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ABSTRACT. We give an ergodic theoretic proof of a theorem of Duke about
equidistribution of closed geodesics on the modular surface. The proof is
closely related to the work of Yu. Linnik and B. Skubenko, who in partic-
ular proved this equidistribution under an additional congruence assumption
on the discriminant. We give a more conceptual treatment using entropy the-
ory, and show how to use positivity of the discriminant as a substitute for
Linnik’s congruence condition.
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1. INTRODUCTION

A non-zero integer d is called a discriminant if it can be represented in the form
d="b%*—4ac, a,b,ceZ,

or equivalently if d is the discriminant of the binary quadratic form with integral
entries

(1.1) q(z,y) = ax® + bry + cy*.
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It is easy to see that d is a discriminant if and only if d = 0, 1(mod 4). A discriminant
d is fundamental if d is either square-free (in which case d is congruent to 1 modulo
4) or d/4 is a square-free integer congruent to 2,3(mod 4). Equivalently: d is
fundamental if it is the discriminant of the ring of integers of a quadratic field.
The study of integral binary quadratic forms goes back at least to the Greeks.
Significant breakthroughs were accomplished by Gauss. In his Disquitiones arith-
meticae he studied the set of GLy(Z)-orbits of such forms, where GL2(Z) acts via

the linear change of variables: for v = u Z ) € GL2(Z)
(1.2 (0:9) = ral(@)y) = oalue + wy, e + 2)
. 7-4\x,Y) = det(’y)q L,Y)v) = det(’y)q Ux +~ wy,vr + 2y ).

This action preserves the discriminant and Gauss proved that the set of GLo(Z)-
orbits of integral binary quadratic forms of a given discriminant is finite, see [7, pg.
128] for an accessible and more general treatment. Let

Raise(d) = {q(z,y) = ax® + bry + cy?, a,b,c € Z, disc(q) = d, ged(a,b,c) =1}
~ {(a,b,c) € Z*, disc(a,b,c) = b* — 4ac = d, ged(a,b,c) =1}
denote the set of forms of discriminant d with coprime coefficients, and let
[Raisc(d)] = GL2(Z)\Raisc(d)

be the set of orbits; its cardinality is the class number and is noted h(d). Gauss also
showed that the set [Raisc(d)] could be given an additional structure of an abelian
group (the law of composition of quadratic forms), leading to the notion of class
group of quadratic forms of discriminant d. Nowadays these venerable and beautiful
results are usually interpreted in terms of the theory of quadratic fields and ideal
class groups. We will recall this connection below.

1.1. Linnik and Skubenko equidistribution theorems. In the late 50’s, Lin-
nik studied more refined properties of the set of representations Rgisc(d), in partic-
ular their distribution properties.
Let
Viise.+1(R) = {(a,b,¢) € R®, b? — dac = +1};

this is a one-sheeted hyperboloid in the +1 case and a two-sheeted hyperboloid
in the —1 case, and is identified with the set of real binary quadratic form with
discriminant 1. In both cases Vyisc,+1(R) is invariant under the natural action of
GL3(R) extending (1.2) and has one orbit.
The set of representation Ragisc(d) projects on Vs, +1(R) (with £1 = sign(d))
by a homothety
‘d|71/2RdiSC(d) C Vdisc,:l:l(R)a

and Linnik studied how this set is distributed when d — oo. These hyperboloids
carry a natural GLy(R)-invariant measure pigisc +1 defined, for any open set Q C
Vaise,+1(R), as the Lebesgue measure in R? of the solid cone emanating from the
origin and ending at (2, i.e.

Hdisc,+ (Q) = HUR3 (C(Q))

where
C(Q) ={rx, xeQ, rel0,1]}.
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Using an original argument of ergodic theoretic flavor, Linnik [19, Chap. V]
established the following equidistribution statement for negative discriminants.

Theorem 1.1 (Linnik). Let p > 2 be a fized prime. As d — —oo amongst the

negative discriminants such that [ —) =1, the set
p

4|7 *Ratise(d) C Vatise,~1(R),
becomes equidistributed with respect to [idisc,—1, in the following sense: for any
two continuous compactly supported functions @1, p2 on Viise,—1(R) such that the
integral figisc,—1(p2) # 0 we have
-1/2

> zeRyne (@) P1(1d] ) _ disc,—1 (1)

D o eRaine () p2(|d[122)  pdise,~1(02)
In particular, 3-,cg .. () wo(|d|7122) # 0 if d as above is large enough.

Building on Linnik’s ergodic method Skubenko [24] (see also [19, Chap. VL)
proved the analogous statement for positive discriminants:

as d — —oo.

Theorem 1.2 (Skubenko). Let p > 2 be a fized prime. As d — 400 amongst the

positive discriminants such that ) =1, the set
p

|d|_1/2Rdisc(d) C VdiSC,+1(R)7

becomes equidistributed with respect to [idisc,+1, in the following sense: for any

two continuous compactly supported functions ¢1, @2 on Vaise,+1(R) such that the
integral paisc,+1(p2) # 0 we have

Lserane(@ PLUA D) paice11(01)

D veRue (@) P2 7Y22)  pdise,+1(2)

In particular, 3-,cr.. () ©o(|d|7122) # 0 if d as above is large enough.

as d — —oo.

We refer to Figure 1 for an illustration of the case d = 377.

d

The condition () = 1 for some fixed prime p is equivalent to the condition
p

that

the fized prime p splits in the quadratic field Q(v/d).
This condition (which we shall refer to as Linnik’s condition) was an essential input
for Linnik’s ergodic method but, as was pointed out by Linnik himself, it should
not be necessary for the equidistribution theorem to hold. It is only thirty years
later that this condition was removed in the beautiful work of Duke [9].

1.2. Duke’s theorem. A key point of Duke’s approach is to reformulate the prior
theorems in a dual form: in terms of equidistribution of “Heegner points” (for
negative d) or of closed geodesics (for positive d) on the modular surface Y5(1) :=
SLo(Z)\H.

Assuming that d is not a square, one associates to any (a,b,c) € Raisc(d) the
geodesic corresponding to the geodesic semi-circle in the upper half plane whose
end points are

—b++d

1.3 a,b,c =
(1.3) Tab,e,t %
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FIGURE 1. The distribution of 377'/?Rgis(377) viewed on the
one-sheeted hyperboloid, note that h(377) = 1.

We lift this geodesic in the obvious way to the unit tangent bundle of H and then
project it to a geodesic orbit on the unit tangent bundle T!(Y5(1)). This geodesic
orbit, which we denote by v, 5.¢, is compact and depends only on the SLy(Z)-orbit
of (a,b,c). We obtain in this way a collection of h(d) closed geodesics

gd = U ’Y[a,b,c] C Tl(}/b(l))a
[a,b,c]
see Figure 2 for the case d = 377. This collection of compact orbits of the geodesic
flow then carries a natural probability measure invariant under the geodesic flow
which we denote by ug. Let pp, be the Liouville (Haar) probability measure on
T!(Ys(1)), then Duke’s theorem (as extended by Chelluri [8] to the unit tangent
bundle) gives the following:

Theorem 1.3 (Duke). As d — +oco amongst the positive fundamental discrimi-
nants, the set 9, becomes equidistributed on the unit tangent bundle T (Yy(1)) with
respect to the measure uy,: for any continuous compactly supported function ¢ on
T (Yo(1))

[ ettt () ().
Gy T!(Yo(1))

The equivalence of the equidistribution statement in Theorem 1.2 and Theo-
rem 1.3 will be explained in §2.4.

The restriction to fundamental discriminants is not essential; indeed all the
proofs extend to the general case, including the one we present here. Duke’s proof
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FIGURE 2. The distribution of G377 projected on the fundamental
domain of SLy(Z)\H, note that h(377) = 1.

is fundamentally different from Linnik’s; it does not rely on ergodic theory but
on harmonic analysis of the modular surface SLo(Z)\H, that is on the theory of
automorphic forms supplemented by deep arguments from analytic number theory
and in particular a breakthrough of Iwaniec [17].

In this paper we give a new proof of Duke’s theorem in the case of positive
discriminant. Our proof is strongly influenced by Linnik’s ergodic method, and
may be seen as a modern incarnation of Linnik’s original ideas, and we use the
positivity of the discriminant as a substitute to Linnik’s condition that Skubenko
relied on in his work.

There are two main ingredients in the proof:

(1) Linnik’s Basic Lemma — An upper bound on the number of nearby pairs
of points in the projection of Raisc(d) to Vaisc,—1(IR) (as this set is infinite,
the quantity to be bounded needs some additional interpretation), which
eventually reduces to an upper bound on the number of ways a given binary
quadratic form can be represented by a ternary quadratic form.

(2) The uniqueness of measure of maximal entropy for the flow corresponding

t
to the one parameter group a; = € et) on SLs(Z)\SLy(R).
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We have made an effort to present both of these main ingredients in a self-contained
way, as each relies on some well-known results that are unfortunately well-known
in essentially disjoint circles of mathematicians.

The second of these two ingredients replaces a more explicit but less conceptual
argument of Linnik and Skubenko. The uniqueness of the measure of maximal
entropy for this action is well-known (both in the cocompact and finite volume
case) and in the cocompact case dates back to work of R. Bowen [4]. However
the version we give here is new in that it allows us to control how much weight
4, gives to small neighborhoods of the cusp in SLo(Z)\H: essentially, we give a
finitary version of the uniqueness of measure of maximal entropy in the noncompact
quotient SLo(Z)\SLa(R). This finitary version is the content of Theorem 4.2, and
involves a careful analysis of how much entropy can be carried by a;-invariant
measures that give disproportionately high weight to the cusp. A cleaner version
of the relationship between entropy and mass in the cusp (although not directly
applicable for our main purposes) is given in Theorem 5.1. We believe these results
are of independent interest, and will likely have other applications; it also raises
some interesting new questions (see e.g. [11]).

We mention that another modern exposition of Linnik’s method in a similar
context (distribution of integer points on spheres) by J. Ellenberg and two of us
(Ph.M. and A.V.) has appeared already in [14]. In that work Linnik’s Basic Lemma
is again a central ingredient, complemented by a different argument to convert the
upper bounds provided by the Basic Lemma to equidistribution (i.e. both upper
and lower bounds on number of points in specified regions). The reader may wish
to compare these two complementary approaches.

1.3. Notation. We collect here some notation that is used throughout the paper:

The group SLo(R) acts transitively on the upper-half plane model H of the
hyperbolic plane by fractional linear transformations and the stabilizer of the point
i is the compact subgroup SO3(R). The resulting identification

H ~ SL,(R) /SO (R)

descends to an identification of H with PSLy(R)/PSO2(R); moreover the action of
PSL2(R) on the unit tangent bundle H is simply transitive. If we let p € T*(H) be
the tangent vector pointing up at i, then g — gp gives an identification PSLa(R) ~
T'H. Taking the quotient by PSLy(Z) we obtain an identification with the unit
tangent bundle of the modular curve! PSLy(Z)\PSLg(R) ~ T (PSLy(Z)\H).

We shall make use of another identification of the quotient PSLy(Z)\PSL2(R),
namely with the space of lattices in R? up to homothety. Indeed, the space of
lattices L£2(R) is identified with GLg2(Z)\GL2(R) via g — Z?.g; the same map also
identifies the space [L£2(R)] of lattices up to homothety with PGL2(Z)\PGL2(R)
and the set Eél)(R) = X of lattices of covolume one with SLy(Z)\SL2(R) =
PSLy(Z)\PSL2(R). Finally, the sets [£2(R)] and [,gl)(R) are also identified via
the map [L] ~— vol(L)~'/2.L.

Thus the following spaces are identified:

X = PSLy(Z)\PSL2(R) =~ T*(PSLy(Z)\H) =~ [L2(R)] ~ L3V (R).

1+/=3
2
that these points have non-trivial stabilizers in PSL2(Z), we will ignore this minor point.

1Actually the modular curve has singularities at the points 7 and j = owing to the fact
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When we speak of “the lattice corresponding to x € X,” we have in mind always

the image of = under the isomorphism X ~ Cél)(R).
We take the following fundamental domain

S ={(z,v) €H x S, |Rz| <1/2, |z| > 1} C T'(H) ~ PSLy(R)

for PSLy(Z) =T.
Fix an arbitrary left-invariant Riemannian metric d on PSLs(R). Tt descends to
a metric on X, denoted dx or simply d for short. Explicitly we have

(1.4) dx (PSLa(Z)g1,PSLy(Z)g2) = Lomin d(g1,792)

The geodesic curves on T (H) — which in the upper half-plane are circles and
lines intersecting the real axis in a normal angle — correspond to the orbits of the
right A-orbits in PSLy(R) where A = {a:} is the diagonal subgroup of PSLs(R).
By a slight abuse, we shall use A to refer to the diagonal subgroup of all three
groups: GL3(R), PGL2(R) and SL2(R).

Acknowledgements: The authors would like to thank Peter Sarnak for encour-
agement and many helpful conversations. A.V. would also like to thank Jordan
Ellenberg for many discussions on the topic of quadratic forms. The authors also
thank Menny Aka, Asaf Katz, Ilya Khayutin, Lior Rosenzweig for carefully going
over a preliminary version of this paper.

2. REPRESENTATIONS BY THE DISCRIMINANT, ORBITS AND QUADRATIC FIELDS

In this section we explain in greater detail the relationship between Skubenko’s
equidistribution theorem and Duke’s and connect these questions to the arithmetic
of real quadratic fields. Along the way we will find a few equivalent ways in which to
describe compact A-orbits in ¢;. Building on that we prove in §2.4 the equivalence
between Skubenko’s and Duke’s formulations.

2.1. Overview of the bijections. Recall that we have previously associated to
any element of [Raisc(d)] — i.e. to any GL3(Z) orbits in Raisc(d) — a closed geodesic
on SLy(Z)\H. On the other hand, as discussed in §1.3, a closed geodesic in ¥,
corresponds to a closed A-orbit on the space X.

Write 0 := Z[d%‘/a] for the order of discriminant d.

We shall show below that the following sets are in natural bijection to each other:

i. [Raise(d)], the set of GLg(Z)-orbits of primitive representations in Rajsc(d).
ii. The set of GLy(Z)-conjugacy classes of ring embeddings ¢ : Oy — Ms(Z)
which are optimal, i.e. for which the embedding cannot be extended to an
embedding of a strictly bigger order & > &, with image in My(Z).
iii. Cl(&;) = the set of K*-homothety classes of proper & -ideals.

In the case of a fundamental discriminant the above objects and their bijections
are a bit easier to explain. In fact, if d is a fundamental discriminant, then ev-
ery representation is primitive, every embedding is optimal, and every Oy-ideal is
proper. In reading the remainder of the section the reader may first specialize to
this case, or even continue reading with Section 3 and only refer to the portions of
this section as needed for the remainder of the paper.
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2.2. Discriminant and quadratic fields. We establish the bijections of §2.1.
Before beginning, we note that the sequence of maps

2 2 a b/2 b —2a
(2.1) azx”® + bxy + cy H<b/2 . )»—>(2c b

defines an isometry between the spaces of (real) binary quadratic forms, symmetric
2 x 2 real matrices and trace zero 2 x 2 real matrices, where each of those is equipped
with a quadratic form:

(Q(R?), disc) ~ (Symy(R), —4det) =~ (M2 (R), — det).

The action of GL(Z) in (1.2) is the restriction of the following action of GLo(R)
on Q(R?):
1 1

g-a(@y) = qorry (@ )9) = Gy alur +wy v+ 2y). g = ( o - )

which intertwines with the actions

2 2 1 a b/2 t b —2a 1
g-(az” + by + cy )<—>(M@g< b2 ) g<—>g( %  —b >g :
Observe that these actions factor through PGLs(R). They also induce an isomor-
phism between PGL3(Z) and the group of orthogonal transformations of (Q(RR?), disc)
preserving the integral quadratic forms.

Let d be a discriminant which is not a perfect square; let (a,b,c) € Raisc(d) be
a representation, and let

b —2a
(2.2) m=Mgpc= < %  —b )
be the trace zero matrix associated to it via the map (2.1). Since
m?=d-1d

this defines an embedding of the quadratic field (d is not a square) K = Q(v/d)
into M>(Q)

L K —  My(Q)

™ udovd o~ uld+om

2.2.1. Representations and optimal embedding. The integrality properties of this
embedding are measured by considering

Om = 17, (M2(Z))
which is an order in K. Let us identify which order: Note that O ., = &), for any
A € Q*. Hence if b> — 4ac = d for a,b, c € Z we may write

(a7 b’ C) = f(a/7 bl? C/)
with f € Z and o', V', ¢’ € Z coprime integers satisfying

disc(a’,b',c) = d = d/f?.
This reduces the discussion to the case where (a, b, ¢) is a primitive representation
of d (a representation with coprime entries).
Assuming that (a, b, ¢) is primitive, one sees quickly that

d+ \/&]

(2.3) O = 0g=17] 5

m
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is the order of discriminant d. If (2.3) holds, we say that ¢, defines an optimal
embedding of &4 into My(Z). We obtain in that way a bijection between

the set of GLy(Z)-orbits of primitive representations [Raisc(d)]
and

the set of GLo(Z)-conjugacy classes of optimal embeddings ¢ : g — My(Z).

2.2.2. Embeddings and ideal classes. Let us recall, that a lattice I C K is a proper
O4-ideal, iff
Oy = {/\6 K, /\ICI} = 0y.
Then there is a bijection between
the set of GLg(Z)-conjugacy classes of optimal embeddings of &,
and the set of proper ideal classes of Oy

Cl(0;) = the set of K*-homothety classes of proper €y-ideals.

This bijection goes as follows [18]: Given a proper Oy4-ideal I C K, one may
choose a Z-basis I = Z.« + Z.3 which gives an identification

I - 72
ua+v8 +—  (u,v)

This identification induces the embedding
L K — M2 (Q)

defined by
YN (1,0) = O (uar + vd),

(or in other terms, such that §(A\.x) = 0(z)c(N)).

Since 04.1 C I, one has 1(0,)Z? C Z?, that is 1(04) C M2(Z) and the fact that
I is a proper Oy-ideal is equivalent to the fact that ¢ is an optimal embedding of
O4. If we replace the Z-basis (a, 3) by another basis (o/, 3’) then ¢ is replaced by
a GLy(Z)-conjugate. Finally if I is replaced by an ideal in the same class I’ = A.T
A € K*, then the corresponding GL2(Z)-conjugacy classes coincide: [tp/] = [ef].

The inverse of the map

(1] = [e1]

is as follows: given an optimal embedding ¢ : K + My(Q) of Oy, let e; = (1,0) € Z?
be the first vector of the standard basis® of Z2, then the map

K — Q2

0: A = era(N)

is an isomorphism of Q-vector spaces; next define the lattice I = 0~(Z?) in K
which is invariant under multiplication by €4. In other words, I is an O4-ideal and
I being proper is equivalent to ¢ being optimal.

2We could have chosen any primitive vector in Z2.
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2.2.3. The Picard group of the order 04. We now recall the definition and basic
properties of the Picard group for an order &, in a quadratic field.
The product of two O4-ideals I and J gives another &4-ideal

I-J={M\:Xxel,XNeJ};

and clearly this operation respects the equivalence relation introduced above on
Og4-ideals. An Oy4-ideal I is invertible if there is some Oy4-ideal J so that [-J = 0.
An Oy-ideal I is locally principal if for any prime p,

I, :=1Qz Zy, =X y(O4)p,

where (0y)p, = 04 ®7 Z, and X, is an element of (K ®g¢ Q,)*. Both properties
depend only on the ideal class [I] and not on I itself.

For general orders ¢ in number fields and &-ideals I, one has the following
implications

I is locally principal = I is invertible = I is proper.

We shall make use of the following property of orders in quadratic number fields:

Proposition 2.1. For the orders 04 in quadratic number fields the inverse impli-
cation

I is proper = [ is locally principal
holds for Og-ideals I. In particular, the set of proper ideal classes Cl(0y), endowed
with the composition law induced by forming the product of two lattices, has the
structure of an abelian group.

This nice special feature of quadratic orders comes from the fact that in the
quadratic case, orders are always monogenic (i.e. of the form ¢ = Z|x]).

Proof. Recall that 0y = Z[x] for x = ‘”2\/3. Assume now that I is a proper 04-ideal

and consider the 2-dimensional F,-vector space I,/pI, ~ I/pI. The natural map

(Oa)p/p(O4)p — Endg, (Ip/pl),)

is injective. To see this, suppose that A € (&), acts trivially on I,/pI,. Then
M, C pI, and %Ip C I, and so % € O, as required. It follows that Z the image of =
in Endr, (I,/pI,) has a minimal polynomial of degree 2 and that I, /pI, is a cyclic
F,[z]-module. So there exist A, € I, such that I, = A\,(04), + pI, which implies
that

I, = )‘p(ﬁd)p +P()‘p(ﬁd)p JFPIP) =
= Xp(Od)p +p21p = Xp(Od)p +p3]p = ... = p(Oa)p-
O

2.3. Interpretation in terms of lattices. Let us verify that the various descrip-
tions of ¥, are equivalent:

Given (a,b,¢) € Raise(d), put hape = (b JrQC\/ﬁ b2c\/a> and w = <(1) —01> S

SL2(Z). Then whgp,. maps (00,0) to %ﬂ‘/&. Therefore, the geodesic (4, On
PSLo(Z)\H associated to (a, b, c) after equation (1.3) is:

Vab,e] = Wha,b,o(oa OO),
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where (0,00) is the geodesic on H joining 0 and co. Now (0,00) corresponds, in
the realization T'(H), to the A-orbit of the identity in SLy(R); therefore (g
corresponds to SLa(Z) - whq p,cA = SLa(Z) - hep.cA, or equivalently the lattices of

the form Z? - hop car C Eél) (ar € A). Now one calculates

1 0 3\' 1 (a
7ha,b,c < 2> ha,b,c = —F (
det(ha,bc) 3 0 Vd \35

which shows that in a particular basis of Z2?h, p . the quadratic form go(z,y) = zy
takes the shape as in (2.4).
Since A is the stabilizer subgroup of g, we have verified that (44, o corresponds

o Nl

to:
The set of homothety classes of lattices L, such that the restriction
of the quadratic form go(x,y) = xy to L, expressed in terms of a
basis «a, 3 of L, take the form
au? + buv + cv?
(2.4) qo(ua +vf3) = vol(L) ———75——
di/2
au2+buv+cv2

Note that the particular quadratic form is not canonically attached

Vd
to the lattice L because of the different choices of a basis.

(1) _01> and (g to be the embedding o : K — Diag,(R) C M2(R)

obtained by mapping vd to d'/?mg and 6y be the linear embedding 6y : K — R2
given by

Set mg =

(90()\) = (1, 1)L0()\), .€.. 90(u+v\/g) = (U+v|d|1/27u _ U‘d|1/2).

Now let us verify, as asserted in §2.1, that the A-orbit of 6y(I) belongs to ¥,
for any proper Oy-ideal I. (We don’t verify the more precise assertion that this
is exactly the element of ¢, that corresponds to the class of I under the bijection
Cl(Oy) <> Raise)- We need to verify (according to (2.4)) that A € I — 331((%1(()})))) Vd
is a quadratic form of discriminant d. But qo(6o(\)) = Ng/g()) is the norm; and
for any ideal I C K that vol(fy(I)) = |d|'/?>N(I). Here we have defined norm N(I)

of an ideal (relative to @) by the ratio of indexes
(ﬁd 04N I)
N{)=-———7—F7.
( ) (I 104N I)

Now, for any ideal I, the map z € I — Nlﬁ/(%gz) is easily verified to be an integer

quadratic form of discriminant d, as desired.

2.4. A duality principle. Our goal now is to show that the equidistribution state-
ments of Skubenko’s theorem and of Duke’s theorem are equivalent.

The discussion which follows is valid in great generality; but we will consider
only G = PGLy(R), I' = PGL2(Z), and the diagonal torus A in G.

Since PGL2(R) is identified with SOgisc(R), it acts transitively on Viise +1(R) (by
Witt’s theorem) and equals the PGLy(R)-orbit of (say) go(z,y) = xy; equivalently
Viise,+1(R) is identified with the PGLs(R)-conjugacy class of the matrix mg which
has A as its stabilizer subgroup in G. Hence

Vitise.+1(R) = PGLy(R).qo ~ PGLy(R).mg ~ PGL,(R)/A.
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2.4.1. Duality between orbits. It follows from the previous discussion that each rep-
resentation (a, b, ¢) € Ryisc(d) is identified with some class g4 5,.A/A € G/A or what
is the same to an orbit g, A C G for some g4 € G such that

Ga,b,c-40 = ‘dl_l/Q(aﬂ ba 0)7 qo = (07 170)

As we have seen T" acts on Raisc(d) and the latter decomposes into a finite disjoint
union of I'-orbits, setting

[a,b,c] =T\I'(a,b,c) € [Raisc(d)],
for the orbit of (a, b, ¢), one has
Ruaise (d) = L] T.(a,b,c)
[a,b,c]€[Raisc(d)]
Hence |d|~'/? Rgisc(d) is identified with the collection of T-orbits
L] TgapcAJA C G/A;
[a,b,c]€[Raise (d)]

thus the problem of the distribution of |d|™*/2.Rgisc(d) inside Ve +1(R) is a prob-

lem about the distribution of a collection of I'-orbits inside the quotient space G/A.
There is an almost tautological equivalence between (left) I'-orbits on G/A and

(right) A-orbits on I'\G given by

(2.5) I'gA/A «—— T'gA «—— T'\T'gA.

This duality induces a close relationship between the study of the distribution of

\d|’1/2.Rdisc(d) inside Vgise,+1(R) and the distribution of the collection of right-A
orbits

Y = U x[a,b,c]A - F\G
[a,b,c]€[Raisc (d)]
inside the homogeneous space I'\G, with
(26) Lla,b,c] = F\Fga,b,c~

This is the “duality principle” alluded to at the beginning of this section. Let us
make this principle a bit more precise by identifying the orbits in question:
Assuming that (a, b, c) € Raisc(d) is primitive; one has
x[a,b,C]A = F\Fga,b,CA = F\FAa,b,Cga,b,c
where
Aa,b,c - ga,b,cHga_’lch = Stab(a,b,c) (G)

is the stabilizer of (a,b,c) in G. That group is the group of real points of a Q-
algebraic group, which we will denote by T, 4 ., namely the image in PGLy of the

centralizer Z,, of
_ _ b 2¢
m = Mgqa,b,c = “92a —b .

In terms of the embedding ¢ = tyy,,, , . : K < M2(Q), one has
Zm(Q) = «(K7),

and
T(Q) = L(KX)/QXIdv Aa,b,c = Ta,b,c(R) = L(K ® R)X/RXICL
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and (since Ma(Z) N u(K) = 1(0y)),
Lope:=TN Aa,b,c = L(ﬁ;)/{ﬂ:ld}
Alternatively, let ¢y denote the (real) embedding

] K — M5 (R)
‘o u+ovvd — uld+v.dY?mg

obtained by conjugating ¢,,, with g;llm, we have
to(K ®gR)*/R*Id = A
and

;,b,c = g;i,crga,b,c NA= Lo(ﬁj)/{ild}

so that we have homeomorphisms
(2.7) TlapdA=T\gapeA > g5y LgapeNA\A = 1o(K @R)* /R*10(0).

By Dirichlet’s unit theorem, 1o(K @ R)*/R*1o(0) is compact hence (g, A is
compact and since [Raisc(d)] is finite we obtain:

Theorem 2.2. The union of A-orbits 9, is compact.

2.4.2. Duality between measures. To consider equidistribution problems, one needs
to refine the correspondence (2.5) at the level of measures. Roughly speaking, the
choice of the counting measure pur on I' and of left-invariant Haar measure 4 on®
A define a measure theoretic version of the correspondence (2.5):

Fact. There exists homeomorphisms between the following spaces of Radon mea-
sures (relative to the weak-* topology):

left T'-invariant left T, right A-invariant right A-invariant
(2.8) Radon measures «—— Radon measures ~ «—— Radon measures
Aon GJA ponG v on T\G.

These homeomorphisms are characterized by the identities: for any ¢ € €.(G), one
has

Apa) = p(p) = v(er)
where

ea@) = [ eladnah). erle) = Y elro)

yel’

See for instance [2, §8.1] for a proof of that fact. We work out this correspondence
in specific cases:

— p is a Haar measure ug on G, which is G-biinvariant as G is unimodular. The
correspondence (2.8) yield the quotient measures v = up\g on I'\G, and \ =
Haya O pdise,+1 on G/A. The former measure v is finite (i.e. I' is a lattice in G)
and we may adjust pug so that up\g is a probability measure.

3Note that A is unimodular.
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— The sum Ay of Dirac measures on G/A given by

Ad = Z 59a,b,cA/A = Z Z 0ga/A

(a,b,c)ERagisc(d) la,b,c] €T ga b,c

= Z Z 5’Yga,b,cA/A.

[a,b,c] YET /Ta,p,c

Proposition. The measure vg on T\G corresponding to \g under (2.8) is the
sum of the push forwards of the Haar measure pua over the set of A-orbits
x[a,b,c]A7 [CL, b> C] € [Rdisc(d)]-

Indeed, set Ajgp.q = Z«,er/l‘a b 0ygap.ea/a- Then if S denotes a fundamental
domain in A for I‘fl be
A[a,b,c](@A) = Z / 79@ b,c dh Z / ’yga,b,c
YET/Tab,c ~v€eT

J;

hence the measure on I'\G corresponding to A(4 3, is given by the push forwards of
the Haar measure p4 to the periodic A-orbit x4 A, and the proposition follows.
Let

¢r(ga,b,ch)dh =/ or(h)dh,
\A la,b,c] A

abc

VOl(gd) = yd(gd) = Z VOl(x[a,b,C]A)7

[a,b,c]
denote the total volume of this (finite) collection of (compact) A-orbits. From (2.7)
we see that the various orbits associated to primitive representations of d have the
same volume, namely with the correct normalization of the Haar measure of A
vol(xg p,qA) = vol(R™ w(OF)\A) = Reg(Oy)
where Reg(&0,) is the regulator of 4. Therefore,
vol(9,) = |Pic(04)| Reg(O4).

If d = disc(Ok) is a fundamental discriminant, the Dirichlet class number formula
gives

d

=).1)

where )\ is some absolute constant, (4) is the Kronecker symbol and L((2),s) its

vol(%a) = |Pic(0a)| Reg(€a) = Nd|"/L((

associated L-function. Then by Siegel’s theorem L((2),1) = |d|°") as d — oo so
that

(2.9) vol(¥) = |d)'/2+e),

If d = d' f? with d’ a fundamental discriminant
|[Pic(04)| Reg(0y) fH d
|P1C ﬁdr)|Reg ﬁd/ P

which shows again that |Pic(0;)|Reg(€4) = |d|*/?7°(1) and hence (2.9) holds in
general (c.f. e.g. [10, Sect. 9.6]). We let
) 1
Hd = 5ol @,)

vq.
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This is an A-invariant probability measure on I'\G and the above discussion shows
that Skubenko’s Theorem on page 3 follows from the following:

Theorem 2.3. As d — oo amongst the non-square discriminants, the sequence of
measures [iq weak-* converge to the probability measure pp\g, i.e. for any pr €
%.(T\G), one has

paler) =

V01 Z /QMA h)dh — pr\g(er).

Indeed any continuous compactly supported function on G/A is of the form ¢4
for ¢ € 6.(G), hence by Theorem 2.3

Aa(pa) = va(er) = vol(Ya)pa(er)
= vol(%a) (ur\a(r) + o(1)) = vol(%a) (na a(pa) + o(1)).

3. SPACING PROPERTIES OF TORUS ORBITS

In this section, we show that the various distinct orbits z(4 g4 C ¥y are in
a suitable sense well spaced from each other; the main result is Proposition 3.6.
Recall that
gd = |_| x[a,b,c]A-
[a,b;c]€[R(d)]
where (4 o is defined in (2.6).

3.1. Ideal classes are controlling the time spent near the cusp. The space
X is not compact and this is measured through a height function (normalized to
be invariant under scaling): given, for L = Z2.g C R? a lattice, by

_ (mineer—go) ally = _ minacz—gop gy =1
ht(L)_( vol(L)1/2 ) _( | det(g)|*/2 )

where ||.|| denote the Euclidean norm. This continuous function is proper. Indeed,
ifz € X and (z,v) € % any representative, then the height ht(x) and the imaginary
part $(z) satisfy $(z) = ht(z)2. For any H > 1 let X>p denote the set of all z € X
with ht(z) > H.

In this section we evaluate explicitly how big the height of a lattice in ¥, could
be.

Proposition 3.1. Suppose the proper integral ideal J C Oy corresponds to [a, b, c] €
Raisc(d) under the bijection of §2.1. Then x(q 4, ANX> g is nonempty if and only if
J1 is equivalent to an ideal I C Oy of norm < %H‘le/z. Moreover, this defines
a bijection between connected component 93 N X>u and proper Oy-ideal I C Oq of
norm < %H”dl/z.

Even though the above does not control escape of mass for ug as d — oo it does
give an upper bound for pq(X>p), see Proposition 3.3, which we will use in our
proof of Duke’s theorem. Note that Proposition 2.1 guarantees that there is an
inverse J ! to the proper ideal J.

Remark 3.2. Applying this result to H = d'/* we see that ¢, N X5 g41/4 is empty
(as there are no ideals of norm < 1). This implies that ¥; is pre-compact.
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Proof. Note that, if we identify x € X with a lattice L of covolume 1, then v ANX> g
is nonempty if and only if there is some nonzero vector (u,v) € L with [uv| < $H 2.

Therefore (using the explicit bijection of §2.1) the A-orbit defined by J intersects
X>p, if and only if J contains an element A with

IN(V)| < %H‘QN(J)d%.

Recall that N(J~1) = N(J)~! by standard properties of the norm. It follows that
the A-orbit defined by J intersects X>p if and only if N(AJ~!) < %H‘Qd% for
some A\ € J (so that AJ =1 C 0y).

Finally, notice that for H > 1 there is, in a lattice L’ € X>pg, up to sign,
only one primitive nonzero vector of length < H~'vol(L’)'/? (which is a simple
volume computation). Therefore, fixing J, in the above argument, a connected
component of 0y(J). AN X>py corresponds to a unique primitive element A € J
with [N(A)] < %H’ZN(J)d% (up to sign) and we can associate to this connected
component the ideal I = A\J~! C @ of norm < %H’Qd%. O

Proposition 3.3. There is “not too much mass high in the cusp” in the sense that
Md(XZH) < d°H ™2
foralle >0 and H > 1.

Note that to make this estimate useful, we will set later H = d® for some £ > 0.

Proof. We note first that in any orbit in ¢, the maximal height achieved is < di (see

Remark 3.2). This implies that for H > 1 any connected component of 4; N X>py

has length < log(d). Indeed such a component corresponds (in the upper-half plane

model) to the segment of some oriented geodesic circle (i.e. a half circle centered

on the real line) made of whose points which have imaginary part between H and

d'/4: the hyperbolic length of such a segment is bounded by < log(di /H).
Therefore, by Proposition 3.1

vol(% N X>p) < log(d)N<p(d)

where N<yr(d) is the number of proper ideals I C &y of norm N(I) < %H‘%l%.
Recall that for any n € N the number of proper ideals in &, of norm equal to n
is bounded by the number of divisors of n and so by <. n°. By summing over all
1<n < 1H2d> we get that Ney(d) <. (H2dz)'°. Together with (2.9) this
proves the proposition. [

3.2. Linnik’s basic lemma and representing binary quadratic forms by
ternary forms. Following Linnik we will derive the “basic lemma” from represen-
tation numbers of quadratic forms: Let ¢, @ be two integral non-degenerate qua-
dratic forms on Z™ and Z" respectively. Assuming that m < n, a representation
of ¢ by @ is an isometric embedding of quadratic lattices

v (27 q) — (27, Q)
in other terms a Z-linear map ¢ : Z™ — Z" such that for x € Z™

Q(x)) = q(x).
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For instance a representation x € Z™ of an integer d € Z by a quadratic form @ on
Z"™ may be viewed as the isometric embedding

(Z,dz*) — (2",Q)

X n — nx

Let Rg(q) be the set of such representations: The group I' = SO (Z) acts on Rg(q)
(for v € T', v.. = y o) and the quotient I"'\Rg(q) is finite.

We are interested here in evaluating |[I'\Rg(¢)| in the codimension one case (i.e..
when n—m = 1). More precisely, we will need to show that, in this case, [I'\Rg(g)|
is rather small. The simplest evidence come from the case m = 1, n = 2 : the
representations of an integer by a binary quadratic form. For instance it is well
know that for d # 0 the number of integral solutions to xy = d (i.e. the number
of divisors of d) is bounded by O.(d?). Similarly the number of representations of
an integer as a sum of two squares satisfies the same bound; indeed, for any binary
integral quadratic form @ one has [I'\Rq(d)| <4 |d|® for any € > 0. The following
is a version of this claim for m = 2, n = 3, where in the case of non-fundamental
discriminants the estimate is not as strong.

Proposition 3.4. Let QQ be an integral ternary quadratic form, and let
q(z,y) = az® + bry + cy®

an integral binary quadratic form, both non-degenerate. Assume that f2|ged(a, b, c)
is the greatest common square divisor of a,b,c. Then the number N of embeddings
of (Z?,q) into (Z3,Q), modulo the action of SOq(Z), is <q, fmax(|al,|b|,|c|)°.

When Q = 22 + 92 + 22 is the "sum of three squares” quadratic form such a
bound is a consequence of an explicit formula on the number of representations due
to Venkov [26] (assuming a square-free). This bound was later generalized by Pall
[21, Thm. 5]. We provide a self-contained treatment in Appendix A.

Let

{(a,b,c),(a',b,c))aisc = disc(a+a',b+b',c+ ") — disc(a, b, c) — disc(a’, b', ¢)
= 2bb’ — dac’ — 4d'c

be the polarization inner product associated with the quadratic form disc. We will
apply Proposition 3.4 to the pair

Q = disc, q(x,y) = dz® 4 lxy + dy?,
and note that g(x,y) is non-degenerate if an only if ¢ # +2d. Hence we obtain:
Corollary 3.5. Let T' = SOgqisc(Z). Then for any two integers d, £ with £ # +2d,
the number of I'-orbits on pairs
{((a,b,c),(a' V) € Z° x 2P :
disc(a, b, c) = disc(a’, V', ') = d, {(a, b, ¢), (a', b, )} dise = é}
is < f(max(|d|,|€]))¢, where f? is the largest square factor of ged(d, ?).

We now translate the information obtained about quadratic forms above to Lin-
nik’s basic lemma, which we phrase in the geometric context. This falls short from
equidistribution but will suffice as the arithmetic input to the ergodic arguments
later.
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Proposition 3.6 (Basic lemma). We have
pa % paf{(z,y) € X2+ dx(x,y) < 6} < H'6%d°
whenever d—1 <§< %H’Q and € > 0.

Note that the exponent 3 of §2 is optimal, and suggests that pg is 3-dimensional
in the appropriate scale. The trivial exponent is 1, which follows from A-invariance
of Hd-

Proof. We start by indicating the relationship between d-close tuples in (4N X< )?
and the representation of the binary quadratic form q(x,y) = dz? + lxy + dy* by
the ternary quadratic form disc.

From (1.4), g1, g2 € PSLa(R) are such that z; =I'g; € 93N X<y for i = 1,2 and
dx(x1,22) < §, then we may assume

(3.1) Gne€S ge, Tg e€Xcyg and d(g1,92) <9,

where .’ is some slightly bigger set containing the fundamental domain . in its
interior. For concreteness we take

S ={(z,v) eH x S, [Rz| <1, 3z >1/2}.

This clearly shows that the matrix entries of both g; are controlled, i.e. ||g;|] < H
where

lgll = tr(g9)"/>.
Moreover, we may associate to g; the primitive integral quadratic form,
gi(z,y) = Vdlgi.qo)(z,y) = ax® + bizy + ciy?, b} — dase; = d, ged(as, by, ¢;) = 1.

We have to consider two different possible cases. Either q1 = ¢2 (i.e. g2 € g1 4)

or q1 # qa.
The total mass for the first case is easy to estimate by <. d'/21¢§ before nor-
malization by the total volume, which gives after the normalization that

pia % 11a{(Tg1,Tg1h) € X2t h € A,d(Id, h) < 0} <. 6d~'/2d* < §°d°

since d~1/4 < 4.
Henceforth we assume q; # qo. Since ||g;|| < H, we have

(3.2) max(|a;], b, |ei|) < dY/2H?.

Also by assumption gy = g1h with d(h,Id) < §. This shows that go = v/dgi.(h.qo)
where ||h.qo — qo|] < . Therefore,

(3.3) max(|a; — agl, |b1 — ba, |e1 — ca|) < dY/2H?6.
We now define
q(u,v) = disc(u(ar, by, c1) + v(ag, by, c2)) = du® + luv + dv.
From the bound (3.3) on the difference of the vectors we know
lq(1,—1)| = |2d — ¢| < dH*5°.

In order to apply Corollary 3.5 on ¢, we need to check that ¢ is not degenerate,
i.e. that £ # 4+2d. Indeed, if £ = +2d then

d(az F a1)® = q(az, —a1) = disc(az(ar, b1, ¢1) — a1(az, ba, c2)) = (azbs — arbs)?,
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which contradicts the assumption that d is not a perfect square. Therefore £ # +2d.
In this case we may apply Corollary 3.5 to obtain the bound

Ne,a = [SOuise (Z)\{(Z?, da® + Loy + dy?) — (Z°,disc) }| < f max(d, ()°

on the number Ny 4 of inequivalent ways in which the quadratic form da?+£¢xy+dy?
can be represented, where f2|ged(d, ¢) is the greatest square divisor. Note that the
group SQOgjsc is rationally equivalent to PGLo, and so up to isogeny rationally
equivalent to SLy. Therefore, SOgisc(Z) is commensurable to the image of I' =
SL2(Z) and we may also use I instead of SOqjsc(Z) in the above estimate.

Let

k k
TV, g5, ... . T(a™, g8

be a complete list of diagonal I'-orbits of pairs of quadratic forms which can be
written as

a7 (,y) = Vdg? .qo(z, y)
G) ()

with g;7’, g5’ satisfying (3.1)
The number k of these diagonal I'-orbits of quadratic forms is bounded by
2d+L

k< Z Nz,dZZ ZI Negq

1=2d—L f2ld |2d—e<L
f2le, 1#£+2d
’ d1+e 452 142 <2 114
<> > fd6<<EZfT<<Ed+55H.
f2ld |2d—¢|<L f2|d
f2le, t#£+2d

where L < dH*6? and 3" denotes a sum over £ for which (‘;—’2@ is square-free.

We claim that for qgj ) # qgj ) we have

(3.4) (g a, g9 A) > d 1.

ﬁj Dy, géj )at/) < cd™! (for some constant ¢ determined in a mo-

ment). Then we may find some v € I' with 7g§] )at € ., which also implies
’ygéj)at/ € .7". By Remark 3.2 we have ¥, C X< for H' = d*/*. Hence by choos-
ing ¢ appropriately the upper bound in (3.3) (applied for H' = d*/* and § = cd™!)
is less than one, which gives a contradiction.

Writing go = g1 expv for some v = v~ +vT +v4 € sla(R), with v, 0™, v4 eigen-
vectors of Ad,, with eigenvalues e, e’, 1 respectively, the estimate (3.4) implies
that both ||[v~||,|[v"] > d~!. It follows that for any j the inequality

Indeed suppose d(g

(3.5) d(gar, g5 4) < 1
can hold only for ¢ in some interval I; of length < logd.

Claim: For each pair (gy ), géj )) there is an interval I; C R of length <. d° with
the following property:

If (z1,22) € (94N X<p)? with d(z1,22) < & have representatives (g1, g2) satisfy-
ing (3.1) for which the associated forms ¢; = V/dg;.qo are different, then z; = Fggj )at
for some j and some t € ;.
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Indeed, (v.q1,7.92) = (qﬁj), qéj)) for some v € ' and some j € [1,k] and so g1 =
7_195])% resp. g2 € ’y_lgéj)A. By assumption on g1, go we have d(g§])at, géj)A) < 4.
Using the claim and a fixed Haar measure of A (i.e. before normalization) we get
that the measure of the collection of points (z1,72) € (94N X<p)?, which can be
represented as x; = I'g; with g; as in (3.1) and for which the associated quadratic
forms are different, is

k
<Y 16 <. dFok <. dMTEHYS®
j=1
Therefore, by dividing the above by the total volume of (¥;)?, the claim (together
with the analysis of the case ¢ = ¢2) implies the proposition. ([l

4. AN ERGODIC THEORETIC PROOF OF DUKE’S THEOREM

4.1. Entropy and the unique measure of maximal entropy. A basic under-
lying concept in our proof is that of entropy. We recall that if & is a partition of
the probability space (X, v), the entropy of &7 is defined as

H () := > —v(S)logv(S).
Ser

It is clear that H,(Z2) = H,(T~*2) if T : X — X preserves v — below we will
use this fact without explicit reference. We note for future reference that entropy
is controlled by an L?-norm

(4.1) H,(2) > —log (Z V(5)2>

Sez
as one easily sees from convexity of the logarithm map. Moreover, entropy has the
following basic subadditivity property: if &, %5 are two partitions, then
(4.2) H,(P1V Py) < H,(P)+ H,(P),

where V denotes common refinement.
If T is a measure-preserving transformation of (X, v), then the measure theoretic
entropy of T is defined as:
H(2vTt2v...vT- (=D
(4.3) hy(T) = sup lim ( )

@ Moo n

where the supremum is taken over all finite partitions of X. We also note that the
limit in the definition exists and is equal to the infimum because the sequence
n=H,(PNVT 2V ...vT~ (=D p)

is subadditive (i.e. apim < apn + am).

A key role in our argument is played by the fact that the uniform measure on
I\SLs(R) for any lattice I' can be distinguished using entropy, as it is the unique
measure of maximal entropy:

Theorem 4.1. Let X = I'\SLy(R) be a quotient by a lattice T' < SLy(R), and let
T denote the time-one-map of the geodesic flow, i.e. right translation

el/? 0
T(x) == ( 0 6_1/2> )
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Then for any invariant measure v the entropy satisfies h,(T) < 1 where equality
holds if and only if v = px is the SLa(R)-invariant probability measure on X .

The inequality h, (7T) < 1 is not hard and can be proved in many ways. Identi-
fying the uniform measure as the unique measure where this maximum is attained
is somewhat more delicate. We give a self-contained treatment in Appendix B.

4.2. Proof of Duke’s theorem, an outline. Let 7' : X — X denote the time-
one-map of the geodesic flow as in Theorem 4.1. Recall that

S (I P
= {C e

are the stable, resp. unstable horocycle subgroups. The orbits of these two sub-
groups give the foliation into stable and unstable manifolds in the following sense.
If u =wu(t) € U™, then the distance between T"(x) and T™(xu) converges rapidly
to zero:

AT (), T (zu)) = d(:c (62/2 e,?L /2) U (‘31;/2 6,2 /2))
<600 (o )
(696 7).

To give an outline of our argument, it is perhaps preferable to simplify the
situation. In our proof, the noncompact nature of our space X is a significant
complication, so instead of considering the quotient SLa(R)\SL2(R) for the purposes
of this outline let us consider a compact quotient X = I'\SLy(R) on which we have
a sequence of T-invariant probability measures p4 satisfying the following simplified
version of the conclusion of Corollary 3.6

(4.4) pa % pa{(z,y) € X2 dg(z,y) <8} < 6%d° for § > d—'/4.

Let r > 0 be an injectivity radius of X so that for any z € X the map BS(e) — X
sending g to xg is injective (with G = SLy(R), and BS denoting a ball of radius
rin G). Also assume 7 < %r is small enough so that B,Cl;(e) is an injective image
under the exponential map of a neighborhood of 0 in the Lie algebra.

Let &2 be a finite measurable partition all of whose elements have “diameter
smaller than 7", i.e. if z and y = zg with g € BY belong to the same element
of &, then g € Bf. Assume that the same holds as well for T%(z) and T%(y)
for i = —N,...,0,1,...,N. Then d(T(z),T(y)) < n and d(e,a"tga) < r so that
a"lga € Bg(e). Repeating this implies that

N 1/2 -n 1/2 n
e e
g€ By = ﬂ ( e1/2) Bf(e) ( 61/2) .
N

n=-—

We define a Bowen N-ball to be the translate z By for some z € X.
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Notice that the set By is “tube-like”: it has width at most e~V1 along the stable
and unstable directions, but is of length 7 in the direction A of the geodesic flow.
The above shows that every element of the partition

N
(4.5) NN = \/ T
n=—N
is contained in a single Bowen N-ball. Together we conclude that

k
U Sx8cC U{(a:,yai) sd(x,y) <re” N}

Sepl-N,N] i=1

where k < e and aq,...,a; € B;“(l) are chosen to be d-dense — that is to say, the
union of the §-neighbourhoods around a; cover BA(1).
Together with (4.4) this shows that

> ma(9)? < eNde
SePI-N.N]

whenever § = ne™N > d=% or equivalently N < ilogd + logr. We choose N =
|2 logd] (the “extra space” will be useful in supressing a d). Using (4.1) we have

H,, (2NN > (2 - 6)N

for large enough d.

In this statement we cannot yet let d — oo to get a statement about a weak™
limit 4, because N is a function of d, and so the size of Z2[-N:N] increases with
d. Thus let Ny > 1 be any fixed integer: [—N, N] can be covered by [Nﬂo] many

translates of [~Ny, Ng]. This in turn shows that 2[-N:N can be obtained as a

refinement of the “\%1 partitions

—N,—N+2N, —N+2Ny,—N+4N,
2l ol pl 0 ol ...

(in the obvious generalization of the notation (4.5)). By subadditivity (4.2) (and
invariance) this implies

H,,(P=NoNol) > (2 — 7e)N,

for large enough d. By choosing the original partition &2 such that ©(9S) = 0 for
all S € & and some weak* limit u of the sequence pg we can now take the limit as
d — o0 to obtain

H, (2=No:Nol) > (2 — 7e) Ny for all € > 0 and Ny > 1,

i.e. that h,(T) > 1. Theorem 4.1 can now be invoked to show that y must be the
SLa(R)-invariant measure on X.

We remark that the analysis above works only in the cocompact case; for e.g.
I’ = SLy(Z), there is no global injectivity radius; and no matter how fine one takes
the partition £, to cover a single atom of the partition 2[=N:Nl one typically needs
exponentially many Bowen N-balls.
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4.3. Proof of Duke’s theorem, controlling the time spent near the cusp.
Passing from the cocompact to the nonuniform case raises two difficulties:

(i) Why is such a weak* limit a probability measure (indeed, why can’t such
a sequence of measures g converge to the zero measure)?

(ii) The proof outline presented in §4.2 used heavily the relation between Bowen
N-balls and atoms of the partition ZI=N:N! for a finite partition #. How
can we adapt this argument to the nonuniform situation where in general
many Bowen N-balls are needed to cover a partition element S € Z2[=N:-NI?

It turns out that these two difficulties are not unrelated, and to handle them
one needs to control the time an orbit spends in the neighborhood of the cusp, so
that this problem is related to controlling the escape of mass. What is needed is
the following finitary version of the uniqueness of measure of maximal entropy:

Theorem 4.2. Suppose p; is a sequence of A-invariant measures on X, and sup-
pose there is a a constant r > 0 and a sequence §; — 0 such that for all sufficiently
small e > 0 the “heights” H; = §; © satisfy

(1) :ui(XZHi) — 0, as i — oo;

(2) mi > pi{(2,y) € Xem, x Xep, » d(z,y) < 8} <. 6.
Then pu; — px, the SLy(R)-invariant measure on X, as i — oo.

Clearly, this, Proposition 3.3, and Proposition 3.6 with § = d—% are sufficient to
prove Duke’s theorem. Apart from the ideas already discussed in the last section,
the main additional step is:

Proposition 4.3. Fiz a height M > 1. Let N > 1 and consider a subset V C
[-N, N]. Then the set

Z(V) = {z eTNX yNT VX p: for alln € [~N, N| we have
Tn(l‘> S XZM & n e V}

can be covered by < s 2N =3IVl Bowen N-balls. Moreover, Z(V') is nonempty for
2log log M

only < pp e sar N different sets V. .C [N, N].

In words, Z (V') is the set of points x € X so that their trajectory 7= Nax, T-N+1g,
..., TNz between times —N and N begins and ends below height M and are above
height M precisely at the time specified by the set V. So the content of the
Proposition is that orbits that spend a lot of time in a neighborhood of the cusp
in fact can be covered by relatively few tube-like sets. Later we will turn this into
the statement that those orbits have relatively little mass.

Note that as the size of V' grows the number of Bowen N-balls needed to cover
Z(V) decreases, though even if V=[N —1, N +1] it is still exponential — indeed
= eV, which is essentially the square root of the estimate we get for V =0 .

We defer the proof of the Proposition 4.3 to the next section. A purely ergodic
theoretic formulation of this phenomena is that a lot of mass near the cusp for an
invariant probability measure results in a significantly smaller entropy for the geo-
desic flow. We will give such a formulation in Theorem 5.1; it implies in particular
that:

Given a sequence T-invariant probability measures p; with en-
tropies hy,, (T') > ¢, any weak weak™® limit p satisfies p(X) > 2¢—1.
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We will discuss in Remark 5.2 why ¢ = 1/2 is the critical point for this phenom-
€non.

4.4. Controlling escape of mass, and maximal entropy. We proceed to the
proof of Theorem 4.2, and start by showing that mass cannot escape, using assump-
tion (2). We will use (1) of that theorem which gives a mild control on how fast
mass could possibly escape to be able to apply the covering argument in Proposition
4.3. That (2) can replace entropy in that argument is not surprising since we have
already seen in Section 4.2 a relationship between this assumption and entropy.

Lemma 4.4. Let u; be a sequence of T-invariant measures as in Theorem 4.2. Let
w be a weak® limit of any subsequence of u;. Then
2loglog M
B log M
for every sufficiently large M, and so p is a probability measure.

w(Xanr) > 1

Proof. Fix some k > ﬂﬁ#. We will show that u(X<pr) > 1— k.

We set N; = [—logd;] and H; = §; © for some ¢ > 0 determined below (more
precisely: before the final displayed equation of this proof) in terms of k. Notice
that a geodesic trajectory of a point x € X<p, will visit X in less than 2log H; —
2log M < 2eN; steps either in the future or in the past. Hence

[2eN;]
U T7"X.opm D XSHf,
n=—2eN;|

and so this union contains most of the p;-mass according to the assumption (1) of
Theorem 4.2.

Let N/ = N; 4 |2eN;|. Then TV X<, NT~Ni X< g, is contained in the union of
< (eN;)? many sets of the form TNitm- Xy, N T~ Nitne X where |n_|, |ny | <
2eN;. We apply this to the set

R
X. = {$ S TN:XSHZ n T_N;XSHi : m Z 1X2M(Tn$) > K}
n=—N/
consisting of points that spend an unexpected high portion of [—N/, N/] above M.
We wish to estimate p;(X,). X, is also a union of sets of the form

Z' =X, NTNA= X TNt Xy,
with n_,ny as before. It suffices to estimate p;(Z’) for some fixed n_,ny. Re-
placing Z’ by an appropriate shift Z := T*Z’ we may consider instead Z C
TNX ayy N T NX_pr where N € [N;, N; + 4eN;]. Adjusting the condition on
the “average time spent above M” appropriately,

N
_ 1 n
Z C {x eTVNX uNT VX SN 11 n:%NlXZM(T x) > H—O(é)}.

To the right-hand set we apply Proposition 4.3; which shows that Z is covered by

2 loglog M 2 loglog M
0 <y e BEREN 2N —(k=O(O)N < 2Ni+ 2S5 N, —kNi+O()N;

many Bowen N-balls. Because N > N;, we may also cover Z by ¢ many Bowen
Ni—balls Sl, ey Sg.
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Since Bowen Nj;-balls have thickness < e i < §; along stable and unstable

horocycle directions and thickness < 1 along A, we get that

where k < Vi and a; € B{! are §;-dense. This remains true if we make the sets
S; disjoint by replacing Sy by S5 = S> \ S1, Sz by S5 = S5~ (S1US2), .... By
our assumption (2) we now get
¢
Z/J/l(S_;)Q < 5?—56k < e—QNi-i-E')eNi.
j=1
Therefore, by Cauchy-Schwarz

’ ‘ 1/2
) S ST < (S uE)) 7 gy B0l
j=1 j=1

Going through all possibilities for n_,n, (of which there are < eV many) this
implies

g (XH) Le, M e( loi:’)ifM *%”JVO(C))Ni )

Given that we assume k > m‘fogg# we can choose € > 0 small enough such that
the exponent in the above expression is negative so that the measure goes to zero
for i — oo (since N; — o0). By definition of X, we have

N

1
/«LZ(XZM) = /IXZM d,Uq = /2]\[{_’_1 ;N/ 1X2M d/uLZ S I{—‘r,U,Z(XH)-FQ/JJZ(XZHl),
which when ¢ — oo implies that u(X<pr) > 1 — & for any k > mﬁ#- This gives
the lemma. 0

We indicated in Section 4.2 how the elements of the refinement \/71:[:7 NI T"P
are related to Bowen N-ball; but that analysis fails in the noncompact case, when
trajectories visit the cusp. We now discuss the general case.

Lemma 4.5. For every M > 1 there exists a finite partition 2 of X such that for
every k € (0,1) and every N, “most elements of the refinement \/nszN T-"P are
controlled by Bowen N -balls”:
There exists a set X' C X so that:
- X' is a union of S1,...,S¢ € \/2[:7]\, TP,
- Fach such S; is contained in a union of at most 35CN+Y many Bowen
N-balls;

- u(X') > 1 —2u(Xsp )kt for every invariant probability measure p;
For a given i the choice of & can be made such that the boundaries of all sets of
P have zero measure.

Proof. We define & = {Q,P1,...,P;} where Q = X>py and {P1,..., P} is a
measurable partition of X.j; whose elements have diameter less than 1 where 7 is
small enough in comparison to the injectivity radius of Xy, (in the same sense as
in the discussion in Section 4.2).
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Note that the boundary of @ is a null set for every probability measure p that
is invariant under the geodesic flow. This is because every trajectory hits the
boundary of @ in a countable set. Also, given p we can find for every point x € X/
an € < 7/2 so that the boundary has measure zero. Applying compactness we
construct Py, ..., P from the algebra generated by finitely many such balls.

We claim that S € Py = \/nszN T~—" 2 has the property that any two points
x,y € S satisfy

Tz € X<]\/[ <:>Tny € X<M forn € [—N,N]

and
d(T"z,T"y) < n whenever T"z,T"y € X and n € [-N, N]|.

Therefore, the average f(x) = ﬁ ZngN 1x. (e 18 constant on sets of Py .
We define

X' ={xeTNX_y: f(z) <k}

If 1 is an invariant probability measure, invariance implies [ f(z) dpu = p(X> )
and so pu({z : f(z) > k}) < w(X>m)k~t. Therefore, X’ has measure pu(X’) >
1= pu(Xom) = p(Xsar)e™"

Consider now an element S € Py with § C X’. After taking the image of S
under TV we have for any z,y € S’ = TN S that

2N
1
X 72 1 T xz) < d
(4.6) xr e Xcn, 2N+1n:0 X2M< x)_lian

d(T"z, T"y) < n whenever T"z, T"y € X5 and n € [0,2N].
Let V ={n €[0,2N]: T™S" C X>p}. We can now show inductively that for every
n € [0,2N] the set S’ is contained in a union of 30"~V many sets of the form

Ut U™ A '
xBy, .—nBg, © where z € 5.

We will refer to these sets as forward Bowen n-balls and to = as its center. For
n = 0 we have nothing to show (for notice that we allowed a bigger radius in the
subgroups Ut and U~ A). Suppose the claim holds for some n and let x € S’ be
a center of one of the forward Bowen n-balls. If 7"tz € X s then T"H1S C P

for i« > 1 and it follows easily that any point y = zutg € S’ with ut € B2Un+e,n

and g € BY 4 satisfies u™ € Bgn:_(nﬂ) (assuming again that 7 is small enough in
comparison with the injectivity radius). If 7"z € X5 then we can cover the
forward Bowen n-ball by 3 forward Bowen (n + 1)-balls.

Recall that for S C X’ we have |V| < kN and so by taking the preimages of
S’ = TN S and the forward Bowen 2N-balls obtained the lemma follows.

]

To prove Theorem 4.2 it remains to establish the following lemma and combine
it with Lemma 4.4 and Theorem 4.1.

Lemma 4.6. A weak™ limit v of a subsequence of the invariant probability measures
Wi as in Theorem 4.2 has maximal entropy h,(T) = 1.
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Proof. Let & be as in Lemma 4.5. Set N; = [—logd;] and define
N;
L@Ni = \/ TP
n=—N;

We wish to show that H,,(Zy,) is large by using Lemma 4.5 and assumption (2).
Let & = pu(X>pr)"/? for some weak* limit p and define X; as in Lemma 4.5 using
N = N;,.

For any S € £y, with S C X; there exists a cover of S consisting of < 3#(2Ni+1)
many Bowen N;-balls; so there is a partition 2(S) of S into < 3%(2Ni*+1) gets, each
a subset of a Bowen N;-ball. We define the partition Q; as the partition consisting
of all S € Py, with S C X \ X, and all elements of Z(S) for any S C X;. It
follows that

A7) Hy(QlZn)= > pi(S)H,u,(Qi) < 5(2N; + 1) log 3.
SEPN,;,SCX;

Also since Q; is a finer partition than &y, we have

(48) HM(Qi) = HM1<QZ \ '@Ni) = Hﬂi('@N'i) + 4, L(Qll‘@]\h)a

which together with (4.7) indicates that we wish to show that H,, (Q;) is large.
Here we will use the assumption (2) from Theorem 4.2; but the elements of Q;
that lie outside X; can be irregularly shaped, requiring a further estimate:

(4‘9) Hﬂi(gi) > Hui(Qi|{Xi7X N XZ}) > Mi(Xi)HHHXi(Qi)-
Using (4.1) for the restriction u;|x, we see that
2
p(S)
(4.10) Hy (Q) = —log Y ( ) .

By construction of Q; every S € Q; with S C X, is a subset of a Bowen N;-ball.
Proceeding as in Section 4.2 it follows that

k
U SxScC U{(x,yai)id(ﬂf,y)<5z’}

S€Q;,5CX; i=1
where k < eV and aq,...,a; € Bf‘(l) are chosen to be d;-dense. Together with
assumption (2) of Theorem 4.2 this shows

Z /-%'(S)Q <. (51-3_586Ni < 6(_2+56)N"’.

S€Q;,5CX;

Let C. be the implicit constant here, that is to say,

Z Mi(5>2 < Cee_(2+5€)Ni.
S€Q;,SCX;
Then, taking into account (4.9)—(4.10),
H,,(Qs) 2 2p1:(X5) log 11:(X5) — pi(Xi) log Ce + 114(X5)(2 — 5€) ;.
Here the first two terms are bounded, so for large enough i
Hy, (Qi) > pi(Xi)(2—6e)N;
> (1=26""u(X>m))(2 = 66)N;

V
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where we also used the estimate for X; in Lemma 4.5. Combining this with (4.8)
and (4.7) we get

N;
H,, ( T”@) > (1 — 26 i (X>m))(2 — 66)N; — O(kN;).
n=—N;

Now fix some integer Ny > 1. Using subadditivity of entropy we have for any large
enough ¢ that

No
H,, < \/ T”@) > (1 — 26 i (X>a1)) (2 — 6€) Nog — O(kNg) — €Np.
— N,

This is now a statement involving only finitely many test function, namely the char-
acteristic functions of all elements of \/gi_ No T~ and of X>). Since there is
no escape of mass by Lemma 4.4 and since we can assume without loss of generality
that all boundaries have zero measure for the weak® limit p by Lemma 4.5, we get
the same estimate for p. Dividing by 2Ny and letting Ny now go to infinity we
arrive at

hu(T) > (1= 2u(X500)"?)(1 = 3€) — O(u(X>a0)'/?) — €

forany M > 1 and € > 0.
Since pu(X>ar) can be made arbitrarily small, it follows that h,(T) > 1, ie. T
has maximal entropy. O

5. TRAJECTORIES SPENDING TIME HIGH IN THE CUSP, AND A PROOF OF
PROPOSITION 4.3.

Apart from the characterization of the Haar measure as the unique measure
of maximal entropy in Theorem 4.1 the main technical estimate needed to prove
Theorem 4.2 is Proposition 4.3. We recall that this proposition states that the set

Z2(V) = {1’ €TVNX_yNTNX_p: forall n € [N, N] we have
Tn(IL') c XZM <n e V}

can be covered by < s e2N=zIVI Bowen N-balls.
In addition to proving this, we shall also prove here the promised purely ergodic
formulation of “high entropy inhibits escape of mass,” namely:

Theorem 5.1. Let T be the time-one-map for the geodesic flow. There exists some
My with the property that

loglogM  pu(X>w)
h,(T) <1 - =
u(T) <1+ log M 2

for any invariant probability measure pn on X = SL(2,Z)\SL(2,R) for the geodesic
flow and any M > My. In particular, for a sequence of T-invariant probability
measures (1; with entropies h,, (T) > ¢, any weak™ limit p satisfies 1(X) > 2¢ — 1.
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Remark 5.2. Roughly speaking 1/2 is the critical point for Theorem 5.1 because
the “upward” and “downward” parts of a trajectory, that goes high in the cusp, are
strongly related to each other. In fact, in the case of a p-adic flow this phenomenon
is easy to explain.

We consider another dynamical system of similar flavor: here the space will be*

Y = PGLy(Z[1/p])\PGLy(R) x PGLy(Q,)
and the action will be by multiplication on the right of the PGL2(Q,)-component

by a, = (p . Let M < PGL2(R) x PGL2(Q,) be the product of PO2(R) and

1
the group of diagonal matrices in PGL2(Z,). There is a natural right M-invariant
projection m : Y — PSLy(Z)\H , and on this latter space we have the Hecke
correspondence which attaches to a point 2 € PSLy(Z)\H a set T,,(2) of p + 1 new
points, namely if z € H is a representative of Z then

(5.1) T,(2) = PSLa(Z)\{pz, 2/p, ( + 1) /p, ..., (z + p— 1) /p} .

The space Y/M can be identified with the set of infinite sequences . .., y_1, Yo, Y1, - - -
with y; € T, (yi—1) ~ {yi—2}, and under this identification multiplication by a, in
the p-direction becomes simply the shift action. This in particular shows that mul-
tiplication by a, on Y/M (or, with a bit more effort on Y) has entropy < log p, and
just like in our case this maximum is attained for the Haar measure on Y. From
(5.1) it is clear that if y € PSL(2,Z)\H is high up in the cusp, precisely 1 of its
T,-points will be higher in the cusp, and p of these points would be lower then y
in the cusp. Therefore if ...y_1,y0,y1,... are a sequence of points of PSL(2, Z)\H
as above and if y; are high up in the cusp for some contiguous range of k’s, say
n < k < m, then in this range given the value of y; there is only one possible way of
choosing yr41 so that it is higher than yg, and since by assumption yy2 # yr once
Yr+1 is lower than yy, the point yrio being in Tp(yr+1) but excluded from being
y, which is unique point in T),(yk+1) higher than yx4q1 must be lower than yi + 1.
Hence if yi41 is lower than y; for some k in the above range, then y/+1 must be
lower then yg for all ¥’ in the range k¥ < k' < m. From the above discussion it
follows that while the trajectory is high up in the cusp, we have a choice of which

subsequent point to choose only half of the time, hence the factor %

5.1. Proof of Proposition 4.3: the number of possible sets V. The easiest
part of Proposition 4.3 is the final assertion, i.e. if we write

N
Qun=\ T "{Xom Xcm}
n=—N
L. 2loglog M
then the above partition Qas,n has <ps €™ Toe many elements.

We make use of the fundamental domain . C PSLy(R) from §1.3; the geo-
desic flow X corresponds to following the geodesic determined by (z,v) until the
boundary of the fundamental region is reached, at which point one applies either

1 +1
1
boundary of the fundamental region.

. . . -1
to shift the geodesic horizontally or (1 ) to reflect on the bottom

4For technical reasons, it is preferable to use PGL2 here rather than SLso.
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The basic point in the proof is that if x € X satisfies ht(z) > M, then ht(T"z) >
1 so long as n < [2log M|, i.e. one needs at least |2log M| steps to reach points
of height less than 1.

Therefore, in a time interval of length 2|2log M | there can be only one stretch
of times for which the points on the orbit are of height at least M. In other words
the possible starting and end points of that time interval completely determine an
element of Q2105 i) Which therefore has at most < 1og2 M, say < cq log;2 M,
many elements. To obtain the lemma we note that Qs n can be obtained by
taking refinements of L2L2 120]; Llj =) < 41i1gVJ\J21_1 many images and pre-images of
Q210 m) and at most 2|2log M| many of {X>ar, X<} We get that Qun

. 2 2N . . 2loglog M a7 .
has size < (colog” M)TeM=T  which is at most e g™ once M is large

enough.

5.2. Proof of Proposition 4.3: covering Z(V) by Bowen balls. Write a =

0 e 2
restrict ourselves to a neighborhood O of a point xg € X ;. By taking the image
under T it also suffices to study the forward orbit as follows. We will show that
for the set V' C [0, N — 1] picked, the set

1
(62 01), so that T'(z) = za. Since X.ps has compact closure, it suffices to

25 ={veonTVxoy:
for all n € [0, N — 1] we have T"(z) € X>py & n € V}

can be covered by <, 2V =3IVl forward-Bowen N-balls xB]\L, where

BJ'\’} = ﬂ cf”B,]Ga”.
n=0
We may assume that the neighborhood we will consider is of the form
O = 2oBY,BY ;4
where B denotes the 7-ball of the identity in a subgroup H < SLa(R), A denotes
the diagonal subgroup, and U™ resp. U~ denote the unstable and stable horocyclic
subgroups as in Section 4.2.

Notice that by applying T™ to O we get a neighborhood of T"(xy) for which
the U*t-part is e” times as big while the second part is still contained Bg/;A. By
breaking the UT-part into [e™] sets of the form ujB;J/g for various uj € UT we
can write T4'(O) as a union of [e™"] sets of the form

T”(xo)ung/J;a_"Bg/;Aa”,
i.e. we obtain neighborhoods of similar shape. If we take the preimage under 7" of
this set, we obtain a set contained in the forward Bowen n-ball T="(T" (z¢)u] ) B;t.
We will be iterating this procedure, but using the information that the orbit has to
stay above height M for a long time we will be able to cut down on the number of
ui € U needed to cover Z.

In the proof of the claim we will use a partition of [0, N] into sub-intervals of
two types according to the set V. Notice that as in the proof of §5.1 we can assume
that V itself consists of intervals that are separated by 2|2log M |. For otherwise
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the set Z/, is empty since no orbit under 7' can leave X, and return to it in a
shorter amount of time. We enlarge every such subinterval of V' by |2log M| on
both sides to obtain the first type of disjoint intervals Z;,...,Z;. At the end points
0 and N we have required that x, TV (z) € X<y for all z € Z}. For this reason
we can assume without loss of generality that all of these intervals are contained
in [0, N]. (If this is not the case, we can enlarge the interval [0, N] accordingly
and absorb the change of the desired upper estimate in the multiplicative constant
that depends on M alone). The remainder of [0, N] we collect into the intervals
Ty Jo-

We will go through the time intervals Z; and J; in their respective order inside
[0, N]. At each stage we will divide any of the sets obtained earlier into [el*]-
or [elil]-many sets, and in the case of Z; show that we do not have to keep all
of them. More precisely, we assume inductively that for some K < N we have
0,K]|=Z7;U...UZ;UJ; U...UJ; and that all points in Zg can be covered by

< 2l T+ +ITj1+i(210gy M+ 5 (|1 [+++|Z:))

many preimages under TX of sets of the form
+ _
(5.2) T3 (xo)u" BY 0™ X BY y*a™.

Note that for K = N this gives the lemma since by construction |Z| + - - + |Zx| =
2k[2log M| + |V].

For the inductive step it will be useful to assume a slightly stronger inductive
assumption, namely that the multiplicative factor 2 is only allowed if [0, K] ends
with the interval J;. Therefore, notice that if the next interval is 711 (i.e. [0, K]
ends with Z;) then there is not much to show. In that case we keep all of the
[elZi+1]] < 2el7i+1l-many Bowen balls constructed above and obtain the claim.

So assume now that the next time interval is Z; 11 = [K +1, K 4+ S]. Here we will
make use of the geometry of geodesics that visits X during that subinterval.
Pick one of the sets (5.2) obtained in the earlier step and denote it by Y. By
definition of Zg we are only interested in points y € Y which satisfy

T"(y) € Xom & K+nev,
or equivalently
ht(y), ht(T(y)), ..., ht (T2 M (y)) < M,
ht(Tl_2logMJ+1(y))’.”7ht(TS—|_2log]V[j(y)) > M
ht (75~ 2lee ML) L T9(y)) < M.

If there is no such point in Y there is nothing to show. So suppose 3,3’ € Y are
such points. We will use the above restrictions on the heights to show that if

(5.3) y =T (zo)utut (t)v and ' = T (zo)uTu® (')’

for u™(t),u™ (') € Bf?]/; and v, v’ in the conjugate of Bg/;A, then [t — /| < 279/2,
We can draw the geodesic orbits defined by y and ¢’ in the upper half model of the
hyperbolic plane and relate the conditions on y,%’ to geometric information about
these geodesics. We choose the lifting of the paths in such a way that the time
interval for which the height is above M becomes the part of the geodesic where

the imaginary part is above M?2.
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For the translation of the properties we will use the following observation: For
two points 21,29 € H on a geodesic line that are either both on the upwards part
or both on the downwards part of the corresponding semi-circle their hyperbolic
distance satisfies

(5.4) [log Im(z1) — logIm(z2)| < d(21,22) < |logIm(z1) — logIm(z2)| + 1.

The lower bound actually gives the shortest distance between points with imaginary
part Im(z;) and points with imaginary part Im(z3). The upper bound gives the
length of a path that first connects the point lower down, say 21, to the point 2’
immediately above with imaginary part Im(z5) and then moves horizontally to a
point that is Im(z9) far to the left or right of 2’ towards zo. For two points z1, 29
on the upwards or downwards part of a semi-circle this path actually goes through
Z9.
Applying the lower bound in (5.4) to the points corresponding to

y and T2[2 log N[j+1(y)

whose hyperbolic distance is |21og M | + 1 we see that Im(y) > 1 (where in a slight
abuse of notation we identify y with the lifted point in H). Similarly, we get from
the upper bound for y and T2 ™) (y) that Tm(y) < 1. Similar estimates hold for
T3 (y),y' and T3 (y).

We assume that the points y, 3’ are lifted in such a way that Re(y) € [-1/2,1/2]
and such that 3’ is close to y. Denote by a_, a1 € R the backwards and forward
limit points of the geodesic defined by y on the boundary of H and similarly by
o/, o/, the endpoints of the geodesic for y’. Then |a_| < 2+ 1 since the lifting
of the point y was chosen such that the times of height > M in X correspond to
imaginary part > M?. For ' this implies for small enough 7 that |’ | < 3.

Let R = 3|oy — a—| be the radius of the half circle defined by y and define R’
similarly for y’. Then the above shows R < |a1| < R once M and so R are large
enough to make a_ negligible in comparison to a™. Similarly R’ < |/, | < R'.

Applying (5.4) twice, once for y and the point z on the same geodesic with
imaginary part R, and once for z and T3 (y) we get

(5.5) |S — 2log R| < 1 and similarly |S — 2log R'| < 1.

Therefore, R < R’ < R and so |oy| < [0/ | < |oy].
Suppose g = <Z Z) € SL(2,R) defines y = T (xo)uTut (t)v in the sense that

the natural action of g maps the upwards vector at i to the vector associated to

y for the lifting considered above. Then ay = g(o00) = 2 and a_ = g(0) = %.

Similarly, suppose ¢’ defines y' = T4 (zo)utu™ (¢')v' such that o/, = ¢/(cc). Using
this notation we summarize what we already know about these matrices

max(lal, [b], [¢], |d]) <1,
a

(5.6) R < |/ | < R, and

b
== 1.
o] =gl <

Here the first estimate follows since we know roughly the position of the lift cor-
responding to y which means that g belongs to a compact subset of SL(2,R). We
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claim the above implies that
(5.7) 1< d|, 1< |al, and |¢| < |a|R™* < R™L.

The first estimate follows since |b| < |d| by the last estimate in (5.6) and since
g € SL(2,R) belongs to a compact subset so that not both b and d are small. The
second claim follows similarly from the second estimate in (5.6).

To simplify the following calculation we would like to remove the elements v, v’
(as in (5.3)) from our consideration — but to do this we need to see how this affects
the above statements. Recall first that v, v’ € Bg_A and so v(00) = v'(00) = oo.
Therefore, the first three estimates above remain unaffected when changing g resp.
g’ on the right by v=1 (v')~1. Moreover, we have |[v=1(0)] < n and so for small
enough 7 that 1 < |d| < |ev™1(0)+d| which implies |gv~1(0)| < 1. In other words,
none of the estimates in (5.6) are affected (apart from possibly the values of the
implicit constants) by the proposed transition from g to gv~! resp. ¢’ to ¢’'(v')~!
and we can assume v = v’ = e.

Comparing the definitions of y and vy’ we get ¢’ = gu™ (t) " u™(¢'). Therefore,

v tb ad+b(t —t)

O/Jr :g/(oo) = (gu+(t/—t))(oo) = t,ic_t T d = C—|—d(t/—t).

Since 1 < |al, u™ (t),ut(¥') € Bg/;, and so [t/ —t| < n we can simplify the numerator
and obtain together with the third estimate in (5.6) that for small enough n > 0

a
R< |m] <R,

(t
or equivalently
R U< |e+dt —t) < R
Since |c| < R™! and 1 < |d| by (5.7) this implies the estimate |t —t] < R~!. Now
recall from (5.5) that e5/2 < R, so that we get the desired |t' —t| < e=5/2
Recall next that in the current time interval Z,;; we divide Bf]]/g into [e”]

balls of the form ngsn/z- Since all points y' that belong to Y NTH(Z}) satisty

the estimate |t' — t| < e™/2 we see that only < e%e™%/2 = ¢5/2 can (after the
correct thickening along AU™) contain an element of Y N TX(Z}). This implies
the inductive claim if we assume M is sufficiently large so that the upper bound
we got is strictly bounded from above by %eLQ log M]+5/2

This concludes the proof of Proposition 4.3.

5.3. Entropy and covers; proof of Theorem 5.1. For the proof of Theorem 5.1
we need to relate entropy and covers via Bowen balls. For this we need the following
(well known) result, which is proved in Appendix B below (for cocompact I' it
follows from Brin and A. Katok [5]).

Lemma 5.3. Let u be an A-invariant measure on X = I'\SL(2,R). For any N > 1
and € > 0 let BC(N,€) be the minimal number of Bowen N-balls needed to cover
any subset of X of measure bigger than 1 —e. Then

. .. . .log BC(N,e)
< = R S
h(T) llr% 1}\1[11 inf 5

where T is the time-one-map of the geodesic flow.
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Proof of Theorem 5.1. Note first that it suffices to consider ergodic measures. For
if p is not ergodic, we can write p as an integral of its ergodic components p =
[ pe d7(t) for some probability space (T, 7). Therefore, w(X>nr) = [ pe(X>ar) dr(2)
but also h,(T) = [ h,, (T)dr(t) by [25, Thm. 8.4], so that the desired estimate fol-
lows from the ergodic case.

Suppose p is ergodic. To apply Lemma 5.3 we need to show that most of X
can be covered by not too many Bowen N-balls. Once M > 3 we have that every
T-orbit visits X<y, and so u(X<pr) > 0. By the ergodic theorem there exists for
every € > 0 some K > 1 such that

K—1
Y = U T=%X_ ) satisfies pu(Y) > 1 —e.
k=0
Moreover, also by the ergodic theorem
N

1
SN 1 n;N Ly, (T7"(@)) = (X201

as N — oo for a.e. x € X. So for large enough N the average on the left will be
bigger than x = u(X>pr) — € for any = € X; and some subset X1 C X of measure
w(X1) > 1 — €. Clearly for any N the set

Z=XNnTNYy nT Ny

has measure bigger than 1 — 3e. Recall that we are interested in the asymptotics
of the minimal number of Bowen N-balls needed to cover Z. Here N — oo while €
and so also K remain fixed. Since we can decompose Z into K2 many sets of the
form

Z'=xNnTN""X_ynT NFXx_),

it suffices to cover these, and for simplicity of notation we assume k; = ko = 0.

Next we split Z’ into the sets Z(V) as in Proposition 4.3 for the various subsets
2loglog M

V C [-N,N]. §5.1 shows that we need at most <p; e 23 ¥ many of these.
Moreover, by our assumption on X; we only need to look at sets V' C [N, N] with
|[V| > k(2N 4 1). Therefore, Proposition 4.3 gives that each of those sets Z(V') can

be covered by <,; e~%)2N many Bowen N-balls. Together we see that Z can

2loglog M _
be covered by <, € o8 M N+(1

202N Bowen N-balls. Applying Lemma 5.3 we

arrive at ( )
loglog M w(X>p) —€
h,(T) <1 — =
u(T) <1+ log M 2
for any € > 0, which proves the theorem. O

APPENDIX A. REPRESENTATIONS OF BINARY QUADRATIC FORMS BY TERNARY
FORMS

In this section we establish Proposition 3.4:

Proposition. Let Q be an non-degenerate, integral’ ternary quadratic form on Z3,
and let

q(x,y) = a12* + agwy + asy?

SLe. Q(Z3) C Z.
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be a non-degenerate binary quadratic form on Z2. Let f% be the greatest square di-
viding ged(ay, as, as). Then the number N(q) of embeddings of (72, q) into (Z3,Q),
modulo the action of SOQ(Z), is <q,c f max(|ai],|az|, |as|).

We recall that an embedding of (Z2,q) into (Z3,Q) is a linear map ¢ : Z> — Z3
with the property that Q(:(x)) = ¢(x). Such proposition was established for the
first time by Venkov for Q = 22 4 y? 4 22 and extended by Pall to other quadratic
forms [26, 21]. The proposition can be deduced from Siegel’s mass formula; here we
present a direct and elementary argument inspired by the adelic proof of Siegel’s
mass formula as outlined by Tamagawa (cf. Weil’s paper [27]).

Remark A.1. - One may wonder what the dependency on @ in the above
bound looks like; this is for instance important to obtain equidistribution
results when @ is allowed to vary (see for instance [14, Thm. 1.8]). In
the case where @ is a multiple of the norm form on a lattice in the space
of trace zero elements of a quaternion algebra whose associated order is
an Eichler order, it can be shown that the dependency is of the shape
<. |disc(Q)|'/?*= ... It seem plausible that this holds in general.

- The argument provides, in fact, an upper bound for the the sum over a set
of representatives QQ;, i = 1,..., g of the genus classes of (), of the number
of embeddings of (Z?,¢q) into (Z*,Q;) modulo SOg, (Z).

- Finally it is easy to see that this argument carries over without significant
changes to quadratic forms defined over a general number field.

A.1. Reduction to local counting problems. Fix an embedding  : (¢, Z?) <
(Z3,Q) and let
L := (Z?)
be its image (if no such embedding exists, we are obviously done.) Then any other
embedding ¢/ is (by Witt’s theorem; see [22, IV.1.5, Theorem 3|) of the form g o ¢,
with g € SOg(Q). The stabilizer of ¢ inside SOg(Q) is trivial, for any isometry
fixing L pointwise would need to map L to itself and so must be multiplication by
+1 on L*; the condition of determinant 1 forces it to be the identity. The number
of embeddings N (L) (up to the action of SOg(Z)) is therefore precisely the number
of cosets g € SO (Z)\SOg(Q) so that gL C Z3.
Given a rational lattice A C Q3, for any prime p we denote by

Ap =A®yz Zp
its closure inside Qf’,. Let us recall that the map
A= (Ap)p

is a bijection between the set of lattices in Q3 and the set of sequences of lattices
indexed by the primes (A;),, A, C Q) such that A, = Z3 for a.e. p. Write
K, = S0q(Zy) for the stabilizer of Z3 inside SO(Q,) and let

SOq(Ar) = {97 = (9p)p> 9p € S0Q(Qp), gy € SOQ(Zy) for ae. p};

the above bijection induces an action of SOg(Ay¢) on the set of rational lattices:

9f~A Ad gf-(Ap)p = (gpAp)P'
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Remark A.2. The group SOqg(Ay) is the group of finite adéles of SOg. The
SOq(Ay)-orbit of a lattice A € Q* under this action is called the Q-genus of A.
We will not need much of this terminology or discuss further properties of adelic
groups here.

The group SO (Q) embeds diagonally into SO (Af). Now the stabilizer of Z3 in
SOQ(Af) is Kf = Hp SOQ (Zp) and since KfﬁSOQ(Q) = SOQ (Z), SOQ(Z)\SOQ(Q)
injects into K \SOqg(Ay).

Consequently, letting L, = L ®z Z,, be the closure of L inside Zg, we have

N(L) < |{gy € K;\SOq(Ay) : g5.L C Z°}|

< H |{gp € SOQ(Z;D)\SOQ(QP) 2 9p-Ly C Zi}‘

= H I{gp € SO@(Qp)/SOq(Zy) : Ly C ng;H = HN(LP)'
with

N(Lp) = ‘{gp € SOQ(QP)/KP 1Ly C ng;);H =|{Ae SOQ(QP)-Z?) 1L, C A}l

being the number of lattices in QJ, within the Q-isometry class of Z3 that contain
L,. We have proven that

V(L) < [I V(L)

and thus have reduced our counting problem to a collection of local counting prob-
lems (as we will see below N(L,) =1 for a.e. p); a more careful analysis of what
we have said so far is very closely related to the proof of the mass formula. In the
present paper, however, we need only upper bounds.

A.2. The anisotropic case and a reduction step. We first introduce some
notations. We denote by

(x,x") = Q(x+x') - Q(x) - QX))
the bilinear form associated with Q; so (x,x) = 2Q(x). The discriminant of @ is
set to be
dlSC(Q) = det((xi, Xj>)i,j§3

for {x1, 22,73} any basis of Z3. Since Q is integral (Z3,Z3) C Z, so disc(Q) is a
non-zero integer.

We notice first that if @ does not represent 0 nontrivially over Q, (i.e. is
anisotropic over Q,), then SOg(Q,) is compact and

(A1) N(Lp) < [SOQ(QP) : SOQ(ZP)] <1

This (favorable) situation can occur only if p divides disc(Q).

We suppose now that @ is isotropic over Q,, for some prime p | 2disc(Q), we will
reduce the problem of bounding N (L,) to the case where the integral quadratic form
is given by Q(x,y,2) = xry + 22. We note that disc(zy + 22) = 2. This reduction
comes with the cost that we also have to replace ¢ by a different quadratic form
q = up™rq with u € Z,, and m, > 0. However, we only have to make this change
for p | 2disc(Q) and m, will only depend on @. Using these facts we will see in
Subsection A.7 that the bound for the number of representations of ¢’ by xzy + 22
will suffice for the proof of Proposition 3.4.
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We claim that there exists a basis of Qg over Q, so that the quadratic form
Q with respect to the coordinates of this basis has the form up=/(zy + 22) for
some u € Z; and £ € {0,1}. Indeed as @ is isotropic, there exists a hyperbolic
plane in Qg. Complementing the basis of the hyperbolic plane with a vector of the
orthogonal complement we arrive at a basis so that @ has the form zy + up~—¢z>
with u € Z; and £ € Z. If necessary we may replace the last basis vector by a
multiple and can ensure that ¢ € {0,1}. Similarly we may divide the first basis
vector by up~¢ and arrive at the claim.

Let A be the Z,-lattice in Qg spanned by the above basis. There exists some k
(depending only on A) so that p*Z3 C A. Let v : (Z2,q) — (Z3,Q) be an embedding

of gq. Then pF¢ : (Zi,p%q) — (A, Q) and finally
prus (Zg, u” p? ) — (A ump'Q) = (Z, wy + 2%)

are also embeddings of quadratic lattices. We set m,, = 2k+¢ and ¢’ = u~'p™rq and
obtain that there is an injection from the set of embeddings ¢ : (Z2,q) — (Z3,Q)
to the embeddings ¢ : (Z2,q') — (Z3,zy + 2%).

A.3. The case of an unramified lattice. The previous section reduces the proof
of Proposition 3.4 to the problem of finding an upper bound for N(L,) where we
may assume that either p t 2disc(Q) or that Q(z,y,z) = xy + 22. This will be
done in the following two local counting lemmas which depend on whether p = 2
orp>2:

Recall that for p > 2 any quadratic form ¢ on some rank two Z,-lattice L taking
value in Z, may be written, in a suitable basis, in the form

(A.2) q(zer +yes) = up®a? + vp®y?, u,v € Zy, 0<a<beZsp.

To see this take an element e; € L such that the valuation of g(e;) is minimal
and then take the orthogonal complement of eq, cf. [7, Sect. 8.3]. We shall call the
integers a < b the invariants of the quadratic form (e.g. the invariants of 22 + 5y?
over Zs are (0,1)). This is a kind of p-adic analogue of the notion of successive
minima. The invariants determine the quadratic form over Z, — up to isometry —
up to O(1) possibilities. We will prove the following lemma.

Lemma A.3. Let p > 2, let @ be an isotropic quadratic form over Qf, so that
p 1 disc(Q). Let L C A be a rank 2-sublattice such that Q1 has invariants (a,b),
then

N(L; A) == |[{A € SOg(Q,).A: L C A} < (b+1)%ple/2]
where the implied constant is absolute. Moreover, if (a,b) = (0,0), N(L;A) =1

In the 2-adic case, any quadratic form ¢ on some rank 2 Zs-lattice L taking value
in Zy may be written, in a suitable basis either (cf. [16, Lemma 2.1] and [7, Sect.
8.4]) in the form

A3 q(zer +yes) = u2%2% +02%2, u,v € ZF, 0< a < be Zso,
2 >
or in the form
(A4)  qlze; +yes) = u2®2? + w2y + v2%2, u,v,w € Zy, 0<a<be L.

In both cases we will refer to a < b once more as the invariants of g. We have the
following lemma.
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Lemma A.4. Consider Q(z,y,z) = zy + z° as a quadratic form over Q3, let
A C Q3 be a lattice satisfying Q(A) C Zy and which is mazimal for this property.
Let L C A be a rank 2-sublattice such that Q| has invariants (a,b), then

N(L; A) < (b+ 1)%2La/2)
where the implied constant is absolute.

The proof of these two lemma will use a geometric interpretation of the quotient

S00(Q2)/S0q(A).

A.4. The Bruhat-Tits tree. Let Q be an isotropic quadratic form such that
p 1 disc(Q) or Q(x,y,2) = xy + 22. Note that Ag = Z?) has the property that
Q(Ao) C Z,, and that Ag is maximal for this property. We set

To = S0q(Q)) Ao ~ SO (Q})/ K-
Even though this will not be used here, let us also mention that 7, is the set of all
lattices A in Qg such that
QA) CZyp
and which are maximal for this property (see [15, Cor. 4.17]).
We will need that 7¢ has the structure of a (p+ 1)-regular tree (see [6]) in which

A, A’ are adjacent if and only if AN A’ has index p in A (or equivalently in A’).
More generally, the distance d(A, A’) between two vertices A, A’ satisfies

PpIAAY Z A ANA] =[N ANA

and the geodesic between A and A’ consists of all A” € 7¢ satisfying ANA" C A”.
Let us describe the adjacency structure on 7¢g more explicitly using the quadratic
structure. Given any lattice A € 7, and any primitive v € A (i.e. v ¢ pA) for
which v = v + pA € A/(pA) is isotropic over F,, (i.e. p | Q(v)) we can define a
lattice Ay € Tg, which only depends on the line through v, as follows. Since

(A.5) Qlav +2) = ®Q(v) + Q(z) + alz, V) € Z,

and since the linear form (-, V) is not zero (even for p = 2), we may modify v by
some element pzg € pA to ensure that p? | Q(v + pzo). Here the element zq is
uniquely determined by v up to {z € A : (z,v) = 0 mod p}. Therefore, the lattice

1
Ay = ];Zp(v +pzo) +{z € A: (z,v) =0 mod p}

depends only on Vv, indeed only on the line through ¥v. Using (A.5) we see quickly
that Q(Ay) C Z,. Below we will always assume that p? | Q(v) and set zg = 0.
Under our assumptions on @ this lattice Ay € 7g is a neighbor of A, and there
are exactly p+ 1 = |P*(F,)| such lines, and thus every neighbor arises.
We will use also the following simple facts:

(1) For an isotropic ¥ we have
ANAg=Z,v+{z € A:(v,z) =0 mod p}.
(2) For v, V' generating distinct isotropic lines the intersection
AvNAy ={z € A:(v,z) = (v/,z) =0 mod p} = Z,w + pA

is the preimage in A of the orthogonal subspace (F,v + F,v’/ )t IF;.
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(3) Given three isotropic vectors v, v/, ¥ generating distinct lines and assum-
ing p > 2 we have

Av N AV’ n AV” = pA

One establishes also the following generalization:

Proposition A.5. Let A lie at the mid-point of the geodesic between A and A"
(i.e. there is n > 1 such that d(A,A") = d(A,A”) = n, d(A',A\") = 2n). There
exists a primitive v.€ A so that Q(v) = 0(p™) and w € A with Q(w) £ 0(p) and
(v,w) = 0(p™) so that
ANAN ={zeA, (z,v)=0p")} =2Z,v+Z,w+p"A
and
NNA" =Z,w+p"A
is the preimage of the mon-isotropic line defined by w under the projection A —

A/p"A. Moreover, for m < n, let A, be the lattice on the segment [A,N'] at
distance m from A, then

ANAL, ={zeA, (z,v)=00p")} =Zyv+Zyw+p"ADANA.

A.5. Proof of Lemma A.3. Let p > 2 and @ be as in the lemma. Define
R(L):={A €Ty, LC A} CTy, N(L)=|R(L).
In the notation of Lemma A.3, N(L) = N(L; A) for any A € Tg.
We start by remarking that R(L) is connected: if A, A’ both contain L, then
LcAnA c A for any A” on the geodesic path between A and A’.
Let ¢ be as in (A.2). Suppose R(L) is non-empty and let ¢ : (Z2,q) — (A, Q) be
an isometric embedding with image L = +(Z2) and let e; = ¢(1,0), ez = ¢(0,1) so

Qler) = up”, Q(e2) = vp’, (e1,e2) = 0.

A5.1. The case (a,b) = (0,0). We show R(L) = {A}. If not, L is also contained
in a neighbor Ay of A. However, the induced quadratic form on the span of €1, € is
nondegenerate, so this span cannot be ¥ for an isotropic ¥ € A/pA. So N(L) = 1.

A.5.2. The case a =0, b > 1. Suppose that N(L) > 1. Then there is an isotropic
¥ so that €7 belongs to ¥*. This shows that ei is a hyperbolic plane (first modulo
p, and then since p # 2 also on Q3).

In other words, ef N A is a rank two lattice generated by two isotropic vectors
v, Vv’ (which are liftings of isotropic vectors generating €71) and then, there are
exactly two neighboring lattices containing e1, namely Ay and Ag/; that there are
at most two follows from Fact (3). Pursuing this reasoning, we see that the only
lattices that can contain e; are the lattices

Ny i =Zpp "V + Zper + Zpp"V', n €L

(which is a geodesic in the tree determined by e;).
Let us now see that for n > b, Ais,, does not contain ey, which will show that
N(L) < 4b+ 3. Suppose es € A, then

es € AN Ay, = Zpel +p" A,
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write ex = ae1 + 2, a € Zy, z € p"A, we obtain

(e1,e2) = 0 = a(mod p"), Q(ez) = vp® = @ = 0(mod p").

This is a contradiction for n > b.

A.5.3. The case a = 1. We show N(L) < 2: Suppose that L C Ay for some V. Since
€1 € A/pA is a non-zero isotropic vector contained in v1 it has to be a multiple of
V. By symmetry between A and As, this also shows that A is the only neighbor of
Az which contains L. Since R(L) is a connected subset of the tree, this shows that
N(L) < 2 as claimed.

A.5.4. The case a > 2. Let
1
Ly :=Zy€| + Zpea, Ly :=Zyer + Zpeh, e; =e;/p, i =1,2, L1 + Ly = —L
p

these are rank 2 lattices containing L, on which @ is Z,-valued with respective
invariants (a —2,b), (a,b—2) and (a —2,b—2). We will show that either N(L) =1
or

(A.6) R(L) CR(L1)UR(L)U | B@,1)
ANER(SL)

where B(A',d) = {A" € Tg, d(A',A”) < d} is the ball in the tree of radius d

centered at A’; it has cardinality 1+ (p + 1)’;:__11 <(1+ %)pd.

Here is the proof of (A.6). Let A € R(L). If ey € pA or es € pA, then
A € R(L1) UR(Ly). So suppose now ej,es € A are both primitive vectors. By
assumption, we have for i = 1,2 (since Q(e;) = 0(mod p)) that & is a non-zero
isotropic vector. Since (e, es) = 0, €7 and €5 have to be co-linear; otherwise the
induced form on the reduction A would be identically zero on a plane. Now Ag,
contains both L; and Ly; so it belongs to R(%L). Thus A is at distance at most 1
from R(%L).

Let us now see how to conclude the proof of Lemma A.3: for r,s € N, let

Ly :=Zpp "e1 + Zpp Peo.

@ takes integral values on L, s for r < |a/2], s < [b/2]. In this notation (A.6)
states
R(Loo) C R(L1o) UR(Lo)U | ) BN,1)
ANeR(L1,1)

We can now apply (A.6) again to each of the terms on the right. With each
application r or s or both increase by 1. In the latter case we obtain that the
previous lattice A’ € R(L; s) (to which (A.6) was applied) is at distance 1 from the
new lattice A” € R(Ly41,s+1). Also note that in the latter case both a and b are
reduced by 2, so that this case can only happen < |a/2| many times. Therefore,
induction on a + b shows that

R(L) = R(L070) C U{B(L\_a/2j,s7 La/2J)7B(LT,\_b/2J7 La/zJ) :0< r,s < Lb/2J }
BEach L' = L|4/2),s resp. L' = L, |32 has invariants (0,0") or (1,b") with ¥’ < b and
by the previous sections N(L') = O(b+ 1) in all cases. Consequently

NL) <Y > B, [a/2])] < (b+1)%ple/2,
L' AeR(L)
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A.6. Proof of Lemma A.4. Recall that we assume that Q(z,y,2) = zy + 22
Note that (1,0,0),(0,1,0) and (—1, 1, 1) are three isotropic vectors that are linearly
independent modulo 2, which define the neighbors of Z3. For every pair fi, fo of
these vectors we can find a third vector f3 € Z3 so that Q(zfi+yfo+2f3) = xy+22.
Of the four non-zero non-isotropic vectors modulo 2 the vector k¥ = (0,0,1) is
special, it is the only element in the kernel of (-,-) modulo 2 and also satisfies
k = f3 modulo 2 for any basis (f1, f2, f3) as above. Below we will always use the
letter k to denote the corresponding element in the lattice A/2A.

A.6.1. The diagonal case (A.3). Suppose that in a suitable basis ¢ takes the form
(A.3). This situation is similar to the proof of Lemma A.3. We only discuss the
details where the two proofs differ.

A.6.2. The case (a,b) = (0,0). We claim that A € R(L) has at most one neighbor
in R(L). If one of &1 or & is not equal to k, then we claim that R(L) contains at
most one neighbor of A. To see this suppose &7 # k and L C Ay N Ay. Then by
Fact (2) L is contained modulo 2 in the common kernel of (-, ¥) and (-, 7"}, which is
one-dimensional and actually equal to the span of k — a contradiction. Therefore,
L C AN Ay for at most one neighbhor Ay as claimed.

So suppose &1 = &3 = k and w € A is such that Q(ze; +y(e1 +2w)) = ur? +vy?
as in (A.3). Since we also have

Q(zer +y(er + 2w)) = 2?Q(e1) + y*Q(er + 2w) + 2y(2Q(e1) + 2(er, w))

and 2 | {e1,w), it follows that Q(ze; + y(e1 + 2w)) is not as in (A.3). So we have
seen that in all possible cases we have at most one neighbor of A in R(L). However,
this shows N (L) < 2 for (a,b) = (0,0).

A.6.3. The case a =0 and b > 1. We claim that the main difference between the
case of p = 2 and p > 2 lies in this case. Here we will see that R(L) is only
contained in the set of elements of distance one to points on a geodesic. This is
caused by the fact that if & = k and &; = 0, then R(L) contains all neighbors of A
due to Fact (1) and since k is orthogonal to all three nonzero isotropic vectors in
A/2A.

On the other hand, we have already seen above (in the case a = 0,b = 0) that if
€1 # k then only one neighbor of A can be in R(L). To prove that R(L) consists
of points of distance one from a geodesic we only have to show that if &7 = k,
then for at least one neighbor A’ of A we have &1 # k’ where k' € A’/2A’ is the
corresponding special vector for A’. This follows if we can find some vector w € A’
with (e1,w) # 0.

To see this we simplify the notation and assume without loss of generality A = Z3.
Let ey = (a, 8,7) so that {e1,(1,0,0)) = 3, {e1,(0,1,0)) = «, and (eq, (0,0,1)) =
27. Since €7 # 0, one quickly sees that one of these inner products is not divisible
by 4. Without loss of generality we may assume 4 1 3. Now consider the neighbor
N = 37y x 27 x Zy of A. Then w = (3,0,0) € A’ satisfies (e;,w) = 33 # 0 (mod
2). Hence as claimed, 1 # &’ and so only one neighbor of A’, namely A itself, can
belong to R(L).
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It follows that there exists a line segment I C R(L) in a geodesic in 7 (Q) so that
R(L) C Uper B(A,1). Arguing as in Subsection A.5.2 we can bound the length of
I in terms of b and obtain N (L) < 3(4b + 3).

A.6.4. The case a > 1. The arguments for p > 2 carry over to the remaining cases.

A.6.5. The non-diagonal case (A.4). So supppose now ¢ is represented by the lat-
tice L = Zoeq + Zges C A with

Q(er) = u2b, Q(ez) = v2°, (e1,er) = w2, u,v,w € Zy, 0<a<b.

A.6.6. The case a =0. If (a,b) = (0,0), then €7 and ez are linearly independent in
A/2A since otherwise w = (e, e2) = 0 (mod 2). Also note that the plane generated
by €1 and e does not contain any isotropic vector. However, this implies that
e1, e cannot be both contained in any Ay for then ¥+ would contain €7, €3, ¥ three
linearly independent vectors.

If now (a,b) = (0,b > 1), &1 and €3 are two linearly independent isotropic vectors
and so e; can only be contained in Ag. Similarly, es is only contained in Ag;. So
L cannot be contained in any neighbor of A.

In conclusion for a = 0 we have

N(L) = 1.

A.6.7. The case a = 1. In that case at least one of the vectors e7 and €3 must be a
non-zero isotropic vector, for otherwise a > 2. Suppose €7 # 0. Then é7 € Ay only
for g1 = V. Therefore, L can only have one neighbor in R(L) and so N(L) < 2.

A.6.8. The case a > 2. We consider again the two rank 2 lattices
Ly = Zo€) + Zoea, Ly = Zoey + Zaeh, €, =e;/2
which contain L and on which @ is Zs-valued:
Q(ey) = u2"%, Q(eh) = v2"72, (e, e2) = (e, ) = w2 L.

We describe now the type and the invariants of L; — by symmetry Ly behaves
the same way.
If a = b we may solve the equation in 3 € Z5

0= (eq + fey, €)) = w221 + pu2t~!

and so @)z, is of diagonal form (A.3) in the basis {es+ e}, €} }. Furthermore, since

(ea + Beh, ea + Be)) = 2Q(es + fe)) = v2'T! 4 Bw2e7!

it has invariants (a — 2,b — 2).

If a < b, take 8 = 279 in the basis {es + Be], €]}, Q)r, takes the non-diagonal
form (A.4) with (a’,0') = (@ — 1,0 — 2). Finally Q,4+1, = Q|12 takes the form
(A.4) with (a”, V") = (a — 2,b —2).

We then conclude exactly as in §A.5.4 by proving that either N(L) =1 or (A.6)
holds. This implies once more the desired bound.
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A.7. Proof of Proposition 3.4. We now show how the previous subsections com-
bine to the proof of Proposition 3.4.

Recall that we are bounding the number of representations N (L) of the quadratic
form q(z,y) = a12? + agzy + azy® by the ternary quadratic form @ up to SOg(Z).
For any p let us write a, and b, for the invariants of ¢ over Z, as in Section A.3.
Let f?|gcd(ay,as,as) be the greatest common square divisor of the coefficients of
g. Then a = v,(f).

By the discussion in Section A.1-A.2 we know that

NL < [ N

p
@ p—isotropic

Also recall from Section A.2 that for bounding N(L,) for p|disc(Q) we may replace
Q by zy + 22 and ¢ by a fixed multiple ¢’ of ¢, where the factor only depends on Q.
From this we see that Lemma A.3-A.4 also hold for p|disc(Q) for ¢ and @, except
that the implicit constant depends for those primes also on Q.

Notice that for any prime p > 2 we have a, + b, = v,(disc(q)) and a, =
vp(ged(a, az,az)). For p = 2 we have vy(disc(q)) = a + b+ 2 in the diagonal
case and wvy(disc(q)) = 2a in the non-diagonal case. Also let ¢ > 1 be the implied
constant in Lemmas A.3. Together with Lemma A.3-A.4 this gives

NIL) < [[ -elwpldise(q) +1)*p™) < f max(as,as,as)",
pl2disc(q)

as desired.

APPENDIX B. ENTROPY, BOWEN BALLS AND UNIQUENESS OF MEASURE OF
MAXIMAL ENTROPY

B.1. Statement of main results. We recall some notations: we work in the space
X =T'\G with G = SLy(R), and let T" denote the time-one-map of the geodesic
flow, i.e. the map

1/2
T:z— za with a = <eo e—?/z).
We define a Bowen (V,n)-ball in this space to be any set of the form z By, with
z € X and

N
Buy= () a"BO(e)a"
n=—N

(in the sections above 1 remained fixed and was omitted from the notations, but
here it will be convenient to be able to use Bowen balls of varying 7).

If T' is cocompact, for all n sufficiently small, the Bowen (N, n)-ball By, coin-
cides with the set

By, ={y:d(T"(x), T"(y)) <n forall -N <n < N}.

This is not true any more for noncompact quotients, where in general the right
hand side can be significantly bigger than the left hand side which is the source of
some complications.

The following theorem was proved for compact quotients by Bowen in [4]. It
is certainly well known also in the finite volume case, and proofs using leafwise



44 M. EINSIEDLER, E. LINDENSTRAUSS, PH. MICHEL, AND A. VENKATESH

measures can be found e.g. [20, Prop. 9.6] and the more recent lecture notes [12,
Thm. 7.9)).

Theorem B.1. Let X =T'\SLy(R) and T : X — X be as above. Then for any T-
invariant probability measure v the entropy satisfies h, (T) < 1. Moreover, equality
holds if and only if v = ux is the SLy(R)-invariant probability measure on X .

We give here a direct proof not using leafwise measures, based on Lemma B.2
(which is identical to Lemma 5.3 and was needed for the proofs in §4), in the spirit
of Bowen’s proof (that in itself was inspired by a proof by Adler and Weiss [1] of
the uniqueness of measure of maximal entropy in irreducible shifts of finite type).

Lemma B.2. Let 1 be an A-invariant measure on X = I'\SL(2,R). Fiz n > 0
and € € (0,1). For any N > 1 we let BC,(N,€) be the minimal number of Bowen
(N, n)-balls needed to cover any subset of X of measure bigger than 1 —e. Then

. ... .logBC,(N,e)
. < —_—
(B0 ) < i it =y

It is easy to see that for any n,n’ > 0 a Bowen (N, n)-ball can be covered by < 1
Bowen (N, n’)-balls. Therefore,

(B.2) l}mglof log BC,,(N,€)/2N

is independent of 1. One can show that if u is ergodic, equality holds in (B.1), and
moreover that the quantity in (B.2) is independent of e. If y is not ergodic, then
in general equality in (B.1) fails: in this case h,(T) is the average of the entropy
of the ergodic components of p and the right hand side of (B.1) gives the essential
supremum of the entropies of the ergodic components of p. We shall not need
either fact (nor will we prove them), but will use the following related estimates for
w ergodic:

Lemma B.3. Assume that p is in addition ergodic for T. Then for any suffi-
ciently small 7 (depending only on X ) and for any € € (0,1) and any large enough
N (depending on u,e), for any €1 € (0,¢), if k is sufficiently large (depending
on €1,€, N, u,n) then

log BC,,(EN, €1) < k(1 — 2¢)log BC,, (N, €) + 4eNk + qk.
Here q is some absolute constant.

For our proof of Theorem B.1 it is crucial that the second error term (gk) does
not depend on N. Roughly speaking the lemma says, if we manage to cover some
set of measure bigger than 1 — € by relatively few Bowen (NN, n)-balls, then a set of
size 1 — €’ can also be covered by relatively few Bowen (Nk,n)-balls.

The reader may wish to look now at the proof of Theorem B.1 in Subsection B.4
to see how the above two lemmas are used in combination to imply the uniqueness
of the measure of maximal entropy.

B.2. Proof of Lemma B.2. In the proof we will need the notion of relative entropy
for partitions: For two partitions &2 = {S1,...,S,} and Q@ = {Q1,...,Qn} of a
probability space (X, 1) the relative entropy of &2 given Q is defined by
p(Si N Q;
H,(21Q) = = (5,1 Q) log M50 &).
1(Qj)

%
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and it is easy to see that it gives the following additivity of entropy
(B.3) H, (2 V Q)= H,(Q)+ H.(2|Q).

We should also use the notation P(z) to denote the elements of the finite or count-
able partition P containing x.

Proof. Let £ ={Q, S1,...,S¢} be a finite partition where @ is the only unbounded
set, all boundaries 0.S; are null sets which satisfy additionally

u((95:)B) < Ck
for some constant C' > 0 and all £ > 0, and finally h, (T, %) > h,(T) — ¢. Here

()
(T, 2) = Jim =
is the expression over which one needs to takes the supremum to define h, (7).
Such a partition exists since (i) by the general theory of entropy h,(T) can be
approximated by h,(T,P) once P is a sufficiently fine partition, and (ii) one can
find for every x € X arbitrary small r > 0 for which p((0B,(z))BS) < Ck for all
k > 0 (since for every x the function r — p(B,(z)) is monotone increasing hence
differentiable for a.e. r.)
We claim that for most points © € X (we shall quantify this presently) it holds
that

(B.4) PUENN () S 2By gy for ' = N2,

hence if y € 2By, then yBy,y C 2I=N:N(z). To show this, suppose y = zh ¢
P1=NNl(z) for h € By,y. Then for some n with |n| < N the elements

ra™ and zha"

belong to different elements of &. It follows that at least one of the elements xa™
belong to (6P)Bzc’;,, for some P € &, |n| < N. Therefore, 2 belongs to

N
(B.5) U 7 U 09)BS,

N Sez

which has measure less than 2(2N + 1)(CnN—2 < N~!. This proves the above
claim.

Roughly speaking By, has length 7 in the direction of A and ne=" along stable
and unstable horocycle directions while By, has nN~2 and nN~2e~" instead.
From this one can easily deduce that one needs at most < N® many translates
of By to cover By . Choose f > lim._gliminfy_. %' Then for any
€ > 0, there is some large N > 1 depending on € such that the measure of the set
in (B.5) is less than €, and moreover such that 1 — e of the space can be covered by
less than €2/ many translates of the set B Nyl

Say y1 BNy, - Y B,y (with k < e?N1) cover X C X with pu(X;) >1—e If
x € X is not in the union in (B.5). Since € y; By, for some j, it follows from
(B.4) that y;Bn,y € ZINVN(y,). In other words, it follows that 1 — 2¢ of the
space can be covered by e2N7 elements of the partition 2=NN],

Let P be the union of these partition elements and let P = {P, X \ P} C o(2?)
be the associated partition. Write up = (u(B))~!u|p for the normalized restriction
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of the measure p to a Borel set B. It follows now from (B.3) that

H(#3N) = H,(P) + Hy (2 P)

= H,,(P) + p(P)Hyup (PN 4 u(X N P)Hy o (20)

<log2+42Nf + 4eN¥

since the entropy of a partition with K elements is at most log K. For N — oo this
shows that

h(T) — 6 < h(T, 2) < f + 2,

which implies the lemma since § and e were arbitrary. (Note that ¢ depends on §
but not on €.) O

B.3. Proof of Lemma B.3. We shall say a Bowen ball yBy , is injective if the
map g +— yg is injective on By,,. Let 19 > 0 be such that 2ny is smaller than
the length of any closed geodesic in X. An easy compactness argument shows that
if n < ng for any compact F' C X there is a Ny so that if N > Ny and y € F
the Bowen ball yBy , is injective. In the proof we shall also make use of shifted
(s,t;m)-Bowen balls — sets of the form yBs ., where Bj 1., := ﬂ§=s aiBfa’i and
(s,t;m) sub-Bowen balls which are simply sets of the form yB for some B C B ;..
A shifted (s, t;n)-Bowen ball yB; 4., (respectively, a (s, ;1) sub-Bowen ball yB) is
injective if the map g — yg is injective on Bs ., (or B). We note the following
important properties of shifted Bowen balls:

(Bowen-1). For any s < t < r, the intersection of an injective (s,¢;n) sub-Bowen
ball with an injective (¢, r;7n) sub-Bowen ball can be covered by at most
q injective (s, r;n) sub-Bowen balls;

(Bowen-2). For any s < t < r, an injective (s, ¢;n) sub-Bowen ball can be covered
by at most ge" ! injective (s,7;7n) sub-Bowen balls.

Proof of claims. Both claims can easily be reduced to their special cases where
t = 0 and where we only consider Bowen balls of the form ¢B; ., in G instead of
injective sub-Bowen balls in X.

For the proof of (Bowen-1) notice that there exists some C' > 0 so that

+ _
(B6) ngs,O;n C nggn BgneSBém

where B denotes the r-ball around the identity in a subgroup H C SLo(R).
Similarly,

+ —_
(B.7) 92Bo.rin C 92BE ey B, By

We can now decompose each of the balls appearing on the right hand side of (B.6)—
(B.7) into < 1 many balls with certain smaller radius and obtain that g, By o;; N
g2Bo,ryyy is the union of < 1 many sets of the form

+ _u- + _U-
0= (gluTBnU/Sul BnUes/SalB;?/g) N (ggug'BnUe,r/Su2 BnU/SagBT?/S).

where u]” € Bg;,u; € Bg:;e_r,ul_ € BY, . u; € BE, ,a1,a9 € Bén' IfgeO
and 7 is sufficiently small so that conjugation by an element of distance Cry does
not increase the distance to the identity significantly, it follows that O C gBs .
which proves the first claim.

in)



DISTRIBUTION OF CLOSED GEODESICS 47

The second claim follows similarly by splitting the set Bs ., as in (B.6) into
< e” many sets of the form

U —pU™ A
O = gluan;T/gul Bnes/saan/s

with ut € Bg;; and v~ € BY, .., and showing that for g € O we have O C
9B v (Il

Proof of Lemma B.3. Let n € (0,10) where 7y is as defined above, and let M
be sufficiently large so that u(X<pr) > 1 — €/2 and similarly choose M so that
w(X<pr) > 1—€1/2. We require that N be sufficiently large so that any (N, n)-
Bowen ball y By, intersecting X<, is injective, and we choose k1 so that a similar
statement holds for any (k1.V, n)-Bowen ball intersecting X<z, .

Let Z be a collection of (N, n)-Bowen balls of cardinality BC, (N, €) covering a
subset of X with p measure at least 1 — e. Then

E/Z{BEE:BQXSM#Q)}
has pt (Upgez B) 21— % Let Y = (Jge= B. By the pointwise ergodic theorem,

there is a k3 > k; and a subset Y7 C X<js, of p-measure > 1 — 3% so that points
in Y7 spend most of their time in Y in the following sense:

n—1
1
(B.8) o Z 1y (T (y)) > 1 — 2¢ for all n > ko N and y € Y7..

To complete the proof of Lemma B.3 we will show that for any k& > k3 there is
a collection Z; of (kNN,n)-Bowen balls covering Y; of cardinality

‘El| < N(2q)kBC77(N, 6)k(1—26)6(46k+4)]\7

Let ¢ be the implied multiplicative constant. Then for large enough ¢’ (depending
only on ¢ and some absolute constants above) we have ¢N(2¢)*e*N < e?'* for all
sufficiently large k& (where the bound is allowed to depend on N). Therefore, the
existence of =1 as above will establish the lemma.

Fix k > ko and let y € Y;. We partition the finite orbit {T*N(y),..., T*¥=1(y)}
into the 2N finite orbits of the form {T—FN*+¢(y), T(R+ON+L() - p(R=2)N+EL()1
for £ € {0,...,2N — 1}. By equation (B.8) there must for any y € Y7 exist some
L(y) €{0,...,2N — 1} so that
k—1
Z 1y(T(7k+2S)N+Z(y) (y)) >1-— 2.
s=0

Let L = [(1—2¢)k]. It follows that there are 0 < t1 < to--- < t < k
with T(=*+2L)N+) () € Y. Furthermore, there exist injective (N, n)-Bowen balls
By, ...,Br € 2 so that

1
k

L
y e m T~ (—k+2t)N-Ly) B
i=1
Recall that = has BC,,(N, €) many elements. We now apply the properties (Bowen-
1) and (Bowen-2), and we conclude that the set of all y € ¥; with a given value of
£(y) and ty,...,tr can be covered by

< BCn(N’ g)k(1725)+1e4Nk6+2qu+1



48 M. EINSIEDLER, E. LINDENSTRAUSS, PH. MICHEL, AND A. VENKATESH

injective (kN,n)-Bowen balls. Since there are at most 2N2* choices of /(y) and
t1,...,t; we are done. O

B.4. Proof of Theorem B.1. We begin with the observation that the SL(2,R)-
invariant measure px on X achieves the upper bounds stated on the entropy, and
moreover is ergodic under 7. Let v # ux be another T-invariant probability
measure and without loss of generality we may assume that v is singular with
respect to px (which is the case e.g. if v is also ergodic), and let 79 be as in the
proof of Lemma B.3.

Let f be a nonnegative, continuous, compactly supported function so that

(B.9) /fduX </Oldt/f(xat)du,

R some real number strictly between the left-hand side and right-hand side of (B.9)

and set
1 (T
Yr = {x : —/ f(zay)dt > R}.
T Jo

By construction Y7 is compact, and (for € > 0 arbitrary) by the pointwise ergodic
theorem if T' is large enough px(Yr) < € and v(Yr) > 1 —e. In fact, if T is large
enough, for any sufficiently large IV it holds that

(B].O) MX(YTBNJ]O) < 2e.

Fix such a T', and chose N so that the (B.10) holds and moreover any (N, 79)-Bowen
ball intersecting Yr is injective.

Now choose a maximal collection of disjoint (N, 79/2)-Bowen balls intersecting
Yr. Each of these balls has pux volume >, e~ 2N (the implicit constant is indepen-
dent of € and N). In view of (B.10), it follows that the cardinality of this collection
is <y, ee?N | and by maximality the corresponding collection of (N, 1g)-Bowen balls
covers Ypr. As v(Yr) > 1 — e we obtain BC,,(N,€,v) <y, €™ (note that since
we are simultaneously discussing two measures we have added v to the notation
BC()).

Roughly speaking the above upper bound should lead to h,(T) < 1 by using
Lemma B.2: most of the space with respect to v is covered by relatively few, namely
< Cee?N | Bowen (N,n)-balls. However, as (B.1) first takes the limit as N — oo
this inequality is not directly implying h, (T) < 1. To overcome this we introduce
an € € (0,¢) and will use Lemma B.3 to obtain the bound on the covering number
for ¢ and kN. Indeed applying Lemma B.3 we conclude that for any ¢’ € (0,¢) if
k is sufficiently large

log BC,, (kN,€',v) < k(1 — 2¢)(2N + log(Ce)) + 4ekN + gk
< k(1—2¢)2N + %klog(C’e) +4ekN + gk = 2Nk + (q + %log(C’e))k,

where we also assumed € < 1/4 and Ce < 1. Hence we obtain for any ¢ € (0,¢)
that ) 00+ log(C

liminf _— log BC,, (kN,¢',v) <1+ %M.
However, for sufficiently small € the right hand side is < 1. Hence by Lemma B.2
we get h,(T) < 1. Therefore, mx is the only probability measure on X with
hmy (T) > 1.




(1]
2]
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