GUMBEL FLUCTUATIONS FOR COVER TIMES IN THE DISCRETE
TORUS

DAVID BELIUS

ABSTRACT. This work proves that the fluctuations of the cover time of simple random walk in
the discrete torus of dimension at least three with large side-length are governed by the Gumbel
extreme value distribution. This result was conjectured for example in [3]. We also derive some
corollaries which qualitatively describe “how” covering happens. To enable the proof we develop
a new and stronger coupling of the model of random interlacements, introduced by Sznitman in
[22], and random walk in the torus. This coupling is also of independent interest.

0 INTRODUCTION

In this article we prove that if C'yy is the cover time of the discrete torus of side-length N and
dimension d > 3 then Cy/(g(0)N?%) —log N¢ (where g(-) is the Z¢ Green function) tends in law
to the Gumbel distribution as N — oo, or in other words, that the fluctuations of the cover time
are governed by the Gumbel distribution. This result was conjectured in e.g. in Chapter 7, p.
23, [3]. We also construct a new stronger coupling of random walk in the torus and the model
of random interlacements, thus improving a result from [24]. The coupling is of independent
interest and is also used as a tool to prove the cover time result.

Cover times of finite graphs by simple random walk have been studied extensively, see e.g.
[1-3, 8, 9, 15]. One important case is the cover time of the discrete torus Ty = (Z/NZ)%. Let
P be the canonical law of continuous time simple random walk in this graph, starting from the
uniform distribution, and let the canonical process be denoted by (Y:)¢>0. The cover time of the
discrete torus is the first time Y. has visited every vertex of the graph, or in other words
(0.1) Cn = max H,,

z€T N
where H, denotes the entrance time of the vertex x € Ty. For d > 3 it is known that ECn ~
g(0)N?log N¢, as N — 0o, and that there is concentration in the sense that g(O)]\/gW —1in
probability, as N — oco. However previously it was only conjectured that the finer scaling result

Cn
(0.2) PIORG

law

—logNd—>GasN%oo,fordZ3,

holds, where G denotes the standard Gumbel distribution, with cumulative distribution function
F(z) = e (see e.g. Chapter 7, p. 22-23, [3]). In this article we prove (0.2). In fact our result,
Theorem 2.1, proves more, namely that the (appropriately defined) cover time of any “large”
subset of Ty satisfies a similar relation. (For d = 1,2, the asymptotic behaviour of E[Cy] is
different; see [9] for d = 2, the case d = 1 is an exercise in classical probability theory. The
concentration result Cy/E[Cn]| — oo still holds for d = 2, but the nature of the fluctuations is
unknown. For d = 1 one can show that and that Cy/N? converges in law to the time needed by
Brownian motion to cover R/Z.)

Our second main result is a coupling of random walk in the discrete torus and random in-
terlacements, which we now introduce. To do so we very briefly describe the model of random
interlacements (see Section 1 for more details). It was introduced in [22| and helps to understand
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“the local picture” left by the trace of a simple random walk in (among other graphs) the discrete
torus when d > 3. The random interlacement roughly speaking arises from a Poisson cloud of
doubly infinite nearest-neighbour paths modulo time-shift in Z¢,d > 3, with a parameter v > 0
that multiplies the intensity. The trace (vertices visited) of all the paths at some intensity u is
a random subset of Z¢ denoted by Z%. Together the 7%, for v > 0, form an increasing family
(I%)y>0 of random subsets of Z%. We call the family (Z%),>0 a random interlacement and for
fixed u we call the random set Z% a random interlacement at level uw. Intuitively speaking, the
trace of Y. in a “local box” of the torus, when run up to time u/N?, in some sense “looks like” T
intersected with a box (see [25], [22]).

Our coupling result is one way to make the previous sentence precise and can be formulated
roughly as follows. Let Y'(0,¢) denote the trace of Y. up to time ¢ (i.e. the set of vertices visited
up to time ¢). For n > 1 pick vertices x1,...,x, € Tx and consider boxes Ay, ..., A, defined
by A; = z; + A,i = 1,...,n, where A C Z% is a box centred at 0, of side-length such that the
Ay, ..., A, are “well separated” and at most “mesoscopic”. Then for a “level” v > 0 and a § > 0
(which may not be too small)

one can construct a coupling of random walk Y. with law P and independent
(0.3) random interlacements (Z7)y>0, ..., (Z})v>0, such that “with high probability”
I;J(lfé) NAC (Y(0,uN%) —z)NAC I;L(H&) NAfori=1,..,n.
The result is stated rigorously in Theorem 2.2. The case n = 1 (i.e. coupling for one box) and
u,d fixed (as N — oo) was obtained in [24] (and earlier a coupling of random walk in the so
called discrete cylinder and random interlacements was constructed in [20, 21]). In this paper we
strengthen the result from [24] by coupling random interlacements with random walk in many
separated boxes (the most important improvement), and by allowing ¢ to go to zero and u to go
to zero or infinity. A similar improvement of the discrete cylinder coupling from [20, 21| can be
found in [6].
We also prove two interesting corollaries of (0.2) (actually using the stronger subset version
mentioned above) and (0.3). To formulate the first corollary we define the “point process of
vertices covered last”, a random measure on the torus (R/Z)?, by

(0.4) Ny = ZT; Oz/N1{H,>g(0)Nd{log Na 423}, NV 2 1,z € R.
zely

Note that A% counts the vertices of Ty which have not yet been hit at time g(0) N¢{log N+ z}
(this is the “correct time-scale”; from (0.2) one sees that the probability that N is the zero
measure is bounded away from zero and one). The result is then that (for d > 3)

law

(0.5) N% — N# as N — oo, where N is a Poisson point process
on (R/Z)% of intensity e=*)\, and A denotes Lebesgue measure.

This is proven in Corollary 2.4. Intuitively speaking it means that the last vertices of the torus
to be covered are approximately independent and uniform.
As a consequence of (0.5) we obtain Corollary 2.5 which says, intuitively speaking, that

(0.6) the last few vertices of T to be covered are far apart, at distance of order V.

Note that a priori it is not clear if the correct qualitative picture is that the random walk
completes covering of the torus by “taking out several neighbouring vertices at once” or if it
“takes out the last few vertices one by one”. Roughly speaking (0.6) implies that the latter is the
case.

We now discuss the proofs of the above results. The result (0.5) is proven using Kallenberg’s
theorem, which allows one to verify convergence in law of certain point processes by checking
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only convergence of the intensity measure and convergence of the probability of “charging a set”.
The latter two quantities will be shown to converge using (0.2) (or rather the subset version of
this statement) and the coupling (0.3). The result (0.6) follows from (0.5), using a calculation
involving Palm measures and the fact that the points of the limit Poisson point processes N*
are “macroscopically separated”.

We now turn to the proof of (0.2). The method builds on the ideas of the works [5, 6], which
contain the corresponding results for the so called cover levels of random interlacements (|5]) and
the cover times of finite sets in the discrete cylinder ([6]). It is a well known “general principle”
that entrance times of small sets in graphs often behave like exponential random variables. In
the case of the torus the entrance time H, of a vertex x € Ty is approximately exponential
with parameter ﬁ (this can, for instance, be proven with a good quantitative bound using

the coupling (0.3), see Lemma 2.3). Thus, in view of (0.1), we see that the cover time Cy is
the maximum of identically distributed exponential random variables with parameter ﬁ. If

the H,,x € Ty, were also independent then standard extreme value theory (or a simple direct
calculation of the distribution function of the maximum of i.i.d. exponentials) would give (0.2).
But clearly the H,,z € Ty, are not even approximately independent, (for example if z,y € Ty
are neighbouring vertices then H, and H, are highly dependent). There are theorems that give
distributional results for the maxima of random fields with some sufficiently weak dependence
(see [13, 16]) but these do not apply to the random field (H;)zeT, because the dependence is
too strong (using (0.3) one can show that correlation between 1¢y -, ney and iy o, nay decays

as ﬁ, see (1.68) of [22]).

However for sets F' C Ty that consist of isolated vertices x1, ..., ,, that are “well-separated”,
it turns out that using (0.3) one can show that H,, ..., H,, , are approximately independent (see
Lemma 3.3). By comparing to the independent case, we will therefore be able to show that for
such F'

(0.7) max H, has law close to g(0)N*{log|F| + G},
TE

where G is a standard Gumbel random variable. In particular it will turn out that for such
F', roughly speaking, the distribution of max,cr H, essentially depends only on the cardinality
of F.

To enable the proof of (0.2) we will introduce the set of “(1 — p)—late points” F}, defined as
the vertices of Ty that have not been hit at time t(p) = (1 — p)g(0)N%log N¢, for a fixed but
small 0 < p < 1. Note that this is a (1 — p) fraction of the “typical” cover time g(0)N?log N¢.
By the Markov property Y;(, . is a random walk, and using a mixing argument one can show
that for our purposes it is basically independent from the random walk (Y})Ogtg(p), so that the
law of C is approximately the law of t(p) + max,cp H,, where F’ is a random set which is
independent of the random walk Y., but has the law of F},.

Furthermore we will be able to show, using (0.3), that “with high probability” F’ (and F))
consists of “well-separated” vertices, and that the cardinality of F’ concentrates around its ex-
pected value which is close to |Ty|? = N9 Thus as long as F’ is “typical”, in the sense that it
is well-separated and has cardinality close to N, we will “know” that max,ecp H, has law close
to g(0)N4{plog N+ G} (see (0.7)). Adding the deterministic time ¢(p) the p will cancel and we
will get that Cy has law close to g(0)N%{log N? + G}, which is essentially speaking the claim
in (0.2).

We turn finally to the proof of the coupling (0.3). It roughly speaking adapts the “poissoniza-
tion” method used for the case n = 1 in [24] to the case n > 1, and combines it with a decoupling
technique from [23].

The first step is to consider the ezcursions of Y., that is the pieces of path Y(g, 1 yav, k=1.2,..
where Rj and Uy, are recursively defined, Uy = 0, Ry, is the first time Y. enters A; U... U A,, after
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time Ug_q and Uy is the first time after R that the random walk has spent “a long time far
away from A; U...UA,” (see (4.4)). By proving, using a mixing argument, that the distribution
of Yy, is close to a certain probability distribution on Ty known as the quasistationary distri-
bution, regardless of the value of Yz, , we will be able to couple the excursions Y(Rk_,_,),\Uk’k:LQ’m
with independent excursions Y1, Y2, ... that have the law of Y avu,, when Y. starts from the
quasistationary distribution, such that “with high probability” the traces of Y g, ;) v, and Yk
in Ay U...U A, coincide.

We will then collect a Poisson number of such independent excursions in a point process p (in
fact two different point processes, but for the purpose of this discussion let us ignore this) which
will be such that the trace of pin A; U....U A, with high probability coincides with the trace of
the random walk Y. run up to time uN? in that set. Because of the way we construct the point
process u, it will be a Poisson point process on the space of paths in Ty of a certain intensity
related to the law of Y. This will complete the step that we refer to as “poissonization”.

We will see that an “excursion” in the Poisson point process p may visit several boxes, and,
roughly speaking, “feels the geometry of the torus”, since it may wind its way all around it before
the time U. To deal with this we in essence split the excursions of p into the pieces of excursion
between successive returns to the set A1 U... U A,, and successive departures from By U ... U B,
where the B; D A; are larger boxes (still disjoint and at most mesoscopic), and use a decoupling
technique to remove the dependence between pieces from the same excursion.

We then collect these, now independent, pieces of excursion into a point processes which we
will be able to couple with a Poisson point processes v (in fact two independent Poisson point
processes) on the space of random paths in the torus, such that with high probability the trace
of vin A1 U...UA,, coincides with the trace of u (and therefore also with the trace of the random
walk Y. run up to time uN?) in that set. The “excursions” of v start in a box A; and end upon
leaving B; D A; (which are disjoint), so they visit only one box and do not “feel the geometry of
the torus” since B; can be identified with a subset of Z<.

Also since v is a Poisson point process we will see that we can split it into n independent
Poisson point processes, one for each box A;, such that roughly speaking the trace of v; in A;
coincides with high probability with that of Y. (run up to time uN?) in A;. Thus we will have
“decoupled” the boxes.

Now, as mentioned above, random interlacements are constructed from a “Poisson cloud” on a
certain space on paths, and we will see that when restricted to a box A;, a random interlacement
has the law of the trace of a Poisson number of random walks. This will also basically be the
law of trace of the v;, with the difference that the paths in v; do not return to A; after leaving
B;, while for random interlacements a small but positive proportion the paths do return. By
taking a small number of the paths from the v;, and “gluing them together” to form paths that do
return to A; after leaving B;, we will be able to construct from the v; the random interlacements
(T0)uz0 in (0.3).

We now describe how this article is organized. In Section 1 we introduce some notation and
preliminary lemmas. In Section 2 we give the formal statements of the main theorems (0.2) and
(0.3), and of corollaries (0.5) and (0.6). We also derive the corollaries from the main theorems.
The proof of the cover time result (0.2), from (0.3), is contained in Section 3. The subsequent
sections deal with the proof of (0.3). In Section 4 we introduce three further couplings and
use them to construct the coupling (0.3). The first of the three, a coupling of the excursions
Y(R,+)au, With the Poisson point process p, is then constructed in Section 5 and Section 6. In
Section 5 we define the quasistationary distribution and prove that the law of Yy, is close to
it. In Section 6 we use this fact to construct the coupling of the excursions Y(g, ;.ay, with the
Poisson point process p. The second of the three couplings, a coupling of 4 and the i.i.d. Poisson
point processes vy, ..., Up, is constructed in Section 7. The third coupling, a coupling of a Poisson
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point process v with the law of the v; and random interlacements, is constructed in Section 8.
The appendix contains the proof of a certain lemma (Lemma 5.2) which is stated in Section 5.

We finish this section with a remark on constants. Unnamed constants are represented by
c. Note that ¢ may represent different constants in different formulas or even within the same
formula. Named constants are denoted by ¢y, cs,... and have fixed values. All constants are
understood to be positive and, unless stated otherwise, depend only on the dimension d. De-
pendence on e.g. a parameter « is denoted by c(a) or cq().

1. NOTATION AND PRELIMINARY LEMMAS

In this section we introduce basic notation and a few preliminary lemmas.

We write [z] for the integer part of x € [0, 00). The cardinality of a set U is denoted by |U]|.

We denote the d—dimensional discrete torus of side length N > 3 by Ty = (Z/NZ)? for d > 1.
If z € Z% we write |x| for the Euclidean norm of x and || for the Io, norm of z. We take d(-, -)
to mean the distance on Ty induced by | - | and dwo(+,-) to mean the distance induced by | - |-
The closed I —ball of radius r > 0 with centre x in Z? or Ty is denoted by B(z,r).

We define the inner and outer boundaries of a set U € Z% or U C Ty by

(1.1) U ={zeU:d(z,U°) =1},0.U ={x € U : d(z,U) = 1}.

For a set U we write I'(U) for the space of all cadlag piecewise constant functions from [0, co)
to U, with at most a finite number of jumps in any compact interval. When only finitely many
jumps occur for a function w € T'(U) we set w(oco) = limy_,oo w(t). Usually we will work with
I'(Z%) or T(Ty). We write Y; for the canonical process on I'(Z9) or I'(Ty). When w € T'(Z%) or
w € T(Ty) we take w(a,b) to mean the range {w(t) : t € [a,b] N [0,00)} C Z% or Ty (with this
definition the range is empty if b < 0 or @ > b). We let 6; denote the canonical shift on I'(Z9)
and I'(Tx). The jump times of Y; are defined by

(1.2) =0 =if{t>0:Y; #Y}and 7, =1100,,_, + 11,1 > 2.

Due to the usual interpretation of the infimum of the empty set, 7,,, = co for m > n when only
n jumps occur. For a set U C Z% or Ty we define the entrance time, return time and exit time
by

(1.3) Hy=inf{t>0:Y, e U}, Hy =inf{t > 7 : YV, €U}, Ty =inf{t >0:Y; ¢ U}.

We let Pde denote law on T'(Z?) of continuous time simple random in Z? and let P, denote
the law on I'(T ) of continuous time simple random walk on Ty (so that 71 is an exponential
random variable with parameter 1). If v is a measure on Z? we let PVZd = wezd V(ﬁ)Pde. We
define P, analogously. Furthermore 7 denotes the uniform distribution on Ty, and P denotes
P, i.e. the law of simple random walk starting from the uniform distribution.

Essentially because the mixing time of the torus is of order N2 (see Proposition 4.7, p. 50,
and Theorem 5.5, p. 66 in [14]) we have that

for N > 3,\ > 1 a coupling ¢(x,y),z,y € Ty exists for which the first

(1.4) marginal is Py[Y)n2 € dw], the second is uniform, and >°,, q(z,y) < ce”

c)\‘
The Green function is defined by
sy = [ PEIYi =ity € 24, and g() = g(0,)
0

We have the following classical bounds on g(x,y) (see Theorem 1.5.4, p. 31 in [12])

(1.5) cle =y < gla,y) S cle —y[ " Hor v,y € 2 x £y,
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For K C Z% we define the equilibrium measure ex and the capacity cap(K) by

(1.6) ex(x) = szd[ﬁK = oo]lg(z) and cap(K) = > ex(x).
z€d; K

It is well-known (see (2.16), Proposition 2.2.1 (a), p. 52-53 in [12]) that

(1.7) cr®™? < cap(B(0,7)) < er?™2 for r > 1.

The normalised equilibrium distribution CZ’; ((2) can be thought of as the hitting distribution on K

when “starting from infinity”, and in this paper we will use that for all K ¢ B(0,7) C Z%r > 1,
we have (see Theorem 2.1.3, Exercise 2.1.4 and (2.13) in [12])

(1.8) c1 CZII{)E?IQ) < Py[Yu, =ylHg < o0] < CQCZII()EEI/()) for all y € K,z ¢ B(0, c3r).

If K c U C Z% with K finite, we define the equilibrium measure and capacity of K relative to
U by

(1.9) exu(r) = P [Hy > Ty)lx(z) and capy (K) = > exul@).

We will need the following bounds on the probability of hitting sets in Z% and Ty.
Lemma 1.1. (d > 3, N > 3)

(1.10) c(ri/r)?72 < Pa;Zd[HB(OVTI) < 0] < e(r1/re)?2 for 1 <1y <o,z ¢ B(0,72).
(1.11) §Z51(110 )P:L‘[HB(O,'rl) < NZ'M] < c()\)(rl/rg)d_2 for1<r <ry < N3 X>0.
¢ B(0,r2

Proof. (1.10) follows from Proposition 2.2.2, p.53 in [12] and (1.7). To prove (1.11) we let
K =Uyega |y..<nrByN, 1) C 7% and note that by “unfolding the torus” we have

(1.12) sup  P,[Hpor) < N < sup PZZd[HK < oo] + PUZd[T yiea . < NFA
2¢B(0,r2) o 2¢B(0,r3) B(0,%5—)

provided N > ¢(\). For any z ¢ B(0,r2)
Pde [HK < OO] < Z Pde [HB(yN,m) < OO] + Z Pde[HB(yN,rl) < OO}
[Y|oo<1 1<|yloo<NA
(1.10) d—2 Y d—2 d—2
< c(ry/ra)" "4+ cN*(r1/N) < e(ry/re)* 7,

d>3 rg<N1T32
since N /Nd=2 < 1/N(1=30)(d=2) i < 1/r%72. Furthermore

1+
PIT, o) S NP < PE1Y,, | > NT for an n < 2N2+A] + PP [rpaen < NPHY.

2

But by applying Azuma’s inequality (Theorem 7.2.1, p. 99 in [4]) to the martingale Y, we

get that the first probability on the right-hand side is bounded above by ¢N¢e =V A, and by a
cN2+A

standard large deviations bound the second probability is bounded above by e~ , SO since

cNee—N* < (r1/12)472 for N > ¢()\) we get (1.11). O
Using Lemma 1.1 we get the following bounds for equilibrium measures.

Lemma 1.2. (d >3, N > 3)

(1.13) e (z) > cert, forx € 9;K, where K = B(0,7),r > 1.

(1.14) ex(z) <eru(x), forallz € K CU C B(0,5) C Ty.
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Furthermore if K C B(0,r) C U = B(0,7'™*) € B(0,%) C Tn,r > 1,A > 0, we have
(1.15) exv() < (14 c(AN)rMeg(x), for all z € K.

Proof. For a large enough constant ¢’ we have inf ¢, (0 cr) szd [Hp(o,) = 0] > % (by (1.10)), so
(1.13) follows from inf e, p(0,r) Pr [Hi > Tp(0,¢ry)) = ¢r™! (which is a result of a one dimensional
simple random walk estimate) and the strong Markov property. The second inequality (1.14)
is obvious from (1.6) and (1.9). Finally for (1.15) note that exy(z) = ex(z) + PZ [Ty <
Hg < oo] (by (1.6) and (1.9)), and PZ'[Tyy < Hg < oo] < PZ'[Ty < Hy)supyey,u P2 [Hi <
oo] < cr_)‘PmZd[TU < Hg] (by (1.10)). Now infues,ur Pa;Zd[HK = o0] is always positive and
at least 3 when r > ¢()\) (by (1.10)), so in fact PETy < Hg < o] < e¢(N)rPX [Ty <
Hp)infpco,u Pgd [Hy = oo] < e(A\)r~*ex(x), so (1.15) follows. O

We now introduce some notation related to Poisson point processes. Let I' = I'(Ty) or
I'= F(Zd). When p is a Poisson point process on I, 7 > 1, we denote the trace of u by
(1.16) I(p) = U |J wi(0,00) € Z% or Ty.

(w1,...w;)ESupp(p) i=1

We will mostly consider Poisson point processes p on I' where this simplifies to Z(u) =
Uwesupp(u)fw(O,oo), but in Section 7 and Section 8 we will also consider Poisson point pro-

cesses p1 on I'",4 > 2. If u is a Poisson point process of labelled paths (that is a Poisson point
process on I'' x [0,00), where T" is as above) we denote the trace up to label u by

(1.17) T () = Z(py) € Z% or Ty, where pu,(dw) = p(dw x [0,u]).

Next let us recall some facts about random interlacements. They are, roughly speaking, defined
as a Poisson point process on a certain space of labelled doubly-infinite trajectories modulo time-
shift. The random interlacement at level u, or T% C Z%, is the trace of trajectories with labels up
to u > 0. The family of random subset (Z"),>¢ is called a random interlacement. The rigorous
definitions and construction that make this informal description precise can be found in Section
1 of [22] or Section 1 of [19]. In this article we will use the following fact, which we will assume
without proof:

(1.18) There exists a space (2o, Ag, Qo) and a family (Z"),>¢ of random subsets

law

of Z¢ such that (TN K)y>0 = (Z%(ux) N K)y>o for all finite K C Z¢,
(1.19) where puf¢ is a Poisson point process on I'(Z%) x [0, 00) of intensity PeZIj ® A,

and A denotes Lebesgue measure (see (0.5), (0.6), (0.7) in [22], also cf. (1.67) in [22]).
From (1.18) and (1.19) we see that to “simulate” Z*NK for a finite K C Z9 one simply samples

an integer n > 0 according to the Poisson distribution with parameter cap(K), picks n random

ex ()
cap(K)
from each starting point Z; an independent random walk, recording the trace the walks leave in
the set K.

We have (see above (0.5), (0.7), below (0.8) and (1.48) in [22])

(1.20) the law of Z% under Qg is translation invariant for all u > 0,

and runs

starting points 21, ..., Z, according to the normalized equilibrium distribution

(1.21) T" is increasing in the sense that Q¢ — almost surely Z¥ C Z" for v < u,

(1.22) if 7" and Z3 are independent with the laws under Qo of Z% and Z"
respectively, then (Z}, Z}' U ZY) has the law of (Z%,Z""") under Q.
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Also (see (1.58) and (1.59) of [22])

(129 Qolr ¢ T = exp (— ) and Qoly ¢ T%) = exp (— o2

(The properties (1.21)-(1.23) in fact also follow from (1.18) and (1.19)).

The following lemma, which follows from Lemma 1.5 from [6] (by letting a in (1.39) in [6] go
to infinity, and using (1.23)), will be crucial in our proof of (0.2).

Lemma 1.3. (d > 3)
There is a constant co > 1 such that or any K C Z¢ with 0 ¢ K

(1.24) S Qol0,v & T4 < |K| (Qol0 ¢ T)2 {1 + cu} + ce 50, for all u > 0.
veK

),x,yEZd.

Finally we define the cover time CF of a set FF C T by
(1.25) cp max H, = inf{t > 0: F C Y(0,1)}.
xre

Note that Cn = Cr,, cf. (0.1). For convenience we introduce the notation
(1.26) up(z) = g(0){log |F| + z},
so that {g(g)% —log N? < 2} = {Cn < ury (2)N?}, cf. (0.2).

2. GUMBEL FLUCTUATIONS, COUPLING WITH RANDOM INTERLACEMENTS AND COROLLARIES

In this section we state our two main theorems and derive two corollaries. The first main
result is Theorem 2.1, which, roughly speaking, says that the cover times of large subsets of
the torus (for d > 3) have Gumbel fluctuations, (and implies (0.2) from the introduction). The
second main result is Theorem 2.2 and it states the coupling of random walk in the torus and
random interlacements (see (0.3) in the introduction). The proofs of the theorems are contained
in the subsequent sections.

The first corollary is Corollary 2.4 which in essence says that the “point process of vertices
covered last” (see (0.4)) converges in law to a Poisson point process as the side length of the
torus goes to infinity (see (0.5)). The second corollary is Corollary 2.5 and roughly says that for
any fixed k > 1 the last k vertices to be hit by the random walk are far apart, at distance of
order N.

We now state our result about fluctuations of the cover time. Recall the notation from (1.25)
and (1.26).

Theorem 2.1. (d >3,N > 3)
For all FF C Ty we have

(2.1) 5161]11; P[Cr < N%up(2)] — exp(—e™?)

<c|F|”“

We will prove Theorem 2.1 in Section 3.
Next we will state the coupling result. For n > 1 and z1, ..., z, € Ty we define the

ifn=1,

(2.2) separation s of the vertices z1,...,z, € Ty, by s = {mini# doo(wivz;) ifn> 1.

For an arbitrarily small € > 0 which does not depend on N we define the box
(2.3) A= B(0,s'7°).

The result will couple the trace of random walk in the boxes A 4+ x1, ..., A + ,, with independ-
ent random interlacements (note that thanks to (2.2) and (2.3) the boxes are “far part”, for
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large enough N, and “at most mesoscopic”). More precisely, given a level v > 0 and a 6 > 0,
with these parameters satisfying appropriate conditions, it will construct independent random
interlacements (Z})y>0, --., (Z}))v>0 such that (recall the notation Y (a,b) from above (1.2))

24) QI nAc0,uNY —z)n AT > 1 — ¢ ue " for all i,

Formally we have
Theorem 2.2. (d > 3,N >3)

Forn >1 let z1,...,xy € Ty be distinct and have separation s (see (2.2)), and let € € (0,1).
Further assume u > s~ 1 > § > és_c‘l, n < s, where ¢y = c4(e). We can then construct
a space (1, A1, Q1) with a random walk Y. with law P and independent random interlacements
(I )v>0,1 = 1,...,n, each with the law of (Z")y>0 under Qq, such that (2.4) holds.

7

Theorem 2.2 will be proved in Section 4.
In the proof of Corollary 2.4 we will need the following estimate on the probability of hitting
a point, which is a straight-forward consequence of Theorem 2.2, (when n = 1).

Lemma 2.3. (d >3,N > 3)
If N < u < N then for all z € Ty
(2.5) Qol0 ¢ T%(1 — eN~¢) < Plz ¢ Y(0,uN%)] < Qo[0 ¢ T%(1 + eN~°).
Proof. We apply Theorem 2.2 with n = 1 (so that the separation s is N), 21 =0, ¢ = % (say)
and § = c¢; ' N~ (where ¢4 = c4(3) is the constant from Theorem 2.2). By choosing c5 < ¢4 we

have u > s7%, so that all the conditions of Theorem 2.2 are satisfied and the coupling ()1 of Y.
and random interlacements can be constructed. Therefore it follows from (2.4) that

(2.6) Qol0 ¢ 7049 — cueN™ < P[0 ¢ Y (0,uN®)] < Q[0 ¢ T4 9] + cue V™.
But we also have, if we pick c5 < ¢4, that

Qol0 ¢ 09 + cue ™™ U2 Qo[0 ¢ T¥)(e30) + cueil® N
< Qo[0 ¢ Z"|(1+ N7,

since cuea® N < eNeeN° and du < NS~ < ¢N~° (recall u < N%,5 = ¢cN~“ and
5 < ¢4). Similarly if ¢5 < ¢4 we have Qo[0 ¢ ZU0+9)] — cue=*N™ > Q[0 ¢ T%)(1 — ¢N~°), so
(2.5) follows. O

We now state and prove the first corollary. The proof uses Theorem 2.1 and Theorem 2.2 (via
Lemma 2.3). Recall the definition of N from (0.4).

Corollary 2.4. (d >3)

(0.5) holds.
Proof. By Kallenberg’s Theorem (Proposition 3.22, p. 156 of [17]) the result follows from
(2.7) ngnooP[./\fﬁ,(I) = 0] =exp(—A(I)e”?) and
(25) lim EWNG(1)] =MD

for all I in the collection J = {I : I a union of products of open intervals in (R/Z)%, \(I) > 0}.
Note that because of the special form of the sets in this collection

(2.9) lim NIV \(7) for all T € 7.

Nooo |Tw|
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Fix an I € J. To check (2.7) note that {N%(I) = 0} = {Cninty < Neur,(2)} (see (0.4),

(1.25) and (1.26)). Since ut, (z) = uNmTN(zflogw) (see (1.26)) and [ININTy| — oo as
N — oo (recall A(I) > 0) we get from (2.1) that

|NImrN|

|PINE (1) = 0] —exp (— e 7108 N| = 0as N = oc.

|N1mrN|

—(z—log

But by (2.9) we have exp(—e )) — exp(—A(l)e™?) as N — oo so (2.7) follows.

To check (2.8) note that by (0.4) and (1.26)
(2.10) BING(D)] = INTATy|P(0 ¢ Y(0, Ntury ()]

Using (2.5) with u = ur, (2) (€ [N, N%] for N > ¢(z)) and Qo0 ¢ T"*~*)] = &7 (see (1.23))
we get from (2.10) that

ININTx|

2 gy ININTa] (g —ey < 1 (Y] < o 1 e
e tim WIOTN( - on=) < i BING (D) < o lim MO 4 oy
Now using (2.9) we find that (2.8) holds. Thus the proof of (0.5) is complete. O

See Remark 8.4 for a potential generalisation of Corollary 2.4. We now state the second
corollary, which is a consequence of the first. The proof follows those of Corollary 2.3 of [6] and
Proposition 2.8 of [5], so we omit some details.

Corollary 2.5. (d > 3)
Let Zy, ..., Zna, be the vertices of Ty ordered by entrance time,

so that Cry, = Hz, > Hg, > ... > HZNd

Then for any k > 2 and 0 < § < %

(2.11) lim limsup P[31 <i < j < k with d(Z;, Z;) < IN]| =0,

=0 N—oo

or in other words “the last k vertices to be hit are far apart, at distance of order N”.

Proof. Note that for any N,d,k and z € R the probability in (2.11) is bounded above by
(2.12) P[3z,y € Supp(NF) with d(x,y) < ON] + PINZ((R/Z)?) < k).

Furthermore the first probability in (2.12) is bounded above by E[NF @ N%(g)— N ((R/Z)D)],
where g is the function (z,y) — f(z —y), for f : (R/Z)? — [0, 1] continuous with f(x) = 1 when
d(0,z) <6 and f(x) = 0if d(0,z) > 26. Thus using (0.5), one sees that the limsup in (2.11) is
bounded above by

(2.13) EIN* @ N (g) = N*((R/Z)")] + PIN*((R/Z)) < K].
Using a calculation involving Palm measures (we omit the details, cf. (2.19) of [6]) the first term
in (2.13) can be shown to be equal to (e™? f(R/Z)d f(z)dz)?. Since f(R/Z)d f(z)dx < c6? one thus

finds that for all z € R the left-hand side of (2.11) is bounded above by P[N?((R/Z)?) < k|. But
PIN?((R/Z)%) < k] — 0 as z — —o0, so (2.11) follows. 0



GUMBEL FLUCTUATIONS FOR COVER TIMES IN THE DISCRETE TORUS 11

3. COUPLING GIVES GUMBEL FLUCTUATIONS

In this section we use the coupling result Theorem 2.2 to prove Theorem 2.1, i.e. to prove
that cover times in T have Gumbel fluctuations. Essentially speaking we combine the method
of the proofs of Theorem 0.1 in [5] and Theorem 0.1 in [6] with the coupling Theorem 2.2.

The first step is to prove that if ' C Ty is smaller than N¢ for some small exponent ¢ (but
still “large”) and consists of isolated vertices separated by a distance at least |F'|¢, then the cover
time Cr is approximately distributed as N4{g(0)log |F| + G}, where G is a standard Gumbel
random variable. We prove this (uniformly in the starting vertex of the random walk) in Lemma
3.1. To prove Lemma 3.1 we use a mixing argument to reduce to the case when random walk
starts from the uniform distribution. This case is then proven in Lemma 3.4 using the fact that
for vertices that are far apart, entrance times are approximately independent (which is proven
in Lemma 3.3, using the coupling result Theorem 2.2), and from this a simple calculation will
show that the cover time (which is then the maximum of almost i.i.d. random variables) has
distribution close to the Gumbel distribution.

To get the Gumbel limit result for arbitrary F' C Ty (e.g. for F' = Ty, where the entrance
times of close vertices are far from being independent) we consider the set of (1 — p)—late points
(using the terminology from [10]), which is the set of vertices that are not yet hit at a 1 — p
fraction of the typical time it takes to cover F', or more formally

(3.1) F,=F\Y(0,t(p)), where t(p) = N1 — p)g(0)log |F| and 0 < p < 1.

It turns out, roughly speaking, that if we use a fixed but small p then with high probability
this set consists of isolated vertices that are at distance at least |F'|° from one another, and that
|F,| concentrates around E[|F)|], which we will see, is close to |F'|?. This is done in Lemma 3.2
by relating the probability of two vertices not being hit by random walk to the probability of
two vertices not being in a random interlacement using the coupling (in Lemma 3.5), and using
Lemma 1.3.

This will imply that with high probability the set F}, fulfils the conditions of Lemma 3.1 (i.e.
is “smaller than N’ and separated), so that, using the Markov property, we will be able to show
that conditioned on F), the time Cf, o 0y, has distribution close to Nig(0){log |F,| + G} ~
Nig(0){plog |F|+ G}, where G is a standard Gumbel random variable. Since, on the event that
F), is non-empty (which has probability close to one), Cr = t(p) + CF, o 0;(,) we will be able to
conclude that Cr has distribution close to N%g(0){log|F| + G}, which is the claim of Theorem
2.1.

We start by stating Lemma 3.1, which says that the cover time has law close to the Gumbel
distribution for “well-separated” sets that are not too large.

Lemma 3.1. (d >3,N > 3)
Let F C Ty be such that 2 < |F| < N and doo(z,y) > |F|“ for all z,y € F,x #vy. Then

(3.2) sup | Pp[F C Y (0, up(z)NY)] — exp(—e~%)| < ¢ F| ¢
ZER,xETN

(Recall that we have defined the range Y (0, ur(2)N?) such that it is empty if up(2)N¢ < 0.)
We will prove Lemma 3.1 after proving Theorem 2.1. To prove Theorem 2.1 we must prove
something like (3.2) for arbitrary F' C Tx. We do so by studying the set of late points F}, (recall
(3.1)). We will show that “with high probability” it belongs to the collection G of “good subsets
of F”, where

(3.3) G={F CF:||F|-|FPP|<|F|3” and  inf duo(z,y) > |F|2i},
z,yeF x#y

or in other words that it has cardinality close to |F'|? and is “well-separated”. Formally:
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Lemma 3.2. (d >3,N >3)

For p<c and F C Ty with |F| > c(p)
(3-4) P[F, ¢ G < ¢|F| 7).

Before proving Lemma 3.2 we use it to prove Theorem 2.1. Recall that {Cp < t} (1:25) {F C
Y(0,t)}.
Proof of Theorem 2.1. By (3.4) we have for 0 < p < c and |F| > ¢(p)
(3.5) P[Cr < up(2)NY — P[F C Y(0,ur(2)N9), F, € G]| < ¢|F|~<¥),
Also by the Markov property, if |F| > ¢(p) (so that 0 ¢ G),

PIF C Y(0,ur()N%), F, € g] &

> P[F,=FYy, =x|P[F C Y(0,up(z)N - t(p))].
z€Tn,F'egG

(3.6)

Set h = log% so that P,[F" C Y(0,up(2)N? —t(p))] = Pu[F’ C Y(0,up(z — h)N9)] (see
(1.26)). Also fix p = ¢ small enough so that (3.5) holds when |F| > ¢, and (to ensure that
Lemma 3.1 applies to all F’ € G when |F| > ¢) small enough so that 2dp < ¢g and 4Tllp > c¢7 (by
(3.3) every F' € G satisfies |F'| < 2|F|P < |F|?!, if |F| > ¢ = ¢(p), so that dp < cg implies |F'| <
|F|? < N2d < N¢ and ﬁ > cy implies inf, yepr o2y doo(2,y) > |F|ﬁ > |F’|¢ > |F'|7).
Now applying Lemma 3.1 with F” in place of F', we get that for all |[F| > ¢, x € Ty and F' € G
we have

(3.7) |Pm[F’ CY(0,up(2)N—t(p))] — exp(—e_(”h))‘ < c|F|™“.
But it is elementary that
(3.8) ’exp(—e_(”h)) —exp(—e~?)| < c|h] for all z,h € R,

and for the present h we have |h| < max(log(1l + |F\_%"’),—log(1 - ]F|_§p)) < c\F\_%p (see
(3.3)) provided |F| > ¢, so in fact |P,[F' C Y (0,ur(2)N% —t(p))] — exp(—e~?)| < ¢|F|~¢ for all
F’ € G. Thus (3.6) implies that

|P[F C Y(0,ur(2)N%), F, € G] — exp(—e *)P[F, € G]| < ¢|F| .

Combining this with (3.5) and one more application of (3.4), the claim (2.1) follows for |F| > ¢
(recall that p is itself a constant). But by adjusting constants (2.1) holds for all F', so the proof
of Theorem 2.1 is complete. g

We now turn to the proof of Lemma 3.1. We will need the following lemma, which says that
“distant vertices have almost independent entrance times”.

Lemma 3.3. (d > 3,N >3)

Let z1,...,z, € Ty and let s be the separation defined as in (2.2). Then if n < s and
u € [1, s8] we have

(3.9) (Qol0 € T — ¢s¢ < Play, ..., xn € Y(0,uNY)] < (Qol0 € T%)™ + es~.
Proof. We apply Theorem 2.2 with ¢ = £ (say). We pick cg < %, where ¢4 = c4(3) is the

constant from Theorem 2.2, so that that n < s“. Thus if § = chs_c‘l and s > ¢ (so that
u>1>s"%) all the conditions of Theorem 2.2 are satisfied. By (2.4) we have for s > ¢

(310) Q10 € 7'V — ¢s7¢ < Play, ..., € Y(0,uND)] < Q1[0 € 7OV + es7¢,

(2
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where we also use that cnue™®™ < ¢s7¢, since u,n < s¢. By the independence of Z1, .., Z,,

Q1[0 € 7w = (Qolo € TH+I))"
1 e S\
.23 — g
029 (0l0 € T])" (6> < (Qol0 € T (1 + e57°),
1—¢e 90
where we use that
1 7u(1(+)6) 1 . TE(S)
—_ 0 u — 0 ud
eigu =1+e @ eigu <14c¢(l—e 90) <1+ cs 28
1—e 90O 1—¢e 90

(note u > 1 and ud < 5%~ = cs72%) and (1 +cs72%)" < 1+ cs~¢ (note n < ). Similarly
Q10 € 7" O] > (Qo[0 € T)™ (1 — es~€) if s > c.

Applying these inequalities to the right- and left-hand sides of (3.10) yields (3.9) for s > ¢. But
by adjusting constants in (3.9) the same holds for all s > 1. O

We will now use Lemma 3.3 to show (3.11), which is almost like our goal (3.2), but has random
walk starting from the uniform distribution.

Lemma 3.4. (d > 3,N >3)
Let F C Ty be such that |F| < N and doo(z,y) > |F|° for all x,y € F,x #y. Then

(3.11) sup |P[F C Y (0, up(z)NY)] — exp(—e_z)’ < c|F|7°.
z€R
Proof. The claim (3.11) follows from
(3.12) sup |P[F C Y (0, up(2)NY)] — exp(—e~?)| < ¢|F|7¢,

log |F| log|F
z€[— og4\ \70g4\ \]

since P[F' C Y(0,ur(z))] is monotone in z, exp(—e~?) < ¢|F|™¢ when z < —logT‘F‘ and

exp(—e *) > 1 — ¢|F|~¢ when z > %. For the rest of the proof we therefore assume that

= [_log;4|F|7 10g4|F|].

Let F' = {x1,...,x,} so that n = |F| and the separation s satisfies s > |F|°°. Also let
u=up(z). To be able to apply Lemma 3.3 we pick cjo large enough so that cigcg > 1, and thus
|[F| < |F|¢0% < 5%, which implies n < 5% and 1 < g(0)2log |F| < u < g(0)3log |F| < |F| < s¢
since z € [—3log |F|, $log |F|] and |F| > c. Thus by (3.9)

(3.13) |P[F C Y (0,ur(2)N%)] — (Qo0 € T*ENF| < s7¢ < ¢|F|¢ for |F| > c.

We have (Qo[0 € Z4FG)FI = (1 — T;T)IFI by (1.23). But it is elementary that

=2\ |F]
exp(—e %) —c|F| ¢ < (1 - TF|) < exp(—e~*?) for z > —ilog |F| and |F| > ¢,

(since —% - c|F|_% < log(1 — %) < —% using the Taylor expansion of log(l — z) and
e * < |F\i) Thus (3.12) follows for |F'| > ¢. Finally by adjusting constants (3.12) holds for any
F', so the proof of the lemma is complete. O

Now we use (3.11) to get the desired result (3.2) (where the random walk can start from any
vertex). To do this we roughly speaking show that in time |F|N? the random walk will, with
high probability, hit only the vertex in F' closest to the starting point, if it hits any vertices at
all. But it will turn out that in time |F|N? the random walk mixes so that what happens after
this time is governed by (3.11), and from this (3.2) will follow.
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Proof of Lemma 3.1. Fix x € Ty and z € R. By (1.4) we can (on an extended probability

space) construct a coupling of (Y;);>o with law P, and a process (Z;);>0 with law P such that

(YNQ‘FH,t)tZO coincides with (Z;):>0 with probability at least 1 — ce Fl. Then if z_ = 2z — ﬁ
(1.26),9(0)>1 a |FISNes

(so that up(z_)N? < u(z) N4 — |NT| < up(z)N? — |F|N?, provided cg is chosen

small enough) we have

P,[F C Z(0,up(2- )N — ce 1 < P,[F C Y (0, up(z)N9)]

(3.14) < P[F CY(0,|FIN)UZ(0,up(2)N¥)] 4 ce~cIF

Now (possibly making cg smaller and c¢7 larger) we see that Lemma 3.4 applies to the left-hand
side of (3.14) (recall Z. has law P) and we get exp(—e™*~) — c|F|™¢ < P,[F C Y (0,ur(z)N%)],

which together with (3.8) and h = —ﬁ implies
(3.15) exp(—e ) — ¢|F|7¢ < P,[F C Y(0,up(2)N9).

It remains to bound the right-hand side of (3.14) from above. Let y denote a vertex of F' of
minimal distance from x and let F' = F\{y}. We then have

P,[F C Y(0,|F|IN?)U Z(0,up(2)NY)] < P[F' c Y(0,|F|N?) U Z(0,ur(2) N9,
< P.[Hp: < |F|N? + P,[F' C Z(0,up(z)NY).

Now Pp[Hpr < |FIN? < ¥, cp PulHy < NH%] (possibly decreasing cg so that |F| < N%)
Now by our assumption on F and choice of y we have d(z,v) > §|F|" for all v € F'. Therefore

using (1.11) with A = &, ry = 1 and rp = £|F|" (possibly decreasing cg even more so that
ry < |F|7 < N%° < N'73) we get P.[H, < N2+%] < ¢|F|7 for all v € F' and thus
P.[Hp < |F|N?] < ¢|F|'=¢ < ¢|F|~¢, since we may increase c; so that ¢; > 1. Letting

z+:z+%wehave

1.26 |[F'|=|F|-1,|F|>2
up(2) (1.26) U (z + log ‘|§/‘|) < upr(24),
so that
(3.16) P[F CY(0,|FIN?) U Z(0,up(z)N%)] < P[F' € Z(0,up (21 )N + c|F|~¢

< exp(—e”7) + o[ F|7,

where the last inequality follows from Lemma 3.4 and (3.8) (similarly to above (3.15)). Together
with (3.15) and (3.14) this implies (3.2). O

It still remains to prove Lemma 3.2, the other ingredient in the proof of (2.1). For the proof we
will use the following bounds on the probability of not hitting two points, which is a consequence
of the coupling.

Lemma 3.5. (d > 3,N >3)
Let x,y € Ty and v = doo(x,y). Then
(3.17) Plz,y ¢ Y(0,uNY] < (1 + co™ ) (Qol0 ¢ T%)? if u € [1,v1],
(3.18) Plz,y ¢ Y(0,uND] < (1+cN"Qu[0,2 —y ¢ T if v < Nz ue [1, N1,
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Proof. We start with (3.17). Let n = 2,21 = mg = y (so that the separation s is v) and £ = &

2
(say). We have u > s~ and thus letting § = ¢; s~ it follows from Theorem 2.2 (see (2.4))
that, choosing c1; < %04 so that ud < s11s72¢11 = ¢g—C1,

P[l'ay ¢ Y(07uNd)] < (QO O g Iu (1-9) ) + CUG_CSC4

o.

(3.19) "2 (Qolo ¢ T)? HI 4 cuemes
< (Qof0 & I (14 es™1) + cue™ ™.
e c ¢ _2u
But if ¢1 is chosen small enough cue™™ < ce ™ < es71e™" < cs7Cle 90 = 5711 (Qp[0 ¢

74)2, so (3.17) follows.

To prove (3.18) we let 21 = 2, n = 1 (so that the separation s is N). We further let and ¢ = &

so that the box A + x; = B(x1, 51*5) contains y, and note that u > s7% = N~%. Thus letting
0= 0213*04 = chN —¢ it follows from Theorem 2.2 that

Plz,y ¢ Y(0,uN")] < Qo[0,y — x ¢ T~ 4 cue V™.

Now similarly to above we find that the right-hand side is bounded above by (14+¢N~1)Q[0, y—
x ¢ T"] (provided ¢y is chosen small enough), so (3.18) follows. O

We are now in a position to prove Lemma 3.2. We will show that E[|F,|] is close to |F|?,
so that proving that the probability of F, ¢ G is small reduces (via Chebyshev’s inequality) to
bounding the variance of Var[|F[| from above and bounding the probability that inf, yer, +-,
doo(x,y) is small from above (recall (3.3) and (3.4)). But both Var[|F,|| and the probability
that inf, yer, 2y doo(z,y) is small can be bounded above in terms of sums, over pairs x,y of
vertices, of the probability P[z,y ¢ Y (0,t(p))], and these sums can be controlled by Lemma 1.3,
via (3.17) and (3.18).

Proof of Lemma 3.2. Let
(3.20) u = g(0)(1 — p)log |F| so that t(p) = uN,
and record for the sequel that

(3.21) Qolz ¢ 74 "L Fi1 for all & € 79,

By summing over x € F in (2.5) (note that |F| < N¢ so that we have
|F|2c(p) N2|F|'4>c

(3.22) 1 < wu<clogN < N

by (3.20)) and using |F'|Qo[0 ¢ Z4] 21 |F'|P we get

(3.23) (1= eN“9|FP < B[F,] < (1 + N~ FP.

Therefore ||F,| — |F|?| > ]F]%p implies

2, e 0 F|<Nd 2/) e p<c,|F|>c |F|%p
|E,| — E[|F,[]| > |F|3* —cN~C|F|P > |F|3” — c|F| S

Thus the Chebyshev inequality gives

Var[|F,[)
|F|3°

P[] = |FIP)| > |FI37] < P||F| ~ BUF)| > 4|FI3] <4
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Note that Var[[Fp[] = 32, cp oy < El[Fpll + 32, 2ycF Guy, Where gz y = Plz,y ¢ Y(0, uN%)] —
Plz ¢ Y(0,uN%)]P[y ¢ Y (0,uN?)]. Therefore using (3.23), and splitting the sum between “far
and close pairs of vertices”, we get

(324)  P[||E,| = |F?|| > [FI5*] <c|F| 5 +¢ Y Pla,y ¢ Y(O,uNY) +c Y quy,
{z,y}eV {z,y}teWw

where V = {{z,y} C F : 0 < doo(z,y) < |F|2a} and W = {{z,y} C F : doo(z,y) > |F|2a}.
Furthermore note that

(3.25) Pl inf  de(z,y) <|F|2a] < Y Pla,y ¢ Y(0,uN?),
z,y€F,,x#y {zy}eV

and thus by (3.3)
(3.26) PF,¢G)<c|F|7*+c¢ > Pla,yg YO0, uNY +c > guy.
{zyeV {z.ytew
We seck to bound the sums > ¢ 1oy Plo,y € Y(0, uN%)] and > {zytew daz,y- To this end note

that if {x,y} € V then by (3.18) we have P[z,y ¢ Y (0,uN%)] < ¢Qq[0,y —x ¢ T%], where (3.18)
applies because dog(2,y) < |F|Y/?? < NY/2 (note |F| < N%), and 1 < u < N1 (cf. (3.22)).
Thus
Z P[x,ygéY(O,uNd)]gc E QO[Ovy_x¢Iu]
(3.27> {z,y}eV {z,y}eV
<c gF Zyer Q0[07 y—x ¢ IUL

where K, = FNB(x, |F|ﬁ)\{az} Now using (1.24) on the inner sum of the right-hand side with
K, — z in place of K, we get

u>1
S Py g YOuNY] o T {[IIQ[0 ¢ TP+ e )
{z,y}eV

20)
(3.28) < e {IKL|Qol0 ¢ T2 log |F| + |F|-0(=0)}
zeF

p<c,co>1 3
< c|F|2Qo[0 ¢ T log |F| + ¢|F|~¢,
where we have used that >~ _p|K.| <3 cp c(]F|ﬁ)d = c|F\%. Thus from (3.21) we have
p<c
(3.20) S Ploy ¢ Y(0,uN%)] < el FPP~F log |F| + | F| = "< e F| .
{zyteV

We now turn to the sum ¢, 1cyy gzy- Using (2.5) again we obtain
(3.30) Plz ¢ Y(0,uN)|Ply ¢ Y (0,uN%)] > (1 —cN~)Qol0 ¢ T4

Also by (3.17) we have that if = and y are such that v = doo(z,y) > |F\3Cf11p then (similarly to
(3.22) we have 1 < u < g(0)log |F| < |F[? < v see (3.20) and note |F| > ¢(p))

(3.31) Ple,y ¢ Y(0,uN?)] < (1+¢[F|7%)Qo[0 ¢ T"]*.
Combining (3.30) and (3.31) we have

c(|F|7% +eN~°) ZFQo[O ¢ I < c|F|~,
x,ye

<
(3.32) X ey S

2,y€ Fydoo (z,y)>|F|*11 #
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since

|F|<Nd p<c .
e P S P and Y Qolo ¢ 792 P2 e,
z,yeF

If p < ¢, then ]F|301—11p < \F!i so that from the definition of W and (3.32)

(3.33) > Gay S c|F[TP
{z,ytew

N-

Now using (3.29) and (3.33) on the right-hand side of (3.26) gives (3.4). O

Remark 3.6. (1) We have now completely reduced the proof of Theorem 2.1 to the coupling
result Theorem 2.2.

(2) The method used in this section to prove Gumbel fluctuations essentially consists of consid-
ering the set of “late points” (recall (3.1)) and proving that it concentrates and is separated (i.e.
(3.2)). It has already been used to prove Gumbel fluctuations in related models in [5] and [6],
and could potentially apply to prove Gumbel fluctuations for many families of graphs, as long
as one can obtain good enough control of entrance times to replace (2.5), (3.5) and (3.9) (in a
more general context the latter estimate may be difficult to obtain but could be replaced with
an estimate on how close Hy;, 4, . z,) is to being exponential when z1,...,xy, are “separated”,
since the cover time of a set {z1, ...,z } consisting of separated points is essentially the sum of
m entrance times for sets consisting of m,m — 1, m — 2,... and finally 1 points; from this one
can derive something similar to (3.2)). In a forthcoming work Roberto Oliveira and Alan Paula
obtain such a generalization of Theorem 2.1. O

4. COUPLING

We now turn to the proof of the coupling result Theorem 2.2. The proof has three main steps:
first the trace of random walk in the union of the boxes A + z;,i = 1,...,n, (recall (2.2) and
(2.3)) is coupled with a certain Poisson process on the space of trajectories I'(Tx) (see below
(1.1)). From this Poisson point process we then construct n independent Poisson point processes,
one for each box A + x;, which are coupled with the trace of random walk in the corresponding
box. Lastly we construct from each of these Poisson processes a random interlacement which is
coupled with the trace of the random walk in the corresponding box A+ x;. Essentially speaking
the three steps are contained in the three propositions 4.1, 4.2 and 4.4, which we state in this
section and use to prove Theorem 2.2. The proofs of the propositions are postponed until the
subsequent sections.

For the rest of the paper we assume that we are given centres of boxes

(4.1) x1,..,Tn € Ty whose separation is s (see (2.2)), and € € (0, 1).

We also define the concentric boxes B C C' around A by

(4.2) A% B0,s%) c B= B(0,5'"%) c C = B(0,s""%).

For convenience we introduce the notation

(4.3) F = (JFi where F; = F + ; for any F' C Ty.

=1

Note that if s > c(e) then the C; are disjoint. To state Proposition 4.1 we introduce U, the first
time random walk spends a “long” time outside of C' (roughly speaking long enough time to mix,
see Proposition 5.1), defined by

(4.4) U=inf{t>t*:Y(t—t*t)NC = P} where t* = N>+ 100,
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We also define the intensity measure x; on I'(Tx) by (recall (1.6))
n
(4.5) k1(dw) = P.[Y Ay € dw] where e(z) = Z (x — xy).

For parameters u > 0 and 6 > 0 (satisfying suitable conditions), Proposition 4.1 constructs a
coupling of Y. with two independent Poisson point process p and pe on I'(Ty) of intensities
u(l — 0)k1 and 2udk; respectively such that (recall the notation from (1.16))

(4.6) {Z(1) N A CY(0,uN") N A C Z(p1 + p2) N A} with high probability.

Proposition 4.2, the second ingredient in the proof of Theorem 2.2, couples Poisson processes
like 1 and pe with Poisson processes with intensity a multiple of

(4.7) k2 (dw) = Pe[Y a1y, € dw].

More precisely if v is a Poisson process of intensity usi,u > 0, and § > 0 then (under appropriate
conditions) Proposition 4.2 will construct Poisson point processes v and vy of intensities u(1 —
d)ke and 2udkg respectively such that

(4.8) {Z(v1)N A C Z(v) N A} almost surely and
(4.9) {Z(v) N A C Z(v1 + o) N A} with high probability.

Note that, in contrast to the situation for p; and po from (4.6), each “excursion” in the support
of v1 and v, never returns to A after it has left B. Under the law induced on it from the intensity
measure k9, an excursion therefore, conditionally on its starting point, has the law of a random
walk in Z¢ stopped upon leaving B (up to translation). Furthermore it leaves a trace in only one
of the boxes Ayq, ..., A,,. This will allow us (in Corollary 4.3) to “split” the Poisson point processes
vy and 19 into independent Poisson point processes vi,v4,i = 1,...,n, (on I'(Z%)) such that the
4 have intensity u(1 — §)k3 and the v4 have intensity 2udks, where

(4.10) ka(dw) = PZ[Ynr, € dw], and such that
(4.11) {Z())N A C (Z(v) — x;) N A for all i} almost surely and
(4.12) {(Z(v) —z;) N A C Z(Vi + v4) N A for all i} with high probability.

Proposition 4.4, the third ingredient in the proof of Theorem 2.2, constructs independent random
subsets of Z® that have the law of random interlacements intersected with A, from Poisson
processes like I/;. More precisely if 1 is a Poisson point process of intensity uks,u > 0, and § > 0

then under appropriate conditions it constructs independent random sets Z;, Ty C Z% such that
7, has the law of Z%(1=9) N A under Qq, Z» has the law of Z2%* N A under Qo, and

(4.13) {ZiNnACZ(n)NnAC (Z; UZy) N A} with high probability.

But essentially speaking because of (1.22) we will be able to easily construct a random interlace-
ment (Z%),>o from such a pair Z;, Z,.
We now state the propositions. Recall the standing assumption (4.1).

Proposition 4.1. (d > 3,N > 3,z1,...,z, € Tn)

If s> c(e), u> sele) % > 6> es @) and n < s we can construct a coupling (Q2, A2, Q2)
of the random walk Y. with law P and independent Poisson point processes py and pa on I'(Ty),

esc(®)

such that py has intensity u(1 — 0)k1, pg has intensity 2udky, and Q2[I1] > 1 — cue , where

I, is the event in (4.6).

Proposition 4.1 will be proved in Section 6.
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Proposition 4.2. (d > 3,N > 3,z1,...,z, € Tyn)

Assume s > c(e) and that v is a Poisson point process on I'(Ty) with intensity measure uky,
u > s~ constructed on some probability space (Q, A, Q). Thenif1 > 8§ > cs ) andn < s°©)
we can extend the space to get independent Poisson point processes vyi,ve, on I'(Ty) such that
v1 has intensity u(1 — 0)ka, v has intensity 2udrs, (4.8) holds and Q[I2] > 1 — ce*CSC(E), where
I, is the event in (4.9).

The proof of Proposition 4.2 is contained in Section 7. In the proof of Theorem 2.2 we will
actually use the following corollary.

Corollary 4.3. Under the conditions of Proposition 4.2 we can construct independent Poisson
point processes vi, v, i = 1,2,...,n, such that v} has intensity u(l — 6)k3 and v4 has intensity
2udkg fori=1,...,n, (4.11) holds and Q[I3] > 1 — ce=5"Y where I3 is the event in (4.12).

Proof. Fori=1,...,n,and j = 1,2, let 1/;- be the image of 1{Y06A¢}Vj under the map which sends
w(-) € T'(B;) € T(Tyn) to w(-) — x; € T'(Z4) (recall that T'(B;) for B; C Ty denotes the set
of paths in Ty that never leave B;, and note that B = B; — x; C Ty may be identified with
a subset of Z9, so that w(-) — z; can be identified with an element of I'(Z%)). Since the sets
{Yo € A;},i=1,...,n, are disjoint we have that Vil, l/f,i =1,...,n, are independent Poisson point
processes of the required intensities (see the (4.5), (4.7) and (4.10)). Now (4.11) and the required
bound on Q[I3] follows from Proposition 4.2 (see (4.8) and (4.9)), since (Z(vj)—z;)NA = I(V;)ﬂA
for all ¢ and j. O

We now state the proposition which couples processes like V; with random interlacements.
Note that we will apply this proposition after “decoupling” the boxes A, ..., A,, using Corollary
4.3, and that the statement of Proposition 4.4 therefore does not refer to these boxes or the
centres x1,...T,, except through their separation s (recall (2.2)), which goes into the definition
of the radii of the boxes A and B (see (2.3) and (4.2)). The interpretation of s as separation is
therefore irrelevant, and for the purposes of the following proposition it can be simply considered
as a parameter that (together with €) determines the radii of A and B.

Proposition 4.4. (d > 3)

Let n be a Poisson point process on F(Zd) with intensity measure uxks, u > 0, constructed
on some probability space (0, A,Q). If s > c(e) and 1 > § > ¢s~°) then we can construct
a probability space (', A, Q") and (on the product space) independent o(n) x A—measurable
random sets Iy, Ty C Z% such that I has the law of T~ N A under Qq, I» has the law of
7% N A under Qp, and Q ® Q'[I4] > 1 — ce_CSC(E>, where Iy is the event in (4.13).

We are now ready to start the proof of Theorem 2.2. We will apply Proposition 4.1 to the
random walk, then apply Corollary 4.3 to the resulting Poisson point processes, and finally apply
Proposition 4.4 to the Poisson point processes resulting from Corollary 4.3. This gives us random
subsets of Z% from which we will construct random interlacements.

Proof of Theorem 2.2. Throughout the proof we decrease c4(¢) whenever necessary so that the
conditions on u, d and n needed for Proposition 4.1, Corollary 4.3 or Proposition 4.4 to hold are
fulfilled. We first apply Proposition 4.1 with % in place of § to get the space (s, A2, Q2) and

independent Poisson point processes p1 and ps such that pg has intensity u(1 — 15—4)/-“, w2 has
intensity ugm and

(4.14) Qa[Z(p1) NACY(0,uNYNACT(uy 4 po) NA >1— cue™ " for s > c(e).

[

Next we apply Corollary 4.3 once with p; in place of v, u(1 — ) in place of u and % in place of
9 and extend the space (2,42, Q2) to get the space (21,41, Q1) with Poisson point processes
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Vi, Vi of intensities u(1 — 1%)2/{3 and u(1 — %)%/{3 such that v4, 4,7 = 1,...,n, uo are mutually
independent and (for s > ¢(¢))

(4.15) QUIW)NAC (T(1) —2)NACIW +vi)NAforalli >1—ce ",

For convenience we may “thicken” each v so that they have intensity u%f@g, while preserving the
independence of 1/1', vh i =1,...,n,us and the validity (4.15). Repeating this extension but with

1o in place of u, u 7 in place of u and 1 in place of &, we furthermore get processes v of intensity

u27‘5 k3 (arising from the 14 in the statement of Corollary 4.3, the /4 in the statement of Corollary

4.3 are zero since u(1 — §) = 0) such that v, v, v i = 1,...,n are mutually independent and
(4.16) Qi[(Z(p2) —z) NACI(WE)NAforalli] >1—ce ™ for s > c(e).

Now apply Proposition 4.4 with u(1— 1—) in place of u in place of 6, and vt in place of 1 and

; 14
extend the space with mutually independent sets Z; 1,75 1 (independent of 1/1, 1/2, y3, ] >2,i>1)

such that Z; ; has the law of I“(1714) N A under Qo, Zy1 has the law of 7u(1— )°% N A under

Qo, and Q1[T11 NA CZ(wi)NAC (T11UTe1) N Al > 1 — cue " for s > c(e). Then apply

2 in place of u, 1 in place of & and vh + Vi (which is a

36)

Proposition 4.4 once again with u<?

Poisson point process of intensity in place of 1, to extend the space with a random set

73,1 (independent of Z 1,751, NS 1/3, i > 1) such that 73 ; has the law of 7¢% under Qo, and
such that Q1[Z(vd + V) N A C T30 N Al > 1 — cue™®" for s > c(e) (similarly to before T3
arises from the Zy of the statement of Proposition 4.4, Z; is empty since u(1 — §) = 0). We can
repeat this for ¢ = 2,3, ...,n, each time extending the space, to get mutually independent sets
T1;,224,134,t = 1,...,n, such that for each j = 1,2,3 the Z; ;,7 = 1,...,n, have the same law,
and for all 4 and s > ¢(e)

(4.17) QL1 NACIW)NAC (T1iUT) NATWE+v)NAC T3, NA > 1 — cue™ ™.

By (4.14), (4.15), (4.16) and (4.17) we have for all ¢ and (possibly decreasing ¢4 and recalling
that u > s~°()) that for s > ¢(e)

(4.18) Ql[Il,i NAC (Y(O, uNd) — .7}@) NAC (Il,z' U 1—271 UIg}i) N A] >1- cue ™.

It now only remains to construct “proper” random interlacements from 7y ;, 75 ;, 73,7 = 1, .

By (1.22) the Zy; UZ3; have the law of 7“2 N A under Q, where uy = u(1 — —)26 + u676 Once
again by (1.22) the pair (Z1, N A, (Z1; UZy; UZs;) N A) has the law of (Z¥' N A, T%17"2 N A)
under Qo, where u; = u(1 — %)3. But this pair takes only finitely many values (so that the
set of values that are taken with positive probability together have probability one), so we can,
by “sampling from the conditional law (under Q) of (Z%),>o given (Z“1 N A,Z%1t%2 N A)”,
construct for each i = 1,...,n, a family (Z}"),>¢ with the law of (Iu)uzo under Qo such that
7070 A ¢ " NA=1;NA (recall (1.21) and note u(1 —¢) < u(l— ) < uy) almost surely

(2
and (Z;; UZy; UZ3;) NA = I“1+“2 NAC I u(1+9) (note uy + ug < u+u7 +u7 = u(l+49))
almost surely, which combined with (4.18) 1mphes (2.4) for s > ¢(¢). Buy by adjusting constants
(2.4) holds for all s, so the proof of Theorem 2.2 is complete. O

Theorem 2.2 (and therefore also Theorem 2.1) has now been reduced to Proposition 4.1,
Proposition 4.2 and Proposition 4.4.

5. QUASISTATIONARY DISTRIBUTION

In this section we introduce the quasistationary distribution, which is a probability distribution
on Ty\C (recall our standing assumption (4.1), (4.2) and (4.3)) denoted by o(-) and which will
be an essential tool when we prove (in Section 6) the coupling Proposition 4.1.
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The main result is Proposition 5.1, which says that for all #,y € Tn\C the probability
P,[Y: = y|Hg > t*] (recall the definition of ¢* from (4.4)) is very close to o(y) (and thus almost
independent of z). The result will allow us to show, in Section 6, that regardless of where the
random walk Y. starts, Yy (where U was defined in (4.4)) is very close in distribution to the
quasistationary distribution, and this in turn will let us “cut the random walk” Y. into almost
independent excursions, each with law close to P, [Y Ay € dw] (cf. (4.5)). This will be the main
step in constructing the Poisson processes pp and po from the statement of Proposition 4.1.

At the end of this section we also give a result that says that the hitting distribution on 9;A
when starting random walk from the quasistationary distribution is approximately the normalized
sum of the equilibrium distributions on A, Ag, ..., A, (see (5.18)). This result will be used several
times in the subsequent sections.

Let us now formally introduce the quasistationary distribution. We define the (N¢ — |C]) x
(N? —|C|) matrix (Pc)x,ye'ﬂ‘N\é = %1{mwy},where x ~ y means that x and y share an edge in
Tx. When s > ¢(¢) so that Tx\C is connected the Perron-Frobenius theorem (Theorem 8.2,
p. 151 in [18]) implies that this (real symmetric, non-negative and irreducible) matrix has a
unique largest eigenvalue )\{J with a non-negative normalized eigenvector v;. We let )\g denote
the second largest eigenvalue of P¢. The quasistationary distribution ¢ on T ~\C is then defined
by

(5.1) o(x) = (U%)x for z € Ty\C.
vy 1
Since Tx\C is connected (when s > ¢(¢)) it holds that (see (6.6.3), p. 91 in [11])
(5.2) tlim P.[Y; = y|Hs > t] = o(y) for all z,y € Ty\C.
—00
Proposition 5.1, the main result of the section, is a quantitative version of (5.2), which we now
state. Recall once again the assumption (4.1), and the definition of t* in (4.4).

Proposition 5.1. (d > 3,N > 3)
Ifn < 5@ and s > c(e) then

(5.3) sup | Py[Ye = ylHe > 1] — o(y)] < ce™ N
:c,ye'IfN\C_'

To prove Proposition 5.1 we will express P,[Y; = y|Hs > t*] in terms of the matrix PC, and

then use the spectral expansion of PC to prove that P[Y; = y|Hs > t*] is close to (;)%)19 To
1

control the error we will need an estimate of the spectral gap of PY, which we obtain in Lemma
5.3, and a lower bound on the minimum of o(-), which we obtain in Lemma 5.4. This is the
approach taken to prove Lemma 3.9 in [24], which is essentially the same result when n = 1 so
that C consists of only one box. Since for us C' consists of many boxes, bounding the minimum
of o(-) is harder, and achieving a good enough bound will consume most of our efforts in this
section.

We prove Proposition 5.1 after introducing Lemma 5.3 and Lemma 5.4. To prove Lemma

5.3 we will need the following lemma, which roughly speaking says that E[Hy| =~ #ﬁv) for

appropriate sets V C Ty.
Lemma 5.2. (d > 3,N > 3)

For any (non-empty) V.C C let Vi = (VN C;) —x; C Z%i = 1,...,n. Then if s > c(e) we
have

N¢
<1+ c(e)s™@),

(5.4) E[Hy] X1y cap(V7) ~
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Furthermore if V. C B and n < s then

— ¢(e)s¢® e
(5.5) 1 6(5)5 7 < E[Hy]> 7 cap(V?)’ and

(5.6) (1 —c(e)sENE[Hy] < igg E.[Hy] < sup E,[Hy] < (1 + cN~°C))E[Hy].

z€T N

The proof of Lemma 5.2 is contained in the appendix. We are now ready to prove Lemma 5.3
about the spectral gap of P¢.

Lemma 5.3. (d > 3,N >3)
If n < s°€) and s > c(e) we have
(5.7) AC =S > N2

Proof. Lemma A.3 of |24] contains a proof for n = 1 (note that B in that lemma plays the role

of C' in this lemma). The proof for n > 1 is almost identical; one replaces B with C' and the
e(d—2)

inequality E[Hp] > c(¢)N?*T~ 2 with

e(d—2) e(d—2)
(1.7),(4.2),(5.4) c(g)Nd s<N c(d—2) N2T— 5 s>c(e)n<N~ 16 g £d=2)
FE|HA > _ > 5 g — > N+ —1 .
[ C} - 5(171)(6172)” - C( )5 n el &
We omit the details. O

The bound on the minimum of o(-) comes from the following lemma.
Lemma 5.4. (d >3,N > 3)
If s > ¢(e) we have

5.8 inf o(x) > N,
( ) z€TN\C ( )_

We will prove Lemma 5.4 after finishing the proof of Proposition 5.1.
Proof of Proposition 5.1. Note that P,[Yy =y, Hs > t*] = 53;6*’&*(1*})@)(514 for x,y € Ty\C, so
5T6—t*(I—P6)5

(5.9) PylYir = y|Hp > t*] = W

where 1 denotes the vector (1,...,1) € RN-ICI By the spectral theorem we have

o~ I=P°)  _ e_t*(l_xf‘)vwir+e—t*(1-A§)R’
where R is an operator onto the space orthogonal to v; with operator norm 1 (we use the

_ _xC_\C
Euclidean norm on RN"~IC). We thus see from (5.9) that if we let R = © . AQQ)R then

o(z)(v{ 1)

(v1)z(v1)y + 556_“(/\16_)‘9)]%53/ (5.1) o(y) + 5{R’5y

5.10 PV =y|lHm > t'] = _ =
(5.10) Y = ylHo | (v1)(vT1) + 5%6*“()‘?*)‘5)]%1 1+ 61R1
Now since we require n < s¢) and s > ¢(e) both Lemma 5.3 and Lemma 5.4 hold. Therefore
7t*()\é,)\é) ol
|R's,],IR'1| < Nd% < ce” N,
o(z)|vy 1
since
= A (4.4),(5.7 c 5.8 300 <N 200 .
eft*()\lcfx\g) ( )é( ) eicNW,O'(Jj) (Z) N—en nss? 02§N20 67CNW long ‘U?l‘ > ’01|2 -1

and N > c(e) (since s > ¢(g)). Thus (5.3) follows from (5.10) (using again that N > ¢(¢)). This
completes the proof of Proposition 5.1. U
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It still remains to prove Lemma 5.4. The proof will involve further concentric boxes D, F and
F such that AC BC C C D C FE C F defined by

(5.11) D = B(0,s'75) c E=B(0,s'"16) c F = B(0,s'"%).

Proof of Lemma 5.4. Let y be the maximum of o(-). Since U(_-) is a probability distribution we
have o(y) > N~% Also by reversibility we have for any = ¢ C and t > 0 that P,[Y; =y, Hs >
t] = Py[Y; = «, Hz > t] and thus

_ _ _ _ _ Pu[He > t]
(5.12) P,lY: = x|Hp > t] = P,[Y; = y|Hp > ] BlHo <1
Since by the Markov property P.[Hs > t| > P,[H, < Hz|Py[Hs > t] we see, by taking the limit
t — oo in (5.12) and using (5.2), that o(x) > o(y)P:[Hy < Hg] > N~4P,[H, < Hg]. To prove
(5.8) it thus suffices to show that

(5.13) P,[Hy < Hp] > N~ for all 2,y ¢ C.

For i = 1,...,n, and x € D;\C; (recall (4.3), (5.11)) it follows from a one-dimensional random
walk estimate that P.[Tp, < Hg] > N~L, so that by the Markov property P,[H, < Hg] >
N~Vinfyep p, Pv[Hy < Hg]. If 2 ¢ D and y € F\C then we can use that by reversibility
P.[H, < Hg| = Py[H, < Hg| and another one-dimensional random walk estimate to show
P,[Hy < Hz] > N71 inf, g9, p Pu[Hy < Hg]. To prove (5.13) and thus (5.8) it therefore suffices
to show (recall y ¢ F')

(5.14) PyH, < Hz] >N “"forallz ¢ D,y ¢ F.

Now fix y ¢ F and note that P,[H, < Hg] > c¢s™¢ for all z € 0.(D +y), since P,[H, < Tgy,] >
¢s~¢ (e.g. by Proposition 1.5.9, p. 35 in [12]) and (E + y) N C = 0, since s > ¢(g). Therefore to
prove (5.14) and thus (5.8) it suffices to show

(5.15) Py, [Hy < Hp| > N~"P,,[H, < Hg] for all x1,29 ¢ DU (y + D).

Consider the function « — P,[H, < Hg]. This function is non-negative and harmonic on
(Cu {y})c Thus by the Harnack inequality (Theorem 1.7.2, p. 42 in [12]) we have, for any
z € Ty and r > 0 for which B(z,2(r +1)) N (C U {y}) = 0, that

(5.16) inf P,[H,<Hgl>c sup P H,<Hgl.
z€B(z,r+1) z€B(z,r+1)

To iterate this inequality we need the following lemma.
Lemma 5.5. (d > 3,N > 3)

If s > c(e) one can cover (DU (;quD))c by m < enlog N balls B(z;,r;),i = 1,...,m, that
satisfy B(zi,2(r; +1)) N (C U {y}) = 0.

Before proving Lemma 5.5 we use it to show (5.8). The balls B(z;,r; + 1) “overlap” and cover
the connected set (DU (y + D)) (recall s > c(e)), so for any z1,72 € (DU (y + D)) we can
find a “path” of at most cnlog N balls B(z,r+ 1) satisfying (5.16), such that any two consecutive
balls intersect, and such that x; is in the first ball and z is in the last. Applying (5.16) at most
cnlog N times along these “paths” yields (5.15). This completes the proof of (5.8), so only the
proof of Lemma 5.5 remains.

Proof of Lemma 5.5 . By a standard argument (B (0, %))c can be covered by a bounded number
of balls B(z, r) that satisfy B(z,4r+2)NB(0, %) = () (when N > ¢, which we may assume since we

£

require s > ¢). Furthermore each of the annuli B(0, 2”131_%)\3(0, 2ls178),1=10,1,2,3, ... can
be covered by a bounded number of balls B(z,r) that satisfy B(z,4r +2)) N B(0,2!"1s'75) = 0
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(since 78 > ¢). Now combining at most clog N coverings of annuli with the covering of
(B(0, %))c we get that (provided s > ¢(g) so that C' C B(0, %51_5))
(5.17) one can cover D by at most clog N balls B(z,r) with B(z,4r +2)NC = 0.

We can now use (5.17) to get for each z € {x1,...,2,,y} a covering B, of (z + D)° consisting of
at most clog N balls such that if B(v,r) € By then B(v,4(r+1))N(z+C) = (). We now combine
the coverings by picking for every x ¢ DU (y+ D) a ball from B, () that contains x, where z(7) is
a member of {z1, ..., Z,,y} of minimal d, distance to x. This gives a covering of (DU (y + D))®
by at most ¢(n + 1)log N < cnlog N balls. Also if 2 ¢ D U (y + D) and B(v,7) € B,y then
B(v,4r +2)) N (2(z) + C) = 0, so that B(v,2(r +1)) N (CU{y + C}) = 0 (since doo(z, z(z)) >
doo (v, 2(x)) = doo(x,v) > 177 + 3r + 2 and duoo (v, {x1, ..., Tn, y}) > doo(z, 2(2)) — doo(v, ) >
s'7% 4 2r + 2, using that z(z) is of minimal distance to z and deg(z,v) < r). Thus we have the
desired covering and the proof of Lemma 5.5 is complete. U

This completes the proof of Lemma 5.4. O

Finally we state and prove Lemma 5.6, which says that the hitting distribution on 9;A4
when starting from ¢ is approximately the normalized sum of the equilibrium distributions on
0;A1, ..., 0;Ap.

Lemma 5.6. (d >3,N > 3)
If s > c(e) and n < s then for alli=1,...,n,

ealx — x;)

T el AY —c(e) A
ncap(A) (1+4cs ) for all x € 0;A;.

(1 o Cs—c(e)) < PU[YHA _ l‘] < GA(IL‘ — l’z)

(5.18) < o)

Proof. The proof is very similar to the proof of Lemma 3.10 in [24]. By redefining ¢* and U from
[24] to agree with our definition in (4.4), replacing A with A, B with C, and the application of
Lemma 3.9 from [24] with an application of Proposition 5.1 (which is allowed since we assume
n < s and s > ¢(¢)) the argument leading up to (3.42) in [24] becomes a proof of

(5.19) \P[Hi > Ul = P, [Yy, =a] Y Py[Hjz> Ul <ce N forall 2 € §A.
yEBiA

Furthermore note that by (1.9), (4.4) and the strong Markov property applied at time Tp we

have e p(z — x;)inf ¢ p Po[He > U] < P;[H; > U]. But also

(44) 2+155 (1.11) —ce —ce c(e)

(5.20)  sup Py[Hs < U] ="sup P,[Hs < N*T10]| < ne(e)s™“ <c(e)s™* if n < 599,
z¢D z¢D

and thus by (1.14) we have (1 — s¢=“®))eq(z — 2;) < Py[Hz > U] (recall s > ¢(¢)). Now

(4.4) i (1.9)
Te < UsoPy[Hz>U] < eac(xr—x;),

and using (1.15) with r = s'=¢ and X such that s0=90+) = 177 we get eqc(z — x;) <
(1 + cs~¢®) (since s > ¢(e)). Thus

(5.21) (1 — CS—C(E))QA(:L‘ — -Tz) < Px[ﬁg > U] < EA(x _ xz)(l + CS_C(E)),

But plugging (5.21) into (5.19), and using (1.6) and (1.13) yields (5.18), cf. below (3.44) in [24].
We omit the details. g
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6. POISSONIZATION

In this section the goal is to construct the coupling of random walk in the torus with Poisson
point processes of intensity a multiple of k1, i.e. prove Proposition 4.1. We recall the standing
assumption (4.1).

First we define Ry, k > 1, the successive returns to A (see (4.3) for the notation) and Uy, k > 0,
the successive “departures” from C, by

(6.1) Uy=0,U,=Uo00g, +Rp,k>1,Ri=Hz, Ry,=Hz00y, , +Ui_1,k>2.

We call the segments (Y(g, +.)av, Jk>1 the ezcursions of the random walk. The first step in the
proof of Proposition 4.1 is to couple the random walk Y. when it starts from the quasistationary
distribution with i.i.d. processes Y1,Y?2, ... with law P,[Y.\y, € dw], such that with high prob-
ability Y (U;_1,U;) N C = Y(0,00) N C. This is done in Lemma 6.1 using Proposition 5.1 from
the previous section.

The second step in the proof of Proposition 4.1 is to relate the stopping times Ry, U, to
deterministic times, roughly speaking showing that Upyy cap(a)) = ulN ¢ This is done in Lemma
6.4 using large deviation estimates.

The third step in the proof of Proposition 4.1 is to use the relation Uy, cap(a)] ~ uN? to modify

the coupling from Lemma 6.1 so that, very roughly, Y (0,uN?%) N C ~ uggcap“‘”ﬁ(o, x)NC
with high probability. This is done in Proposition 6.5, where we also use a mixing argument to
ensure that the coupling, as opposed to that from Lemma 6.1, has Y. starting from the uniform
distribution.

Finally at the end of the section we use Proposition 6.5 to prove Proposition 4.1 essentially
by constructing a point process from }7,1,17,2, .Y where J is a Poisson random variable. We
will see that this gives rise to a Poisson point process which we can modify, using Lemma 5.6 to
“change” the intensity from a multiple of P,[Y Ay € dw] to a multiple of P.[Y.Ay, € dw] (i.e. of

H1>.
We now state and prove Lemma 6.1 which couples Y. under P, with i.i.d. excursions.

Lemma 6.1. (d >3,N > 3)

Ifn < s¢€) and s > (5(5) “we can construct a coupling (Q3, A3, Q3) of a process Y. with law Py
and an i.i.d. sequence Y1, Y2 ... with law P,[Y. Ay, € dw] such that

(6.2) QslY (Ui_1,U) N C #£ Y0,00) N C] < &N for all i > 1.
Proof. For each i we define L;, the last time that Y. leaves C before U;, by
Li=Lo0y,_, +Ui_1,i>1, where L=sup{t < U :Y; € C},
so that 0 = Uy < L1 < U; < Ly < Us < .... Define for convenience
Li=Yy, U =Yy, and Y =Yy, | 4ynp,.i> 1L

Note that £; € 9.C almost surely since Y. is cadlag. Also note that the L; are not stopping
times. However, if we let oy(2) = Py[Yi = z|Hg > t*] (cf. (5.3)) we have

Lemma 6.2. For any k > 1,2 € Ty,y € 0.C,z € C¢, and E,F C I'(Ty) measurable
(63) P;,;[YV./\L,C eE L=y U,= Z,YUk+. S F} = Px[y/\Lk e E, L= y]Uy(Z)PZ[F}.

Proof. Let E' = EN{w : w constant eventually, w(co) = y} (see below (1.1) for the notation)
and F' = FN{w : w(0) = z}, so that the left-hand side of (6.3) equals

(64) Px[Y/\Lk S E’,YUk+. S F/] = Z P:EI:Y/\TZ- S E/,Lk = Ti7YTi+t*+' S F’],
i1
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(note that U; = L; + t*, and recall (1.2)). Now G = {Y,, , € C,Up1 < 7; < Ui} is

(Y ar,)—measurable, and G N {Hz 00, > t*} = {Ly = 7}, so that by the strong Markov
property applied at time 7; and the definition of E’ we have
PyYpr, € E' Ly =7, Y14 € F')| = Po[{Y'ar, € E'} NG|Py[Hp > t*,Yyey. € F'].
But Py[Yyy. € F', Hs > t*] = Py[Hps > t*|oy(2) P, [F] (by the Markov property applied at time
t* and the definitions of o, and F’) so in fact
P[Yar, € E' L, = 73, Yo ytr 4. € F'] = Po[{Y'Ar, € E'} NG|P[Hp > t*]oy(2) P, [F)
= P,[{Yrr, € E'}NGN{Hz o0, > t*}o,(2)P,[F]
= Py[YAr € FE. L,= Ti|oy(2) P, [F],
by an application of the strong Markov property and the definition of G. Plugging this into (6.4)
and using the definition of E’ gives (6.3). O

We now continue with the proof of Lemma 6.1. Because of (5.3) (together with Proposition
4.7, p. 50 in [14]) we can construct for each y € C° a measure gy(-,-) on C° x C° coupling o and
oy, such that

(6.5) the first marginal is o(-), the second is oy(-), and ZT: qy(z,2) > 1— ce—eN.
zeln

Let gy(+]) denote the conditional distribution of the first argument given the second (note that
oy(2) > 0 for all z € C°, provided s > ¢(¢) so that C consists of disjoint boxes).

We now construct (23,43, Q3) as a space with the following mutually independent families of
random variables

(6.6) Y. with law P,,
(6.7) (Vy,zi)y zeGe i>1 independent C¢ — valued, where Vj, . ; has law g, (dw|z),
(6.8) (Z?”i)vec-«a@l independent T'(Ty) — valued, where Z%" has law Pv[ff,kLl € dw.

We define on 23 starting points of excursions ¥; by
(69) Ez = Vﬁiauiai for ¢ Z 1.

We will see that the 3J; are i.i.d. with law o, but coincide with the ¢; with high probability.
Furthermore define the excursions Y;, with starting points »;_1 for ¢ > 2, by

Vitl ity =3,

SR for ¢ > 1.
/A 1fZ/{,7éZz

(6.10) V!=v"!and V! = {
(By a slight abuse of notation we view Yi,U;, £; and Y. as being defined on €3 as well as on
['(Ty)). We will see that the Y i > 1, are i.i.d. with law P,[Y.Ar, € dw], essentially because
the starting points ¥; are i.i.d. with law o. Furthermore we will see that Y*! coincides with
Vit with high probability, because ¥; coincides with U; (the starting point of Y”l) with high
probability. To this end note that for all ¢ > 2

_ .~ (6.9),(6.10
Q3Y'=Y"] (G0L610) Q3lir =V, i) = > Q3[lici =y, U1 =2,V i1 = 2]
u,2€TN
Now by independence and (6.7) we have Q3[Li—1 = y,Ui—1 = 2, Vi1 = 2] = P,[Li1 =
y,Ui—1 = z]qy(2|z). Furthermore P,[L;_1 = y,Ui—1 = 2] = P,[L;—1 = yloy(z) by (6.3) so
L (6.5) ele
(6.11)  Q3[Y'=Y'= > {P[Lici=y] > oy(2)a(z]z)} > 1—ce N “ for all i > 1,
yeT N 2€T N

where we have used that oy (2)gy(2]2) = qy(z,2) and that V! = V! almost surely.
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The next lemma will be used to to show that the Y? are i.i.d. with law P, [Y-/l\Ll € dw).

Lemma 6.3. For any measurable Er, ...., B, C I'(Ty), let Fy, = {Yie E;,1<i<k}. Then for
all y,z € C° and measurable F' C I'(T ) we have

(612)  QslFe N {Lk =y, Uk = 2 Yus. € F}] = QalFr 1 {Ly = y}loy (=) P[],

Proof. Essentially speaking (6.12) follows directly from (6.3) because the event Fj, only depends
onYnr,, Z"" and Vi, for i < k (see (6.10)), where the Z"" and Vy,=,i are independent of Yy, .
by construction. We omit the details (which involve “conditioning on L;,U;, ¥, < k — 17, i.e.
considering Q3[Fy N {Lx = y,Uy, = 2,Yy,+. € F} N K(§,2,0)], where K (7,%,7) = {(L)F= =
g, U = 2, (V.0 0)F! = @} for vectors ¢, 2,0 in (C€)F1). O

We now continue with the proof of Lemma 6.1 by showing that the Y are ii.d with law

Py[Y AL, € dw]. For any measurable F, ..., B, Exy1 C I'(Tn) let Fj be defined as in Lemma
6.3, let ' = {Y.Ar, € Ery1} and note that by (6.10), Q3[Fy N {Y**! € By, 1}] equals

(6.13) Z Qg[Fk N {ﬁk =y, U = z, Vy,z,k = Z,YUk+. S F}]
y,zeC’C
(6.14) + Y QslFin{Li=yUp =2V, =v,2"" € F}].
y,z,v€C v#£z

By independence and (6.7) we have that the probability in (6.13) equals

(6.12)
Qs[Fk N{Ly =y, U = 2, Yuq € Flgy(2l2) " =" Qa[Fix N {Lx = y}]oy (2) P:[Flgy(2]2),
and similarly by independence, (6.7) and (6.8), the probability in (6.14) equals
(6.12)
Q3[Fr N { Ly =y, U = 2}]qy(v|2) P:[F] =" Q3[F} N {Lx = y}]oy(2)qy (v]2) P [F].
But o, (=) P.[Flay (2]2) = 4,(=, 2) P.[F] and 0,(2)g,(v|) P, F] = 4,(v, 2) P,[F], so
Qs[FeN{Y " e Bpn}] = X Qs[Fen{Ly = }lgy(v, 2) P, [F]
y,2,0€CC
= Q3[FE|Po[F] = Qs[Fi] Py [YoAL, € Et1],
where we have used (6.5) and the definition of F'. But applying this recursively we get that for
all £ > 1 and measurable Ej, ..., Ex41 C I'(Tyx)

. k1
Q3[Y' € B, 1 <i<k+1]=][[P[Y AL, € Eil,

=1
and thus the Y?,i > 1, are i.i.d. with the same law as Y AL, under P;.

We can now extend the space (023,43, @3) by independently “appending a piece” with law
PylY € dw|Hg > t*] to each Y, conditionally on the event {Y = y} for every y € 0.C, to
obtain i.i.d. processes Y'!, Y2, ... with law P,[Y.\y, € dw] such that Y*(0,00)NC = Y*(0,00)NC
almost surely. Then (6.2) is satisfied by (6.11) and since Y(0,00) N C = Y (U;_1,U;) N C. This
completes the proof of Lemma 6.1. (]

The next step is to to relate the stopping times Uy to deterministic times.
Lemma 6.4. (d > 3,N >3)

If s > c(e), u> sel@) % > 6> csE) and n < s°€) then

(6.15) PU[U[u(1+6)ncap(A)] < uNd] < Ce_sc and

c

(6.16) PO'[U[u(lfb‘)ncap(A)] > uNd] < ce”t.
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Proof. Note that

k=1 k
(6.17) Ug= 3 Hzoby, + > Uodbp, foral k> 0.
i=0 i=1

Let k™ = [u(1 + d)ncap(A)] and k= = [u(l — §)ncap(A)]. By (6.17) both (6.15) and (6.16)
(L.7)
follow from (note that duN92, §2uncap(A) > s¢if u, 6 > s7¢)

kt—1 i
(6.18) P, [ Hjo QUk < uN? < Ce—c52uncap(A)’
i=0 ]
k-1 _ )
(6.19) PU[ S Hioby, >u(l — %)Nd < e uncap(A)7
i=0 _
k_ 3 p—
(620) PU|:Z UOGRZ Z %uNd S 66_06UNd 2'
i=1 ]

One shows (6.18), (6.19) and (6.20) using large deviations bounds. Since the proofs are very
similar to those in Lemma 4.3 in [24] we omit the details. Let us simply state that to prove
M H o0y,
. . ZI?:_071 HAOOU

estimates the small exponential moments of 0=="—p2"—rk.
szTN CC[ A}

strong Markov property E,[exp(A Z?:o Hj00y,)| < (sup,¢c Ex [exp(AH 5)])¥ for all A € R, and
by elementary bounds on the function  — e® and Khasminskii’s lemma (Lemma 3.8 in [24]) we

have

(6.18) one estimates the small exponential moments of ¢ and to prove (6.19) one

This is possible because by the

(6.21) sup Ez[exp(AH ;)] < 1+ X inf E [H ] + c\*( sup E[Hz])? for A <0
xz¢C zgC z€TN
(6.22) and sup Ej[exp(AH )] < Z A"(sup Ei[Hz])™ for A > 0.
:E¢C m>0 z€T N

To show (6.18) one sets A = _mfgcfi%r[flg] in (6.21), for a small enough constant ¢, uses (5.6)

to show that the term involving A? is at most cd? (for a small enough constant ¢) and (5.4) and

(5.6) to show that 1+ cd)ncap(A), for any small constant ¢, as long as we require

Nd
inf, g e Ez[H 4] =

1) Z C(E)Sic(s). To show (619) one sets A = SupeTc—(sE[E(Aﬂ > 0 in (622), for a small enough
T N x
constant ¢, and uses (5.5) and (5.6) to show that m > (1—cd)ncap(A), for any small
xeT —T

constant ¢, as long as we require § > ¢(¢)s~“®). (Note that (5.5) and (5.6) hold because we
require n < s°).)

To prove (6.20) one estimates F,[exp(\ Zf;l Uofpg,)] for A\ = N~2_ first by similarly bounding
it above by (sup,¢ 1 Ex[exp(AU)])¥ . Using that either U < T +t* or Hg 001, < t* (recall the
definition of D from (5.11)) one gets the inequality

sup Ey[exp(AU)| < sup Eg[exp(AMTp + t¥))] + sup Egz[exp(AU)| sup P, [Hs < U],

z€A z€A z€A x¢D
and using (5.20) this implies that sup,c 5 Fz[exp(AU)] is at most csup,e 4 Ezlexp(A(Tp + t*))]
(provide s > ¢(g) and n < 5°()), which in turn can be shown to be bounded above by exp(cAt*)

using once again Khasminskii’s lemma and the elementary sup,c 4 Ex[Tp] < cs?(17%) (recall that
s'75 is the radius of D). O
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We can now combine Lemma 6.1 and Lemma 6.4 to construct a coupling of a random walk
Z. with law P and a sequence of 1.i.d. excursions with law P,[Y. Ay, € dw] such that, roughly
speaking, Z(0,uN%) N A coincides with the traces of the i.i.d. excursions.

Proposition 6.5. (d > 3,N > 3)

If s > c(e), u > S*C(E), % > 6 > cs~E) and n < SC(E), then we can construct a coupling
(Q4, A4, Q1) of a process Z. with law P and an i.i.d. sequence Y, Y2, ... with law P, [YAu, € dw]

such that

K ~ d ~ ~Z- _
(6.23) 5, Y0enCczOuNgnCc U Y0000

>1- c(a)ue‘csc(s).

[u(1=8)ncap(A)] - . [u(1+5)n cap(A)]
U

(Note that the first union is over i > 2, see the remark after the proof.)

Proof. We first use Lemma 6.1 to construct the space (Q3,.43,Q3). We will now extend it to

get (4, A4,Q4q). By (1.4) (with A = N=2¢* 24 N16) and a standard coupling argument we

can construct a process Z. with law P such that Z. agrees with Y;x. with probability at least

—Ne(®) . .
ce N7 and in particular

(6.24) Qu[Z(0,uN?) = Y (t*, uN% + ¢*)] > 1 — ce N,
Now letting k= = [u(1 — §)ncap(A4)] and kT = [u(1 + d)ncap(A)] we have
(6.25) Qu[Y (U1, Up-) CY(#*,uN? + ) C Y(0,Up+)] > 1 — ce™",

(6.1) (4.4) . uS>N—¢
since Uy > Uofgr, > t*, QuUp- < uN9 > 1 — ce™* by (6.16), and uN? + t* <

u(l+ g) < U[u(1+§)2ncap(A)} < U+ with probability at least 1 — ce™*" by (6.15) (applied with
u(l+ g) in place of u and g in place of §). Finally by (6.2) we have
k™ kTt

QdUW(O,oo)ﬁC:Y(Ul,ka)ﬂC,Y(O,Uk+)ﬂ(7: Y (0,00)NC| >1—cue ™,

1=2 i=1

(1.7)
where we have used that kT < cuncap(A) < cus®®) g(1=e)(d=2) < oy 5c(e) Combining this with
(6.24) and (6.25) now gives (6.23) (using also that u > s~()). O

Note that to ensure that also the first excursion Y! has law P,, we have generated the law P
of Z by modifying Y« . under P,, and getting the i.i.d. excursions Y?,i > 1, from Y. via Lemma
6.1. The first union is (6.23) is over 7 > 2, since with this construction Y.' corresponds to a piece
of Y. that is not fully included in Z..

We are ready to finish the proof of Proposition 4.1 using the previous Proposition 6.5.

Proof of Proposition 4.1. We apply Proposition 6.5 with g > ¢s¢®) in place of § to construct
the space (€4, A4, Q4) which we will extend to get (Q2,.42,Q2). First of all we rename the
process Z. to Y., so that we have from (6.23) that

[u(1=$Incap(4)] ~ [+ §)ncap(a)] ~
(6.26) Q4[ U  Yi0,00)nCcYOuN)nCc |J  Yi(0,00nC]
: i=2 i=1

—esc(®)
>1—c(e)ue ",

where Y1, Y5, ... are iid. with law P,[Y.\py, € dw]. We now add independent Poisson random
variables J; and Jy to the space, where J; has parameter u(1 — %)ncap(A), Jo has parameter
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udncap(A) and define the following point processes on I'(Ty)

(6.27) Y d 5 S
6.27 By = i an =1 5 + o
=T e Ho m H OO T g, i
Then ,u/1 and ,u,2 are independent Poisson point processes such that ,ull has intensity u(l —
S)ncap(A)Py[Y Ay € dw] and fi5 has intensity udncap(A)P,[Y.ay € dw], where ¢ denotes the

measure defined by ¢(z) = P,[Yy, = x]. By a standard large deviations bound one can show
that

g 6 —cun 2
Qu[J1 +1 < [u(l — Z)ncap(A)} < [u(l + Z)ncap(A)] <Jy+ o] >1—ce cap(4)s®
(1.7),u7625_(1_€) d§2 do
so that from ucap(A)d? > sU=9)%" | (6.26) and (6.27) it follows that
(6.28) QulZ(p) N A CY(0,uN) N A CZ(iy + ) N A) > 1 - cue .
By (5.18) we have the following inequality involving the intensity of )
5208—0(6) 5 52CS—C(5) s
(6.29) u(l — &)k < u(l - Q)ncap(A)Pq[Y./\U cdu] < u(l _ g)m-

We can thus (using the lower bound) by a standard thinning procedure construct, extending the
space appropriately, a Poisson point process pj of intensity u(l — §)k1, such that pu; < ,ull and
w1 and ,u,/1 — p1 are independent. Furthermore (using the upper bound) we can thicken //1 — U1
to get a Poisson point process v (independent of i) of intensity u%éi{l such that ull < p1 +v.
Once again by (5.18) we also have the following inequality involving the intensity of p,

s>c(e)
uéncap(A)Py[Y ay € dw] < wu % dK1.

Thus we can thicken MIQ to get a Poisson point process n of intensity u%ém, such that /J,/2 <n
and p1,v,n are independent. We then define ps = v + 1, and see that us is a Poisson point
process of intensity u2dx; which is independent from pq, and g < ull < ,ull + ulg < p1 + po.
Thus it follows from (6.28) that the probability of the event in (4.6) is at least 1 — cue=*"" and
the proof of Proposition 4.1 is complete. O

To prove Theorem 2.2 it now remains to show Proposition 4.2 and Proposition 4.4.

7. FROM THE TORUS TO Z% AND DECOUPLING BOXES.

In this section we prove Proposition 4.2 which dominates a Poisson point process v of intensity
a multiple of k; (and whose “excursions” therefore roughly speaking “feel that they are in the
torus”, and may visit several of the boxes 41, ..., A, see (4.4) and (4.5)), from above and below
by Poisson point processes whose intensities are multiples of k2 (and whose “excursions” thus,
conditionally on their starting point, “behave” like random walk in Z¢ stopped upon leaving a
box, and visit only a single box, see (4.7)). First we will (roughly speaking) take all excursions
in v that never return to A after leaving B (the great majority of all excursions), truncate them
upon leaving B, and collect them into a Poisson point process whose intensity can bounded from
above and below by multiples of ko (see Lemma 7.1). This will allow us to dominate this Poisson
point process, from above and below, by Poisson point processes with intensities a multiple of
ko. We will then, in Lemma 7.2, use an argument from the proof of Theorem 2.1 in [23] to
dominate the excursions that do return to A after leaving B by a Poisson point process with
intensity a small multiple of k9. That is, we will, essentially speaking, decouple the “successive
visits to A (after leaving B)” of a single excursion by dominating the hitting distribution on
A when starting outside of B by a multiple of the measure e from (4.5) (see Lemma 7.3). We
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then collect a number of the successive visits of all the excursions (with high probability all the
successive visits of all the excursions, and in addition a number of extra independent visits) into a
Poisson point process of intensity a small multiple of k3. This is done in Lemma 7.2. Though the
number of excursions that make several “successive returns” to A are small, dominating them with
high enough probability (namely, stretched exponential in the separation s, see the statement
of Proposition 4.2 and (7.4)), so that what happens in the individual boxes Aj, Ag, ..., A, is
independent, is not straight-forward. Since Lemma 7.2 achieves this, it should be considered the
heart of the proof of 4.2.

We recall the standing assumption (4.1). Define for w € T'(Ty) the successive returns Ry, =
Ri(w) to A and departures Dy, = Dy (w) from B as follows

(7.1) Ri=Hj, Rpy=Hzobp +Dy1,k>2 Dp=Tgobs + Rk > 1.

Note that Ry, should not be confused with the Ry used in Section 6 (see (6.1)). To extract the
“successive visits to A” of an excursion we furthermore define for each ¢ > 1 the map ¢; from
I'(Tx) into I'(Tx )" by

(72)  (pi(w)); =w((Rj +-)ADj) for j=1,..,i,we {R; <U < Ri1} C T(Ty),i > 1.

For each i > 1 we will apply this map to the Poisson point processes v to get a

i 1{R¢<U<Ri+1}
Poisson point processes p; of intensity uxj, where
(73) K)zl :¢io<1{Ri<U<Ri+1}K‘1)’i Z 1.

To dominate the u1, the first of these Poisson point processes, which contains most excursions,
from above and below by Poisson point processes of intensities that are multiples of kg we will
use the following inequality.

Lemma 7.1. (d > 3,N >3)

If s > c(e) and n < s¢€) we have (1- cs*C(E))kag < Kl < ko

We postpone the proof of Lemma 7.1 until after the proof of Proposition 4.2. The Poisson
point processes o, [i3, ... will contain the successive visits to A of the excursions that make 2,3, ...

such visits, respectively. There will only be a few of these and using the following lemma we will
be able to dominate them by a Poisson point process 8 of intensity a small multiple of ko.

Lemma 7.2. (d >3, N > 3)

Let (2, A,Q) be a probability space with independent Poisson point processes pig, i3, ... such
that u; has intensity u,‘iﬁ,u > 0. Then if 6 > S_C(a), n < s¢©) and s > c(e) we can construct
a space (', A", Q") and, on the product space Q x ', a o(u;,i > 2) x A'—measurable Poisson
point process 0 of intensity udky such that (recalling the notation from (1.16))

(7.4) Q ® Q' [UisaZ (1) C Z(0)] > 1 — ce—cuocap(4),

We postpone the proof of Lemma 7.2 until later, and instead use it together with Lemma 7.1
to prove Proposition 4.2.
Proof of Proposition 4.2. We let
, — (7.1)(7.2) -
(7.5) Wi = ¢i(1{f%z<U<Rz+1}V)’l >1, sothat Ui>1 Z(p) NA° = 7" Z(v)NA.

Since the sets {RZ < UK RHl},i > 1, are disjoint p;,¢ > 1, are independent Poisson point
processes on the respective spaces I'(Tx )%, 4 > 1, and by (7.3) they have respective intensities
uki,i > 1. By Lemma 7.1 it follows, since we require 6 > cs—°®) | that

(7.6) u(l — 8)ry < uri < uky.
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Now similarly to how we used (6.29) to construct the processes p1 and v from p’, we now (extend-
ing our space appropriately) use (7.6) to construct processes v1 and p, such that vy, p, p;, i > 2,
are independent, v; has intensity u(1 — §)k2, p has intensity udxe and

(7.7) v1 < 1 < v+ p almost surely.

_(7.7) _ (7.5) _
Thus (4.8) holds, because Z(v1) N A C Z(u) N A C ZI(v)N A, and since vq has intensity
u(1 — 0)ke it now suffices to construct vy appropriately.

To this end we apply Lemma 7.2, once again extending the space, to get a Poisson point

process 6 of intensity udxs such that vy, p and 6 are independent and

(7.8) Q[Ui2Z(1i) C T(0)] > 1 — ce~ w0 cap(d) > 1 _ cemes™

(1.7),(4.2)
where we use that we require u,d > s~ ) so that ud cap(4) > uds(1=9)2=d) > 4¢(e)  Now
set 5 = p 4+ 0 and note that 14 and 1o are independent, 15 has intensity 2udxe and because of
(7.5), (7.7) and (7.8) we have

Q[I(V) NAC I(I/l + 1/2)] >1-— Ce—csc(s)‘

Thus the proof of Proposition 4.2 is complete. U

The proof of Proposition 4.2 has thus been reduced to Lemma 7.1 and Lemma 7.2. We now
prove Lemma 7.1.

Proof of Lemma 7.1. Let W C I'(Ty) be measurable. Then x1(W) (45L(7:3) PY 1, €W, U <

Ry] so the upper bound follows directly from (4.7). Furthermore &} (W) > (W) inf 0.5 Pe[Hz >
Tplinf, s p P:[Hz > U] (recall (5.11)) by the strong Markov property. But (if s > c(¢))

(1.10)
inf ey p Pe[Hy > Tp] = infreo.p PYHy > Tp] > 1—cs©), and by (5.20) we have
inf o pPelHz>U]>1~ c(e)s~¢(), so the lower bound follows. O

It thus only remains to prove Lemma 7.2 to complete the proof of Proposition 4.2. For this we
will use the following bound on the intensities k) of the y;, (this corresponds to (2.33) in [23]).

Lemma 7.3. (d >3,N > 3)
If s > c(e) andn < s€) then for all i > 2

(7.9) Ky < &L where &L (d(w1, ..., w;)) = 5750V eap(A) @ _, PelY AT, € dwy],
and € = ﬁp(l‘l) denotes the normalisation of the measure e from (4.5) (see (1.6)).

In the proof of Lemma 7.2 we will use Lemma 7.3 to dominate f;,7 > 2, by Poisson point
processes 7; of intensity ukj. Since K} is proportional to a product measure the “points” of 7; will
be vectors of independent excursions with law Pé[Y/\TE € dw]. Thus we will have “decoupled”
the excursions and we will be able to use them (along with additional independent excursions)
to construct the Poisson point process 6. We postpone the proof of Lemma 7.3 until after the
proof of Lemma 7.2. In the proof of Lemma 7.2 we will use the following simple lemma about
Poisson random variables.

Lemma 7.4. Let N be a Poisson random variable of intensity A > 0, and let Nj,i > 2, be
independent Poisson random variables such that N; has intensity at most \r‘=1. Then

(7.10) P[Zz’NiSN} >1—ce, if0<r<c

i>2
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Proof. This follows from the standard large deviation bounds P[N < %] < ce~ and
; i—1(gi <e<1
IP’[ STiN; > %} < e_%E[eZiEQlN] e AL M gc e for all A > 0.
1>2

We now prove Lemma 7.2. The proof corresponds roughly to (2.38)-(2.54) in [23].
Proof of Lemma 7.2. If we multiply (7.9) by u we get for each i > 2 an inequality for the intensity

measure of ;. Because of this inequality we can “thicken” each y;, by constructing (', A, Q')
with the appropriate random variables, to get (on Q x ') o(u;,i > 2) x A’—measurable inde-
pendent Poisson point processes

(7.11) ni,i > 2, on T(Ty)" of intensities ui} (respectively), such that p; < ;i > 2.

We note that if we let N; = 1;(T'(Tx)?),7 > 2, then (see (7.9))

(7.12) N;,i > 2, are independent and Poisson, where N; has intensity usfg(ifl)cap(A).

Now extend (€, A", Q') to obtain o(u;,i > 2) x A'—measurable vectors v;'-,i > 2,5 > 1, such
that v}i >2,7>1,N;,© > 1, are independent,

) . . Ni
(7.13) v; has law @ Pe[Y AT, € dwy] (i.e. uk] normalised) and n; = _ 0,:,7 > 2,
=1

(conditionally on n; we let vi, ..., v} N , be a uniformly chosen random permutation of the points
in the support 7; and note that almost surely no two points of 7; coincide, and add i.i.d. vectors
to form v}, j > N;). Define N = »7,.,iN; and construct on (', A, Q’ ) a Poisson random
variable N of intensity udncap(A), and trajectories w;,7 > 1, with law Ps[Y.A1, € dw], such that
N, w;, 1> 1,vj,z > 2,5 >1,N;,i > 2, are independent. Write v;- = (w;-J, wﬂ) and let
00 N N-N _
Z ijll((sw;_l T 5w31) + Z 51;,1, if N > N,
(7.14) 0 = 1;2 =1

Z 61171' if N < N.
The number of points N of # is a Poisson random variable, and conditionally on N the points

of 6 are ii.d. with law Ps[Y.\r, € dw] (see (7.13)), so that 6 is (as claimed) a o(u;,i >
2) x A'—measurable Poisson point process of intensity udncap(A)P[Yar, € dw] = udry (see

(4.7)).

It remains to show (7.4). We have U;>2Z(p;) C U;j>2Z(n;) (by (7.11)) and on the event
{N < N} we have U;>2Z(n;) C Z(6) by (7.13) and (7.14). Thus by (7.10) with A = udncap(A)
and 7 = 61575 < ¢ (we require § > ¢s~/®) we get
(7.15) Q® Q/UpsT(m) CI(6)) 2 Q® Q'[N < N 21— cemrieap(4),

(see (7.12) and note that us~ 50 Deap(4) < A6 Ls~50~D < Ari=1). Thus (7.4) holds. O

It remains to prove Lemma 7.3. For the proof we will need the following upper bound on the
probability of hitting A in a given point before U, from outside of B.

Lemma 7.5. (s> c(e),n < s%%))
For all x € 0.B and y € 0; A we have
(7.16) hx(y) < sfié(y) where hy(y) = P[Hz < U, Yg, =yl
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Note that crucially sfié(y) does not depend on the starting point z. In the proof of Lemma
7.3, which we now start, this is what will allow us to bound ! from above by an intensity that
is proportional to a product measure (namely #%). The proof of Lemma 7.5 will follow after the
proof of Lemma 7.3.

Proof of Lemma 7.53. Fix a i > 2. Let Wy,...,W; C I'(Tx) be measurable. Then

Hil(Wl X ..o X Wz) (4.557.3) Pe[Ri <U«< Ri+1,yv(

< Pe[Ri < U7 }/iéj+.)

=
—~

Ryynn, € Wi 1 < <]

ab, € Wi 1 <7 <

(7.1),(7.16)

Markov e[l{Ri_1<U’Y(Rj+')/\Ej GWj’ISjSi_l}PhYD [Y/\TE < Wj“’

i—1
(716) . . o
< S 4Pe[RZ‘_1 < U, Yv(f?j—&m)/\ﬁj S Wj,l <j<i— 1]Pé[Y/\T]§ S Wz]

Now iterating a similar inequality we get

i

/{Zi(Wl X ..o X WZ) §S_%(i_1)Pe[Y/\TB S Wl]HPé[Y/\TB S Wj]

j=2

Ss‘g(i_l)cap(A)HPé[Y/\Tg € Wjl ) RUWL . x W),

j=1

£

where we have used that 3_%(i_1)Pe[YATB e Wi = s~il=p cap(A)Pe[Y A, € Wi] and
57107 0n < 575071 (we require n < s5).

Thus x{(W) < & (W) for all W € T'(Ty)? that are products of measurable sets. This implies
that x{ (W) < & (W) for all W € T'(Ty)" that are finite unions of such sets (W need not be
a disjoint union, since “overlapping” unions of products of measurable sets may be turned into
disjoint unions of such sets by further “subdividing” the “overlapping” sets). By a monotone class
argument, this implies that x4 (W) < &% (W) for all measurable W € I'(Ty)? (see Theorem 3.4,
p. 39 in [7]), so (7.9) follows. O

Finally, we prove Lemma 7.5, using the Harnack inequality and (1.8).

Proof of Lemma 7.5. If j # k, x € 0.B; and y € 0; Ay, then by the Markov property

(7.17) ho(y) = Pe[Hz <U,Yu,; =y] < sup P[Hz <UYp,=yl= sup hg(y),
€0 By, x€0e By,

(provided s > ¢(e) so that B; and By, are disjoint), so without loss of generality we may assume

x € 0.By. We have (recall from (5.11) that C € D = B(0, 317%))
(7.18) he(y) < Po[Hi <Tp,Yu, =yl + Pe[Tp < Hz <U, Yy, =y
By the strong Markov property, (5.20) and (7.17), we have for s > ¢(¢)

(719)  PTp<Hz<UVYpu; =yl < sup P.[Hs < U] sup h.(y) < cs™®) sup ha(y).
2€0e.D 2€0.B 2€0.B;

The function z — h;(y) is non-negative harmonic on Cy\Ay (which can be identified with a

subset of Z%) so by the Harnack inequality (Proposition 1.7.2, p. 42, [12]) and a standard

covering argument we have h,(y) < chy(y) for all z € J.Bg. Applying this inequality to the

right-hand side of (7.19), plugging the result into (7.18) and rearranging we find that

(7.20) he(y) < cPp[Hi <Tp,Yu; =y] < c sup PZZd[HA < 00,Yy, =yl for s > c(e).
2€0;B
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Thus using (1.8) with K = A,r = s!7¢ (recall (2.3)) we have that if s > c(¢) (so that z ¢
B(0,c35 %) if 2 € 9;B) then

ealy) 7d (1.10) . n<s® s>c(e) .
he(y) < 220 sup PE[Hy < o0] < cné(y)s 2 < ely)si.
Cap(A) z€0;B ?

Now all components used in the proof of Proposition 4.2 have been proved.

8. COUPLING WITH RANDOM INTERLACEMENTS

In this section we prove Proposition 4.4. We use essentially the same techniques that were
used to prove Proposition 4.2 in the previous section, but speaking very roughly we use them
“in reverse” to reconstruct from the excursions in the Poisson point process 7 of intensity uks,
which all end upon leaving B, excursions with law PeZ: (or rather, the successive visits to A after
departures from B of such excursions). Pezj gives positive measure to excursions that return to
A even after leaving B, and to construct such excursions we will in Lemma 8.2 take a “small
number” of excursions from 7 and “glue them together”, essentially reversing the argument from
Lemma 7.2.

Let Rl < Dl < Rg < Dg <...on F(Zd) denote the successive returns of Y. to A and successive
departures from B,

Ry = Ha, Rk:HA09§k71+Dk—l7k22a 1~7k=T3091§k+Rk,k2 1.

These should not be confused with the Rk, ﬁk, which were defined on I'(T ) and used in Section
7 (see (7.1)), or the Ry from Section 6 (see (6.1)). Furthermore similarly to (7.2) define maps

qﬁizd,i > 2, from I'(Z%) to I'(Z%)? extracting the excursions between A and B,

81) (¥ (w)); =w((Rj+-)AD;) for j =1,....i,w € {R; < 0o = Riyy} CT(ZY),i > 1.

(2

To construct the random set Z; from the statement of Proposition 4.4 we will construct Poisson
point processes of intensities u(1 — §)xf, where (cf. (7.3))

. Zd .
(8.2) Ky = ¢io (1{R7;<OO<RZ'+1}PEA ),i > 1.
This will be enough to construct Z; because if ;¢ > 1, are i.i.d. Poisson point processes of
intensity u(1 — 0)x} then by (1.18), (1.19), (8.1) and (8.2) (recalling the notation from (1.16))
(83) Iu(l_é) NA IEL:W Uile(ui) N A.

To construct a Poisson point process p1 of intensity u(1—4)x} we will, in the proof of Proposition
4.4 | “extract” a Poisson point process of intensity u(1l — d)k3 from 7, and “thin” it to get p;.
This will be possible because of the following inequality.

Lemma 8.1. (N >3,d>3)
If s > c(e) then k) < k3 < (14 cs™E))gl.

Proof. This is a consequence of (1.10), (7.3) and (8.2). The proof is a very similar to that of
Lemma 7.1, so we omit it. O

After constructing p; in the proof of Proposition 4.4 we will take “what is left of n after
thinning using Lemma 8.1”, namely a Poisson point process 6 of intensity udks, and “extract
from it” the Poisson point processes psg, i3, ... of respective intensities u(1 — §)x%. This will be
done using the following lemma.
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Lemma 8.2. (d >3, N > 3)

Let u >0, 6 > e¢s °©) and s > c(e), and let (2, A, Q) be a probability space with a Poisson
point processes 6 of intensity udrs. Then we can construct a space (', A', Q") and, on the product
space, independent o(6) x A'—measurable Poisson point processes p;,i > 2, and pa such that p;
has intensity u(1 — &)k’ pa has intensity u32—5/<53 and

(8.4) Qe Q [U T(s) € T(0) € UssoT(i) | z(pz)} > 1 — ce~cudcap(4),
i>2
The “residual” Poisson point process po, as well as a “residual” Poisson point process left after
“thinning” to obtain p1, will be used to construct Zo. We postpone the proof of Lemma 8.2 until
later, and instead use it to prove Proposition 4.4.

Proof of Proposition 4.4. We start by constructing (€', A’, Q') appropriately, to obtain, by “thin-
ning” 71, a o(n) x A'—measurable Poisson point processes 6 on the product space of intensity
udkg, such that n — 6 and 0 are independent, and 1 — # is a Poisson point process of intensity
u(1—08)k3. Since we require § > ¢s~°€) and s > ¢(e) we have u(1—6)(1+s ) < u(1— g), and
thus u(1 — 0)k} < u(l —8)rg < u(l — g)/i}1 by Lemma 8.1. But u(1 — g)“}L <u(l—98)kl+ %fig
since k) < k3, so that

u(l —0)ky < u(l —8)rz < u(l — 6k} + ug K3.

Therefore we can, similarly to under (7.6), construct (extending (€', A’, Q') appropriately) o(n) x
A’ —measurable Poisson point processes 1 and p; such that pi, p1,0 are independent, p; has
intensity u(1 — &)k}, p1 has intensity ugng,

(8.5) p1 <n—0 < py+ p1, and thus Z(py) C Z(n — 60) C Z(p)| JZ(p1)-

We then apply Lemma 8.2 (once again extending (€', A", Q’)) to 6 to get o(n) x A’ —measurable
Poisson point processes 1,1 > 2, p2 such that p1, p2, ;@ > 1, are independent, p; has intensity
u(1 — 0)KY, po has intensity u ks,

(8.6) Qe Q/[U Z(pi) C Z(0) C UizaZ (1) J I(m)} > 1 — ce~euscap(4),

i>2
Note that p; + po is a Poisson point process of intensity 2udks, and that the “points” of this
process are pieces of random walk with law WPEA [Y.A1, € dw] (recall (1.6)). By constructing

countably many independent random walks on (€2, A", Q'), and “attaching” a different one to each
piece of random walk in p; + pa we obtain a Poisson point process ps of intensity 2uéP., (the

“points” of p3 have law mf’e ., by the strong Markov property) such that
(8.7) Z(p1 + p2) C Z(p3) almost surely.
Now let

I = Uile(/Li) NAandZy = I(pg) NA

and note that Z; has the law of Z¢(1=%9) N A under Qq, by (8.3), Ty has the law of Z?“ under
Qo, by (1.18), Z; and Zy are o(n) x A'—measurable and independent, and since Z(n) N A =
Z(n—0)NAUJZ(O) N A we get from (8.5), (8.6) and (8.7) that

(8.8) QRQLNACIMNACTIUL]>1— ce—cuocap(4) > 1 _ ce,csc<g)7

were the second inequality holds because we require u,d > s~ similarly to in (7.8). This
completes the proof of Proposition 4.4. O
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It remains to prove Lemma 8.2. In the proof we will extract from the Poisson point process
6 of intensity udrs Poisson point processes of intensity u(1 — §)&} (see (8.9) below). This will
be possible because the “points” of a Poisson point process of intensity a multiple of &} is an
i.i.d. wvector of excursions with law PéZAd [Yar, € dw] (see (8.9)), which is also the law of the
single excursions that make up the points of # (and because the number of “points” we need
to construct the Poisson point processes of intensity u(1 — §)&} will with high probability not
exceed the number of points in #). Once we have these Poisson point processes we will use
the following lemma of intensity measures to “thin” them to obtain Poisson point processes of
intensity u(1 — &)}, and these will be the s, u3, .. from the statement of Lemma 8.2.

Lemma 8.3. (N >3,d>3)
If s> c(e) andi > 2
(8.9) ki < &L where 7 (d(w1, ..., w;)) = s~ 107 cap(A) ®§:1 PEZAd YA, € dwj),

where €4(+) = CEQAT((.)) denotes the normalisation of the measure es(-), see (1.6), (and should note

be confused with the measure € from (4.5) and the proof of Lemma 7.2).

Proof. Similarly to how it (in the proof of Lemma 7.3) followed from (7.16) that x{(W) < &4 (W)
for all W € T(Ty)® that are products of measurable sets, it follows from

SUpyeo, B PIZd[YHA =y, Y, < oo] < es"zea(y) < s iéa(y) (see (1.8) and (1.10) and recall
s > c(e)) that k4(W) < & (W) for all such W. But this implies (8.9) (by a monotone class
argument, like at the end of the proof of Lemma 7.3). We omit the details. O

We now prove Lemma 8.2.

Proof of Lemma 8.2. Note that

(8.10) NY 9(T'(Z%)) is Poisson with intensity udcap(A).

Similarly to in the proof of Lemma 7.2 (see (7.13)) we can construct (€', A", Q') appropriately
to obtain i.i.d. o(f) x A’—measurable trajectories w;,i > 1, independent of N,

N
(8.11) such that w; has law P;[Yar, € dw], and 0 = )" dy,.
i=1

Extend (@', A’, Q") with independent Poisson random variables N;, i > 2, of respective intensities
u(1 — 6)s~ 70 Deap(A) (also independent of w;,i > 1, and 6) and let

N; -l ‘ ‘

(812) i :];1 5(1111(;,’7wK;:+17~.,wK;',+(i—1))’ where K]Z = kzzjl ka + (.7 - 1)7/ + 1 and
K+N _ 00

(8.13) p= Y, Oy, where K = > kENj.
i=K+1 k=1

The 7; “use” only wy, ..., wg, so on the event the event { K < N} we have U;>2Z(n;) C Z(0) (see
(8.11)). Recalling (8.10) and that the N;,i > 2, are independent Poisson random variables of

intensity less than us™ 70 Deap(A) < uds~ 50 Deap(A) = M1 (we require § > s~5), where
A = udcap(A) and r = 575 < ¢ (we require s > ¢(¢)), we have by (7.10)

(8.14) Q® Q' UixoZ(n;) CZ(0)] > Q® Q'[K < N| > 1 — ce™ 0¢8P,
Also, since the number of the w; “used” by p is the same as the number “used by” 6

(8.15) Z(0) C Ui>2Z(n;) UZ(p) almost surely.
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Furthermore, because they “use different w;” and N, N;,¢ > 2,w;,¢ > 1, are independent p, n;, 7 >

2 are independent o () x A’ —measurable point processes, where p has intensity udcap(A)Ps , [Y a7, €
dw] = udrs(dw) (see (4.10), (8.10) and (8.13)) and 7; has intensity u(1l — J)&} (see (8.9), (8.12)
and recall that N; has intensity (1 — 6)s~1(~Ycap(4)). By the inequality in (8.9) we have
u(l1—9)ry < u(l—39)&,. Together with the (very crude) bound u(1—0)&} < u(1—0)k} +uk} this
allows us to (similarly to under (7.6)) construct independent Poisson point processes ;, u;,i >1,
such that p; has intensity u(1 — §)x4, ,u; has intensity u&} and

(8.16) i < mi < i 4 g for i > 2.
By (8.14) and (8.16) we have
(8.17) Q® Q/[Uizgz(ui) - I(G)} >1-— Ce—cud cap(A)'

Now p;(T'(Z%)) are independent Poisson random variables of respective intensities
us~ 10" Veap(A) < A1) where A\ = ugcap(A) and 7 = 575 (we require & > 2s75). Thus
using (7.10) we see that 3 .o,i x u;(T'(Z%)) < N’ with probability at least 1 — ce™“CAP(A),
where N’ is a Poisson random variable of intensity u%cap(A). Therefore we can, similarly how
the 6 from Lemma 7.2 (not to be confused with the 6 here) was constructed (see (7.14)) construct
a o(f) x A'—measurable Poisson point process p’ of intensity ugmg such that p;,7 > 2,p,p, are
independent and

(8.18) Q® Q[UissZ(1}) C T(p)] = 1 — ce—ewoe@P(4),

Now construct a o(f) x A'—measurable Poisson point process

(8.19) p2 of intensity u%é k3 by setting po = p+ p'.

Note that p;,7 > 2, pa, are independent and and by (8.15), (8.16), (8.18) and (8.19)

Q®Q'ZO) C |J Z(u) | JZ(p2)] >1— ce—cuscap(A)

i>2

Together with (8.17) this implies (8.4), so the proof of Lemma 8.2 is complete. O

Now all components used in the proof of Proposition 4.4 have been proved, and thus the last
piece of the proof of Theorem 2.2 is complete. Since Theorem 2.1 was reduced to Theorem 2.2
in Section 3, also the last part of the proof of Theorem 2.1 is done. We finish with the following
remark.

Remark 8.4. (1) As mentioned in Remark 3.6, a generalisation of the cover time result Theorem
2.1 to other graphs may be possible. Roberto Oliveira and Alan Paula are working on such a
generalisation.

(2) In Corollary 2.4 we proved that the point process NF of points of Ty not hit at time
g(0)N¥{log N4 2}, for z € R, converges in law to a Poisson point process. It is an open question

whether this can be generalised to show that the point process Ny = Za:eTN 0

(2/N, 27 —log N)

on the space (R/Z)? x R, from which NZ can be recovered but which records also when the
vertices are hit, converges in law to a Poisson point process of intensity e ?dxdz, where dz
denotes Lebesgue measure on (R/Z)% and dz denotes Lebesgue measure on R. O
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APPENDIX A. APPENDIX

Here we prove Lemma 5.2. Recall (5.11).

Proof of Lemma 5.2. If V. C C then by (3.22) and (3.23) of [24] with A; = V and As = D we
have (recalling the definition from (1.9) and that the Dy, .., D,, are disjoint when s > ¢(¢))

N¢ 1 i
Z capp(V*).

B E, [HV _ ?
a1y (1 csup\ 1\) 2 app(V') < gy < o)

_ 9 ngsc(s),NZSZC(e) ) R
We have (7(Tx\D)) < 14 ¢N~) and by (1.15) (with K =V, r = 5175 and

A such that (1 —£)(1+A) = (1 — 5) so that U = D), (1.6) and (1.9) we have capp (V") <
(1+c(e)s™ ¢ (5))cap(V2), (5.4) follows. Thanks to (1.14) we will obtain (5.5) from (A.1) once
we have shown (5.6). It thus only remains to show (5.6).

So assume V C B. By (1.4) and sup,, cr, Ez[Hy] < cN? (see e.g. (10.18), p. 133 in [14]) we
have for all 7 € Ty (recall from (4.4) that t* = N2+¢)

ce NZC(E) ce
(A.2) ‘Ez[Eyf* [Hy|] fE[HVH <ceN sup E [Hy] < ce V™.
LEETN
Therefore for all x € Ty
(A.2)
(A.3) E.[Hy] < E.|By,, [Hy]| +t* < E[Hy]+ ct* < (1+cN~“E)E[Hy],

where we have used that (recall that the capacity is monotone, see e.g. Proposition 2.2.1, p.52
in [12])

(d—2)e _
n<s™ 4 Né (1.7),(5.4),VCB
(A.4) o< — e N < E[Hy]c(e) N~

Thus the upper bound of (5.6) holds. The lower bound follows since for all z ¢ C

E.[Hy] > BBy, [Hv]] = Ex[lmy <oy By, [Hy]]
(A.2),VCB
> E[Hy] —c—sup Py[Hg < t*] sup Ey[Hy]
y¢C yeTN
(A.3),(A.4),n<s¢()
> E[Hy](1 — ¢(e) N7 — ¢(g)s™¢)),
where we have used that sup, ¢ Py[Hp < t*] < c(e)s~¢) if n < s¢°) similarly to (5.20). O
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