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Abstract

In this paper we derive a market value for with-profits guaranteed annuity options (GAOs) using martingale modelling
techniques. Furthermore, we show how to construct a static replicating portfolio of vanilla interest rate swaptions that replicates
the with-profits GAO. Finally, we illustrate with historical UK interest rate data from the period 1980 to 2000 that the static
replicating portfolio would have been extremely effective as a hedge against the interest rate risk involved in the GAO, that
the static replicating portfolio would have been considerably cheaper than up-front reserving and also that the replicating
portfolio would have provided a much better level of protection than an up-front reserve.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Recently, considerable publicity is drawn to with-profits life-insurance policies with guaranteed annuity options
(GAOs). Equitable, a large British insurance office, had to close for new business as a portfolio of old insurance
policies with GAOs became an uncontrollable liability. In this paper we want to propose a hedging methodology
that can help insurance companies to avoid such problems in the future.

During the last few years, many authors have applied no-arbitrage pricing theory from financial economics to
calculate the value of embedded options in (life-)insurance contracts. Initially, the work was focussed on valuing
return guarantees embedded in equity-linked insurance policies, see for exBmeplean and Schwartz (1976)

Boyle and Schwartz (1977hase and Persson (1998oyle and Hardy (1997andBacinello and Persson (2002)
In equity-linked contracts, the minimum return guarantee can be identified as an equity put-option, and hence the
“classical”’Black and Scholes (1978ption pricing formula can be used to determine the value of the guarantee.

* This article expresses the personal views and opinions of the author. Please note that ING Group or Nationale-Nederlanden neither advocate
nor endorse the use of the valuation techniques presented here for its external reporting.

* Present address: Econometric Institute, Erasmus University Rotterdam, PO Box 1738, 3000 DR Rotterdam, The Netherlands.
Tel.: +31-10-408-1259/513-9485; fax:31-10-408-9162/513-0120.
E-mail addresses: pelsser@few.eur.nl, antoon.pelsser@nn.nl (A. Pelsser).

0167-6687/% — see front matter © 2003 Elsevier B.V. All rights reserved.
doi:10.1016/S0167-6687(03)00154-9



284 A. Pelsser / Insurance: Mathematics and Economics 33 (2003) 283-296

Many life-insurance policies are not explicitly linked to the value of a reference equity fund. Traditionally,
life-insurance policies promise to pay a nominal amount of money to the policyholder at expiration of the contract.
In order to compensate the policyholder for the relatively low base rates which are used for premium calculation,
various profit-sharing schemes have been employed by insurance companies. Through a profit-sharing scheme, pa
of the excess return (i.e. return on investments above the base rate) that the insurance company makes is beir
returned to the policyholders. However, since only the excess return is being shared with the policyholders and not
the shortfall, having a profit-sharing scheme in place is equivalent to giving a minimum return guarantee (at the level
of the base rate) to the policyholders. This type of embedded return guarantees has only recently been analysed i
the literature, see for exampléase and Persson (199@rosen and Jgrgensen (1997, 2000, 200@jersen and
Persson (1999, 2003ndBouwknegt and Pelsser (2002)

GAQOs are another example of minimum return guarantees, but in the case of GAOs the guarantee takes the forn
of the right to convert an assured sum into a life annuity at the better of the market rate prevailing at the time
of conversion and a guaranteed rate. Many life-insurance companies in the UK issued pension-type policies with
GAOs in the 1970s and 1980s. During this time UK interest rates were very high, above 10% between 1975 and
1985. Hence, adding GAOs with implicit guaranteed rates around 8% was considered harmless at that time due tc
the fact that these option were so far “out-of-the-money”. Due to the fall of UK interest rates far below 8% (currently
UK long interest rates have dropped to a level of 4.5%), the GAOs have become an uncontrollable liability which
caused the downfall of Equitable in 2000. The issue of determining the value of GAOs has been addressed in recen
years byBolton et al. (1997)Lee (2001) Cairns (2002)Ballotta and Haberman (2002)ilkie et al. (2003)and
Boyle and Hardy (2003)

As is evident from the literature overview provided here, the main focus has been given to determining the
value of embedded options. With the downfall of Equitable it has, in our view, become apparent that not only the
valuation should be addressed, but alsorging of embedded options. Although the hedging issue seems trivial
at first sight: any derivative can be replicated by executing a delta-hedging strategy. However, the options written by
insurance companies have such long maturities and the insured amounts are so high that executing a delta-hedgir
strategy can have disastrous consequences.

Typically, an insurance company has sold put-options to its policyholders. To create a delta-neutral position
the insurance company has to sell the underlying asset of the put-option. If markets fall, the insurance company
has to sell off more of its asset position to remain delta-neutral. This will create more downside pressure on
the asset prices, especially if the insurance company is trying to rebalance a large position. Hence, executing ¢
delta-hedging strategy for a short put position can create dangerous “feedback loops” in financial markets which
can have disastrous consequences. Similar feedback loops were present in Portfolio Insurance strategies which use
delta-hedging to create synthetic put-options and were very popular during the 1980s. Automated selling orders
generated by computers trying to follow blindly the delta-hedging strategy have been blamed for triggering the
October 1987 crash. After the 1987 crash, Portfolio Insurance strategies very quickly lost their appeal. A second
complication with executing a delta-hedging strategy is that delta-hedging requires frequent rebalancing of the
hedging assets in order to remain delta-neutral. Especially for long maturity options, this can be quite expensive
because of the transactions costs involved.

We want to propose the use siétic option replication as a viable alternative for insurance companies to hedge
their embedded options. A static option replication can be set up if a portfolio of actively traded options can be found
that (approximately) replicates the payoff of the derivative under consideration. Once the payoff of the derivative has
been replicated, the no-arbitrage condition implies that also for all prior times the value of the derivative is replicated
by the static portfolio. Static replication hedging techniques for exotic equity options have been introdBoeddy
and Carr (1994)Derman et al. (1995ndCarr et al. (1998)The advantages of static replication are obvious: once
the initial static hedge has been set up, no rebalancing is needed in order to keep the derivative hedged. In practice,
is not always possible to find a set of actively traded options that perfectly replicates the payoff of a given derivative.
However, if the approximation is close enough the static replication portfolio will track the value of the derivative
under a wide range of market conditions.
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In this paper we want to show how GAOs can be statically replicated using a portfolio of vanilla interest rate
swaptions. Interest rate swaptions are actively traded for a wide variety of maturities and single trades can be
executed for large notional amounts. Using the history of UK interest rates, we demonstrate that a judiciously
chosen static portfolio of swaptions can hedge GAOs over a long time horizon and under a wide range of market
conditions. Hence, we illustrate that static replication offers a realistic possibility for insurance companies to hedge
their exposure to embedded options in their portfolios.

The remainder of this paper is organised as followsSértion 2ve describe the payoff of GAOs and we derive
a pricing formula using martingale modelling. 8ection 3we construct the static replication portfolio consisting
of vanilla swaptions. Ir'Bection 4we illustrate the effectiveness of the static portfolio with a hypothetical back test
using UK interest rate data from 1980 to 2000. Finally, we concludeiction 5

2. Guaranteed annuity options

Let us consider the market value of annuities at the moment when they are bought. An annuity is financed by a
single premium, in our case this single premium equals the lump sum payment of the capital policy. Suppose the
annuity is bought at timé& by a person of agr. Conditional on the survival probabilitigp, from the mortality
table we can write the market value of the annuiity7) with an annual payment of 1 as

w—X

(D) =Y npx Dria(D), (2.1)

n=0

where, p, denotes the probability that aryear old person survivesyears and 7, (T) denotes the market value
at timeT of a discount factor with maturity + n. Also note that, the sum is truncated at ag¢he maximum age
in the mortality table.

In this paper we will make the assumption that the survival probabiljiigsevolve deterministically over time.
This allows for trends in the survival probabilities, which are important to take into consideration given the long time
horizons for this type of product. Although we know that the survival probabilities are stochastic, the assumption
of deterministic hazard rates is consistent with the actuarial practice in LIC offices.

Given the market valug, (7), the market annuity payout ratg(T) over an initial single premium of 1 is given by

1
(1)
Note, that we assume that the lump sum paynetttimeT is a deterministic quantity. This may seem inconsistent
with the fact that GAOs have been issued on unit-linked and with-profits contracts, because in these types of con-
tracts the value of the capital policy at tifiégs unknown. The papers Ballotta and Haberman (20Q2)ilkie et al.
(2003)andBoyle and Hardy (20033xplicitly model the uncertainty of the capital policy at tifidy treating the
policies as unit-linked contracts. In this paper we take a different approach. Our approach exploits the fact that most
of the policies offered, especially the policies of Equitable, are with-profits polB@ton et al. (1997, Appendix 2)
reported that with-profits policies account for 80% of the total liabilities for contracts which include GAOs.

In the case of with-profits policies, the capital paymerib be paid out at tim&d depends on the bonuses
declared. Under a traditional UK with-profits contract profits are assigned using reversionary and terminal bonuses.
Reversionary bonuses are assigned on a regular basis as guaranteed additions to the basic matugaityhseiaot
distributed until the maturity daf€. The terminal bonuses are not guaranteed. Via the profit-sharing mechanism,
the amount. can therefore only increase and never decrease. In each gfeareversionary bonus will add an
additional “layer”L, to the contract with an additional GAO. For the remainder of the contract thisllayefixed.

Hence, the analysis we offer in this paper is valid for with-profits policies, since eachlayiprofit-sharing can
be valued and hedged at tirhehen the reversionary bonus is declared.

rx(1) = (2-2)
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Suppose that anyear old policyholder has an amount of moregt his disposal at tim& which is the payout
of his capital policy. The GAO option gives the policyholder the right to choose either an annual paymefipf
based on the current market rates (see formula (2.2)) or an annual pawﬁeming the guaranteed annuif&.
A rational policyholder will select the highest annuity payout given the current term-structure of interest rates.
Therefore, we can rewrite the value of the GAO at the exerciseTdase

Lmax(rS, ro(1) Y npx Drin(D
n=0
=L (rxmznpx Dmm) + Lmax(r® — (1), 0 px Dra(D)

n=0 n=0
= L+ Lmaxr® — r (D), 0)i (7). (2.3)

Hence, the market value of the GAO policy at the exercise date is equal to the lump sum phyhexit times
the value of the GAO put-option.
In the remainder of this paper we will focus only on the valfeof the GAO put-option

VE(T) = maxr® — r(T), 00 (D). (2.4)

To calculate the market valug®(0) of the GAO put-option today at time 0, we can proceed along several paths.
The uncertainty about the value of the option is due to the fact that the discount fag{@jst timeT are unknown
guantities at time 0. One possible approach therefore, is to model the complete term-structure of interest rates with
term-structure model, like thdeath et al. (1992nodel (HIJM model), to obtain an option value. The disadvantage

of such an approach is that the option price cannot be determined analytically. Results have to be obtained througt
numerical approximations which provide us with relatively little insight in the behaviour of the GAO.

To obtain a better handle on the behaviour of the GAO, we draw an analogy between the GAO and a swaption. A
swaption gives the holder of the option the right, but not the obligation, to enter into the underlying swap contract
for a given fixed rate. As the value of the swap depends on the term-structure of interest rates, we could use a
term-structure model to determine the value of the bond option. In the case of a swap, all uncertainty about the
term-structure of interest rates is reflected in a single quantity: the par swap rate. Hence, the value of a swaption car
be determined more direct by modelling the swap rate itself as a stochastic process. This is exactly the approact
that financial markets adopt to calculate the prices of swaptions witBltuk (1976)formula.

In the case of the GAO put-option, all the uncertainty about the term-structure of interest rates is reflected in the
market annuity payout ratg(T). Hence, if we model the market annuity payoutirectly as a stochastic process,
we have sufficient information to price the GAO option. The approach of using market rates, such as LIBOR rates
and swap rates, has been applied in recent years with great success to term-structure models. This type of model
which have become known asmrket models, was introduced independently Miltersen et al. (1997)Brace et al.
(21997)andJamshidian (1998)

The main mathematical result on which this modelling technique is based isattimgale pricing theorem
which states that, givenmumeraire (i.e. a reference asset that is used as a new basis to express all prices in the
economy in terms of this asset), an economy is arbitrage-free and complete if and only if there exists a unique
equivalent probability measure such that all numeraire rebased price processes are martingales under this measur
For a proof of the martingale pricing theorem we refer to the original pap&dwgan et al. (1995)-or a general
introduction into the mathematics involved and the application of martingale methods to financial modelling we
refer toMusiela and Rutkowski (1997 he books byHunt and Kennedy (200@nd Pelsser (2000focus more
explicitly on interest rate derivatives.

In the economy we are considering, the traded assets are the discounbigdndthe different maturitieS. Any
arbitrage-free interest model can be embedded in the HIM framework. Under the risk-neutral r@ggsehieh
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is the probability measure associated with the money-market account as the numeraire) the prapess tfoe
HMJ framework is given by

dDs(t) = Ds()(r(f) dt + bs(r) dW* (1)), (2.5)

wherer(t) denotes the spot interest ra®(t) denotes a one-dimensional Brownian Mofiamder the measure
Q* andbg(t) denotes the volatility of the discount bond. Note that in the HIM framewg(® is allowed to be
stochastic. Different specifications lo§(t) lead to different interest rate models. For example, the chigit® =
o/k(1 — e *5~D) leads to the well-known Vasicek—Hull-White model that is used in the papeBslbytta and
Haberman (2002)Nilkie et al. (2003)andBoyle and Hardy (2003p determine prices of GAOs.

To illustrate the change of numeraire approach, we will also consider the processes of discount bond process
under theT-forward measur€@ . This is the probability measure associated with the matiridyscount bond
Dy as the numeraire, s&eman et al. (1995)-or a proof of the results we derive below, we refeMuosiela and
Rutkowski (1997, Section 13.2.2The Radon—Nikodym derivativer for the change of measure is given by the
ratio of numeraires

4erdQ” _ Dr(1/Dr(0)

1 t t
prT()=—5 = :exp{——f bz(s)ds—i—/b (s) dW*(s)}. (2.6)
! dQ exp{fér(s) ds} 2Jo " 0 !

Hence, the Girsanov exponent is equa#(t) and we have that under tfiieforward measure the proceswd (1) =
dW*(r) — br(¢) dt is a standard Brownian Motion. This implies that underTHerward measure the process for a
discount bondg with maturity S > T is given by

dDs (1) = Ds(@)((r(t) + bs(t)br (1)) dt + bs () AW (1)). 2.7)

An application of I6's Lemma confirms that thie-forward discount bond-pricB¢(t)/D7(t) is indeed a martingale
under theT-forward measure:

Ds®)\ _ (Ds , ,
d (DT(I)) - <DT(f)) (bs (1) bT(t)) dw (0. (28)

A particular convenient choice of the numeraire for the GAO put-option is the aniuity = >, px D14, (?).
Note, that under the assumption that the survival probabilitigsare deterministic, this is a portfolio of traded
assets (the discount bonds) and hence a permissible choice as nuferaire.

The annuity payout,(T) rate for timeT was defined in (2.2). At timetsprior to T we can consider the value of
the portfolio of discount bonds that replicates the cash flows of an annuity startingrfrArperson that will be
X years old at timdl, has at timd an age ofc — (T — ). Hence, the market value at timef a forward annuity
starting afT is given by

w—X w—X
Zn+(T—t)px—(T—t) Drin(t) = (T—t)Px—(T—t)anx Drin(t) = (71 Px—(1—-1ax (1), (2.9)
n=0 n=0

where we have used the actuarial identity, px = . pxnPx+m (S€€E, €.0BOWErs et al., 1997, Chaptey).3

At time t, an insurance company can finance the forward annuity by borrowing money fromttrmeOnly in
the cases the insured survives until tiMewill the insurance company have to repay the loan. Hence, the market
value at time of this loan is given by

(T— Px—(T—-1 D1 (D). (2.10)

1 We use a one-dimensional Brownian Motion for ease of exposition. All results derived here are also valid for the multi-dimensional case.

2 Although this is a dividend paying numeraire, no dividends are paid before the maturity dathe GAO, and this is therefore a valid
choice of numeraire to analyse the price of the GAO. Note, that similar numeraires are used in Swap Market Models to analyse the price of
swaptions. See, e.glamshidian (1998)
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CombiningEgs. (2.9) and (2.10We can define thiorward annuity rate as

Dr(?)
ax()
Note, that ifr = T this definition coincides with (2.2) sincBr(T) = 1. Also note that the forward annuity rate

r.(t) is the numeraire rebased price of the discount Hdpt) using the numerairé, (¢).

Finally, it is important to notice that the survival probability faci@r, px——, in the numerator and the
denominator has cancelled in the expression of the forward annuity rate. This is a well-known phendmenon:
by using the annuity as the numeraire we have implicitly conditioned all prices in the economy on the survival
probability (7—; px——r. As Milevsky and Promislow (2001have shown, the annuity can be interpreted as a
defaultable coupon bearing bond, where the default occurs at the exogenous time of death. Hence, in order to obtail
the market price of a contract, we are interested in the “unconditional” value and we therefore have to premultiply
the price with(z_y px—r—5. We will return to this issue then we derive the price of the GAO at the end of this
section.

The change of numeraire theorem states that under the martingale probability m@4sassociated with the
numerairei, (1), all a,-rebased price processes are martingales. Hence, also the price process for the forward annuity
r.(t) is a martingale under the meas@é.

The Radon—Nikodym derivativey (t) for the change of measure @ is given by the ratio of numeraires:

ry(t) = (2.11)

def dQA = nPx Dy (0)
paETS =% . (2.12)
dQ nZ=(:)aX(O) exp{fér(s) ds}

By an application of Bb's Lemma we obtain thad4 (t) follows the process

w—X

nPx DT+n (t)
doa(t) = =
,,Z:(:)aX(O) exp{fér(s) ds}

The Girsanov exponent, (1) is the volatility of thep 4 (t) process. Hence, we can identify (t) from (2.13) as

by (£) AW (2). (2.13)

w—X

; nPx D1 (D)
ka(t) = ) wpbr4n (@ With  w, () = = , (2.14)
,; Zm:)(c)mpx Drim (D)

and we have that undQA the process W (f) = dW*(r) — k4 (¢) dt is a standard Brownian Motion. We can now
derive that the forward annuity rate is a martingale under the me@stiand follows the process

dre () = —rx(t)<an(t)(br+n 0 — br(t))) dw4 ). (2.15)

n=0

or(t)

From this expression we see that the forward annuity rate volatiift) is a weighted average of the forward
discount bond volatilities (2.8).

Furthermore, the numeraire rebased market valGéa, of the GAO put-option is also a martingale process
under the probability measu@*. UsingEq. (2.4)which gives the value of the GAO put-option at tifighe value
of the GAO option for any time < T can be expressed as

Ve® _ ca [VG(D] _ g [max(r;3 — (1), 0 (T)

_EA G _
ac(t) ax(T) i (D) ]— Ef[max(ry — rx(D), 0)], (2.16)

3 Hunt and Kennedy (2000)ave coined the phrase “numeraire based sub-economy”.
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whereE4[] denotes an expectation under the probability meagite The “unconditional” market price of the
GAO can now be found by multiplying the annuity with the survival probability:

V() = (17— Pr—r—piix (OEA[MAX(T — 7 (1), 0)]. (2.17)

Given the process (2.15) for(t) under the measu@“, we can use expression (2.17) to calculate the value of the
GAO option explicitly. However, since the weighis, (r) are stochastic, it is quite complicated to evaluate (2.17)
analytically.

An alternative approach is to approximate the process (2.15).&9 & —r. ()5, dW*(¢) with deterministic
volatility &,. This implies that we approximate the probability distributiorr gfT) by a lognormal distribution.
Given such an approximation, we can inferfrom (2.15) by “freezing” the stochastic weights at their current
valuesw, (¢). If the discount bond volatilitie®g(t) are deterministic functions (like in the Vasicek—Hull-White
model), we can then approximai@(T — 1) by the quadratic variation of in.(T) as

T [0o—Xx 2
GH(T —1) = / <an(t)(bT+n(S)—bT(S))> ds. (2.18)
t

n=0

Instead of presuming a particular functional form for the discount bond volatibté¥ we can also estimate.
directly from historical observations of the forward annuity rate. Given a valug-feve can approximate the price
for the GAO put-option via th8lack (1976)formula as:

VOt = (7—n Pr(T—ndx () rEN(—d2) — re() N(—d1)), (2.19)
In(ry (/%) £ (1/2)62(T — 1)
dip = - .
oAT —t

We have adopted the latter approaclSection 4of this paper.

3. Static replicating portfolio

The GAO put-option we have discussed in the previous section, is not a standard interest rate option. To hedge the
risk of such a non-standard option, an insurance company can execute a dynamic replication strategy (delta-hedging).
This replication strategy requires continuous rebalancing of a portfolio of discount bonds. Discussions on how to
set up delta-hedging strategies can be foun@byle and Hardy (2003andWilkie et al. (2003) Executing such
a trading strategy in practice can be costly due to transaction costs or even unsuccessful due to inconsistencies in
the model assumptions and the actual behaviour of the market. Especially the long time horizons that are typically
involved in life-insurance products make the implementation of a delta-hedging strategy a challenging task.

We therefore want to propose a static options replication strategy that can be used to hedge the risk of GAOs. Ina
static options replication strategy one sets up a portfolio of actively traded options such that the payoff of the GAO
at maturity is exactly replicated. Due to the fact that this portfolio matches the payoff of the GAO at maturity, the
portfolio will also accurately track at all previous times the value of the GAO. Were this not the case, an arbitrage op-
portunity would arise. Hence, once the initial portfolio of options is bought, its composition never needs to be adjusted
until the time that the GAO expires. Even when the actual behaviour of the market is inconsistent with the model
assumptions of the underlying options, this has still no impact on the hedge effectiveness of the static replicating
portfolio. In other words, not only the market risk but also the “model risk” is eliminated by a static hedge portfolio.

In the remainder of this section we show how a static replication portfolio of vanilla interest rate swaptions can
be set up for with-profits GAOSs. In interest rate markets, interest rate swaptions are the most actively traded options
contracts and can be traded in large quantities for a wide variety of maturities and exercise prices. The construction
we propose for GAOs is inspired by the static replication strategy propodedriyand Kennedy (2000, Chapter 15)
for irregular swaptions.
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Note that the use of swaptions as a hedging strategy has been proposed previ®atphet al. (1997)Lee
(2001) and Wilkie et al. (2003) However, none of the mentioned contributions uses the idea of static hedging.
Bolton et al. (1997)propose a particular simple approach, where they buy receiver swaptions with a strike equal
to the rate of interest underlying the GAO. However since the stream of cash flows associated with an interest rate
swap has a radically different structure from the cash flows of an annuity, such a hedging strategy will not be very
effective in practice.

At the exercise datd, the GAO put-option gives the holder the right, but not the obligation, to enter into an
annuity at the guaranteed rafg:

VE(T) = max(r® — ru (1), 0)iix (1) = maX(Z(npx rO) D (D) — 1, 0) , (3.1)

n=0

where we have substituted the definitipngiven inEq. (2.1) Hence, the GAO gives the right to obtain a series of
cash paymentsp, rff at the different date% + n for the price of 1 at timd. Note that, due to the fact that the
annuity payments are made at the beginning of each year, at time has to pay 1 but one receiv&s’mmediately

so that the net cash flow at tinfds equal to 1— rC.

A vanilla interest rate swaption gives the right, but not the obligation, to enter afitinie an interest rate swap
in which duringN years the floating LIBOR interest rate is exchanged for a fixed intere satht is well-known
that the market valug" of areceiver swap in which the fixed rate is received annually is given by (see,tud,
2000, Chapterp

N-1
sM(1) = (ZKNDr+n(D + @+ KN>DT+N(T)) -1 (32)

n=1

Hence, the market valué" of areceiver swaption that gives the right to enter into &ivyear receiver swap at time
T can be expressed as

N-1
V(D) = maxs™(D),0) = max((ZKNDT+n(T) +(1+ KN>DT+N<D> -1 0) : (33)

n=1

From expression (3.3) we see that, similar to the GAO, a swaption also gives the right to obtain a series of cash
payments for a price of 1. However, the pattern of the cash payments is very different in the two options. The
cash flows, p, rf’ associated with the guaranteed annuity are gradually decreasing over time due to the gradually
decreasing survival probabilitieg,. The cash flows associated with Ahyear swap follow a very different
pattern: the firstv — 1 years one receives an amounigf, whereas in th&th year, a cash amount ¢f + Ky) is
received.

By combining positions in receiver swap contracts all starting atTatith different maturitied\, it is possible
to replicate the cash flow patteyp, rff of the guaranteed annuity for all datEs-». To find the right amounts that
has to be invested in each swap, we proceed backwards fronTtime» — x) to time T + 1. To replicate the cash
flow ,—x py rf we have to enter into th@ — x)-year receiver swaf®~* with fixed rateK,,_,. Attime 7 + (v — x)
this swap has a cash flow ¢f + K,,_,). Hence, if we invest an amouit, = ,_,px rf/(l + K,—y) in swap
S®~* we replicate the cash flow of the guaranteed annuity at fime(w — x).

One year earlier, attim€ + (o — x — 1), the guaranteed annuity pays out a cash flow.qf 1 p, rff. From the
positionL,,_, in swapS“~—* we already receive a cash flow&f,_.L,_» = o—xPx rf — L,—,. Hence, if we invest
anamounty,_, 1= (Ly—y + 8 (o_r—1Px — w—xPx))/ (L + Kp—x—1) in swaps®—~1 we replicate the cash flow
of the guaranteed annuity at tinfe+ (w — x — 1).

Continuing this backward construction, we find that we can replicate the cash flow of the guaranteed annuity at
a general dat& + n by investing an amount,, = (L,+1 + rff(,,px — n+1Px))/ (1 + K;) in swapS'. Proceeding
backwards in this fashion, we continue to match all the cash payments of the guaranteed annuity up dhtiltime



A. Pelsser / Insurance: Mathematics and Economics 33 (2003) 283-296 291

However, there is a catch. Frdag. (3.2)we see that at the start datef the swap contract we require an initial
cash payment of 1. Hence, the total portfolio of receiver swaps constructed above to replicate the cash flows of
the guaranteed annuity requires an initial cash paymedtt; L,. But in Eq. (3.1)we derived that the GAO
put-option gives the right to enter the guaranteed annuity for an initial net cash paymemrﬁt Fortunately, we
can adjust the amounts, by considering receiver swaps with different fixed r&gsThis implies that we have to
choose a set of fixed ratdg; for all the swapsS' such that the invested amourit$ satisfy>"“_YL* = 1 — rC.

With the portfolio of swaps | L*S" we have replicated all the cash flows of the guaranteed annuity with rate
rff. Hence, the GAO which gives the right, but not the obligation, at fin@ enter into the guaranteed annuity is
equivalent to the option to enter into the portfolig L* 5. This implies that the valug®(T) at timeT of the GAO
can be expressed in terms of swaptidfisas:

Ve(D = max(ZL;‘;S"(T), 0) < ZL; max(S™(7), 0) = ZLZV"(Y), (3.4)
n=1

n=1 n=1

where the inequality stems from the fact that the value an option on a portfolio of swaps is less than or equal to the
value of the portfolio of the corresponding swaptions. An intuitive explanation for this fact is that in the option on
the portfolio you have only an “all-or-nothing” choice to obtain all underlying swaps at once or none at all, whereas
in the portfolio of swaptions you can “cherry pick” the individual swaps that have positive market values &t time

If all the interest rates in the economy are perfectly correlated, i.e. all interest rates move all the time in perfect
lockstep, then there exists only one single set of market swapkgtésr which the swap$' exactly replicate the
cash flow stream of the guaranteed annuity. Due to the perfect correlation of the interest rates, all market swap rates
will either be simultaneously above the ra#€5or simultaneously below. Hence, in the case of perfectly correlated
interest rates, the inequality Bq. (3.4)becomes an equality for the set of swaptions with strikgs' But this
implies that in the case of perfectly correlated interest rates, we have replicated the payoff of the GAO via a portfolio
of vanilla interest rate swaptions and, a fortiori, that we have identified a static options replication for the GAO.

In practice we know that the interest rates in the economy are not perfectly correlated, and therefore that the
portfolio of swaptions has a higher price than the GAO due to the inequaliy.ig3.4) However, GAOs typically
are products with a very long maturity. Therefore, their value depends mainly on the behaviour of interest rates with
long maturities and these interest rates are very highly correlated. We therefore conjecture that the price of the static
hedge replication will be very close to the true price of the GAO.

4. Historical test

To test the performance of the static replication strategy we have propoSatiion 3 we have conducted a
hypothetical historical test using UK interest rate data. This is only a hypothetical test, because in 1980 the swap
market in the UK was not as far developed as it is today. This means that the swaps and swaptions needed to execute
the static hedge would not have been available in 1980. However, since the historical period from 1980 to 2000 does
provide a very interesting stress-test for our static hedge approach, we resort to a hypothetical test were we impute
swap and swaption prices on the basis of UK Government Bond yield data.

We downloaded from Datastream UK Government Bond yields with maturities 2, 3, 5, 7, 10, 15, 20 and 30
years. We used the data at the last trading day of each year from 1980 to 2000. On the basis of the UK Government
Bond yields we constructed hypothetical swap rates by taking the bond yields as proxies for the par swap rates
with the same maturities. In each year we usétbtson and Siegel (198 Parameterisation to obtain a complete
term-structure of zero-rates. In each year the Nelson—Siegel parameters were obtained by a least squares fit of the

4 This remarkable result was derived for the first timeJaynshidian (1989yhere he showed that in a one-factor interest rate model an option
on a coupon bearing bond can be expressed as a portfolio of options on zero coupon bonds. Note also, that in the case of perfectly correlated
rates the apparent ambiguity in choosing the r&igss resolved.
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Table 1
Nelson-Siegel zero-curves

Beta 0 Beta 1 Beta 2 Tau
31 December 1980 0.0000 0.1255 0.2242 20.2
31 December 1981 0.0000 0.1412 0.2675 12.0
31 December 1982 0.0374 0.0622 0.1396 10.0
30 December 1983 0.0649 0.0269 0.1068 5.0
31 December 1984 0.0291 0.0669 0.1696 7.0
31 December 1985 0.0873 0.0295 0.0275 3.0
31 December 1986 0.0566 0.0524 0.0582 10.0
31 December 1987 0.0417 0.0452 0.0993 12.7
30 December 1988 0.0531 0.0628 0.0243 10.0
29 December 1989 0.1059 0.0252 —0.0852 10.0
31 December 1990 0.0845 0.0324 0.0095 10.0
31 December 1991 0.0878 0.0100 0.0238 3.0
31 December 1992 0.1005 —0.0139 —0.0867 1.6
31 December 1993 0.0657 —0.0256 0.0252 4.1
30 December 1994 0.0806 -0.0123 0.0430 3.0
29 December 1995 0.0644 —0.0087 0.0643 10.0
31 December 1996 0.0778 —0.0195 0.0157 3.0
31 December 1997 0.0616 0.0106 —0.0064 3.0
31 December 1998 0.0440 0.0224 —0.0252 15
31 December 1999 0.0367 0.0201 0.0552 2.3
29 December 2000 0.0241 0.0293 0.0233 10.0
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Fig. 1. Forward annuity rate for UK data and PMA92 mortality table.

swap rates implied by the zero-curve to the observed Government Bond yields. The results of the parameter fits
are reported iMmable 1 Note that, in order to stress-test our static hedge, we have also allowed the “time-scale”
parameter tau to vary over time, to obtain as much as possible variation in the interest rates with long maturities.
Practitioners usually keep the value of tau constant to stabilise the long end of the yield curve.

Given the Nelson—Siegel parameterisation, we have zero-rates available for all possible maturities. Using the
PMA92 mortality table’, we determined the forward annuity rates using formula (2.11Fidn1, we have plotted

5 The author would like to thank Andrew Cairns for supplying the PMA92 tables.
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Fig. 2. Market value of the GAO put-option.

the forward annuity rates for a male that was 45 years old in 1980 and that would retire at age 65 in 2000. Initially,
the forward annuity rate was above the guaranteed level of 11.1%. However, due to the falling interest rates we see
that the forward annuity rate dropped below the guaranteed level very quickly after 1980.

From the time-series of the forward annuity rates, we estimated the volatility of the forward annuity rate process
at 11.3%. To account for the fact that implied volatilities are higher than historical volatilities, we multiplied the
historical volatility with a factor of 1.25. On the basis of a volatility of 14.2% in formula (2.19), we calculated the
market value of the GAO put-option.

The calculated market value of the GAO put-option have been plottE@jirR. Again, we see that the value of
the GAO put-option increased dramatically in value with the falling interest rates during the late 1990s. In fact, the
value of the GAO increased almost a factor 30: from 1.56% in 1980 to 51.24% in December 2000.

This already indicates what the disadvantages are of “only” reserving for maturity guarantees instead of replica-
tion: reserving is very expensive and does not give complete protection. See for example, the results reported by
Wilkie et al. (2003, Table 2.5)1They calculate, on the basis of the 1984 Wilkie model, that the reserve at a 99%
level that would have to be set aside in 1980 for the policy with term 20 was equal to 15.36%. As we see here, the
actual value of the GAO at the end of the 20-year period (51.24%) was much higher than this 99% reserve. Hence,
even reserving at a 99% probability-level would not have provided sufficient protection against the explosive growth
in value of the GAO put-option during the 20-year period from 1980 to 2000.

Setting up the static replication portfolio of vanilla swaptions would have been considerably cheaper than “only”
reserving, and would have provided superior protection. In 1980, the insurance company should have forecasted
the annuity payments for a 45 year old person which would reach the retirement age 65 in the yearRig0Galn
we have plotted the (hypothetical) forward swap rates of December 1980. All swap rates are 20-year forward rates,
with various swap maturities. We see that the forward swap rates slowly decreased from 12.79% for the 20-year
forward 1-year swap rate to 10.25% for the 20-year forward 45-year swap rate.

As was explained irsection 3 to set up the static replicating portfolio, we have to select a set of fixed rates
K. If all the interest rates are correlated perfectly, this will be the swap rates for which the GAO will be exactly
“at-the-money”. To construct the static hedge portfolio, we have made the assumption that all interest rates are
perfectly correlated and also that all interest rates move exactly p&réliehce, we have shifted all the rates by

6 A more sophisticated approach would be to select a one-factor interest rate model to model the possible changes in the term-structure more

accurately. Such an approach would lead to an even lower price for the static hedge. However, for ease of exposition we are using just a parallel
shift.
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Fig. 3. (a) Forward swap rates and static hedge fixed rates in December 1980. (b) Static replication portfolio of annuity cash flows.

the same amount until the invested amouhssatisfiedy “~2°L* = 1 — 0.111= 0.889. We found that this was
achieved for a downward shift of 1.13%-point. The set of fixed ratesbtained by this parallel shift of the swap
rates has also been depictedrig. 3a.

In Fig. 3, we have plotted the projected cash flows for the annuity for the years 2001-2045. Also, we have
plotted the weightd.’ that would have to be invested in all the swaps with fixed ra&tgdor n = 1-45. Hence,
with the weightsL} the insurance company could have bought the portfolio of vanilla swaplgns’ V. This
portfolio of swaptions would have coste@.0187 per 1£ capital in 1980, which is only 0.0031 per 1£ capital more
expensive than the true market value of the GAO put-option. Once this portfolio of swaptions would have been
attained, no further buying or selling would have been necessary until December 2000, when the portfolio would
have been unwound to cover the cost of the GAO put-option.

7 We have calculated the historical volatility of each forward swap rate. To calculate the price of each swaption we used an implied volatility
which was 1.25 times higher than the historical volatility.
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Fig. 4. Performance of static hedge portfolio vs. GAO put-option.

In Fig. 4we have plotted the value of the static replicating portfolio against the market value of the GAO put-option
for the period December 1980-December 2000. The lines with diamonds and squares depict the market value per
1£ capital of the static replicating portfolio and the market value of the GAO put-option respectively. We see that
the value of the static replicating portfolio tracks the market value of the GAO extremely closely during the whole
period of 20 years.

5. Summary and conclusion

In this paper we have derived a market value for with-profits GAOs using martingale modelling techniques.
Furthermore, we have shown how to construct a static replicating portfolio of vanilla swaptions that replicates the
with-profits GAO. Finally, we have shown in a hypothetical back test using historical UK interest rate data from
1980 to 2000 that the static replicating portfolio would have been extremely effective as a hedge against the interest
rate risk involved in the GAO, and that the static replicating portfolio would have been considerably cheaper than
up-front reserving and also that the replicating portfolio would have provided a much better level of protection than
a fixed reserve.
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