serving that a}(kP) = &P, we obtain

(9.1) Z mi7; (RD) = 0.
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Let B be the Poisson boundary associated to a presentation of T' (see
Proposition 7.1) and

©; - B — ISFZ(R) C ISFi
the boundary map given by Proposition 7.2. Taking into account The-
orem 8.1, (5.6) and (9.1), we obtain that for almost all (b, by, b3) € B?
and all 1 < i <7, (i(b), pilb), 0i(bs)) € Isfy) and

r

(9.2) H(%’(bl): (Pi(bQ)aSOi(bii))gi =[1] in C*\A~.

=1

Consider now the measurable map

¢:B— [][Tsr(R)

=1

b— (¢i(b))i 5

f’-equivariant with respect to the representation

=1
v (@)

define A = #(I") and let H = A7 be the Zariski closure of A in I, Gi

Observe that, because ¢ is I-equivariant, its essential image Ess Im ()
is A-invariant. Fix now (b1, b2) € B? such that (9.2) holds for almost
every bs € B. In the notation of Lemma 4.4 and the paragraph pre-
ceding it, set

Byt = Poi(br)0i62) »
Oi i = Opybr)oi(ts) , and O = H(’)

=1

Then it follows from (9.2) that

(9.3) EssIm(gp)ﬂOC{xl,..., EH(’) HP T ml—l}

In view of Lemma 4.4, the latter is a Zariski closed proper subset of
[T;—, O;, which implies that EssIm(¢) is contained in a Zariski closed

N 1
proper subset of [[;_; Is,, and hence that EssIm(p) is a A-invariant
Zariski closed proper subset. This subset is thus H-invariant, which
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implies that H is a proper R-algebraic subgroup of [[._, G;. If we
denote by Z(G;) the center of G;, let now

Li:=Gi/Z(G;) and L:=]]L,
i=1

and let D be the image of H in L. Then, under the identification of
PSU(V, (-, -);) with L;(R), we deduce from A < H that

{(m(7),...,m(y)): v €T} <D(R).

Observe first that since D # L, the case r = 1 cannot occur, which
implies the first assertion of Theorem 1.1. Thus r > 2. Since the L;’s
are simple (as abstract groups), non-abelian, pr;(D) = L; and D < L,
the subgroup D determines a partition I; U---U I, = {1,...,r} with
¢ < r,and, for every 1 < k </, i,j € I, an isomorphism

5 - LZ — Lj,
defined over R such that
mi(y) = mymi(y),  vel.

Since £ < r, we have that || > 2 for some k and hence there is
i # j such that (m;, &;) and (7, X;) are equivalent, which proves The-
orem 1.3.

Let r = 2, mp = —MmMy = ]., <','>1 = <','>2 and T12 : Xl — XQ
the isometry induced by m5. Let € = 1 if T}y preserves the complex
structure and € = —1 otherwise. Then we get

T2 () = mam1(7) vel,

and hence (1 — €)7f(kb) = 0 which, in view of Theorem 1.1 (i), im-
plies that € = 1 and that T} is holomorphic. This shows part (i) of
Theorem 1.1. O

PROPOSITION 9.1. Let ¢ : I — Ryz4(I', G) be any continuous injective
path from an open interval I C R and let K : Rzq(T,G) — HE(T,R)
be the map defined in (1.2) by K(r) = 7*(k%). Then {K(c(t)): t €
I} € H(T,R) contains an uncountable subset which in independent
over R.

Proof of Proposition 9.1 and Corollary 1.4. Let (£°(I"*), d,)) denote the
standard (bounded) non-homogeneous complex, and (¢!(T'*),d,) the
non-homogeneous complex of ¢!-chains. In particular,

£25(I) —2> 2(T'2)



30 MARC BURGER AND ALESSANDRA I0ZZI

is the adjoint of
£(r?) === (1),

and, since HZ(I', R) is a Banach space, Imd; C ¢*°(I'?) is norm closed.
Since d; = 03, Im d; is thus weak-x closed and hence the weak-* topol-
ogy on £*°(I'?) induces a locally convex Hausdorff topology on HZ(T', R)
for which the map K : Rzq(T', G) — HE(T', R) is easily seen to be con-
tinuous. In particular, any subspace of H2(T',R) of finite dimension n
is isomorphic to R™ as a locally convex topological vector space, and
hence is closed.

Let W be the vector subspace generated by {K(c(t)) : ¢t € I} and
assume that it has countable dimension. Let W = U,>;W,, where
{W,} is a sequence of increasing finite dimensional subspaces. Then
I = Up>1(K ¢) H(W,) and, since (K ¢) 1(W,) is closed, there is ng > 1
such that (K ¢) !'(W,,) has non-void interior. Let d = dim(W,,), so
that we identify W, with R%. Choose an open non-void interval J C
(K ¢) Y (W,,) CR.

Let o € Aut(G) be the exterior automorphism of order 2 which re-
verses the complex structure on the associated symmetric space. Then
« acts freely and properly on Rzq(I', G) thus, by shrinking J, we may
assume that a(c(J)) Ne(J) = 0. For any m > 1, let J™ be the set of
m-~tuples of distinct points on J, and consider the map

T : J™ — R~ W,,)
(b1, o tm) = > iK (c(ti) -
=1

We claim that T, is injective. Indeed, assume that T,,(t) = T, (s),
where t = (t1,...,tm) and s = (s1,...,8m). Let 0 € Sy, be a per-
mutation such that &1, ..., %, t511 ..., tm; So(s41), - - - » So(m) are pairwise
distinct and #; = s,(;) for 1 < i <'s. Then T, (t) = T}, (s) implies that
D (i—o(@)K(c(t) + Y iK(c(t) = Y o()E(c(sor)) =0,
i=1 i=s+1 i=s+1
which, in view of Theorem 1.3, forces s = m and i = o(7), that is t = s.
Thus, the fact that T,, : J™ — R? is a continuous injective map
from the m-dimensional manifold J™ into R¢, forces m < d, which
is a contradiction. Thus W has uncountable dimension, which proves
Proposition 9.1.
For the proof of Corollary 1.4, observe that the set C' of regular points
of Rz4(T',G) is a manifold. Then, if HZ(T',G) is finite dimensional,
Proposition 9.1 implies that there are no continuous injective paths
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into C', and hence each connected component of C is reduced to a
point thus implying that Rzq(T", G) is finite. O

Proof of Corollary 1.6. Observe that if w : I' — G is of type (p,q),
then, by Lemma 4.2, kg/4m ged(p, ¢) is in the image of H?(G, Z) under
the map H*(G,Z) — H?(G, R), and hence w*(kg)/4m ged(p, q) is in the
image of H*(I', Z) — H?(T', R). Letting now w; : I' =» G;, 1 <1 <, be
inequivalent, Zariski dense representations, with w; : I' — G of type
(pi, ¢;), and setting

o w;‘(KGi)

" dmged(pi, i)
we deduce from Theorem 1.3 and the hypothesis that HZ(T', R) injects
into H?(T', R), that the family

{4 ged(ps, i) ci: 1 < i <n} C H*(,R)
is linearly independent over Z and hence that the family
{;:1<i<n}CH*I,R)

is linearly independent over Z as well. Since we are dealing with ordi-
nary cohomology and all the ¢;’s are integral classes, we deduce that
{¢; : 1 <i < n} is linearly independent over R. O
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