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ABSTRACT. For H!-bounded sequences of martingales, we introduce a technique,
related to the Kade¢—Pelczynski-decomposition for L' sequences, that allows us to
prove compactness theorems. Roughly speaking, a bounded sequence in H! can
be split into two sequences, one of which is weakly compact, the other forms the
singular part. If the martingales are continuous then the singular part tends to zero
in the semi-martingale topology. In the general case the singular parts give rise to
a process of bounded variation. The technique allows to give a new proof of the
optional decomposition theorem in Mathematical Finance.

1. INTRODUCTION

Without any doubt, one of the most fundamental results in analysis is the
theorem of Heine-Borel:

1.1 Theorem. From a bounded sequence (xp)n>1 € R? we can extract a conver-
gent subsequence (Zp, )ip>1-

If we pass from R? to infinite-dimensional Banach spaces X this result does
not hold true any longer. But there are some substitutes which often are useful.

1991 Mathematics Subject Classification. Primary 60G44; Secondary 46N30,46E30,90A09,
60HO05.

Key words and phrases. weak compactness, martingales, optional decomposition, mathemat-
ical finance, Kade¢—Pelczynski-decomposition.

Part of the work was done while the first author was full professor at the Department of
Mathematics of the Vrije Universiteit Brussel, Belgium

Typeset by ApS-TEX



The following theorem can be easily derived from the Hahn-Banach theorem and
was wellknown to S. Banach and his contemporaries. (see [DRS93] for related
theorems)

1.2 Theorem. Given a bounded sequence (x,)n>1 in a reflexive Banach space X
(or, more generally, a relatively weakly compact sequence in a Banach space X )
we may find a sequence (Yn)n>1 of convexr combinations of (Xpn)n>1,

Yn € cONV (T, Tyt 1y - - - )y

which converges with respect to the norm of X.

Note—and this is a “Leitmotiv” of the present paper—that, for sequences
(xn)n>1 In a vector space, passing to convex combinations usually does not cost
more than passing to a subsequence. In most applications the main problem is to
find a limit g € X and typically it does not matter whether =y = limy x,,, for
a subsequence (z,, )r>1 or o = lim, vy, for a sequence of convex combinations
Yn € conv(Tp, Tpt1, .- )-

If one passes to the case of non-reflexive Banach spaces there is—in general-—no
analogue to theorem 1.2 pertaining to any bounded sequence (z,),>1, the main
obstacle being that the unit ball fails to be weakly compact. But sometimes there
are Hausdorff topologies on the unit ball of a (non-reflexive) Banach space which
have some kind of compactness properties. A noteworthy example is the Banach
space L'(2, F,P) and the topology of convergence in measure.

1.3 Theorem. Given a bounded sequence (fy)n>1 € L' (2, F,P) then there are
convex combinations

gn € conv(fn, fntiy.-.)
such that (gn)n>1 converges in measure to some go € Ll(Q,}", P).

The preceding theorem is a somewhat vulgar version of Komlos’ theorem [Ko67].
Note that Komlos’ result is more subtle as it replaces the convex combinations
(gn)n>1 by the Cesaro-means of a properly chosen subsequence ( fy,, )k>1 0f (fn)n>1-

But the above “vulgar version” of Komlos’ theorem has the advantage that it
extends to the case of L'(Q, F,P;E) for reflexive Banach spaces E as we shall
presently see (theorem 1.4 below), while Komlos’ theorem does not. (J. Bourgain
[Bou79] proved that the precise necessary and sufficient condition for the Komlos
theorem to hold for E-valued functions is that L?(£2, F,P; E) has the Banach—Saks
property; compare [G80] and [S81]).

Here is the vector-valued version of theorem 1.3:

1.4 Theorem. If E is a reflexive Banach space and (fyn)n>1 a bounded sequence

in LY(Q, F,P; E), we may find convexr combinations

gn € conv(frn, frt1,---)
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and go € LY(Q, F,P; E) such that (gn)n>1 converges to fo almost surely, i.e.,

T l90(@) —go(@)lp =0 for ae.we

The preceding theorem seems to be of folklore type and to be known to spe-
cialists for a long time (compare also [DRS93]). We shall give a proof in section 2
below.

Let us have a closer look at what is really happening in theorems 1.3 and 1.4
above by following the lines of Kade¢ and Pelczynski [KP65]. These authors have
proved a remarkable decomposition theorem which essentially shows the following
(see th. 2.1 below for a more precise statement): Given a bounded sequence ( fy,)n>1
in L'(Q, F,P) we may find a subsequence (fn,)r>1 which may be split into a
“regular” and a “singular” part, f,, = f;, + f5 ,such that (f; )r>1 is uniformly
integrable and (f,; )rx>1 tends to zero almost surely.

Admitting this result, theorem 1.3 becomes rather obvious: As regards the “reg-
ular part” (f;, )rx>1 we can apply theorem 1.2 to find convex combinations con-
verging with respect to the norm of L' and therefore in measure. As regards the
“singular part” (f, )r>1 we do not have any problems as any sequence of convex
combinations will also tend to zero almost surely.

A similar reasoning allows to deduce the vector-valued case (th. 1.4 above) from
the Kade¢—Petczynski decomposition result (see section 2 below).

After this general prelude we turn to the central theme of this paper. Let
(My)ter, be an R%valued cadlag local martingale based on (O, F, (Fi)ier,,P)
and (H"),>1 a sequence of M-integrable processes, i.e., predictable R%valued
stochastic processes such that the integral

t
(H™ - M), = / HdM,
0

makes sense for every ¢t € IRy, and suppose that the resulting processes ((H™ -
M))ier, are martingales. The theme of the present paper is: Under what condi-
tions can we pass to a limit H° ? More precisely: by passing to convex combinations
of (H™)p>1 (still denoted by H™) we would like to insure that the sequence of mar-
tingales H™ - M converges to some martingale N which is of the form N = HY- M.

Our motivation for this question comes from applications of stochastic calculus
to Mathematical Finance where this question turned out to be of crucial relevance.
For example, in the work of the present authors as well as in the recent work of
D. Kramkov ([DS94], [K96]) the passage to the limit of a sequence of integrands
is the heart of the matter. We shall come back to the applications of the results
obtained in this paper to Mathematical Finance in section 5 below.

Let us review some known results in the context of the above question. The
subsequent theorem 1.5, going back to the foundations of stochastic integration
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given by Kunita and Watanabe [KW67], is a straightforward consequence of the
Hilbert space isometry of stochastic integrands and integrals (see, e.g., [P90], p. 153
for the real-valued and Jacod [Ja80] for the vector-valued case).

1.5 Theorem. (Kunita-Watanabe) Let M be an R*-valued cadlag local martin-
gale, (H™)p>1 be a sequence of M -integrable predictable stochastic processes such
that each (H™- M) is an L?-bounded martingale and such that the sequence of ran-
dom wvariables (H™ - M)oo)n>1 converges to a random wvariable fo € L*(Q, F,PP)
with respect to the norm of L.

Then there is an M -integrable predictable stochastic process H® such that H®-M
is an L?-bounded martingale and such that (HY - M) = fo.

It is not hard to extend the above theorem to the case of LP, for 1 < p < oo.
But the extension to p = 1 is a much more delicate issue which has been settled
by M. Yor [Y78], who proved the analogue of theorem 1.5 for the case of H! and
L.

1.6 Theorem. (Yor) Let (H"),>1 be a sequence of M -integrable predictable sto-
chastic processes such that each (H™-M) is an H'-bounded (resp. a uniformly inte-
grable) martingale and such that the sequence of random variables ((H™ - M )oo)n>1
converges to a random variable fo € H*(Q, F,P) (resp. fo € L1(Q, F,P)) with re-
spect to the Hl-norm (resp. L'-norm); (or even with respect to the o(H',BMO)
(resp. a(L', L>)) topology).

Then there is an M -integrable predictable stochastic process HY such that H° -
M is an H'-bounded (resp. uniformly integrable) martingale and such that (H° -

M)oo = fO-

We refer to Jacod [Ja80], Theoréme 4.63, p.143 for the H!'-case. It essentially
follows from Davis’ inequality for H!-martingales. The L!-case (see [Y78]) is more
subtle. Using delicate stopping time arguments M. Yor succeeded in reducing the
L' case to the H! case. In section 4 we take the opportunity to translate Yor’s
proof into the setting of the present paper.

Let us also mention in this context a remarkable result of Memin ([M80], th. V.4)
where the process M is only assumed to be a semi-martingale and not necessarily
a local martingale and which also allows to pass to a limit H° - M of a Cauchy
sequence H™ - M of M-integrals (w.r. to the semimartingale topology).

All these theorems are closedness results in the sense that, if (H™ - M) is a
Cauchy-sequence with respect to some topology, then we may find H° such that
(H® - M) equals the limit of (H™ - M).

The aim of our paper is to prove compactness results in the sense that, if (H™-M)
is a bounded sequence in the martingale space H', then we may find a subsequence
(nk)r>1 as well as decompositions H™* ="K  +5K* so that the sequence "K' - M is
relatively weakly compact in H* and such that the singular parts SK*. M hopefully
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tend to zero in some sense to be made precise. The regular parts "K . M then
allow to take convex combinations that converge in the norm of H!.

It turns out that for continuous local martingales M the situation is nicer (and
easier) than for the general case of local martingales with jumps. We now state
the main result of this paper, in its continuous and in its general version (theorem
A and B below).

1.7 Theorem A. Let (M™),>1 be an H'-bounded sequence of real-valued contin-
uous local martingales.

Then we can select a subsequence, which we still denote by (M™),>1, as well
as an increasing sequence of stopping times (T),)n>1, such that P[T,, < oo tends
to zero and such that the sequence of stopped processes ((M”)T”)n>1 18 relatively
weakly compact in H!.

If all the martingales are of the form M™ = H"™ - M for a fized continuous local
martingale taking values in RY, then the elements in the H'-closed convex hull of
the sequence ((M™)™) are also of the form H - M.

n>1

As a consequence we obtain the existence of convex combinations
K™ € conv{H", H" " ...}

such that K"1pp 7,} - M tends to a limit HY . M in H!. Also remark that the
remaining “singular” parts K"1j7, .- M tend to zero in a stationary way, i.e. for
almost each w € € the set {¢ | In > ng, K}* # 0} becomes empty for large enough
no. As a result we immediately derive that the sequence K™ - M tends to HY - M
in the semi-martingale topology.

If the local martingale M is not continuous the situation is more delicate. In
this case we cannot obtain a limit of the form H° - M and also the decomposition
is not just done by stopping the processes at well selected stopping times.

1.8 Theorem B. Let M be an R%-valued local martingale and (H™),> be a
sequence of M-integrable predictable processes such that (H™ - M),>1 is an H'
bounded sequence of martingales.

Then there is a subsequence, for simplicity still denoted by (H™),>1, an in-
creasing sequence of stopping times (1),)n>1, a sequence of convexr combinations
L =3 isn aH* as well as a sequence of predictable sets (E™)n>1 such that

(1) E™ C [0,T,] and T, increases to oo,

(2) the sequence (Hn]_l[o,Tn]lﬂ(En)c M)

(3) Zn21 1pn < d,

(4) the convex combinations ), . &ﬁHkl[[o,Tn}]m(En)c -M converge in H! to a

stochastic integral of the form H° - M, for some predictable process H°,

(5) the convex combinations V,, = >, ok H* 1y upn - M converge to a
cadlag optional process Z of finite variation in the following sense: a.s. we
have that Z; = lims;)t,se@ lim,, o0 (Vy)s for each t € Ry,

> U8 weakly relatively compact in H!,
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(6) the brackets [((H® — L™) - M, (H® — L™) - M| tend to zero in probability.
If, in addition, the set

{AH" - M); | neN; T stopping time}

resp.
{IA(H" - M)r| | n € N; T stopping time}

is uniformly integrable, e.g. there is an integrable function w > 0 such that
AH" - M)>—-w resp. |A(H"-M)| <w, a.s.

then the process (Z;)icr, 15 decreasing (resp. vanishes identically).

For general martingales, not necessarily of the form H™ - M for a fixed local
martingale M, we can prove the following theorem:

1.9 Theorem C. Let (M"),>1 be an H'-bounded sequence of R*-valued martin-
gales. Then there is a subsequgnce, for simplicity still denoted by (My,)n>1 and an
increasing sequence of stopping times (Ty,)n>1 with the following pmperZz'es:

(1) T, increases to oo,

(2) the martingales N = (M™)™ — AM7, 17, oof + C" form a relatively
weakly compact sequence in H'. Here C™ denotes the compensator (dual
predictable projection) of the process AMr, 17, ool

(3) there are convex combinations Y., ok N¥* that converge to an H', mar-
tingale N° in the norm of H* -

(4) there is a cadlag optional process of finite variation Z such that almost
everywhere for each t € R: Z; = limszt’se(@ iy —o0 D psp akCk.

If, in addition, the set
{AM™); :n € N;T stopping time}

resp.
{IA(M™)r| : n € N;T stopping time}

is uniformly integrable, e.g. there is an integrable function w > 0 such that
AM"™) > —w  resp. |[AM™)| <w, a.s.

then the process (Z;)icr, 15 increasing (resp. vanishes identically).

Let us comment on these theorems. Theorem A shows that in the continuous
case we may cut off some ”small” singular parts in order to obtain a relatively
weakly compact sequence ((M™)™),~; in H!. By taking convex combinations we
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then obtain a sequence that converges in the norm of H!. The singular parts are
small enough so that they do not influence the almost sure passage to the limit.
Note that—in general—there is no hope to get rid of the singular parts. Indeed,
a Banach space E such that for each bounded sequence (z,)n,>1 € E there is a
norm-convergent sequence 4, € conv(Z,, Tni1,...) is reflexive; and, of course, H?!
is only reflexive if it is finite-dimensional.

The general situation of local martingales M (possibly with jumps) described

in theorem B is more awkward. As regards the convex combinations (3, aF x

Hkll[O’Tn]lm(En)c - M),>1 we have convergence in H! but for the “singular” parts
(V™)n>1 we cannot assert that they tend to zero. Nevertheless there is some control
on these processes. We may assert that the processes (V"),>1 tend, in a certain
pointwise sense, to a process (Z;)icr, of integrable variation. We shall give an
example (section 3 below) which illustrates that in general one cannot do better
than that. But under special assumptions, e.g., one-sided or two-sided bounds
on the jumps of the processes (H™ - M), one may deduce certain features of the
process Z (e.g., Z being monotone or vanishing identically). It is precisely this
latter conclusion which has applications in Mathematical Finance and allows to
give an alternative proof of Kramkov’s recent “optional decomposition theorem”
[K95] (see theorem 5.1 below).

To finish the introduction we shall state the main application of theorem B. Note
that the subsequent statement of theorem D does not use the concept of H*(P)-
martingales (although the proof heavily relies on this concept) which makes it
more applicable in general situations.

1.10 Theorem D. Let M be an R*-valued local martingale and w > 1 an inte-
grable function. Given a sequence (H™),>1 of M -integrable R%-valued predictable

processes such that
(H" - M); > —w, for all n,t,

then there are convex combinations
K™ € conv{H", H" " ...},
and there is a super-martingale(Vy)ier, , Vo < 0, such that

(i) lim  lim (K" - M), =V, forte Ry, a.s.,

s—t,s€Qq n—oo
>

and an M -integrable predictable process H° such that
(ii) (H°- M)y — Vy)ter, s increasing.

In addition, H° - M is a local martingale and a super-martingale.

Loosely speaking, theorem D says that for a sequence (H™-M),,>1, obeying the
crucial assumption of uniform lower boundedness with respect to an integrable
7



weight function w, we may pass—by forming convex combinations—to a limit-
ing supermartingale V' in a pointwise sense and—more importantly—to a local
martingale of the form (H® - M) which dominates V.

The paper is organized as follows: Section 2 introduces notation and fixes general
hypotheses. We also give a proof of the Kade¢—Pelczynski decomposition and we
recall basic facts about weak compactness in H'. We give additional (and probably
new) information concerning the convergence of the maximal function and the
convergence of the square function. Section 3 contains an example. In section 4,
we give the proofs of theorems A, B, C and D. We also reprove M. Yor’s theorem
1.6. In section 5 we reprove Kramkov’s optional decomposition theorem.

2. NOTATIONS AND PRELIMINARIES

We fix a filtered probability space (2, F,(F)ier,,P), where the filtration
(Ft)tcr, satisfies the “usual assumptions” of completeness and right continuity.
We also assume that F equals F.. In principle, the letter M will be reserved for
a cadlag R%valued local martingale. We assume that My = 0 to avoid irrelevant
difficulties at t = 0.

We denote by O (resp. P) the sigma-algebra of optional (resp. predictable)
subsets of IR x 2. For the notion of an M-integrable R%valued predictable process
H = (H;)ier, and the notion of the stochastic integral

H-M:/ H, dM,
0

we refer to [P90] and to [Ja80]. Most of the time we shall assume that the process
H-M is alocal martingale (for the delicacy of this issue compare [E78] and [AS92])
and, in fact, a uniformly integrable martingale.

For the definition of the bracket process [M, M] of the real-valued local martin-
gale M as well as for the o-finite, nonnegative measure d[M, M| on the o-algebra
O of optional subsets of Q x R, we also refer to [P90]. In the case d > 1 the
bracket process [M, M] is defined as a matrix with components [M*, M7] where
M = (M*',...,M%). The process [M, M] takes values in the cone of nonnegative
definite d x d matrices. This is precisely the Kunita-Watanabe inequality for the
bracket process. One can select representations so that for almost each w € € the
measure d[M, M] induces a o-finite measure, denoted by d[M, M],,, on the Borel-
sets of IRy (and with values in the cone of d X d nonnegative definite matrices).

For an R%valued local martingale X, X, = 0, we define the H!-norm by

([ atx.x) ] < o0

1
[ X = [ (br([X, X]oo))? (20,70 = E
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where tr denotes the trace of a d x d-Matrix and the L'-norm by

X1z = Sl%PEHXTH < o0,

where | . | denotes a fixed norm on IR, where the sup is taken over all finite stopping
times 1" and which, in the case of a uniformly integrable martingale X, equals

X121 = E[[Xool] < o0

The Davis’ inequality for H! martingales ([RY94], theorem IV.4.1, see also [M76])
states that there are universal constants, ¢; and ¢y (only depending on the dimen-
sion d), such that for each H' martingale X we have:

all Xl <Xl < el XS]lLr,

where X} = sup,.,, | X¢| denotes the maximal function.

We denote by H' = H'(Q, F,(F)ier,,P) and L' = LY, F,(F)ier, . P)
the Banach spaces of real-valued uniformly integrable martingales with finite 7!-
or L'-norm respectively. Note that the space L!'(Q,F, (Ft)ter,,P) may be iso-
metrically identified with the space of integrable random variables L!(Q, F,P) by
associating to a uniformly integrable martingale X the random variable X .

Also note that for a local martingale of the form H - M we have the formula

|H - M|y = ||[H - M, H - M2 ||11(0,7,p)

:]EK/OOO H{d[M,M]th)j,

where H' denotes the transpose of H.

We now state and prove the result of Kadec—Pelczynski [KP65] in a form that
will be useful in the rest of our paper.

2.1 Theorem. (Kadeé—Petczynski ) If (fn)n>1 is an L'-bounded sequence in the
positive cone L1+ (Q, F,P), and g is a nonnegative integrable function, then there
is a subsequence (ng)r>1 as well as an increasing sequence of strictly positive
numbers (B )k>1 such that By tend to oo and (fn, N (Br(g+1))),> s uniformly
integrable. The sequence (fn, A (Be(g+1))),~, s then relatively weakly compact
by the Dunford—Pettis theorem. -

Proof. We adapt the proof of [KP65]. Without loss of generality we may sup-
pose that the sequence (f,)n>1 is bounded by 1 in L'-norm but not uniformly
integrable, i.e.,
Elf.] <1; 6(8) =supE[f, — fuAB(g+1)] <oo; 0<I(o0)= ér;%é(ﬁ)
9



(it is an easy exercise to show that d(co) = 0 implies uniform integrability). For
k=1 and #; = 1 we select ny so that E[f,, — fn, A B1(g + 1)] > d(c0)/2.
Having chosen ni,ns,...,ng_1 as well as ;31,02,...,08k—1 we put fBr = 28k_1
and we select nj, > ng_1 so that E[f,, — fa, A Be(g +1)] > (1 —27%)§(c0). The
sequence (fn, A Br(9+1)),>; is now uniformly integrable. To see this, let us fix
K and let k(K) be defined as the smallest number k such that 8, > K. Clearly
kE(K) — oo as K tends to oo. For | < k(K) we then have that f,, A Gi(g+1) =
fr ANBi(g+ 1) AN K(g+ 1), whereas for [ > k(K) we have

E[fn, ABi(g+1) = fo, ABi(g+1) AN K(g +1)]
= E[fnz - fnl /\K(g + 1)] - E[fnl - fnz A ﬁl(g + 1)]
<o) - (300 - i)

9(00)
2h(K)

< §(00) — 6(K) +

The latter expression clearly tends to 0 as K — oo.
q.e.d.

Corollary. If the sequence By is such that f,, ABr(g+1) is uniformly integrable,
then there also exists a sequence 7y such that vy /B tends to infinity and such that
the sequence fp, Nvyi(g+ 1) remains uniformly integrable.

Proof. In order to show the existence of v, we proceed as follows. The sequence
hie = Bi(9+ 1)1y, >p(g+1)}

tends to zero in L!(IP), since the sequence f,,, A k(g + 1) is uniformly integrable
and P[f,. > Ok(g+1)] < 1/8r — 0. Let now «aj be a sequence that tends to
infinity but so that ahy still tends to 0 in L!(P). If we define v = a3 we have
that

Jor A(g+1) < fo, A Be(g + 1) + aghy

and hence we obtain the uniform integrability of the sequence f,, Avyi(g+1).
q.e.d.

Remark. In most applications of the Kade¢—Pelczynski decomposition theorem,
we can take g = 0. However in section 4, we will need the easy generalisation
to the case where ¢ is a non-zero integrable nonnegative function. The general
case can in fact be reduced to the case g = 0 by replacing the functions f,, by
fn/(g + 1) and by replacing the measure P by the probability measure Q defined

as dQ = Iéfgtulf] dP.

Remark. We will in many cases drop indices like ng and simply suppose that the
original sequence (fy,)n,>1 already satisfies the conclusions of the theorem. In most
10



cases such passing to a subsequence is allowed and we will abuse this simplification
as many times as possible.

Remark. The sequence of sets {f, > B,(g + 1)} is, of course, not necessarily a
disjoint sequence. In case we need two by two disjoint sets we proceed as follows.
By selecting a subsequence we may suppose that >° _, P[f, > 8,(g + 1)] < ey,
where the sequence of strictly positive numbers (ex)x>1 is chosen in such a way
that [, fr dP < 27k whenever P[B] < ¢}, It is now easily seen that the sequence
of sets (Ay)n>1 defined by A, = {fn > Bn(g+ 1)} \Upsn{fe > Br(g+1)} will do
the job.

As a first application of the Kadec¢—Pelczynski decomposition we prove the
vector-valued Komlos-type theorem stated in the introduction:

1.4 Theorem. If E is a reflexive Banach space and (fn)n>1 a bounded sequence
in L1(Q, F,P; E) we may find convex combinations

gn € conv(frn, frt1,---)

and go € LY(Q, F,P; E) such that (gn)n>1 converges to go almost surely, i.e.,

lim ||gn(w) — go(w)||g =0, for a.e. w € .

Proof. By the remark made above there is a subsequence, still denoted by (fy,)n>1
as well as a sequence (A4,),>1 of mutually disjoint sets such that the sequence
| fnl|14c is uniformly integrable. By a well known theorem on LY(Q,F,P;E) of a
reflexive space E, [DUT7], see also [DRS93], the sequence (f,14¢ )n>1 is therefore
relatively weakly compact in L!'(Q, F,P; E). Therefore (see theorem 1.2 above)
there is a sequence of convex combinations h, € conv{f,lac, fny1l AS e 1
hpn = 3sn aﬁfklAz such that h,, converges to a function gy with respect to the
norm of L(Q, F,P; E). Since the sequence f,14, converges to zero a.s. we have
that the sequence g, = >, -, ok i, converges to gg in probability. If needed one
can take a further subsequence that converges a.s., i.e., ||gn(w) — go(w)|| £ tends to
zero for almost each w.

q.e.d.

The preceding theorem allows us to give an alternative proof of lemma 4.2 in
Kramkov, [K95].

2.2 Lemma. Let (N"),>1 be a sequence of adapted cadlag stochastic processes,
Ng =0, such that
E[var N"] < 1, n €N,

where var N denotes the total variation of the process N™. Then there is a se-
quence R™ € conv(N™, N™"*1...) and an adapted cadlag stochastic process Z =
(Zt)ter, such that
E[var Z] <1
11



and such that almost surely the measure dZ;, defined on the Borel sets of IRy, is
the weak™ limit of the sequence dR} . In particular we have that

= lim lim su = lim limin .
Zy = lim limsup Ry = lim ] f Ry
s;>t n—o00 s;>t n— oo

Proof. We start the proof with some generalities of functional analysis that will
allow us to reduce the statement to the setting of theorem 1.4.

The space of finite measures M on the Borel sets of IR is the dual of the space
Co of continuous functions on Ry = [0, 0o[, tending to zero at infinity. If (fx)r—1
is a dense sequence in the unit ball of Cy, then for bounded sequences (i )n>1 in
M, the weak™ convergence of the sequence pu,, is equivalent to the convergence,
for each k, of [ f d,,. The mapping ®(u) = (27% [ fi du)r>1 maps the space of
measures into the space [2. The image of a bounded weak* closed convex set is
closed in [2. Moreover on bounded subsets of M, the weak* topology coincides
with the norm topology of its image in 2.

For each n the cadlag process N™ of finite variation can now be seen as a function
of 2 into M, mapping the point w onto the measure dN;*(w). Using theorem 1.3,
we may find convex combinations P" € conv(N™, N"T1 . ) Pm =3 _ ok NF
such that the sequence Y, ¥ var(N*) converges a.s.. This implies that a.s. the
sequence P™(w) takes its values in a bounded set of M. Using theorem 1.4 on the
sequence (®(P")), -, we find convex combinations R" =Y, 3%P* of (Pk)k>n

such that the sequence ®(dR") = ®(>", -, B*dPF) converges a.s.. Since a.s. the
sequence of measures dR"(w) takes its values in a bounded set of M, the sequence
dR}(w) converges a.s. weak™ to a measure dZ;(w). The last statement is an obvious
consequence of the weak* convergence. It is also clear that Z is optional and that
E[var(Z)] < 1.

q.e.d.

Remark. If we want to obtain the process Z as a limit of a sequence of processes
then we can proceed as follows. Using once more convex combinations together
with a diagonalisation argument, we may suppose that R converges a.s. for each
rational s. In this case we can write that a.s. Z; = lims_ seg lim,,—.oc R}. We will
use such descriptions in section 4 and 5. g

Remark. Even if the sequence N consists of predictable processes, the process Z
need not be predictable. Take e.g. T" a totally inaccessible stopping time and let
N™ describe the point mass at 1"+ % Clearly this sequence tends, in the sense
described above, to the process 1[r o[, i.e. the point mass concentrated at time
T, a process which fails to be predictable. Also in general, there is no reason that
the process Z should start at 0.

Remark. Tt might be useful to observe that if T' is a stopping time such that 7 is
continuous at 7', i.e. AZp = 0, then a.s. Zy = lim R7}.
12



We next recall well known properties on weak compactness in H'. The results
are due to Dellacherie, Meyer and Yor, (see [DMY78]).

2.3 Theorem. For a family (M");c; of elements of H! the following assertions
are equivalent:

(1) the family is relatively weakly compact in H*
(2) the family of square functions ([M*, Mi]iéQ)ieI is uniformly integrable
(3) the family of mazimal functions ((M*)*.)icr is uniformly integrable.

o0

q.e.d.
This theorem immediately implies the following:

2.4 Theorem. If (N™) ., is a relatively weakly compact sequence in H', if
(H™),,~, is a uniformly bounded sequence of predictable processes with H™ — 0
pointwise on IRy x Q, then H™ - N™ tends weakly to zero in H!.

Proof. We may and do suppose that |[H"| < 1 and ||[N"|5: < 1 for each n. For
each n and each € > 0, we define E" as the predictable set E™ = {|H"| > ¢}.
We split the stochastic integrals H" - N™ as (1Lgn H™) - N™ 4+ (1(gn)cH™) - N™. We
will show that the first terms form a sequence that converges to 0 weakly. Because
obviously || (1(gnye H™) - N™[|32 < €, the theorem follows.

From the previous theorem it follows that the sequence (H"1gn - N™),>1 is
already weakly relatively compact in H!. Clearly 1z» — 0 pointwise. It follows
that F" = (J, ., E™ decreases to zero as n tends to co. Let N be a weak limit
point of the sequence ((H¥1gx) - N*);>1. We have to show that N = 0. For each
k > n we have that 1pn-((H¥1g:)-N*) = (H*1 g« )-N¥. From there it follows that
1r» - N = N and hence by taking limits as n — oo, we also have N =15 - N = 0.

q.e.d.

Related to the Davis’ inequality, is the following lemma, due to Garsia and Chou,
(see [G73] p. 34-41 and [N75] p. 198 for the discrete time case); the continuous
time case follows easily from the discrete case by an application of Fatou’s lemma.
The reader can also consult [M76] p. 351, (31.6) for a proof in the continuous time
case.

2.5 Lemma. There is a constant ¢ such that, for each H'-martingale X, we have

X, X
B || <clxh.
This inequality together with an interpolation technique yields:

2.6 Theorem. There is a constant C such that for each H'-martingale X and
for each 0 < p <1 we have:

1/2 x 11/2
11X, X121 < CUX 521X
13



Proof. The following series of inequalities is an obvious application of the preceding
lemma and Hélder’s inequality for the exponents ]% and 2%29. The constant c is the
same as in the preceding lemma.

E [[X, X]ﬁo} —E

(=[%2=]) =)™

o0

IN

b
2

2 z *
< 2 [ X7 [ X

_p -
2—p

Hence

1/2 * 11/2
11X, X122, < 21X |13 IIXOOIIZ/%‘

q.e.d.

2.7 Corollary. If X" is a sequence of H'-martingales such that || X™||3 is
bounded and such that (X™)_ tends to zero in probability, then [X™, X" tends
to zero in probability. In fact, for each p < 1, (X™)%, as well as [X”,X"]clxé2 tend

to zero in the quasi-norm of LP(Q2, F,P).

Proof. Fix 0 < p < 1. Obviously we have by the uniform integrability of the
P
sequence ((X™)% )7, that || (X™)7 || ;2 converges to zero. It then follows from

the theorem that also [X™, X"]. — 0 in probability.
q.e.d.

Remark. Tt is well known that, for 0 < p < 1, there is no connection between the
convergence of the maximal function and the convergence of the bracket, [MZ38],
[BG70], [M94]. But as the theorem shows, for bounded sets in H' the situation is
different. The convergence of the maximal function implies the convergence of the
bracket. The result also follows from the result on convergence in law as stated in
corollary 6.7, p. 342 in [JS87] . This was kindly pointed out to us by A. Shiryaev.
The converse of our corollary 2.7 is not true as the example in the next section
shows. In particular the relation between the maximal function and the bracket is
not entirely symmetric in the present context.

Remark. In the case of continuous martingales there is also an inverse inequality
of the type

E[%} < X

The reader can consult [RY94], ex. 4.17 and 4.18 p. 160.
14



3. AN EXAMPLE

3.1 Example. There is a uniformly bounded martingale M = (My)icpo1] and a
sequence (H™)p>1 of M-integrands satisfying
|H™ - M||2 <1, forn e N|

and such that
(1) for each t € [0,1] we have

lim (H" - M), = —t/2 a.s.

n—oo

(2) [H"-M,H"™ - M]oo — 0 in probability.

Proof. Fix a collection ((5n7k)i111)n21 of independent random variables,

{ —27" with probability (1 —4~")
Eng =
F 2"(1—4"") with probability 4™

so that Ele,, ;] = 0. We construct a martingale M such that at times

2k -1

ST neN, k=1,...,2"1

tn,kz =

M jumps by a suitable multiple of ¢, 1, e.g.
My= Y 8T, teo,1],
(n,k):ty, 1<t

so that M is a welldefined uniformly bounded martingale (with respect to its
natural filtration).
Defining the integrands H™ by

2n71

HTL: Z 8nX{tn,k}7 nGN,
k=1

we obtain, for fixed n € N,



2k—1 2k+1 [ and, on a set of probability

2 0 on
bigger that 1 —27", H - M equals — 2% on the intervals [2£=1 25+]

of probability bigger than 1 —27" we have that [H™- M, H" - M]; = Zi:ll 272 =
21,

so that H™- M is constant on the intervals |

[. Also on a set

From the Borel-Cantelli lemma we infer that, for each ¢ € [0,1], the random
variables (H™ - M), converge almost surely to the constant function —t/2 and that
[H™ - M,H™ - M]; tend to 0 a.s., which proves the final assertions of the above
claim.

We still have to estimate the H!-norm of H™ - M:

2n—1

IH™ - Ml <Y llenelles

E>1
=2" 2T (1 —4"") +2"(1—4"") -4 "] < 1.

q.e.d.

3.2 Remark. What is the message of the above example? First note that passing to
convex combinations (K™),>1 of (H"),>1 does not change the picture: we always
end up with a sequence of martingales (K™ - M),,>; bounded in ‘H! and such that
the pointwise limit equals Z; = —t/2. Of course, the process Z is far from being a
martingale.

Hence, in the setting of theorem B, we cannot expect (contrary to the setting
of theorem A) that the sequence of martingales (K™ - M),>; converges in some
pointwise sense to a martingale. We have to allow that the singular parts K™ - M
converge (pointwise a.s.) to some process Z; the crucial information about Z is
that Z is of integrable variation and—in the case of jumps uniformly bounded
from below as in the preceding example—decreasing.

4. A SUBSTITUTE OF COMPACTNESS FOR BOUNDED SUBSETS OF Hl.

This section is devoted to the proof of theorems A, B, C, D as well as Yor’s
Theorem 1.6.

Because of the technical character of this section, let us give an overview of its
contents. We start with some generalities that allow the sequence of martingales to
be replaced by a more suitable subsequence. This (obvious) preparation is done in
the next paragraph. In subsection a, we then give the proof of Theorem A, i.e. the
case of continuous martingales. Because of the continuity, stopping arguments can
easily be used. We stop the martingales as soon as the maximal functions reach a
level that is given by the Kadec—Pelczynski decomposition theorem. Immediately
after the proof of Theorem A, we give some corollaries as well as a negative result
that shows that boundedness in H' is needed instead of the weaker boundedness
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in L'. We end the subsection a with a remark that shows that the proof of the
continuous case can be adapted to the case where the set of jumps of all the
martingales form a uniformly integrable family. Roughly speaking this case can be
handled in the same way as the continuous case. Subsection b then gives the proof
of Theorem C. We proceed in the same way as in the continuous case, i.e. we stop
when the maximal function of the martingales reaches a certain level. Because
this time we did not assume that the jumps are uniformly integrable we have to
proceed with more care and eliminate their big parts (the “singular” parts in the
Kade¢—Pelczynski decomposition). Subsection ¢ then treats the case where all the
martingales are stochastic integrals, H" - M, with respect to a given d-dimensional
local martingale M. This part is the most technical one as we want the possible
decompositions to be done on the level of the integrands H™. We cannot proceed
in the same way as in Theorem C, although the idea is more or less the same. Yor’s
theorem is then (re)proved in subsection d. Subsection e is devoted to the proof
of Theorem D. The reader who does not want to go through all the technicalities
can limit her first reading to subsections a, b, d and only read the statements of
the theorems and lemmata in the other subsections ¢ and e.

By (M™),>1 we denote a bounded sequence of martingales in H'. Without loss
of generality we may suppose that || M™||3: < 1 for all n. By the Davis’ inequality
this implies the existence of a constant ¢ < oo such that for all n: E[(M™)*] < c.
From the Kade¢—Pelczynski decomposition theorem we deduce the existence of a
sequence (3, )n>1, tending to oo and such that (M™)* A 3, is uniformly integrable.
The reader should note that we replaced the original sequence by a subsequence.
Passing to a subsequence once more also allows to suppose that > B%L < o0. For
each n we now define

T = inf{t | |M;*| > Bn}.

Clearly P[7,, < 00| < ﬁi for some constant c. If we let T}, = infj>,, 7, we obtain an

increasing sequence of stopping times (7},),>1 such that P[T,, < oo] < >, o ﬁ—ck
and hence tends to zero. Let us now start with the case of continuous martingales.

a. Proof of theorem A. The case when the martingales M™ are continuous.

By the definition of the stopping times T},, we obtain that ((M™)T»)* < (M™)*A
B, and hence the sequence ((M™)),>; forms a relatively weakly compact se-
quence in H!. Also the maximal functions of the remaining parts M™ — (M™)T»
tend to zero a.s.. As a consequence we obtain the existence of convex combinations
N =3, af(MF)Tr that converge in H!-norm to a continuous martingale M°.

We also have that R" = >, a®MF converge to MY in the semi-martingale

topology and that (M° — R™)*_ tends to zero in probability. From corollary 2.7 in
section 2 we now easily derive that [M° — R", M° — R"|, as well as (MY — R™)*_
tend to zero in LP, for each p < 1.
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If all the martingales M" are of the form H™ - M for a fixed continuous R’
valued local martingale M, then of course the element M is of the same form. This
follows from Yor’s theorem 1.6, stating that the space of stochastic integrals with
respect to M, is a closed subspace of H!. This concludes the proof of theorem A.

q.e.d.

4.1 Corollary. If (M"), -, is a sequence of continuous H-martingales such that

sup ||[M" || < 0o and M2 — 0 in probability,
n

then M™ tends to zero in the semi-martingale topology. As a consequence we have
that (M™)* — 0 in probability.

Proof. Of course we may take subsequences in order to prove the statement. So
let us take a subsequence as well as stopping times as described in theorem A.
The sequence (M™)T» is weakly relatively compact in H! and since M7 tendsto
zero in probability (because P[T,, < oo] tends to zero and MZ tends to zero
in probability), we easily see that M7 tends to zero in L'. Doob’s maximum
inequality then implies that ((M™)™=)* tends to zero in probability. It is then
obvious that also (M™)" tends to zero in probability.

Because ((M™)T)* tends to zero in probability and because this sequence is
uniformly integrable, we deduce that the sequence (M™)T" tends to zero in H!.
The sequence M™ therefore tends to zero in the semi-martingale topology.

q.e.d.

Remark. The above corollary, together with Theorem 2.6, show that M™ tends to
zero in HP (i.e. (M™)* tends to zero in LP) and in AP (i.e. [M”,]\/[”]Clxé2 tends to
zero in LP) for each p < 1. For continuous local martingales however, HP and h?
are the same.

Remark. That we actually need that the sequence M™ is bounded in H', and not
just in L', is illustrated in the following “negative” result.

4.2 Lemma. Suppose that (M”)n>1 is a sequence of continuous, nonnegative,
uniformly integrable martingales such that M§ = 1 and such that M2 — 0 in
probability. Then | M™||1: — oo.

Proof. For > 1 we define o, = inf{t | M* > B}. Since

1—E[M ] = BPlo < o) +/ Mz,
{(Mm)*<p}

we easily see that lim,, . P[0, < oco] =1/5. It follows from the Davis’ inequality
that lim,, | M|y > ¢ lim, [;° Ploy, > 8] dB = .
q.e.d.
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Remark. There are two cases where theorem A can easily be generalised to the
setting of H!-martingales with jumps. Let us describe these two cases separately.
The first case is when the set

{AM? |n>1, o astopping time}

is uniformly integrable. Indeed, using the same definition of the stopping times T,
we arrive at the estimate

(M"Y, < (M™)" A B+ |AME, |

Because of the hypothesis on the uniform integrability of the jumps and by the
selection of the sequence [3, we may conclude that the sequence ((M™)T"),>; is
relatively weakly compact in H!. The corollary generalises in the same way.

The other generalisation is when the set

M| n=1)
is uniformly integrable. In this case the set
{M} |n > 1, o a stopping time}

is, as easily seen, also uniformly integrable. The maximal function of the stopped
martingale (M™)7» is bounded by

(M™)T)" < max (M™)* A B, | M |) .

It is then clear that they form a uniformly integrable sequence. It is this situation
that arises in the proof of M. Yor’s theorem.

b. Proof of theorem C. The case of an H!'-bounded sequence M™ of cadlag
martingales.

We again turn to the general situation. In this case we cannot conclude that the
stopped martingales (M™)T» form a relatively weakly compact set in H!. Indeed
the size of the jumps at times 7T;, might be too big. In order to remedy this situation
we will compensate these jumps in order to obtain martingales that have “smaller”
jumps at these stopping times 7T,. For each n we denote by C" the dual predictable
projection of the process (AM™)r, 17, o[- The process C™ is predictable and has
integrable variation

E[var C"| < E[|[(AM™)r,|] < 2ec.

The Kadec—Pelczynski decomposition 2.1 above yields the existence of a se-
quence 7, tending to oo, Y < ni < oo and such that (varC™) A n,, forms a
19



uniformly integrable sequence (again we replaced the original sequence by a sub-
sequence). For each n we now define the predictable stopping time o, as

o, = inf{t | var C}* > n,}.

Because the process C™ stops at time 7T, we necessarily have that o,, < T,, on the
set {0, < oo}.

We remark that when X is a martingale and when v is a predictable stopping
time, then the process stopped at v— and defined by X;” = X; for t < v and
X;” = X,_ for t > v, is still a martingale.

Let us now turn our attention to the sequence of martingales

On—

N"™ = ((M™)™ — (AM™)1, 1z, 00 = C"))
The processes N™ can be rewritten as
N™ = ((M"))7" = (A(M™)),, Lowool = (AM™) g, 1o, =00} 1m0 + (C™)7 7,
or which is the same:
N™ = (M™)1 70— (A (M™) g, pg, 1non ool + (C") 77
The maximal functions satisfy
(N™)" < (M"™)" A B + (var C) A1

and hence form a uniformly integrable sequence. It follows that the sequence N™
is a relatively weakly ¢ compact sequence in H'. Using the appropriate convex
combinations will then yield a limit M° in H*.

The problem is that the difference between M™ and N™ does not tend to zero
in any reasonable sense as shown by example 3.1 above. Let us therefore analyse
this difference:

M™ = N™ =M™ — (M™)" 4 (AM™) 1y, no [T, A 00] — (C™) 777
The maximal function of the first part
(Mn . ((Mn)Tn/\an))*,

tends to zero a.s. because of P[T,, < oo] and P[o,, < oo] both tending to zero. The
same argument yields that the maximal function of the second part

((AMTL)Tn/\an 1[[Tn/\0m00|[) )
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also tends to zero. The remaining part is (—C™)?»~. Applying theorem 2.2 then
yields convex combinations that converge in the sense of theorem 2.2 to a cadlag
process of finite variation Z.

Summing up, we can find convex coefficients (¥ );>, such that the martingales
> s, &k N™ will converge in ‘H!-norm to a martingale M° and such that, at the

same time, >, afLC’" converge to a process of finite variation Z, in the sense
described in lemma 2.2.

In the case where the jumps AM™ are bounded below by an integrable function
w, or more generally when the set

{A(M”)E | n > 1 ¢ stopping time}

is uniformly integrable, we do not have to compensate the negative part of these
jumps. So we replace (AM™)r» by the more appropriate ((AM™)r»)". In this case
their compensators C" are increasing and therefore the process Z is decreasing.
The case where the jumps form a uniformly integrable family is treated in
the remark after the proof of theorem A. The proof of theorem C is therefore
completed.
q.e.d.

c. Proof of theorem B. The case where all martingales are of the form M™ =
H™ - M.

This situation requires, as we will see, some extra work. We start the construc-
tion as in the previous case but this time we work with the square functions, i.e.,
the brackets instead of the maximal functions.

Without loss of generality we may suppose that M is an H*- martingale. Indeed
let (pn)n>1be a sequence of stopping times that localises the local martingale M in
such a way that the stopped martingales M*» are all in H'. Take now a sequence
of strictly positive numbers a,, such that ) an|M*" |y < oo, put o = 0 and
replace M by the H!-martingale:

Z ap (MF7 — MHFn-1)
n>1
The integrands have then to be replaced by the integrands

1

Z a_Hnl]]uk—huk}]'
k

k>1

In conclusion, we may assume w.l.g., that M is in H?!.
Also without loss of generality we may suppose that the predictable integrands
are bounded. Indeed for each n we can take x,, big enough so that

I (H"1gn>0,3) - Mlan <27
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It is now clear that it is sufficient to prove the theorem for the sequence of inte-
grands H1ggn|<x,}- So we suppose that for each n we have [H"| < k.

We apply the Kadec¢—Pelczynski construction of theorem 2.1 with the function
g = (tr([M, M]s))*/2. Without changing the notation we pass to a subsequence
and we obtain a sequence of numbers [3,,, tending to oo, such that the sequence

[H" - M H" - MY A Bu((tr([M, M]oe)) ' 4 1)
is uniformly integrable.
The sequence of stopping times 7T}, is now defined as:
T, = inf{t ’ [Hn ’ M7 H™ - M]z/z > ﬁn((tr([Ma M])t)1/2 + 1)}

In the general case the sequence of jumps A (H™ - M™), is not uniformly inte-
grable and so we have to eliminate the big parts of these jumps. But this time we
want to stay in the framework of stochastic integrals with respect to M. The idea
is, roughly speaking, to cut out of the stochastic interval [0,7,], the predictable
support of the stopping time T;,. Of course we then have to show that these sup-
ports form a sequence of sets that tends to the empty set. This requires some extra
arguments.

Since |A(H™ - M)p, | <[H™-M,H™ - ]\4](;/)2 we obtain that the sequence
AH™ - M), | A Bu((tr([M, M]so))* + 1)

is uniformly integrable. As in the proof of the Kade¢—Pelczynski theorem we then
find a sequence 7, > f3,, such that ~,, /3, — oo and such that the sequence

[ACH™ - M), | Ay (tr([M, M]oo)/? 4 1)
is still uniformly integrable. As a consequence also the sequences
[AH™ - M), | A B (tr([M, M]z,)/? +1)
and
[ACH™ - M), | Ay (tr([M, M]z,)"? 4 1)
are uniformly integrable.
By passing to a subsequence we may suppose that
(1) the sequences f3,, 7, are increasing,
(2) > BL < oo and hence Y P[T,, < oo] < oo,
(3) Yn/Bn — o0,
(4)

for each n we have

“nﬁn—i—l(d + 1>2 < 1
Vn+1 T (d+1)*
which can be achieved by choosing inductively a subsequence, since v, /3,

becomes arbitrarily large.
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We now turn the sequence of stopping times 7T,, into a sequence of stopping
times having mutually disjoint graphs. This is done exactly as in part a above.
Since P[T}, < o0] tends to zero, we may, taking a subsequence if necessary, suppose
that

lim E

n—oo |:

sup[H' - M, H' - M]J*10, . (1, <o0}| = 0.
j<n

We now replace each stopping time T,, by the stopping time 7,, defined by

{Tn if T,, < Ty for all k > n,
Tn =

oo  otherwise.

For each n let Tn be defined as

Tn

T - { T Af [A(H™ - M), | > vn((tr([M, M]))l/z +1),

oo  otherwise.

For each n let F™ be the compensator of the process 1|[Tn,oo|[' We now analyse
the supports of the measures dF". The measure d\ = Y o>t Q%dﬁn will serve as a
control measure. The measure A satisfies E[A] < co by the conditions above. Let
¢" be a predictable Radon-Nikodym derivative ¢™ = %. It is clear that for each

n we have E" = {¢" # 0} C [0,7},]. The idea is to show the following assertion:

Claim. an1 1g» < d, d\ a.s. Hence there are predictable sets, still denoted by
E", such that 3, -, 1p» < d everywhere and such that E™ = {¢" # 0}, d\ a.s.

We will give the proof at the end of this section.
For each n we decompose the integrands H"” = K" + V" + W™ where:

KTL f— 1|[07’1~"TL]I]‘(E")CHn7
Vn = 1Ean,
Wn — l]lfn,OOI[Hn

Since P[T}, < oo] tends to zero, the maximal functions (W™ - M)”_ tend to zero
in probability.

We now show that the sequence K™ - M is relatively weakly compact in H?!.
The brackets satisfy

[K™- M, K™ - M]}/?
< [H™- M, H" - MIY? Ay ([M, M]Y? + 1) + [H™ - M, H™ - ML g gy

The first term defines a uniformly integrable sequence, the second term defines a

sequence tending to zero in L. It follows that the sequence [K™- M, K™ - M ](1)42 is
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uniformly integrable and hence the sequence K" - M is relatively weakly compact
in H!.

There are convex combinations (af)>, such that (3, a®K*) - M converges

in H! to a martingale which is necessarily of the form H® - M. We may of course
suppose that these convex combinations are disjointly supported, i.e. there are
indices 0 = ng < ny < ns... such that oz;? is 0 for k < n;—1 and k > n;.
We remark that if we take convex combinations of (3", af K*) - M, then these
combinations still tend to H? - M in H'. We will use this remark in order to
improve the convergence of the remaining parts of H™.

Let us define L™ = Y, a® H*. Clearly ||[L™ - M|j3n < 1 for each n. From the-
orem 1.3, it follows that there are convex combinations (ng)kZH, disjointly sup-
ported, such that Y, n&[L* - M, L* - M]cl,é2 converges a.s.. Hence we have that
sup,, >, nE[LF - M, L* - M]éé2 < o0 a.s. We also may suppose that max; n* — 0
as n — o0o0. From Minkowski’s inequality for the bracket it follows that also
sup, [(Y, nEL*) - M, (3, nEL*) - M]*/? < oo a.s. Because the convex combina-

tions were disjointly supported we also obtain a.s. and for R" =", k> j ai Vi

1/2
sup[R" - M,R" - ]\/[](1)(/)2 < sup[(anLLk) - M, (ZnﬁLk> M} < oo.

oo

From the fact that the convex combinations were disjointly supported and from
> -n1lpn < d, we conclude that for each point (t,w) € Ry x Q, only d vectors

__on+1
R™(t,w) can be nonzero. Let us put P" = Zi;gnﬂ 27" R*. It follows that a.s.

s=27+1

/P” d[M, M)P" < d /( > 27RUd[M, M]Rs>
s=2"+41
s=2n11
<d2™" Y 2[R M,R° My
s=2"+41
<d2 "sup[R°- M,R®- M|

— 0.

k=2ntl . .
If we now put U™ = >, =5, 127" >, nf >, o H', we arrive at convex combi-

nations U™ = Y AL H! such that

(1) the convex combinations A* are disjointly supported,

(S AEVE) M, (3, AEVF) M]OO — 0 in probability,
(R NEWH) - M, (32, XeWHk) - M]__ — 0 in probability, and even
AEWEY . M)™ — 0 in probability.
((E:k n p Y
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As a consequence we obtain that [(U™ — H?) - M, (U™ — H®) - M|__ — 0 in prob-
ability, and hence in LP(Q), F,P) for each p < 1.

We remark that these properties will remain valid if we take once more convex
combinations of the predictable processes U™. The stochastic integrals (Z & )\’;;V’“) .
M need not converge in the semi-martingale topology as the example in section 3
shows. But exactly as in the case b we will show that after taking once more convex
combinations, they converge in a pointwise sense, to a process of finite variation.

We consider the martingales (Ek )\’;;Vk) M. For each n let D™ be the compen-
sator of (3", AN*A(H*- M), 1i4, oof- This is a predictable process of integrable vari-
ation . Moreover E[var D" < >~ A*E[|A(H® - M)p, |] <23, AF||H* - M| < 2.
We now apply the Kadec—Pelczynski decomposition technique to the sequence
var D" and we obtain, if necessary by passing to a subsequence, a sequence of
numbers gi, < o0 such that var D™ A £™ is uniformly integrable. Again we
define predictable stopping times S,, = inf{¢ | var(D™)" > £"}. We stop the pro-
cesses at time (S, —) since this will not destroy the martingale properties. More
precisely we decompose Y, AFV* . M as follows:

DoV M
k
S
= (Z Neyk M — <Z NeA(H” - M)r, g7, oo — ﬁ”)) first term
k k

S
+ <Z MEA(HE M)Tkllli“k,ool[ — f)”) second term
k

Sp—
+ ((Z AT M) - (Z A M) ) third term.
k k

Since ([D”,D”]S”_)l/2 < 2(var D™)°" < (var D™) A £, we obtain that the

first term defines a relatively weakly compact sequence in H'. Indeed, for each n
we have [T},] € E™ C [0,T,] and hence:

[first term, first term]/?
1/2 n Hnil/2
<Y OARVE M VE MY 4 (D7, DY

< [H™-M,H"™ - M2 A Bp([M, M]so + 1)
+[H™ M, H"- M]1/21{Tnﬂ~n} + [D", D" oo A E™.

It follows that the first term defines a weakly relatively compact sequence in H*.

But the first term is supported by the set (J, -, E*, which tends to the empty set

if n — o0o. From theorem 2.4, it then follows that the sequence defined by the first
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term tends to zero weakly. The appropriate convex combinations will therefore
tend to 0 in the norm of H!.
The second term splits in

Z )‘sz(Hk ) M>Tk1[['f'k,oo|[’
k

whose maximal functions tend to zero a.s. and the processes (D")%»~. On the
latter we can apply theorem 2.2, which results in convex combinations that tend
to a process of finite variation. The third term has a maximal function that tends
to zero since

> P Ukzn ({Tk < 00} U {S, < 00})] < 0.

Modulo the proof of the claim above, the proof of theorem B is complete. So
let us now prove the claim.

It is sufficient to show that for an arbitrary selection of d+1 indices nq1 < --- <
ng1 we necessarily have that £ = (0, ;. E™ =0, d\ a.s. For each k we look
at the compensator of the processes

(A(H "k M)

"k

)+1[[Tnk,oo[ resp. (A(H”k.M)Tnk)_lﬁnka[.

Let TE™ (resp. ~E™) be the supports of the compensators of these processes.
For each of the 2¢+! sign combinations ej, = +/— we look at the set ﬂiii ERRTE
If the set F is nonempty, then at least one of these 291 sets would be nonempty
and without loss of generality we may and do suppose that this is the case for
e, = + for each k.

For each k we now introduce the compensator C* of the process

((tr([M, M)z, ))"?

The processes H™* are d-dimensional processes and hence for each (t,w) we find
that the vectors H{"* (w) are linearly dependent. Using the theory of linear systems
and more precisely the construction of solutions with determinants we obtain d+1
predictable processes (ak) k=1...d+1 such that

(1) for each (t,w) at least one of the numbers o*(¢,w) is nonzero,
(2) > a"H™ =0,

(3) the processes o are all bounded by 1.

We emphasize that these coefficients are obtained in a constructible way and that
we do not need a measurable selection theorem!
We now look at the compensator of the processes

AH™ M)y, Lawms -, >0 17, ol
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This compensator is of the form gl’kdél for a predictable process ¢“*. Because
of the construction of the coefficients, we obtain that for each | < d + 1:

Zglk E _

The next step is to show on the set ﬂzg TE™: the matrix (ghk)hkgdle is
non-singular. This will then give the desired contradiction, because the above
linear system would only admit the solution a* = 0 for all k < d + 1. Because of
the definition of the stopping times 7}, we immediately obtain that gF* > ~,,. .
For the non diagonal elements we distinguish the cases | < k and [ > k. For

| < k we use the fact that on T}, < oo, we have that T}, < T,,. It follows
1/2

that |A(H™ - M)z, | < 28, ((tr((M, M)z, ))""* + 1) and hence |g"

[ > k then |A(H™ M), ((tr([M, M]r,, ))1/2 +1) and hence |g"*

We now multiply the last column of the matrix g""* with the fraction

n d+1)? . .
Pnas (441 dil( D" The result is that the diagonal
ng41

element at place (d+1,d+ 1) is equal to 1 and that the other elements of the last
row and the last column are bounded in absolute value by m. We continue in
ﬁnd (d+1)2

Yng

1
Brgy (d+1)°

and then we multiply the last row by

the same way by multiplying the column d by ﬁ(cll—H)Q and the row d by
nd

The result is that the element at place (d d) is 1 and that the other elements on
row d and column d are bounded by( 1) . We note that the elements at place

(d, d +1) and (d+ 1, d) are further decreased by this procedure so that the bound

@ +1)2 will remain valid. We continue in this way and we finally obtain a matrix

with 1 on the diagonal and with the off diagonal elements bounded by @ +1)2. By
the classical theorem, due to Hadamard [G66], p. 454 Satz 1, such a matrix with
dominant diagonal is non-singular. The proof of the claim is now completed and
so are the proofs of the theorems A,B and C.
q.e.d.
d. A proof of M. Yor’s theorem 1.6 for the L!-convergent case.

We now show how the ideas of the proof given in [Y78] fit in the general frame-
work described above. We will use the generalisation of theorem A to processes
with jumps (see the remarks following the proof of theorem A). In the next theorem
we suppose that M is a d-dimensional local martingale.

1.6 Theorem. Let (H"),>1 be a sequence of M-integrable predictable stochastic
processes such that each (H™ - M) is a uniformly integrable martingale and such
that the sequence of random wvariables ((H™ - M)oo)n>1 converges to a random
variable fo € LY(Q, F,P) with respect to the L'-norm; (or even only with respect
to the o(L', L)) topology). Then there is an M -integrable predictable stochastic
process H® such that H - M is a uniformly integrable martingale and such that
(HY - M)y = fo.
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Proof. If f, converges only weakly to fo then we take convex combinations in
order to obtain a strongly convergent sequence. We therefore restrict the proof to
the case where f,, converges in L'-norm to fy. By selecting a subsequence we may
suppose that ||f,||,: < 1 for each n and that ||f,, — fol[z1 < 47". Let N be the
cadlag martingale defined as N; = E[fy | F¢]. From the maximal inequality for
L'-martingales it then follows that:

P sup|(H" . M)t —Nt‘ Z 2™ S 27",
t

The Borel-Cantelli lemma then implies that

supsup |[(H" - M )| < o0 a.s..
t n

For each natural number k£ we then define the stopping time T} as:
Ty, = inf {t | there is n such that |(H™ - M) > k}.

Because of the uniform boundedness in ¢ and n we obtain that the sequence T}
satisfies P[T}, < oo] — 0. Also the sequence T}, is clearly increasing. For each k and
each n we have that

ICH™ - M) |lgr < b+ [[(H™ - M)z ||

Since the sequence f, = (H™ - M)__ is uniformly integrable (it is even norm conver-
gent), we have that also the sequence of conditional expectations, ((H"™ - M)1,), >,
is uniformly integrable and hence the sequence ((H™-M)T*),>1 is weakly relatively
compact in H!. Taking the appropriate linear combinations will give a limit in '
of the form K*. M with K* supported by [0, 7T}] and satisfying (K* - M) = NT&.
We now take a sequence (kp,)m>1 such that ||[Ngz, —— fol| <27™. If we define

HO = Kkl + Z Kkm]‘]ITkm_lkam]l’

m>2

we find that H® - M is uniformly integrable and that (H? - M), = fo.
q.e.d.

e. The proof of theorem D.

The basic ingredient is theorem C. Exactly as in M. Yor’s theorem we do not
have—a priori—a sequence that is bounded in H*. The lower bound w only permits
to obtain a bound for the L! norms and we need again stopping time arguments.
This is possible because of a uniform bound over the time interval, exactly as in
the previous part. The uniformity is obtained as in [DS94] lemma 4.5.
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4.10 Definition. We say that an M -integrable predictable process H is w-admis-
sible for some nonnegative integrable function w if H - M > —w, i.e. the process
stays above the level —w.

Remark. the concept of a-admissible integrands, where a > 0 is a deterministic

number, was used in the paper [DS94] where a short history of this concept is given.

The above definition generalizes the admissibility as used in [DS94] in the sense

that it replaces a constant function by a fixed nonnegative integrable function w.

The concept was also used by the second named author in [S94], Proposition 4.5.
Exactly as in [DS94] we introduce the cone

Cyw ={f| thereis a w-admissible integrand H such that f < (H - M)} .

4.11 Theorem D. Let M be a R*-valued local martingale and w > 1 an inte-
grable function. Given a sequence (H™),>1 of M-integrable R%*-valued predictable

processes such that
(H" - M)y > —w, for all n,t,

there are convex combinations
K™ € conv{H", H" " ...},
and there is a super-martingale (W)teR+; Vo <0, such that

lim  lim (K" - M), =V, forte R4, a.s.,

Sz)t7S€Q+ n—00
and an M -integrable predictable process H° such that
(HY M)y — Vi)ter, is increasing.

In addition, H° - M is a local martingale and a super-martingale.

Before proving theorem D we shall deduce a corollary which is similar in spirit to
([DS94], th. 4.2) and which we will need in section 5 below. For a semi-martingale
S we denote by M€(S) the set of all probability measures Q on F equivalent to
P, such that S is a local martingale under Q.

4.12 Corollary. Let S be an R®-valued semi-martingale such that M¢(S) # 0
and w > 1 a weight function such that there is some Q € M*(S) with Eg[w] < co.
Then the convex cone Ci ., is closed in L°(Q, F,P) with respect to the topology of
convergence in measure.

Proof of corollary 4.12. As the assertion of the corollary is invariant under equiva-

lent changes of measure we may assume that the original measure P is an element

of M¢(S) for which Ep[w] < oo, i.e., we are in the situation of theorem C above.
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As in the proof of theorem B we also may assume that S is in H!(PP) and therefore
a P-uniformly integrable martingale.
Let

be a sequence in C ,,, where (H™),>1 is a sequence of w-admissible integrands
and h,, > 0. Assuming that (f,),>1 tends to a random variable f; in measure we
have to show that fo € Cy ..

It will be convenient to replace the time index set [0, co[ by [0, 00| by closing S
and H™-S at infinity, which clearly may be done as the martingale (S;)icr, as well
as the negative parts of the supermartingales ((H"-S););er, are P-uniformly inte-
grable. Identifying the closed interval [0, co] with the closed interval [0, 1], and iden-
tifying the processes S and H" - S with process which remain constant after time
t = 1, we deduce from theorem D that we may find K™ € conv(H™, H"*!,...), a
w-admissible integrand H° and a process (V;);cr, such that

(i) lim  lim (K™ -9)s =V, a.s. fort € Ry

SZ’t,SEQ+ n— 00

m (K™ S)eo = Voo,

n—oo

(ii) ((H?-S): — Vi)iemr,u{oo} s increasing.

In particular ((K™ - S)s)n>1 converges almost surely to the random variable
Uso which is dominated by (H? - 9).
As (fn)n>1 was assumed to converge in measure to fy we deduce that fp <
(HO . S)OO, i.e. f() S Cl,w-
q.e.d.

To pave the way for the proof of theorem D we start with some lemmas.

4.13 Lemma. Under the assumptions of theorem D there is a sequence of convex
combinations
K™ € conv{H", H" " ...},

and a sequence (L")p>1 of w-admissible integrands and there are cadlag super-
martingales V = (Vi )ier, and W = (Wy)ier, with W =V increasing such that

Vi= lim lim (K" M), forte R, a.s.
s>t,s€Qy T

Wy= lim lim (L" - M) fort € Ry, a.s.
sSt,s€Qy 1T
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and such that W satisfies the following mazimality condition: For any sequence
(L™)p>1 of w-admissible integrands such that

Wy= lim lim (L" - M),

sit,s€@+ n—oeo

and W — W increasing we have that W = W.

Proof. By theorem 1.3 we may find K™ € conv{H™ H"*' ...} such that, for
every t € Q4, the sequence ((K™ - M);),>1 converges a.s. to a random variable
Vi. As w is assumed to be integrable we obtain that the process (Vt)te@ L is a
supermartingale and therefore its cadlag regularisation,

V;f = lim f/;? tER+

Sit,8€Q+

is an a.s. welldefined cadlag supermartingale.

Let W denote the family of all cadlag super-martingales W = (W;);er, such
that W —V is increasing and such that there is a sequence (L"), > of w-admissible
integrands such that

Wy= lim lim (L™ - M), fort e R

sit,SGQjL n=oeo

is a.s. well-defined.

Introducing—similarly as in [K 96]—the order W1 > W?2 on W, if W! — Wy is
increasing, we may find a maximal element W € WV, with an associated sequence
(L"™)p>1 of w-admissible integrands.

Indeed, let (W*),er be a maximal chain in YW with associated sequences of
integrands (L®™),>1; then (W& )aer is an increasing and bounded family of el-
ements of L'(Q, F,P) and therefore there is an increasing sequence (;);>1 such
that (W5);>1 increases to the essential supremum of (W2 ),es. The cadlag super-
martingale W = lim; W/ is welldefined and we may find a sequence (L") ,>1,
which we reliable by (L"),>1, so that

Wy= lim lim (L" - M),.

s2t,seQy VT

Clearly W satisfies the required maximality condition
q.e.d.

4.14 Lemma. Under the assumptions of the preceding lemma 4.13 we have that
for T € Ry, the maximal functions

((L"- M) = (L™ - M))7 = sup|(L" - M); — (L™ - M)|

t<T

tend to zero in measure as n,m — 00.
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Proof. The proof of the lemma will use—just as in ([DS94] lemma 4.5) and [K96]—
the “buy low — sell high” argument motivated by the economic interpretation of
L™ as trading strategies (see [DS94], remark 4.6).

Assuming that the assertion of the lemma is wrong there is 7' € IRy, o > 0 and
sequences (ng, my)g>1 tending to oo such that

Pisup((L™ — L™*) - M); > Od] > a.
t<T

Defining the stopping times
T, =inf{t <T:((L" — L™)-M); > a}

we have P[T, < T] > «.
Define L* as
Lk = Lnkl[[()’Tk]l + [ 1]Tk700|[

so that L* is a w-admissible predictable integrand.
Denote by d. the function indicating the difference between L™*-M and L™ -M
at time Ty, if T}, < o0, i.e.,

dy, = ((Lnk - Lmk) 'M)Tk]-{Tk<oo}'
Note that, for t € R,

(L* - M) = (L™ - M)eLgemy + (L™ - M)e + d*) 1y

By passing to convex combinations Z;’i e O LJ of L* we therefore get that, for
each t € Q,

(Eajﬁj -M) - (ZajL”j -M) Li<ry + (Zaijj -M) 1ysm + D
j=k ¢ j=k ¢ !

=k

where (DF)>1 = (> 5ok d14>1,1)k>1 18 a sequence of random variables which
converges almost surely to a random variable D; so that (D;);cq, is an increasing
adapted process which satisfies P[Dy > 0] > 0 by ([DS94], lemma A1.1).

Hence (I:k)kzl is a sequence of w-admissible integrands such that, for allt € Q,
(f)k - M) converges almost surely to W, = W, + Dy, and P[Dr > 0] > 0, a
contradiction to the maximality of W finishing the proof.

q.e.d.
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4.15 Lemma. Under the assumptions of theorem D and lemma 4.13 there is a
subsequence of the sequence (L™),>1, still denoted by (L™),>1, and an increasing
sequence (T;)j>1 of stopping times, T; < j and P[T; = j] > 1 — 277, such that,
for each j, the sequence of processes ((L™ - M)Ti7),>1 is uniformly bounded and
the sequence ((L™ - M)1i),>1 is a bounded sequence of martingales in H(P).

Proof. First note that, fixing 7 € N, C' > 0 and defining the stopping times
Up =inf{t: |(L" - M) > C} A j,

the sequence ((L™ - M)Y»),>; is bounded in H!(P). Indeed, this is a sequence of
super-martingales by [AS 92], hence

E[|(L"- M)y, || < 2E [(L" - M)y, )_] < 2(C +E[w]),

whence

E[|A(L™ - M)y, |] <2(C+E[w]) + C.
As the maximal function (L™ - M)7; is bounded by C' +[|A(L"- M)y, | we obtain

a uniform bound on the L'-norms of the maximal functions ((L™- M), )n>1, show-
ing that ((L™ - M)Yn),,>1 is a uniformly bounded sequence in H*(P).

If we choose C' > 0 sufficiently big we can make P[U,, < j] small, uniformly
in n; but the sequence of stopping times (U, ),>1 still depends on n and we have
to replace it by just one stopping time 7; which works for all (L"j)r>1 for some
subsequence (ng)g>1; to do so, let us be a little more formal.

Assume that Ty = 0,77,...,T;_1 have been defined as well as a subsequence,
still denoted by (L™),>1, such that the claim is verified for 1,...,j — 1; we shall
construct Tj. Applying lemma 4.14 to T' = j we may find a subsequence (nx)>1
such that, for each k,

P[((L™+ - M) — (L™ - M)} > 27F] < 27 (kH+2),
Now find a number C; € IR, large enough such that
P[(L™ - M)} > C;] <27U+Y
and define the stopping time 7} by

T; = inf{t csup|(L™ - M| > G + 1} Aj
k

so that T; < j and
PT;=j]>1-277.
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Clearly |(L™ - M);| < C;+1 for t < T}, whence ((L"-M)%~)>1 is uniformly
bounded.

We have that T; < U,, for each k, where U,, is the stopping time defined
above (with C' = C;+1). Hence we deduce from the H!(P)-boundedness of ((L"* -
M)Y)>1 the H*(P)-boundedness of (L™ - M)Ti. This completes the inductive
step and finishes the proof of lemma 4.15.

q.e.d.

Proof of 4.10 theorem D. Given a sequence (H"),>1 of w-admissible integrands
choose the sequences K™ € conv(H™, H™*! ...) and L™ of w-admissible inte-
grands and the super-martingales V and W as in lemma 4.13. Also fix an increasing
sequence (7});>1 of stopping times as in lemma 4.15.

We shall argue locally on the stochastic intervals |7;_1,7}]. Fix j € N and let

L™ = L™y, y 1,1

By lemma 4.15 there is a constant C; > 0 such that (L™7),>; is a sequence
of (w+ Cj)-admissible integrands and such that (L™ - M),>; is a sequence of
martingales bounded in H!(P) and such that the jumps of each L™/ - M are
bounded downward by w — 2C;. Hence—by passing to convex combinations, if
necessary—we may apply theorem B to split L™/ into two disjointly supported
integrands L™J ="L™J 45[™J and we may find an integrand H®’ supported by
17;-1,T;] such that

(i) Jim [[(L™ — HO9) - M) = 0
(i) (Zj)e= lim  lim (L™ - M),
q>t,qeQy VT

where Z; is a well-defined adapted cadlag increasing process.
Finally we paste things together by defining H% = 33X, H* and Z = 3%, Z;.
By lemma 4.13 we have that - N

sit,S€Q+
is a well-defined super-martingale. As
Z=(H"M)-W

is an increasing process and as (H%-M) is a local martingale and a super-martingale
by [AS92] we deduce from the maximality of W that H° - M is in fact equal to W.
Hence (HY - M) — V is increasing and the proof of theorem D is finished.

q.e.d.
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5. APPLICATION.

In this section we apply the above theorems to give a proof of the “Optional
Decomposition Theorem” due to N. El Karoui, M.-C. Quenez [KQ95], D. Kramkov
[K96], Follmer—-Kabanov [FK95], Kramkov [K96a] and Foéllmer-Kramkov [FKr96].
We refer the reader to these papers for the precise statements and for the different
techniques used in the proofs.

We generalise the usual setting in finance in the following way. The process S
will denote an R%-valued semi-martingale. In finance theory, usually the idea is to
look for measures Q such that under Q the process S becomes a local martingale.
In the case of processes with jumps this is too restrictive and the idea is to look
for measures Q such that S becomes a sigma-martingale. A process S is called
a Q sigma-martingale if there is a strictly positive, predictable process ¢ such
that the stochastic integral ¢ - S exists and is a Q martingale. We remark that it
is clear that we may require the process ¢ - S to be an H!' martingale and that
we also may require the process ¢ to be bounded (compare [DS96]). As easily
seen, local martingales are sigma-martingales. In the local martingale case the
predictable process ¢ can be chosen to be decreasing and this characterises the
local martingales among the sigma-martingales. The concept of sigma martingale
is therefore more general than the concept of local martingale. The set M€(S)
denotes the set of all equivalent probability measures Q on F such that S is a
Q-sigma-martingale. It is an easy exercise to show that the set M¢(S) is a convex
set. We suppose that this set is nonempty and we will refer to elements of M¢(.S)
as equivalent sigma martingale measures. We refer to [DS96] for more details and
for a discussion of the concept of sigma martingales. We also remark that if S is
a semi martingale and if ¢ is strictly positive, bounded and predictable, then the
sets of stochastic integrals with respect to S and with respect to ¢- S are the same.
This follows easily from the formula H - S = % (¢-9).

5.1 Optional Decomposition Theorem. Let S = (S;)icer, be an R%-valued
semi-martingale, such that the set M®(S) # 0, and V' = (Vi)ier, o real valued
semi-martingale, Vo = 0 such that, for each Q € M¢®(S), the process V is a Q-
local-super-martingale. Then there is an S-integrable R*-valued predictable process
H such that (H - S) —V is increasing.

5.2 Remark. The Optional Decomposition Theorem is proved in [KQ95] in the set-
ting of R%-valued continuous processes. The important—and highly non-trivial—
extension to not necessarily continuous processes was achieved by D. Kramkov in
his beautiful paper [K96]. His proof relies on some of the arguments from [DS94]
and therefore he was forced to make the following hypotheses: The process S is
assumed to be a locally bounded R%valued semi-martingale and V' is assumed to
be uniformly bounded from below. Later H. Follmer and Y. Kabanov [FK95] gave
a proof of the Optional Decomposition Theorem based on Lagrange-multiplier
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techniques which allowed them to drop the local boundedness assumption on S.
Very recently Follmer and Kramkov, [FKr96] gave another proof of this result.

In the present paper our techniques—combined with the arguments of D. Kram-
kov—allow us to abandon the one-sided boundedness assumption on the process
V' and to pass to the—not necessarily locally bounded—setting for the process S.

For the economic interpretation and relevance of the Optional Decomposition
Theorem we refer to [KQ95] and [K96].

We start the proof with some simple lemmas. The first one—which we state
without proof—resumes the wellknown fact that a local martingale is locally in H?.

5.3 Lemma. For a P-local-super-martingale V. we may find a sequence (T5);>1 of
stopping times increasing to infinity and P-integrable functions (w;);>1 such that
the stopped supermartingales V' satisfy

V1| < wj a.s., for j € N.

q.e.d.
The next lemma is due to D. Kramkov ([K96], lemma 5.1) and similar to lemma
4.13 above.

5.4 Lemma. In the setting of the Optional Decomposition Theorem 5.1 there is
a semi-martingale W with W — V' increasing, such that W is a Q-local-super-
martingale, for each Q € M¢(S) and which is maximal in the following sense: for
each semi-martingale W with W — W mcreasing and such that W is a Q-local-
super-martingale, for each Q € M¢(S), we have W = W.

q.e.d.

Proof of the Optional Decomposition Theorem 5.1. For the given semi-martingale
V we find a maximal semi-martingale W as in the preceding lemma 5.4. We shall
find an S-integrable predictable process H such that we obtain a representation
of the process W as the stochastic integral over H, i.e.,

W=H-S

which will in particular prove the theorem.

Fix Qp € M*¢(S) and apply lemma 5.3 to the Qq-local-super-martingale W to
find (T});>1 and w; € L' (9, F, Qo). Note that it suffices—similarly as in [K96]—to
prove theorem 5.1 locally on the stochastic intervals |7;_1, 7};]. Hence we may and
do assume that |WW| < w for some Qp-integrable weight-function w > 1. Since S
is a sigma-martingale for the measure )y, we can by the discussion preceding the
theorem 5.1, and without loss of generality, assume that S is an H!(Qo) martingale.
So we suppose that the weight function w also satisfies |S| < w, where | .| denotes
any norm on R
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Fix the real numbers 0 < u < v and consider the process “W" “starting at u
and stopped at time v”, i.e.,

UV
Wi = Winy = Winu,

which is a Q-local-super-martingale, for each Q € M¢(S), and such that [*W?| <
2w.

Claim. There is an S-integrable 2w-admissible predictable process “H", which we
may choose to be supported by the interval Ju,v|, such that

(“HY - S)oo = ("H® - 8)y > [ ="Wi= "WL

Assuming this claim for a moment, we proceed similarly as D. Kramkov ([K96],
proof of th. 2.1.): fix n € N and denote by 7 (n) the set of time indices

T(n):{%:0§j§n2n}

and denote by H™ the predictable process

n2"

n _ Z (=127 27"

J=1

where we obtain =127 " Hi2™" ag a 2w-admissible integrand as above with u =
(j —1)27™ and v = j27". Clearly H" is a 2w-admissible integrand such that the
process indexed by 7 (n)

((Hn . S)jQ—" — WjQ—n)j:O,... ,n2m

is increasing.
By applying theorem D to the Qg-local martingale S—and by passing to convex
combinations, if necessary—the process

W,= lim lim (H"-S),

s;>t,s€@+ n— oo

is welldefined and we may find a predictable S-integrable process H such that
H-S — W is increasing; as W — W is increasing too, we obtain in particular that
H - S — W is increasing.

As H-S > W we deduce from [AS92] that, for each Q € M(S), H- S is a
Q-local martingale and a Q-super-martingale. By the maximality condition of W
we must have H - S = W thus finishing the proof of the Optional Decomposition
Theorem 5.1.
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We still have to prove the claim. This essentially follows from corollary 4.12.

Let us define LYy to be the space of all measurable functions g such that £
is essentially bounded. This space is the dual of the space Liv,l (Qop) of functions
g such that Eq,[w|g|] < oo. By the Banach-Dieudonné theorem or the Krein-
Smulian theorem (see [DS94] for a similar application), it follows from corollary
4.12 that the set

B={h||eh| <w and ech € C 3, for some ¢ >0},

is a weak® closed convex cone in LgY (the set Cj 3, was defined in 4.10 above).
Now as easily seen, if the claim were not true, then the said function f is not
in B. Since B — LYy, C B we have by Yan’s separation theorem ([Y80]), that
there is a strictly positive function h € L! _, such that Eg,[hf] > 0 and such that
Eg,[hg] < 0 for all ¢ € B. If we normalise h so that Eg,[h] = 1 we obtain an
equivalent probability measure Q, dQ = h dQq such that Eq[f] > 0. But since S is
dominated by the weight function w, we have that the measure Q is an equivalent
martingale measure for the process S. The process W is therefore a local-super-
martingale under Q. But the density h is such that Eg[w] < oo and therefore
the process “W", being dominated by 2w, is a genuine super-martingale under Q.
However this is a contradiction to the inequality Eg[f] > 0. This ends the proof
of the claim and the proof of the optional decomposition theorem.

q.e.d.

5.5 Remark. Let us stress out that we have proved above that in theorem 5.1 for
each process W with W — V increasing, W a Q-local-super-martingale for each
Q € M<(S) and W being maximal with respect to this property in the sense of
lemma 5.4, we obtain the semi-martingale representation W = H - S.

5.6 Remark. Referring to the notation of the proof of the optional decomposition
theorem and the claim made in it , the fact that the cone B is weak™ closed in Lg;
yields a duality equality as well as the characterisation of maximal elements in the
set of w-admissible outcomes. These results are parallel to the results obtained in
the case of locally bounded price processes. We refer to a our forthcoming paper
[DS96] for more details.
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